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An tnva r ien i nc j - i l l g  fo r  Cenendent  i . lndon

var iab le  s

by

l lagda Pel igrad

Cen ' ; ro  o f  l , la tbeneb ica l  Sbat isb ics ,  Bucbaros t

r r i ance  p r inc ip te  ?c t :  a

; i ass  o f  dependcn i  randon  va r iab les  ub lcb  
"oo tu ios  

ua rb in3 :Lc -. :

I ikc  ssquencos and f  -n ix ing soquoncos.  s ta t ioner i ry  is  no.6
,  

' '

r'e qu-'t:e d.
t

: . .  I n r r :ocuc t ion_ ,  e .no_de f in i t i o i : s .

i . lc leish (Lg?i l  pxcves an invarianco pi:rciplc (cf. ! i . ;c; .eirr
f  . x  - - \  t . ^ - ]  \  -t . 2 . b ) ,  L B J  )  u n d e r  a s s u n p t l o n  o n  b b e  c o n ; r " c i o n a l  c t i p 3 s t a r i r n q  c f .

va : ' i ab res  u i l b  respocb  Lo  tbo  d i sbanb  pasu .  rn  soc ,b ion  z  o i  t h i s
h.  . ' i \? r  r - ( :  r r i  t ra  an  inVaf ianr r r . ,1  

. : r r . . i  nn i  n1  n  g - !  : : i  
. l  

: - .7 .  { :o  f . rc e - , r , !  t . e  i . ! v {  C . J  P I ' i U C f p l O  v i g . * r \ : . r .  v w  v r l e t  O i '  M ; i g i . S h

' - -c l  enotber  crass of  randon var labros.  undc:  en "asyr : :p to ; :c  i !er -

t ing:J .c ' r  type condib ion.  rn  socblon 7,  tb is  rosu l t  ;ee* ; r r * - I  :e  ised

vo sxbo 'nd tho invar iance pr inc ip lo  obta ined by L(c lo ish (^acoi 'c r
/ c .  1 \  f - n - ]  \  r - -  L ^  , ,\2 ' rJ  r  LUJ J  for  mar t in6ales,  bo narb lngale- I iks  €oei ; iw i lce c .  ! , .€

a iso provo an invar ianco pr inc ipre for  f -  n ix ing soqueacee

wi ihoul ;  bbo a.ssumpt ions.of  s tab ionar lby and unr lor  a  var lou; -  o- '

condi t ions for  tho f  -n ix ing ra to ano fo l ,  tbe nomonts.  l . - - - .s

: !x?rovcs thc na ix ing ra te roqui^)d by Bt i l . in6srcy.

Proofs  o f  i ;he resulLs of  th is  papgr  ars  6 ivcn in  scct icn +,

Ls i  ( -0 ,  F ,P)  bo a probabi l i ty  spaco and (F, - ; 'n  ' : , ' - )  d i i
, l a

i  n ^ r ' a o ' i  n '  - ? q u o n c o  o f  s u b  -  f  - a r g e b r a s  o f  p . ( x n r F n i  n  >  i )  j sv 9 ! r r . ( j  ! v

saic l  tc  bc e suochast ic  seguonco i f  xo is  ro-nrcaru iab ie  f  or :

each o .  W€ wiL l  denote bhe convorsonco ln  .Lo cno v tea l r  co i1 i . /e  r  -

T

).1

Eencc by ---> a'nd resl)ect ively.  ! ' /o ui i l l  ognote
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T,IJd I,

/ 1  r \

(  1 .2 )

t.t

u l r '  b y t l  U l l -
v.

sb ocba st lc

pub So =

sequence of squaxe

by E-X* and EYP I-  
t d j .

(y TT . r. -> f ) bO A\ ' ! p l * p l  s  / /  5

randon  va r iab los  and

a

cLS n -) 4o ..

X, .  Y/e assuno

in  x  . '  Th i s  i s  a

r ' ;s :hal l  establ isb

Brownian not ion

n
:

i=1

q2
D?1 ' - | -

q  ' -  - ? c

r ' ibere 6 is  a  pos ib lve "consbant
'1

Cons i i o r  t bo  speco  D  LO ' I J  ,  t ho  se t  o f  a I I  f unc t i ons  on

bhe in terv i f  fOr I l  whicb bavs. Ie f t  band l in i ts  and a. ro  c 'onbinucus

f rom tho . r i gh t  ab  ove ry  po inb . ,Y /9  endow th i s  space  w i th  Skoroboq

topology.  io tsbe tbe Boro l  ,  c r -a lgebra !n  D and qef ino a rsn-

dom,  func t i on  by , !

-1

,  L e  L a , , l J. vfn( t) =

r . tbore tx] is bhe "groatosb integer contained

neasurablo nap f ron ( f r , f1  in to  (DrB) ,  and

the vueak convorgonce o{ I I /-  to tbo standard
. ' u

process  on  D  e

(L.r) le€il l t lon r A ssquenco Wn of  rendon e lononis  o f  a

netric spaco is said to be Ronyi-nixing (n-nixing) vritb l init in6

process lV lf  i  P(i ' ln e . I  E) convorges r ' ;eakly to tbe neesuro
'  

t - - .

P(rJI € ") f or overy { € f sucb tbat 
-P(E)

R-nix ing is  a useful  concept.  whsn passing f ron oon-r&ndon to

randonr invar lance pr inclp lsso



!!q3d;-E*E.,!*.j, i lb!i : .. : ?i -.,, irr..d,!_,d.',!^-.r*.aq, .r 
@$!4&+a:'.-i, _-_

1

2 . T --------

'  
[bo for rowing condi t ions aro euggesbed by Gordrnr  s  condi t ion

[ 4 ]  ) .

(2 . I )  For  evory f ixed mZI

( soo

n ? n) convorgos at U* in. .
t  f  A \! 2 \  r . . /  nOfn  AS n  - -+  &  o  .

(a.21 th,r  soqu€nco (U3, a >zL) ls  uni fornly intograble.u g -

-(3'r) an'd
(z.z) .  Ig (x?,  i  z  r )i t n, n zlt}.-___
is t isht in D. a!q__e I i p l t  p r g _ g e s s  i s  q . s .  c o n b i n u o u s .

(e.+) . t€oron. ,  Fupposo in  a_ddi i - io? to  tbe co] , , i i iL - i * rsof
t h o o r o m  ( 2 . 7 )  b h a t

n
bhe sequonco (Ur.n=, I  EnXi;- r x  

1 >  n

_ z
E U

(sk+n-sk) 2

n

as niir (?-<tr,n). -_> -=.
Thon Wo is R-nixing with 1iniL Ui  , .  a  s tanqard  n lovrn iap

n o b i o n  n r o q e s s  o n  D  .

a  , -

1.  Appl icat_ lons

ono caa apply the Tbooron (2.4) to the nart ingale
ssquo nco s. '-- '

l -  r \( i .1) De{ir l j , t lon LgJ *ho sbocbast ic soquenco
wlIr be calLed a nartingare rn ths r.,o rinit rf s
i n t o g r a b l e a n d  p * ( s n - s r ) ; a ;  o  \ > / m a :

- liko

(snrFn;  n  > r )

ls squaro

lh ts concept gonorar izes. tbo not ion of  uarbingaro ;  coudi_
t ions  o f  tb is  type  havo boon.cons idersd . . in  fa l  ,  IZJ  .

' rbo 
for lovr ing thooren extsnds bbo fheoren (5.r ;  of  tg l  .



- 4

(r .2) Fhooror l . ,  !gt  (Xortr 'orn ' ,  L)

L2

a n d
-9S a nqrbiq$qla ,in*.'t}-o.

)
sucb -FFat Fhe. set (X;; n >r L)

is uniform)-Y interra.b, lo

(1 "7)

as  n ln  (n$ r  n ).=,=

Ths n Tl,n

Another rssult

c o n d  i t i o n .

L e t  ( x o l  n 7 1 )

r [  =  (X i i .n-z i€  n)  r  Fo

n
]  7 E. x3.-  cz
E fr "x-n, '"k1i 

L;

----) w .

ts R-rcixin h a v i n g  a s

i  i  .  . -  : ,  '

"1s  an  inva r lanco

. l t

bo. a. soquqnce of dl l forenc'a F

I in ib

l imi t  a  s tan@

prtnciplo undor t  A  * . ! . - ' !  n m
Y/ -urJ.^J- u6

t

Yn = tln s u p  l P ( B l A )  -

(aur | ,p (a) /o r  BeF;n)

\ i ls say bhat (Xn;n >I) ers f -mixin6 !f

ObvlousIy v la can take Yr nonincroastng'

i

be a uoquuocb" of randono

r r l  n \ ^  f , , o r e a c b  n > /=  \ | r  : -  , t  o  * ' L

var iab les and Put

n  , i  ^ P {  n a
L/ \lt,l r l.le

P(B) 1

Y r  I  o '

s.u_c,h lhat {(x)

Yf gn (0 ,  o"  ) '  Ig
t-
\ 2 . 2 )

e!9,

\  2 .  o / ' I in
c--$oc

z
k

o l Q  \  . /
I t l . r ( - ( P_ ,  r  K .

xf{r+ [u(
)

c J

D , vlhoro
' '  :

.  ' .  . , . .  i

0 unifornly ln ,  i  tL 0  \ l -  \
I  * / l  )

l* i  t
{-l.,.a n lII :5 VI On\, I:rJ tl t, 

n 
-/ rl

'  
) t '

W i s a  s b a n d a r d

(1.4) T.Feoren. Let (Xoin>-I) be q soquonco of ? -g!I!Eg

randon va l i@ ab e: rpoctat lqns and f  an lncroaSinq

f,unciion f : R+ --+ R+
.+

Leb  F 'be  a  P r ia l l l l e  o f

B rown ian  mot ion
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pr;ocCI qs on [o, r ] a

Tbis  thoo: :en g ives a var io ty  o f  cond i t ions for ths nixlne
. :raue  ro ra ted  to  the  L )  mouren t  cond i t t ons .

1 1
f rf f  
\  f  convorges ,  bhon  tho  cond ib ion

. J  
4 ( r .6) in  bbo above

o
thooron  bocoucos  an  usuar  cond i i i on ,  bbo  sequonce
boing in  th is  case uni forn ly  in tegrablo.  t r ie  can
f o r  x ) 0 ,  f ( x )  =  * 4  r v i t b  / - < L r  o x  f ( x )  =

2
i5 l ln f ,[ = O untf orraLy tn I ,c-2 wJF 

l, " !
ln
U'
. l

i.s a .
t r J .

t ben  l7o : )W .  on
ttprocsss on Lb, r ]

sbandard Bro ln ian nobion- ' : - " . .
a

(*i, i ) r)
take for oxannlrq -

n  

. - - f - v t

I  i  . fx  1 r n  x  I  w i t h
. 1 5

(1.?)  co.ror larv.  r f  (x i ;  i  > r )  rs I  sequenco of  randon
var iabl-es conbered at  e] '?e.Bt ions such that  (* i ,  L > r )  is
unif oraly intograble and ,4 Y! .,* rvhero oL < I or

S  ! n  '  ^  , O  ] . = I
Z Y. lrn Y, I t  z @ ,uhor^- l- t  n >'r  {-}^sn F' -^,  r '

i = I  r  r  l i t  -  r ' , , ' e re  F t f ,  t hen  t J *+ l y  on  D  ,  r , rhe ro - -  .11

gJ ts  a  sbandard Bro i ln ian urobion process on [or r ]  ,
Th is  exbonds ths rhooreu zo.L of  B i r r ingsrey,  [ r ]  to  non_

sbat ionsry  t f  -n lx ing soquences and inproves tbe u ix ing race.
the for rovr ing cororrary  !s  obta ined ' f rou the fhsorom (1.2)

.by 
taking f (x) for evory x Z o o

(r. 'A) CjroLlery. I f  (Xi j  L >. I)  is a soquenco conterod s,tb
o:cpo ctat ion sat isfylng

.!
\  ' A

a \ - L \ - < ' nr  l -
k*l a

a n d

J

b)  I im

D , who:ro
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4.  Proofs' -  
:

(4. I )  T,onB?. T,eb (Xornnt  n > L)  be ,a sbochasblc soquenco

- ! . - .  ^  - . - - -  / ^  . \  m r  L n t r r :sat isfyrng lz.L) 
' .  'xnen lJe r- icrv 'o

: '

(4 .2)  S*  = Z^ '  -  V^ for  everY n V L '
uI ul ur

rvhero U- ls def inod by (2.1) and (ZnrFn; n V L) ls a rnart in-
til

g a r o .

D n n n f
* ! v v r a
#

a

Put Z^ = So, o U,o . CIearIY

' ) = S  - + IE*-t(sr+unrr) = sn-l + unrn-r

But, 21'12.I) 
' tho lefb side of bbe above

; '  

i '  

\ '

-4n bo E* 1 Z^ and tbo r i8ht  s ido bo
-/ 1 Ul-J. Ut

/ r r  : r \  T ^ - * ^ '  t ^ i
\4 , 2l Lg. rrv v (X,,.' , Fr., i O >. L) be

satisrying 6 unu Ca.ei. i, Cxf; L>.
grablo then tbe set

nax
j E n

But

Ihersforo on

tbab tbe sot

)(
I

t
ls unifornly

equal tby convergos !n

t7- m '

a sbocbast ic  sequenco

I) ts unifornnly Ints-

- ( (s.i-r. - '  so)2
(4. ,+)  

i f : f  f f  ;  k>-r ,  n , :

is uniformly integrable.

- Proof. Uslng T,enna (4.I) wo bave

' 1

(sl,r-srJ 2 
. < 2(*u*(zitr.-zr) 

2 
o *"* 

(u,iou:uE) 
1 y----nT\ crSli ---r'- jcn 

-' n- z

t i t  rosu lbs



r \oru,  again by

_  r ) ,  _
a

f  t t  a \

\+c1)  l i /O  navo :

for arr k >- r ,  l ' ,Jhenco by bhe hypotbesis of bhis lonna ib folrovr+
that  the ssb [ {zu-zo-r )2 ,  k  2  L !  is  un i formry inregrabro"

tho procf  o f  tbe fac i  thab

I max 
(sk+ j - sk) 2

/ i < n  n

i s  un i fo ra i l y  in tegrab lo  i s  s im i la r  bo  tha t  o f  f ,heor€n l  23 .L  o f
Bi r r i ngs ley  [ r J  ,  whore  i ns toad  o f  s tau ionar i t y r  wo  uso  the  un i_
f  orm ln tegrabi i i ty  o f  the ma.ru ingare d i f foronces )  Cr ,  _v r  2  , -  _" I  "-  L'zk-Zk-L) ' 'k"Ll '

. 3 y [ r J , - r h - o - o r , e n B . + a c a p t " ; ; , D , , , ^ ' .
bhs  t i gh tness  cond i t i on  w i r r  f o r row i f  r ve  p rovo

l in f ,p(nu* |s., ._i -  sr- l>zi/z> = o
7-+a i<n .&rd 

' tc  -  '

unr fornry  in : '  (n ;k)  .  th is  fo l rosrs  r ' ron tbo un i forn in tegrabl l i ty
of  bhs set

(sk+j-sk) 2

i  k > ,  I r  o ' z f  J

(z{ ro-r) t

i s  s h o r , v n  i n  l e m m e  ( 4 . j ) ,

n!
h

I[ax
i s n

vtbic

{-1 ^ {-vJ-c l  v

the

any v ioak ' - I in ib  process of

c  on t inuous"  func  t i  ons . ,

Lob  d  ,be  the  Skorohodrs  mo t r i c  on  D  .
/  t ,  F \

\+ .>)  J ,omma. f f  Z  ls  R_mix ing lv i th  l imi t ing..'||T--_ 
n 

saa&r]ti

and d(v /nrzn)  g"  
o ,  bhon W,, , .  !s  R-nr ix tng wi th  the. t t

t ing  pr .oc€ss  lV  e

This is  q minor exbension . i  fn* ."e,  +. f  or  i - r  7L * J
l s  s im i la r  t o  tha t  o f  bh i s  bhoored : ,  

- . - -

: -  . , . l l i

Tbeoren Lr.5

lYo . nust bo

^ A  (  a  Ior  L IJ  a lso .shows

a s .  c o n c e n b r a b e d  o n'  ; .

n n n n ' ^ ^ ^  1 { l
y &  v w r t  i ] i J  l l

samo l tn i -

-  T l :  o  n n n n - Fr  * v v  } / r v u J -
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T,ot  Z-  bo dof inec l  bY (4 '2)  and Put
u .

Z l^,*1 : .- .1
vn( t )  =## '  '  i eLq t )

Vn i s  a  random func t ion  f rom (s r  rF )  i n to  (  D  '  B  )  '

'  / | t  e \  T ' : rnn3 '  ] .Jet  (X, . , ,F , . ;  I ]  >  L)  bo a s toe}rasuic  sequenco
\rt . O/, IJt 

!t r.r . 
- 

:

sa t i s f y ing  (2 . I )  anq  (Z .Z ) .  I f  
'Vn  

l s  R-n i x ing  v r i t b  l i r e i t i ng

pxocess i? ,  tben VJo is R-nrixing uibb tbs sane l inibing process

t i .  .

PloofI  To

P(d( I l fn ,vn)

CIearly

uso lonma (4.5)  i t

\ . ^ \ - \ - n> E) ----) u as

t

j -s onougb bo show bbat {or euer1izl

n'---? a,

\ , ,

I ur.l
P(o(viorvn) > t  )

',JIo bavo

P( sup

. 1 1 k € n

>'L)
'fE- r

u . , - n i r r r n
P(  sup  -=A  > t )<  . : -  P (  + l  >L )  I  t

I<k< n ,j n v- tfr 
'tm a k=I t ' n

\

k >

1s

. Lo
) u

. L

grab

,r2uk

in tegrable.  Th!s

a

Bocauso bhe set {Ufr; n >. 1) is uniform}y inte
- a

f o r  evo ry  L>  O

a o t \  )
J

we bave

P ( d ( \ 1 n , u n ) ?  t ) < t

qqrrj, 
"t lE-""". 

(a . I'lo strall prov€ th.ab the coiroitions of

Thooron (5.1) of i , r lc leish (Lg7i l  aI '9 sat isf ied for narb' ingale dif-

^ - . - - . ^ - ^ -  l o  - C  
' . ' t . 1  

> ' l \ ^i ' e r \ 3 n c e S  \ 6 n - o n _ I t ,  t  L J .

Tho  f i r sb  cond i t i on  i s

a)  The set  f  
(zn-zn- , )2 ,  .o  ' , I1  is  un i formry

!s already ostabl ishod in t l*  proof of lenma (+.1)

Vio vor l fy  now bhe sscond condl t ion"

n .  .2J
. t s o

b )  *  / .  r t  ( 7 '  . . D  1 c  
T : > f  

i ' ,
s i=r 

slc-m\oL*i-ok+i-l/ -! i

. a

as rn in (n t (k ,h )  -+  Oo .  I

.  l  " ' J - f j . . ,  i ; i  L i ;  v ; l
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By (2.1)  and the cauchy-scbrvorz inoquar i ty ,  vJe have

{ o [(ru* n-zu)2-(sronisro)2l < ] n(ur*n-un)a *

-  
1  r l* 'fr ltu**r-us ll e '

On accoun t  o f  t hs  fac t

(4-1)  bhe s .equence f  *  " (s ton-sk)2;  
n  >LJ is  bounded.  r t  fo l ro*s

( 4 .7 )

^ h A
( I  IJ \J

f l r e  cond ib ions  o f  f  heo rem (5 . I )  o f  [ a ]
j i l i ra 

n-r 'F n na \ IJ-uelqrru. r . .e  un is  R-n ix ing v t i tb  I imi t  \ , i  ,

Brov ln ian  ucb ion  p rocess  on  D  .

Prqof of Xheore_rn (J.2_). I f

f e rencss  o f  a  na rL . i nga l  i n  the

* " [ ( zxuo -Z r )2 - ( sx+n - r i . ) 21  -  o ,  as  na )a ,
1 - \  A  t r  .  / ^  - \  -  t t ,b )  f o l l o r r r s  b y  ( 2 . 5 )  a n d  ' ( + . 7 ) .

as n), w --+ oo . For f ixed

l l u * , o - u * , n ,  l l  2  ( [ i u n , p ,  l i r - )  o  a s
' Iheref oro (Ur, 

oi  n > !n) converges in I"z

s tochas t i c  sequence  (Un ,F* ;  m  >  L )  and  so

sab is f i ed .  Beca .use  j i u * ,o l l  
a  

-+  O  as  .  n

thab  (U* in  z  I )  a l so  converges  in  LZ  bo

( 2 , 2 ) .

I t  re roa ins  to  ve r l f y  the  cond i t i on  (2 ,5 ) .  By  (2 . I )  and  the

Cauchy-Schvtarz  inequal i ty  we havo

E [ (zi-zvt) '-"?l* u(uior*ui) 2 + a i lx i  l l  e  l \u .+r-u i l i  2
The re foro (z t -Zt_ , r ) t * i  -T , r t  O and by (1 .D and (4 .?)  , (2 .5)
h o l d s "

inbosrabro { n(ur*n-u*) 2
!s  un i forn ly

a nd by [c rnma

li sroo-sr i/ a
that bhe set

0 a s

{uf ; k>, L)

n - )  &

a re  so

where

a o f  i  ^ $ i ^ , r
- r u l v r D I t l . ; u r

V/ is  a  s iandarc l

(Xoin )  1)  i ,s  a sequence

LZ l im i  t  thon l [U* ,  o  l {z

a n d  n < n t  ,  v J e  h a v o

of A i  f

n

n r > n _ >  e

fo r  n  f i xod ,  to  a

b h e  c o n c j i t i o n  ( Z . t )  i s

) .  n  - )  q  ' . ,  ib  fs l l ,o ivs

0 ,  . v ;henco  i t  f o l l o rvs



- I o -

f ollovri ng :

4:-c]) .Lomma...  I f  (Xnin >-I)  is a soquonco of random

t  ! t - , L  a ^ *  
' ( t  

f  v  \  <  f 1

t rec l  ab oxpectabions such thab for  soc ls  v  t  l ^ ! l  :  u

fo r  nx  ( i

From tha proof  of  serf l ing 's lemna ctz l  I  we doduce tho

var iqb los cen-

o . s . ,  t h e n

l l  r  q, /Y I  r , .  \  i i  -t l * A  \ " i  l  ' n ,  
l t 2  \

f o r  e v o x y  A € 3  .

(4 . Io)  Loruma" fn  bbe sequonco

d ib ions  o f  t hoo rsm ( l ;+ )  bhen  the

D >L 1 is  un i forno lY in tegrable ' '
. ,

Proofu Iror Posibive C Put

x l = x r  t i t " , l  4 c t

I i = x l - n x !
a  n d '

c+. g>

Note  tba t

T  ̂ F- IJET |,

t,

V * = y
. l  i l f

L - -

tT lha n

and  hence

't l,'; A
A ^  n / r \ U A  \ Y
4v  5 \ J I . , '  I  U - !

(X i i  L  >. I )  sat is f ies  tbe con-

1  r a  -  t 2
i  (sxno-sk)- ;k 7r 'tlrg.-j|-

i.t rl
seb 

i
\ . .

Vi = xi-xi + l(xr-x!)

,3 . r(4 o 13 )

S U
> !'l

d P , i *
d

Y= and
l.

I
s= , /

0n account of  tho fact  that
. tt--r

Vi = I^ Ei-*Vidi-n-I  Vi
n=O

Xi = It+Vt e

us uso the notat lon UyU =.
' tu

v i .  :

ur(fr?o - r. )..* urzu(f;-iil Yi ) n fi.n(fy" vi)

vro have
. r i



1 1
I I

r i l ] lA  F . )

(+. rr) T* _
d t u

Obvious ly  for

uaucny-Jcn\!arz

.l] ( nax
j < n

u s t n g

J
.q-
/ v

1 -  r . i  m
U F O  . J r s

j
S 'i:1 Tr -11 rr-  z- - i -mti-- i -n-r ' i

i  -m-r- ' l
- - 9 . a  -

f i x o d  n ,  ( Y r  6 r  F n _ . ;  j > - n )
' ' ' *

i n o q u a l i t y ' w e  h a v e  :

i s  a  nrar t ingale.  By

V.
J

aZ
_i

n n
- ' l

\ . /  \  a /  Q  \  5  I
, >  L  r \  l m / o  L  T f e - I

In=O I]I=O 
-\ I m.'

Doob 's  ine .quat iby  (  U ]  p .1L7)  ,

v2
I . :

TiJf mo.r 
-, ' l  

I  ( I  
\.r.\ urq.A -T 
)'  j s n  i '

? -  - \  -  / t -(7 .5 )  and  (4 .1 I )  \ ' Je  have

- .  v ? .  k  +  r  g  / t r , t ' '  , . r 2 , , 2 , iE(gax # >. 
" 

*" nTJ , i**r(o(jr i-nvi)--E(Ei--- ivi)2)j s n  H  * \  r  B '  
-  -  q

r . lhero K is  sono pos i t ive consbenb o ,

S imple compUiat icn shov ls  thab

nZ n i- t

it(nax -* ) s * C Z E(x,-x:)2(=#- n : Y -C=r,-*-.' - =.--tr---=l:
j < n  t t  u '  i = I  L  r  - \ Y o /  r e l  r r u  * \ i n r /  t t ] ' * - 1

n
I T F

( *( Z E(x' '
r r  i _ - l  r

- - -

n
t t

.o i-r
r i - I  s

:Fr.--r- 'r ,/' \  Y i - i '  ry*L
-Xi)'(r(tJ (r+ f 1) +

I l r c ^ ^

*( / E (x* -x;) '(K' rP(4')
r {  i _ ]  *  *

l - . .  
\ - - .

-  F (  Y  i ) ) )

where  K t  i s  a  pos i t i ve  consbanU.  By  (1 .6 )  wo  l ray  choose  and  f i x

C such tbab t l i i s  is  loss bhan '  L /A.  l ' I i tb  tboso f ixed va lues ro f ;

C ouul upply lemma (+.7) for bho sequenco Yl c

By' lemrna (4.8) for nt 2 n > n v,re havo
n l

il f E(Yi I Fo) {l^ { zc .i Y ,-,t ,  i l ^  J -  l i l  
" )  i - n  

I  J - - l
* E ! r  .  4  A - r {

.  / - .  - \
u s r - n g  \ t . 2 )  a n d  t h e  f a c t  b i - r a b  f ( x )

) )



L 2 -
n

/ <I  )  ? / \ r  n  Fr) ,  n  )  ur )  is  Cauchy in  L)  for  n  f ixod,  and[  , /  . r ^ r \ r q  t
Y = U + I  

- r  r l '  1

t l roreforo (2 . I )  is  ver l f ied.  3y bbe saoo argunnenb i t  fo l lovrs  that

for  a I I  m,  4  n '
n e

It 5 E(y* l r,-) il < Zct l /l i = m + I  t -  | u - I t Z  -  ' b I  r r

which inpl ies thab bho l in ib soguonce {ufr l  a > r ) -  is  uni fornry

bounded in L,r .  [h is and'  (4.9)  sbourr :  that  tho sequonce (ufr ,nr  ) r )

is  uni formly integrable.

By lemna (4:V) tt fol lows thab bhe sequence
v*

, r  
* i  . r  I

) m a x  = $  j n  > . L l  i
) ; t q  u  J  t  

\ , . -r  d i  r

i s  un i foru ly  ln tegrabLe,  and bhorefore vJe may chooso y  suf f ic ienb,

Iy  largo such thab

Az
I ;

a r ' l ' '4y/+ ,f:f ;* I . '/B

fbon,  for  th is  va luo of .  y
q2
v . :

E.,,(nax -"t t-  )  4,t
r  j t n

r , ' thoro y  r  was.  cbosen independont ly  o f  oux Locat ion in  tho soquenco,

or tho value of n ,  so . :
. . '

r ,  k > . L  I
- . . . , . - - l - . . - .  .

f  -  r . \

\1 .4)  we neod the fo l lor ,v ing theorop

(4. .12)  {  max
t  j c n *-(toni-su)t i  e7z

l s  un i forn ly  in tegrable"  ,
For tb? proof of Theoroor

(Theorom Lg .z ,  [ I ]  ) .

(t+"Lt) 3F.-g-grg-g r. T{o t (x,. i n >,1) be a sequenco of randonr
- '  

- -  
r  r

f  unct ions in  D r ry i th  asyrnpto t ica l l n d e p t l n d e n  b  . i n c r e m e n t  s  s u c h

-!lg! Cxfr(i); n 4L) i s  t t n i f o n m ]  r r  i n { : e o r a a h " l  , :  f n r .  r o n h  { -v ! | . . 4 , I  & r f  v v i l ! q v l l J  ! V !  E J q L , f l  U  r
a

l s l r l  / r - \ \  \  
a

r : r 1 r r n \ u . / , /  0  a r y l  t r ( X ; ( t ) ) - +  I  a s  n - ) a o . S u p p o j : q _ ! h e b

i lor  oech nos i t i_ve 8-  q . !g  \  ,  thore ex is t  _a pos i t ive J  such jhct

t"or al l  guff  ic. ien,t ly. l ,areo. n



tuAuxr*&rriryJtr dry",-ff 6'lp#.d'l tJl{esi {rd.,b3,6*r*

.: _, L7
' , j

/ t t ' r , r \  
'  ' r ' f - - . / \ f  f  a  \( , t . . L + )  P ( v r ( X o ,  d ) > L ) € ' T ,

v

whoqg !v(x, t)  iq lho gro{ulus of,  csnt iqulty oI x .

rFhn n tr *\ rxron -)7 rr , standard Srorr rn ien rnot ion Drocess on D .

grgof  -p f  , thsoreqo ( "a .a) .  Vfo apply  Theoron (4.L1) .  {bo facb

that  lVn has asympbobica l ly  
-  
independent  increoronbs fo l io l , r rs  f ron

tho  de f in i i i on  o f  V  -n i x ing  sequences  by  i nduc t lon  as  i n  the
^  - - \  . -  ^ t - - -proof  

.o f  tho  t 'heoren.2o .L  o f  t i . J  .  Ev ident ly  E(Wn(b) )  +  0  and.

oo . By (4"12) ib folror,,rs

* . r a a F  l r : l ? /  * \v ' s , v  \ r f  n \ v . / ,  n >  L  )  i s  u n i f  o r n l y  i n t o g r a b l o  f o r  e a c b  t  a n d  b h a t

P(w(xo  r t ) rL )<? ,  fo r  a IL  su f f i c ion t ly  la rge  n  .  s

\---

j '
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"l

A ' l r ! : 'c: loa fol  l i i ; l tnesg !t , !  e CJ"ess of
. - . ; - #

Dependent Raicon Variables"

!"[agda Pollgrad

ienber of  Matbenat ical  Stat istLci .

:

l ry:"ee ( i9?5) ; :rovcd tbat tbe f , lui ;e-cJ.n'sust. lnr.L dlstr lbu. '

t iang of & seguonce of neblngaLee. coivvrge and.i f  for u""f i

tius ! ;be varlables are unlfo:n3.y ini;eg:abie, "bbon $eek conVts;.'-:

gc[ce follous ( ln .elthor C sr D ) provided bb,e li:rtttng procesg

ggLief ies a cortaln condlt lol ;  thls condibion Ls sr i t tsf let5'  . . . : . . r ,
E!n-g pi s

the Wtener prodoss..Uolng tbts result  no proVe e w; 'k tuvarlan€At-

tar a :iase of dependent randon verlebles , sa'l;isfyirg a l.,:.cr.-.; -

I

berg -; ;rpe condlt ton. tbl  ye*k. lnvariauce prlncipie l te obbatn

c.er6eriiag f -nlxing soguences shovrs bbat tbe aixin; rabe used

by Mcl-elsb (Lg?r r(L9??) can be lnproved provideo tb.,  f intte-di-' a

'  
_nent icc ; I  d is t r lbut ions converge.  -

lei  (  Xf ;  17 I  )  be a sequence of squere tntc;: :abLe randor

v?biebles oo the probabi l lby ir lpS.e (.o, 3 t  ?t *:-  - ;ut
'  

l r 0  - , t - l  r r  n  t i  ( n  \' u - " ' ( X t ;  a < i - ( n )

For  eacb s7 O,  def lne

y; = sup ,syp _ _nI B -;- 
(-e-e r! , B€u;|fi , P(A) t' o,

a*ot" n(xn I Fo) by Enxn: (i*ilf,, to. \re arsc arsune th;;

l a - I r

where 1", ls tbe greatest lnteger conUelnd tg x , ,  !-- , . :  f t  i . - ; :r . .

(1) !x1 = 0 to1 glt I' , and Esi = (?Co>

For ,;c,cb t e i]orrJ put
rgtl

*

n



wblch bave fqgf bqnd Llnlts and ars conttnuous fron tbo rlgbt

et ovCIry potnt, and.9 tne BoreL f-argebra on D lnduced by tbo

Sliorohod topology. Vle ebell give suff i .ctent condittons for the
:

seak. convergouce of lTo to lbu slande.rd Brawnlan notlon process

ou D '  denoted  by ,1?  in  tbs  ooque l .

rEEoRDi{ _te! (Xf, t}I) U" 
" "to"Ueutir ""qu 

(t)
gnd assuloe, for every L7 O

ttt I t lJn(t, tr,t) le a ne&surab1e nep frorr (n

wbero D is ths set of aLl funotlons on tbo t

L ^ .
I  . . .  .

rs )  ln to  (p ,  S  )

nterva,I [or f]

' rZ i

.esg
*ot"t.*

llqne_J9g9rg") ;

.Tl*-n-r Wn calry-e-tses - Ueakly--qg-H

rn order to. provo tbls tbeorenr we need the fol,rovl ing

LEls[A lgl (Xi, I7L) b." 
" 

utogn""t i" 
". 

(f)

1!{  (2) .  Wte[o, t ]  ,  w'( t )  :  Zo{r1 + vn(r)  ,
trbere for everv n' z*(t) @ vn(b) c.ggyg_rsg.s-  

. L t ,  
_

..t-s 0 1q-proLqb_lll_tx.

1 t u-
r r n  : . Z n x f r . r . .
/ ' aa  E  *n  i= t  ' ,  \  ' *11  ) t 'aov i - )  =0

j

cl> (  1 .o .  tbe f tn i te-d inens lonal  d ls t r lbu-

rROoF condl t ion (2)  tnpr ies , lbab there exlsbs a, .seguenc_o,

of  posl t lvo nunbers do .sonvergelng to o ag e-ee rsucb thet
: -  '

(+ )  I ln  
' '  

5 r *2  r
o:r* n .n go f;  L *( lX1l ) ao doVn-) = o

For  every aTrL le t  us denote
;

. t l
xt(n) = xi rC txlr4aodoi,E) - st r( txil< aodorE)

, '
Tr ( n) = xt r( i xil 7 aodoiE) - EXt r( lxr\ > aodofi)

aod note tbar  Xi  = x iCn) + r i (n) .
Iret uE pUt



: .
r 4 r

J -' :

i '  '  
rL  ' '

zr(n) = 2 nrx]Co>
4 = t a u

.,, tv : ,l

ut('n) = ), nu xlcnl
'  6"L*'l 

- o
- 't,

rr(n) = Z r i(n)
:  i = !  

J .  .

0 '
and doflne

(6) r ! i i , .po,, '
- Wo bavo

tbo' fol lowi.ng randon funcbi.ons
' :

: z r;nr (u)
.  l { e l

Z-( t )  =
t{ '  V n

r U - . . f n \:- ' - 
tntj *''z

"o(tl 
= fE---

g E d
Trog l (n )  ,  

.
rn(s) '

'bvtously for every t.  [ord, wn(r) = ZoCt) * io{r) -  Eo{r)
aad fg" every.E , Zo{t) ls e nart ingaLg. we sbarr provg tbe randon
erenent" 0n qnd fo converge to g rn probabrlrty. By tbe properties
of skorobodrs metrlo l t  is grrff lolonb to prove tbeb for everrr E>o

" (r> P ( f:f",,Jt?n(r)l > e) -y o
aud

U o { u ) l > r ) - +  o  ; ;  a . + q

as n-> oo

& o  6 o

m'  l r o C t ) l > € )  ( P ( # I ' r i C o > t  > e ) <.Y ( sup I
t e C c , l J  V  q  

u = 1  
- r '  - '  r  \

6
t 9

2 < T . L

i 
. . enono Er" 

^t .(Xd 
7 snddrf )

^ 
sbenco by (4) we obtaln (5) 

"
rn order bo provo (6) r  .ote tbab, by renna r.r .B tal  ,  r t

fol lous for J -< i :

I Dix;(n) | { 2aodorti yi-i
. ' ; i ' rence, . fo l  every L7t,Lt

I u, (n) t ( zdn\G- & r S  e



(6) folLoqs. I f  wd

deslred rosulto

MOOF OF THEORB!{

Sron the procedlrg Lenrc,a tt 
fgllo*". 

for every t € [orr]
wn(t)  = Zo{u) + Vo(t) ,wbere for  overy n, . .Zo(t )  ls  a nart lngale

and vn(t) converges bo o r.! probabit lbl. By lnl Tl*oren +.2)H,

ln order to prove tbe bheoren is sufftclept bo prove tbat zo

converges woakly to W. 8or tbLs, $e sbeLl vertfy tbo. . . - ' " . ' . .

of tbe T'bcoren of Loyn es rfSJ; quoted et tbe begfrni.ng of

,.
. - F

denote Vn(t) 
;  

xoCtJ

:

* ; i

Un(b) we bavsxand

bbe

Obvlously fron (7> lt foLlowsobvlously f ron Li l  Lt  fo l lows Zo , . .  n-O?, W

tbeb for eacb t , zn(t) &rg unlforna),y tniegrabLe rb ts

to shoe tbab for sone poslbive nusbor c, not dopeading

Ezi(r)
Obvlously,

t7'

c [, xicol )z

condtt lons

tblg paper.

fo verlfy

suff lctect

o n  n ,

for t efor1]
-  g  s , -( 7,,u *rr xi{n) )a

\ < E

I  n 2 {cu)r](n)
l .  , l :  ,

n

Oa accounb of (4)

, for ever5r L > L

2aodo rE n irl C ol i

 do *e .( : Lntrj(n)l {
\I n j,t

I  J > I  r  s o  b a v e

v)
t \L-J i

t1-

z T,.
t

n

,r,, ,\ r._,,i; *l c o>ri c "ll
fu- oo

fhls fact and (? ) tnpLy

'n

for every n

rZfrCr> = E

rod

By

Tborefore
rL

l t
\ ' l L / 1 1 . f u
-  \  r , /  - c  - *  f .  \ 2  S  rs( i., xi( nD z + p( Z, ricntf" ,4 axi c o> x] c ol

nx!
en0 i . t txrlr aodorf n)

L,enna LoI.9 [21
)

I u*i. { n]rl ( n) [

:o



-5a

rL

E( 3,xi

a pos l tLve .cous tau t ,  end tbe

l ig* egy tbat tbe sequence of rqndon variables

r 2  -t  
+ C

n

resu].t follows

1s

' C

( r ) .wbere C ls

DEFINITION

dltJ.on end lb wotiLd be ogulvoLent bo

by rofi tn rhe deflnitton of, ,f: .
' .  For f  -nlxing sequences defined

tbo following

COB0TIJARI Let ( Xl ,'

and assuno

z
L

Tlgn
REUARK

*f - nlxl[g con-

replacod 3llfi

nlrtng rabe

bbe s&no

9bu.t uuFlI

lb lf, rrs

ln thls our theorerl gives

Lr.L) be a Y-lslxtng sequences setisfytng (I)

1 &  

' " t ' '  

:

uday

(B)

(e) wo- nt: s
epd.for every g2g, -  r

(ro) rr"+ iuf .
' 4  r r ( t x r )  > e r , t r )  = o

TIo con-verges weakl.y to Wo
/ -

Observe tbab tho co'ndltion (g) lnproves tbe

used by l,{cletsh taJr [rJ, nlxing coef,flclenb bei.ng at.  . r .

tlno Bore generaL.
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