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MORPHISLIS OF H-CONES
by’E. Popa

We introduce in this papér'the'notion of ﬁorphism of 
H=cones,and present some of its properties. §1 has an‘introduc-_
‘ﬁory scope and contains some genersl definitions and results
from the theory of H-cones [1).In § 2 a "cone of hyperharmonic"”
‘8,a800c1ated with an Hecone C,is constructed.Some properties
of C are scuuled and C is computed when'c is the dusl of an l
H~cone or is an H-cone of functlonu.The last czse also Juotlfles
_tne terddnology.The pos 81b111ty of extendlng balayages and
H-integrals from C to C is presentea. :

. §‘3 contains t@e definition of 'a morphism of H¥cones,as
an additive,monotone and continuous map fromfai to‘ag.We'estab-
lish completely the relation with the notion of morphism of
H-cone,as introduced in.[}].ﬁext,we define the adjoint for a
large class of morphisms.We show that this class is stable under
composition and taking adjoint;also contains the senifinite
morphisms,Further,some classes of morphisms are studied:semi-
finite,finite and isomorphisms.mext,aré'considered the morphisms
between the H-cones of functions,which are indﬁced by & corres=-
pondence betweﬁn the spuces of representctlon. §3 is ended with
a result concermno the structu@e of the set of morphisms:
befween two H-cones .

$ 4 treats the case when a morphism between two standard

He~cones ir’Uﬂes a corfespondence between the canonical spaces
of repreoentnuion.ve characterise he"e tnese morphisms,and prowe

that these morphisms are extremal and form a G&*-set in a come
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pact,convex set for the natural tbpology, .
Finally, § 5 contains a brief discution of morphisms of

sheaf of Ii-éones,being an extention of analogoqs results from £%].

1. Ve recall some definitions and results about H-cones Eﬂ:]
An ord@fed convex cone C is called an H-cone ifs
Hl s€C =5 s 20
He "s+u_ &tru = s €%
H3 C is a lower complete lattice ’
H4 For any upper directed and dominated famiiy (si) and any s €C:
V(s+s = 8+ \/ 8y
teT teT *
H5 PFor any family (si) and any se(lé
/\ (s+si) = S+ /\s
16T :
H6 s ésl+s2 = J %1, t, such that t) &8, by &8y , B=ty+l,
(the Riesz decomposition property)
D ‘.:..C is called dense if,fpr any' s €C there exists an upper

directed family (s;) from D,such that s-»V 54
' el

- A map B:C —» C is called a balayage on C if:
'Bl. B(s+t)=Bs+Bt ' :

B2 s £t => Bs &Bt

B3 Bs &5 |

B4 B(Bs)=Bs

BS5 For any s €C and any'upper directed family (s;) such that

8= V 8y We have: Bs = \] Bs, - ; =
leI _ l&I o

A map fa:C —dbii; is called an H-integral if:
I1  p(s+t)= pls)+ p(t) '



-3 -
12 8 2t = pis) & RKE) .
I3. TFor any s €C and any'upper directed family (si) such that

8= \J 8. we have: (s)= sup (s;)
€T T b i

14 {sec)| p(s)« 4«»} is dense in C
C§'denotes the set of all u—thGWTQIO on C.Jith the p01nt- :
wisehgpperations,(E*jfsalso an H-cone.We have a natursl msp

¢ — ¥ unich is an injection iff c*

separates C.
Anelemen-t u €C is called strictly po_sitive if for any
s €EC we have 3

\J (s Anu)
we N

If w€C is strictly positive,an element s €C is called u-continu-
, - -

ous if,for any u?per directed family‘(s.) guch that 8 = \J 8:
: xe':

end sny & > 0,there exists i such that= 8 & 8. +§u. s &C is
calied universally continuous if it is u~-continuous for any
strictly positive u.The set of all universeally continuvous elemenis
of C is denoted by C . : :

The H-cone C is cailed stendard if there exists a strictly
pogitive eleﬁent in C and there exists & countable,dense subset

in CO.IL C is standard,then C*’is also standard.If C is saandard,

C}. separates C and C is dense and golid in C**

Let C be a standard chone The coarsest topology on G%,iOP
which all the mayps g.g V— }-s.(ﬂ) are continuous,for s&C ,is
called the natural topology on GF If:ze is a strictly positive
element thens |

{\Aec \,'\A(u) e1}

is a convexgcoamact and metrisable gset in the natural topology. .

We denote C, the set of all s &C,such that b — i (s)

is & continuous map on QLQGC ig clearly a convex subcone ,and
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contains any u-continuous element,
Let X be a set and Q; a set.ofvnumerical;positive functions
on X. & is called an H-cone of functions on X if: |
n C; is an H-cone,with the pointwise opperations and order,

F2 TFor any Qpper directed family (si) and any 8 e-"'? such that

. 8 =i\€:l'£ sy ,we have s(x)= igeu_g si(x). ,V‘x €x
F3 Tor any s,t €9 we have= (s At)(x)= min{s(-x),’c(z)} ,¥x€ex
F4 q containé the positive constants andl separates X, :
Let ? be an Hecone of functions on X.The coarsest topo-
logy on X,for which all the functions from C; are continuous,is
called the fine topology.The coarsest topology.on X, for which
all the universally continuous elements of @ ere continuous,
is celled the natural topoloé;y. .
¥4 shows that,in an H-cone’ of‘func‘cions, @ séparates 2 .

We recall also that for any A ©X and s & o

BA(s)= el éq | + 25 on A% '

e




the
Wwe begin with construction of an ordered convex cone C ,ass0-
ciated with an H-cone C.%hen C is the cone of positive su-
2 ; s :‘An‘ : : ~
perharmonic functions of a8 B ~harmonic gpece [6f] then € is
the cone of positive,hyperharmonic fuqutlonu.lt is this cone

o
C which will be used in the definition of the morphisms of

- H=cones,

Let C be an Hecone. 0° will denote the set of all maps

&x:C»—~%3§;., such that there exists an upper directed fémily
{ (‘\i)iél of H-integrals on C ,for which:
(s) = sup fus;(s) ., ¥sec
e fer M ¢

It-is clecr that any [ €C° satisfies the conditions I1 - I3

from the def1n1 ion of an H-integr l but not unJ map C =% @

- which satisfies Il - I3 is in ¢°% .

fropogition 2.1, With the operaticns and order defined poznimlsn'

(and the chnvention 0,00= Q) , ¥ i A complete lattice and an

3 2 =
rédered convex cone. CO contains C  as & solid sné dense subcone.

Proof., ve have to pwove only that c® is a copplete lzttice.lLet

Mye s € ¢° and define , for s € Cs :
h(s) =oup { fuy(s) + fpley) | syes, €6}

Ten f= pay V prp in % Indeed,let s €C be such that
E‘«(’s}é-f-'&? slets & 506 =2md 1ot P‘i)iél and (.vj)jGJ be_
families froﬁ  Cﬁe,aasociated with'_gkl and '§§2¢We can find.
81:8, € C such thet sy+8, &8 ;:‘nd:-‘ .

| his) € Wiley) + faz(sé) +' 8/3
Next,we can chooss ileI and j €J such thet

(&1(81) < %‘i(sl)‘% 5—,‘3. and ‘so\.z(‘sz) $ \}j(sz} = ‘51/5
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Recalling the constructian of !»Ai V \)-j in C [ ],13
follows that s t&(s) < ( b4 V~ j)(s') + & JIf | (s). = ¢ 00
for ecch € » o there exists: 1,(32 € C such that :

p,l(sl) + o8, ) > 28 .We can find then 161 and 3 EJ such

thet |, (s 1) T (<32) > € ,which shows tnat (s e VJ)(S)

is greater than € .Hence in bota cases fA(s)-: sup (f‘li V\L.)(s)
- = ' i€l o
: Jjed

¥ sé€ Cywhich proves that (& € ¢° It is clear now that

‘A = 5,41 \[ 542 in €° .Since for any increa;inz famlly

e NOT =it s & no 7h
( P\ i)1‘ er from C° we have obviously [ ©0C° ,where
tA(s) = sup ta.i(s) - Vsec ,it follows that 6 o =
L e

sup~complete lattice.liaving the smallest element , c® is in

fact a complete lattice. //

: o (u o (2 > ommrombia
Ye define now C = (C ) .Le'b € :C —»C Dbe the composie-

tion of the natural maps C -%C ----*r ("J“ )0.
e~
re
~

Corollary 2.2. &) is an ordeded convex cone and a conmplete

lattice,
b) ¥s,t €C and & = o we have: £ (s+t) = €(s8) + €(t) ¢
E(ws) =L E(E) 5 a et AR (5) i €L}

i (S % is upper directed and bounded,thans

1%1

e (Vo) =V e

e R e i S8 3 o=

d) & is injeetive 1ff € " separatec™ G, £ (C) is solid ia C
o E i W Al Zeeiiin
iff €--is solid in C o ENC Se-domeedn "€ iPE € ds
dense in c*¥*, //

The greatest eleusnt in €° is:

O NE)—0.,; VVé.c%'
i (s) { : =

+ 0 if not

; ¢ from C we have & /\Si.) = /\ €(s;)

S e e o A ATy o AR A SN M s
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~

Hence,the greatest element in C 18 -

0 if p=o0
f(p) =

it P.;éo

o~ ]
Proposition 2.3. a) For any & s € ¢ and any increasing family

P

(Si)iel. from ¢ we have \/s = (<-* + 85 )

5 g ol . 5 s : s 1 e ** ‘

is an H-cone of functions and C 18’8011& in € ,thensfor
¢ and sny family (Si)ie T from C we have:

s+ \s; = N(s+ Si)-

Froof. a) Is clear,
N -

b) Since any s €C 1s flnely J.S.Cq .01 dnscnous h to rrove that
: =
/\Si = inf €y (the rn,o"ul risaticn being considered with respect
to the fine topology).,)e’a xoé}{ be such that:

| G st (.Z:“\é (= )A

e Tadiy o
If we choose P P * such that:
S

(/\%‘)(X)( P’ < fcinxs(x)
then uﬁ:e ¢ ywhere u; = B /\'si.}lence [4'_]:

/\ S > /\u = i/nf\u : |

s i i

But {x \ u; (x) > P ¢t is 2 finely open setjwe get thens

M}

fE T a) 3 P SR eNEED

which is the desired contradiction. //
Lemwss 2,4, If C 1is demse in e ol

" A L

Prooif. b;nce C scpurutcs C* the nuuurul map C —— C

S e 5 = R
is injective,Let now tp (2 C hen_ce ”(.e:u ——-»R+.I,et

P i =—" lR+ be the.composition o e with'the neturel mep

® R

"G o~ C JYow the hypothesis implieé‘ t{> e C .It remains to
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A\ : : )
verify that p =(P Jor any. s € C we have:
o ; :
A\ ~, A A ~,
() =5(F)= P)= 9 1/
v . " .
Proposition 2.5. Suprose that € 1is dense slay e OF and C
A .

separates C .Then c* and €° are isomorphic,as ordered convex

cones and comnplete lattices.

Proof. Let W €c® . Using the hypothesis, |» can be prolonged
1: (oL) = sup & ku( ) l a € Gk’

The 1emna 2

AY :
5 & o}
4. proves that F~ € C*'.Conversely,comp001n any
S +h AL * % : - . o)
e & C with natural map ¢ —»C ,we get an eiement from C°
Since the above correspondences are glearly inverse one another,

we have the desired isomorphism. // :

i : § 9 ®®x ¥ 3% S el
Gernllery 2.6 1f € is dense im C othen C = can be identi-
s N '
fied with C .
e s Kt *
esot, Since O epetates € ,lemma 2.4. shows that we can
N
aprly prope.2.5. in order to obtain the isomorrhism between g
3 3 L~
ara, (05)° 2 ¢ 4
Proposition 2.7. Let C -be an H-cone of functions on X,and
. 2 5 .**_ : N

suppose moreover that _C' is dense’'in C [.Then '€i laviso-
morphic,as en ordered convex coﬁe‘and a complété lattice,with
the cone of sll the functions 'f:X\~—JP§§+ sfor wnich there
exists an increasing family (éi)iésl from ¢ such thats

f(x) = u

sup 8, (x) i :{é)i
€l %

: . ¥ e :
Froof. Let W € ] ; hence |aeC —»R: and there exists an

(1]

ineresing family ( My LG-» from . C*¥ such that

( V) = sur .(_v),f\*\«é&vec*
b il e

The hypothesis show that we may auppooe thut F‘i = g

%i €€ et Bhan f(x) = f&( ix)gWe have f(x) = ig% si(x)
: | e e ) -
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N xe X.Conversely,let f:X —> R, and (si)ie I be an increasing

family from C sWith f£(x) = sup 8 (x) ,% %€ X.For any N € t‘.‘?Q

let W (V) = sgp N (s ) . Hence M :C*—» '1??4_ and by the
1 ; :

construction si'?‘ W It is easy to prove that - t,\ is independent. :

~0of the choice of the family (si).}ience the above correupondtnces
are inverse one another sand give the desired identifica tion. //
“Remogiss If € is dense in G ps and moreover COﬂtwlnS a strictly
positive element u &C then s €T ifr s/\nu €c 'Vné[N It
follows that,if ¢ is a standard H-cone sTepresented as an Hecone :
of Iunctlona on a sét X, tnen C ‘co:mcldes with the set of all the

J,-mm C

functions R+ which are finite on & flnely dense subset of

x.[4 ]..ulco in the case of standard H-cone C,represented as an

: .H-cone of- fu_nctlons on & oet e sup“ose that. there exists s sube

markovien reuclv»,nt of kernels (V;\ )>‘.>° on the measurable
' space (X, £ ) , such that ; V is a proper kernel ; any 8 &€C is

\Y ~excessive ; for any LS -measurable,positive and bounded £ ’
vof-ec o Then 06 can be identified with the set of all. v—ex-
.-céssive functicné.

. We end by prow¢1nb that any balayage and any_Huintegrél on
C extends uniguely to C . |

',I=1'~oposition~2°8. Suppose that ¢ ds &ense ia CM‘

gand C* sepae

rates C .Then: ; ' _ .

a) There exists a unique bijection B&-':J; between the set of ba-

layages on C ,and the set of all maps B?g '—-b?f having the pro-
o

Pos ~
perties: B(s+t) = Bs -i-Btgs«’-"a =‘9 Bs. 413?:;)35 ﬁs;

(oS s
B(Bs) = Bs 3 ‘f‘_ r any increasihg famil} 68, )i eI from c we have

B( V si) = V bsi = such that the Iollow;ng diagramm comuutess
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B .

| L

e

~S

)
ol «— o

-——-.p .
b) There exists a urique bijection o <+ |\~ between € and
¢ o~ o ‘.

the set of all maps T: :C --‘»lR+ having the properties:
; = v
't:(sﬂ:) = (s) + h‘l (t) g st = gA.(s) f—»(‘t) ; for any
[ V]

increa31n'> famll,; (”i) E;I -from C we have }a. ( V.Si) = izg k,(gi)’
for each s € C there exists an increasing femdly (si}i ¢ from

. N 3 : ‘
C ,such that 8 = \/ 8y and (‘*(Si) 4._+°° ,‘VieI, such that the
follovv.m* disgramn coms utess

c
&

€

-f?x /—:

Proof. a) Let B be a balayage on C .For each s € C » let B(s) € C
be c_.eflned by B(s)( ) = s(B ), ¥ ke C .Since 8 = V ol ¢

NS

: ¥® % ' % % ;
with o; € C ,it follows that Bs = \ B ol , hence B is well
= :
defined.The properi_:ies of B follow cbviously from thoee of B.For

any 8 € C we have:

B( € (s ))( W) = E(s)(B p\) = ;3 {a(s) = 9(438) € (Bs)( pr )
_hence Lhc diagremm comuutes. .

Conversely,if B is given,from Bs <8 it follows that
B( & (s)) € €(C) , Y& &CiThus %lc defines a balayage .
: oo : ~o
b) Let i€ C*and define,for each s &€ C : T:.(s) =8( k) o is
well defined and clearly has the indicated propertieé.Sihcez -
‘{A( €(s)) = g (a)( ) = \A(S)

‘i.hc dmgramﬂ commutes, finally, &.A- b”lnb given, h is ob‘tulned as

the restriction to ' C = g (G},
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From now on,the extension to ¢ of any balayage B or H-integral
~ on C ,will be denoted by the same 1et’cer;
©%. Let Cl 5 02 be II—cones.Je define a morphism of H-cones from

Cl to 0’2 as a map \P :Cl =t 02 with the- properties:

P (s+1t)= P(s) + @(t)
8 £t = Le(s)f_-(.?(‘ﬁ)
for any increasing family (s )i eI from '“61

(Ve = Vs |
Remark, Clea arly we have thus a category,the obgects being the Hecones
and the morphlsms those defined above,Acordingly, Hom (C (32) will
stand for the set of all the "'lOI‘phlSHlS from C} to C
- For any morphism ¢ € Hom (Cl’CZ’) let us define the démain
of P assDp)={sel | QCE(NER (C)} . DY) oan
be ‘void:if o e,'(?? is the greatest element, then tp(s) = w g é'\él

is a morphism and D ¢p )} = @,

We. introduce a class of morphisms as follows: ¢ € Hom (01,02)

is said to bé a semifinite morphism i:c D( LP ) dense in Cye
Txe*nnles. a) For any two He-cones Cl ,C2 s the map 8 F—»p 0 is '
clearly a semifinite morphism,denoted by 0O, i ‘
b) The semifinite morphisms from Hom(C,L’& ) are exactly the H-integrals
c) The 'norphlsms fron E? to C are exactly the msps A —p Ag 3
with s eC Such a morphism is aeuulnlte 1ff S EC,
A'Z‘evmrk, The composition of two semlflnite morphisms need not be semi=
finite, ' ' _

When we consider standard H-cones, the teﬂziflnlte morphlsms

‘admit a simple chera torlsatlon t }']

‘Proposition 3.1.. Let G - 02 be H-cones arxi C' = CI a dense,convex

subcone.Let el .C' —-——>02 be ‘a ma ap uUCh ‘chat.
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tpo(s + 1) = LQO(S) + (Po(xt)
8 L4t = Leo(s) = CPO( t)
The following are equlvalent:
a) There exists & uﬁiq&e morphism ¢ € Hom(Cl,C-z) such that
' "flc"-’ Yo ‘ ,
b) For any -increasing family (s )161 from C such that Vsi € C?

we have W, ( Vsi) = \/ "Po(“" Lo

Proof. a == b is obvious. bﬁa . Let %

p@= N {ewltec 12y Voel
(’F is a well denned map from Cl to ?‘,‘)2 sand LP‘C' = P .

Clearly s & t =5 L?(s) (F(t) -‘ and Prop.2.3. shows that
p (s%’c) @ (s)+ C{?(t)..;e» (31)161 be an increasing i‘amily from
’a‘l_and let s = \/ 85 oIt remains to prove that:

"

Vg_ﬁ{?(t) l t €Ct ,tés}: \/ \/{ce(u)lu -:sl,uec}

iel
Let t&C' sy ¥ €8.For each 1 €I,there exists an 1ncreaslnrf family
{ L - e °
(u j)jeJ from C' such thdf sl/\t = ;j\G/JuJ . Sinces

V( At) = s At = © , the non-obvious inequality in (%) is proved.//
Remark. Prop.3.l.shows that any morphism,as defined dn L33 % <

also a morphism in our sense (and ir fect a semifinite one).

Proposition 3.2. Let C be a standard chonef, Cl an H;cone,and

\P a semifinite morphism from C to ¢, «Then C & D( ¢ ).

Proof. Let D =it € ¢ | nem} ve a countable , dense suvset.
Let u €C be strictly posit'ive,Sincef D( QP ) is dense,let 8,€D(¢p)
be such that 5, & by 28, + n~tu . Let :_(Wi)i eI D¢ an increa-

sing,countable famlly, vhich contalns everJ sﬁ.This family is alsp

lenue hence thcre exists Oti > 0 such that g
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Z oLiwi €C and v is strictly positive,.lience,for each
t &Co ~ there exists ii&I such.that ¢ sw. + ¥V o By [} glemma 1,2
it follows that t £ 2(w, + Z ) with K €I finite,

lence @ (t) e_c and tEb( Cf ). ik : '

Remarlk, Frop.3. 2. shows bhabsete S9ara standard H-cone,then any
senifinite mory hlsm 1s & morphism in the sense of [_'-'l»] Combining
‘ the two precedln:, propositions with f_} sbropel. 5] we get 3 i

Corollary 3,3. Let cl » O2 e stanoaﬂd H-cones and

P o (Cl)o —-->02 a map.Tne following are equivalents

a) @ (s+t) = Eoledr @ (t) gnd s 2t = @, (s) < P (t) .
.b) There exists a (unique) semifinite morpnlum LP €& Hom(Cl,Ce)

such that cp[(c e

Let C1 - 02 be two H-cones and suprocse that 02 is dense

in 62** and 02* separates (}2 oWe say that © € Hom (cl,c ) has
N F\J
en adjoit if,for each K € 02 we have LP ( p. ) € ul ,uhere'

p* ((A)(s) (v\(te(s)) V’sec

It is obvious then,that (_(> .C* -—-»ul* is in fact a morphism
of H-cones.1....oreo.var,1¢__ it exists, t.p is uniquely defined by ¢

‘and will be called the adjoint of" © .

. Propositicn 3.4.{ 3 Tet Cl 4 02 be standard Hecones and

P € Hom (¢ ,CQ) ‘be a semifinite mornhlom.fl‘hen ¥ has an adgo:mt'
moreover, t{:* also semifinite,

Proof. Using cor.3.3.,for any W & (C?;)0 we have (P*( k)€ Cix'
hence '\.P*. exists and is semifinite, //

-Remark. Using the adjoint,we can give a sinmpler proof to cor.3.3.

It suffices to observe that,for any morrvhism (.P in the sense of
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t%lwe have
¢* ¢ \/h)u-_—(\/hwer 5)) = sup pi(ﬁP(S))a'

= sup §* ( ry) (o) = ( \/te (s
(where ( p\i is an increasing femily from D( tp )) and that
13 ‘(’ _ e
There exists morphisms which are not semifinite,but have an

adjoint,.For e.xemple the morphism A w—% A s from [‘R o Gy
where g € C \\ ¢.0n the other hand, there exists morph..@::xs (necesa=
rilly not semifinite) which have no sdjoint:it guffices to take
gny morphism from C fo R, which is not in ¢°.

# ¥
Supypose thet 01,02 are dense in Cf .,CZ& gnd that C?{ ’,Cg

sepa”at 8 01,42.

.'Prorodlilon Joien LE L{D has an adjoint,then \f lso has an
adjoint and (t.? ) = P,

Proof. It suffices to prove that L? is the adgoint of (P ,which

follc vs from: : ; :
: % : ot
OEI(p) = (4(_'{9(8)) = % ( p(s)) ==s(q>(p)) .
S aerT T
Proposition 3.6. Sﬁp;ose that Q?l 5 A(ez “heve adjoints and

@ -0 Lf’l is defined,Then (on f{>1' has en adjoint and

(?20_"?1) LP:. ({’2
Proof. It suffices to show that tplo ‘-92 is tha adgcnﬁt of
0 @, - But e :
(ppo PR @) = (P o P )(ED)
and 3 | A
( (l?l (‘?2)((“")(8) = ({’l(‘{z(p\)(s}z (pz{u(a.)( L(93_(83?)8

ER LA HOMN o
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It is easy to verify that;if; W, W & Hom (01,02) heve adjoints,
then @ +Y has also adjoint and ( P + ¥ )* = Lf*-l— \y*
lioreover, - Y < \{J & \e*s LV¥ which shows thht tne lattlce

opperations are‘pr eserved under the pasoaoe to the adjointe

e A Y = Ay® o reve)* = e vyt
Particularly, f§> lies on an extreme ray iff -te* lies on an
extreme ray, . _

Hence,we nave another aategory,in-which the morphisﬁs are
those which have adjoint, Taking only Stunddfd anone as objects,
we have a (cortrav riant) functor from thig category into iftgelf,
~defined by F(C) = * s Fle ) = L@ .This functor is fully faithe
full and cor.3.8. will show that it establishes in fact an equie
valence between the category Jjust con51dered and its dual,

In accordance witq the t,<::ne:ru,J. dgflnltlon sWe call isomor-
’phlsm of H-conﬂs,any morphism tp & Hom (Cl,C ) for which there
exists ¢ € Hom (02’31) such that oY =ly Wo yem 1
,ObV1ouoly the morphism tp is an isomorpal m 1ff the map

U .Cl--s C is bidectlve and wie) &€ @(t) = s £ t.There
exists morphisms which are bijections,but not isomorphisms.For
‘exemple,let C be a standard F-cone‘Then (Cy, X ) endowed with
the specific orger is still an Hecone,The didentitg
(C, L) — (0, .S ) ds. morphism of H-coneO,wnlch is a

blgectlon,but not 1oomorph1“m.

o

The balayages are exemples of finite morphlsms It is clear that the

Let us call a morphism (P quml(cl,c ) flnlue if D(k{ ) =

COmpOSitiOﬂ'Of two finite - morphisnms 1 agein flnlte.*oreover,if <%
: ({» is finite ard Y is'semifinite, then Cpoq»- (provided it is
defln%d) is agaln seml*lnitecﬂowever,lf kf is semlflnlte and

Y ds finite, (eo tf' could be not se‘niilnlte" let '1) .iR - C.
be defined by Wy ( A) = As with s E Ciand let CP be a semi

|
\
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finite morphism ¢ € liom (C,0y) such that p(s)¢ cy.

An isomorphism need not be'finife However:

Proposition 3.7. Let Cy,0, be stendard li-cones.Then the following
are equivalent: ‘
é) Lp is an isomorphism between Cy end 02.
= e
b) \g%‘is‘a finite isomorphism between C{%_and Chp o _
- | % . ; ' - X
Proof, a2 => b, Let e 02 31t suffices to prove that ¢ f )

gsatisfies ‘14 from the definition o? the H-integral.let s'e»clg

ghere exists an inc fea81nr family (t %LEI: in C, such that

S{'(s) =\ ti and p\('ti)'é ee  ,Since ¢ is is omornhlsm,me

~ have ti.-z L?(ui) with uy & cl‘ and s = \l_u_i.}iénce o -( (-t)(ui')

_is finige,

b =5 a. té*:CE“-—s Cf extsnds clearly to an isomorphism between

. * .

e s o .
€y = (6% "end "C, = (cH® § N/

Corollary 3.8. Let C Dbe a standard Hecone.The natural map

c ¢~?(}*u_is an isomorphism. //

Remark, An H-cone could be isomorphic with a stendard H=cone,
i :
withoyt being itsel?f a standard H-cone,Indeed, ﬁiF) is an H-cone,

isomorrhic with the standard Hecone ® ; but ‘B£m7 is not

standsrd,since it has no sirictly positive element.Howevers

Froposition 3.9, Iet C be an Hecone, Cl "2 stendard H-cone and
8uppose that € and. C1 are isomorphic,.Then C is a standard
£~

Hecone dff C is dense in ¢ and C contains-a striétly positive

element.

~ Proof, Denote u &C a strlctly rositive element and

te»C emipy Ci an 1ﬁomorph1 n.Let s E:(Cl} ‘be ufbltrar".There

exists % e C such that Lﬁ(t) =98 , It-Suffices to prove that

t is u~continuocus.But:

5= @) = (V (sAm) = V (shn.¢ (u)

PRSP P —
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shov&s that there exists 5\> 0 such that 8 <2 & ¢ ) g1t ,
:F‘ollowo tnat 1t £ au hence it = ,sn.mce C is also solddd
/in o .Now det (b, )i €T be an incressing famlly from ¢ sSuch
’,-’ ,ythat t = \] ti .Since s = w (t) = \/ ¢ (t;) ,we deduce that
for any s_~> othere mxists ie€1I such that s P (P(t )+ & tf(u)
- It results t < ti-l- € Be //
 Let 0,Cf SCLCY  De chones and ‘¢ € Hom (C, o
N e hom(C',C )JWe say that \p and xt) are isomorphic 11 _ '
there exists isomorphisms € =2C' and Cl~_Qi such that the

following diagramm is commutatives

SRR

541 il Bacide
With this defihition,one verifies easily that any semifinite
morph&dm of standard Hecones is isomorphic with a fir_lite one,
Indeed ,if G and C) eré standard H-cones,then - ¢p & Hon (ahel
is serifinite ifi‘ there exists a strictly pos itiaé u & C such
‘that' ¢ (u) € Cl If ¢ 1is semifinite, there exists E3Ta, S0
such that Z o )6 c* where {sn l nGEI} is a dense

part of Co.‘&'e cgn take then u = Z o{nsn.Conversely,if’
®© (u) & Cy »it follows that p (s) € C, for any s & C,.low,

we can teke C' as the subcone of u-bounded elements from C¢C
. _ P 4

and Ci = C?_* «Then C' is isomor_phic With @ Ci is isomorphic
with € and % |q,:C' —> ¢ is clearly finite. .

We consider flnc,lly the morphlams between H-cones of
fmctlonu.Le’c (; a,nd C& ' be H-cones ox functions on the sets
X and X',%We uunuose moreover thqb o and (3 * are dense res-
pectlvelq T c& and(v CS' oA map- f.e X'~—= ¥ is called an

N

Hemap if,for ahy s"eq we have so‘lf e G

Jiaid 46947
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Proposition 3.1o. Let t{; be an H-map.Then 8 v—» 50¢ is a

. morphisn (aenoted also by ({> ) from G to g' which satisfless
@@ =1 nf(s/\’c)s e A , Veted
Thé map U 2! —> X is féne-to-Tine continuous and the morphism
t.f? is sémif:i.ni“i:e. /7
' There exists "eg‘:?@hisms (even finite isomorphisms) ‘which are
not induced by a H»ﬁap.lf % G an H-cone of functions on X and
P —» (0 + e») is not = 1,then G end f F  are isomorphic,
bu,t thére is no H-'nap which’ induces this 1somorphlsm. :
- Let @3 and C-ij- * be H-cones of functions and \p € Hom (q q )
If \{?(1) 15 & Pinite function,then Lp* ex:Lsts. loreover,for any
REZX, LP(E.)QCE. ‘
Clearly,the morphisms which aré induced by H-maps are cloéed

under composition.

" Proposition 3.11. Let tp be en Hemap which is finely open.Then,if
g 0?‘*3 G » p induces a finite morphism, ' .

Proof. For any 8 € 9 the set A = %_x l s(x) 40013 is finely

.dense.lence L{;‘l(A) is also finely dense. But (s=o Le )(J:') & oo

. for any. x' €SP "1(A) Jhence is flm_"ce on a finely dense set, Using

prop.2.7. and E],soh?é@' el /)

Proposition 3.12, Let § , § ¢ be standard H-cones of functions,

(ip be an Henap.Then tf is naturally measurable.Let (' € g '*be
& representable Hointegral with |'(1) €@ .Then G*( p') is
also *r'%pre.seﬁta"cle. 3 ' |

P‘foof For any 8 € C¥ 5 sotf 1 finité FS na'blurally Ji8¢Ce

function on X.Hence (f is maturally meauurable Iti#s clear thut
(?*( (u. ) e q is then representable by the L&@B'UJ?G m dei‘ined
“on the naturally Bor el sete by ¢ m(A) = m*( C‘P°1(A)), ,where n'

is the representing messure for e /7
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B‘Zbre generally,let S,S' be two standard Hecones }of funce
. tions on X,X*.Let us call quasi-H-map any map @ X'\ A* —=X :
where A* © X' is a semi-polar set,such.that,for each & €S S
there exists an element from g’,denotea Y (s) ,such that

e (s) = 80 on TS A, ‘

Yroposition 3.13¢ Any quasi-H-map defines & morphism between

S and S*,which has the properties:

(1) =1, , .

e(sAt) = @ (s)A Q) ,¥s,tes

2 f"", c (S')i‘ 5 (f* (p?) is a repreéentable H-integral
2 F}_gpj. L{D is well defined,sénce from 8.2 t on X*SNX' it
followss f(s) = pa(t) , ¥ W e S:'([3]) _hence & = t.The
other statements are obvious. // - "
Iieﬁa_:t‘&. If A' is polar,then L(:*( t»\-') is representable for any .
universally bounded ', : .

For any twomnmesmphisms of H-cones P CP » € Hom (01;02)

we define

@y + Pglls) = r(s) + Pola) ,¥eeC,
(.py)(s) = . py(s) , ¥ el , &% o
and the order relstion (Pl < P, by Lpl(s) & sz(s) :

¥ s e?l.Tllus Hon (cl,cé) becomes an ordered'.convex cone,in
which 0 is the smallest ‘elemen’c s aend the morphism defined by
p (s) = w , ¥s e?l (where .wé?}‘z is the greatest eie-—
ment) is the greatest element. -

The morphisms which have an adjoint. ;the semifinite MnoT=
phisms 3 and the finite morphisms A_form;solid,convex subcones,
Moreover,«ﬁﬁe gsemifinite 'morphisms form a ling_arisa.ble cone,

One verifies easily that,for any increasing family ( (P '1)
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from Hom (Cy,0p) » \/ "?i exiets ands
Ve = Vipy (s) ’v'secl

Hence, for any (p € Hom (Cl,cz) we have 3

j L@ : CFJ_ \J ( Le + L?i)

We recall E}:} that,if Cy,0, are standard H-cones,and ( Etoi)iél
' is any fmmlly of semifinite morrhisms from Ionm (01’02) s vhen
[\ (@'i ’exists.ﬁoreover?for any samifiniﬁe te e-HQm (01,02)
we have 3.
e+ Ny = A( ¢+ Pyl
Hence:

Prcﬂositlon 2edd e Let C1 ,02 be stendard H-cones.The b“ﬂlflhltﬁ

morphisms between Cl and 02 form an ordered convex cone,which

satisfles the praerties H1 - H5 from the deflnltion of an H-cone./,

QY. we call a p01nted He-cone any pair ey u) where C is a
standard Hecone and u € C a strictly pOblthG element We recall

[ A1that the set:

K(C,u) = § k€ el UGt
is a convex ,com§act space in the natural topology.The set X s0f
non-zero extreme points of K(C u) is called the natural spece of
representation for (C, u).C is 1somorphlc with the standard
H-cone of functions S on X,formed of the restrictions to X
of the maps ¢ [ — 5( ) 2 p(s).

‘ Let (C,u) , (C*;u*) be pointed'H—cones.We‘céll a mdrphism
of pointed H-cones any P € Hom (C,C*) such that qf(u) = u',
Ciearly,anw such mofphism is semifinité,hénce~it has an adjoint.
We denote K( ) the restriction_bf‘(g* to K(C,u).0Obviously, .
K(@ ) 1is a map from kle,a)- to K(C 0t} e '

A AR £ . KPS
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Proposition 4.1. K(p ) is an affine map.K( tp) is fine»ta-fine.

_continuous map.K( % JEiE natﬁrally‘ continuous iff . p(Cy,) S Cl .

Proof. All the contihuity ascertions are consequences of the

B ]

formulas

& K(\{:‘)}«] = Ps) //

Theoren 4 o2 -Lich kf? be a morphism of pointed Hecones.The following

. are equivalents :
1) For eaéh extreme point &A of K(é',u')‘,'K(CF Yl is én 
extreme point in K(C,ule : '
2) t?(sl\’c)-.:'\,?(s)f\(p(t),\fs,tec 2
3) There exists a (unicue H-) map sdenoted p(tf yiX¢ —» X,such
thet \.{?(s) = soip(t.e) , Vs €cC (;’..e.}p( Lf) induces p b
Proof, Let us remark thét,if H.# o is extrenme in K(C',u‘)_, nen
K(@ ) is also # o , sincel s

KC) W) = p(pla) = pla)=1
1 => 3 = 2 are now obvious. i

2 —> 1 Using the characterisation of extreme points of X(C,u)

P i

: o @xtrewe,
as given in Lh ,we have,for an§£v:E;i%K(C',u') :
K@) ) (sAB) = (G (sAE)) = W (G () Ap(t)) =

‘= min S\'M p(s))s fal @ (£)) Y =
e min §RC@IC R )(E),EC @I R % //

Remark., The preceeding theoren, toghe ther with the definition of
the isomorphism (& 3) show that the'éorrect‘setting for a “"Banach-
Stone" theorem (i.e. if two standard H-cone are isomorphic, then
“their natural spaces of repfesentation are homeomorphic) ,is that
of natufal'spaceS'of represeﬁﬁatioﬂ.ﬂeleteing a polar partfffdm ’
such & space,the isomorphism‘betweéﬁ the stendard He-cones is .

~ preserved ; in fact,this is the'only'way’to produce “patholo@ical“



exemples ad s f_‘}]

Corollarv 4.3, Suppose that the equivalent COﬂdltloﬁé from the4.2.
hold.Then p( ¢ ) is @ fine=-to-fine continuous map s and is natu- '
relly measux ”cblw.p( L? ) is naturally conhruous 1P L?(C } & C' //
@ebrem 4.4, Suppose that u = Z 8, ,with e ¢ .,Lhe set of

all morphisms of pointed H-cones ‘is a convex, corﬁﬂan’c set in the
natural topology. '
Prom. Let I\.L‘?n} be a sequence of morpnlums of pwnted H-coneu.

‘Letﬁsn'ﬁ be & aense,conta‘ple subset of C, .For each nelL,
&&f (s )} ke is a relatiVely compact set in ‘the natural topo=-

logy of - C'.Us:.uc the dlﬁf’Oﬂul procedure,we can choose a subsegquuce

(denoted still by P ) such that {L? 1{(s Wiy s naturally

convergent,for each n e, Let \f(sn) te the lim10¢‘sae define,for

each s €C 3
(s)z\/{({?(s)lsss
It suffices to prove that ‘4( (€ (s)) —> P.( Y (s)) , for each
e (¢ o and s€C, .let € } o g we chooze m & m such that:
ends | ( (s )) & M((s)) & fo( Lf(sm}) + € .Then,for any

nef s p(c?n(smn' < k(@ e)) & Ml ‘Pn(%” + & .plut)
‘Bince | ( L?n(sm)) — t-\( P (Sm)) , there ezis_‘cs ue such

that,for szny nz na s
\;Ac P plog)) = b c{m e
Combining these ‘j.nequalities,we gets |
e & b pgla)) - Wl A )

lence Ue is a semifinite morphism by Lil,and .(Pn ~» P in the

P . Wy
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natural topology.lioreover, ‘@ (u) = u’.Indeecd, |+ being a fixed
universally continuous L-::.n'tep'ral for each € >-}o_ we can find

n such that: (.\ ( ¢ (E_’ s,,)) < £ ,Then
' : it

y(t{?(Za ) & lin inf y(cf: (,1)) <
< 1lim sup tﬂ(t{m(a)) < {,«(LP (Z 5,.)) +2¢

U

WA =4 6O

lence lim (@ () exists; it follows easily that this

limit equals | ( ¢ (u)). //

Remaerk, Without an:f‘ hypothes:is on . fu ,the éame proof shows thatl
the set of all né ms € Hom (C,C') such that ¢ (u) <u
is a convgx,compact set in the natural topolcgye. .

Proposition Diabiaa i C,0* are standard Hecones of functions,the

set of all morphisms induced by H-mads is a GS et in the nza-
fiural topolozy.
Proof, Let {s ’3 be a coun'fablc dense subset of universally con-

tinuous elements from C.Let us cenote"

L = {cPe\’lw lee) | el=4, 4,\ '\')m)-P& >‘€(4‘n)f\‘-f’(4u)}

n Mk

Every p‘n,m,}_c is a natural G £ -set,and 3.‘1: is. easy to show that

m AZe = is exactly the set of all morphisms induced by H-maps./.
nwmp P ‘ : v :

Proposition 4.6, Any Hemap between the nzstural spaces of represén-

tation,induces an extreme element in the set of all morphisms of-
pointed H=cones,

Froofe. Let \-() be induced by a He-map,and suppose that:
=y + U-)8 |, «elsn
It follows that

P (u)

hence \\)_(u) b Noreover,for aay s,t €C s

‘oo

ol h\* (u)#(l- ol ) ‘E (u) & oL u'+(1l= & )ﬁ' = u?



® (s) A cf(ﬂ = p (s !'\"l?)lz' & \p (s he)+(1- & T -§ (s At) £
& ol n{»( 5) N P£))+1- x ) E () A () < pls) A )

hen :+ b (sAt) ¢ P(s) A Y(1) and  ¥(s At = § (s A § (o).
Heunce q»" and E are induced by H~maps (we use the same letters .
for the morphisms,as well as for the induced H-maps).Hence,for

.any x € X and any s € C* ¢

s( @ (x)) = ols( P (x))+(1- IS § (=)

e kf(x) = %&(x) ‘and \f(x) £ 3 (x) ,then we cen choose s eC -

which separates the points,and this is a contradiction.Suprose

that all three points ‘ w(x) , &P (x) and §(z) are distinct.
If there exists s €C such that s( \.F (:x')-). > s(Y (x)) and A
s(‘%}(x)) 2 o ¥ (x)) , then we obtain agein a contradiction.Hence,

we may suprose thet,for any s&C&
s( Y (x)) >s(tp (x)) >s( § (x)
et p €C be a.genérator.ﬁe may choose COnveﬁably & balayage B

on C such that the quantities

s(W (x)) » s( ¥ (x))
s( ¢ (x)) - s( 5 )

are not equal,when g is replaced by p and then by Bp .And this
is the desired contradiction., //

Remarg. In the case of H~integrals,the converse is also true any

extreme H-integral is induced by en H-map.

et dHow 5 o S be standard Heconeg of funciions on the sets

&4

,X',From‘ph.ﬂ.E; it follows that H-maps extends uniquely to an

H-maps between the natural spaces of TFumGueﬂbUthh.wG cherceterise
h

finally the morphisms induced by a quasi~H-map.-

Proposition 4.7. Let € Hom (S,5%) be such that:
e 2 .

e P SR RSN




- P(1) =12 =
B(sAt) = @(s) A P(5) ,¥s,tes
VQAE(S’)?; - L?%( ) is representable
Then P is induced by a quasi-H-map,
: P_x_:_g_gf‘a We know that p(({?) exists,and is a.'H-m;zp between the na-
tural spaces of representation.Let us denote:
At ={X€Xi i p(¢p)(z) €z}
(X_]'_ being the naturai space of repre.sen%ation fgr'S'),Then;for, :
any compact K SA®: |
(B £ o) (p() ) = @R R)(p(PIEK)) = 0
since CQ%(H) is representable.lence Caj,A' is semipolar and
p(P),when restricted to X'\ A',takes its values in X. //
Remark, If we wish the set from prop.4.7. to bé polar,it suffices
to ask that (?ﬁ( ) is representable,for any universally bounded

H=integrel B on S,

& S5« We end with a brief discussion of mofphisms between (pre-)
sheafs of H-cones.‘ . _ ‘ A

Let (X,'E‘) » (X*,T') be topological spaces, t?:XV — X
a continuous map , and o : G (pre)sheafs on X , X'.,By a
Q? -norphism we mean a collection of morphisms ( ¢U)U é.,: ,'

such that ,for each U €T , ¢U: c5‘(*’-{9"”1({}).) — G (U) ,and‘

the usual commutativity with the restrictions holds,l.e.: if
V & U ,then the following disgremm comnutess -
by ‘
Tt —F (v
?| calT

Tl —>Fm

Proposition 5.1. Suppose that,for each U &T ,.U'e ', 5 (U)
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‘%T '(D°) are cones of numerical,positive functions on U ’ e

and 1@.@' (B, L€ G v(x). Suopose also that @ 1s a gp =0T =
phism,such that @X(i) = 1 and for each UET’ $U is monotone

and positively nomogeneous . Then, for each U e-f end 8 € ?(?’1(13
we have: @U(s) = 40P,

Proof. Let ¥ € ¢ ~1(y) ve such that s((p(y)) > 0.Let &, R > 0
be such that a(t?(y)) (ol ,® )15 we denote: : 5 2

Ua b =fxeu| a<s(z)< Ry

)

then U 0 cC and: ,
ne b (o) & B \U s @(@dewéwﬁﬁﬁ
= \ 2

Hence @(s)(y) e(eo , 3 ).Since o, €3 '-éésre _arbitrary,it

follows thet P(s)(¥) = s(t?.(y)).'fhe case 8( (P(y)) = 0 is even

ginpler. // - : '
et W) (B 'L{')'be two harmonic spaces [6]1.a

continuous map t.?:}i' —% X is called & harminic nepriign sl it

for any open set U &X end any hyperﬁarmonic function s € Wiw),

we have S0 € u.(t?"l('(})). . .

Proposition 5,2, Let (X, WMoy, WU ) be two B —harmonic

spaces with countzble base,end c(> -X' —» X be a harfn&nic mapping,
For any regular open set U < X .end any positive »superhar*aonlc
s & ‘u(z) we haves

-l
- kooﬁ Since Q’ Us = s on (;U,i“t_ follows that B C(P (U)(so p) <

& (B cUﬁ)o\F loreover, both func‘tionu are harmonic on cp"l(U).

=1 :
Now, p=sotp = B C f{g (L)(f"o(,?} is a potent:ul on t{)"l(U),and

dominates oo sotg -(B ('Us)oc? on & Lf"l(U) The diffcrence
(p - p') being harminic on Kf"l(U'),we ‘eonclude the equa}.i‘ty. //

srerien

R DA B 5 AT
¥ ¥
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Remark. A slighé modification in the proof shows that the formula
(%} holds for any open set U %X@rovided (X, W) satisfy fhe
axiom of polarity.We give next a different proof of this fact,
investigating the relatlon with the carrier theory iy H-cones ij
5,5' will be standard Ei-cones of functions on X, XN Ty T
will be finer then tha natural topologles,and coarser than the
fine topologieoworeove”, cg sX% —»X will be an H—-‘mup. :

Prorosition 5§pe If the equality (#) holds for any s €5 and any

U &X fronm s bagse B for T ,then: :
carr (so0 t.?) Cp"l(carr 8)

Me Using E&] let x €X' be such that y= P{x) $ carr Q.Th@re
.exists an opcn hoourhood U e for y,such that B CUS = s.
It follows that 3B G-l (L)(so Q?) ~(B Cas)cip = 801{3 ,Whl(‘ﬂ
proves that x & carr (c'o l{a‘) ok ‘

Proposition 5.4. Suppose that for any polar &4 © X, t{:"’l(A) et

js polar.let U &X bé open and such that C uNo((u) is polar.
If s €S and carr (so ({?) < ¢ =l (carr s),then () holde for 1,
Proof. Sz,ncg s = CLS on b( Cu),it foliows that so -(B s)oﬁa-
on @7 (b(( 1)) The hypothesis show that furtam) Lf)’l(b(('U)

‘is polar,hence B Ct? X(L)(so p )c(BCHs)o&? Tow,since

preserves ‘tné} carri cr, B CUS ot js invariant under any balayage

which dominated B (U)Uﬁ'ﬂovs&nf? thuo the eaualltyo Ll
Using now L6 and t8 Iwe gets

Corollary 59,. Tet: (X, W) andidX", u‘) be B ~harmonic spaces

with countable base,such that (X, u) isfy the axiom of pola-
rity.Let AN ——@}; be a ha”""’ﬂOﬂlC maprlnb.]?hen for any open
set U & X,end any positive superh@rmonic function s € U (X),the.
i‘eia‘tion (%) holds.  // .

The above results suguzested the following definitions.lLet
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(¢, B), (c*y, B*) be pairs with C, C‘ H-cones,Aané 13, B
sefs of bélayages on C,C' Between such pairs we define two types
of morphisms,és paizs (@, \{J) where P € Hom (C,CY) snd:

I. for the first type \ 3 ' —» R is a map,such that the

‘following diagramm is comuutative, for any B' € 73!

T 2o G

‘H%)L l-g = 0 ’Q‘se%‘, s BY( L?(s_)) = g?( Y(Be)s)
F T » | |

-e : v > '
II, for the second type W3 2 —» TR is a map such that the
following 8iagramm is commutative,for any B € o

3] Lw@ iee. ¥ s€C: QBs)= PBIC P (8))

'.,..-nvce

1% is clear that,with each type of morphisms,we can define a
catégory. _ : ; :
Exemplese (O, W Jerds, acceptable,for.bo’ch types,for any P «Als0,
.(1,1) i3 acceptable in both cases.If C = C' and P .is given, y
'caﬁ be choosen,in both cases,as the identity on the balayages
grea‘i:er than W (this is the only case considered in o YoLet
us consider the case C = R sED 3PS *-!/) is a morphism of the
firs t type,then p cen be aeflnod om.y on those balaya(,es B on
¢t,for which B's = 0 or B's =4 ( where s = t{’(l) ) Jlowever,
1f € @ s \F) is of the second type, tnen for given t? \[J cen
gednerally he chosen in a infinityieof ways Siben b O O H{+,thcn
for each eC there exists generally an inf—inity of maps ¥y
such that ( f, P ) is a morphism of the first type.hile,in
order that ( Ros \{»') be o morphism of the second t;»;p‘e,' W is

defined only on those balayages which satisfy either: [(s)= u(3s
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or (Bg) =0 ,Meec.

We define next the adjoint for tilie morphisms introduced
above.Th&8 construction will Jubtlij also the cons siderstion of
the two types of morphisms,From now on,we suprose abain that the .
Hecones in discussion have the propeltleu. o i= dense in € &,and

¥ = < ;
“C separates C.Let s ) b\ e morphism,and denote:

br(*** 3"
where B is a‘balayage.on C*.

Pronositicon 5.6, Let_((?,,q))'be 5| morp11s” mf treafirat (rvesp.

second) type,from (c, B ) to (0°, R1).1f (?*.exists,ﬁhgn

(t,f%9 Wﬁﬁ_js a mérphisn of. the second (resp. first) iype,from
, * '

(Ct¥’ 55.?) to 1p*s N Y,

Q9

Pronf. Indsed,we have:

5 ¥ (W))(s) = @ (RGN = k(@ (3%)) = ply B

WF () Wie) = WEE (@ (1) = (g (P ()
for any Re C'f Sec , Be')%* .iespectively:

B ) ()= Bl ep (1) = kB tp (8))

YrE) (P p ) = Lg*(p)( \ (B
for any R € -’}m, teC , R & %m‘g i

i

e Ce*B) ()
(e (W (E™(8))

i

Remsrk, If the H-cones are standard,the adjoint establishes
again an equivalence Bf categories.'
Be wad with the comstruction of & morphisn LPB ,which
acts from C w(8) to C4 [4 1.liexe ﬂl)o we extend the consiruce-
tion ziven in [ ].¥We consider pairs (C,/&) with © standard
. H-cone ; and morphisms ( 2, \¥ ) of the first type,witi1 Y semi-

finite.oe each B € 13 we define (?Jéunn (C \P\B)’( cL) by:

Pp(s - Bs) = @ (s) - PP () = ple) - p(2s)

for each g€D ((? ) Since D (? ) cothp“ a zensrator [3],it

fl
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'follow? that %B is well defined and moreover is semifinite.
Wle remark t?rat if @ is 11r~1te,unen go is (P,,.Lioreover',in
this case, ( (PB) is a p( ® )»morphls“ﬁ,provi@ed LP gives rise
toaH-—an p((‘)) : | .
| i‘he ssme construction can be done if ( e, \fﬁ) is of the

secono type oW, Q‘FB acts frpm Cgy to: ("q“'(“ ass

t@B & = Bs) = P(s) = \{J(B)t k?(s)) ﬁp(s) - Le(BS)
for each 8€D( CP Ve
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