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Tho thcory of  for r1s l lv  ,p-ac l  ic  f  ic lc ls  wae in l t  ia ter l  byKochen  in  F  r J  i n  o  comp le te  unu iogy  t  o  the  o less i ca l  t he  o r ; r  . n ffcrmel l -y  reer l  f ie lds.  rmp-or tan l  developr0ents  of  the theory nere
aoh l ' e 'ed  by  Roque t te ' rn  Fa - to ] ,  and  toge the r  v ; r th  Je r< ren  , . "  f rd  .The  moe t  l n te re$ t ing  resu l t  o f  t h i s  i l r eo ry  l s  the  Nu l l s te l l en -

.  sa tz  ove r  /a i i *e .d i ce11 ; '  o losed  f i e rds  p rovec r .by  Je rden  anc r  Roquo t te.  r : ' ' l  t

1n foJ.  
a  psrr icu la , r  for 'm of  thrs  resu l t  was proved by i . iochont n  Fq .
0n the other '  hend the poss ib i l i ty  to  extend the f ra . rne_

work of  the,  the ory  o f  for .mal ly  f_edio f le lc js  wes sugge" t . ; - ; ;r - 1
LlU es tn [ t " ] .  r1. l  extensions were obta ined ; r - f f i ; ; ; ; ;  i i r land  by  the  au th_o : :  l i l .  r s  an  app l i ce t l on  o f  t he  genera r  the  o ry

developed ln  f3 ] ,  n ' , .  consrder-ed ix  13]  se c t ron B,  emony other
iases ,  the  cese  wher 'e  the  bese  r i e ld  i s  B  va lued  f l e r< l  w i i l i  a
r e e l  c l o s e d  r e s i d u e  f i e l d . . A s  e x a m p l c s  o f  e u . o h  f i e l c l s  l e t  u s  m e n -
t l on  the  f i e ld  o f  f o rme l  po rve r  se r les fA ( ( t ) )  anc i  t he  f i e ld  

" ,
j  P u i s e e u x  s e r i e e  F t (  ( t r / n l n >  l )  ) .  .

- A  d r f f e r e n t  a p p r o a e h  t o  a  $ u l r - s t e l l e n s e t z  o v e r r R ( ( t ) )
xe  .on*e r ' ed  by  Jecob  in  [ s ]  .  rhe  e ; - ; ; ' ; ; " ; ; ; " rn t  paper  i s
to  deve lop  the  theo ry  o f  so  ca11ed  fo r rna l l y  t -ad i c  f l e lds  end
t -o rde red  f i e lds  de f inec l  i n  $  3  and  $  4 ,  anc i  t o  p rove  a  ] , l u l l ^s te l_
lensetz  iJ ]  th is  context  lvh lch can be scen Bs e gener .s  r izet ic r :

' o f  - Jecob f  s  p r inc ipa l  resu l t  f rom [g ]  .  cu r  r .esu l t s  and  the i r
proofs  ar 'o  presented ln  the s?r le  sp l r i t  es  the pr inc ipa l  resu l ts .
and  techn iques  f ron  the  paper  F r l  o f  Ja rden  and  . i l l oque t  te  "  The
me in  fec ts  used  in  p roo f  e re  Ze r i sk l r  s  l oca l  un i f  o rmJ-ze t  l oa
theorem 

P I  end  some node l_ theore t . i c  re  s r . i t s  (  see  $  4 )  .
The present rvork ie sn lmproved versicn of the viou-ls t f | .Th ls  le t ter  work v /as prepered whi le  the au i l ror  had the oppcr tu*

n i t y  to  bo  a 'Humbo ld t  f e l l ow  a t  t he  un ive rs i t y  I I e i< ie lbe rg .  The
prcsen t  ve rs ion  t s  basec l  on  some Roque t  te  t  s  remar l cs  oon ta ined
ln  a  J -e t t c r  [ t g ] .  r t  . r s  a  g re ' t  p leesu re  fo r  me  to  exp ress  he re' . I ' hV  i ' r e rnes t  thanks  to  P ro fesso r  Pe te r  Roque t te  fo r  h ig  sdv i .es
and  po rmanen t  encoursgen len t  i n  my  wor rc  a - t ' t he  un tve rs i t y  

- -  -

I Ie id o lberg. ,
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T h l s s e c t ! 0 n l s ' j . n t e g r a 1 1 } r b a s e d o n R o q u c l t t e I g . 1 e t t c r
? ?pej .

L,et  K be an.order .ec l  f ie lc l .  I ts  orc ler ing . -4  i1  oornple-

te l y  dc to rm inec t  by  the  pco i t l ve  oo l l e  P  =  
[ "  e  K  I  xVO]  o f  K '

t e t  p B  = r r [ o ] ,
' '  A subge ' f  f f  of I{  is cal led convsx , ! f  the f611ov"ing oon-

d i t . [on !s  eat  is f  led:

a r b  €  f

] *  * € u
e  {  x {  b

i

i
I
i
i
I

rV |Y

$ f ts a eubring of K, l -  € U, then U ls cDnvex l f- f

Ir l<r =* "efr 
i ' Iere lf l  = msx (xr

There is  e  smal lest  convex

of  f in . i to  e lemente of  
.  
K:

Kfrr,  - l*el(  I  V

K^. .  te  I  va luet ion r ' lng tn  K anc l  i - ts  maxlmel  ideal  ls  the set i
--f In
o i - in t$-Ltu,F i** I  e lements of  Kr

tX) f/ c onta ins Kf,f,n

t f f )  [ f  i "  a  va ] ' ue t i on  r l ng  and  *he  o rde r ing  P  o f  K  l s

oo r rpa t ib le  l v i t h  the  va lua t ' i on  v  a t techec l -  t o  0 r  l ' e '  1  ' l -  t nv4?"

Hore t4  asnotes t .he maxlmal  ideal  o f  U '

,Pdr.ng the set of cc;t lvox subrlngsof I(  ls l lnearlyrher  
, " i l " ; : : :Tr : '  i ce l  brJeet  i  cn  '

o r d e r e d  w i t h  r e s p e o t  t o  h c l g g i o n .  T h e r e  l s  B  . o n o n

r lng

x ) .  
'

eubFing of I(, nemetr-Y the

asger t  i ons  e re

F,l . 'J

n e s l

f o l l o v l s  e a s i l Y  t h e t  t h e

f or a subline fr of K :
fir'
V i s  convex

1

f ol loulng

r  - - lA  F " lK1nr  =  
l x€ t t

I t
e qulva lent

1)
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. '  :
f rom tho  se t  o f  p r ime. ic leCI ls  o f  K . r . ^  on to  i l re ,so t  o f  convox  s i rb -
r lngsef  K:  4rr- F-F (l{rin),ir. 'rrn i -

r ,et  t  y  0 bo en infrnr te ly smar l  er .ement of  K" ret  rn,
denots  tho  rac l i ce l  o f  i l re  l c lee l  fu i  I ( , . .  

'  ' i . t

.  
r v  A u q r  u J .  r , . : r s  ^ , .  . " f  

1 n  . g e n o f a t O d  b y  t ,

L .o . f t a  =  l x  6  K f i n l  
V  *n€X  K r fn t  .  f t  f o l l o r vs  eas l l y  t ha tL

.  
*  * r . J

tr6 trf
t l t r  l -e { i  pr lne ic ieer"  and e ooincldes wi t } r  the set  of  a l l  x6 Ku"u l .p  n : ,  *2o< t  fo r  uoo.  f t6  &n{ ,  The cor respond ing  verua t ion

iilfr."t; . ]; A l':, l: i: l:":;';;,:: ll*,li: n.;u;T;l,;'" j ii*,"
the cond it ion ,t-t { *tr1r i .e. +, xzn< f f or .al l  n € l .H.

Def  in i t ' i .q ! *  t  l s  ce l l cd  ,p r ine  ,  L f  , f l i  l . . s  gencr "a tsd  byt  as fujeel  tn rrrr ,e.  t l t  = f ,  q,  i l l - t r rn corresponding ve.1-r,rat icnp
t t  

?! 
Uy this rneans, i f  t  *  o, t t tn t  i l re. value v* ( t  )  ts the

ema l les t  poe i t i ve  e lemen t  o f  t he  va lue  g roup  l r * { * ) .

ob* . tu*  that  the nu l r -  e lcr , rent  t  =  o .  J-s  pr i rne anr l,?
A  o  =  K .

Pe t in i t i o .g .  re t  t  be  sn  s rb i t ra ry  e r .emen t  o f  K .  The
order ing p of  K is  ceI led a t -o : ,c lc : r iu t  r f  t  is  a  pr ime e len ient
w l th  respec t  t  o  p ,  l . € .  t  €  l ,  t  l s  i n f  i n i t e ry  sna t1 ,  , n i ltV
? \ = { u t .

rn  pa r t . l cu ia r ,  f o r  t  =  0 ,  ea .ch 'o rde r ing  t s  e  o -o rae : r . i ng .
rn  the fo l lorv ing vre cons ider  a  f ierd K and a f ixed

eLement  t  o f  .K .  r f  p  i s  I  t -o rde r ing  o f  K  re  deno te  .by
l Y  -  '  t  A  o n  I  . .u(P)  =  

l *eK  |  / \  l - t  * tn  e ,  r  f  t ne  va lue t ion  r i ng  s fo re  de -

n*ted ,;  {r,  r ;ut# n. (p) = r fr.r i  -n" oo""u*0";r;"-;u*ou, 
l

a g

l d e e 8 .  ,
(2 , I )  le lm_e* I f  p  ls  a t -order ing of  I (  then

i l , n>  = t *an  l t - *  *2erJ .
bo-gq.  The csse t /  = o ls  t r lv la l ,  so v/e mey Bssu, 'e

t  *  0o  l c r  
"  f  u t r ) .  l ye  hevo  t o  show  the t  l - t  * 2d  p .  s i nce

"$&vl  1*  
fot lov;s *-1€ rn(p)  = t ,  f fp>,  t .e.  h ntr t . i l  end lence

" 
2rn

L-t  ( i+)  € P for  a1l  m € Fl .  rn part icul .er ,  for  m -  r ,  rve
I

ob te ln  l - t  *2  €  -  p .  s rnoe  t  t s  s  genera to r  o i  t he  maxrmar  i dea l
t ' t (P )  r ve  have  l - - t  *2  f  o  anc i '  h .n .e  1 - t  *2  /  r .  Q .F .D .

I



t

'  
l a  / r
\4,t). !!Sigglg:- let K be B, f leLcl and t

o f  I (n  The n a neccsse ' ry  Enc l  suf f  ic ie 'n t  c0nc l  i t  lon

P of  K to  bo a t -order lne;  ts  thet  the fo l lovr ing

sre se t  i -s f  i -ed:

( 1 )  ' t  6 P ' - 1 - t  €  P r  *  *  L

( 2 )  1 r - t x 2 ) 1 r - t * 4 )  €  ?  f o r  a l l  x  €  K '

l g g o f - , S i n c e t l r e t } t e o r e n r i s . t r i v t a l l n t h e c s s e t = C r
w9 may e ssune .t ha t 1i * o.

I f ? l s - e - t - o r c . l c : : l n 8 t h e n s Y . , d e f l n i t i o n t ' 1 - t € ? o

ro t  xe l i ,  I f  x  €  U(P)  i t  ro r i o * t "  r - t *2  6 '?  and  1 - t x4  €  ? '  e rnd

. . . r A t t v

hence (1- tx ' ) (1- t r .4) .€ p.  r f  x  d f f i 'p l ,  then *2 d [ tv> end bv- - r  - ' - "  t

(2 .1 ) ,  1_ tx2  anc l  1 - t x4  a re  no t  con ta lned  ln  P ,  end  hence

( r - rxz)1r - t *4)  €  ? :

Th;  c  envers3 in  more 
- !  

i r r |1u l , t  '  rhe o ond i t  lon (  2)

me 'nc  the t  egn  (1 - t x2 )  =  sg '  (1 -1 "  )  f o r  e11  x ( I t ,  v r i t h  the

poss ib le  excep t ion  t x2  =  1o r  t x4 .  =  1 . (  I n  fac t  t .Sbse  s i t r r ' a -

t l ons  e re  no t  poss tb le  as  He  sha l l  see  in  the  fo l l o l r i ng ,  bu t

fo r  the  noment  v , re  cons ide r  these  ceses  as  poss ib le ) .

BY Xnduc t lon  i t  f o l l ows  tha t l
r't!t

( 3 )  s g n  1 t * t x 2 )  =  s g n  ( I - t x z K )  f o r  k >  L t

w l - th  e  poss ib le  ' excePt lon  when

^1 ,

( 4 )  \ = r J " K  f o r s o n e  k > 1 .

Thus the c  onc l  t t  ton (2)  ls  egulve lent  v t l th :

o 2\r(5 )  t x ' 4  1  i f f  t x " ^ "  <

v r l t h  t h e  p o s s i b l e  o x c e P t l o n  ( 4 )

a l s o  v r i t h  t h e  o o n d i t l o n :

l f o r e l L x € K r  k

f o r s o m e x G K 0 = I (

Bn  s lemen t

for  an 'orde: :5-ng

c oncl i t  ions

,  and

v t ,
\ IrJ

t  r \( Q )  t

' l

wl th  a  poes lb l c

< *2 l . f f  t ,  < *2k f  or aLl x € I{r

except  lon v then

= x2k for  some x€ I (o ,  lc  2 ,  1"( ? )  r

k >  I '



* x 4 >  L  .
,r xz>  1  by  ( z )

l yo  sJ ra l l  use  in  the  fo l l - ow lng  tn *  .ona l t t on  ( z )  i . n

First let ua slrovr thet t  is lnf lntte ly sf iaI l  r . , ,Lth
. .  respoo t  to  p .  Lc t  us  pu t l

. 1
+  =  1 +  h .  r v h e r e  h  > 0  b y  ( l )*u (

s
h

1 r  = ' l  * - l jd r  &  - r  
, {  

, -

t

end le t  us oornputo:

4 - 1x - ) 1 + h = *
t

* 2 > +

g l v e n ' b y  ( 7 ) :

'  
1 o '  

t  
. ^ *  ^ a - ^  r -  -  .r y )  t  = - f u  . f o r  s o m e k > 2 .

2-"

t  < , *
. J

T'here tore t  ie  t r  n f  in l te ly  smal l ;  except  lng t l ie  case



s &enr[zs

YIe  oonc l t ide  tha t

o tde r ing  ? .
Ncv'l

p e c t  X 6 ' P .  T i e

. i l I ,  * [ " G I i l- - T t '

t r  = { * e K l , Ar  L  n e [ f

L e t  0 *

( 1 1 )  t

let  us sh.orv the t  t  is a prime elen:ent v ' i : th res-

havs  to  shov ' /  t ha t  i ; he  i dea l '

r /  . ) n  I  

I

V t - x - "c  P t  ! s  genc ra ted  by  t  t n  the  r l ng
v - J

n 6ll{

1-tx2n6 trlo]

x€EL+. Y,'e heve
U

ppss ib l c  '

t h e

' :
,
I
' r

. i

: l. t :
r !

!
i

F 6

+, <J,fr  ror al- l
3r '*

t o  ( 9 ) ,  t h o  e x o e P t i o n  t  =  *  l s  n o t
3-*

t  is  lnf  int te]-y sna11 r" t th reopect  t  o

AJ

t o  s h o t v  t h a t  x € t  U i .  S j ' n c e

* 2 <
c 8  B e

O n

x 6t?i. .* v;e heve tzn < t  for some n6fi l .  I t  fol trovls by (6) that

t ( r,re oranit here 't he uxc ept lc'n ( f ) ,
a t  t he  end  o f  t he  P roo f )  '  l

W o l v r i t e t h e p } e c e e d i n g r e i l a t l o i l i r r t h e s o r m :

*  ( 4 ) 2 <  1'  r t ,

Then,  bY ( ,5 )  aPPl ied  to  f ,  rve  ge t :  
'

2k
( 1 o )  t ( f ) - - - 1  r  r o r a 1 l  k e f t

'  T h e  e x c e p t l o n  i s  b Y  ( 4 ) :

-2k

{f) for some Ic € ff'l,

and  X t  n l l "1  be  fu r the r  d i scussed '

Yrre oonolucie by ( fo;  that f  e fr  nnO hence x 6

a s  c o n t e n d e d .

I t  r e m e i ? i s  t o  d l s c u s s  o n l y  t h e  c a s e s  ( 7 )  e n d

These  oasos  naY be  cons ide rod  toge the r ' '  by  v rF i t t ns t

-t  hls

r 4 ,

(  1 1 ) .

( L 2 )  t S =  x



l vherc  the oxponent

L e t  u s  r e p l a c e  x  b y
x  e  t  U + ,  w i t h  t h e

7 -

: ,
r  ' i s  some r .e t  ional  nurnber . ,  I f  (  12)  ho ld  r , ; ,

,  t h c n  * 'i "  e , \  and henc. $ € u,6e ,, ffr,n . I f " € %
po-es ib lo  excop t iong  :

ls  non-ernpty .  For  t  =0 \ , re
ree '1  f  i e ld  .

is  a  c l -oser l  subget  o f  the
inc luced topolcg l r  Xr .  J .s  i r
c l o p c n  s e t ' s  { H t . )  I  ;  e {  ,

( 1 3 )  t s  = t  f o r s o m e  q e 4 - .

'  Bu t  ( r z )  en r r  ( r : )  cenno t  be  sa t i s f j . e  c r  i n  the  ssme t ime
b e c a u s e r i f  t h l s i s t h e . c  ' r  ' ' r  

r { . r ; r r '  * ^ 6 h : ; : ' a r 4 v t
ract is nor possible sinc;"; 'r l-r"r?";;: ir"Jr;;: e qtrlfS.

$  3 .

l c t  K  be  ' a  f  i e ld  o f  cha rec tc r i s t i c  ze ro ,  and  \  F  1  be
e  f i xcd  e lemer i t ' o f  I ( .  re t  us  gook  e t  t he  se t  o f  e r I  t -o rde r ings
o f  Kn  Deno te  th i s  one  by&( .  r f  t  =  o r  x rc  co in . i d ; ;  v ; i t h  i ; hc
?e t  o f  r11  o rde r ings  o f  K .

Def  i .n i i  i .on (.ie cal.led foJlla.Lly t-gq.ig. if there te et
L e a s t  o n e ' t - o r d e r i n g  o f  K ,  i " e .  X K
recover  the conccpt  o f  e  f  c , rnre l l j i

I t  f o 1 1 o l , ; s  e a s l 1 y  t h n * ' ) rJ  u t l a  u  ^ K

s p a c e  o f  o r d e r i n g s  o f  K .  y i i t h  t h e
b o o l e a n  s p e c e  l l i t h  t h e  s u b b e s e  o f

v r h e r e  H ( e )  =  
[ l e X x  t e e  {  r

Qef. is i i j -on*  le t  f  be a p lece of  K and v  be the corr€sz
ponding va luet ion"{o ( respect lve ly  v)  ls  ca l led a t - *_gs.  ( res-
pectively a t-yalug"!. igd i f  the r,esidue f ield I(r ,  is . f  o 'nie1.1y
real  end t  generates the mexi rca l  tdear .  q  or  the corresponcl ing
ve lue t  ion * ing { ,

Fo r  t  =  0 ,  e  va lua t ion  v  o f  K  i s  e  o -ve lua i ron  r f f  v
l s  t r l v i a l  and  K  i s  fo rma l l y  rea l .  I f  

. t  
F  O ,  end  v  i s  s  t_ve luc*

t l . n '  v ( t )  i s  t h e  s m a l l e s t  p o s i t i v e  e l e m e n t . o f  t h e  v e l u e  g r o u p
v( I ( ) .  . l ts  usuBl  we ic lent i fy  tho ordered group of  in te t 'gers
wt th  subgroup of  . i l re  va lue group v(X)  by put t tng v( t )  =  1  anc i ,
cons--c 'quent1y,  v( tn)  =  n for  every n € Z.  ,  ,Ar tJr  th is  r .dent i -
f  l oa t i on  t i r e  numbcr  1  i s  the  sna l l es t  pcs i i ; i ve  e lemen t  In  v ( i ( )
and heno 

"  
Z ls  6n lao le ted subgroup of  v( I ( ) ,  in  i l re  senso of

orderoc l  groups.  '  
.

r f  v  l s  e  t - ve l ue t ron ,  r - e t  us  deno t c .bv  x i l  t h . e  ee t .  o f
thoso.order ings  p  o f  I (  wh lch  are  oompat lb le  ' r l th  , r l l . " .  L \cp ,
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n:rd sa t  is fY t  he c ond 1t  i '  on t

X Y  =  T , r r ' c 0 i n c i c l e r :  t r i t l t  t h e
A r \

(  3. 1'  )  !9I\ I9'  I f  ?

P: :oof  '  The cqse t i

I  i  O .

e  ? n  I n  P s r t i c u l a r ,  f  o : : ' ' t '  =  0 r

se t  o f  a1 l -  o rdd  e r tn rs  o f  K '

a  X Y  t h e n  P  i s  e  t - o r d e r l n g '
-  - - r i

=  0  l s  t r i v i a l r . 6 0  . Y { e  
n a y  s s s u m c

t = 0 is t r iv ia l r  so . l ' {e 818)/  assunre

Convers e }V r

t  F  0 ' .  r  ,  , . ^ - - .  , L ^ +  1 -
socordlng to 1z.z)  v le hclve to ohovl  that  l - t  € ? and 

|Y

( f - t x2 )q f ' t x4 )  e  p  f o r  a l l  x ( l ( .  $ i nce  1+  moFP  enc i  &  
=  t  Uu

t t  fo l lor l ,s  d- t  € P.  I {ovr  let  xe K'  \ ' /e nsy assude x I  o '  I f

v ( x )  Vo  t hen  1 - t x2 ,  l - t  * 4  e  r  { ' e vCP '  aqd  hence

'  - l ry  e nd 1 -  * .  bel-on$- r 1

( 1 - t x ' ) ( r - t * 4 )  e P .  r f  v ( x ) < o  t h e n  1  -  $  a n a  1  -
t x '  

' t x '  
.

to 1 + r l lv€r ar.c l  hence (1-tx2)(r*t*4) = (1- - :z l t t -  
*?l : ; : ; :  

? '

'(3 
'z) !gmT'a-:" rf

= l * e K  l ! * t v Z  e P J .
(

'Proof  '  Tho csse

ne x[ then $u = ft'> =

The incl-u.s ton \  c{rpl is tnirnediate elnce 1+ttto.6?.

yr let  x GK\ 4. Then 1- + e I  + o\ €P end r- t 'x?

= :  t*2 (1-  +)  € -poo I t  foL1o'rs 
" f  

( f f t lo  Tfe conclude thet

Vu = &,pr. 
*"1..r,o.

3o3o Plqpqsiti!--og'- Suppooe \ P O end lcf v be s t'\rzr

luat ion of  Ko Denoto by Yt  the set  ot '  ordar lngo sf  t l re re s l t lue

f,le1dl(v ,o*- o, ?,v the grou.p of chayaate-rg of thc feator g.tr'oup

; ; tr*_rr iur.-rhen rhere re B (non-canonrcal) btJeottve t i ;ep

-  froro the set x$. onto the carteglan procluct Yv x nv'  I foreovc?

" { h l s b t J e c t i o n ' . t s e l s o a h o m e n . m o r p h i s m , i f w e c o t i s i d e r t h e g a -

B6ntce l  - ; ; ; t ; ;  on yv end the topology lnducod on 7 'v  by the

produot topoXo6ry on fhe eet of mepo from v(It)/P*,,2\r(K) lnto

6  1  . .  n - - -  r . r ^ ^  ^ ^ +  Y ' Y  { n  n n n - e h o t V

t  3  1 .  
In  par t i cu la i : ,  the  se t  X [  ts  non-empty '

, .prq?!.. Denoto uv t', K'lK:2Utr]. ' 
'Q/unr-rr*) the

eurject ivo 
'rnorphlsin 

lnduced by vt and re+' l*:t{x] /u^nzu(l<)..,T*

,  -  b€ I  F,  ' :  l lnear nep subJeot to V nf  = 1 '  r r ro
--+ Ko /K.Z11gqa u
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def  lne I  nrap f  p I  Xi l  *yu x Zv deper ic lent  on ,U by put t i .ng

lp 
(P) 

:  
(F f l  r ' rhere F ls  thc ordcr i r rg-?. f  K '  i .nducrect  by p,and (-

] t t l t i l '  :"ocsite 
mcr'phism v(I i)  /n*zv( r) & tt i lx .21)*i(o 2 .-* K./r, .

( - )

Tho map tt* hes en inveree g,,u def inecr' as f o$c,r,,rs. ret .

( 4 0 - )  e  y v  x  Z Y ,  e n d  x € K n . l T e  h e v e  x  =  y o  z  v . t L * h  J r , ( f . z U t N , 2 )  = ' .
A^= f - ( ' . ' (x)  - rH + zv(K))  and n €ry"  Hc;  puf  x  e V 

( f lq-)  gr
f .  c ( v (z )  + f t .  +  2v ( l { ) )  e  F ' "  I f  x  =  y t  t zo  i s  eno tJ re r  : : ep rcsc l r ta -
t lon o f  the same type of  x ,  we l i .ave , ,J , - re  f fu"n(x"217 t r ,21= f f i r ,
e .nd  hence  z ' , 71 -1€  F ' .  f hus  rF  ( f ,  q -  )  t s  vue1 l ' {u " lncd .  I t  f  o f f  l ; i , o

eas l ly  that  gp (F,  O-  )  ls  a  t -order . lng of .  I ( ,  
loo %;  

1 and 
:

s* o tp = 1o

(3,4)  c-ogo1ler , ' ' l *  The spece of  t -orcrer ings xo rs t l re
dtejo int  union of  i r te non-empty sets xf i r  vrhere ,  ,ang*"  over
the  se t  o f  t -ve lua t lons  o f  K .

,?.gosL rf P €xi( then p €xil  v+here v' is ihe velu-stion
a t t a c h e d  i o  f i f  f l  =  

{ x  e  } r  l 1 - t x 2 €  p J .  0 o n v e r q e t } r  b y  ( 3 . 1 ; ,

X{eX,  fo r  each t -ve t rua t ion  y r  By  (3 ,3 ) ,  X i l  i s  non-ernp ty .

It f  ol lows Xr, = UX[.

f f tp> = (u- = d^ eno heno. x;u I  n 2

(3 ; -5)  l .q"?. .  le t  K be a f ie lc l  end t ,  A O be.en e ler : rent
of  K.  I f  K is  for rna l ly  t -ac l j -c  then t  ls  t ranscenclenta l  or /er
the pr ine eubf le ld  q  of  K,

Proof .  le t  ?  be a

Q . E o 0 .

x f ? €

'n ';' = 
f  to ,  v ,  I  v r .  Q.E"D '

4tn x;then bJG,z),

r

0(

A S

f o

+

ls  e lgebr 'a lc over @, f  .e.  t t r

t xe  @,  ar ,  I  o .  Then 
" r ,  

E  r

end hencu on  -  0 ,  wh ioh  is

t -o rder ing  o f  K ,  and

+ ar tn* l+o- . . *  €n  =  o .

t  ( a n - l * . r r *  t n - l )  €

ebsurd  r

c j l 1 n e  t h a t

some n  €

i l 0 f . , g
Q . E  . D .

+
tr

n l( i l r

No'v"  le t  r1s descr ibe the spece of  t -order ings xr ,  ln
B o m o  p . e r t i c u l a r  c e s e s o

l - )  cons i r i e r  t he  spec ie l  ce$e  I (  =  4 (  *yn  v rhe ro  t  J . s
t rensoenc len ta l  o r ru "  @.  There  i s  e  .un lque  t - ve lua t  i on  v  o f  K ,
de f inec l  Bs  fo l l c r vs :  l f  f  €  q  t t ] ,  l o t  v ( f  )  be  the  sme. I l . es t  ns -

t u r s l . n u r n b e r  n  s u o h  t h a t  ( f . t - n ) ( O )  r t  O i  f o r  f ,  0  F  6  €



-

/ fA f, ' ' l  a r. a' f Iff- Eltl | '1. I I rf, 1:
t r  t {  L t r J  ' L l J u  '  t g '

: t e d  t o ' v  i s  t l i e  1 o c a l  r i ' n g

mv t "  gencrated bY t  '  The

fue group t -sY" ,  end .v(  t )  =

td ent lf i-ecl r'r lt h Q'

I O

, t Y
= v (  f  )  -  v (  g ) .  The  va lu -e t  t gn  r i ng  Uu  ase ioc l -a -

I

@' td  t  I  t t1*nd 
l ts  maxinra l  idea l

v a l u a t i o n  v  i s  d i s c r ' o t e l l ' e ' ' t . h e  v a -

f .  i lho r 'csi-due f ic ld of v maY be

l ' J l s r e o v e r ' r b ) ' ( 3 ' ' r - l h c r e i s e u n i q u e t - o r c l e r i n g P o f

r { ,  nenre ly  ?  = l *e  I ( ' l r IF6 l  =  (x t - v ( " ' ] t t )> :J  U{ t ] : .  Bv

(Z .Z ) ,  i t  f  o l l l u re  tha t  ?  co inc ides  v l i t h  tho  se rn l f  i ng  o f  K  gene-

' ' ,1-r.] u lt r-txl) ( r-t *a) | * e I{-l l) n''
.  r a t e < i  b y  l t r l - t j  U l ( - L - r x  

" ' l ' '  
t t  J  

, , . r r \ _  \ ^ , r v l
I , e t  us  observe  the t  L !  uque l - s  thu  r i ng  I ( f  Ln (u )=  t x6K1

t  \ /  n  - r -  x  e .  ?J  o f  f i n i t e  e le rncn ts  u i th  respec t  to  ? t  end  wu
t l t e N " ; -  J  .  I  r  y '  1

e q u a l . s  t h e  i a e a r  K i n f ( P )  =  
[ x e K  I  / \  n  t  x  6 r J  c f  L n f  i n i t e l v

sna11 e lcnents  of  I i .  
ne l f i

2 )  l e t  K  = R ( ( t ) )  b e  t h e  f i e l d  o f  f o r ' n a l  p o T i e r  s e r i - e s

ln  t  v r i t h  coe f f i c ien ts  tn  !h9  f i e ld  R  o f  rea ] ' s .  Ther 'e  i s  e

u n l q u e  t - v e l u a t l o n  v  o f  t i :  f o r  f  = : r n t o  €  R ( ( t ) ) ,  l - e t

v ( f )  =  m i -n  l ne& '  l en  /  o ] ,  T i re  oo ruespond ing  ve lue t ion  r i ng

tru I .s R [f t f i  vr i th i t ,s_me]: inal ideel tr tr_: 
1'RlftJJ'  

uv is dis-

crote anc l  cornplete,  and the res idue 
. f  

iJ fa  K, r '  ls  isoncrphic  t0  iR '

ls i -n th'o previoi-rs case, there is I  u.ntque {, ;-ordering'

o f  K ,  n e n e l Y  !  =  N z ( J t  K 2 '

$  4 ,

Iggigi..t.!gg. A f ield i{' equlpped rvith a t-orderlng P'

where t  is a f  ixed' element of K' is cal l-ed e t-o} '$sr"t-*-€!s$'

F o r t h e s p e c i e l c 6 s o t = 0 ' v J e r e c o v e r t h e c o n c e p t o f

a n  o r d e r e d  f i e l d .  I f  t  A  o ,  e n d  ( K t P ) '  i s  e  t - o r d e r e d  f i e l d '

t hen  by  (3 .5 ) ,  I (  n ray  be  j -den t i f  i 6d  v , r i t h  e  f  i e l c l  ex tens ion  o f

t h e  f l o t d  q ( t )  o f  r a t i o n e l  f u n c t i o n s ,  a n d  P  e x t e n d g  t h e  u n l q u q

t - o r d e r i n g  o r  Q {  t  ) .

D o n o i e b ] ' d t h e f i : : s t o r d e r ' l a n g u s 8 e o f o r d e r e c l f i e l d s

ox tondoc l  v r i t h  en  inc l t v j . c iua l  cons ten t  3 " ' Le t  \ i l  be  ths  theo ry  l n

4[ ,  obta lnec l  by ec lc l1ng t0  tho usual  gg loms of  Osdered f  le lds

t h o  f o l l o v r l n g  s c n t e n c o a :



. A-  !  x ' ' )  ?  o ,

The models  o f  tT  are exact ly  t j re  t_pr , lerec l  f ie  lc ls .  In
pa r t i cu l -e r  each  o rde r 'ec l  f i e l c r  ( I ( rp )  rAay  be  seen  ac r  a  modo l  o f  

.

V ' t  l f  r ve  i n teTpre t  t he  cons tan t  t  on  K  es  thb  nu l l  e lenen t  o .o f
I ( .  I f  (KrP)  i -s  a  t -orderec l  f ic ] r l  whcre 0 / ,  t  €  K,  t le  must  c l j -s_
t . l ngu ish  be t ' reen  the  rnode l  ( x rp )  o f  \ t  r vhe re  the  cons ten t  S  l s
J 'n t  er 'pretec l  ae t  end the model -  (K,  P)  o f  \ ' /  rvherc the . .on* tJot  

* t

i s  i n te rp re tcd  ag  0o  I i o  ssy  tha t  ( f , f )  i s  I  p lgpeg  t_o rde - . r c r ]  
-

f} . , l " i .  l f  (K'P) is a t-orciered f iel i i  end t I  0- 
--"-

r f  ( K r P )  i s  e ' t * o r d e r e d  f  i e l d ,  1 e t  v  =  v .  c i e n o t c  t h e
t - v e l u a t i o n  e t a c n e d  r o  ? ,  f f u  =  f ( p )  =  

{ * e } r  l 1 - t { 2 ; r :  i h ;
oomsspond ing  ve lue t lon  r i ng ,  q ,  =  t  q  i t s  mex ime l  i dea l ,

k
K,,  =  Ud, \ ,  the res idue f te ld ,  end v(K)  t l ie  va lue group.  I f
1  *  a r  v ( t )  l s  t he  sme l les t  pos i t i ve  c lenen t  o f  v ( I { )  end  \ , . , e  xnay
ident l fy  the order-ed group Of  in tegers Z v i i th  en lso ls te( l  sub-
g roup  o f  v ( I { )  by  pu t t i ng  v ( t )  =  1 .  .

I r lon le t  us denote r rv  i l  the thoory. in  S, r , rhose rnodels
ere the t -ordered f ie lc ls  (Kr?)  rvh ich set is fy  i l re  fo l1or . ; ing;
c  o n d  i t  i o n s :

t )  t hb  va lua t ion  v ,  t s  hense l i en

5-1) .  the res idue f ie ld  K. , r_  ls  rea l  c I 'osed' P
Xi i )  i f  t  #  a ,  then the va lue group vr (X)  is  I

l .  e o t  he fgct r :r  group vn( K ) EZ is C ivisible. .

S ince  the  ve lua t j  rY  '
rJ re va l .uat lon r lng Uu.o is  desor lbed in

the language,6 lve may eas i ly  r , r r i te  t te  oonesponcl ing
rV

the the ory  lV.  In  psr - t . icu1er ,  t f  t  =  O,  the t -ordered
( l c rp )  l s  e  mode  I  o r  V  t f f  K  l s  ree l  c l ssec to

t . ,
'  F l re t  wo  81 'e  i n te rcs ted  to  c lesc r lbe  the  a lgehra1oa l l y

mex lme l  mode ls  o f  t he  theo ry  l ' / .

(  4 .1)  Pr .op.os-r t  i .sq.  rc t  (N,  p)  be a t  -ord crccr  f ic ld  . r f
(KrP)  ie  a .n 41. {gebre i .car l ly  mexin iaL mor lc l  o f  V i  then ( I i rp)  ls  a
nrodel or fr .  l

.F

4i-group,

terms of

ax ioms  o f
f ie ld

Prggf_.- The rcstr l t  is lvel l .  knowfl l f  t  = Or so rvc 'may
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g s g u n e  t h a t  : t ,  / =  O .  S u p p o s e  t h s t  t h e  t * v a l u c t l o n  v  '  v p  I ' s  n o tr

h c n s e l l r ; n r  ? r d  1 c t  (  f i u , )  t c  t h e  l l e n s e  l 1 - z , e t l o r i  o f  ( K r v ) '  S  j ' n c e

t h g  e x ' L e n s j - o n  ( f  r r , r , )  [  ( K r v )  l s  l m m e c l i a t e ,  l t  f o l l o v r o  b y  ( 3 " 3 ) ,

t S c t  ?  c a u  b o  e x t c n c l c E t .  t o  I  t - o r c l e : r i n g  T  o f  F o  t h p s  ( ! T )  b t -

0 o m e s  e  p : i : . o i l e r  a l g c b r c i c  t - o r c l e r e c l  f i c l d  e x t e n s i o n  o f  ( I i r P ) t

y r h i . c h  l s r  c b s u r d ,  b c c c l l s e  b y  h y p o t h e  s i s ,  ( K r ? ) "  i s  e n  e 1 6 0 } : r e i -  
'

ce l " l y  ina : t i .n ra l  moc ie l  o f  t rV .  Y /o  oonc lude tha t  thd  va lna t : ion  v -  !s

h c r r s e l i a n ,  

"  r

J ' Ioy r  essr , .me tha t  the  res idue f ie ld  I ( r ' ,  i s  no t  rea l  c . l -o*
- ^ - Y a

etec l ,  end lc i  (F,  f )  be the rea l  c losu- I 'e  o f  ( I {v  r  P) ,  r ' r i rc re ?

ts : : f i l ra  n- r " i1c ' r - " j -pg of  i i * ,  lnduoed by ?o Deno: ie  by (Frv l )  an unr 'an ior l
A e  ' q  r a v  

v  
^ "  i " "  , t ' t  r " r h n c  = l  r l  r t  {  ef  j -ecl  a lge?r: : .a lc e>;te n,s lon of  (Krv) r ' rhosc resldue f  te*-  ^v\ t

l -somorphlcr over Ku. with f. LeI, f :  Y(I{)/a+ev(K; *+l{7r,.2.["J *K"2

be  a  sec t i on  o f  t he  F , *  -  l i nee r  maP-ari

lnc i r rced by v .  l i i -nce ur (n)  = v(K)r  l .L' l

f: x ' / K.oz U ** ,z **u(ri) /g+zv!{)

i -s  a lso '  a  .  s 'cc  t  lon of  the map

d ,  F ' /F"21g tp '2 . . ' - - *  v t ( r )$a2r , ; (F ;  tnduced by  w '  13y  (3 '3 ) ,  the

t^ordor ing  F  is  comple te ly  de termined by  F  enc l  sDr ie  charac ter

$ - :  v ( K ) / y a 2 1 , ( r i ) - - " [ t  { .  
/ \ c c o r d l n g  t o  ( 3 ' 3 ) ,  t h e

of, F'rn orfi t }ie aher'ec t er S: ' rv( g) /TZ,+2 w( irl -"-*'lf

n lee ns of  /e  a  t -or :der ing T of  F vh: ich eztepds P.

a  p roper  * l gcb ra  ! c  t -o r ' de red  f  i e ld  e> l tens ion  -o f

t rast  v ; i . . ih  the 'mexj .ma1i1,y  c(nd i t  j .on sat  i$ f  ied 
' fu ; . r

f  o l lows t l ra  t  the res idue f  ie ld  I t . ,  is  re  a l -  c losed

'  i \ forv  es$t r -me tnat  v( [ t )  is  not  e  Z-group,  i .€ . there ex is t

€ prine.nui i i ,ber p encl some o[ € v(I{)  suc}r tha't  oL is not p-divi-

s i b l e  i n  v ( } i )  m o d u l o & , .  I n  t h i s  s i t u e t i o n  w e  c e n  c o n s t r u . c i  a

1 * o r d e : : e , J ,  f i e l d  e x ' i . e n s i c n  ( F r T ) l ( x r p )  o f  d ' e g r e e  P r  c o n . t r e d i c -

t  i n g  t h e  f  o c t  t h a t  ( l ( , P )  i s  a n  a l g e b r a i c a l l y  m a x i m a l  m o d e l  o f  \ \ ' .

T he c orrst: : 'uc t  ion is B s f  ol-1orvs :

l , e t  a  6 I (  b e  s u o h  t h a l ;  v ( a )  = o (  e n d  1 e t  b  b e  a  p - t h

roo t  o f  de  l , e t  us  pu t  l ' =  K (b ) "  T .hen  F t tq  4 ,  p ,  Le t  v r  be  B  Y8-

l .uat  j .on nf  F v ;h ich e: r tc t rds v ,  anc i '  pu. t  A = ru(b)  "  Frotn bP = e t t .

fo I lor , rs  p  F = oL.  o  S inco J . ,  is t  i lo t .  p-d iv is i$ lc  in  v  (1( )  enc l  p  ts  -

I  pr i .me num]:cr ve coltolr-rcle. that [5 e, \ ' / (p) is of order p modulcr

v ( I ( ) .  I I e n c o  ( u r ( 5 ;  r  v ( K ) ) > p

kpolvn fron va lue t ion t he or:y t ha t 't ho i.nd ex of vs ltie groupsr ls

no t  l a rge r  than  t f t c  f i e ld  dogree .  Wo oonc ludo  tha t

o rd eri  ug .T
'l

1 l  i nduce  by
J .

Thr , l s  (F rT )  t s
( I I r P ) ,  i n  c o n -

f r r  i r \ \  T ,L
\ I r 1 5 , / r  J r r
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(w( r )  r . v ( r ) )  =  p  !=  F r , l . J .  I , j f l 3sey63  l t - f r : l l ows  *n r *  *  l s  t l r c
u n i q u e  g x t e ' n s i o n  o f  v  t o  r , e n r r  t h e  r . e s r d u e  f i e r < j  F * ; " ; ; . ; ; ; "
v ; l t h  l i r r '  L ' e  c lq l rn  tha t  y r  t s  I  t - va rue t ion  o f  F ;  f o r  t h i s  i t
rena lne  to  e f row tha t  1  =  v (  t  )  r - s  the  ema l les t  pcs i t  i ve  . ru r , . n t
f ,n vr l  p; 

"  Suppose t trat t  her.a exist s f fg *( fn) euoh {. ;}ra t
A  4  t<  1 ;  i l r en  O  1p f ,

SJ .nce  (v r ( r ' ) l  v (K ) )  =  p ,  I t  f o l l o l , r s  p t -  A  v (K )  .  Asy*  l s5-so la ted J . i l  v ( r ( )  v ro conc lu-cre that  p t  =  n c  &."  0n the other .
hcnc i ,  s ince p is  o f  order  p  moclu lo  v(K)  i t  fo l lovrs  that  Fx p.e-
ner'ates 'r(r ' ) .  n:ociu.ov.(r. i ) ;  henoe ?u * ]rh + ).vr i th rc 6fr, ,  At; uiol,c<  r r  <  po  $ ince  

, t  f  v (x , ) ,  v re  have k  f  a .  r t .  f "11" ; ; ;  f  
-= ; ' : '

='  koL + p, \  ,  and h 'ence hd ls  p_div is ib l -e  ln  v(K)  ,ooCl l torz .  _As
p is  I  pr in ic  nurnber  and a <k (  pr  k  ie  re le th ,e ly  pr ime to  pr
end hence d-  is  e lso p-d iv is ib le  in  v( I { )  modul  o f t ,  cont r .e t "y  to
the choj -ce of  oL .

Nolv lve extend p to a t_or,c lcr , inc,-  -  - - ' < )

the.  e lgebr .e  ic  maximaJ_i ty  .  o f  ( I { ,  p)  
" r  t r  i r .s t

L e t  p t  v ( K )  /' 
Z,+2v( r )

T  o f  F ,  c o n t r e d i c t i n g
le t  us essunie p A z .

s e c t i o n  o f  t h e

WL l inear nap S r I{ .  /
K  ' '  ,  , o ' '  

- 4  v (x )  /  
2v (  r ,  

l nduced  bY

the  va l ,a t  i on  vc  ue ing / , r  
- ,  t he  t -o rde r ing  p  i s  comp le te l y  de_

termlned by the order ing F of  K. , ,  rnduced by ?.end by cer ta in
character q-: .v(t i) /z*nzr(x) *-*lt  

{ 
.  ret us consider the colr irr1-

te t ive d ia grarn

2 l )  \K "2

E./ ft '
O ^'  

Fo  t  U  tF ' z  _ - -+

Since fn : f l .  = /n( f ' ) ,  v ( l l ) )  i=  p  #  2 ,  v re  have I ( "n  ( f , .2UiF.2>
= K '2U tK:2,  anct  l , rOn ;  .  zw (n) )  :% i :  z  v( r { ) ,  an<i  hence the
vcr t  i ce l  neps  er .e  inJ  cc t  j . ve .  r t  f  o l lo rvs  the . t  r re  . r ;  * ; ;  

" " ,  t -to  e  lF2  -  l ineer  ma.p  
F '  ,  w(F) / *  ^ . \ . . ,  .  * r r -  ;  

'  " - ; ' " r i ; ,

. r v f
' t o  w .  o  

7 r ,  
=  1 .  0n  the  o the r 'hen r i  wb  csm ex tend  S- to  I  che r re . tu "

o./ 
n,

I

r w .
v \t(K)/

/ft+2v(K)

I
T

w( F) /' . /Z+2w(P)



;

d  L 4  1 .

t -

- f  ,  r r \  ̂ f  f  . '  i l ,  .  Us \ng Pt ,  t t  f  o I lo l ' rs  by (3"3)  t r rc t
g- :  y t \ I ' ) /7grZ ' r (F)  

- - * l r  
J  

'  v - - . -u  '  ' .

F  en r t  s t  i nc iuce  e  t -o rdd r inS ;  T  o f  F  ex tond ing  ? '  :

I t  rema lns  to  Goner l c l s r  t he  case  p  =  2 '  l e  t  us ' cons ic ie r

t he c oii'r.ut e t ive d ia granr

L 0I
r lt l. l  { ,
t . , ( l

' i )  D - r  $ b b - > v ( K ) n ( E + z v t ( v ) ,
K. r t  (F ' tU t r , ' : ' ) /  

t t ,2 ,  t *  "z-& J , i -  
'  
Z_+zv(K)

,  . '  r v ' v ' -  
r  It l

l l ,
Y.,; *.2,,,,va2 #f 

v( r|) I zrzv (K) 
*- '  o

K. .  U  t l i o  -

lL
l t
I'  
t  ^r. .z-\ i

r . /  e  . )  W . : ;  w ( d  I  4 '  0'  
$ '2U tF' '  ; -  - . l f  -  ' '  ' lZ+ 

Zw (f i
/'L ,

I t  f  o l l -cv rs  eas i - l v  the t  K '  / )  (o . 'U  tF  "2 ) /x .Z t )  
LK.Z  

=

?  c  r  ' r | f ?  g
= \ l r  " '01t t"2 ,  ,  fK' '  L)  tK'^ l t  "= ' f f i /11' ,  or(F/v(K) =

' t  vr l

&, + 2 v;( r)/nnev(r{ ) 
= 

Y 
o zv(I()r

* [v(ri), p* v(r.l] S 
4 Wrv(I() 

l l6.+zwtr) ) =^E+2w( F) r et:d

.L+ &+Zvtr)J * 4ZZ. rhus

v  l nd r - r ces  I  b i j ec t  i ve  nap  K 'n  (F '2U \T '2 ) /  
K "2 '15  t .o . z  

' 4

e we msy choose the cor ' -

responc l i . ng .sec t  l ons / l t r  / t '  ,  F  suoh  tha t  the  p receed lng  d ieg ram

CIBn be conrPleted Bs shol ' in '

Now le t  us observe that  w€ mey essLlme f rom the be88i : '

n l n g t h e t a s ? o U s i r r g f , t h e t . o r d e r i n g P t n d u c c s t h e o

F or I(o.  and rt  oharaoter f i  t  '$)h*2v(K) ; [ f  g:  s i ,nce

t h e or'd er'{-ng
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/ o t " t i l +Z t - z . v  15 ) )  =V , (6 f+Z+  2v (K ) )  = ;  ( l c : z ,_ r t , f d2 )  an< t  o€p r
l t  fo l lor , ; r :  6(4-  +Z+ Z v( i i ) )  =  , ( ,  end hcRoo 6 oan bo oxtenc icd to
a chersoter o1' vr( T)/;,: i .r2r(r):+ 

/:r 4 . Thus tho orcrerln* F o,
F* = K.,, ancl tho ol:nrJtt;; 6/aetcrrnine by no'ns of t l a t-ordc-
r5-n6 T of  F oxt 'ond j  ng p"  a .FoDo 

/

I ' t ror ' ' t  1et  'us  lnvest  lga tc  the model - theoret  ic  re la  t  ion
betl . ieen thc t treorles ir i  oncl fr ,  First let us obselve that t t  

"  
on_

!egory c6 of  rnoc le ls  or  f f  ts  cquiva lent  vu l th  the oetegorry  t . . r * - " t
mot ls ls  o f  the theory ' f f t {  def lncd ss fo l lovreo l ,o t  I ,3€ denot"  T; .
leng 'aago of  va luod f io lc le  oxtondod wi th  en lnc l lv tdual  oonstant  t "
Denotc  by i r is - the thcor"y  tn  l , l i  hav ing as moders tho ur"*u*J i ; ; ; r ; ;
Y; I iere K ls  a  f j -e ld .  cqu.S.pped v i i th  the ve luet ion v ,  t  is  an e lemont
f,n i{ ,  end the . fo.11oiv; lng condit ione hold: 

'

X)  v  is  hense-L ien
f . [ )  'ohe res iduo f ie ld  I { , ,  Xs reo l  o loeed.

J . f f )  t  generatos the maxi*af  ideaf  r ro
5.v) i f  t  *  o, the valuo group v(tc) iu a {* g}oupa

oyet en (K, t  ,  v),  vrhero K
the  t r l v ia l  va lu la t i on

r f  ( I { r t rp )  l s  a ,modoL  o r  f f  t hen  the . f te ld  r {  eo .u ippe id
rvJ . th  the  t - va lua t ton  v  =  vp  agsoo ia ted  to . .?  beoomee I  mode l  o f
Yf&.  Convorse ly ,  , i f  (Kr t rv)  le  a  r i rodel  o f  Ws then there ts  E
unique ! -or l r : r lng of  I (  whlch is  oompa' txb le ,vr i th  v .  r f  t  =  o ,  vre
have nothing to shovr. .*esurne i  & O" Sinoe v( l()  ie af,-#.oupt \ : /e
heve v(K) =2!;  -v 2 v(K), and henoe the IF2 - l tnear *rap
t{

v t ot/*.2 
t/ ,u K.2 

*> 
",nr6*zv(K) 

* o ha.s e unlque seo t LonT

on the othets  hand there ex lsbs & unlque oharacter  F of  the gror lp
v( r { ) /gr+2 v( i ( )  

d  0 .  }y  (3 .3)  there te  o i rLy one t -order ing ? of  K

wh loh  i s  donpa t lbLo  v r j . t h  the  va lue t ion  v  r  f o r  eaoh  x6Ko ,  v ro

l r a r . e  x =  t e  y 2 u w t t h  g q l o r f i  1  t A - € O , . , r y € K o ,  e n d  x € p  t f f
i l  Udlongs to  4  the un lque oroer ing of  the rea l  cLosed f ie l -d  Kv.
Thus !\ ,e l :cvs for every x € I( .1 x € p t f f  K sat j .sr lee tho foLl-o_
w L n g  s e n t e n o e  i

.  In pcrt Lcul"ar. ,  every
a loeed  f l e l< l ,  t  =  Or  a r td  v  l e
model of Yis"

(  3  v ) (3 . r - l f- u d ) ) o l V I r (  * z )  = 0 A
.  J  L  

. t y .
A  ' - t

-  u ' )>  0  l "
J

f , s  a  ree l

of  K,  ls  r i

,,f"(%l tr:
v-

onv  ( 5
, v *

' n  v (4
t y -
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/ t s a o Q n s o q u e n o $ w e o b 1 ; a ! n ' b h e f o l . J . o v l l t t g r o s u l t l
.4

(4.2") f lgggggt l l l l : io theorly YI le model-complote'

? r : o o f i  l , s t  f  i  ( K , t t P ) - X F e t t T )  b s  a h  e m b e d d L n e  b o t v r o e n

ar*
morlels o, i  v;" { fo }rar, 'e tc gh'vr thal i  . t }r is enbeddipg ts eletnentn{F+

l c : t f l t ; ( I ( o * r ' , r ) * o ( F r t o t r ) b o t h o c o r r e e p o n d l n g

gnrberrr l lng bot*eo* urociers .of 
*F. To sho$r tr ta'b f  [s olerrrentary l t

suffJ-ae s to veri- : fv that f?{ !s elementar '$c tn: 
:1": ;"*a:r i" ty 

of

f f i  Ls  a oor laeqt lonce of  th 'e  mcdol*oonpletet tegs or  vY '

. r  -  3 ^ ' r 1 ^ . " .  1 ^ d  s a c r r l ' f i !

IJ loreot** we have 
lnt 

fol lovrlng reoult :

( 4 " 3 ) . u l " s , V i u t h e n o d e l - o o m p a n l o n o f T I . . '
4 le t e ' lt rema lne 't o sho\'/ ' '

p,igg{r sinoe yr [e nodel_cornp 
;r"V.-i ; ;  lror)

that ,  *u. t i i lu*r  of  \ i , i  oan be ernbedded into B naodel

.bo  a  t -o r r ie red  f ie ld ,  
"Td  

t i i ,  T t  the  rea l  c losure  o f  (K '? ) '

I f  I  =  Ou then ( f r ,  Or  g )  le  a  modeL o f  f i  ex tenc l lqg  (K '  o '  ? )  end

*e  .have no th lng  to  p roveo So Le t  us  sssune t  "P  
0 ' 'Then rve  oo [ -

e lder  t ] i t  famJ. ly .g  o f  tho  subf ie lds  N o t t /x : :o j : t *  to :6 r ]  i {  i s

a { i - o r d c r 5 . n g o f l { . T h o f a r n t l y l t s n o n - e m p t y ( I i € r ) a n c l l n d u c t i -
veLy o:,dcyed 'r i i th rGspeat to lnoluslon' By zovnr s l-emlna thero

exlsts {1.r , rnxi r .a l  member F of  th is ferni ly"  ret  r  =f  nF be the

.oo l1 re  spond lng  t *o rder ing .  Then (F ,  T)  !s  an  a lgebra ioa l l y  max! -

n a l r n o d e L o f \ ' / . I n t l e e c l r i . f r ' ; e a g s u n e t h e o o n ' r r a r y ' t h e r e e x i s t s
a  D r o p o r  a l g o b r a L o  t - o r c i e r o d  f  l e 1 d  e x t e n s i o n  ( 3 t  r  t t  )  o f  ( 3 t T ) '

F

Since  (K ,  r i ;  i - , s .  s l - so  the  T "L t l . su ro  
o f  (F 'T ) ' ( l ' ' l 1 t ) can  be

embec lded  ove l ' (F rT )  tn to  t t ,  ? l ' ' Thus  we  ob ta ln  a  n te rnber  o f  t he

icnr ! I1 ,  1r ,  rvh1ch is  e  proper  extens ion of  Ft  cont radtc t lng the

. m a x j . i : o n l i 1 i y o f l o T l : o r e f o r : o ( F n T ) t s s n e l g e b r e t c a l l y r n a x i m a l
node l  o f  \T  and  henoe ,  by  (4 . , r ) ,  ( r ' rT )  t s  a  modo l  o f  f f .  v "o  oon-

c l r rc le  t l ra t  f r  ro  tho rnode.L*qompsnlon of  \ I l .  aoB.De

, (4.4.) .c-ggg]. ] ,9-1E' r 'st  (Kcl)  be a *- t i1t- l : .1 f ie ld" Thcn

(Krp) xs r in algobr.aloal l :r  t t taxiJnel nioclel  or '  w lrr  (KtP) ls I  mo-

d

del of Yrl o ',

Ig99g* Ir (Krr) ls sn algobraioall-y maxlmal nodel of 1' l

l l  nroaor or f f  tv (4.1).
-  , d  r -

c o n v e r n o l y , b y ( 4 . 3 ) , ' e v o r y m o d e l ( I { ' ? ) o f ' t l T l s e x x s -

I

I r rr ]ced, t l re rnociel*conpletencss of reel  olosed 
i1]1,1":

F - l

| :5Jl | i ]he c:+ent /+.n3"5g and the model.-coinpleteness ot ff i-ppoups L,,J

Xxerci r ie 
'L7 

*1 's  i ' rnply by [ t ]  theorem 1 the model-coln l t ten6es

or tt". 
Qo3 '1)'
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t cn t : l u i , l y  oonp lc t c  5 .n  ocah  t -o rdc red
end  henoe  (X r l ' )  t s  en  a3 .6ebra loe1 Iy

( A  t r\6rc?.) 9-9ff- l1g$:r.  le[ ( l {rP)

foL lovr lng ho ld:

r )  ?  o | . Z L l t  K 2  e n c l
o f  K 6

f  [ e1d  ox tens l .on  o f  ( lC rp ) ' ,

maxlnra l "  roodoJ-  o f  \yo Q.SoDo
J\./

bs e modeL of  T i l .  Then the

honoe P I.s tho unlqu.o t-orderlng

X l . )  K  hse  e t  mos t  two  o rdo r j . nss "
J - t i )  I (2  ! s  a  t r i v ta t  f an l  l " * .K2  i "  a  fen  and  ( f : r r . 2 ) {  4 .
J-v)  K is  ] rorsdS- tcr t ly f f i  -  pythagorean.

Egq.g.q.c The ets{ iemont ts tr iv iel  for t  o Or f ,o we $ay
absu-ms \  A o.

[ )  l e t , a  (  P n  e n d  v ( a )  = o {  r  w h e r e  v  d e n o t e s  t h e
t -va l . t ra t icn at  tacbed to  P,  S inoe v(  I l ) /  c  . . ,1Tr \  €  i&/  , r ,  thcre ex j .s t
ol ' r f ,y  t ' io  poseib i t . i t i .ee:  er i l rero t  e  z  v  l l r j ' " i .  q€f i  2  v( i ( ) .  r f

" { E 2 v ( l ( )  t h e n  n . = y 2 * v i t h y €  I ( o  a n d  u € O + , . A s  e €  ? u s n d
Ko. ls rea. l  aloeed tt  fol lovrs T a K; 'o.,slnce v i"  heneleI ien we
oonc lu - . Je  i ha t  u  e  K '2  and  henoe  a  €  Kz .  r f  oc€  1+2  v ( i { )  t hon
& = ty2,,  wi*elr^y € K' ancl u € o$. rn t tre seme. i{ay es qbove Lt
fo l lc rvs u € i< i2  anc l  henoe I  4  t "K2.  Thu.s  3 ;  Kz\ ) t  K2"

f f  )  i (  t s  py thagoreen ,  l . e . i (2  t  I *  =  K2 .  Indoed ,  l e t
x€Ko .  lYe  have  to  shov i  t ha t  1  +  *2  €  Kz" . i {e  heve  L  +  x2  €  p  3 !
=  K 2 u  t  l i 2 s  r f  , r . ( r , )  / = o  t h e n  1 +  * 2 €  K 2  s l n o e  v  ( 1 + x 2 ) ? z . r f K )
and  v ( t )  =  Ln  I ' f  v ( x )  =  Q  then  v ( l -  + .  x2 )  =  o r  beoause  o the r rv i se
I  t  E|  = .0^wh5-ch le  ebsux i  s inoe I (o  l .s  rea l  c losedn I t  fo l lowc-
l" + x2 € li2 .tgo o

Si.lrce K ie pylhagorean and Kufuu,*z =f*, K"2r* * ,fT
vr6 00nc1ude i lrat ? end ?r = Kzu-tft? l-K;;. fh" only orderings
of  E.  - '

f - f t)  KZ 'rs I  fen as j .nters.ect l-on of. t
and pt  r l (z  rs  a  t r iv ia l  fnn s ince ( l ie  I  Ko2)

Lv)  Wo have to  ehov, r  tb .a t  K f ,s  heredt tar t ly  n-pythagoroar .
for  every nature. l .  number  nVr ,  l .eoF2tr  +  F2n -  F2t r  for  eqoh
n 7rL and for  evory for rna l ly  ree l  a lgebrs lo  f le ld  extene lon F
of  Ko lc t  F bo such a f lo ld  extens ion of  K and ls t  x  4 :  F? \ye
havo t io .  show that  L  + *2"  €  rn2 ln  r ,o t  v  be ths t -va luat ion
a t t n o h e d  t o  P .  s r n o o  v  X e  h o h e e t i a n ,  v  e x t s n d e  u n l q u o S - y  t o  I
va l .u ro t i . on  w  o f  F "  Y /e  may .egsumo v r (x )  )  0 .  Thgn  w(1+x2 l )  *  o
beoause.othorwiso 1 + E2n ,o  or  whl .oh J"e.  ebsnrd.e lnos F*  o  K. t , .

/rc,rL ,l ll q $ 1

the order lnge P
= 4 .



J'B '.

is real cLo'cd c l .{oresvor $,s have L + ?2n = T2S 19" uolu T € I($'
2 n  :  F 2 n .  Q " E " D .

$ ! n o c ' w  l s  h o n s e l i a n  t o - o  w e  o o n o l u d o  t h a t  L  +  x - " €

I {o lv  lo t  I (  be 'a  formal ly  t -ac l lc  f io Id .  anong t } ro  a lgo-

bra ia  f te lc l  c ; i tens lons of  1(  l ' rh lc l :  ere formal ly  t -ad lo  thero

exfs ts .  e  mnxfu i r : i l  one by zorn l  s  lcnuola;  th te  is  oa l le< l  the t -edtc

oLosu.r .o  o f  1(o T lo  t -ec i [c  c losuro,  say F,  o f  I (  [s  equLpped rv l th

.s  ur : rque t -ordcrrng T = F2rJ t  F2"  rn  genorer  the ' t -ad i -c  cJ-os*ro

l .s  no 'L  un lque,  I f  P !s  a  6 !von t *order i -ng of  K then t l rere er : ls ts

l -x*naio , ,1 .o" , t "o  r  o f  K vrhose cenonioa l  t -order lng extend

yi le  proceod ec fo l l .ovrs l  le t  ( f r ,  F)  be the rea l  c los ' re  o f  ( I ( t?) '

I f  t  =  O then ( f ; f ' )  set ls : f les  the des l red proper ty '  I f  t  I  O vJe

ohfoec by Zornrs lonm? a nsxlmal subflel i l  of t / i t  wf ' t f  
:n"^O#-

ner" ty :  T *  FJ ' l  f  fu  a  t -ordcr fng.  ' Ihen (FrT)  ts  a  rnodel -  o f  Y i  '

; "=  ; t  J  t  FZo r '  'e  a  t *ad lo  o logure of  I { ,  snd s  extends '  the

glven t -order lng ? of  I {o  J , {oreover  }Ye have ths fo l - lou lng reeul t :

(4.6)o gg9p.9gi!-1.9.&- let (K,p)' te a t-ofderecl fleld end

v  b e  t h e  t - r , a l u a t l o n  e s e o c l a t e d .  t o . P .  I f  i e t t h e r  t  =  0  o r  t l r o -

value grol l .p ,r(K) le a f f i -group then the t-adlo .cloguro F of Kn

; ; ; ; . ; - ; ; ;  the untque t -order lng r  =  F2 t l t  rz  or  r r  extonde P '

t s u n l q u e . u . p t o e n o r d e r e d f t e l d l e o m o r p h i s i n o v e ] l ( I ( ' P ) .

Inp3.f,* $[nce for t = O the reeult is v;e]'] ; '*novrn r{e

.ehal.L &ssune the't  t  F 0 snd t ' (K) [s a / fogroap: o' :  have to ehow

th r i t  t he re  ex i s ' t s  I  mor ie l  (F rT )  o f  f  v rh loh  ex tends  (X tp )  and '

oah  be  embedc lod  ovc r  ( I ( r f )  i - n i ; o  eaoh  modo l  (F t tT r  )  n :  f l . ex t€n -

d ing (Kr?)o \ i , re  proceed 8s fo1 lovrs .  Let  v  be the t : 'q ' rs luet lon

a t t a c l e d  t o  ?  a n d  1 6 r r v r )  t h e  h e n s e l L z a t l o n  o f  ( K t v ) '  I f  t h e '

" o , t c ] u e f i ' e l d I i l , , = I ( w ! s r e a ] . c ] . o s e d t h e n ( I { t , ? t ) l l v h e r e
; ; =  x v - Z v i  K W  l u t i u t i " "  t h e  d e s l r e d  o o n d i t i o n e . ' I f  K v  f s  n o t

rea i  o loeed  le t  (F rv , r )  be .an  un r6 in i - f l ed  e lgebra io  ex tens lon  ' o f
' (X,  

,v '  )  hev inG. ,*h& ros idue 
l l * td .  

u* , leonrorphio over  I {o  u i th  t i re

reel  c l-o 'gtu:e t f r , r ,F) of  ( I (vrF),  wirerd 
T 

t"^*n: 
:1: t" tn* 

of Ko'

Lncluoed by ?.  Such em extens lon is  un iquely  determined up to

Lsonorphisn of  va lucd f  le ld  oxtet re lons of  (Kt ,v t  )  o  ldorsover

; - ; ' ; ' ' ;  ; ' ; ; - 1 "  ; ; ;  * r J rc  t -o rde r ins  o r  F  snd  (Fe r )  sa t l s r i es

t h.e cl  os' i red,.  o ond.i 'b lone '  '

on  the  o tho r  hand ,  l f  (F t  rT !  )  l s  an  a rb t ' t re ry  mode l

o f  f l  ox tonc l i pg  (K rP) r  F  cen  be  iden t i f ' t od  w i th  the  s3 'gebre io

c losu ro  o f  K  i n  F r  anc l  T  I s  l n< luoed 'by  t ] re  t -o rdo r lng  T r  o f  F ro

Indoedr . .Le t  N  bo  the  a lgebre [o  c losu rs  o f  I (  l n  I ' t  "  
s lnoe  tho
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v e l u . e t ; l o i t  v r r  s u s o c i . a t e d ' t o  T t  l e  h o n r i e l t e n ,  l t  i o l l o v r s  t h a t  t h e
f i e ld  I I  oqu lpped  w i th  thc  va lua t ton  v r r t ) l nducec l  by  r v t  Le  honse l i en
toon Thc ros lc l t re  f  i .e Ic l  \ , ,  oan bo ic icnt  i f  i .er i  v r i - th  the a lg ;ebra io'cl .osure 

of K.,r  [n I* lr t  vrhloh ls loomorphlc v; l th tho real cldsuro, * \
of  (Kv?P).  s lnoe cvery nor lo l lorph ism ot .Tb-#oups ie  pur€ ond ' l ' i i .s
a3-g;eb i :e5,o or rcr  I {  t t  fo l lovre that  the oxtcns i -on ( i I rwr tJ f ( t t rv)  l .s .
unrSnl f  5-e d,  J- .e  nYrn ( fV;  =  v(K)  "  N 'bocor i les  e nodel  o f  W,  vr i i ;h  the
t-orderi .ng Ttt  = 1,12 Ll i  N2 = TtA Nr and (t frTtt)  is lsomor.p]r i-o wJ.t]r
( F , t )  o v e r  ( i ( r ? ) , Q . S . D .

(4.7)  -0sxpJfs-rx-"  lot  (KrP) be a t -ordored f ie ld and.v
be  the  t - va lua t ion  Bssoc ia toc i  t o  Po  .Assurne  th .a t  e i t he r  1 '  =  Q  o . r
tha ve: l .ue gropp v . (K)  L f l  a  Z-group, 'Then.sny tvro models  or  f f
ex tenc l tnS  ( i ( rP )  e r ' e  e lemen te r t l y  e i l u i va len t  ove r  ( I ( r? ) .  I n  pa r *
t l cu le r  thc r ' e  ex i s t  on l y  t l ' uo  oo rnp le te  ex tens ions  o f  t he  theo ry

a-/

Vi r  one  ! c  ob te lncc l  by  add ing to  the  ex ions  o f  f l  t he  een tence

3  =  O ,  t h e  o t h e r  o n e  b y  a d d l n g  t h e  s o n t e n o e  ! *  C .

'  
S tqQf - ,  T ,e t  (F rT )  end(F ,  11 ' r  1  be  e rb l t re ry  mode ls  o f  f r

v rh l ch  c ; ' r t end  ( i ( , ? ) .  By  (4 . .6 ; ,  t he re  l s  a  mode l  ( f ,  f l  o f  f f  ex -
t e n d i n g  ( l i r P )  r v h l c h  c e n  b e  e m b e d d e d  o v e r  ( l t r P )  t n t o  ( F r T )  a n O
( F t  r T t  ) .  . q s  f r  l s  r n o d o l - o o m p l e t e  v i e  c o n c l u d e  t h a t  ( F r T )  a n c l .
(F t ,T f  )  a re  e lennen ta r l l y  equ lva len t  ove r  ( f r ,  f  I  end  hence  ove r :

.J

$t  rens. ins to  ehow that  lY has on1-y t rqo compS-ote exten-
sJ-onso Lt r l ,  tu ,o  models  o f  f r  rvh ich ra t is fy  the condi t ton t  =  0 '
are ree i l  c l .oeed ut r .C het ro.  L l ***ntar i l -y  equiva lent .  0n the other
l ranc l  every . t *ordev 'ec l  f te lc l  eat is fyng ' the oondi t ion t ,  F  A ts  sn
ex tens ion  o f  t he  f i e ld  o f  ra t i "oneL  func t lons  € ( t l  equ ipped  v r i t h
the u.n! -que t -or 'der ing Po desar ibod in  $  3. .

t ) .  S l n c o  v o  ! s '
t he ory

of  a lgebra io
f le l .d  6  ot  rea l -
=  K 2 u  t  K 2 .
# oJ ro oonl*

Q.tr '  .JJ,
(4 .8) ,  i i ,g jn{L€. : ' .  the c lasg of  those t -ordered f le lds

( I ( ? p )  w l i ' i . a h  o e t l e f y  t h o  e d d i t l o n a l  o o n d i t l o n r  l f  t  I  O ,  t h e

valuo glot lp v( l{)  of t  ho t-valua t  j -op v at te ohod t o P ls a

let vo be" the unl-qr.re t-veluet i"on of €(
d iec r - .eu r ,e ,  8oe .vo ( f ( t ) )  =7o ,  i t  f o l l o . v re  the t  the
^ t f t

Y/ U ( 'L '* C-i  hae agrime model,  narnely the. fJ.eld
pov re r  ee r les  K  =  8<  t  ) r v t th  aoe f f l o l cn te  tn  the

elgebrclc nuntbe r 'o, end the 'b-ordejrlng of K Xs P
$inco ff fu mc,de 1-o ompi-etJ 1vo collclucle that fr 

"&p l c t  e .

f r-group, ls axloma t izable In t  he f  l rr :  t

by '!? t t hc o ort:o rponci lng t lto ory. t hen by
ordor langue[o I , ' ] l . .note
( 4 . 3 )  s n o  ( 4 . 7 )  w o



oonc lu .d3  th r i ' t

* 2 o *

l t ' f
t t Le t he mod o 1- *c omtr 1o t i-on of Yri L'

(4 .9 )  t f e  end  th i .g  soc t l on  r r t t , h  e  pa re lLe l -  be t l veen  the

' t h . a o r - y o f f o r , r n c l l y t - 4 c 1 . ! c f ; i o l d s c o n f r l ' d e r e d [ n t h e p r o s e n t l ' l o r k

end the t i rco:y  o f  for rnn '11-y  p-nd ic  f  ie lc ls 'dovelopod by Axo Kochent

Rocluot , to  anr l  o t i rc re.  the 1;*orc lored f lek ls  correspond 1;o 
1n*  

vst

l uec l f  i o lds  1 t ' ' r v )  oubJcc t  t  o r  t he  res ldue  f , I e ld  K '  l s  f  l n l t e

uu**r,  p eferncndrl ,  v;herc p is s pr lme num'ber3 ancj v(p) ls the smal-*

les. i i  pos i t i -ve e lernent  o f  the va lu-e Srcup v( I ( ) .  The I 'espect ivo

prototypec er : f6  on the or le  hand t f re  or*derod f io ld 'o f  re t l .ne l -s  #

f f  j t  -  Or  anr l  tho t -or 'c lored f  5-e1d of  re t ' lons l  funot ions Q(  t l  Xf

t ,  / ,  01 enrl  on tho other hand the f leld 6. of rat lonels wtth 1ihe

p-e o ic  vs luat  !or : "  The t -ed loa l -1-y  c loeed f  ie lc le  corsespond to

t h e  p - a d l - c e l l y  c l o s o d  f t e l c 1 s . ' , I h o  o o r r e s p o n d l n g  r n l n i m e l  m o d e l s  a } ' e .

o r1  the  one 'hand the  f  le ld  €  o f  e lgebra ic  rea l  nurnbers  t f  t  '=  Ot

epcl  t la  f te ld  o f  a lgebra ic  povrer  ser ies Q<t  > i ' f  t  F  O,  anr l  on

the o i l rs r  h .e  nd the f  le lc l  o f  a lgebra io  p-ed i -o  numbers.  , {mong-ot*

her rensrl lebLs nodols l ' {e nre'nt ion 0n the one hand the f ield E of

recJ .s  X^ f  t  =  0 ,  t he  f i e . ! c l "  q ( ( t ) )  end  iR ( ( t ) )  ' o f  f o r rna l  po l ' r e r  a€ -

r ies l  s f ld  the f  le ld  o f  q l }  gorms of  rea l  rneromorphic  funct io t rs

; ; - ; ' * ; ,  " r i  
r "  * , r .  o the r  i rna  the  r i e ld  Qn  o f  p -ed lo  nu rnborso

The r rodeL- thcoret  io  proper t  i -es evo s tn l l -br  fn  the both

o o n s l d e r . e d  s i t u e t i o n g  ( s e e  f o r  t h e  p - e d i o  o a s e  [ t J t f U J l o  r h e

ro l .e  o f  the l (ochen oPerator

t hs o.-
the

f,t"l = l x P - x

p  (xP-  x ) t *  L

from t he t he ory

ry of foritel-LY

opere t  or

of forrnal ly p-adtc f telds ls playecl in the

t -ed ia  f te lc ls  by the squero operator  snc l  by

f t * l  =  ( r  -  t  * 2 ) ( 1  *  t  x 4 )

by
oons ldo red  by  Roqus t to .  A  va r len t  o f  t he  opora to r  f ,was  f i t g t

c o.n.s Ld ercri J a o o b  [ g ] t  
l

, I i ( x ry )  =  x6-  i  t  *4y2  5  t ' x2y4  +  t2y f ' "

$ 5.  ! l re l lochen-r igg-

lot I( be I f5.o1t1, t a f ixod ol"emont of i ( ,  and u a subo



I f  t he  so t  u  l s  enp ty  we  rocovor  the  ooncop t  o f  s  fo r :
nral ly t-ecl ic f  iekl ,

2L

ee t  o f  I ( .

lie_t:irpj!-lqnq ln ordorlng P

f f i .T u l"f F fs a. t-orcterS-ng enci.u C

,llS.fJ.n"L!"Lirt. The fteld K ig
[ f  ' thero J.s at  loa.st  o i to t -order l .ng

Shr.rs I{

ovor . the srrbse t

o rde r ' i ng .1 '  o f  K

[e forne l ly  t -ed lo  ov€3 or

Denote bY X.^/u the

In the par t icu i -cr  cese r ,vhen

of I(r . lo cal lecl e -t :qr{cr. i ,n1i
3 .

c a 1 l-ed Jegls"UJ:_jj._qgt-9-gJ,gg
o v c r u o f K j

forrnall-y reel-

B  T  l -ea  s t  one

i .s for 'nel i-y t-adic over u l- f f  K is

f t ,  l . - t }  u  F  f n u w  e x - . o o t h e r e  i s
i u c h r h ; r  f r , ] " - t l u  F  r n u w  c P .

i {ere f  t f i l  = {  t  tx)}x € K},  [n othor v iorc lo,  I (  lq forrnr l ly
t -er lJ-c.  over u l f f  -  l  dues not  belong to the eenir ingf fu of  K
goncra ted .  hy  the  s l rbse t  f tn l - t )  u  [  (K)  u  l (?c . l  u - , " t  

' ] . lu t

n f  1  !  C  r

I  =V*Lur tJ  ne the subr ing of  K generated by u u t 'uJ .  I t  fo l lor . ;s
thet .  the .cJ .ass of  those f le ld  extens ione F of  t1  v , 'h ioh ere for -

nra l ly  t -cd lc  ove r  u  [s  ax iomat  lzab le tn  the ' f f *s t  or 'der  i -enguage

of f  teLds 
'ext 'enclod 

rvi ' i , ;h inr l ivtdual constants vrhich ere narae s fo::

t he  eJ -emen ' t s  o f  u  U  f , ' t ] "  I f  F  t s  I  menber  o f .  t h l s  c lass  then

every  l n te : ' l r ed la te  f i e ld  be tv teen  A  and  F  i s ' a l so  fo rna lLy  t -ad i c

ove r  oc  Th is  c less  i s  non-empty ' l f f  t he  f i e1d  o f  f r -ae t i ons  o f  A

ee t of a l-1 t  -ord er5.ngs over .u of K.
u  i s ' emptV  X ' r . .  coJ -na ldes  I ' r i t h  ' t he

r \ . fu
eet  XK of  e l l  t -order ings of  K.  The set  XrTo Xe e c loeed subset

of  the cpace Xn.

De f in i t i . on .  / r  ve [ua t ion .v  o f  I (  l s  ca11od  e . t - ve l r r .a t i on

over  u  i f  t  generates 'eho maxrrna l  ideal -  *o  qnd th .  resJ-due f le ld

K , , l s f o r m a 1 1 y r e a 1 0 v e r t h e s u b s e t f f i i = | t € K * , | " , 7 u n O o J .

For  u empty rve recover  by (3 . .3)  the oonoept  o f  e  t -va. -

Lue t tono  I f  {  =  .O}  I  ve lue t ion  v  o f  I (  i s  a  O-ve lua t lon  ove r  u  t l l

v i -s the tr iv i .al  valuat ion and K ts for 'nial ly real- over u.

.  I f  P  i s . a  t - o r d e r i p g  o v e r ' u  t h e n  t h e  o s s o o t a t e d  t - v a -

Iua t lon vO [s a 'c -ve lua t ion ovor lto

-  I f  v  J -s  a  t - ve lue t ion  ove r  u  l e t  us  deno to  by  X , IZ , ,  t he

eo t  o f  a l l  { i ^o rde r inge  P 'ovo r  u ,  wh loh  a ro  oompat lb lo  w l th  v ,

l .en  1  - t  
\  (  Po  ?rooeed lng  as  l .n  $  3 t  Y Ie  ob ta ln  tho  foJ" lowlng

reeul t  r
,t (5"t)  $.bg-q.Ignl i  , . )  I ,et v bo a t ;valuat ion ovor u of K.



e z e

i

Denotc bV Y ' \ :  tho sot  o f  thbse cr r t lc r ingo of  i ( ro  vrh lo j r  oonta i .n  the
-: __-lL-

suhset  ; { -Z ibv,  enc l  by ZX tho group,  o f  ohn: :eotOrs of  the faotor

.  
group v( i i ) /v(. l i ) .  Hero ui l  = J,r* fb3 " 

t , '  "  ,1, ,  0 c

T h c n  t l t " , r = .  l s  e  ( n o n - o a n o n t o a l )  b i . j e c t i v o  r f i a p  f r o m

Xi l , ro  on to 'Lho  ca r t cs ien  p roc iuc t  YX  
"  

Z ; .  I , l o reovc r  t i r i s  b t Jec t l ou

J^s also a. l rot ie or" iro::phi-sm lf  ue 0onsfuler the oononlon'L 1'opol.ogy

on Yd end t] : .c topology induood on Z[ UV t ire procluct topology

r - ., .o'(i{)/v( lri)
on [:+: 

.L J e
. r *

X-f  )  The epao"  XK/u of  t -order lngo ovor  u  iq  the dLe" jo inT

Urt iol f  U"i l fo vul: .ere v r 'angoEr over the sst of 'h-: ,raluat lot ' is over

u of  I i .

I-J.r) I f  P g x[ lu then oo. = o(]) = f  * €K/t* 'u*ze r] .

X.v)  K f ,s  formal ly  t -ad ic  over  u  l f f  thero e: l is ts  e t

J -ees t  ode  t - ve lue t ion  ov€ r  u  o f  K .
a . .

gtg_q{"  Only  f )  noeds sg4o explenot l .one ' "  lhe other  s te t -

ornents  foL lov ees i ly  es xn $ 3,

I . ,ev f  :  6 ! t .  -5  v(K) / , , r  ror  be tho sur ject ive nrorphler r' u  '  Y w u /

lnclucecl by the veLua t J-on v. Denote bV F : r ' (K)/rrqJ;) * t ' " . /J, ,

- r r ^ t - t
a.  IFZ -  l lncar  r r rap subject  t ,o  i  a / ' .  =  1 .  f ie .d 'e f tne I  map

r r  .  v V  ^  v V  *  ? V  ? . t "  ^ r r { . * { - *  .  F  
-

r t  t  t r i l . , 4 Y , , . * Z ;  b v  p u t t t n g  t  t f ( P )  s  ( f , r ) , .  r v h e r e  ?  i - s

the  order lng  o f  I (v ' tnduoed by  P,  and 6 ls  the  compos i te  nbrph ien
)t

- v(r)/v(J;)- !* ,r"/tr i  :-> K'6r'E [ * *"
'The 

r iep f* hes &n lnverse B*. def ined as fol lorrsr l ,et
/ -  t

( F r t r ) € v [ x z [ ,  a n c l  x ( I ( ' .  \ ' / e  h a v o  x = { %  v r l t h y  J $  =

* J4,(v(  x )  + v( .1f , ) )_and'd € 0; '  t ' i lo  put  x € B*
{ .6 ( r ' (x )  + .  v (J ; )  )  €  P .  t l  

" t  l - y t  
z t  

"Ls  

auot } re t '

t h e  , q e l n e  t y p e  o f  x r w e  h a v o  % o 7 . 1 - r '  €  O ; n  J u

( F ,  a )  m r  r .
repfesenta ' t  lon of

onc l  honce ZoE' -L€ 'F ' .
,Jhu.s r /u(T, (  )  ts wol l  def Iner l .  I t  fot lows oasl-1y that

g ; ( F , s . ) e  i l f l r r r ,  9 . . . q  
=  1 r  a n d  s , " { . =  1 .  Q . s n D n

f t r f f
.  Nor.,r  let rrs conslder tho fol lolvlng eubrlngo- of Kt



€ 2 3

f T t 
:

l r - i . ? l u ( J u ,  z - # -

. f *e  nf r  *  1*r€ ru J  = nC111) ,
whore p ranges over tho set  of  ar , r .  t -ordcrrngs Qver u of  K (we

; " : - - ; ; . tu t t  
tha t  Ju  ls  the  ln te 'ssc t lon  o f  a r r  t *o rder ings  over  ,

b s o r v o  t h a t  f o r  t  =  o r  6 l t l  , ' , ,  =  f )  * ,
'  

O b s o r v o  t h a t  f o r  r  =  o ,  € f * J , * ,  =  e  e n d  R u  =  K .  r f.  t  = o ancl  u is .ernpty *n:x uu cornoJ. t les * , r tn t i re Saer r ing ofxif f l  (see fcr instencc [+] rfr"oren 2.4).
. .  3y (5"L) g. ' t  fol lor, ,rr :  R,,  *n 0u vrhere'v ranges over thesat  o f  ar - t  r r ; - i ' s1*n ' r lone over  u  of  I ( .  BJ rn" logy w,- th  the thooryo f f o : - : l i a 1 1 y p - a d 5 . c f i o 1 d u } u - a a 1 1 R . , t h . M i { g g g g u .

tr 'or 'u empty l ' ro ob'bain the (ebsol-utei l ! .ostreF. r inq.*gs Kr denotedb y  R  *  R ( r ( ) .

,  (5 ,2)  lq l rg l .  8 , ,  ls  a  subnlng of  Ru,

&gof,-r 'Jhe v'esur.t is triviel' for t = o, so v,e assrlmet  F  C .  The  r .esu l t  i s  e l so  t r r v la l  i f  I (  i s  no t  fo rma l l y  t ; ac r i c'  over  u ;  in€o-  t  
f  1"  

end.  hence R,*  = Ko .Assumo that  K ts  fc , rmaJ. lyt -ad ic  over  u  en 'J  r -e t  p  be e t -o ioerrng over  u  of  K.  p  J .nducoson  € ( t )  t he  oenon ioa l  t -o rc je r i ng  o r  € f  i l ,  , "0 ; ; ; . "
Q ftJ6t) G 0 rpt = f,, eK Ji:;;e?;/"=;;;'rl*""'I5,,. r,re have to
show thet fh € ffp>" rndee d, vre n*rro l-t t#l ,: ,?:€Us*+i

e l n c e Z , 1 - t € J , , C ? . , i ' , 1 e c o n c 1 u d e t h a t 3 u C R o . = H * 6 F "

(5 '3) '&gureg Bu ls  a  Pr . f f . for  r ing wi th  Kast ts  f le ld  o ff r a o t i o n g  o  
* * v * u  I

lJ"pg€. r '6 suff ioos to prove_il ie r"rrg f.oo the part: icu*ler  ceee rvhen 'u 
is  empty.  1,et  n = Q [+1 f  1 i :  

I
rvhere r is *.!" ee,niring of, r( senera-J',lJ',t"-rf:rT' 

% F - lJ
f e

.  t t r L * ' [ Ju  d  (n )U  I ( t .  J  oo lng tdes  v r j -h  tho  l n te rseo t lon  o f  a1 ] .t -ordcr in3-e of  Kn

'  r f  s  i s  no t  fo rmo l l } ,  t -ad lo  thon  J  =  I (  and  henco 'B  =  I ( cl issume t l iat T 
j-s foi : inal ly t-qci io. Fir$t let us 

"rro* 
that I(  iethe { ie}d of  f raottone of  B. r f  z t , r  th ln # a; ;  , fo-^ '^- . J .  -  

T *  €  B ,  a n d  h e n o o  z  €  Q ( l l ) .  O n  t h e  o t h e r  h e n d  K = J d C a ( B )

t s , r * q , l  :
J

f * l
( t )



tL)  lo t  v  bs I  va luat lon of  I t ' Then v ls a t-vaLuat i 'on

over u l f f  0v )Ro end t €mo'o

,.1-t)  svery overr lng D of Ror [n part ' tcul-ar Ro Ltself t

L s a ? r f g $ . f e r , - r f n g w ! ' i i h K e s t t s r i e r a o f f r . a c t i o n s l a n d t [ o
ldeaL-clasf i  **o"n C(D) of D is I  2-group' 

, . '  ,7. |  . - . .  -2 L *nl

E*opj . i  L) '  l lenote tv  tn the r ! 'ns u"Lfu l " 'u :  z-  F '6J"

I f  K is  noi  format ly t*adlc ovor u,  Ju *  X-aia hunou 11 
= 

f"  
= I {o

B y  1 5 . 2 ) r

.3u C l iu"  on thc 'other f t t "a '  Ru *  n Ot '  * l " t l  v  IEr lSes over ' the

eot  o f  a l l ' t - v i l l ua ' t ions  o 'o* t  I  o f  I ( '  i e t  v  be  euah s  va lua t ionn

S l n c e v ( t ) L s t h e s n n a l l e s l p o e l t i v e - , o l . e r n e n t o f v ( i ( ) , ! t f o l l o v l s
* % * € O * , f o r o v o r y  . e K , T r | e c o n o l r r d e t h a t l . { c R o o . T o p r o v o
uz^t '  '  - :  suf f  loes to shovr that  Ro rs tntegral
i t tu 

"equ: l t ty  i { .  = Ro l t  sufr l "oec ro
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ovei r  l i l  end l ' , {  is  ln ' togra1ly  o loscc l  ln  Ko Tho la ,b t  oonOtt lon [s
sat is f iec l  s lnce l {  ls  Bn o" 'or lng.  o f  3o vrh loh.  ls  s  Pr lAfer  r lng tn"
K by (5.3)r so t t i  r :-omsd,: l)g to si tor, /  f ; i ia ' t  Ru le lntegrel over j \T.

I fu 's ' i ,  lo t  us observe that  t  R. ,  C Bo C l , [ ,  Indoed,  le t

0  f '  n€ " t l u "  uhcn  1  *  t , zZ  e  J '  and  hcnce  \ * I  n^2  * ' l dJuo  I t  f o l - *

-  
' . 2  

1  2 -
.J .or , ;s  t ,z-  r  bE-- ; ' -d-1*bat-  €  3, , ' .  Thus tz '€  Ru for  each z € Run

1  +  ( t ' - ' ' z * ' -L )  u
. i  2  1  2

tde 
'conolur lc 

t i rat  r ,n E * (ry) -  t  (ry) € 3,,  for ove]:y z GBuu J."e n
t R,, C ilu.

Novr  l .c t  ue remark 'Uhat  1{  eqnale l ts  r5-ng of  f raot lons

r . r i th  r :espec ' t  tp  th ;  nonr- r id  l -+ t i {o lndeod,  I ; t  'd  = ( l+ ty)*1 rv l l ih
y6.U.  S lnce y  €  I , f  C RLI  i t  fo l lo l ' ;e  y  €  O'  and hence ,4 .  O+ for
o r , r ch  t - vak ie ' i ; I on  v  ovc r  u  o f  I ( ,  Thus  z  €  Ru  end 'hence  t z€BuCu.
T h e r e f o r e  z  =  1  ( { i z )  y € l ' d  a s  c s n i ; e n d e d .

I ,e t  uF shorv that  R, ,  oo inofu les wl ih  the in tegra l  aLoel r . re
ldt of lJ ln I i .  Thls fect fol lovrs fronr ths general theory of fr :r-
roe l l y  p -ao ic  f l o l c ie  [ l  ]  Theorcm 2"2 " . ! ' c , r  t i r e .oonvenJ .ence  o f  t he

reader- \ ' ro  lnc lud.e here I  proof"  S lnoe l r r t  !s  thc in tersect i - r rn .  o f

those va l t re ' i ; ion r in6s of  K whlch oonte in  L{ r  we have i r , . f rC f i ,u .  lb t

r,  € K \  I{ t .  l j lnce I(  ls fornal ly t-acl io over i : . ,  the Ldee,l  t  [ i  is
proper .  I t  fo l lows thst  rhe ideel -  b  = * t l  [ " - ] l  

- r  , - l r , f r [  
" ; t ;  

t "

the r f ,ng nr Iz-1]' n

+ u*r f bt z-L

i s  p rop€r .  I ndecd ,  l f  1€ t r then  -

5.=o
vr l th eXrbf,€ l l i and henao . (1  *  t  oo)znnl  *

n-1
f r n - {

>  |  -  r  \  - I J * I  -  r+  L  ( u l o t + b 1 ) z ' "  * o b r , = o "

Slnco 1+ *  u , ,  [s  a  un l t  ln  I r l  we aonolude that  n  ls  J-n-

tegr .e l  over  J , {  vh lah [e  absurdo T] rereforo the ideal  b  is  propcro

then z,^L Q b c ci  for soine maxi-nal idoal o of rn I  z-f  "
l \e  t l rc  cenonicu l .  norphi . r . :n  l , {  -+  t t '  f r^ f l / ,  is  eur jeot lvo l  i te

0' : i{i, 'rncl. o n li,I is s nr.:ximal iclco1 vrl:loh oontsihs {i },1o

rlccr:rc1i-rrg t  r :  ther p.[eoe ext enslon theorom th.cro !s a

valuat lon r lns  0 , ,  o f  I {  suu]eot  to  M lU 'J  C.ov and o.= mgnl r i t r -J
t rst  qp shol  tha' l ;  v i$ e t -val-uat ion ovor t l r  SJ-noo l ' [  C 0rrr  qud
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henco .J , f :€  0 , , .  for  eso l i  z  €  K '  l t  fo l lovrs  thqt  t ' ( t )  ts  the

l;;r, -:;-lrrrt iu, elenre nt tn v(I() " T't rcma lns * t 
"';.tY=*llt 

the

resi, t i r io f i -elci  K'  le '  for 'nral- l -V roal ovcr thc subsot JunOv"

^&erjrrrffi.ng the ton"r;:**' 'y Lt follotrs -1 = % ty f"9r sorire z € Jut

y, € 0v.,  an<l hcncto v ( :* t 'z)  > o tor solne " €trr '  ut l  ot" i - : to. i  t : . -

t racl ic ' r i -cn sincc RrrC [ iCcv end t t tnt* 1]7 i j f jou' t ( l+z)t .(  
o '

\ y c c o i : c l r : . i l c t h a t K u i . s f o i r f i a l l y r c s l o v e r J o / 1 0 ' r r r e n d h e r t c e \ r

f ,e  a  1-vetu-at1op over  u  of  I {n  on the othor  i tanc u *  o ,  eLnoe

. ; : t ; ;  ; . - -a  rn " "  r t  f o l l ows  ^  #Ru"  Thus .Ro  [ s  the  J 'n t cg ra l  t l o -

Burc of t{ i-n K"

l t )  I ' c t  v  be  a  va lua t lon  o f  K '  I f  v  i s  a  t - va lua t lon

o v e r u o f i i t h c n c 1 o a r 1 y t € r n o . a n d R o C O . , ' C o n v e l e e 1 V l 1 s $ u t n e

thar  t  € ry  and Ru c ov"  stnce v( t )  )  0 , "u 
_74,€ 

Roc0v for

e e c h Z € i r [ t f o l l o w s t l r e t , , ( t ) t s t h e s m a l l e s t p o s i t t v e e l e r n e n ' t
o f  v(K)"  In  par tJ 'cu lar  Ru+ K end l :ence K !s  fornra l ly  t -ad i -o-

ov€3,  *a To aonclu.c lo  that*v  ls  B t - :vs l 'uet ign over  u  i t  remalns tc

ehow I{.\, ts fornia].]-y real over the subs.et .r,,n o,,. trssurning the

cqn t ra ry  L t . f o l l ows  F  1 "  =  $  -  t y  fo r  some '  n  l u ' . rX -€  Ovr  end '

henco' , ,here is r '  e Jusuoh that v(1+z'  
] j ' l : t '  f t t ' ,01, '  : "^: : t

othe:: hancl ,  oi trc e z €Jv, lve have # € BoC R,rC oor a aot l-

t  recl ia t  ion.

t f t)  $[nce. R,, f ,s & ?r$"{"rer r ing ln Kt every overrf ,ng

D of Ro ls a f-r lal f .r  i tng tooo As evCIry euoh r ing D is an ln;

tersect lon sg v4 l t ia t ion i ' lngs havkr$ formal ly  rea l  res idue f i -e lds

( tn part i . , . r io,  *n" por{,r ,om.r;  x2,n t  hag no solut ions in the

ool 'r :0cponcl: tng resicl l re f  ic ld")- ' l i  foLl-oiTs o{ *rre 
{Edtu^" : i :*--

sion for holc: 'e*rph,S r lnss t  [ : fJ Theorem 1) that 
1n*_ttol ,o:

* " " " ' - t io l  o f  'b 'o  f ln i te ly  eu;u; ' * ted ' f raot lonal  5-dee1s of  D mo-

du lo  thc  p r inc ipa l  ones  t s  e  2 -g roupo  
: 'U 'o :

(5 .5)  !Sggl ]S:L ' -  Suppooe'  thet  t  10"  Then ihere J 's  a

oanon lca l  b l j c . c t i ve  nap  f rom the ' speco  o f  t - va lua t i ' ons  ove r  u

of  i (  onto the $psoe of  pr i .nre J-deqls  o f  tho faotor  r ing Ru/ t  R, r ' -

8 r o ! - t * S i - n c e l l , r i s a p r i - r 1 ' f a r r l n g l n l t ' t h c n a p
pF+  (Ru)p  f - "  ,  U i too t l i n  f rom tho ' speoo  o f  p r l ne  l doa ls  o f  Ru .

on to  thc  spec0  o f  t hoso  va lua t ion  r l ngs  o f  K  wh loh  l i o  o t l l  no "

T i r l s  nap  fnducos  o  b l Joo t i ve  mBp f rom tho  spa€e  o f  p r lme : ldoa ] ' r :



of F,u/.i,Rr.on ' to  the $psoe of  those ve lus- t lon r lngs 0v of  K wl i lch

ea t iu f y  th r :  qond

spsa$  co i -nc ide i l

luat lons ovor  u

f , t 5 . o n s ,  R , r C 0 r ,  a n d  t € r n n "  3 y  ( 5 . 4 ) t t ) ,  t h o  l a t o r
rv l th t l ic  spscc of  valuat  j -on r ingc of  a l l  t *ve-
o f  I {G

$ 6 o LfuUr l.c.menlr Jillg*qe--lg-plgc.c*qi-T"-*
. I t t  i ; he  ge l l c r ' a1  con ' tex t  o f  t h l s  seo t i c rn  r , ; o  cons idc r  s l1

erhi. trsry hese f ielci  K, e f lv,ed element ' [  *  O of K, ancl a f ixerl
subce ' i  p  r : f  Ko l \ ie  os$une that  I (  [s  for rna l ly  t *ed j -o  over  ]o  In
paf 'r ; i "cul irr  we consJ.r ier the oa,Sc lvhen 3 l-s a f ixccl t-ord'er" lng of
K .  I l - c ;o  \ t ' e  con6 ! r1c i :  t he  f l pec ie l  s l t ue t i sn  wh .en  I {  i s  t he  f i e ld
o f  ra t l o ; rn l .  f r rnc t i ons  S f  t ,  I  and  F  l s  emptyo  We don f  t  cons ic le r ,
here t t re  cege t  =  0  of  for 'mal1y rea l  f l r : ldsr .For  the cor ' r iespon-
c l l i rg  t l tecr ' , r r  tn  the ce$e t  -  O see fg"  ins tence [OJ.

Cons lde r  a  f  t c ld  c> : t cns ion  F  o f  K .  The  Bpeoe  o f  t hs .ge
p lacec  Q o f  t r ' /K  l , rh i ch  sa t i s f y  thc  cond l t i on :  t ho  ros idue  f i e ld
extcnston FnQ,/ I (  is  f  or rna l ly  t -ec l tc  over  I ,  ls  ce l lec l  the E, tqner l f
qpsLe-  o f  T/  (P i r?)  end is  r lenoted by $(F)  "  In  orc ior  to  s funp1- j . fy
the  no ' te t l on  i ' r e  ghe1 l  use  the  synbo l  S  l ns tesd  o f  S ( ! ' ) .  I - f  F  i s
for rna l ly  t -ec l i .c  over  ?  the t r iv la l  pLao"  lF  C-e I  menbor  o f  S,
end  hencc ,S  J .s  non*e r$p ty .  I n  fec t  \ r ' Je  she l l  see  ths t  B  nocessary
end  eu f f i c ien t  cond l t i on  fo r  S  to  be  non-e rop ty  l s  tha t  F  l s
for ' rna1l -y  t - -ec l lo  over  ?o.

le t  a  bo  a  p laoe  o f  F /K@ Y ie  c leno te  bS  Jp r  respeo t l ve l y

by Jr (FuQ),  the scn l r lng tn  F generatec l  by the subset
o  ' l  I  c ^

i t r l - ' t J  t / I ' '  U  d ( I ' )UPr  respec t t ve l y  the  semi - r l ng  l n  F rQ.  g r :no t r s *

t e c t  b y  { t , r * t }  t r  ( F " Q  ) ' y ' [  ( F . Q )  U  P .  l e t  R p r  r e s p e c t i v e l y

R?( I . ' ,Q ) ,  be  the  l (ochcn  r l ng  o f  F ,  respec t l ve l y  o f  F .Qr  ove r  Po

l i incc K and P ere f txe<l ln the fol lovrtnge v{o otrr.rni t  tho lndex ?,

u r l t t S " n g  J r J ( F " Q ) ,  ] i r R ( F " Q )  i . n c t c e o  o f  J p r  J p ( F . Q ) r  R ,  a n d

R ' ( I ] . Q ) "  T h e  o b j o c t s  J e  J ( F . Q ) ,  R  a n d  R ( I r . Q )  n u s t  n o t  b e  c o n -

founder l  r v i t h  the  oo r l : csppnd  ing  ebsb lu te  ob jec ts  e t teched  to  F

arrd F.. t l  tn the epeo i .aJ- oase l '  = f i .

i  t ho* foL to*: (6.t)  { [qigl '9.I i '  let Q be B p)-ace ln s. 'Jhor

wln6 hok i :
' t

$,)  A l i .es  ovor  the

c on{in lncd In t  }ro va l tre t  lort

I{oo}ron r ing R of F Ofer P, I .*o.I t  le

rine ffO of Q



/

Xf)  I ' Is  forna l lY t -ed l 'c  over  ? '  \

,  f f i ) ' I ho  Kgc l ta i l  g ing  n ( f i -Q)  o f  l "Q  ove r  ?  ogua ls  th t l

i rnag:s n"Q by a of thc Kc'shen r ing I ' t  of F over 9'

lggqf"  5- )  S i 'ncer  Qe St- I " 'Q f 's  fo t rmal ly  t -ed lo  ovor  ? '

The , ,Lnolus l .on R c  ug !s  t r iv i 'a l  L t  a  = LF '  assur l3  l , t ro t  a  ls  not
\4 

t(

thc  tv lv ia l  p laoe l l 'uen  uq# 
1 'uu :  2* : "  

t i  shovr  the 'b  vn( : r )  7 t  o

ror .  oe  ch  x  6  F  su-b jcc t  to  :  l -  *  t xz  €  Jo .n : - : : :1 " :  
1nu 

con i ra rv t

there exts' irs x €F eru-ch that vO(x)f 
: 

eFd !- ' i>"' t  G' 
1'--1"t,.":. :"1' - - - - - - - l -  

t  
" " ; ; *"  

oo(I , )  > 0 o i , t  Yt ;  t '  €J '  and heuco J ' -  t  cen be

Y  
= ,  * .  1  ' L  J ' L r . . L r . \ / r r u  t Q . " '  

n

- 2  - .  - t  1 r . o  w h e r . e' ropr .cscntec l  Ln the rorn y- -  t ' ;  =  l t ,  J i t

: .  0
'  d . ,  ( 3 r  , ; r , 1  * * - z \ / r - + . u - 4 )

.  ( r )  vx  r t  
L  

(1 - t )  t r1 l " " t r i i  
, ' i 1 r  

J  ( r - tx i l t ) t r -1x53/

, 
: t=',!,,

r  h  t  - ?

v r l rn  o t ,  
l r i - € to r l J  ,  

*L ron 'o r l r iS  
L€ ' . - l c ]  

'  ' L€F [c ]

v  l *  € F "  Ix i l t  r ' r x5 '  71 '1  u  - "  
, - - ,  * \  =  0  t t  fo r lov rs  l ,  =  n tn  [ , rn (v r )  \  

i  =
S l n c e  t Q  ( Y - - \  )

t  
So '  r f  l "  <  o  then Lez  vn( r r ) i  1 ' re  y tu  i ihe  fac t  t l :e t

= 1 '1 " ' t t rJ  '  
F 'Q ls forn 'e l1y t -adic enr l

v^ (1 -  xxz)  *  o l f  vn(x)  ) ,  co s lnce
c 1 - r .

n ln*u  r - t  (x "Q )2  F  o"  le t  w  €F snd fo  6  t l t  i "1 I1 ' l  
bu  suc l t  t i181 '

, . i ,  {  ) = L . T h e n v o ( Y r t ' 2 ) } r o r ( v r u ' 2 ) Q € J ( F ' Q )vo(w ' )  =  *  )u  anc  
le \Y io ,  

v  * .  
c .

i " "  r  = , ,1 ,  r . . r ^ ,  and vn(v [ou '2 )  =  o  and henoe o  f  - (Y 'o l ' v - ) "0  =

Z  ( r rw2 )  "Q  € :  J (  F "Q)  nJ (  F "Q)  '  con t ra r v  t  o  t he  hvpo t  hes l s

#1,
that  I r *Q ls  formal ly  t *ad lo  over  P '

n

Tho . re ro re  ) "  =  0  and  -  t  *  ) -  Y1"Q€J(F 'Q) '  Thus  i ro '
. 

f,*}

dorlve agaln a con'trad0'ot lott  and heiuos I t  C frQ'

t t )  l ,e i ;  Q be I  tuonr l r 'or  o f  s .  I f  Q = lF  thon: t : : *1n t

ls  formal ly  t -ac l to  ovbr  P '  T ' f  a  l1r  [ t  fo l lows by J ' )  t ] ru t

; I% / "  r  *na lvo o l i ta ln  tho son)o 0oncfsg l .on.



r iv l * .1 . .

Q ) .  i c t

. S ssurne

! . lvh.c::e

d to J. t

I - mirr

rema f.ns t o

fo r  eac l :

a*  r r  | . l  -  .o
v  s  J L c \ a  u

' ' -

J . i - f )  I f  Q  -  1 - ,o  thc  eque l t t y  R(F"Q)  =  R"Q [s  t.u.
Suppose t i rat  A t  1r ' .  F i : :s t  let  us c i io lv that  n"Q C n( l i .

. r t

x € R s f o o  " l * t x ' e  J .  I f  v , . , ( x )  )  0  t h e n  x . Q  =  0  6  R ( r ' . Q )
. v

-  n '
that vn(x) * 0.  Since l- tx? € J ' ,  \ i /o have'L-tx2 = 

I  
y

.  t he  S*  t s  ha t ' e  the  fo rm (1 ) ,  S5 -nce  F i ,Q  l s  fo r rna l l y  t -u
r " ' r 6

foJ- lor . ' . ie v^ ( l - - tx4) -  oo Pfooeecl ing as tn t )  i t  fo l lovrs
f - -  t * ,  r l }  -  r  1  " ''  
t v 6 ( . r L t t u -  r r c . . y n J = 0  a n d  1 - t ( > l Q ) ' € .  J ( F . Q ) r i " e .

. L v { r -

'  x " Q  € R  ( F . Q ) .  .
i r lo rv  l s t  us  sho l '+  thc t  R(p .Q)C n .Q.  By ,  (  514) ,

R(F.Q) = q f *lc*r f# l, er(F. r i l [ :ql " er.{" rt
1

.show that  T# € R.Q f .or .  eaah z € J(F;Q) u"a 
fu 

€ R.Q

z € F . Q .  l e t  z  € , f ( f . Q ) ;  t h e n  t h e r e  e x i s t s x € o r . ,  s u c h  t l l
l l

end x  be longa to  tho eeni i r ing fn  f^  gencreted by
e  1  * ;  f . , + ' -  

t {

t t , l - tJ"gEu{$d u P.

ThuS  J . -= * l ,Q  €R"Q ,  t e t  z  (  r , .Q  end  xg$^  be  su
4+z \r ' l ' i t  \d

c h  t h a t

;  ( = + ) . Q  €  R o Q o  \ ' / e .  c o n c l - u d e ' t h e t  R ( F . Q ) = i l . Q
x*- t

Q n n . D o

The  foL l -owtng  resu l t  g l vcs  a  cha rac te r i ze t i on .o f the

b e l o n g i n g  t o  S .

(6.2) S._C-ggJg-S* Suppose thei F ls formally t-adic. over .P

be  ' a  p lece  o f  F /K*  Then  I  neoessary .  and  su f f i c len t

f o r  Q  t o  b e l o n g  t o  S  t s  t h a t  Q  l i e s  a b o v o  R '

X o Q  E !  Z e  T h o n

a e r  c o n t G R o € Q  e

p L a c e s  a

end le t  Q
a ond i i  ion

!#p -e*  I f  Q€S theno  by  (6 .1 ) r  Q  l l es  above  I { .  conVer -

se ly ,  ae rsu rne  the t  a  l i es  above  Rr lne ; ,  R< f rn .  ! ?e  have  to  shov r
l-l

that  F,Q is  f  orncJ. ly  t -ed io  ov€r  ? . .Aoeuro lng the cont rery ,  l t lo

h a v e  1  €  J  ( n . Q ) ,  a n d  h e n o e  t h e r e  t s  y  €  J  s u o h  t h a t

tQ.  (1+y)  > C.  S iuce I '  ia  forna l l l :  t -sd io  ove: :  P,  1  + y  i -O,  Thi rs

r . ,e obtnin ' t i re 0o11' l rcdlctory otatements: t fo e R C Oa end
l "  . r  (N - 'v

Tf r  €  Uq  o  Q 'n 'Do

Bg-nqdi" '  The prevlous refrults are anaLoguoo of Thoorons

3n5 .s  anc l  3 .5 .b ' f rom [ t " ]  conoeru l t t g  fo rn ra l l y  p -o r l t o  f l - e ldc . ,



* ) O n '
t ' , t

r ' 1

and Blno of  Propor i l t ion.2 '3 f r 'om [q ]  tonou' ' r t I 'ng '  f  orm-t l1 rcal

f l c l . d s .  
' ' 1 f

I f  x  l s  8n  e rb l t rC ry  eubse t  o f  F '  dc rno to  by  S"  tho

e u b e e t o f s c o n t a J . n i n g t h o n e p l a c e s Q € s l . l h ! c 4 u u t j " r : f y t l r e o o n *
2 f l

d i - t l o n F . -  u Q '  
r o r l t e r l o n f o r a f t e ] c l e x - '

the fol lovring rcsLl l t  offcrs €

tons i -o t r  1 ' '  o f  K to  be formal ly  t -ar l ic  cver  ? '

( 5 . 3 ) u e g r g [ . T l r e r l c l l l o v l i n g g t a t o n e n { : s e r e e c 1 u l v a 1 . . n : '. .

. \
L l  F l s  fo : :ma1 lY ' t -ed i c  oVer  P '

Y  , -  & - r

^" ' r  the set  Sx !s  non-enPtY'
Xf )  For evcry sub$et x of f  t  tne se !  p r: tr

I

ri
, l

Lt i )  T i re  spaac S ls  non-enpt l r '
-  ,  I r \  T f  T r  L r  a d i c  o v c f  l ?

P"{ :gqf  .  ; )  impl les 1t ) "  5 f  F !s  forna l }v  t -

then the iden ' i : i ty  p lace lp  i 's  a  membor of  Sx for  ever :y  5s$set  x

of F. rhe ' l i ipl icet lon ' ! ' .+ 
l l t '  

is tr i-vtal '  and-$:r:"pl ica-

t  lon f  t i )  =+ i )  f  o l lo l 'us  by (  6  '  1)  ' .  o ' :  t "  
t l

T,st ue denote by 11 = i{(F) the holomorphy r ing 'natu oQ

olaere-grouP ls a 2*grouP'

o f  t he  R ! -e rnann  space  $ ,  s ince  Rc i {  enc l  R  t s  a  m!$ " re } r i ng  i t

f o l ] o l ' l s b : l ( 6 . 2 ) t } r o t l l e m a y - l d e n t ! f y - t h e R j . o r n a n n . s p a c e s v l l t l r

the pri ino spectrum $peo ( l{)  o'r  t}re }r ' lomorp}1y r lng H end consl*

der  on $ the zar isk l  topo lcgv n: "11t^ ' :  
: i - t :^ : :^ : :nn 

sets  the

?  1  i  - - - -  1 r  -  . {  n  C : - i  l i ' ^ U  F  V  l .  J l . , r w v Y \ .

femi ly  tYrJ  f  €r r  uhere Yf  
:  IOCs l r  'Q F oJ '  t ' lo reover  s  i ras  a

;; ;"r ;Jui*.rure of r insed opace" rhe strr icru.ral  sheaf G 's

glven by G(Yr, -  uqf )  
*  d 0Q' oqulpped vr i th the zar iskl

Q  6  Y r

t o p o l o g y , t l r e R l e m e n n g p e c e s i s q t l e ' g ! - o o m p e c t . I t j . s e s s y t o
,,uu rhar trre ;;;;; f ,;i- vihere 

i 
.1::-:^::.;^ln;,,ru^tto or

f in l te  aubsets  o f  s  i l  ,  bas is  o f  qFen se ts  fo r  t } re  Zer lsk l  j

topology or ,  * - rn i  g(sx)  = Hx = / \  % 
for  each f in l te sub-

s o t  x  o f  F .  Q  € S x

(6.4) :glg-ggqi] '  f t i  x be an nrbitrary subset of F'Then

.4.  r  1 -r-n narr* {  nr l  ty v 'Je 
'obtain

Hx * '  (  ' f  dQ = R* l (  [ "J"  In  par t i -cu ler  for  x  €mp

.  q € S * r - ,  I  T . / .  |  -  ? - ,  
- l  ' r

H = Rur(  = B Lr fu l  zQr,  n F -  t l l fu l "€F,  %'F *J '  I I ' "  is  a

} r $ . ^ [ f o r r l n g t l l t } r F a a ! . t s f t e l d . . o f f r a o t l o n s a n d l t o t d o a l
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(  6 . 2 )  " !

&mgy:k^The prevlous rcsuJ-t
rom 3oT on fo r ' r la l l y  p -ed i -c  f le lc ls  and

formal i -y real  f  i .e lds.

|. '-r
is an ana lc 'guc bf J 1o I  T he o*
or Ir]  r"of o"i trorl  lai t  or l

. .8 IggI*  The s ' ta toment  fo1 lor ' , rs  oar : l ly  : f rom (5,4)  ant l

l e t

euhset  o f  S

dl t  ion$ the
the resld.tre

u bo a.n arbitTar:y subsot of 1r ' .  Llenote by $u the
oon te tn l .ng  thoso  p laoe  s  Q  €  S  v rh i ch  ee t l s f y :  t he  con - "
o leme nts  o f  u  cre hoLornorphic  ln  er  J_"Go e C 0q,  anr i
f  ic l-c] ext enston r. '  "Qf $ is ' f  ormolly t-ar l  ic over
par ' t lcu ler ,  l f  u  is  onnptyn S. ,  =  So I f  

'x  
a .nr i  u  er 'oP  U  u o Q .  I n

eubse ts  o f

Hil !€ f\

)  d e n o t e s  t h o '

F ,  c leno te  Uy  S$  the  ln te reec t lon  Sxn

On ttru holomorphy r ing of Sf, .  -ntrst

a trci b)t

us observo

sela i r lng goncrated by '

the group of units, i -n I  "

$ u t

l e t
n / cr}i

' thet for every subset x of F, Sf ls [oreernpt]r  t f  - tr '  ls fo:rrna1Ly
t *qd lc  ovo r  P  U  u .  Tndeed ,  l n  th l . s  oCIse r the . t r J . v le l  pLace  l l l  i _s
oonta ined in  s f r .  tHe conver '$e is  not  gener .e l l .y  t rue,  (For  in i ten*
G€r  Lc t  K  be  the  f l e l t l  o f  r i i t i ons l  f t rnc t i o r r s  € t i , )  end  ?  the
cenon tca l  t -o rc le r i ng  o f  Ko  le t  F  =  sK  be 'en  en la rgcn ' ren t  o f  I i  t n
Robln6onr  ecr ise t t l ] ,  end sP the corr iespond ing ln terna l  t -orde-
r lng c , f  s l i .  le t  a  *  a  be Bn j -n f in I " te ly  smal l  e lemcnt  o , f  I r ' ! . r t - th
respeo t  to  f rT /T r ! .Go  b  g  e  6  

K?  fo r  eve ry  b  €  ? ' .  Deno te  by  Q
the p lece of  lVK whosc ve luat ion. r ing J-s  the r ing f f rn  'B

(  I  r /  . l
c f  x € F  I  V  b 3 x € ? " J  o f  f i n i t e  e L e n e n n s  o f  F  v r l t h  r , e n p e c t

b € P '

to  *T/P.  Then Q€S,r r  vrhero u =1. ,  -  uJ r , r r ,  F  J-s  nct  . formal ly
t -ad lc  over  ?uu.  ) .  I : :  the nronoid generated by u ls  a  subgroup
of  the rnu l t lp l icat lve grou.p F ' ,  t t  fo l lov . rs  eas l ly  that  S, ,  ls
non-emp' ty  l f f  I '  i -s  fornra l ly  t -ad ic  over  PuU.  o

We e r rd  th l s  sec t l on  l " , r J - th  a  deso : : l p t i on  o f  t he  ho lo -
rnorphy r lngs IJf i  fo::  er"bitrary subsets x enci l l .  The pert icular

oese rvhen u  ls  empty  t ' ras  oons idered in  (  6 .4 ) .

. (5.5. ) .B1g-p-ge-L[a.r].. .  Suppose thet sf ie non-cnipty"thcn
Hil ls the rimal. leet overri"g I or '  u [ *, u] 

"oi l3 "o 
t t  o

J u ( A ) C  I " ,  t ' ; h o r e  J u ( J \
q C r '

l - t J  U  r i ' ' r ; d ( I )  U  ? u

tr'q-Qjo $itrt rut
. . 4 .

/  \  I . r  o f  e  f e m l l y
l C T  A
r . \  _ .

{ n

L +

{ ! ' ui aqcl /t "

us observo
r ' )

{ A  Y
f  o f  J  i € : t

t he t t he J.nt erss o t J-on
f - t

o f  o v e r r i n g s  o f  H [  * r r Jtg



e iu .bJec t  i i o  1  +  Jo ( r t )  c  s i  sa* -s f i c$  tho  oon< i l1 , i od  l+J ; ( t ) c 'Ao too '

. I , o t  s  deno , ie  thc  sma l loc t  oVc r r i ng  o f  I I  [ x ' u l  
eub jeo t

to  1  + Jo( i l )C A:"  cbserve ; ; * ; ; t t :  Indeer l '  
: t *  -nn 

s f f  and

J,r(Sq) be ,,'he semir:lns scncra'bod rv [t ,l-tJ u ()fru f,tonl 
".:1:"

I f  1+  lo (Sq ld0A t l ien  - ,1  be longs  to  the  ser 'n l r lne  JuQ (F"Q)

= . r r r (gn) .c t  *on . " r ' ruO by  [ t ,  f * r , ]U  Ct r .Q)  
2  

U {  tF"Q)U ?Uu ' 'Qa too  o

, r " Q ! s n o t f o r l r a l l y t - a d i o c l v e r } U L l . u Q r v l h j . c l r L g e ' b s u r ( ] .

0 n t h e o t l r o r h a n d } ! g s p : : f g i f e r r t n g l ' i i t h F s s l t s

rrerd of f raot lor i ; :  ,nnd n;; . ;  ; -=n og t '1"1: 
|"" :n: t"  

over '  the sc'o!

of  me: l ine l  ic ]ca ls  g f  A.  For  egc}r -ma:r . j . l r ia}  ideel  p  d f .A 
1:*  

Qn be

. { ;he  p lace  o f  F / } i  es f too ie ted  to  the  ve lu 'e t l on  r l n8  t rn '  I f  v ro

r Y m n x l n a l  i c l e a l P t h e n 4 *  
'  :

ehow thet  Qn€ t i l  
for  eve:  ea!  P t r rwa ' \

c n* 

'gn 
c n flnn = -A and henae A : it' rt rerna''Lns

a € $ t  p € M e x ( . A )  
-  

. _ _ -
to  ehovr  tha*  Qp€si l  for  p  e  l ' lu* ( l ' ) '  ve  have * , t f fnn = Ap.n

F.Qp Ealr, r'on (r-Qn) = J,r('A)"Qp -^U n::': 
: ld 

j: '::-"]1]
.  P 

that I i ' ,Q* is formall .Y
bec.auge (1 - r  Ju(a)^n = f  o  lYe oonolu 'de -  -p

t -ac l i a  ove r  ?Uu 'Qp  end  henae  ap€S i l "  Qo loDo
ttX

flho foLlowlng rest-r1t descri-bes.'the nt"t: 'T:nh:y' rtng tt'tt

a6 the lnc iuct ive } in i t  o f  cer ta in  overr lngs of  l I  Lx tu j '

thero exists I  uni 'o^ue 
"uni l"ou 

(nr.)ne !# 
oi i 'nterniedle' l ie r ings

" r 
, u] and rlf *' t isfys lng t he o ond it Lone !

be t ioteen FI I  xr uj  8na lr l l  bo r i  Ai ' rd '  p +rrc)

l . )  t rd  =  H[* , "1"
' f

, ti) *t f t,, 
(r o)

t f  t )  Aonr ' ln  tho  r5 'ng  o f  f iao t  lons

t o  the  nono ic l  I  *  J r ,  (1o ) '

At Lcst vJe hevo uf i  = tJ -- .An'

o f A n  w i t h  r e o P e c t

n €

L  z ' r t L  F a *  6 a n h  t <  I  N
t s  lSJu( ln )  cn t l  an  (  i { i l  fo r  eaoh n  €  N '

'  tA  

,o t  n  t  o ,  t f  -  l "€  Ju(16)  thon '  l i l 'Q '  le  no t  ' fo rmal ly

t-aclta ove.r p y u"Q re" *u*v*e E tt I p' vrhtoh l 's. abeurcl' wo



* 3 3 :
' r , * r  / r ,  \o o n c l u d o  t l : c t  1 F J , ,  ( I o )

Su.pp.o-e;e thot  In C HX ancl  -  t  dt , ,  
( / ln)n \ l t ro hsve to shorv

that An+l ( I I f i  oncl -1 
f Jutan*r). since 1 * . i ,r(an) C It i l  C f,]  enil

F.q.  i . ,g for-n io l iy  t -a.r l  jo  c,ver P U ur a f  or  cach A € l i i l  i t  fo l lot , :e

J.  r -  J , r ( In)  C ( ;  for  evcr.y a(sf  ond )ronc.  nnr. l  C i { .  Vi i . t ' t r  thc

e B n e . e r g u . l 1 1 0 n t i t f c , 1 ] . o v , r e J ] . + J o ( I n n . : . ) C ( u { ) ' s n d h e n c e
*  1,#J ' ,* ( in+.1)  o 

'

No r ' ;  ne  have .  t o  shov t  t h : t  t t  -  $  =  
V . , r n '  

B ) ' ( 6 -5 )  i t

g u f f I a a s t o p r O v e . t l r e t A i s m i n t n e . 1 w i t h b h : € J f d p e r t ! e s :

i I  f  x r " ]  C  l ,  and 1  +  , Iu (A)<  I " ,  I r i . rs t  le  t  us ,shorv  the t  A  se tk i -

f  j -es thc le ter  cou<i l t ic ,n .  le t  z  6  , i , r ( i l  ) ;  1 ' {e  heve ' [o  s i ro l ' r  t ] ie t

l+z  : i s  l nvc r t i b le  i n  A .  By  co r l t i t r ' uc t i on  o f  / t  ,  t he re  i s  n  €  /#

such  tha t  z  €  Ju ( I r r ) ,  S l .nc . - t  
f  

Ju (An)  v {o  co l l c lude  tha t
"3- - -  

s '  r '  r  i t .  tEow 1et  C a"  en overr in-g of  l I  f " ru ]  su.b jcc ' t  ' to
$ ;  

t  
" n { - l -  

L  l e  I JU \ " v  r t t u  v

1 + Ju(C) C g'. l:,ic have to shoi'; thnt n,, C C .{or c\rery n € li '/, Froa-.

n = e 1., 'e heve notir i .ng . to shori .  trssu"nc thot InC C fcr sonc n g l iJ.

l ' . ie roust shor' .r  that trrr+l C C. S[noe An C C i t  fol lovrs 1+J,r( i1rr)61-r ' .

J u ( C )  a n q l  h e n c e  1  + ' J u ( A n )  C  C F .  i ' i e  o o n c f u d e  t h a t  A n n . f  (  C .  Q . E " j i

B.g:: :g;$,* Thc lest t t ' ;o resul-ts are enalg*es cf l t roposi-

t  J -one 4" .1  a 'nc l  4 ,2  f r .on 
f  

O]  cc) I rcc : :n ing . the f  ormal ly  re  e  1 f  j -e1ds.

IIu-J.1--g-!-q-1-1-e-tigg t z f or, hoLqn qryl.ll "*#SF:-a$  ? .  T h e
gg.i:li*t"p{n

.  I , ,e t  W,  t  end P be as ln  $  6.  \ \ re  suppo€ie that  K ls  for -

rna l l y  t -ed i .o  ove r  P .  l e t  F  bo  a  f i e l c l  ex tens io t t  o f  K  anc l  ,  x '

e n d  u  e r b i t r . e r y  e u b s e t s . o f  F .  O u r  g o e l  t n . t h i s  s e o t i o n  l s  t o

g lve a vrea lc . for .n i  o f  the ldu l ls teL lensetz  fpr  sn arb i t rary  c l tb-
^  

" ] :  
- - - r - s - t ^  ^ ^ . - , r . - jr ing  I  o f  l t i i  wh ich  con ' te ins  H L* ru l .

!g[-lgi-!-lgU Griveu s subset I'-{ of Sfi, let Iu(l:'l) be t}re

J.daal  of  / l  consist  ing of  those elements.  z G I  r ,vhlch vonlsh_-otr

l , r i ,  J .  e  o%.Q =  Q fo r  ecoh Q €  L{ .  G iyen 8n  ideaL a  o f  n  l c t .  S i l (c )

b e  t h e  s e t  o f  c o m m o n  z e r ' o s  a € S ; -  o f  e l a n e n t s  i n  8 1 i . G o

n  a  n . Q  f o r  e s c , h z  €  0 r

ilg{"!r1-!-!,9.k ( s'r e nsle bo s .o*ou.rt&t irro
"C o ont a in lrig o 11.

the eubsot  I
r lnggr  I

erqu{l r0I

r . 1
l 2 l .  l ) ,  T , c t  C
L  - t -

e ocmlr lng in
i .cn l  o f  a  l r i

8n ic iec l  i l ' r  e  "  
and f

tn  Co  Tho t r  t h ;  |  - roc i
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I rr-

c l z d L D + b  € e  f o r s o m o $ I- l

'  - 1
>  t ,  b € l  Jr r ( a )  * [ * e

UA

J . Tu
,x,u

T (

5

v

t

=

I** ' ' . *
rr ,  (a)

s [ ( e )

f - -  
" r i i i - o ' a J . . ,  

A c c o r d t ' n g ' i o  s t e n g 1 e  [ t t ]  
] : r o p o $ i t l o n ' : - ' f  

1 t ]  
i ' s

8 f* *". . ,cl ica1 l t ica}, gnd oqual-s t l rc tniersect ioru of al l  prf t . i lc

f -*rad' ; '^ ' i : : : ; i l : : : :T- 'u ' ,n*bev, i iv lep

r , T x . v l e . c 1 e n o t c b y J , , ( A ) t i r e s e m i r i n g l n I g e n c r e t e d b y' \ r ,  " " ^ , t ' - - - - 2  *  
i - , . . Y , - - - . . .  ' r , r l  a  { r . r  n n  i c l c a l  ! n A  \ ' { $  c l o n o '

f  
' 1  

r  n  -  ' . 1 a n n  n ' l a  T i / I ' i - ' i n . 3 l 1  L J C D . ,  a r r  Y {  a F

H | x t u J r e . n q Q e p ] . e c e o r r / t , ' . T h c t t a € s ; f f f Q } ! o s a b o v e l s n

the  cen t ,e r  $Q n  I  o f  Q  on  A  le  a  Ju (A)  -  rqd i ca l  t do1 l '  
r r

t*t* If Q € sl then" fl,f ) LX 2ll e'nd l""Q ls fornel-l-v
)n

t * a d i c  o \ r e r ? u u u Q .  I , c t  z € A b e  s u c h t h a t  u o n  + b €  n Q  f o t "

s o n e  . r r r l ,  l '  a n d  b  €  J u ( n ) '  T h e n  ( z ' Q ) ^  +  b ' Q .  = , 0  
: : t  

' : - i : t

z .Q = o,  LocnT'  €  n i  A l '  s ince I 'Q ls  forn ia l ly  t -gd ic  ove: r

p g u " Q .  
, _ a l - ^  a ^ . I r ,  * n  J 1 , [ o  f o r r n a l . ] 1 r

Converqe lY r  v re  have  on l y  to  eho t ' l  t ha t '  F " (

t *ad lc  o \ rer  ?u uoQ'  S ince I  ig  a  ?r ' f i ' rer  r ing i t  fo l lo t rs

0r,,  * .A,^ lvhe::e p = nQA'A atrd F*&- ls i 'ooraor' 'phlc to the f ield of

- ! {  
P

f iact ibns ,"  n7 
nf 

rql . i l  ig n" i  fornal lv 1;- 'acl io over P tJ u"Q' i ;e ' ,

1  t . 1  / ' B - Q ) r  t h e n  7 ' * " . r  b  €  p  f o - r  s o l i e  z € A \ p r  n i ) L  a n d
- r  €  uuoQt "  o  

,  no t  a  Ju (n  )  -  reo i ca l  r c iea l ,  vh i ch  oon-
b  € J u ( a  ) ,  e n d  h e n c :  n .  t t  

q . u , n o
t r a d [ c t s  t h e  h Y P o t h c s i s '

The f ot lov'r lng r"realc l{ul lstsl1ansi; ta is 8n lnrneoiai;e

corsequence of  (  ?  " l - )  
enr l  o f  Ste*g lo  [ " ]  Sroposi t  ic 'n  2*

f '  - 1  r . 1  n a ' l  { n  A -  T h o t r  I ^  ( D . . \ { " } i  /  -  r ' r r \ e / o

n  L " ,u1  
anc l  e .8n  t dco ]  [ n  a '  r ho t r . I o  ( s t ( - ] ' . =  

f 9 ( t ) '
(? .3)  9 .n i :o lJ : -1g '  T 'o t  e  be sn '  tc ica l ' ' rn  Hx *  i l [x ] "  T] icn

i r

I  - . ( sx (a ) )  equs l r :  t ho  n r i ' l ' r ad i ' oa I  Va  o f  . nn  
1 t t  pa r t l c ' u l - s r

- " x
11 

[ f  F  ls  fo : rne l1Y t -ad io  ovcr  l ' "
r * . ( s x ) s  n  * Q = o

H ^ - i l ' :
, t
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. $ Bn !!fg*Ig[tglc]Srl- ]"t.q.*qlrn . 6*l]99

rn t he gcnc::a 1 . on't urrt of t ho r.est of t hrs pnper .: je
oonoJ-r le i :  en arb i t : : r : r : .y  baoe f jsLc l  K,  \  f  or1 a f ixoc l  o lenent  o : f  I ( ,'enc i  

?  e  f  j . : :or l .  t -orc le , r ing of  Ko lc t  v  be tho t -vr : luat ion essoois-
t o < l .  t o  ? t  e n d  0 r ,  =  0 ( P )  =  

f  " e  
K  l 1

val-uat J-on f  ing. l" /e as$umo in aclcl  t t  ion that t , 'ho vei luc grorlp v(I i )
Ls e l ! -gcup"  3y (3 .3)  r  the t *orc ler ing P tg  corr ip . l .e  to ly  r le tcr :mi -
ned bf  the i t rducod orc ier ' ing ? of  l { r r .  i lenote ty  i i  t t re  t *ed i .o  c f .o-
Bure of K ea t  lsfyrng t  he c oncl i t  ionr i t  s uniquo t -or.cj  e:: ing f ,

i ! . D ^ o A / \
=  I { -  u  t  K '  e x , t e n d s  ? u  B y  ( 4 . 6 ) ,  ( K o  p )  l s  u n i c s u e l _ y  d e t e r m i n e d
up to  $ rn .  l . sorncrph ion  o f  t -o rderec l  f ie l , c ls .  over  ( I ( r? )n

I f  F  i ;  a  f i e l d  e x t c n s i o n  o f  I (  l v e  d e f i n e  t h e  : : e r , r t : r i o t e c l
&ie!:qq!--g-ag!-g. $ = Sf nl of rl(u,r) es the subepaoe 

'or 
tilTffi

speteS = .S(  j , ' )  cons ln t ing  o f  i l i osc  p lecers  A  o f  f , f  I l  r . ;h ich  er .c  rs_
t lc 'na1 bver :  K ,  ! . .eo  I (CI ' ' .q  c  i i .  I t  J -e  poes lb le  tha t  6 .  ns  e iu15!y
t h o r r g h  S  l s  n o n - e l n p t y r i . e .  F  l s  f o r m a l l - y  t * a c l i o  o v e r  p .  F o r . ' l n s -
t o n c e ,  l . e t  K  =  S { t ) ,  p  t h e  u . n i q u e  t - o r d e r i n g  o f  I ( ,  a n d  F = f r ( ( i ) ) .

,  s l nce  r  i e  t -ad l ca11y  o losed ,  the  un ic ius  t -o rdc r . i pg  o f  F  j - s
r  =  s 2 t J , i ;  F 2 r  R  = l r ( F )  = d ( r )  = { " e  a l r - t * Z  e , } = C i f r f l  , .
H = I I ( F ) = i i o n = F *

.anc,.

- f 1
Thtr "s  S ;  S(F)  = t  1r ,J  anc l  hence S ls  emptyo I lovrover ,  l f

F  ls  & f ln i te ly  gcneratc .d  f io l -c l 'ex tens ' ion of  I { ,  \ !o  shel l  show
tha t  tho  necee i r& r l y  end  su f f i c ien t  con r l i { ; l on - fo r  F / I (  t o  ec l i l i t  E
non-empt) .  r :s t r '$c tec l  Riemann 

"p*o 
$ is  the t  F  is  formal ly  t -e  d1c

over  P.

!'{e s}rn 11 e $s;Llrr1e i- t he  res ' t  o f  t h i . s a p e r  t h a t  T / ! i

SJ n j'!p lr"-_ag"nc re t _eJL*
T h e  Z a : : l s k l ' i o p s f s g y  o n  S .  i n d u c e s  I  t o p o l - o 6 9 y  o n  $ .  . A .

b e o l o ^ o f  o l * n  s e t s ]  f o *  * h t u  i n c l u c e d  t o p o l o g r  i s  g i v o n  b y  t h e
eets bx = i t r  n s* = fO e S I  "  

C 0q] vrhere * 
"un*rs 

over al l  f j . -
n i t e  s u b s c t s  o f

by t he ord cri.ng
  c  ' \ l
S , r  =  t Q  €  s  l t .
Fo 1'{o a l-so 0 onrJ

.  l .  
There is

?  o f  K o  T h i $

c l s o  a n o t h c r  t o p o 1 o g y  o n  6  i n d u c c d
topo logy  ac ln r i t s  Bs  bas is  the  s$ ts

a C tJ run" " .  u  rs r lges  over  a l l  f i ' l te  subset r :  o f
i<lor eets of th.e fovot 6; = 3,, n 3* yuhore u and x

are f in l ' l ,c  subse: ts  o f  t r ' .  t r rny such set  rv t l l  bo oa l led e brs1c/{
sq \$9 ' ! .  o f  So  Thc  fo lou lng  resu l t  es tsb l l shee  I  non - t i t v j . s t  ro - .
la tLon bot rveon tho sote Sf r  ,na 6f i .



' .  

,  
a  3 6  i  i . .  

,  
.

( t ] .L) Sgg;1gg,.1! igg*'  
Ict ' rrxru-t 'anrl  rr  bs f intte oubE:t l ts

, , . -y  t - r t  . *  
C Si i , "

of Fo I f  s{ i  C $; '  t l ic i l  Du (- ' " ,ul_ 
,  e!

Igpgf .  $uppose thirt  sl  (  t ; :  '  I- 'o '  ol ' ther *11'":"- 
^

r .  - -  I  "  '  *  " l  t ^  . . ^ h - ^ n \ n ' h v  o r  t i r e  o e t  )  a €  S ' ; l t - t ' ' (  u q r

{e € si; [ ." , xr 4 0n1: {s t i '""::f] t ,": JT: :::J"t€ 
s;lr.rrc oqr

F . Q  i s  n o t  . : f o r m a l l y  
t - a ' 1 j - c  o v c r  

:  
' . u r o Q J  t u . n o F : e m P t y '  T h c n

the  s ta to rne t r ' l ' i  j . "  a  oonEjequenoe o f  the  fo i - low i 'ng ; ' iw1oLe ' l l i im# i ;e '

; ( 8 . 2 ) } 9 j l l 9 . * I e t t r e n c l x b e f i r r i t e s u b $ e t s \ . . o f F a n d z j

be  en  e le rnc ln t  o f  r , "  Then the  f ' l - lov lng .sssor l t ions  ere  eqr - i l r ' ' a l ' c t r ' t :

t  - - x  I  n  ^ 1  j - g  n o n - e m p t y .  .' l  
:: '- ::: i : ::* \" i =;t ,.s ,,.n-cnptv.

t t . )  T h e  s e t  
[ C  

c  s ; ;  l z ' u  
=  ' J  A D  ̂ v r ^  v ' E r :  - c

3Ig.9J* 0n1y the inpl icct lon f )*+ 'L i )  roquiree a 'proof ' *

$uppcee thst trrere is e nt:; '  u^: 
: i l  :" 'n^lt : :  : :  

= 0" * '- :- : '

to show t l ia t  t 'e  sct  l r r*  = [a € | f i  I  u.a = O] !s  non*cnrptyo I f  l f i r t

ls  non-enlr ty f  or '  sone f tn i te subset  xt  of  F contain i -ng x '  then

. o I e a r 3 - v } { * ! s a a l s o n o i l - e ] i i p t y . } I 1 n c e \ " j g n a y e t r l a , r p i e x l ' f c o n -

venJ-et : t  by adcr lnEg f  in i ie ly meu) '  e! 'e inents of  3" 'Af  t 'er '  a cr- i : tabl 'e

enler 'senent  Yre nav essui l ie  that .F =.T(" ) :  
"X1"3:x  

C f fu  anc l '

by Zar lsk l rs  1oqe l  un l fo r rn iza t ion  theorem L ' l ) r  ) ioU is  a  s f *p le

p o . x . n t ' p y l t h c a f f l n e m o d e l V o f F / 1 ( v l h o s e g e n e r i o p o l n t j - s g n

.After a te-g; t i , , , l ; t r tng of  th 'e elemcnts x l ,  n." , ' " r ,  of  'x  v ie mGy essune

thet u -  t ; ; ' , : : ;J '  = xm+l ' - 'o1 i '+ i  (  nl  th ' ' 'o thcre c:r ists e

t . -or .er tng i  on l r " i i  v r t r ic ' . r i i .na"  ?  and 
" f :U 

€ 
1  

for  I  =  le" '1$ '

I n e d d l t i o r r t h e p o i . n t x " U € V ( p " U ) i g s l m p l e a n c l X t n + l " U = ? "

r {o  env l -oage 6e af f  lne var ic ty-Y f ,n  n-epece es be ing

_ d e f l t r e d b y a r } n } t e s y s l ; e n o f p o l y n o n i l a } e q u a t l o n s . o v e r K " i e t
f 1 r . . . r f s €  K L x J ?  w h e r e  x  F  ( x 1 " n o e x n ) ' - b e  s o n e  p o l y n o n i a l e

de f tn ing  v .  , I he  cond i t i on  fo r  a  po ln t  To  be  s lmp le  on  v  i s  tha t

at  lees- [  one the u i tnors  c ' f  order  n-d i - r r r  (V)  o f  the Jacobi i :n  ms-
, ? 1

7 t i ' ' t  
r l , ' n ' r r  n n t  v  

' i  p o l n t '  l . , e t  h €  I ( L x J  b o  a
'  t r l x  (# )  c lses  no t  van lsh  a t  tha t '

- i 'or  such i ,het  h (x"U) F Oo Thlrs the $*ordered f ie ld

i l ; i l ; f i ' - ; ;";;; ;  ; ;" i i(,p) sar lsrie':r rhe rol lo,vlns eontc,lce lu

t l r e l e n g u e g e . \ o f t - o r c l e r e d f t o f < l s e x t c n d e c l v l i t l r o o n S t a t r t g

r t h t o h  { l r e  l l s l n o s  f o r ' l ; l l e  e l o m e n t s  o f  i ( 3

s
n

f  r  a  ( l x )  / \  r r ( x )
. L=1

m

o o A I-,(x) F oA A xy), o'A xm*l -.o

L*J" '



vlhere X =

' ^ 1 3 Y
of litr. []lt:cE1

V  L s  e l s o
gren f,n rhe

(9.3)  r , , . l ,ge" let
t h e r o l s a p l a c e U € S ; u

ovo r  P  U  u t .U  t hen  t he re

3 7 t s

l v v \
\ r t ' l t r r r A - f o

t l

( 4 ; ) ,  ( l i " u r T )  o 8 n  b o  e m b e d c l c c l
?  i u  c n  o x l o T c n t  i c l  a e n t o n o e  J - n

t : : u . e  o n  ( l r t t ; "  l c t  u s  o q n s J . c l c r
sa tcg ;o ry  o f  t ^o rde red  f l eLds :

P) .-:+ (

n L
?) .---) (

J .n to  o  mor ie  L  ( l r f  r  )
Lrf  J-t  fol- lows that

the o ornmut a t ivo cl ie.

F " U e ' I  )

I
$

I t T  t . )

( K '

J
( K '

\

A  ' 7 t

vuhore  ( i c 'u  b ' l  l s  the  t -ec l i c  c losure  o f  (Krp) ' "  3y  (4"3) ,  l  [ s  one l -ementery  embecrcr ing  ancr  hence c f , ,  t t  sa t rs f r  oo  v .  T ' r ie  thcr .eox is ts  s  lo rn '1  
i  

=  
!o*  

o .  o rbo)  o f  v r  w, ich  ls  * * i t "n ; i - ; r r ; ; " i t ;
such  tha t  h (b)  &  o  ( ther ,c rore  b  J .s  s in  -  ^
E le n . . , r*, ancr frynr * ;: 

-;;;;. "*;; 
;il:;"i' ,lt"i-irl"l"tu=*,

fo l lovrs by e ' rer- l  kno'rn resul t  of  the algebreic g*o*" t"y (aee
for  ins ta r rce  f r " ]  coro l r -a ry  l \2 )  tha t  t te  Frpeo ie l i ze t  ron  x  _>  b
: - :  l :  

ex rended to  a  t  -  
" * t iona t  

p lece  Q o f  F / I i .  f  t  fo t to r . . rs
a  €  S f r  and z ,e  =  g  and henco the  se t  H*  

. ie  non_empty  as-  oon=_
t  end  cd  '  

Q . s  oD . ,

, , x r u  
B l t d  u r  b e  f i n i t e  e u b s e t s  o f  F o  I fq  

such the t  .F .U is  no t  fc rmal ly  t , -ec l i c

i s  e  p l a c e  0  e  t ; u u '  s u c h  t i e t  u r . Q  { f  .

(  8 . 2 )  .

rhen sf,
t r l c t e d
resp ec t

t h a t  t h e
F"  o  Then

The proo f of  th is  Lemme ie  s in iJ_ar  wl th  the proof  o f

(8 .4)  .cpJT4lar" ; { * .^ le t  x  and u be f in i te  subsets  of  F.o
ls  non-empty 

ryt  f r  ts non-enrptyo In part lcul-ar the res-
Rlo rnann  spsoo  s  ' i s  dense  rn  the  R iemann  epace  s  w i th
t o the Zar. islcl  t  opolo6gro

.  
(8"5)  Cg* l ' *1 ,er*y*  le t  u  be a f in t to  subset  o f  l ,  euch
nul t lp l icet ive rnonoic l  generated by u ie  a  subgroup of  .
t he  f  o l l o r " r l ng  a r : se r t  i ons  o re  equ ivo l cn t  I
L )  F i s  f o r m a l l y  t - e d i c' 

A"-
[J . )  S;  is  non-enrpt ; r  for

n
J. i l )  S, ,  [s  non-emptyn

over  P U r r

oa  ch  f  i n i t e  subes  t  x  o f  t r , "

A
s

rn  pe r t ' l cu la r ,  s  nooossar l r  and  s r r f f ro ten t  obnd i t i on  fo r
to  bo non-empty rs  thst  F i .s  for rnn l l .y  t *ec i io  ovor  p .
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). 99gg!1glY.:. Iet u- be a f.inlte s;beet of I such

tha t  the .mul t lp l i ca t i vo  rnono i r l  gencra ted  by  u  i s  a  o t rbgroup o f

S ' " I e s u r \ e t , R r t F i ' e f o r m s l l y t - a d i b o v e r ? U u a n d F o a t r n o ' b b c
embedded in tt over K; !n part icular 1e m.av osr,umo that F i 'r  

.^. '

t ranscsndenta l  ovor  K"  Then thc  se t  s f  t s  tn f ln t te  fo r  ovor t { t *

n l te  eubne i i  x  o f  Fo  
A*

" = [ *r,.:;;' r' tB'5) *li l: ti :'^::::].lln^, l"l.n]',:'*a'
. (e7z i . )  l re t t ' "eler;rents or t f i .  s inci  I '  oannot be embeddod ln K'

ove r  K ,  the re  ex i s t  V l r '  " ' 1$ "€  F  suoh  ' t ha t  Y tQt  =7  fo r

f ,  =  1 ; o . o r o o  1 e t  x . t  b e  t h e  
" r *  [ x l r . . . x r r r  V l r o " r y a ] ' \ ? o  c o n c l u d e

.  A * r  .  ) r y  t o  ( 8 " 5 . )
that SX' f ,s emPtY, c ontre . .  r-" "-  -  

. .

$ 9 . T t . , o l l u + r s t - e r r e n ' g a , j 3 f 9 { h q ] o n o g g b r u l l ] f l g .

le t  u6 cons ider  the ssme s l t t : -a t ion as j 'n  $  B"  F l rs t  $Je

g l v e a d . o e c r l p t l o n o f t h e h o l o m o r p h y r i n g , " H x l ' - l e r n s o f h o l o -

m o r p h y r i n g s o f b a s l a e u b e e t g o f t h e r e e t l i o t e d B i e m a n n e p e o e ' S "

(9- f )  lEggSg$g Let  x  end u bo f in l te  subsets  of  F '  Then

the ho.lon,cr;t"rril;; "r tl**n"uxherrolo*l"n'o rins or the

b a s l c  s u b e e t  
' S ;  

o f  5 1  f , o e o  I I ;  =  {  |  - Q o

a €'til

&U.ggjr. Vie hsvo to sholv that / ' 1  %cn i l ' r e t
a € s ;

z Q F\Hl? loo" thore , "^1 n sf i  eucrr  i l r ; *  1- t 'Q 
* .o '  3v (B'2)r

there e* is ts  a  p laae U €Sf  suoh thet  u- l .U e O t l t  -hence
u d  A  f r  Q ' s o i J '- 1 ,  

; * . Q .
a€  s ;  \

Now let  us 0on8lder an arbi t r?ry subr i -ng I  of  q * l1tn
r - t

oonte ins H lx ,u1.  Glven a eubsot  M of  g f i '  
1 t :  

rA( l ' l )  be the ldoel

o f  A  oon* i r , l l ng*o f  thoso  e lenen t  r s . z  1A  v rh i ch  
l " i t ; n  

on  l J i1 l ' o ' '

zoe = o for,  cach Q € M. , t ly*n 
0n toeat i i  of ,  / t  ret  3f f(a) 

fo  ̂ ' tho
ee t  o f  oomnon  ze ros  Q  €  S l  o f  e l -en ren te  Ln  s t  L 'e '  z .Q  =  O fo r

o a o h  z  €  a .

( 9 . e ) .  ! ! q ! r g . $ *  
( I { u t t s t o l - l o n s a t a  

;  
t  s t r o n g  f o r m ) '

I  be a subr1.n; "; 
Hil; ; .h oonta tns H ["rr] ,  end a:a f lnl"telv

lcl j
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genora tec l  ldee l  tn  . {o  Thon I ,  t t f t r l l  = - ru (a)o

3s,s.qjr .3v f i"2),  ru(a) = 14 (si l  iu)),  srnce 6;f  ul  =
sfftr)nfr *.  heve to eho,v i l ,ot rotf i f toi , l rr i r*,s)).  ret
t e i t r t r t s f iCa ) ) ,  f . oo  t he  su t  f  qe  s f i l z . o  c  e  ro l  uve ' y  z€a7  ah r l
f 'Q  A  o \  t s  non-anp tyn  s ince  e  l s  f i n l t o l y  genere tod  rvo  may  L rsoa s imt lsr  argumant  ds fn  the proof  o f  (B,Z)  to  oonolu-c je  that  thor  ^" ,  1
s e t I a f  t ; l r . Q  = Q  

l o "  
o v e r y  z €  a '  a n d  t . e  A  o ] r u  n o n _ e m p t y

(9"3) ! .ggq.Lk-{y-.  r ,et e be a f lnrtely gonereted tdeal of
Hx = 

]t["Jo 
rhen rrr,{t*{o)) = G, rn partr.urar r 'x(f"rt: 

tnn=o
The preoeed lng resul- ts  cen be i :ntorpreted qs s*r*$f , "*"qbout ths radical j .aeai struo,cure 

"t 
tho holompo";nu"J; ' fr . '

Moro precisely vro have t r

(9 '4)  ?rgposi t  io ! *  ie t  A be an J-ntermecl le te  r ing bet izeenF '

H [x ru ]  auc i  {  and  I  a  f i n i t o l y  gener .a ted  idea l  i n  / r .  Then  the
J u ( 1 )  - r a d l o e l  r , r ( e )  o f  e  c o l n c i d e s  w l t h  t h e  l n t e r s e c t l o n  o f  g : * s e
naxin: ,e I  ideals  p  of  "A which conte in  a end ere Ju(r )  _  rad icar .
l dee&so  rn  pa r t  i cu la r ,  Hx  l s  a  genera l  Lzed  JBco tson  r i -nge  i . e . fo r
every f in l te ly  generated ldeal -  a  ln  Hx,  the m1l rad iaa l  o f  a
eque le  the  Jecobson  rac l l oa l  o f  a .

?r.ogf. i  tet I  be a r ing such that l l fxnu]. ,  C Hf; and e
be I  f ln t te l -y  genereted tdeal  tn  Io  l lenote by o the in tersectJ-on '
o f ' thoee meximar  J-deals  p  rn  n vuhrch oontarn e and are Ju(r )  - {u_
dlcaL ldeals .  lye heve to  shorg that  c  cr . r (a)o cbserve thet  every
p lu:e.  Q € t i l  aeterminee B mexJ.mel  lc lea l - I -n  n ,  nemely  i te  center
m*A 4 on A.  Indeed,  a  J .nducee s  K-monomorphlsm f rom l / *  ^  ^  ln to
.+ t\i { .  stnce the.extension i i , /rr  is algebrerc, wo cono... ] :  lhn'o 

t

' / h ^ ,  t s  a  f i e l d r l . € . m q A  t r  i s  a  m a x l n a l  t d e e l  t n . A .  r n  a d d l -
- t l on '  

by  (7 " r ) r  
_nq  

A  .4  t "  
, u  

Ju (a  )  :  rad fca l  LdeeL .  Thore fo re  , f o r
.  e e o h  e l e m o n t  h  €  c ,  w 6  h a v ' e  h . Q  =  e  f o r  e v e l y  Q  e  S f i t r l .  B y  ( 9 . e 1 ,

h  €  r u ( a )  g n d  h e n c e  o  q r o ( a ) .  F o r  t h c  p a r t l c u r e r  c e s o  u  =  F
Y \ ,o  epp ly  (9  

"3 )  "  .  Qo I ,oD.
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$ 1o, llirq lil.tll,J-q1gl-1".e: g-o t" z {9r, } he qg,o$.dj"qg I"e -IiAe

of a ver:l.e'ty- 9vgg,, a ', t -oi:c1e::q$.-.i' j,e'"]$

t ro t  K r  t '  ? ,  t ,  $ t t '  t "  t n  $

l1ow in g s J"t ua t lon I

V 8n c f f  ! 'no ver ie ty  c le f  I 'ned ovgr  K.

x  =  ( x1 r . . .  r xo )  a  genor i ' o  po ln t  o f  T  ove r  K

.  r  [x ]  l te  ooo"a6netc  r ing;  the e lements  t l ,n  
l { : " , :

rogardod ge polynosf i !81 funct ions def  lned on Y

. F = K ( ; ) - t t r e f j - e l d o f r e t l o n a l f u n o t l . o n s o n . V o v e r Kf 1

u  =  ( u 1 r . . . e u * )  .  a  f  i n i t e  f e m i l y  o f  e l * m c n t s  i n  I {  L  " J
7 t ^

V ( ' I { }  the space of  K -  ra t icna l  po in ts  o f  V ' '

t \  '  .  ^  - - r f r  - , - r . - - . . - r . ^  ^  t , L ^ , , t
vu G)  the i tqot  

or  v( i i )  aonta ln lns thogo ptTF
'  B  € V G )  w h i o h  e a t i s f v  t h e  o o n d i l i o n  u t €  P  =

* l < 2  v  t ,  t 2  f o r  t  =  1 1  . . . 1 r

t l :e  seni r ' ing in  K [ " ]  s .nerated by ihe subset

I t , r - t J u  n [ " J t  u  6 t r [ " J ) u P u u
en tdeal tn K I x]

- . 1

t he  Ju (K  [ " ] l  
-  red l ca l  o f  

:

,  t he  .eubse t  o f  Yo (K)  con ta . rn ing  thoge  po ln ts '
A  

b h e  c o n d l t i o n  f ( b )  =  Qb € vu( l ( )  v rh lch eat i -s fy  the condr tLon

f o r e v e r y f € a .
far ( vu(t 1 t " 11". :l: l-;'* i; r-.,,L;J,' :H l; :i" 3,:'. :il il,::. 

-
f (b )  =  0  fo r  every  b  €  Vu( t ) (a ) "

The main  reeu l t  o f  th ls  sec t ion  ls  the  '  fo l - low lhgo '

( 1 o " 1 ) r { ] r e o T e k l f t h e v a r l e t y V l s n o n s i n g u l a r t h e n
/\

I , ( V , ^ ( x ) 1 * 1 ,  =  r , r ( e ) . '  
i

cLear Iy ,  the nonsing;u lor i ty  oond l t  ion is  eat  is f  ied l f

v  te  the  fu l l  a f f f u ie  spacoo  In  th l s  pq r i i l qu la r  caGe we  ob ta in

i a o o b r s  N u 1 l - e t e 1 l e n e e t z  l r ] u h c o r e m  ^
Ie t  us  oons ido r  tho : :eg t : r l c toc l  1 l J .omann  spaco  s  o f '

rV(I{rp) uni  *nu bssio su'bsct 3x. i : f  Q € 0* thcX x'Q =
t  

' t  
- -s \ x ! . r { r o . e e ^ o Q ) l s . a s p o o l a l ' l ' ; e t i o n t l f x o v s r J t a n d } r c n o o x ' Q

9. .  Y le  oonstder  the fo-

- .ro(r[x])

a
i

ro (a)

vu( t ) (a)
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A

Ls n  t t  -  r , . t ions l  po i "n t  o f  the  ver r .J .e ty  v .  r f  r : ro 'a t tooh to  each
- - A r r A

.Q €  s*  tho  po ln t  x .Q.€  v ( ' r ( )  vJe  ob ta tn  ]ne  proJec t ion  map
A *  n  -  a r  ns^  - -+  v ( I { )  "  T - f  a  €  s ;  thon a  ss t l s f res  the  oond i t rons  uoQ €  }
fo r  L  . -  l - ,  coosrna Cons lde : r lng  u1  =  u1(x )  ss  poJ-ynomte{ :  o in " ._
eg j -ons  J .n  I (  [ "  j  wo sbservc  tha f  

" r  
6  =-ur ( * .q )  end ho*oe

_ n. -A-

" .4 : .  
Uy(t ] ) :  Converealy,  t f  * .Q ? V. ' t?)  i t  fo l lovrs tn t t ie ssm6.

*r.y thst a € Sil" Tirug wCI have, .'
( Io.Z) ru**e.* 6f te tlr* l.nverso !-rnege

respeot to th.o project toi  *"p 3* ---uv(f i ) .  .  
(J

.  . 7 1

(  1o.3)  Igr tp.eo The 
-r^mage 

of  t f  wi th '  respeot to^the pro-
Jec t lon  map oonra ins  a t  leas t  a lL  s i rnp fe  po ln ts  tn  Vu( f ) .  I ;
pert icular, l f  t  ho varie ty v rs nons ingular then t he 

*pro 
j o c.t lon

.  ' z \ -  t \
nep Sff --+Vu(K) ts ourJeotlvee

. l t rs  a  oon: : :oeno€ of  th ls  r .emms v{e obte ln  the- fo l lowlng
orl ter lon for Vu ( i t)  to co.ntaln e sirnpJ.o point.  thJ.s or. j - ter. ion
Le of  b  j - : re t  lonal  ne turer  T€f f  er ing on ly  t  o  the funct  ion f  ie ld  F

" ld  
no t  to  tho  pa r t i , ou la r  va r le t y  V .

(1o.4) Lheb.q-e. in* Suppoeo that the rnult ipl icat lve monoicl
genereted by u ie  a  subgroup of  Foo Then the necess6ry and sr r f -
f l o len t  cond t t i on  ro r  v , r ( i i )  t o  con ta ln  a  s ino ,o le  po ln t  f e  the i
the funot lon f le l -d  F is  formal ly  t -ad io  over  ?  rJ  u .

Froor* By ( 1o"3) r vu(f i )  contaJ.ns e sinnple point t f f
A v  ^ - -
Sf ls non-empty. By (g.5), t i l  ls non-enpty if f  },  ts formal_ly
t - sd l o  ove r  p  t r  u . Q  o B . D .

B:J:o.€*g.f- ( l-o . j- )

s lnoo v  le  nons ingular  t t  fo l tovrs  tha,  t ;cu{ )  is  the
. A . .  nX-nveree lnage of  Vr ,  ( t { ) (e) r  and Vo t?) t r l  ls  the l .maga of

. / \
of Vrr(K) wi. th

A e  -  i '

sfr (a ti l) vrith respeot ro the prpieotron *un 3,1 --t v.. (?u  ( K ) .u
r t  fo l lo r rs  tha t  r (vu t t ) (e )  -  K [ " ]n r , , * (6 i l  ru  i - { l l "

r{ '  u u
.By (g"z) ,  r__x (3 i l  (a  r r i l ) )  oquale . the J

' H''\ 
'Ll 

L{ Unfi ( t11) red lce1rrk
rl u

ru (a {)  of  t }re l -doal B Hi l  r-n r{  end henoo r.  (vu(t)(a))  =

*  K [ " ]  A  ]u  (e  H i l ) .  I t  remalns  to  ehor ' l  tha t  the  oont reo t lon
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of rho !-deat r ,r(a t i l )  on K[-_] ls the Jo fre [x])-  radlcal  rr(e)

of tho ldeat a. Tho lnolu.sion r ,r(a) C X I  x]n 
" , ,  

(e t i l )  fol ]ows

o a e l . l y  f r o r i  d e f i n i t : [ o n s .  C o n v e r s e l y ,  l e t  e €  X [ " ] r r , r ( e ) "  V ' / o

havs to  show thst  I  #  r , ,  (a  t t i l ) .  By [ r t ]  ?roposi - t lon 2,  r r r (a)

! .e  the  l n te rseo t lon  o f  a l l  p r i . rou  Jo  t x I  x ] )  red i ca l  l dca ls  [n

; t " j . o n t a i n l n s  e "  I t  f o l l o r v s  t h a t  t h e r e  l s  a  p r i - m o  J u ( K [ = ] 1  
,

;  r . ed i ca l  l dea l  p  oon ' i e ln ing  e  suoh  th .e t  8#  pc  r . , o t  o :  
{  

( xn toJp )

: i i  :  : r i  be the f ie ld  o f  f rect ione of  t i ro  factor  r lng l t f  xJ ln '

Then the f te1 l  extoneton I  o f  I (  is  formal1y t -ed ic  over  P u u* iJ1,

: . r , .  : : r  ggnd  x  mod  p  l s  an  T r :  ra t l ona l  po ln t  o f  t he  ve r ie t y  v .

Stnoe bJ '  hypothes is  V ls  nons inguler ,  the po int  x  nod p !s  e im. .

p le  on V"  3y l t " l  Coro l lery ,1  2,  the spec la l lzat lon x  - - *  x  mor i  I )

oan be extonc led t  o  an l - ra t  lonal  p lace Q of  F/K.  I t  fo l lovrs  that
e - 1

t he  oen te r  mnn  K  I x l  o f  t ho  p l ace  Q  o4  K  [ xJ  l s  t hd  p r t u i e  f dea l
. 

t"(,
. Y

pr  anc l_henceos d lq"  on the other  hand,  a  €  s i l : iu  
: l t  : "n* - t j

nanHf of  Q on Hf i
*V .' ..:(
I - f t  a  p r i rne  l dea l  con te in lng  the  ldee l  e  H [ .

$ lnos  by  (? "1 ) ,  roQAHi l  l s  e  ;o ( i { )  -  rad i ca l  l dea l ,  l t  f o l l ov rs

bF lzr l  rroposit ion z dhat e 4! r , r(a u} l  .  Thus we succeeded to

shov r  tha t  r , r (a )  =  4  [ * l n  "o  
(a  n ;1 ,  uu  con tended .  Q 'E .D .

Renar l<.  (  1o "  1)  is  an analogue of itrl Theo.Iern
Thsorem 1 anc l  [+ ]

I . 2  f o r

.p -sd l ca1 ly  o losed  f l eLds  and

1 .1 ,  f o r  o rdeeed  f i e lds .

or Lrt] Theorem

I r ]
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