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An invariance princinle For dsvendent randon

variables

by
Magda . Poligrad

Centre of Mathematical Statistics, Bucharess

in this paper ve give a weak invariznce prluch*e xcr a
slass of dependent randon varlaoles which conta”ns mqrt;n“«Lc—

like segueunces and Y —nixing gquonceu. Staulonur@'i not

Le Introduction and definitions.

MeLeish (1 975) proves an inveriance proi ncible (cf.Treoren
24bJ s [8] ) under assumption on the condisional cxpuctations of
variables with respect to the disﬁant pasu,. In.seetion 2 .08 this
Toner e give an invariance principle similar to that of Mcleish
~or another class of random variables under an "asyuplbosic map-
tingale" Lype condition. In Secctlion 3, this resulg é@*ﬁﬁ* e used

u0 oxtend the invariance principle obtained by Mcloish (Taconcm

2is0 prove an invarianca}prmnc;ple for 314m1x1ng sequeaces
wifhout the aSsumptionsnof stablonarluy and under a var;c"v of
~conditions fér the -mixing rate and for. the moments. Tl
lmproves the mixing rate required by Billinvéley.

Proofs of the ruSthS of thls paper are given in Sccticn 4.

Lot (fl F,P) Do a probability 5paco and"(F,{n Wiky oohw
inereas 'né seguence of sub - ¢ -algecbras of F.(Xn,F s iy 4
said to bo & stochagtic sequence if Xn ls P -meesturable for
gach 0 . We will denote the converganco in. L 28d wsak conver-
geuce by —> and :% 3 respecﬁiv@ly. Wo will dooote

>
D
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E(Xil *m) oy- thi and E jul byllU][p

Let (X,2F,3 bz b be a stochastic sequence of squars

-

O

integrable random variables and put S = 22 X; . Ve assuume A L
fi=1 :
that
: 52 , .
: . : 5 :
(1.1) E -w- —-% G Cad e on
woere ¢ is a posmt;ve,constgnt. . _

Consider the space D [O,l} y the set of all functions on
the interval [O,lllwhicb have left hand limits and are‘dontinuoas
from the right at every point, Vie endow this space with Skorohoc
topology. Let Bbe the Borsl -algepra in D and defins & ran-

dom function by

(1‘;2) Ci W GEy = jg-’?% keilgils

whore [x] is the "greatest integer contained in x . This is a
measurable map from (N ,F) into (D,B), and we shall establish

the weak convergence of W to the standard Brownian motiocn
© n

' procsss on D .

(L.5) D“flnltWOﬁo A sequence _Wn of random elements of a ‘
metric space 1is said to be Renyi~mixing {R—mixiﬁg) with liniting
process W if : P(Wﬁ e-;[ E) converges weakly to the msasurs
PN € .) for every E € F such that B(E) > 0. '

R-mixing is a usefu;.concept when passing from non-random to

random invariance principles.
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2. The invariance principle

. The following conditions are~shggested by Gordin's condition

.(see ta1).

i : n
(2.1) PFor every fixed my{ the sequence (Um 0= 2 i EmXi;
. o i m
nywm) couverges ab U iw ‘Lg'( L)) norm as 0 —>c0, ,

(2.2) Ths équence (Ug, m>1l) 1is uniformly integrable.

(2.3) Theorem. Let (X3Fp3 02 1) be a stochaotic.aaousncm

of square integrable random variable s vhich satisfies (2 l) ang

(2.2), T2 (X i l)‘ is uniforamly integrable, then (Wn, n ;HI}_\

is tight in D and any limit procass is de.S. continuous.

’

(2.4) Thesorem. Suppose in addition to the conditions of

theorem (2.3) that

"y R
<Sk+nnsk) G'l
n ) J.Jl)

(&5 Ek;m

Then Wn is R-mixing with limit W y @ standard Erownian

notion process on D .

e i >+ et e

_5 ADDlications

One can apply the Theorem (2 4) to the martlnﬂale - like

A

oequances. =

(3.1) Definition [9] The stochastic sequence (Sn,Fn;n;zl)

will be called a martingale in the L2 limit if S is square
integrable and E“'(s -S,) "‘17‘3 O &8 nym—so .
This concept genarallzes the notlon of martln”alo ; coudi-—

tions of this type have been considered in (2], [7]

- The following theorem extends the Theorem (5.1) of CS]
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{3:2) Thooreom. Lot (Xn'Fn’n > 1) 'be_a ssquence of differences

of & marbingale in the L, 1limit such that the sot ey nrd)

ig uniformly integrable and

oSl
.MD
=
>
AV

(3.3)
as min (mgk,n) —% oo . _ 2
Then W, is R-mixing having as 1imit a standard Brownian

0
motion procass, ——

" pnother result is an inveriance principle under & -wixing

conditione. '

s

Let (Xg; ni> 1) sbeia sequencé”gf random variables and pub .

Fg = (Xi;41£ié.m), Fs = (?,Il). For each m 2 O define
$p = SUp SUP - 1R(B1A) - BB
ol n a
(AGFO,P(A)#O, BG:Fn+m) :

Ve say that (XQ;n_zl) ere \Y-mixing if. \fnl—%> O.

Obviously wo can btake ‘fm nonincreasinge

(3,4) Theoren. Lot (Xn;n:;l) be a ssquence of ¢ -mixing

random variables centered at expectations and £ an increasing

sunction £ 3 R¥ —> R* guch that 2(x) » x for every X .

et P be a primitive of ¥£ on (0, o). If

Clo 2L e
: k

o)
=
o

|

(3.6) lim Zf_ Xg(l+ (F(‘fi)[ ) 2 0O uniformiy.im 1 ,
‘ c—> 00 3 , o el .
{X??cﬁ

then Wn > W on D, where W iswéhéféhdard Brownian motion
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process on [0,1]

This theoer glives a variety of condltlons for the mu:lng

rate related %o th@l L2 moment conditions,

AP % converges, theon the condition (3:6) . Ln: the a‘bove
[ : ' ‘
theorem becomas an usual condltlon, tne quuence (X iz
being in thls case uniformly 1ntewrable. We can take Toxn GKQHOLG,
for x>0, f(x) = x® wmth_ AL, or (%) = U.nx] Wlth,
p =2 l? and we obtéin the following : o st
(3.7) Coréllag. If (X.; 121).1s a sequence of .random‘
variables centered at expactatlons such that (Xe, 8.2 1) s
unlformly integrable and Zi f <! where A< 1 G0
2 \f f’n ‘{) !A o wheri 1[3>l, then Wn=>W ol . Dy wbarék““
W 1s a standard Brownian ﬁotion process on [b,l] 3
This extends the Theorem 20;1 of Billingsley, L1Y %o nom
stationary Y -nixing sequences and improves the mixing rate.
The following corollary is obtaln\,d from the Tneorem (5.2
by taking £(x) = x for every x> 0 . . :
: (3.8) Corollary. If (Xi, 12 1) is a sequence centercd at

expectation satisfying

a);.z— Ykéw g 4
o : .
and | _
9 X [la¥,l = 0 uniformly in i |
4 )‘”{DC > c? e |

thon Wn =W og DB, “where W is a. standard Browm.an motlon

process on [_'O,lj S
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4, Proofs

(4.1) Lomma. Let (Xn,Fég n 1) be a stochastlc sequenco f

gsatisfying (2.1)s Then we have

)

n

=_Zm f Qm fo; every m 2 L.

where Um is defined by (2.1) and (Zm,Fm; mz 1) is a martin-

gale.
Proof.

<

-1(S +U ) =S, 1% U,

Put 2, = SA + U . Clearly

n,n-1

But, by (2 1) ‘the left side of the above equallty COnverge s in

Lp atior B

2 m—l

m and the right side to Zm $

(4 3) Lemma. Lot (Xn,ﬁn;n > 1) Dbe a stochastic sequence

satisfying (2,1) and (2.25.'If (Xfﬁ i> 1) 1is uniformly inte-

grable then the set

(ot {

' 1is unlformly

2 e '
(S = 85) y
max iz n: = vk =Ll n 2L }
Jim - TR
lntcgruble.

Proof. Using Lemma (4 l) we have

A : ' 2 e

(S:,1.=5,) okl sl W 2 )
max 3+Ln = < 2(max . J“An K 4 max =2 kn £
jen o s «JeR
But ‘ S

e ktn 72
(U 4~0.)
max . J"kn S 2 ZE -"j~'+ Uk)

Therefore on

that the set

i

- is uniformly

jen

account of Theoren 20, e 56 of L63 , 1t results

2 .
QU
max Z]-al k s k ? l, n > 1 }
jen b
integrab 10 . s AN i n s




e

Now, again by (4.2) we have :

: . L
(= 2y D% € 5087 + Uﬁ ¥ U2 1)
for ull k > 1, whence by the hypofhesis of this lomma it followo

that the set Z(anék 1)2, k2 lj 1s unlformly lntegrableo
The proof of the fact Lhat :

(Sk+'i T 81{)2
gﬁ?x e = ;k;l,nz.lf
Jes

i1s unifordly integrable is similar %o that Oof Theorem 23,1 of
Billingsley [l] , Where 1nstead of utatlonarlty, we usoe the uni-
Torm 1ntegrablllty of tha mar51nﬁale d*ffarences z(Zk—Zk_l) ,k&l%.

Proof of Theorsm (2.3). By Ll], Theorem 8.4 adapted to D,

the tightness condition will follow if we prove
2 ; o 1
lim 7\fP(maX lsk+j - Ssz>hn/2) =0
A= oo Jgn _ _
uniformly in: (n;k) . This Tollows from the uniform int 8 Zrab ity

of the set

(Syp 55y

; ‘max n
den

which is shown in lewmma (4.)) Theorem 15 5 of Ll] also shous
that any woak’ Limit procoss of Wn .must be a.s. concentratea.on
thy continuous futctions,' "”“‘“f”W“””“_‘;l )

Let 4 «be the Skorohod's metric on D ,

a5y Lemma. I Z is R—m1x1ng with limiting process W
and d(W ) —~f9 O then Wy~ is R-mixing with the same"iimi—;
ting process W @ | ‘

This is a minor extuns1on of Theorem 4, l of Ll] . Its DrooLb

Aaags e

1s similar to that of this theorem.'”“

w'l'y“‘



TieG za be definsd by (4.2) and put

“oap (‘b) ____/ntj ’ 5 te fo,ﬂ

vV, is a randon func‘aion om0 B dake (D)

(4.6) Im‘mu. Let (Xn,Fn;n > 1) be a stochastic ssquence
satisfying (2. T and (2.28). 1F 'Vn is R-mixing with limiting
process W , then Wn is R-mixing with the same l.imi_ting Process 3

¢
‘\‘«r o

Proof. To use lemma (4.5) 1t is enough to show that for €'v€‘r3 €0
P(d(Wn,Vn) > E) —> 0 as n—z2 X

Clearly : ' . ”

‘ | Uy |
PCa(w ,v.) >¢ ) € P( sup - )
¢ n’'n ; . 1¢k<n a0
We have \
n L " g
e 5 Pk SeyeF. e vl
Taken - dn T x=1  Vn?© k=1 ¢*ne’ :
: ; {U > DG'%,?S J
Bocause the set (Ui; m > 1) is uniformly intagrable we have % o

for evéry e 0

p(adv, U)>g)<£

Proof of Tn oran (2.4). Wo shall prove ’Ghat the conaltlonq of

Theorem (5.1) ~of McLeish (1975) are satisfied for martingale dif- ’
femncnes (22, 130 2 L)

The first condition £8 | :

a) The set g(Z =l l)2 n 1} is‘uniformly integrabl@. This
is already established in the proof of lemma (4 %)

We verify now the second condltlono
] .
> mo iy

soy ko

sl

b)

R
i it P

as min(mgk,n) —> 00




- O
By (2.1) and the Cauchy-Schwarz inequality, we have

T o Bl e
oG =2 ) ~(Sp, 80| ¢ 5 B(U, U0 "+

| U

< 1 5 5 . :
5 Wen Ukl 2 o USpp-siil 5

On account of the fact that the set (Ug; k> 1)s 1s uniformly

integrable %E(Ul{+n—Uk)2 —-—-—> 0 a;; .n———é O e ang by Lamma'
(4.3) the sequence {% B(S

<

k—i-n—Sk)Z; n.2 l} is bounded. It i:'OllO\'JS.

G ml@ n) s 602 5 0, an me> o
and b) follows by (2;5) and (4.7). ‘

The conditions of Theorem (5.1) of [8] ere so satisfied.
Thorefore V is R-mixing with limit W , where W is a standard’
Brownian motion process on D . |

Proof of Theorem (3.2). If (Xn‘;n;l) 1s a sequence of dif-

Papa £ rting i h i imit th '
ferences of a martingal in the L, limit then s o= &

B8 Mgl ==i0e - olor fived ‘wooand 0Bt we Have
“Um,n"Um‘,n' “' o “Un,n: [fzf-> }O as n'>n-— oo

Thersfore (U n>m) converges in L2 fTor m fixed, %o a

m,n’
gtochastic sequence (Um,Fm;m > 1) and so the condition (20L) is
satlsfied. Bec§_use 'HUm,nH 5=l 00 Al > m——> oo-., it follows _
that (U jm >1) also convergss in L, bto O, whence it follows
(2.2). | , | i
It remains to verify the condition (2.5). By (2.1) and the

Cauchy~Schwarz inequality we have

L l(Zi"zi%l>2”xi\é'E(Ui+l”Ui)2.+ 2NX | o WU -0,

1+1
‘Thorefore (Z;~Z; 1)%-XZ ——5 0 and by (3.3) and (B (.

e
Heldo.
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From the proof of Serfling's lemma [12] , we deduce the

“following:

(4.8) Lomma. If (Xn;n >1) is a sequence of random variables cen-

tred abt oxpectations such that for some £y ,'LXi\s G- asss, Hhen:

Por “me

i - 4 12 |
9z, Bl B Ul < 20 BRI
for every A€EF .

(4 lo) cmma., In the sequence (Xi;i.ZIJ satisfies the con-

ditions of‘Thabram (3.4) then the set ) max = (By =S )2;k‘>l,
e $opn B k+n "k
B>l } is uniforaly 1ntegrable.

Proofo Tor positive C put S

c.-
lha BT

c ¢
o oma et B
Yl Xl “Al

and . ‘
(o] -~ c

Note that Xi ; Yi+vi é

| ; g
Let us use the notatlon EyU =. S U dp , Yj = z Y. -and
: i=

. i
%II>§} 1
oy
e
Then =
2 =2 =l
Sa 2(3(J + Va )
and hence
2
B._(max Sk ”)<ft R R Qe YE ) o E(max 52 )
kén p'\n y/41{13 , ke |

On account of the fact that

i-1 .
T, = > K. N.-H. v
i et fem i diem~l

we have




¥ :
vj = mzz'o Yj,m
where
_ _ J |
(/—}'. ll) Yj‘,m = Z E:_-—mvl E "'m"'lv
i=m+1

Obviously for fixed wm, (Ya o’ Fj~m; Jam) . isiasimartingals. By

Cauchy-Schwarz inequality we have
V2
S(max =l ><:2Z g s %

J4h

2. ~z*-w7-p(max

Jen

e
Lme
n

)

Using Doob's inequality ( [3] p.317), (3.5) and (&4.11) we havs

V§ kS 1 2 SR 2
E(max VL= S = oo BT W) SRl )5
jen O 0 m=0 1Z$>m5 fomel - E-ml i-m-1"1
where K 1s some positive cons nte
Simple computation shows that
v2 n l-—l :
By c =
Bmax — ) ¢ = (2 BE-XD) < ( \
jen n i=1 (fo =1 Lfm I<f) ) B o1’
<
<X 3 acx 2 gy (r P + j%zﬁ;__y_ c 5 Lafeayy
e R IR el ) ‘
n .
K R U
5,2 BOGXD AEEW) = 7Y )
where KXK' 'is a positive constant. By (3.6) we may choose and fix
C such that this is less than £/8. With these fixed values of
C wo apply leumma (4.%) for the sequence Y .
By lemma (4.8) for n' > n >m we have

ik v 1!
SE et L0 R s
| 2 2l Bp ] c2e 2 Py
Usime (2.5 amd the Tach that  £(x) = x,

it follows that



e Jas
n

(i B(Y; [ F ), n2m 1is Cauchy in L, for ‘m' fixed, and
< l=wm+l :

therefore (2.1) is verificd. By the sawe érgumenb it follows that
i‘:or Al e n |
oe
I ‘Z mee he ] e i 2eiy
i=med 2 - k=1 |

which implies that the limit sequance (Ui; m>,l)' is uniformly |
bounded in Ll' This and'(4.9) show:: that the se.quence .(Ug,m >1)
is uniformly integrable. ¢

By lemma (4.3) it follows that the sequance
2 ]
gmax ———-1 l}
34 n Y
is uwniformly integrable, and therefore we may choose ¥y sufficient

ly large such that

Ye |
(max ede Y 58
S/ Jam -
Then, for this value of y
g2
(max -—531—-) .€

y j<n o
whera y , was. chosen independently of our location in the ssquencs.

or the valuse of n , so .

(4., 12) {[’"SX ;-—(-Sk+j"sk>2 2By k?lf
is unuormly :_ntugrableo

TFor the proof of Theorem (5 I’r) we need the followlno tlﬂeorpm
(Theorom 19.2, (1] ) |

(4.13) Theorem l Lot (Xn;n 21" be a sequence 0f random

functiong in D with asymptotioally independent .increments such -

that (X%(t); n 21) is uniformly inte r>*rable for '\ach U _
BOL.CE))—> 0 aid E(Xi(t)) —> 1 as n ——> g . Suppose that

P ]

for sach positive ¢ and N , there exist a positive J such that

for all sufficilently larse n




e A Ul et aa v A S A avaes i Lo sl < S w AR BRI AR S it St

e

(q.;lq) : P(W(Xn, 0(') e )2 7)

where w(x, tf) i85 thoe ‘modulus of confinulty of =x'.

Then Xn =‘>W, standard Brownian motion process on D .

Proof of theorem (3.4). We apply Theorem (4.13). The fact
that Wn has asymptotically'independent increuents follows ffom

the definition of & —mixing sequences by induction as in tho

proof of the Theorem 20.1 of [17] . Evidently E(Wn(t)) w— 0 and
by (1.1) B{WA(E)) —> & as n—> o . By (4.12) it follows

that Wi(t), n>1) is uniformly integrable for each t and that

P(W(Xn,f Y= ¢ )":“Z for all sufficiently large nu . .
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A crisenion Ror Miahupess. for .6, 0Ll88g. woi

a W om—

Dependent Raacdom Variables. :

ﬁagda Poligrad
;énter of Mathematical Statistilcs.
Loynes (1976) sroved that the fiaive~dinsasional dist iby-
_tC@ns of ‘a secguence of martingales.CGEVcrge and.zﬁ for eacﬁ
tung o v2e variables are unifo:mly integmable, then weak conve:-
gence Zollows ( in cither C or D) pro vlded‘éhe l;nztibg process
eatigfies a certain conditlcs; this condition is sutist ieq sl =
the Wicner process; Using this result we prove & wick iavar Zﬂiifjv
fox 3 :lass of dependent randonm variables_,lsa:isfying & Lizce-
berg sype condition. The.qeakdinvariance prigciple ﬁe obtaln
¢ onCecsnlag L?-m;x1ng sequences shows th the mixin; reve used
by MeLelsh (1975), {(1977) cen be 1mprovad provided the finite-d(~
‘mepsiceal distributions convergefi _ e
( X5 s i7 1) be é sequence of squere intczcble randoc
variables oun the probability triple ({2, F , &, —zl Lut
Fp=0(X ; ngiga)
For each nz O, deline
]

' = sup sup e 3.8
T n gACFn R P(A)%O;

!

| 2B ~2(3)]
n+m 4

We deuoﬁe E(X | F ) by B, Xn’ \g %ﬁ)by . We alsc azsume this

(1) 3% =0 for glli, end £g2 (7(n>

W (t) i
Q

where [x} is the greateat intieger comtalnd in x o Zho funcsnc.



w —> Wﬁ(t,LU)} is & measurable map from (13,T) into (D,SB)
where D.vislthe set of ell functlons on the interval [0,1]
wbich have left hand linits andvare_continuous_from the right

ati every point, gnd ﬁ3vthe'Borel J-algebra on'Dﬂinduced by the

Skorohod.tqpologyf”We shall give‘gufficientAcopditions for the

weak _convergence of W' o the standard Brawnian motion process

on D, denoted by W in the sequel.

THEOREM  Let (Xi’ i.yl) be a stochastic sequence satisfying (&)

and assume, for eVery ¢> 0

1

- lim
n- oo na

2
LZ{EX <txl72a\r’) =0
n

and

(3 _,wn'-_—_hw ( 4.0. the finite-dimensional distribu~

tiona converge) :

Then Wh converges weakly to W.

In order to prove this theorem we need the following
LEMMA  Let (Xi, i:al) be a stochastic sequence satisfying (1)
end (2) « Then for every té&[O,l]}‘Wn(t) = Zg(t) + Vn(t) ;

where for every n,.zn(t) is a martingale and Vﬁ(t) converges.

%o O in probability. = . sl

FROOF Condition (2) implies that there exists a sequence .

of positive numbers d; .convergelng to 0 ags n_,cc ,such that

(#) lin EX2
N> N an dn ;% : ( 1517 2y @ V/—-) =

For every n>,l let us ‘denote
Xi(“) = A Ic|x j1gad \jn) BXy I(l.X.\<a a Vo)

Yi (= Xi (lXiban nﬁ) EXi I<\x \> a d\n)
and note that X, X (n) P (n)
Let us pub




£ Wt
Zi(?{) = {’z:’ Ein (n)
U,(n) = E.X.(n

e

Yi(n) = (’Z Xi(._n) e 'f s
ng

and define the following

; i (n)
e ¢
Z,(8) = --—-‘f’:-_]-—
B e
i : < U [nt] (n) s

«nd

-

¥ rpg7 (o)

¥ “’) BT T -
Obviously for every t € o, 1] W (t:) - (t;) e (t) -0 A (8)

and for every u , 7 (t) is a ma..tinrfale. We shall prove the random

elements U and Y converge %o 0 in probabllity. By the properties

| of Skorohod's metric it isg suffioient to prove thut for every ¢>0

(5 P(Suf IY(t)]>£) Lisug &8s n—> oo
end : R
(6) P ( sup I ﬁn(t)])f)—-—}? 0 as n — o
: - itseilio ] :
We have .
e {Y(t)l?é) ¢ p(——-:-21¥<>175><
. xc[ct] VU :
n .

andnrﬂ {24 G.Xi‘ 7 & dn\‘lﬁ )

= D s T Lk 2Eh s
o L (lXil?andn\ n) S —= L.4B Xy
vhence by (4) we'obtgin (5) e 85 Y 24 s
In order to prove (6) , note that, by Lemme 1.1.8 (2] , i%
followa fori ' L4 |
[ vLinv(n) | 4 2.4 m K(i-a‘ Be8o
inence, for every i1,

| Uy (@5)( S 24 Vo 8.8,



i

and (6) follow_s; I? wd denote Vﬁ(ﬁ) = f;(t) —-_—I.'T;(‘c) we have
the desired result, e o - ’
PROOF OF THEOREM o ‘
From the preceding Lemma it follows for every ¢ € 0,1
W (t) = Z (t) + V (t),where for every o, 7 ‘(t) is a martingale
and V (%) converges to O in probab:.lity. By the T Theorenm 4.2 i,

in order to prove the theorem is sufflcient to prove that Z

conVGrges vieakly 'Go W. For thn.s, we shall VGrify ‘Lhe conditions
of the Thcorem of Loy‘nes.)[?])‘_ quoted ab the begining of this paper 4

Obviously from (3) it follows Z ——-——f—?ﬁ W . To verify
that for each: ¢, Zﬁ(t) are linifo;::_:nly inﬁegrable "J.'b ‘is sufficient
to show that for some positivenumber C, mot depending on u ,
n.Zz(t) ¢ c.

Obviously, for & <[0, 1]

oty (Z @ﬂx (o) )2 b (2 ¥i(h) 32
_ n \ , n
and a Vi '/ / no .9_ <, =
(7) . (Z Xi )2 . B( LZ{ X:.L(n))2 + B( ;{Yi(n))-e- Z EXi(n)Yj(D)

n
By Lennsa 1 l 9 )_—23 s for every i>1 s J21 , we have

\}Exi(n)xj(n)l ¢ 22,0, (8 Bl1] (n)[ s

\2- Ji
Therefore '
lE ZX(D)Y (n)} 48, _ 8 Z’?
Lol 4 LEIY (n)l< EX2 T
n \r_tr 4t ann j” J [ ii>¢» d \rﬂ>
0n account of (4)
n .
' t
B 2% tyrien)
lim«:\ A SR -0 i
= oo n

Thls fact and (7 ) imply for every n




-5=
; il , : : n -
. E(LZ-4 X;(D) )2 <. E( CZ-in >2A

+ C
- S 4 ] e

Sy
;

where C is a positive-constant, and the- reSalt’follows by ().

D“FINITION Vie say that the sequence of randonm var*ablcs is

M_\ﬁ,._mlx'inn' lf S f ~>O) C\S n - oo ,

- This condition is a weakenlng of the-usual ‘f’ mixing con-
dition end it would be equlvalcnt to it if we replaced Fn+m
( /
by Fn+m in the.def;n;tion“of o SR T -
- For YY-nmixing sequences defined in this way our theorem gives
the followinﬂ - .

COROLLARY Let ( Xi ; i=>l) be a ggmix1nr sequences oatlsfyinv @D

end agsume \f3

©) . L en

(9> Wn f.ﬁ. u
and for every £>(, :

! -' A%

(10) Mot ¥ onEe T

¢ 120 om0

Then W, converges weakly to W,

4

REMARK  Observe that the cohdition (8) improves the mixing rate.
used by UcLeish [4],[5], mixing coefficient being at the S&me

time more general,
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