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by E. popa

lTe introd.uce in this paper the notion of morphlsm of
Il-eor1€srand present sorse of lts properties. $L has an introd.Llc-
tory scope and contains some generel definltions and. results

-' from the theory of lt-conee f {J.lr, $ a *. i lco}ie of hyperhairnonicn
6t

Crassoclated rv i th ai l  l { -cone Crls constructed..Sone propert ies
n' d\Dof c are stuciedrand "c is conrputecl. rvhen c is the dual

I I*coR€ or is an l l -cone of funct io:rs.fhe laet case also Just i f ies
the teri&*aology.fhe posstbility of extending batrayacges and
H-integreils froro C to ? fs presente<io

o
9 3 contains t lu def ini t ion of a mbrphisn of H-coneerae

an aclditivermonotohe and continuous map fro*?., to 6.;.,,?e egtatr--  r  -  - c . - - ' -
'  l ish eompletely the fetat ion lvi th the notion.of norphism, of

I{-coneras lntroduced in f} ] .rextrrve def&ne the acl joint for a
La:rge class of rnorphisns.'iTe shovr that this class is stable und.er
coeposition and taking adjoint;also contains the sexaifinj.te
uorphisms.Iurt laerrsone classes of norphisms are studied:semi-

. 
fiT'i-te, finite and lsonorphisns nldextrare consi.d.ered the morphlsns
bet'reen the l1-cofles of functionsrrvhich are induced by a corr€$-

bet rveen tne spaces of .  representat ion.  $ :  to  ended rv i th
pondence betrveen tne spaces of.  repr

a result  coneernlng the structuee of the set of morphiens
between t,no }I-cones .

S q treats the case r,,rhen a rnorphism betr,,,een tyro stand.ard
Il-cones ind.uces a eoruespond.ence be.t.uveen the canonical spaceg,-
of representc. 'Lion.r,ve characterise l iqre these inorphislasrand. proge
that these tnorphi.sms ars extrenal alrd forru a c6.-set ln a coitr-



pactrconvex set for"the natural topology..

I' lnally, $ 5 contains a brief .discution of norphisms of

eheaf of li-coneerbeln€i an extention of analogous resuJ.ts fromf+l:

L. l 'Ie recall some deflnitions and. results about H-col1€s [.lt J.

An ordered. conv€x eone C is eaLled an H-cone if:

H l  s € C  = $ s ) r 0

H A  ' s + u  S t + u  F +  s  S t

H3 C is a lorser complete latt ice

II4 For any upper dlrected and d.oninated. fanily (sr) and any s €Ct

,V ("*"r) = s+ 
,Yar,

H5 !'or any family (sr) and any s€ C:

A A

.A  ( s+s l )  *  s+  
, [ ] " ,

$6 s  € r r+s ,  4 '3 t l , , t z such that t, € s, , tZ € sg , e=tr+t,

(tf ie Riesz decomposit ion property)

D g C ls called dense lfrfor eny s €C ttrere exists an upper

directed fan1Ly (sr) fron Drsuch that u- .Y_ur.

A nap s.g - -5 s ts cat led a barayr-J-" : ;  l f :
:

,  81 B($+t)=Bs+Et

.  82 s  € . t  =$ Pg SBt

8 3  B s  S s

84 B(3s ) =Bs

35 8or any s€C and any upper directed fa::r i Iy (s*) such that

u* .V uO yle have: Bs = V to,
i e T  i e T . L

A nap F ,C --+Q i ,* cal l-ed an H-lntegral i f r

I l  [ * ( s + t ) =  [ r ( s ) +  F ( t )



12 s €t r+

13 For any s €C

* 3 *

p ( e )  g  t ^ ( t )
and any upper direeted femily (st) such that

have :  [4 (s )= .s -up  t ( " r )
t g t  

r  rs = V * o
igr -

1 4  { s e c  I

v{e

cS denotes the set of aLl l l - integr*is on C. ' fJi th the

wise ppperations, C t iu also an ll-cone.l?e have a nAtura}

c --+ c*srwhlch is an lnjeet ion i- f f  0* **parates C.

An element ugc is cal led str ict}y poslt ive i frsor an;r

s  €C rve heve:
\ ,

s  =  V  ( s A n u )
hefp{

If  u€C is str ietLy posit ivera& elenent s.€C is caLl,ed t l -co$tinu-

ous ifnfor any upper d.irected farailv (sr) such that a T )j, "t

and  any  €  )o r the re  ex l , s t s  i .  such  tha t l ' s  4  s r+&u .  s  € ,C  l s

catied unlversblly continuous |f lt ls D-coiltinuous for any

str ictLy posit ive u.The set of aLl universel- ly contlnuous elenents

of  C is  denoted by Co.

The.II-cone C is caLled stenderd i f ' there exLsts a str ict l -y

poslt ive elenent in C aud there exists a countablerdense subset

in  Co. I f  C is  s tandardr thcn C* i .  a lso s tanderrd. I f  C Ls sAandard. ,
3

C'. separates C anci C is dense and sol id io C*F'

let C be a standard l{-cone"The coarsest topology on i$nfor '

vshLch alL the nia,ps F F*-+ t"(u) are con*inuousrfor s &Corls

eal ler l  the netura l  topolcgy on Ch. I f  u€C is  a  s t r ic t ly  pos l t i .ve

element o then 3

Kn . t  e€ cs I [^(u) G r ]

ls a cCInvexrcori :pact and metr. isable.-set in the natural topology" -

l ' ' ; 'e  denote C* tn*  set  o f  a l l  q  G.Crcuc i r  that  f "  F+ P(s)

ls a eontlnuous :aap on Sr"G" ie clearly a convex subcone'rand

Point-

sap

p(s) { .  + a} i"s dense ln C
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eontai.ns any u-continuous elenent.

let X be a set and g'  e set of nu$ericalrposit ive funct lons

on x. q j .s cal led an'H-eone of funct ions on X l fr

Fl q is an H-conerlvith the pointwise opperattons and orden.
e

F2_ Sor,any upper directed. famtly (sr) and any s C Y such that

6 =,Y, 
", ,n'e have s(x)- t"Jf sr(x) , V* € x

r ,3 For any sr t  eg r re have= t"  nt ) (x)= min[s(x) , t (x) ]  , r f  x  €x

F4 q contErins the positLve constants ancl separates X. 
-

Fr

Let Y be &tr H-cor1€ of functions on X.Ihe coarsest topo-

logy on Xrfor which afL the functions fron g' are eontinuousrLs

cal led the f ine topology, ihe coarsest topology on Xrfor which

alL the universally contiituous elenents of q' are contlnuougc

is eaLLed the naturaL topology.

f4 ehortrs thatrln an l1-eone'

llJe reeall also that for any

nA(s ) *  A l t e$  I  *  ? *  on

,,3
t
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{\e

ta.  f fe begin +r i thEi i :struet lon of  an ordered convcx cone f  ,***o-
ciated rv i th t in H-cone C. ' , r 'hen C is the cone of  posi t ive su-

; .  .
perharmoni.c funct ions of a 9 -harmonic speee t6l  r then t ru

the cone of posit lverhyperirar ieonic functtons.f t  is thls cone
a\,
C 

"vhich 
r,'rill be used in the deflnitior.r. of tne morp.hisms of

H-Gof leS s

Iet C be an i l -cone, Co lvi1l  denote the set of al l  naps

t^ tC -*q ,  such that there exists an upper directed fani ly

I  r -  \  - r  t r  .  r(  t^ i ) :-  € f  of } I- i : i tegra: ls on C ,for vrhich!

p r  ( e )  =  F g p  $ n *  ( " )  , ,  V s  € C
i € I  

L  I

f t  is cLe c'r  th;rt  eny lo € Co s:r i isf ies the condi, t ions 11 * J3

from tie definition of aa l{-integralg}ut not any ilap c ---bTt
+

'  utr ich sat isf iee I 1 3  l s i n C o ,

fropcsit j iog ?"L. ' ; i t i r  thle operat icns and.order def ineC pcint, ,r , . ise

(end thc cdnvent lon 0o@= 0)  ,  Co is  a  conplete le . t t ice ancL e in

ordered convex cone. Co contalns 0**" a eol ici  ani.  d.ense subccne.

@I. lle have to p$ove only thi,t co is g copillete lattice.I"et

Ff  n  taz € Co qnd c le f ine n for  s  €  Cr

l a ( s ) E s u p l [ a r ( s r )  +  h z ( " a )  I  e r + s r 6 s ]  .
Then [4 = fof V t* Z in Co.Ind.eectr let s € C be such that

F  ( " )  4 + e  ; l e t  t l o  a n d  l e r  (  F i ) r e r  a n d  t  $  
i ) j  € ,  

o u

fani l les fro*. c* raesociated v,r i t l r  Fr anc F2,, ' fe can f ind

s l ru '  QC s l r ch  tna t  s l+sz  $s  e : i l d !

.  [^  ($) -  p. i ,*r i  *  [a2(sr)  o € /3

l le: r t r loe can c-hcossff  t  gt  and j  €J such t l ia i  !

g r * ( s r )  3  $ i ( s u )  +  € i s  a n d .  h z ( s r )  E  $ ' ( s n )  +  € l A

1
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Recal,lLns the constructii&n of l^, V $ j tn c 
r+ 

t ]rlf,

f o l l o w s  t ; i a i  :  [ e ' ( s )  €  (  ! ^ f  V  +  
3 ) ( s )  

+  A  . I f  t ^ ( n )  = * €

for eai.ch €. ) o there exists elruz € C such that :

F f ( s r )  +  F z ( s r ) ) z g  . , 1 1 e  c a n f i n d  t h e n i E l  a n d ' i € J  s u e l r

t h e t  f . r ( s r )  +  $ r ( s r )

. is  
greate:r  than e . l ience in both cases $ (s) '= :TF (  F^* V VrXs)

i € r  
r ' L  d

t . j € . 1
t  s € Cr' , ihich proves tnat [^.  € , :o .Jt is clear now that

[^ ," tof V ts a in Co .$ince for.' any ii:cr"ea:sing fanily

( 
t^ , ), € , 

froie Co '.','e have obvicusly F 6 co ,l'rhere

! t  (s)  =  g lg  lar (s)  ,  V s  G C , i . t  fo l l .oue thet  co is  a
l g T  

t +

sup-conplete lat t j .ce. l iaving the snal iest  e le iaent ,  Co is 1n

fae t  a  conp le te  la t t i ce  .  / /

t lon of the naturi: l i l i ips
F'

C o r o l l t . r - r '  2 . 2 .  a )  C  i s

' i1re de f ine norr ? = (c * )o.Lut t EC --' 'rC be
a\,

the conrposi-

l a t t i ce .

b )  V s o t  € c  a n d  d

€  (  u . E )  =  o (  s -  ( s )  ;  A t  * )  E  ( s )  E  C ( t )

c).1'or any fei i i ly (* i) i  
ef frois C we have

u; i rer  d i rccted ar)C bouncted.r 'bhen:

r ,
=  V  € ( s r )*

c --b cF* --+ (c il )o.

an orCe$ed convex cone and a cogrpLete

E ( e )  +  € ( t )  t

a (  Au r )  G  A  a ( s r )

r f  ( t i i ) i € r  i s

a  (  v  u i )

d )  A  i . s  i n j e c t i

i f f  C  i s  s o l i d

d e n s e  i n  C * t  n

The greate

r
l r  (s)  P ' l

L +

Nc
1e

1 io

i n

/t'
o *

0

@

t3
l f f  C  ̂  separa tes  C .  t  (C )  i s  so l i d  i n

c * t *  r  E (c )  i s  dense  i . n  ?  i f f  c

e le i lent  in  Co is l
i f  . 0 ( s )  =  e  n  V  . f  € . c h

l f  not



I{.ence r the

*oo

great 'cst

r^) = 
[

- ? -
^?

elenent ln C is :

0  i f  t ^ * o

an }I-cone of funct ions an*r c is sol- ic in c**rthenrfor

anC eny familY (ui) ie I  fron ? \ :re have:

f (

r f  P l  o
C\)

Prorrosl t  !an-2.3" a) Ior  any s € C and any Lncr'easing fanilY

fron ? r,, 'e have 9 + V"i s Vtu + e1) '( s r ) i  e I

b ) I f c i s
r\,

any  s  eC

s +  A u i =  f f ( s + s r )

EIggI" a) fs clearn

b) Since ern:t  s g? is f inely L.$.c.r i t  ie enough to prove that

A uf -  f t ,  (  trre regularis{ i t icn being consldered vvith respect

to  the f inc  topology) .Le i  "oG 
X be sucn that :

( A *r) (so t 1ftr(*o)

I f  rve cboose f ,  P 
t  such that:

(  / \ s r ) ( x o t  1 P '  1 f  < f t t ( x o )

then u* € c ,where ui a f fi syileace [a ]'

A ** >' Aor = #-o,

But  t "  Iu r (x ]  )  t  
' 1  i s  a  f ine lv  open ee t ; rve  ge t  thent

f t 'r(xo) ), P' > ( A"r)(xo)

whieh is the desireC contrad-ictior: ' / /

lSg19:-L1. If c is cense in C** ,then cF = Cx 
xl 

:

€3gs. since ct), seperates c * 
"the. 

naturaL nap cr ---+ cHre

is in ject ivenlct  now .  ? e c*x|4 ,hence P3c**- ' tq ' i ,et
.A.

Q r* -'-+ 
\ be the composition of ? "1itt: 

*1^t- n&tural iue'p

c .+ c* * .iiorv the hl,pothesis luplies' Q 
'a c{ R 

"rt re:nains to



v e r l f S r t h a t  S = p . F o rr l
/ a ' ,  .  F r 4 t

f  ( s )  =  
" (  ?  J  =

* 8 *

a n y . s e C  w e h a v e :
.^. 4,q { ' )  = ,P (* l / /

P:ronos i t ion  2 .5 .  SuPPose t i :a t  C
P

separates C .Then C* and Co

cones and co:ePlete la*t iees.

Proo;[. Let [^ € Co . Using the
i€.

$ s
to b) ' :

!  c * l  s  s j u p  t  F ( ; )  [  "  
€ '  c ,  ?  3  " e ]

the ler:r :ra 2.4" 'proves that E €;X .Cottverselvrcomposiru3 any
'  

r fu r '  u r

F e *X wii;h natural .':rep C '--+C**r*r* get art eiei:ent frora Co I

Since tire above cort:espoirdences ElTe &learly inverse one another,

vre have the desired isomorphigm. / / .^\-,,

Coro l la ry  2 .6 .  I f  C  is  c lense in  C**  , t l cn  C i ls  can  be  ident i -
ryF-l..6-q

(4.

f ied t '; i th C . 
oo

k 'oo fo  S ince  C^  
^  

sepa.Sates that i.;e can
. 

t*
^i(+ene tvJeen uapp ly  p rop .2 .9 .  in  oz 'der  tc

Frorrosi t ion 2.7.  tet  C 'be an l { -cone oi '  fur ict ions on } i rand
#
suppose i roreover that  .  c is dense in ct i \ lhen ?'  is  iso-

morphicrao an ordered convex eone, and a coniplete l r : t t ieerwith

the cone of  a.11 thc ' funct ione f :X,*E , for  v, ' i : ich there 
'

exists an incre aslnE fani ly (" i ) ig 
f  f rom C suc.h t i iatc

f ( x )  =  s u p  s . ( x )  ,  V  x € X
i€I r r'

h  €  ?  ;  hence [^*cn-*Eo ani  t i rere.  e : : ie ts  an

l3-tc , Fis dense in C and C

are tsonorphtcres ordered convex

hypothesis, t^ can be Prolonged

rqd

la

C 
^ 

, lemua 2.4.  shows

obtain t i ie isonorpir ism

^ ^X'lFf rom C^ '  euchlncre sin6 f*ially ( 
f. f )t g ,

t^( \) ) = 
i[ i l^i(

(c*)o * ?" . //

I roof .  l ret

Y )  ' ' + ! €

thet :

cl t

J-I I( ;

L

1 . .

hypotbesib shovr that rre uay qupposei that h f

€  C  .Le t  then  f ( x )  3  [ ^ (  
g * )u i ' i e  have  f ( x )  =

= 8j. ,vri th

snp s*  (x  )
lEI J.
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t  =€ X.Conve3gstyr le t f:X -.--+ E+ and (sr)1 
6 t be en increasing

fanlLy frorn C ,qrith f(x) !, sup sr(x) , { xG X.For any
let F (v ) - 

itl 
'rr (st) . Ilenee F ,c** G+ end

construction ?, t [e. .rt ts easy to prove that [a r.s !.ndependeut

of the ehoice of the fanily (sr).J.Iencertire above co""espondences
are lnverse one enotheiranc glve the desired. identi f icet ion. / /
nsrnqgF' rf c is dense Ln c* 

* 
anrl moreover c-onteins a strictly

p o s i t i v e  e t e n e n t  u  L r  r t h e n  e  e A  i f f  s f i n u . ;  : r ; ; ; : ; ;
follows thatrl 'f c ls a etand.aro' H-conerrepreeented as an l{-cone
of funct lons,on 

L-*&t xrthen c)*$colncides with the set of ar l  the
functions g{to* ?* lvbich are finlte on & finely u"r,"u subset of
x"[{  ]  "Alsorin the ease of standard H*cor€ crrepresented as an

.Il-cotl€ ofl fu,ctions on e set xrsuppose that. there exlsts a. sub-
uarkoviar resolvent of ke:rnels (Y),. )),"ro o: the nea.surabl.e

s p a c e  ( x r E ) ,  s u c h t h a t ,  v o  l s  a  p r o p e r k e r n e l ;  a n y s  G c  i s

1f -excessive ; for any x -neasurabrerpositive *.nd bou:rded f ,
Vof e c ' Then ? can be identified i,rith tl e set of alL .\f -ex-
cbssl.ve fuactione.

end by provt'tng that

C extend,s uniquely to ? .

@ Suppcse that
rates C . 'Jhen:

a) fhere exists a unique bi ject ion g *-# between the set of ba-
layages on c ,and flre set of alr {aps tot +? having the pro_
pertiesr tts+t) = 3* *'Gt s s dt + tu gEt ; G*, €e ,t \ -  N  lx

B(Bs) = -3s 
; 'for any inereasi&g family i,(s1); 

61 from ? ,u" have
tt V 

"r) 
= V &* r sulh that the followtng diagran* coffrutesr ,

{ e c t +

by the

any baleyage and any ll-integral on

c ie d.ense in cXX ,and c* sepa-



-&d*

B

l - - ?e | €,1
V t - r V

.\, 
.B 

A'
C q--p C

N

b) fhere exSsts a unlque bijection t^ "* F bet,,,reen C x and

the set of al,l nraps E 16 *4 having the properties 3
, \ r - r \ r - F J A T F t ,

S (e+t )  *  p to l  *  i ,  ( t )  s  s4 t  +  p t " l  s  p t t l  ;  ro r  any
, 4 i

fncrea.sing farci ty (" f) ief  f rona ? we have p f  Vur) - :yp iCur), + 1 € I

for each s e? there exists an i .ncreasing fan&Ly (ui l i  gt fron

c ,such thet s a V u, and Fru, t e.*oo i V rero euch that the

following diagram eonrnutes.l

c
r' \l^

r l  \ E
v 

'fl 
ut+

E 1 6

&gg$. a) t et 3 be a bal.ayage 0n C

be  de f ined  by  T t " l (  p  )  =  e (sFp)
' ra* r'

with ot t  €  C^^r i t  fo l lo lvs  that ' is  B

defined.the propert ies of S fol lovr

any s Q C vre krave!

? t  e  ( s ) ) (  p ) .  t ( s ) ( n * F )  * B * f . t ( s )  r  p ( , t s )  =  E ( 6 s ) ( 6 * )
h.ence the diagranm corunute s . :

converselyr i f  ? i .s givenrfrou !-  €e j . t  fol lows that
*\,
i i t g ( s ) )  e  e ( c )  r V u e c . r h u s  T l "  d e f l n e c  a  b a r i , y a g e .

I U

b)  r ,e t  [ ^  €  C*ane de f ine . r fo r  sach s  CE p to)  =  s (  [ ^  ) .  F  i s
wel l  def ined end cL:ar ly hae the inel j .cated propert ies.Sj .ncer

.  i . f  E ( s ) ) .  E ( e ) ( t ^ ) ! a  t ^ ( u )
the diagramn colauu.tesnirinally, F being given, h Lej obtained. as

the reut r ic t ion to  e  C1 A (Cl"  / /

. F o r  e a e h  s  € C . ,  l e t

,  V  h e  c f r . s i p c *  E r : B

\ t  * * *  .  ' \ " l
V B 4; , hence B

obviously from thoee

f\,

B ( s )  €  C

V . r i

ie well

o f  B,For
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Rron nor,nr onrthe extension to ; of aay baLayage.B or ll-integrar

t on C ,r'ri1.1 be d,enoted by the same letter.

9 r . Iret Ct , Cz be ll-coneg.lve define a rnorphiem of H-cones from

Cl to CA as a map y ri, *?a rrytth the. propertlesr

? ( " + t ) ! ,  f ( s ) +  ? ( t )'  s € r : = +  ? ( * ) * ? ( t )
. for any lncreasfng fanily (uflf g f fron t1

f  (  Vsr) : ,  V f  (sr)
$e,*.rk. Clearly lve have thus a categoryrthe obJects belng the ll-cones
and the norphieres thoee defined above.Acordlngryr llom_(crrcr) wtll
stand for the set of all the norphlsris fron ci[ to cr.

8or any niorphisin 
t Q Hon (crrcr) tet us define the d&raain

or  g  es  r  n (  f  )  = t "  cc r  |  ?  (  t ( s ) )  e6 *  ( c2 )  1  .  D (  y  )  can
be void: i f  ( r l  e4 is  the greatest  e leaentr t i ren ?(")  = 4.r  ,set1

lq u norphism and D( (1 | - 6.

We lntrod.uce a class of norphisns as follower f GHon (c1nc2)

ls sald to be a senlfinite norphLsu if D( ? ) is dense in Cro

1@S- a) For any two H-conee c, ,cz,the map e F--D 0 Le
elearly a eemifinite norphiernrdenoted by 0.

b) the senlfinite rnorphJsnrs fron liom(CrlR*) are exactly the H-integrals
c) Tire roorphi.sms fron R* to c are exactly the raa.ps I ,-+ \ e ,
with s g F.sueh a norphlsn is senifi.nite iff s €c.
Iie8""er Ihe conposition of tvro sen:ifinite norphJ.sns need. not b; seil1-

-  
f in l te .

YJhen rr.re consider standard. il-conesnthe senlfinite norphisms
^ 'e ,de i . t  a  s imple cheraster ieat i .on t1 ] .

Proposit log-:2i1. Let ct ,^cz be l l -cor€$ a$d 0; gE r denserconvex
subcone.le t ? o ,C r -.*?A be .a lnap sueh that 3



Yo( "
s  < t

$he follov,rLng are

a) There exists a
- l' t l c '  =  ? o .

{sr} V [W (t) . l

L e t  . t  € C t  ,  t

(oJ ) j  
e ,  

f ron  C

v (

:12 . -

+ t )  :B t fo(s)

:+  f  o(s)
equlvalent:

unique morphism ? 
g Hon(C, ,CZ\

I from Cr 'such

I'et t

,  t  € s  I
,\,

to 62 ,and ?

i

,
t
I

i

, l
!

+

e-

?olir
? o ( t )

such that

t ,
t h a t  V s i € C f

b) f'or* any inereaeing fanily (uf )i €
we have yo(  V s1) .  = V q o(sr)  .

Proot. e_-)-! is o-ovious.

f ( s ) -  V l c g r u I r a
Y 

1: * welt  def ined'**p from 

",

b  =+a a

c r V s eql

l r '  -  ? o  .
clearly er € t =) f (s) 4 ?(t) ;  and prop.2.3. shours that

f (e+t) = { (s)+ 
?(t).r,et (sr)1 

€ r be an insreaslng fanily fron
+\.,

C, and let s :a ! sr.It renains to prove tjrat!

t  €  c r  r  t

g.trtor each .
r euch that

€  u l =  . y _  V  t  V  ( u )  l o i * " ,  ,  u € c , ]
i e x

I gfrthere exiets an i.ncreasing fanlly

srz\t '- Y_*, . sinoeiL  
J ( J

e, A t) '" s At 3 'i; .r' the non-obvious inequality in (x) is

tggl$" hop.3.l.shorys that any norphlsmras deflned ln I T ]
also a norphisn in our. se.nee (and,in faet a senif ini te one).

@ let c be a etand,arcl }I-cone .., cl an ll.-cone

f a se*ifinite norphisn from C to Cl .ihen Co € D( ? ).

$oof .  Let  D = \ tn6 co l  n€rr ]  be a countabre ,  dense subset .

le t  u  6  C be bt r lc t ly  pos i tJ-ve.Since D(  $  )  ts  denr_ r  , _ . : e r l e t  
" o € D ( ? )be suc.h ttrat 

"o 
€ to ( 

"o 
+ n-lu . rret (wllr g r be an r.acrea-

sln8rcountable fa:nilyrwhicri contalns every srr.this family to also
I

xeneeohence there exists o( 
* )  o such that r

iroved"./ /

r l s

and



v n I 4iroi g c*s and

-  { 3 -

v  ls  s t r ic t ly  pos i t ive. i lencer for  eac l i

t  € Co the:re exists i  e I  such. that t

i t  fo l lows thet t  <2(wi + 
d 

{kurk)

Ilence .? (t) e cr. ' and t GD( ? ) . //

H-CO&eS

tp iras
$oreovere y* is also senif inite.

BggI" Uslng eorr3"3*rfor any t4 e (Cf)c

heace t1b exists and is seuif inite. //

tenarkt uslnE the adjointrwe can glve a sinpler proof to
'rt suffices to observe tkratrfor any rnorphlsra 

? in the

€r'r ,  + v .  By f*r le., . ,rma l .P

w i t h  K g I  f i n i t e o

IgSeIk' Prcp.3.l. shows that if c ls a standard H-conerthen any
semiflnite norfnis* :.u a uiorphisxn in the sense of f ?l.co*bining

,  the t iTo prececr ' i rE 'p"oposi t ions vr i th  [  +  rprop. l ;5 . t rJ  g" t  ,

9oro. l lary 3'3--tet cl .  ,  cz be standas,d l l_cones and

Y ot  (Cl )o  *  CA a ' rcap. ihe foL lorv ing are e iqu ivaLentr

e) fo(s+t)  = Lf  u(e)+ ?o(t )  qnd s € t  =+ ?o(u)  € ?o(r)  .
b) Ihere existe a (unique) senif inite norphisn q e Hou(CtrcA)
s u c h t h a t  ? [ t r r l u E  ? o  '  / l

r.,et cil az be tvio H-eones and suppoee that c, is dense
fn Cf* *rrO Cr* *fp"*tu" Ce .,,1re say that tg € IIom (C1*C2) has
an adJoit t fr foreaeh h U ry rve have tp*t t^ ) € f  ,*-"*,

? r r  F l ) ( u )  =  t ^  (  t g  ( s ) ) ,  V u  e q L
f t is obvious then, that ,tn ,B :* ry is in fact a morphisra
of H-eones.l , ioreo.verr i f  i t  existe" qF l* unlque!.y def ined. by ?
and wiLl be cal led the adjoint of ? o
Frgposit icn J.4,. t)1 rct cl ,  cz be standard.

y e ]Io:n (crrCr) lbe a seruiflnite rnorph.ism.Then

Ir
r:ie have p^ (

and

an a<ljointi

F . ) e t f

co r .  3 . 3 .

sense of
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[ ;b 1 u'e have t
L  / -

f  ( s ) )  a

o  sup  . g *  (  F r ) ( s )  -  (  V  ? * (  [ ^ r ) ) ( s ]

(where ( [^ i)  ls an increaslng faniLy from D(?*)) and that

tD = (r*k'
t  - \

Thsre exi$ts rnorpbisns vrhieh are not serdfj'niterbut have e]l

adjoint.rfor exenplerthe morphi'sm )' r+ X s fron lR+ to c t
'^' Phlws (neeesa-

where e €'d \ c"gn the other handothere exists .no":

ril ly not sexdfinite) vrhich lave no adjo1nt:1t sufficee to taice

y u  (  V  [ ^ 1 ] ( s ]  =  (  V  P 1 ] (  ?  ( s ) ]  3  s u l  F r (

any $orphism frora 0 to lR+ urhich is not i"n Co'

suppose thet ct'ca sre dense in cf 
n 

"I* 
lttd 

that

separates C1 rCZ.

fropq;-tligrr-?J.. Jf cP has an adjoint'then

adjo in t  end (  t ,P*  ) * '  ?  o

{Xgil" It suffisee to prove that Lf is tha

folLows from:'  ' - + \ ' "  ( s ) ) = t g * ( P t s ) f9 i r ) ( F ) s  * , 7
s  q ^ * t ? i t  F )  / /

Fropositioq-2.1' sup;oee that Y y Y z have adJointu *ttd'

I ao Yf is defi.ne6.Then ? a" ?f has en adjolnt and :

( cPao fr)o = Vt" tP:

3gggq" It suffices to shorv that pf" ?; '" tha 'adjoist of

tao  { f  "  Bu t  t

{  peo  Y r } * (  l a  } ( s )  =  t ^ ( (  P  ao  ? r } ( s ) }

avrd t

b . . b
(  P j ."  , . f ; )(  

$ )(a) :s

, ' r *  ^ *
" 1  ' " 2

l3

?" aLso has an

adjoint of ?* ,v;hi-ch

=?t q*t f, )) Es
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I t  ls easy to veri fy that 'ni f  y

then T * V has aleo adjoint

Sioreover, . y g y G=> yrs<
oBperations are, preserved under

ty A y)* = y* A yr
Partieula.rly, t 

V lies on an

extrerne ro3rr

extreme ray iff TX liee on en

I{enceol're have another eategoryrin rvhieh the norphisms are
tbose whj.eh have adJoint.takiqg only standard ll:cone as objects,
we have a (contravariant) functor fnom this-category into i . teelfr-
def ined-  by r (c)  =  c t ;  r (  q  )  =  ?* ;Thie fur :c tor  is  fu1 ly  fe i th-

,  ful1 and cor.3.8- rr i i l l  show that l t  establ ishes in fact an equl-
vaf,ence between the eategory Just considered and its duar...

rn accord'ance l'rlth the. general airinitionr.rre call isomor-
phlsn of H-conesrany $orphisn q e IIom (Cr;Cr) for r,,.hlch there
e x i s t s  Y G H o r n ( C z r 0 i )  s u c h t h a t  y o q r = ! r  g 6 y . = 1 .

. 0bviousl$r the norphlsn 
? is an tsoxriorphtsm iff the uap

F H

{  :ct  -+'c,  is bl ject ive and f  (s) < ? ( t)  =+ s < t .There
extste nrorphisns',"ihl'ch aire biJectlonsrbut apt Lsonbrphlsns,For I

'exemplerlet 
C bg. a etandard l{-cone.Then (g, { ) endowed .,vith

the specj-f ic orger ts st l l l  an H-cone.?be identi tg
(C, { I  -  (C, < ) is a morphlsn of H-conesrvrhich is a
bi ject ionrbu.t not Lsonorphism. i

!

let us call  a norphism p € Hon (er"er) f initerif  D( y ) * Ct
the belayages are exerlples of finlte norphisms.It is elear that the
conposit ion cf t 'wc f ini te uorphisrus. is again f ini te. l . loreoverr i f

'  '  
-  - -  t - -

q ls  f in i te  and y  is 'sea j . f in i ter then 
?o ? (prov iced i t  isI

defin&d') is again seniflnite 
"I{olveverrif ,, (f is 

'sedr:finite 
aad

Y Lo f lni te, ?o Y could, be not senif ini ter l"et 
' ,  -

be derined by y t'l l =-i-u"--;;; 
", 

. c;and let *tr:.;J-

r  Y € Hon (CIlr0,) heve ad.jointe,

a n d  ( t g  +  y  ) * a  f n * V * .
*

Y rvhich sholus tbbt the lattlce

the passage to the adJoint:

i  l q v v ) * = g r V t *

I\
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finite rnorphtsm q e l iom 
lcr*r) 

such t l iat cp te) $ cl..

An isonorpir isnr need not be f lni te.I{oweverr

M . L e t 0 L o C 2 b e g t a n d a r t i I I - c o n e s . ? h e n t h e f o 1 1 o l , , ' i n g

sre equivalent l

a) tf i" an ieor:orphisra between C, and, Cr.

b) gs ls.a f ini te isonorphism bet,reen cf and rn*.

Eg{. L=*-L. iet F e cf ;it suffiees to prove that ?n t f^ }
satisf iee- 'r4 fron the defini t ion of the tr i - integraL.Let s € c1;

*here exists an inc.reaeing fani ly ( t i ) igr i r :  c,  such that

t ' ( " )  =  V  * ,  and  t ^ ( t t j  1  *  . $ ince  q  i e  i sonorph isn rne

h a v e  t . =  t ( o i )  r , ' ; i i l r  u r G C ,  a n d  =  \ o r . u e n c c  p * t p , . ) ( u r )l_

.  i s  f in i te .

,  r  t  t0r  - ' "  Ci  extsnd.s c lear ly to en ison:orpl : isn betweenO $ & . o  ( P '
t c r

. o

?r = (cf)o and Vz a (r})o s //

9q3orl*t t"*. Let c be a standard l{-eone.fhe natureil leap
C --? C *u Lu an isonorphlsnn. / l

4qqi?lll. A:2 l{-coi1e cor:ld be isonorphic wit}r a s'ianilard H-cone r
withogt being i tself  a standard. I l -cone.fnceed, Bj*t)  i .s an 1l*cop€r'  ' +

lso"norphic $iith ths standard. Ii-con€ RT ; but nje;l is not

standa.rr lrsinee l t  has no str ict ly- poeit lve elenentol loweverl

ft-'qpgqi$q"-.3"2. Let C be an li-Gone r CL * standard. li-cone end
Bupiross that c and Cl aro i.sor:orpkric.Ihen 0 is a gtandard.

l l*cone i f f  C i .s d.ense in T and C contains.a str ict l ; ,  pocit tve
' eleinent *

Hgi, Denote u G C a strictly poeitivo eler:aent and"
^.' '\'

y rC ? Cf an i .aonorpt i ism.tret s & (Cl lo be arbitrery,, I i iere
' f v

exj.sts t  g C such that .p(t)  o s .  I t  suff ices to prove that
t  is: .  u-continuous"But:

s  1 6  Y ( t )  *  Y ( V  ( t A n u ) )  G  V  ( s A n . e p ( u ) )
t



, {  
' , i  

r  * t t : -
r 

'i: 
l:l . I'  l ' i i' /  

j !  !
i

shoule that there existe cr )  s such that E € a .+ (u).r t
, i ' .  :  ,  l

,.follows 
that t € a.u ,hence t e c ,simce c r.s ar.so soltf,d' 

!- .^,
I t '  fo 

-c 
' lr low,let (t i) l 

€,r be an iacreesing faniry frop c ,such

. r " t ' 4 t h u t  
t = l f  t r . $ i n c e  B . .  y ( t ) .  V  ? ( t r )  r r v e d e d u c e t h a t

,',,"" ;;""::L*;t "* 
ff."J'""'lrt€ 

r such that s f (tr)+ e f (u)

te t  CrCi r0 l r0 i  b€ l { tcones
. .  L  5

y e Hon(Ctrci) . r ie say that y
- tlrere exists ieomorphisms C rygr

foLlowing diagramn ls cornroutative I

and f  € I Ion (CrCl)  l

and 
Y are isonorphtc tf

and Cf € gi such that the

A' J_, ?i
Hith this defihttionrone verifies easily taat any semifinlte
uorph&*n . od staadard H-cor:€s ls Lsouorphic xiith a flnite oroo
rndeed' ;lf c and c,. ar6 etandard. Il-corlesrthen . 

f s Hon (crcr)
Ls see'lfinite iff there exlets a strrctry posltise u e c such
that t1 (u) e 

,cf 
* 

.rr y ls senlfinite, there exlsts [T ] xo ) o
euch that r, oo y (so) g af* where t"r, I n€cr| rs * alo"u
part of Go.."ie can take then * := t dnsn.conyerselxrif
t1 (u) € Cf ,it folt orve that tg (s) € C, fo" urry s G Cooliow,

we can take ct. as the subcone of u-bounded elements fron c t
. and ci - tf * .Ehen c r is isonorphic rvith c ; ci ls isonorphlc
with C, and T |rr  

r0r > Ci is ctearly f lnl te .  
.

1{e conslder finally the morphisms bet,,,;een ll-corles of
funct ions.ret 9 and $ r be l l -cori€a of funct ione on the sets
X anrl Xr.'#.e suppose moreover tha.b T.. and $ r are d,ense rJu-

Q . * I  .  . (pect ivelg i *  *+ ' -  
" "L 9-  r**  .A nap.  

? ,X3-+ *  is  eal ted an
H-EreiP lfrfor any s g9 rva have 

"oy e E r"

c1

st

I--;->g

SE

I r ^ ,1  4 ( , ,qA , i /
/wvlu 

u\ r  t  J



-f$..:'. :.,..':.-:-

Wgosilign: 3.1o' l,et ? 
be an ll-map'Then s \r"+ so? Ls a

norphisr:a (denoted also by T ) fron q to 9r which satlsflesr

= 1  s n d ' Y ( s A t ) =  t p ( s ) A q ( t )  , V u , t e q
t

the map rt !x! --+ x ls f&ne-to-fine contlnuous 6'nd the norphisn

tp ls sernifinite. / /
tt 

*n*"u exlsts me6$rtsmo (even finite isonorphisms) which are

not tnduced by a ll-;naF.If g is an I1*eone of functions on X and

- n
fc3 .-.+ (or+ *) is not 6 l"then I and f.S &re isonrorphfc,

bpt th&re j.e no H-xlaF whleh'lnduces this isonorphism.

' L e t 9 . e n o $ r b e } I * c o n e s o B f u n c t i o n s a n d t c I I o r n

If  y( l)  is a f inl te funct ionrthen g* existsol ioreover"for any

1 l ,  r *

x € x ,  { ( t x } € c ; .
Clearlyrthe norphisng which are lnrluced by H-maps are elosed

under composit j .on.

gropoeltiojr _?.11-. Let Y be er H-map vuhieh J.s flnely openofhenrlf

E 
,F*= q' , , y induces s finite norphism. :

ggg. For eny e e I the set A = {x I s(x) <.et r" f lnely

.c ldnee.l lence 
T 

-t(*) 
ls also f lnely dense.But (so 

I  )(*t  )  I  a

for any. *:  E Y:1(A) ,hence ig f lni te on a f in6l-y dense set 'Using

p r o p c z . T .  a n d  t  I  ,  s o f  €  q ' f * =  9 g  c  / /

Sroposit ion 3.L2. Let q ,  $ I  be staadard. I l -corcs of funct ions,

Q be an Hor*p.Then q is naturally nieasurable.l,et F € I t*bu
t - t

a representable t i - integral with Ft( l)  4 € othen ,P'*( Ft) Ls

aJ.so representable.
?-F

P r o o f . F o r a n y  s € 9 o .  so tp  i s  a f in i te  ,  na tura l l y  l ssacr- t ,..''

funct ion on X.I lence tg is nqtural ly neasurable.I t  is clear that
a'lF 

t

qgt ( [^ 
t ) q 9 

^ 
i" then representable by the ft&es,ure n. ,deflned

on the natural ly Borel seto by :  n(A) ra !nt( ? 
-t(A)).  

,where mr

f.s the repr€senting raeasure .for t^t. /l '

tl
I
i
I
' )
" l

t i l
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lfo.re genqraLlyrlet SrSr be two standard ll-conCIs of func-

tlons on XrX0.!ei us caLl quasl-ll-map any aap y oXt \ io .-.+X

r r .he re  A?  9Xr  i s  I  semi -po la r  se t r such . tha t r fo r  eaeh  g  €s ,

there exists ern eleraent fror f ldenoted, y(u) ,such that

{  ( u )  =  s o f  o l  X t  \  A r .

@ Any quasl-$-nap defines a raorphism betr,ieen

S and $e;which has the proper t ies:  
.

Y  ( 1 )  =  1  .

? ( * A t ) =  f  ( s ) A ? ( t )  , V s , t e s
S F e (s' )f , af* ( ts' ) .ts a representable li-integral

I rqoj" qP is rvel l  def inedrs&,nce fron s.= t  on Xr \X? i t
t

f o l l o i r s s  p ( s )  s  t . ( t )  ,  t  h  e  t J ( [ 3 ] )  . h e n c e  s  =  t . r h e

otlrer statexcente are obvious . / /

&gg"k. ff A? 1e poLar,*hen

un1versally bound.ed t^ 
t 
"

For any f*ur.rneephisms of l i-eones ? r r  { 2  €Hon  ( s t r r ca }

we define r

( *Tr  +  f  s ) (s )  =  t f r (s )  +  ?a(u)  ,  f  u  e? ,

(  o r . g s ) ( s )  a  a t . f r ( s )  n  f  u  e ? r  ,  d ) ,  o

and the order relat ion ? f  € ? a by {1(st t  ?a(")  o
\ t  a \ ,
V s € Cr.fhus l lon (ClrCA) beeones an ordered. convex eonertn

which 0 ls the smallest elenent , &Rd the norphisru deflned. by
\ r  l \ '  | \ ,

P (s)  =  (e) . ,  V s  €  Cl  ( l ' rhere *€CA ls  the greatest  e le-

ment)  ts  the greatest  eLenent .

fhe uiorphismo .which have an adjol"nt. ;the eestifinite nor-

phi.orno ; and .the flnite norphi.sns .{orrn_sptidrconvex gubcones.

lloreoverrthe eemiflnite roorphisrns fonu e llnearisable con€ c

One veri f ies. easl ly thatrfor any lncreasing fanl ly (  
Y * l

TF ( ht ) is representabl.e for any
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f rom l lo rn  (c l *oz) ,  V  f ,  ex le te  a r rd r

'  (  V { 1 ) ( s ) ' B  V g r ( s ) ,  V "  e E

Hencerfor any q €, l lom (cl 'cz) we have r

I  R +  V c F r s V t t e +  t P r )

l {e recaLl t+l that' i f  clrcz are stendarcl } l-conesoand ( aff)f gf

J.s 
"any fanily of seni.finite morphions fron llon (C''C?) ,then

& I f 
'exists.lioreoverr for &n;,' senifinite f & IIon (cyCr )

lxe have t

Henee:

r f  +  A ? r *  A t  q +  ? r )

?rcrnoslt ion 3.L4. r ,ct c1 'co be standard l l -cones.The senif ini te
3 t

" 
norphisns betrveen C, end C, forin an ordered cOnvex conervrhieh

. satlsfies the prprties l l l  * H5 fron the definlt lon of an H-eone"/,t

q q. Fe call a polnted l{-sone ar}y pair (Cru} r 'rhere C ts a

.standard H*cone and u .C C a etrictly 'positj-ve ele:nent.lTe recall

t  41 tha t  t i :e  se t :

K ( c , o i  *  t  t ^ €  t n l  F ( u ) - * 1 ]
ls & coavex reoinpact space ilr the natural topolog'\"ofhe set x nof

non-z€To exireme points of K(Cru) ls eal led the natural space of

representat ion for (Cru).C ls isoraorpir ic vr i th the standard.

H-co$e of fr.nctions $ on Xrforraecl sf the restrLctions to X

of the &aps s [.e ,.--t E( F ) t P^ (s) 
"

Let (Cru) ,  ( .Ct rut )  be pointed l l -cozies. i i '€ cei1l a morphism

of  po in terJ  l i -cones any q € l lon (CrCt)  such that  P (u)  =  r t .

Clearlyr&flX such norpir isn ts sen:i f ini ter l lence 1t has"an adjoi4t.

We deno,re K(  f  )  t t re  rest r ic t ion of  qe to  l ( (Cru) .0bv ious1y,

K (  g  )  l s  a  r s a p  f r o n  K ( 0 r u )  t o  K ( C t r t r r ) n



@ K ( Y
contlnuous maF.tt( 9 )

- a l -

) is an affine nap'It( ? ) is flne*to-fine

is natural'ly eontiuuous iff T 
(Co) G C; o

[,t
Y

t
Theoren 4.2"  le t

Eggg. Al1 the contlnuity assertj'onu

fornula s te

are eonsequences of the

Y ) F l  ' ' '  Y ( * )  t a
be a norPhisn of Pointecl

are equivalent:

1) For each extreme Point

extreme Point in K(Crtr)o

a )  t p ( s A t ) =  P ( s ) A P ( t ) , V u ' t € c  '
-r ', 

J-;- 
"*rut" 

i (unique u-) map oc,enoted p( f ): i{ ' t --*! x'such

t r r u t  y ( " ) s s o p ( t 1  ) ,  v e g c ( i . e . n ( t g )  L n d u c e s  c f l ) ' '

E l $ . l , e t u s r e n a r k t h a t , i f F f o i s e x t r e l e : ' a K ( C t ' B n ) t t h e n

K ( Y ) t s  i s a l s o  S a  ' e l n c e t

K (  T  )  P ( u )  I  t ^  (  Y  
( u ) )  3  F ( o ' )  *  I

h o f  K(c r  ru t )  ,  K(  f  I  P"  l s  &n
t

//

Il-cofles.The folS,owtng

po ln ts  o f  K (Cru )

, B t )  i

1 + 3 F*2 2 are now sbvlous'
-a-e-

2 * L Using the characterloation- of 
"extrenc'r'+ 

' v..- ----- grxtrq341g,

* et ton in t t t  I  swe havenfor any\{€ K(") '

K(  tP  ) (  t ^  ) (s  A t )  *  t ^ (  tg  (s  A t ) )  =  la  (  {  (s )  A  ?( t } )  !E

I  
. 1

'  '  uin t  t" ,  q (e)),  t^( t  ( t))  I  : ! '

e  a in  ln t  q  ) {  t ^  ) (u } - ,K(  Y  ) (  p  ) t t )  }  l l

E @ " t h e p r e e e e d i n g t h e o r e r r , t o g h e t h e r w i t h t h e d e f i n i t ' o o o ' .

the lsorrorphisn ($ 3) show that ti:e cor'ect settS'ng for a nBanacb-

$tonetr theorem (1.e. lf tvro standard il-cone are Lsonorphiettlien

thelr natural spaees of representation are honeomorphlc) 'ts that

of natural spo-ces of, r'epresen*atioi'Deleteln8 a polar part 
-from

s u c h € l , s p a c e , t h e i e o n o r p h i s n b e t l . t e r n t h e s t a n c a r d } i - c c r r e sn patholo$tealrt
preserved- ; ln factrthis is the only vray to produce



.*&&'-'

exeaples 2 i n  L g  l .
.  Suppose that the equlvalent condit ions frors th'4'2'

h o l d . T h e n e ( Y ) i s a f l n e - t o - f l n e e o n t i n u o u s : f , a p , a n d j . s n a t u -

ral ly a.easu.rabLe.p( Y ) is natural ly continuous i f f  ?(co 
j  e c&'/ /

fheoren 4.4o $uppose that ul  s L *r ,  ' r 'v i th *r ,  € Co'The set of

aLl norphieirs of pointed $-coile$'is a ccnvexrcoinpact set in the

naturaL toPr:l-ogYi

H . s ' ] , e t t Y , . } u * a s e q u e n e e o f m o r p h i s m s o f p o i n t e d t l * c o n € g o
'T,e* 

[*rr] n* e densercontable subset of C"'For eaeh t3g|} ' ] t

. )

\t t(err) I f, gnu le a reLetlvely conpact set in the naturaL topo-

B}I

A

logy of Ct.Using the diagonal

(denoted st i1l  bg Y rr) such

eeffrersent,for each n 6nt'l.,et

eaeh s  Eg t

f  (s)  -  V l9  t "o l

.It suffices to Prove thet t^ 
( 

T 
"(

h € (c ' ) :  a^nd e 6co 'Let  A >

procedurerwe can chooee a subseqru3ee

that tY u(orr) l u 6N 
' is aaturallv

y(eo) be the l imit 'Yie def ine'for

l " o 3 * l
s))  - -+ t^(  CP (s))  n for  eaeh

o S ne ehooae n € Gi sucb that:

andc tA (

m €  l s  r

$lnee F

thatofcr anY

Combining

-Z 9-

t?

h
,
t

sm ( s € sm + .t  t l

{e * ) }  s  t ^ (  { ( s } }  4  l ^ (

F.( Y (s*,))

f  
(s*))  + S, .Thenrfor  anY

*  t . r . (  tgrr (so))  + A .F(u ' )

o tliere exists * t 
euch

( ? rr(s,*)) €

? rr(s*) ) 
-'b

n b  n € ,  r

t^ (  $o(e) )

I
tgrr(s*)) - '  t" ( Y (**)) I  € e

"ine quaLities rr,t 'e get t '-

E h(  Yr r { * } )  
*  t^  (  Y {s) }  €  e

is a senif lnl te inorphisn by t?1na]rd

I t^ t
tlie se

( r  +  p { r : f  } )

tl lence ? n - +  ? Ln {ne
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natural topology. iJoreover, $(u) = u!. Indeed, t^ being a f ixed

universal.ly continrious li-inteEralrfor each € ) o we caa flnd

n such that,  tn (  ? ( . I  s*) l  < e .Then:

" ' \ f J t r
t ^ ( f  ( E s n ) )  s t * i * * t  t ^ ( ? , o ( * }  - 4 '

{  } i n r s u p  l ^ ( t g * ( u ) )  {  l ^ ( f  ( ' T  s , . ) )  + 2 e
t ! ' roo  

ur  I  I  
f . rc t  

r l

Hence l- i in h ( f*(u)) existsi  i t  fol lows easi ly *hat this
li^ -t !6 t t lrl

Ltn l t  e r lua ls  h (  ?  (u ) ) ,  l l

Rena.rk" r, i ibhout any irypothesi.s on u ,the sffue proof shoirvg that

the set of alL northisas ? € Hc:n (C,e o ) sueh t l :at f  (u) € ut

is a convexnconpact set in the naturel.  topolcgy.

M . I f C , C n a r e s t a n d a r d . I l - C o n e s o f f u n c t 1 o n s o t b ' e

set of all morphisrus induced by H-aa$e is e GU -set in the n8.-

&ural topology.

Hg!, l ,et {srr} be a countabl,end.ense subset of universal ly cof l-

t inuous elenents fron C.!et us denotes

Anrrark = | tG[towt (c,C) lq(lt= {r .4(+^ na,.) + d{> 9('0.^) Af('t 'J }

Svery \rmnk ls a nature.,L C 
5 

-setrarrd lt is. easy to show that

n

f,)r*r*ro 
is' exactly the set of all. norphi.sns i.nduced bg ll-raaps,/,

&roposi . tLon 4.5. Any l{-nap betlveen the natural f ipeces of represen-

ta t ionr induces  an

po in ted  H-conc$r

lYoof.  Let  tP 'ne
I

. ? 3

f t  fol lows thet r

u t  =  9 ( u )
t

hence .l.t (u) =
I

\,
)

extrene elenent in the. set of all morphisne of

ind"ucecl by a H-$&Frar:.d supp'ose that:

t,

o t . y  + t t - o r ) E  )  a t e { o r 4 )

a t  V  (u )+ ( f -  e  )  t  (u )  4  t> f  u0+(1 -  R  )u r  , '  u f
t

(u) *  uf  
"  

I , loreoverr for  any 6nt €c 3
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( o r (  f  
( s )  f \  \ t r ( r ) ) + ( l -  H ,  ) (  b  t r l  A  t r t l l E  f  ( s )  A  ? ( t )

r h e n r  f  ( s A r ) $  f ( s ) A Y / ( t )  a n d  t ( u A t ) = I ( s ) A $ ( t ) .

Sence W ar:d" \ are indueed by l{*rraps (we use the same Letters
I

for t l ie norphiornsras wel l  as for the j .nduced i l -uaps).Flencerfor

. anlr x € I anel al:J' s € Ct ;

* (  y  ( x )  )  =  o c  s (  Y  ( * ) ) + ( 1 -  4  ) $ t  b  ( * l  I

I f  $ ( x ) *  Y ( * )  a n d  
f ( x ) l  

E ( x ) r t h e n w e c e n c h o o s e s e c  :

vrhich separate s the polntsrand th is ls  a contrer l ic t ion.Suppcrse

that  aLi-  three points t f (x)  ,  Y t " )  and I  t " l  qre dist iaet .

I f  t he re  ex j . s t s  s  €c  sueh  t ha t  * (  Y  
( x ) )  ) .  s (  f  

( x ) )  anc

* ( ' y  ( x ) )  )  " (  
3  ( x ) )  , t hen  we  ob ta i , r  aga in  a  con t rad ic t i on . l i ense t

,E 
e. rcay sup;cse t lTatrfor any s G C&

e (  Y  ( " ) )  >  " (  Y  ( x ) )  )  s (  b  ( x ) )

Let p -G C be a. generator. i i te may choose convenably a balayage B

CIn t i rat ihe quanti t ies

r ( Y ( x ) ) ' ' s ( \ ( x ) )

e ( g ( x ) ) - e ( I ( x ) )

ars not equalr ' ,nrhen s is repiaced by p ar:d t l ien by Bp.And i i r is

is  t l ie  o 'ee i rec cont raC. lc t ion .  1 /

i lgrr ls l$. In the case of i i - integral.srthc conve.rse ls also true s any

extrene H-integral is induced lry an I i - i : iap.

ie t  noy/  S ,  St  be s iandsr i  i i -cone s  of  funct io : te  on the sets

XrXt .  i l ro, 'n. 5b.4.2; i t  fol lows t i rat i {- ,naps 
' 'ev' tcncs 

r. iniquel; '  to en

H*nepe bstween the natural spaces of re pi:e lentat ion. 'rTe che.recterise

f lnal ly 'Lhe morpir isns iaCuce<t by a gua;sl- i {-1l1oFc

Propos i . ' t i r n  4o7 .  Le t  P  €  i {o ra  (SeS '? )  be  sueh  t r ra t :
@ * -  (

y  ( * )  A  T ( t )  *  f  
( s A t )  =  o t  Y  ( s  A t ) + ( l -  d . ?  b  ( g A t )  4

i
!

t' i

I
t

I
t
?
I
i

I
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f ( r )  = I '
p ( s A t )  =  f ( s )  f ,  ? ( r )  , V s , t € s
V t" G(s')r , Yst t^t is representable

fhen qP ls induced by a quasi*Fl-napo

&g. llre knovr that p(Y) existsrand. is a II-rnaF betrveen the ila-

turaL spaces of representation"Let us d.enote r

Ar  = t *€x i  I  p ( f i ( x l  s ' *1
(xi  being the natural space of repre.sentat lon for $, ) .Thenrfor.

any eoinpact K SAU:
*

f ' ' (  F ) (p (  9 ) ( r . ) )  =  otA (K)  *  F  (p (  Y ) -1 (p (  ? )  (K )  )  )  =
Dl

si.nce t€ t e) :.s representable.I{ence f 3Jrer is semipolar and

n(  f ) r l ' , 'hen rest r ic ted to  Xr  \A?r takes i ts  va lues in  X.  / /

EggggL. If v;e wlsh the eet fbon propo 4.7. to be polarrit euffices

to ask that P*t fa) is representablerfor any universaLly bounde<l

Il-integral t^ o:t S | .

I5. i r ie end vr i th a brief discussion of rconphisns between (pre-)

sheafs sf H-coEG.s.

Le t  (X r€ )  ,  (X ro  € r )  be  topo log icaL  speces ,  
\OsXs  

- -+ l  X

a coatinuous map , and. g, g |  (pre)sheafs on X , Xd.I3y a

tg -rnoriihism r',re mea:t a collectj.on of n:orp&lsms t $ UIU ** ,

sueh that , for each u e € ,  Sur T'(  tp- l(u)) e.-b $. tul  ,and

the usual eom:nutat ivi ty wi 'bh the restr ict ions holdselo€.3 i f

Y 9U ,'i;hen the foLlowing dlagranm conrirutesr

S' ( f - l (u ) )  gs ( r , )

FJ Jr
9,(g,- i<v))  .bg,"r ,

% Supposo  t t ra t r fo r  eash  U  e t  , .U t  €  t f  i  9  tU l
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Ss

eones of nruaerieal, positl 'revfunctione on

1s
and  xg9  t x t  ,  l 6$ r (x r ) ' suppose  a l ' so  tha t

u
&

i s

s €

, .  U'  . ' ;

P -mor-

monotone

Tt g-1tul :

4 ' F

) 4 + ( F ) . F

phl.emrsuch that $"tf ) = 1 and for each U €t "r

&tld posttlvely homogeneous'Thennfor each U €{
' l

w e  h a v e t  S u ( s )  -  a o p "

ryg[. r.,et y Q 9-1tu) be such that 
"( P{v)) } 0'] 'et

'@ 
of '  P )"rf  r 'e denote:

be  sueb  tha t  * {Y (y ) )  € (  o f  t  p  ) c l r  w

u*r$ * {-x 6u \  eL <s(x) < lX}

then U a,$ 
g( and;

'  g ( , ,  $  (e )  , e  $ (s l -  )  '  $ r " l l  y - I ( ua r l " rl u  c r ( L  '  E

Q u
ancl

ll
i i

Ilence * tu) (v) 6 ( a , f{ } '$i'nce 4' {a rvere arbitrarv'it

fo t tows tha t  S  tu )  (y )  =  t (  P(V) ) .The case u(  ? (V)  )  =  O 1s  eYen

etrapLer. / /

L , e t n o v r l x o ' l l ) r ( x * ' J 4 r ) b e t v r o h a : : m o n i c s p a c e s t 6 l ' e

,
a

I

I

I
t
f
I

t
I

::

continrrous neP. Y 
tXr F> X 1s

for anY oPen set U g X and any

Y{e haYe so g € 
'U' ( (P -l- (u) ) :

Sgopqqitisn" 5ta. l,,et 1x,' l ' t  ) ,

caLLed a harr:rAnlc nappsssp [f] rrt

lryperharraonlc function s e U(U)r

harmrbnic mapplng"

srlperharnonic

(Xt, ld t i be .tvro B -harmonie

spaces wlth eounteble basetarxi ?'X 
X be a

For any regular open set U g X'and antr1 positive

s g tA(x) we havec 
.^_1 . - f \ ,

B  b  r p - r ( u ) ( s o g ) . ( B L u * ) o p  
f . , ,

proof" $rnce *i lu" s s on f,urrt . for.rorvsl *no* u c?-l(u)(sof)aa

T F "
€(B u's)o 

?. 
nl loreoverrboth funct lons are ha:monic ot 

. ,  
tp*l tul '

l row, pa,sof -  B C g-1(u)q*oy) is a pl tent iat  
:"  ?-t(u)rand

domlaates of - *o y *1, Ouu )o ql- on Y-t 
(u) 'trt* difference

(p - pr) bei-ng harm&nlc on 
Y-t(U)rvre 

concLude the equaLl"ty ' /!
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; i o n i n t h e p r o o f s h o w g t h a t t t r e f o r m u l a
S*m*gL, A sLtgh& mcdifi.cation in the proof snows rni

(e*$ hatas for o.ny open set U gXrprovi.ded (X, 1lL) sat lgfy the

zuriorn of polari ty.Te f j ive.next a dif ferent proof of ' thls fact '

i.nvestigating the rel,ation viith the earrler theory t$ ll-cones [2J

srs, vuiLl be standard. l l -cones of funct lon€' on xrxto r o € t

wLli be flner then the natural topctr-ogie.srend coarser tha'n the

fine topoLogies*:"ioreove"" ? rXo -*'+X vril l be an li*inaFc

M" If the equa3.ity (*+) hol.ds for sny s €5 end ar"y

U gX froru a base S for € ,tiren:

carr (so tg) G ?-t(eelrr"

Hggi. t leins Lelolet x €,nr be such

. exists an open neighbourhooC U gB

s )

that y* S (*) $, ""f: 
s.rhere

fo r  y rsuc i r  tha t  B  UUs =  se

It follerws ti:at s  0P*r (u ) ( *o?)  =1e 0uu)og =  *oy  nwh ich

proves ttra't x {$ carr {eo tp) . / /

Pyoposit ion !"4" $uppose that for any polar A 51 i", f* tO) G Xt
r4< iE  

- l#

is  polar"Let  U 9X le open and such that  C U \b(  0U) is  polar"

I f  s€S and carr  (sog) g 
Y-t (carr  

s)r then ($)  hotde to=01,"
f  , r '

*igg" $ince s = B L us on 1r( CU)rlt follows that *oY =(B v's)o?

"" y-l (l ( f, u) ) "The hypothesis sh.ov,f that f, 9*1 tu I \ f-t 
(b (Cu)

Le pelarrher lce B 0Y*1( i

: ] - , e s o T  
) € ( u 0 u * ) o Y  ' i i o r v o s i n c e  Y

preserve$ t?r6 caryj.er, B-LUg otfl is ir:variant under any balal 'age

0 qP -1 f  r r l r r l
vrhich donini:ted B 

1" Y 
-.(u)f$rovu,ng 

thus *he equality. it

Using-now [6 ]  and'  f  I  ]  
"ve 

ge t :

9n*1]g[2r.?. Let (: lu ?t ) a-ecl (x',  t{* ) be B -}rerrmcnic $peces

vr i th co*nt i ib l .e basersucb t i rat  (X,  k)  sat isfy the axlom of pqla-

r i t ; r "1s1 t f l : : t r  - - -+ i l .  be a harnonic mapning.Thenrfor any open

set u E xrend any pcsi t ive superhar lsonic funct io:r  s € ' lA(x)r the-.

reLert ion (* i )  h,- : lds .  / /

T } r e a b o v e r e s u l t s s r t 8 i - q e s t e d . t h e f o l l o w l n g c l e f i n l - t i o n s " l e t
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rc ,  f$  )  r  (c t ,  B t  )  be  
" 'Pa i r$  

w i th  c rc '

eets  of  ba layages on CrCt .Betuteen sush

o f  m o r p h i s r e s o a s  p a i r s  ( 9 ' Y )  w h e r e

I. for the ftrst tYPe f I f$ I '* B
' 
follov,ring diagramn is comniutati've rfor

arr P t\.
C -;cb Cr

l g '
t

lf,| .A,

-J-e g t

Y
P

c

{XS*ptqg. (0, Y ) is" accepta.bLerfor both types,for eny

( t r l )  is  acceptable j -n  both ca$es. I f  C = Cr  an+ Y ' ls  g ivent  Y

can be choosenrin bcth c&sesras the identi ty on the ba.layages

greater than g (t tr is is the only case consj-dcrerl .  in t?l  )nLet

gs cons i4er  thc case C = R*" I f  (  Y,  Y )  is  a  norphiem of  the

first typer'bhen 'y ca,n be d.eflned oni;' on those balayages Bt on

S t r f g r u h i c h  B t s = 0 o r  B t s = d  ( w h e r e  s  =  t f ( 1 )  ) . I { o v ' r e v e r t

i f  ( y , y )  i . s  o f . t h e  s e c o n c  i y p e r t h e n  f o r g i v e n  f  ,  f  c e n

gesnerel ly be cl tosen in a inf ini ty of ways.l iovrr i f  Cr = l l i*r ihen

{o" each F e C* thu"n exists generally an infinity of m9'Irs V

such ti:at ( t", Y ) is a morphisnq of the firet t;rpe."'ihil-eri 'n

ord.er that ( 
L. , Y ) be o norphism of the second type, Y ls

defined only on ' those baLayages which sat isf l '  ei thert t"(s)= 6*(3s

Ytat{

I I ;  for  the.  second'

foLlowing dlagramm

, ^ . W F ,-c -.:.+ cl
r lB J {Y(B)

; P e v'C +t-+ C e

I t  is claar thatr lvi th eaeh- tYPe

category.

i n e .  t u e ? :  B r (  9 ( o ) )  a  t t (

type Y, B --+ fS' is a map such that the

is: comrnutatlve, for anY B &, T5 :

i o € .  t s e ? :  f ( B s ) =  Y ( B ) (  9 ( s ) )

of mor:phLsmsrvre can d-efine a

H*corie$, a:rd T3 , $ I

patrsrlvb deflne two tYPes

g  €  H o n  ( c r c ' )  e n d :

ls a saprsuch that the

a n y B t Q B r  3

( p .  ) s )

P .Also,
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o r  $ ( I ; e )  
=  0  , { s € C .

i1e d,efj.ne next t i ie adjoi,nt for the, morpli i-srns introduced

aborre .gh[3 corrstruct ion rv i ] . l  juot i fy also the conslderat ion of

the t lvo types of  morphismsoFrom nou'ol l rvre supnose. abain that  the

I l -cones in r i i r ;sussj .on have the prcpert ies:  I  is  Cense ln C{&rtruf ,

C*  e .para tes  C.Le t  {  R  r  P  )  be  a  rncrph ion ,and c le lo te :

yt(,.) = lyox i3h
w'here B is er balaYug* nn C*.

gl_opoqit ict  5rf , .  t ,u.* (  ?, t l r  )  Ue a uiorphisn of 
' t l -e 

f ' j rst  (resp'

s e c o n i )  t y i : e , f q o : . i  ( c ,  B  )  t o  { c t ,  f 3 ' ) " r f  ? *  e > : i s t s , t b e r i

(WB, Y*) :o a no:: ; : i : i r ;n of the seconrl  (re;p. f i . rst)  i , rperfro:: t

(c  rs ,  g  , t )  to  (oF,  tb*  I  o

Proo f  .  .Tn t i ccd  r , ' i e  havc :

B (  q * ( F ) ) i s )  *  q l C g ) ( t s s )  =  [ ^ (  Y ( r F e ) )  =  F ( Y  ( , 8 q ) ) ( 9 t s )

q F ( t p * ( r i )  [ a ) { s )  a  y + ( o )  F (  q  ( s } )  =  F " (  Y  ( B ) ) (  I  ( s ) }
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