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8 1. Introduction

~

‘The theory of formally p-edic fields was initiated by
Kochen in ﬁjj in a'completé enalogy to the olesgical theory .of
formslly real fields, Importsnt developnents of the theory were
achieved by Roquette 'in Bﬁ~l§], and together with Jarden in[ié].
The most interesting result of this theory is the Nullstellen~
. Batz overa?aedically closed fields proved . by Jerden snd Roquetie
in Eiﬂ. A psriiculer form of this result W8s proved by Kochen
f L |

On the other hend the possibility o extend the frame-
work of the theory of formally:@»adio fields was suggested in
bJ] as in EUJ.'SuCh extensions were obtained by Trensicr [ég]
and by the author,[}]. As an application of the general theory
developed in Eﬂ,vm considered in [3] Section 8, emong other
cgsed, the cese where the base rield is e valued field with g
real closed residue field. As examples of such fields let us men--
tion the field or formel power seriesR((t)) znd the fieddiof
Puisesux series-!‘?{((tl/n!n >1)).

A different epproach to e Nullstellensetz over R( (1))
is consdered by Jeacob in fg]. The aim of the present peper is

to develop. the theory of so called formelly %-sdic fields and
i-ordered fields defined in § 3 and § 4, end to prove s Nullsiel-
lensetz in this context which Gan be scen as a2 generalizetion

.0f Jecob's principal result from [g]. Cur results end their
proofs are presented in the same spirit es the principal results
and techniques from the paper @é} of Jerden and “Roquette. The
mein fects used in proof are Zariski's local uvniformizetion
theoren [23] end some model-theoretic mesults (see § 4).

The present work is an improved versiocn of the wark‘[ﬁl
- This’iatter'Work was prepared while the author had the opportu-
nity to be a Humboldt fellow at the University Heidelberg, The
present version is based on some Roquetite's remarks contained

in a letter [lil. It is a great plessure for me to express here
my wermest thanks to Professor Peter Roquette fofvhis sdvices

. and pormanémt encouragement in my work st the University
Heidelberg, :

]
!



§ 2, t=ordexings

This section is ‘integrally based on. Roquette's letter

] . e o
Let I’ be an-ordered field. Its oxderlng £ is oomple- -

{ely detormined by the pogitive cone P ix X | 3;30} pifelkie

Tet P° = P\ 0. » .

A subsect ﬁ’of K is called convex 13? the fo"!lcwmg O~
.dl‘hlon is satisfied:

il b€ O/
=P ol 0
_aéxsb :
B O/lS a suﬁring of K, 1 € 0,/-.th'en 0’ is convex :Lfi‘ :
lx}gl = xe (. Here lxl < e b, ) . =

There is @ smalles’u convex sub%‘lng oi‘ Ky nawely 'che
ring of finife elements of K: '

fin‘g{XGK} \/ Hén}
el an o

Kfi $g 8 valuetion ring in K and litis meximel ideal is the seid

K

of infinitesimel elemenis of K¢

e g{xeK] i \m\ 2 1}
' ne il e

It follows easily thet the following egseriions ere

equlvalent for 8 sub»ing gof n3

i) 0/15 convex
5 Ucontalns Kf:’un'

iii) 0 is a valustion riri'g end 4ihe ordering P of K is
~aompatible with the valustion v atteched to gji.e. 1+ ‘mvc,z-’.
Here 4, denotes the maximal ideal of

Thereftre the set of ccnvex subrirlgsoi‘ K is lineaxly

ordered with respect to sncfitsion. There is s canonlcel bijegtion -



_ from the set of prlme Jdeals of I’ 1 onto the set of convex sub-
 ringgof K: /;"”"""';’(Kfln)“ ' et

; Let 1% O be an 1ni‘1n11:ely small ele'nem of Ko Let %y
denote tho radical of the ideal in I‘Jfln generated by 1s

i. .’mt 5_}; € Kfinl \/ X €t Kfin} « It follows eaéily that
: : nen AP i B s L

-, ls @ pr1m021d081 and M, coincides with the set of all X¢K

subggci tos ngt for some 96 . ‘I’he corresponding veluation

ring 4+ lees the localization of I’f:L with respect to the =
prlme idesl M, consists of those elements yéK which sa"clsuy

t

the condition x 1¢‘?’zt,1 ee 1% y2n< “for all n ¢ M.

Definition, t 48 cslled prime e, if nt is generated by
T 88 ideel in 0;,1 Go MW =% ﬁ/ Poer the corrCSpondlnp valostion
v, of 0,;, this means, if ## O, that the value (1‘.) 1s the
smallest posrbwe element oi’ the value group vy (I’)

i -,

0' Definition. Let t be en srbitrary element of K. The
,orderlng P of K is called & t-order ing if t is a prime elemenc
with respeet to P, i.0.t € Y, t s :mfmlteiy gmall, and
m, =1t 0,

In perticular, for t = O, each‘ordering is e 0~0rde*’ing.

Observe that the null element % = 0 ig prime end

In the following we consider g field K and a fixed
element t of K. If P is & t- ~ordering of K we denote by

0/13) ix eK] /\ 1-% X2n € P} the valuatlon ring sfore de-—
nel | S
n@ted by (]‘c” and by m (P) = 4% U(P) thé oorresponding maximal
ideef . s o
(2,1) Lemma, If P ig a - ~ordering of X then

0y = {xex |1t 2 ep],

Proot, The casse t = 0 is trivial, so we mey essume
1: #% 0, Let x é ﬁ(P). We have to show thet 1-% XQ% P. Since

x?ldf}?) 14 follows X le Mm(P) = % (P),i.e,, e € dfP) end hence
om : :
1-% \x% € P for allm¢ Ef.'In perticular, for m = 1, we

obtein 1-t x° € -~ P. Since t is & generatnr of the mswzimal ideal
‘m(P) we have 1-% x° # O and hence 1-t xgjf Pt Q0D
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(2 2) . Theoreit, Let K be a field end 1 en glement
of K. Then & necccsery and sufficient condition for an ordering
P of K to be a t—-pxdering is that the following conditions
ere S€ u:ufned. ' ‘ :

(1) e, I-tie B T AL

(2) (1-tx2)(1-1x") e P for all x € K,

Proof, Since the theorem 1is- 'ﬁI’lViol in the csse 1
- We may ‘sgoume thet t £ O.

.O,

i

If P is-& t~ordering then by def:nltlon ’c, e b
Tet x€XK, I8 x € O(P) :dz follows 1- t.x € P and 1- ’sx4 & P, end

hence (1=t )(1 ’u"4) & P, If y;{ﬁl’), then :»’2;51 ﬁ"") end by
(2.1, 1-tx> and 1—1;}3‘ ere not contained in P, end hence
(1-tx2) (1-tx?) ¢ Po |

The converse 1s moxre dliflculs; The gondition (2)
means thet sgn (1-—1‘.}{2) sgn (1—ux4) for 8ll xeK, with the

s = 1,0 In faol these gifua=
Yions sre not possible ss we shall sec in the following, bui

i

possible e}:ception tx2 =1 or tx"
‘for 'che noment we consider these cases as possible).
By induction it follows thet:s
(3) sgn (1*—113{ ) = sgn (1- G ) :Co:e k> s
'wxith e possible -exception when

(4) t = x”zk_ for some k 2 1.

Thus the condition (2) is equivelent with:

(5) txP1 iff tx°F < 1 for ell x e Ky k 3y 1,

w:.’sh the poss:Lb19 exception (4) i’or gome X G K? = K\io}, gnd
2180 wuh the condition: e

(6) <x’2 LEE % 4 x°F gorall xe Ky k3,

with a possible excepiion when

tF) s 2% for some x€K®, k & 1.
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We shall use in the Lollowinv the condition (?) Jn
the form (5) as well sz in the form 6).

First lei us show that t is infinitely emall with
. respect %o P. Let ug put: ' o

$=1+h where h >0 by (1) .
x =148

end let us compute:

xt>14n=1

eHi
\v .

(..8) %

IN

o L e

LR

t<§%§5 for a1l k51 by (6)
Thcrcxoreﬁ is 1nf1nltely umall, excepting the cese
- given. by (7):

(9) % = —- for semk » 2.

rﬂf‘
2
In this cese it follows from (8):

1
b <:§



e

(] <""2T for all k > 1, by €

phantg. to (9), the e)roep'tlon § o= JZ-'E is not pOS“lblC.
: ‘ 3

. Vle conclude thet t is infinitely smell with respect {o the
ordering Po ,

New let us show that t s a prime elrment w:Lth res?
pect %o P. We have to show that ihe ‘ideal’

i z&k@K] \/ ’n—x e P} ig generated by % in the ring
2 nel : |

0 - axé’—Kl N l-tx2n€ oy .
: neld shig

. Let 01-4 y@'ﬁ‘l,L Ve haveA‘uo show that x €1 0_: Since
xéfm wé heve X2n< t for some nelf. It follows by (6) thet

x° < % (we ommit here the exception (7); we shell consider”thils
case 8t ’che end of the proof) : : : ' e

We write the preceeding reletion in the form:
t (D21

Then, by (5) applied to ¥, we gei:

2k '
(o) t () 41 forallk e
The exceptiion is by (4):

(11) % = (%) for some k € I,
and it will be further discussed.

We conclude by (1o) that % c OE'and hende x € 1 (9;,
a8 contended. : Tk

It remsivis to discuss only the cases (7) end (ll)
' These cesos may be considerecd together, by whting

(12) ¥ =



o

where the exponent r-is some retional number, Tf (12) holdm,f

let us replece x by % A X € m, fhcn%"’{-‘ @ end hence 32361; &;,
X gt 6:, with the possible cxception;: ; ‘ : : '

(13) t° =% for some 5 e 5)‘:

- But (12) end (13) cennot be satisfied in the é@me'fime,
~ because, if this is the cese,. " :.% with u = sarg;é@ This

b

" facl is not possible Since t is infinitely small, QI

8§ 3. The space of t—orderings

Let XK be & field of characlceristic zero, and t £ 1 be
g fixed élemerit of K. Let us fook &t the get of all t-orderings
of K, Denote this one byj%k. TE1. =0, X coincides with ihe
get of ell orderings of K. ‘7 : : :

Definition. Kis called formelly {-2dic if there is a4
lezst one t~ordering of K,i.e. Xy is non-empiy. For t = 0 we
recover the congept of g formelly real field.

It follows esgily that XK 1s a closed subset of the
space of‘brderings of Ko With the induced topolegy, XK is g
boolean space with the subbese of c¢lopen sets gH(a)] & eﬁj 5

where H(a) = &PGXK | 2 GP} :

Definition. Let<¢ be & place of K 2nd v be the corres~
ponding valuation,$ (respectively v) is called s t-plzce (res-
‘pectively & t~yzlustion) if the residue field K, is formelly
regl end t generates the meximgl i@eal.%%,of the corresponding
velustion ring - i 4 ' :

: For t = 0, & valustion v of X is 8 O-valuailon iff v
is triviel end K is formally real. If % £ C, end v is a t-valus~ .
tion, v(t) is the smallest'positive element of the velue group

v(K). As ususl we identify the orderecd group of intefgers

with subgroup of the value group v(K) by putting v(t) = 1 end,
cons.tguently, v(t%) =n for every n € 4 . After this identi-

ficatiqn the number 1 is the smallest positive element In v(X)

-end henae Z is @n lsolated subgroup of v(K)s inadfhe sense of

ordered groups, ' o

IR “y:in a't~valuét10n, let us denotec: by XK the set_of‘
those orderings P of K which are compatible with v,i.e. lwmvélP,
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and satisfy the condition t € P, In perticulsr, fof:t-; O,

~

XE = XK-coincides with the set of all or;ﬁdering{sof'l{.

"(3.1.) Lemms. If P GXE then P is @ ’u—ofde:_rixag."

Proof. The cese t = 0 de Yrivialk, S0 ye By HopUiCc
L hpotpding o (2.2) we have to show that 1-1 e{P and
(.l—-“sxg)(].—‘-'i;x4) ¢ P for 2ll x€K. Since 1 + énv'(ii'l’ end m, = v 0;,
it follows 4-t ¢ P. Now let x¢ K. Ve may essume X L o1
v(x) > 0 then 1—-’05{2,'1—-“5;{4& 1+ 'mrvﬁl’, and hence
(1-1x2)(1-txh) e P I v(x)£ 0 then 1 - L end 1 - == belong

: , 1%° Tx

%o 1 + @, &P and hence (1-422) (1~txh) = (1~ =25) (1= l-i)tzx(“e P

~43.2] Temma. Lf PC—XX then 0;, = 0/(1’): =
=$lxezi'11»fsx2e1>}..
‘Px‘oof. The case t = C 1is trivial'; ‘80 we mey gssume
£ £ 0, _ ' ‘ :
The inclusion 0; CO?P) 5s immediste since L+ &P

Conversely, .le’u XéK\Q;. Then 1—--—2'-2 el +'mﬁ[ &P end 1-—’65{2 ="
tx : ;

= - $%° (1~ --}~;2) ¢ -p°. It follows X#&ZP). We conclude thet
‘ X : R g
0, = 0». &ED

330 Proposition. Suppose % LG end lebv be o t-vew
lustion of K. Denote Dby vV the get of ordevings of the pegidue
fi,eléKv and by 7V the group of characters of the fector [roup
V(K)/7gg+2v(1()' Then there is a (non~-cenonicel) bijective mep

from the set X;,:
$his bijection is glso & homepmorphism, 1f we consider the ca-
péniccl topology on YV and the %topology induced on i by the |

product topology on the pet of maps from V(K)/‘ﬁ+2‘v(K) into

onto the certesian preduct YV-X'ZV. Koreover

: ﬁ;il}' In particular, the set XK is non—-empty.

Proof, Denote by ¥ @ K'/pe2()yo? """V(I%:Wv(x) she
surjective morphism induced by v, end let ﬂ‘w}()/fzwv(K) i

= vl e ale be a [, ~ lineer mép subjeet o V op = L. We
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D

: dei’ine map f/,‘: X w«wY g dependent on,&tby putting
(P) (P ) mhero P is the ordering-~of Ky induced by P,snd ¢ -

s the domposite morphism v(m)éﬁ+2V(K)
=1, |

- The msp @u. has ean inverse %u . ' . .
(B, ) €Y' x 2%, end x €K*.We heve x = Yoz with yo (e At By =
=ﬁ4ﬂy)12?+ 2v(K)) end z€§§¥& mﬁyeg (P @) s ife

n

I\. /}r.gutzio(,,‘__,_‘.w I 0/1)‘,::

defined gs foﬂbws. et

e Te(v(x) 452 + ZV(F)) CI% If % = y'.z° lS onother represcnts—
25
tion of the game type of x, we have Z.a G;égzﬁ(x°2n uY’2}~ (; ;

end herce 7, z"le B Thus %H'(?’U‘) ieg well dcflncd. It Lolluxq
easlly thnt Bu (P ¢ ) ilisad= orderlng ok i (e 95)7w“ l and :
Ep o e R 15804805

(3.4) Corollary. The spece of t-orderings Xh is the
disjoint union of the non-empty sets X g, where v ranges over
the set of t~valuatlons 68 K ' '

Proot, I 2 GXK:then P GXE where v is the veluation
attached to 6&?) = %xe;K {1~tx26'P}. Conversely, by Ll )y

Xy &X, for each t-velustion v. By (33, Epale non-empty.
It follows X Uyk. If P ¢ X 1nx "'*then by( b

; : v
_02?) = 0 = U 8nd henge X lﬂ " 2 ;5 for vy £ \ QB
Sy nt2 -

(3.5) Lemms. Let K be e field and % £ O be an element
of K. If K is formslly t-adic then t is trenscendental over
the prime subfield @ of K, o

Proof, et P be gt orderlng o= Ky-ahd ‘assume that

. is glgebraic ovex‘éa:\e T altn 1+°..+ an = 0 for some n € LL
¥ i) nl —v ’»-;
ag €@ o) £ 0. Then a = - % (a,_yteet 7D 25 2 1) G,
end hence 5o O, which is absurd, : = Q.E.D.

Now let us describe the space of t-~ ordermgu Xy in
50me parﬁlcular ceses %

L) Conﬁlder the specisl cese K Q(t), where b is
trenscendental over @ There-is 8 unique t~veluation v of X,
defined es follows: if £ ¢ @ [4], let v(£) be the smellest na~

tural, number n such that (£, t”n)(o) # 03 for f, ¢ A r-E
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el [{] let ¥ ( ) = v(f) - v(g). The valuetion ring 62 2980010~
ted to v is the 10081 ring Q [ﬂ s @[.E]s:nd its maximal ldeel

'm.v is gcncrctcd by t. The valuatlon v ig discrote,i.c. the va-
lue group ig &, end v(t) = 1. The rcsidue ficld of v may be
5den%JLled with @, : ' : . ;

Iarcover, by (343) s there is a umioué t-ordering P of

'K, nemely P =§~>§6K°l(yt V(ﬂ) (x t"V(}))(owc} U/ c} By
(2.2), it follows ihat P coincides with the semiring of K gene-

rated by 5,_1, 1—-1;} U Sl(l % )(1 ’cy4)l «:eK} UI s
Tet us observe that Ov equels the I‘lng Kfln(P)" ixéKf :
‘\f n+x € P} of flnl‘ue elements with respect to P, end Ty

nel
equals the ideal Kmf(P) g K | /\ n + éP_} of mi‘nnltclv
- nell :

small elcn‘ents of K

2) Let K =[R((t)) be the field oi’ formal power ser:es |
$n t with coefficients in the £ie1d P of resls. There is e

unique t-veluation v of K: for £ = Z" T f’((i)), et
v{f) = min {nez la % (,}. The corrcspondlng velus’nlon ring .

(7 e R [[t]] with its meximal ideel M, = t RICT . 0/ is dis-

crete and complete, end the residue fleld K Cis luOTnCI‘.)th 10 R
As :Ln the prcv:mub CESE, there is & unilque 'L—-crdcrlng

of X, nemely P = K2U+t K,

§ 4, t~adically cloged fields

‘Definsition. A field K equipped with a t-ordering P

where t is & fixed. element of K,is celled & t- ordered field.

For the speciel case t = O, We Tegover the concept of
en ordered field. If % 4 0, and (X, P). 1s a t-ordered field,
theri by (3.5), K mey be identified with g field extension of
the field éZZ(t) of rationgl functlono, gnd P extends the unique
{-ordering of Q(t) , " : e

Denme byeP the first order languege of ordered fields
: extended with en indlv:dual constent te Let W be the theory in
& obtained by edding t@ the usual a}fioms of oydered fleld.s
the following scntences: :
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~

(b‘ %) (J -t X )(i - % y4) ., ’ ' .

The models of W are exsctly the - ordered fieldse In
particular each ordered field (K,P) mey be seen as a model of ~
W if we interpret the constant % on K 28 the null element G of
Ko If (K,P) is & t-ordered ficld where O £ % € X, we must die-
%inguish between the model (K,P) of W where the constent £ is
interpreted asg 4 end the model (K, P) of W where the - consteant 3
- 1ls interpreted as 0, Ve sey thst (K,P) is 8 proper t-ord red

field if (K,P) is & t-ordered field end % £ O,

If (K,P) is a t-ordered field, Ieth:w's Vp denote ihe,
t-veluation attsched to P, OV = CQP) {yw;h 1-fx 26 3} the

corresponding veluation ring,‘mv = % 0; 1ts meximel ideeal,
= 0;/% fhe.residue fileld, end v(K) the velue T pb s WS s

b Gl )i the smellest positive clemcnt of v(K) snd we may
identify the ordexed group @f integers Z wath an isolsted sub- -
group of v(K) by putting v(t) = 1,

Now let us denote by W the theory in £ whose models
are the t-ordered fields (X,P) which ﬂ"tloly the follo ing
¢onditions:

1) the veluation Vo is henselian

ii) the residue field K, 1is real closed
Vp
iii) if % # C, then the volue group vP(K) is 8 Z- group,'

l.e the factor group vP(Y)ﬁZ.ls lelSlblec-
Slnce the valuation rum*f) is desoribed in terms of

4 _
the 1annu e & we may essily write the corresponding sxioms of

 the theory \ L pﬁrtlouler, if % = 0, the t-ordered field
(K,P) is e model of it 1ff K is real clos

[ ' :
: First we sre intercsted to descrlbe the algehraicslly
meximel models of the theory W. ' ' :

(4.1) Proposition. Let (X,P) be a t-ordercd field.Tf
(K,P) is an algebraically m°x1mal model of W then (h,P) is a
model of h.

 Proof, The result is well knouﬂ if t = 0, 80 we may
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‘ggoune that 4 /.Oo QupDOGC.thFU the t-valuetion v‘: vé 12 not
henselian, ond let (ih,w) be the Henselization of (K,v). Since
the extension (Fyw) [(L,v) ig immediste, it follows by (3. 3),
thot P cen be extended to 8 t-ordering T of ¥, Thus (F,T) be-
Qomes & proper algebraic l-ordered ficld extension of-(K,P),
which is ebsurd, because by hypothesis, (K, P) is an algebrai-
celly meximal model of W. We conclude thet. the valuation Vp i)
hrnsbll(u. . .
Now assume thet the residue field Ky ig not real clo-
sed, and let (F, T) be the real closure of (Y , 53, whore P
‘10 the or&eang o hv induced by P. Denote by (F V) an unrami~
ficd algebraic extension of (K,v) whosec residue LLCld P 18

iscmorphlc over K with T Let M V(h)/2+2v(K)““*R/K'zljﬁv‘g

V(h)/[-

be =2 secclon of thc ? - llncar mep Vi K /Y‘zlJtV'g +2vE)

1nduced by Ve bnnce w(F) = v(X), /Llﬂ also a.scction of the map
M » v v 4@) -
W E /F.th iF oW o F) inducgd by w. By (3.3), the
t-ordexring P is completely determined by §‘and some charscier

e r"( & -(r "_._' ) € 5 TB‘
q: \(L)/@+2v(y)~¢%tﬁ%¢ According to (3.3), the ordering

of F_ and the charecter - W(F)62+2 ) *~p2+ i}lnduce by

meens of [ 8 t—ordering T of F which extends P.'ThUS (B,n) is
a proper slgebraic t-ordered fileld extension of (K, P), :in.con=~
tragt with the maximality condition sstisfied by (K,P). It
follows ithet the residue field Kv is reel c¢losed. .

Now essume thet v(K) is not e Z-group, i.e.there exist
a prime number p end some ol € v(K) such thet o Iis noi p-divi-
gible in v(K) meduloZ. In this situation we can consiruct a
t~ordered field extension (F,T)}(K,P) of degree p, contradio-
ting the fact that (Y P) is an algeorqically mmx1n 1 model of W,
The GOﬂuLJUCtlDH is ga follows: =

Let & ¢ K be such that v(a) =oL and let b be a p-th
root of 2. Let us put F = K(b). Then [F:X] & p. Let w be a va-
-luptiOﬂ of P which extends v, and put ﬂ-—x(b) From bP = a 1%
follows pfp =ol o, Since & ist not. p=divis sible in v (X) end p e
8 ﬁrime numher we conclude that b € W(F) ig of order p modulo
v(K). Hence (w(R) : v(K))op > [ﬁrKJ. On the other hand it is
“known from valuetion theory that the index of velue groups is
not larger than the field degree. We aonclude that
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Cul)r i) = von [’"“V]. Mercover it. follows thet w ig the
tnique ez:ten ion of v to T snd the residue field I‘ coincides
it ‘l‘v' Ve claim that w is & t-valus tion of T; ..LO'[" thig it
remeine to show that 1 = v(t) 48 the smallest pesitive elcmeni,
in w(F). Suppose that there exists J€w(r) such that

Cudls Yt T ihan: 4p3" < Po

Since (w(P): w(K)) = p, 5t fol}oun pa e R e el o
lgoleted in v(K) we conclude thst ry =ne X2 Gn the other
hend, since Jb 1s. of order p modulo v(K) it follows that {br £ge -
ne:r-a_teu f.’(}sj)‘modulov(K) henoe BL /?) + )\ with k eZ, € V(K)
C<£k £ p. Since B’V}é v(K), we have k A 0. It follows py =
= kel + p) , end hence kd ig p~-divisible in v(X) modulozﬁl. 4
p 1s 8 prime nun)ber grd O Lk <. py k. is reletively prime %o fio
end hence o is elso p-divisible in v(K) moduloZ, contrary to
-the chalce of ol - '

Now we extend s ’co 8 ‘t-orderding 7 of F, coni admiln"
the algebraic ms }tl"lP]ll.y of (K,P). Pirgt Jct us essume p A 2,

Let Mo v(K)/ K“/ » be & section of the
Z+2v(K) U R . -
F, - linear map ¥ : K*/ 5 D e V\K)/ induced by
2 K<y tK* Z+2v(K)

the valvation v, Usmr/u. the t-ordering P is completely de-
termined by the ordering P of K Induced by P end by certein

charccter Q: 'V(K)/fz.-z-zv(K) wgi 1} . Let uu‘conuldcr the commu~

tetive diagram

¥ i e L
b s N

T i
W('F )/}Z+ 2w( T P)

F.
F°2UtF‘? Bt

Since [F:K]- =(w(F): V(K)) p 14 2, we have K°N (F‘2Ut“‘2}.-

R Utl"? snd v(K)N (Z + 2w (P)) =2 +.2 v(K), end hence ‘Lhe :
verticel naps are injective. It follows thet we csn extend ¢

to-a Ii"z - llneﬂr me p /L W\F)/mzw(r F/ Utl"z subjéat

$0 w. 0/“' 1. Cn tho o’cher ‘hend we cam euend ¢"to a charg cter
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: w(}é)/w‘_? () ....@. + 1} Usmg ,u . follows by (3« 3) thet
P end \‘r induce & f-or dcn;mr T oi’ i eytcndlng % '

It remsins to congider “the case D= 2. Let ug conmdev
the comrutetive dlagram

1 o | 0

. .2l o SgRpe --—> v(K) N (.LAZW(F)/
no(r Tk
e ‘ U tE )/ 02 452 4-/1 | 3 ? Za2v(x)
i 0
K* i WA v(K)/ —s 0

iz
P TS Lomt F)/ —> 0
gt ToT " gaslf)
. *
It f.‘ollcvc eesily thet K° n (I"QU t“°2)/ - 5 =
U tlr.

{x Py, s (27U ‘t-K“"‘)} € B Y 0
= {v(m), pr V()] ¥ 1) > V) V@ 2AT)) =Ze2u(E), ond

Z o+ 2 W(F)/Z+2v(1{) = %Z + 2v(K), aZ_+/'Z’.+2v(h)} ‘V.Zz/zzz Thiis

v lﬂdUGGo 8 blgcc‘c ive map I&"ﬂ (I"2U tF‘g)/ 5 S
21 K

...._wv(I\) N (Z:imx.( ))/7.»312V(K) and hence we msy choose the cor-

regponding sccxronu/u /(L }L such that the preceedlng diesgrsm
aan be complotcd as show(n., :

Now let us obsérve that w& mey ggsume from the beggi-
ning thet a ¢ Po Using /JL , the t-ordering P induces the oxdering

Poof K, and a chsracter ¢ 3 V(K)//;Z+2v(1{) -'-—0-5_4:_ 1}.' Since



/(V(a)uil 2 (1)) "—«/’u(ﬁ*‘%w?:e 2 3(K)) = o (K°2u1:f’”2) and aC‘P
it follows (4 o e ) v(K)) = l, and henoe 6 can bo extendod to
a cheracter 6 W(})/”H?W(P) —p [4 l} o Thus. ihe ordering P of
'Fw = Kv and ‘the ohar:ou@r ¢/ detcrmine by means of/u a t-ordee
ring T of F extoending P. . : Q.E.D,
Now let -us investigate the model-theoreétic relstion .
between the theoriecs W end f: Filret let us observe that the oa~'

: teéoxy Cw of models of W 1s cquivalent with the oategory C o
wE
defined gg follows, Let I denote the

Jenwquo of valued fields exfended with an 1ndiv1dual oonrfcnt %o
Denote by WE the theory in T having as models the systems(K,t,v)
where K ism a fleld equipped with the. veluetlon Vs, t 1ls an elemon
in K, end the Lollohknﬁ oondltlons hold. :

C!

ox

mnd ls-of the theory W¥

1) v is hengelian : :
i1) the residue £ield K, is reel closed,
i1i) t generates the meximal ideal :
AV iR ek 0. e value group V(K)'is'a‘2?~ group.

In perticular, every system (k,u,v))where K is a resl
alomed fleld t = 0, and v is the triviel valuation of Ki-loan
model of W¥, g :

T2 (K. % P) is a model of W then the field K eoulpped
with the tmvaluatlon Vo=, assoaiated to.P becomes s model of
wE, Conversely, &f (Ky%,v) is a model of W* then there is 8
unique tmordcrinm of K which is oompatible with v, If t = 0, we
heve nothing to show. Assume t £ O, Since V(Y) is ag2~group, Ve
heve v(K) =2 + 2 v(X), and hence the Wz ~ lineer map
T s Kt/ 5 ' 20 has a unique seotlo%/a

e ke K'
On the othey hand thore exists a unique character & of the group
v(k)4r+2 v = O By (3.3) there is only one t-ordering P of X

which is dompqtlble with the valuetion v : for eaoh xe K®, we

have x = 'ﬁ y u with EE{O 1} aéO',yc K°, and =€ P-ife
u bolongu to ?, the unlque ordering of the real closed field K
Thus we hove for-every x € K°: x€&€ P iff K satisries the follof ’
wing sentcnoe. e '

(:}nyu) V(--r-)uO/\v( ~u>>o \f V(= )«0/\
”? “”?
: A V(w - u2)> 01
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AB a congeguence we obtain the followlng rosults
2 T heoran. Tha theoxy W is model—complete.

I’J’oofe Tet £ 3 (Kt B) —( Ty T) be an embedding between:
models of h, We have to show thal thig embedding is elementarye

Tet fﬂ : (K L e (F t,w) be the corrcepondlnp
embedding between wcdels of Ww¥, To show ibg& £ ig elementary 1Lt
auffices to verify that % 45 elementary., The elementerlhy of
i coasequanrn of the model~completeness of W&,

Inuccd the moael»comp]etenuss of real oloded fields
[151 Theoren 4.3.5, and the model~completeness oLfg~groups [éo
Exeraige 1T7eT+y imply bY [BtITheorem 1 the model~ compWOteneso
sEWE, . - ES ; Q.E D,

moreoxer e have the following result*
"(4.,3). Theorems W is the model- Gompanion of W,

~ Proof, Sinae W ig model~ comnlete, it remanns to show
han'eéuh model of W ocan be embedded into a model ol W. bat (5, D)
-be a tnordercd f;eld, and (h, P) the real closure of (K Py
If t = 0, then (K, 0, T) ie a model of W extendlng (K, o, P) and
we -have nothing to prove. So let us sgsume t #~ O, Then we con-
gider thu'family il of the subLlelds N of L/K oubjeot tor waJi is
g t-ordering of N. The femily F ls non—-empty (kéfr) and inducti-
 vely oxdered with cespeat to inclusion. By Zorn's 1emma there
exists a-maxixel member T of this family. Let T P11 I be the
-gorresponding t- ordering. Then (Fy 1) is an algebralcally maxi-
mal model of W, Indeed, ii we agsume the contrsry, there exisis
a proper algabluio 4 ~ordered field extension (F*, T') of (B, )
4._Slncc (h, T) is also ‘the reol olosure of.(F,T),(F;T‘)can be -
" embedded over (F,T) into (K, P). Mhus we obtein a member of the
,famllv P, which is a propcer extension of P, contradlcting the
- maxinallty of F. Therefore (F,T) is &n algebralcally maximal
- model of VW and hence, by (4.1), (F, 7) is a model of W We con-
olude that ¥ is the model- companion of We T QoE Do

(4.4.) Corollery., Left (K P) be a t-ordered Ileld Then -
(K,P) is an algebraically maximel model or W oiff (K P) is 8 mo-
del of \«'u 4
Proof, If (K P) is an algebralcally maximal model of W

~ then (K E) iE e modal of Wby (44d)«
Convernelv, by o, 3), every model (K P) of W is exis~
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tentlslly complete inm esch ~ordored field extension of (s
end henoce (KyP) is &n a]gebmicslly maximal model of W, Q.E. D

(45 ) Gorollorf Let (K, P) be g model oqu\/. Then the
. following hold:

1) P = Kzut K2 and henae 1_5 18 the unique t-ordering .. - °

of K. . ' i .
) K h"s at most fwo ordermgm :
441) K? 18 a triviel fan, l.e.K2-is a fen and (1{°‘1§'2)< 4.
iv) X is horeditarily if - pythagorean.

: 5:0001’& The s’satemem is triviel for “b = 0, 80 we mayw
gssune 't £ 0 ' '

AN Tk C P* and v(a) =o , where v denotes the
t-valuation attdched to P. Since v(l'x)/2 v(K) ::.{7”/,,.,,, ‘thére exigt .
ohiy iwo poegsgibilities: eltheroLE€ 2 v (K) or &€ 11 2 vlik)is 17
A € 2 v(K) then g = ygu with y € K* and W€ O‘. A8 a¢c Pénd
KV is real closed it follows 1 € K°2° olnc:e V- is henselian we
concludc thet u & K‘2 end henae g é %= e If €142 v(K) then
8 “cy u with y & K°® and u € O « In the same \Jay as above it
follows 1 € K*2 and henas a. ¢t K2, This B = K20% K2,

K i 'pythugorean, i.e K2 + X° = K2. Indeea let

xEK®, We have to show that 1 +- X & K P \"e have 1 + x &P =

= I’2U %e If v(z) A0 then 1.+ %°€ K2 gince v (1~rx e 2v(K,'
and v(%t) = 1, If v(x) = 0 then v(1 + x2)’ = 0, becsuse otherwise
1+ %% =.0 which is absurd since K is real _qlosed. It follows

1 +x° € B2 4@o,

Since K is py‘bhagorean and X / {4— K® ng}
we cgonclude that Poand P' = K U- }\2 v are the only orderlngs
~of K. - : i . : ,

113.) 1’2 is a fan as 1ntersec'tion of the orderings 12
ahd Pl .1’ is a trivial fan since (X% ¢ K ) = 4,

iv) We have to show that K is hereditsrily n-pythsgores::
~ for every naturel number n > 1, 1,8.F°0 & P28 . p20 £on gagh
n 2>»1 and for every formally real algebraioc field extension F
of Ko Let F be such & field extension of K and let x ¢ Fo We
have %o show that 1 + Aan € Pzn. Let v be the t-valuation
~attached %o P. Since v is henselian, v extends uniquely to a
valuation w of ¥, Ve may assume w(x) > 0. when w(l'*'g.n) =0
beaause otherwise 1 + Tl O, which is absurd singe F, = K_

e 468%4
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ig real olor‘cde Moregver we have 1 4 Zn z’”gn for gome ¥ € K 5
. Sinece w is hons sellean ioo we oonc]ude that 1o xznqg Pgn QeE . D.

Wow let X be & formally t-adic fleld Among the algeu
braiae field extcnsions of K which ere formally t-adia there
exlsts & ma vximal one by Zorn's lenma; 4+his is called the t-sdlc
alosure of X, The t-adlic closure, szy F, of K is equipped with

‘e unique t~ordering T = P2 4 P2

. In generel the t-sdlo closure
sg not unique, IL P ls @ given t-ordering of K then there exisis

a t-edic closure I of K whosge canonical t-ordering extends P.

We proceed as 11 wgs let (ﬁ; 5) be the real closure of 27,
If 1 = 0 then (K A3 satigfies the desired propertys If t £ O we

.oh»opo by Zoxrn' s lemmzs a meximal subfiecld of K/K with the pr04

portv T = TN ? is @ t-ordering. “hen (F, 7) is 8 model of V,

i I‘ T P2, P is a t-adic olosure of K, snd T extends, the

given t-ordering P of K., Moreover we have the following resulﬁ.

- (4. 6). Pronogition. Let (K P) be & ﬁ~ordered field end
v be the t-velustlion essooxated o P )k ‘either ¥ = 0 or the_

value group v(K) is 8 Z-group then the t ~adic closure F of K,
_subaect to: the unique t-ordering T = P2 U F2 of F eytends P,

1q unique vp to en ordered fleld isomorphlsm over (K,P).

Proof. Since for t = O the result is viell ‘gnown we
ghell assume that % A O and v(K) 1s a7?~groun. We have to show
that there exists a model (F,9) of ¥ which extends. (K,P) end-
can be embedded over: (K, P) into each modol (F‘ i W extén-
ding (K,P). Ve proceed as follows. Let v be the twqaluﬂtlon
attached to P end (X',v') the henselization o K5V . the’
‘residve field Kl, = Ki is real closed then (K', P'), where
Pt = K’thﬁ K’Z ﬁaﬁaoflcs the desired conditions. If K is not
peal closed 1et (F,w) be an wnreimified elgebraia extcnsmon of
_(h‘ vt) havxnp uhe 1egldue field Fw 1somorphlc over K ‘w1t1 thae
real closure (h ,P) of (h By, where P is the orderlng of K
induced by Pe. Such ah extension is unmquely determined up to
is omorphlsm of valued fiﬁld extenslons of (K',v')° Moxreover
T 204 P? is ‘the unique t~order¢nv of T end (F,T) satlsfies.
4 he dOoLer oondlbiour

~ On, the othor hand, 1if (Ft, Tt) ig an. arbltraxy model
o W extending (XK,P), F cen be ldcnt;fiod with the algebrala
¢logpure of K in F' end T 1s induoed by the t-ordering T' of P,
Tndeed, led N be the algebreic closure of K in F'. Slnae the
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valustion w' associsted to T' is henselien; it follows that the

~ field -W equipped with the valuation w" induced by w' is henselien
too. The residue fisld Nw" can be identified. with the algebraia

- ‘closure of K in F', whioch is lsomorphic with the real oldhurc

of (Y l)° uane every mopnomorphism of Z- —groups is pure snd Nis
slgebvﬂvo over ¥ it follows ihrt the emtonsmon (N, w"lJ(K v) is:
unramified, l.e. w” (8) = v(X). N bocomes g model of W, with 1he
 te=ordering TV = NG k} N2 = P'NTy and (N,T") is isomorphie with
(F, 7). over (K,P). ‘ Q.0 .0,

LT 001011ﬂrv Let (K P) be a t-ordered field and i
be the % vnluaulon ggsocliated to P. Assume that either 1 O ox
ths velue group v(L) ig azznwroupo,ihen any»two models of w =
cextending (K,P) are elementarily cquivalent over (K,?). In par-
mlculgr there exist only fwo complete exuenalong of the theory
W one ls obt?ﬁncd by adding t{o the axioms of W the senucnce
‘% = 0, the other one by adding the sentence 80y

L

- Proof. Let (F, ) and(F*, T ) be. arblirary models of V‘
which extend (K,P). By (4. 6), there is a model (K P) of W ex~
tending (L,P) which can be embedded over (K,P) into (F,T) and
(ue 0ty -As ¥ is model- -gomplete we conclude that (P, T ) and
(F',T') are elementarily equ*valent ovexr (K, $) end hence Qver
(E.2). SHBetis

_ . It rens lns b0 show that W hes 6nly two complete exten-—
gions. iny two modela of V which s atlsfy the condifion it = 0O
are real cloged and henoe olementarlly equlvalent. On the other
hend every it~ordered’ field satisfyng the oondltlon t £ O i an
ektendlon of the field of rationsl funchlons(@(x) equlppea with
the wnique t-ordering P, desoribed in § 3.

Lot Ve be the unique t~va1uat¢on of @\t) Since vo'is
discretio, Loo. v (p(t)) =, it follows thst the theory
W k)(c‘ﬁ'C} has a prlmc model, namely the field of alggpraid
power series K ~(3<1:>w1th poefflolents in the field(? of real
glgebraic numbers, end the t-ordering of K ig P = K A K2
Since W is mode] completd we conclude that W(J{t Oj'ls aom-
“plete. : — s QR0
o a8y homarfm} The clasg of thoge t-ordered fields
(K,P) which satisfy the additional condition: if % 40, the
value group v(K) of %the t-valustiilon v attached to P is a
Z-group, ls exiometizable In the first order language L.Dgnofe
by W' the oorresponding thoory. Then by (4,3) and (4.7) we
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: ot = : ki :
conclude that W is the model-completion of Wk, : |

(4.9) Ve end this section with 2 psrellel between the
theoxy of formelly t-gdic fields considered in the p“escnt woxrk
end the theoxy of formally p-adic fields dGVOlOde by Ax, Kochen,
Roquette and otherg. The t-ordered fields correspond %o the va=- :
lucdfiolds (I,v) subject to: the mesidue £ield K, is finite i
with p‘clﬂwcniw, where p is a prime number and v(p) is the sm31~f
lest positive element of the value group v(K). The respective |

protoiypes ere on the one hend the ordered field of rationals @
ittt = 0, and tho t-ordered field of ratlonal functions G(t) if. . |
T / 0, and on the other hand the field @ of rationalo with the - %
p-edic valuutwor The t-adically closed fields corredpond to |
the p-2 d;c<11v glosed fields. The oorxeSponding minimal models are

on the one hand the rield ?gof &1gebraic real numbers 1if i = 0,

end the Tield of algebrailc power serles(}(i;)lf §= £ O, and on
the other hond the field of algebralo p-edic numbers. Among ol-
"her remerkeble models we mcntlon on the one hend the field R of
regle 3£ t =0, the fields @((n)) end R((%)) of formal power se-

ries, and the fleld of gll germs of real meromorphic functxcnu

if A 0, end on the other hend the fleldfﬁp of p-adio number

The model-thooretia properties are gimilar in the bouh
considered situations (sce for the pwadlo gase [;] [Qj), ‘*he
role of whﬂ Kochen operatoxr ; : &

- B s
X’(X) = "]': X = )
; p (xPe x)°= 1

-

from the theory of formally p-edic fields is played in the théq~
ry of formally iwadio fields by the squere operator and by the
Operator' . : :

S(x) th % et =Y

- gonsidored by Roqvetfe. A varient of the oporator 5’wes frygt
congidered by Jaaob [3} .
R(xy) = %°- 5 % xiySE g v x2yt 125, e

805, The Koohen rihg

Lot X be a field, t a fixed element of K, end u 8 subw
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et of K, : :
‘Definition. An ordering P of XK,.is called a t-ordexing
.over u if°? is a t-ordering and-u ¢ P.

Definition. The field K is called formally t-adic over u
£ there s at least one t~orderlng over u of K.

If the et v is empty we recover the concopt of a for- "
mslly t-edic field., : :

. Thus K is forms lly t-gdic over u iff XK. is formally r081
over fthe subsct {t, 1-t¢ U {-(h)tlw L.e.there is at least one
orcerlng Poof R such that {t 1 %} ] f (B)erte B,

Here ¢ (X) { 5(3) X ¢ K} In other wonds, K is foerle
t-adlc over u iff -'1 dwes not belong to 1hgapomlr1np2}ﬁ of =K
LGHCTqud by the subset {t l~t} Ud(xyv KTo e o Let

/?[ﬁ,%] be the subring of K genurat€d by u ng‘} 1t follows

th&t the ¢lass of those fleld extensions F of A which are for-
mally t~edic over u 1s sxiomatizeble in the- fiwst order languege
of flelds exiendud with individuzl constants whloh exre names for
the elements of u U {h}o If F is & member of %this cless then
every intermediste ficld between A and F is also formally f-adio
. over u. This class is'non«empty’iff-the field of fractions of A
is formelly f-edic over ue. } FL
: ‘ Denoto by Xy/ the set of all t-orderings over u of K.
In the pETILGd1 r csse when u is empty XK/u coincides with the

set XY of ell di= orderlngs of Ke The get XY/u is & closed subgmet
of the spsce KK‘ :

Denlnlﬁnona A valuatlon oo K g called a t-veluetion

over u if % gcnerates the maximal ideal m and the residue fileld
Ir ls formlh real over the subsget d‘ian O eéhvl aéfu.nov}‘

For u empty we recover by (3.3) the'oonoepﬁ of a f-va~
lugtion, If % = O, g veluation v of K is a O-valuation over u ifi
v is the trivial valuation end K is foxmally real over u.

P iga i ordorlng over u ﬁhen 1he gssoclated t-va-
luutiou Vi is a t~-veluaiion over - We

1ty is s t-veluation over u let us denote by XK/u the
set of all t-orderings P -over u, which are compatible with v,
Leee 1 + my <: B Prooeeding as in § 3, we obtain the following
result:

*  (5.1) Thoorem: 1) Let v be a t-valuation ovor u of K,
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~ Denote by Y the set ol'thbue orderings of K which contein the
“subset J N 0 v and by év the group of chqructers of the facﬁor

~group V(K)/v Jo) Here J’ = Qazﬁjﬁ Sl G,
Then uhowe is a (non canonlcwl) bijective map from

AT ﬂ -
XK/u onto the cartesien produat Yu X Zu' Moreover this bijection

is 8lso a. homeomorphism Lf we oonsider the canonioé1~10po]ogy
on Yu and tho topology induced on Z by the product quology
on {% 1} ¢ .

§i) The space XF/ of t=- ordcrlags over u is the dlsjﬂlﬂt,

anﬁ L}Yk/h where v ranges over the set of t-valuatlons over

o T

W0k bhie

LH)IE P E XK/ then 0 = o(p) = { xR/ 1-1x%¢ ”}

iv) K is formally t-adic over u :hie ihcre exigte Qt
lezgl one t-valustion over u of K. :

Proof, Only 1) needs sonme eynlannfionsc Thp other stot-—
ements follow eesily e3 in § 3.

Lev Gl: K?J. —s v(K)/ (Je) be the surjective morphism

inducod by the vasluation v. Denote by/H— V(K)/V(J )—~> L‘/Jo

u
a[P2 - lineex m'p sub3cc% to ¥ g/f = 1 We def;ne s map

%M : XK/U e Yﬁ.x 2V by putting : /¢(P) = (P,o’),_wnere P is

the ordering of K, - induced by P, and O is the compo site morphism
2

7 :
re S Ll
V(K)/V(JG_.). — .}x /J{; -—> K éo ; {:{; l}., |
‘The mep @M has an inverse gﬂ'defined as follows. Let
(3, s)ezr" x %y , and ¥EK*, We have x = yz with y 78 =

x=/’v‘~(v(3«') + v(J%)) and z € 0F. Ve put x¢ g (P, 6) ier -

v
T Vi) ATV ))€ P. e K(: yizt e anoﬁheﬁhrepresentablon of
the szume type of x,we have ZoZ! C O /\.I and hence-zeu 36J5°6
Thus U/ (e, g well definede Lt fol]ows easily that

a0s

K/u ’ /< /\

_Now let us considexr the following subrings gf Kt




= - .
- Q[i](i)[r—%-*}:( ZGJu = Z\?é -1] .
e - e 00,

whoere P ranges over the get of 811 t— ordcr¢nﬁs over u of K (vwb

uge the fzct that J is the 1ntorseotlon of all %~ OrdOIingSOVuP ;

u of F).

Observe that for t =0, Q[ j(ﬁ) =@ eng R, = K. Ir
T =0 and u is.empty then B colneides with the Baer ring of
K¥E (see for instence [ﬁ] Theorem AT : : s '? =

By CHal)ty LOlJOUS R w-/\ O where'v ranges over the
gell o ol 4~ valuations over u of 5% By analogy with fhe tboory

of formnllv p~-adic 1161& we ggll R the Kochen ring of K over .,

Bopiy emnﬁ“ we obtain the (abqolutc) Kooheq iy of K, denoted
by R = R(E),

. k5.0 Lemma; Bu is a subring of P

Proof. The result is tr1v1pl for t =0, 80 we sssume
t A0, The vcoulb is also trivial il K i not formally t-sdig
over u; i.e.- 1 & J,, &nd hence R u = Ko Assume that X ig formally
t-adic over u and leu P be g t-ordering over u of K. P indudcs
on @(t) the vanonical t-ordering of “\i), end hence
O[]()CO( = {x aﬁlﬁx€gﬁNw1MZCJ.Wemwhq
sd 32, z2422+(} %)
| (1+2)°
since z, 1-t €J, C P. Ve conclude that BUCR LU= L

show thd}iﬁﬁg € N(»), Indeed, we heve 1-t (L+4

(5»3)9 Lemma, B, is g Priffor ring w1chf<asits field of
fraotlonao -

: Proof It SufflOGo t0 prove the lemma for the particu~
lex cese when u ig empty. Let B = [ﬁ](ﬁ)[-l;z ]z(ﬁ], Z A - 1]

where J is the gemiring of K generaued by the subset
{t,l~%}(} J(KJLJKZ. J aolngides with the intersection of all
f~orderings of K. s _
* 15K 1o not formally ‘$=adfio. then J.=.K and henco B-='E.
hosumo that K is formally t-adic. First let us show that X 1o
the fleld of fraotions of B. If z €J “then 1-_— € B, 1—-— =

m ] - T € B, and hence z' € Q(B).. On the other hand K=J-J CQ(B)

E 2

a
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2 ’ z ,"‘ <
gince 2 = (www) (Eggﬂ ¢. Jw3 iforsevery %€ K. We conclude

that Q(B)

Now let us show ’nhah B is @ Prmfer ving, l.e.for every

_ maximgl idesl m in B, the local ring By ig a valuation ring of

- Ko TPirst obscrve thet either z € By ]‘6 m B, T ngnds In=
decd, :'Lf % €J N\ By then- le-Emand T;-:;El—--i-———«c BN\ m and hen-
ac 7. € m.B n® Tet ue show that the integral closure B of P in

K is & valuauiop ring. DLet m' be a ma Yimal idcal in B' such 1huu

B NAn =R B o Given any z € K we have e¢ither z é B

: ”ZC B, sinae e D Thus eliher zc:B e B and hence
m is a vqlu&mion ring of Ke Let us show that B _. Tk g B&
and 7 ¢ B then 2 é m.B ij', which is absurd Hence ZzéfB
if 7 & B‘ Obmerve that the ohsracﬁerlqtnc of the re81uue field

' B‘/ ig zexro. Let 2 G.B‘ Slnee G é}B and (l+z) € By, we oon-

: clude that 7 = Qliﬁl~" A e B. Thus B, is a'veluatibn ring

of X for egch max rimgl ideal m of B end hence B is_a_PriZfér ring

with K as 1ts ficld of fraationBs ' Q.EeDe
(5.4) Theor@m. Assume t A op Then the following hold:

: e 2, A
4)R, =By [-@w \ 5 CK, 75 £ 't].
2= :
11) Iet v be a velustion of K._T'hen v is a t-valuation
over u iff O, DR, end % € '

A Every overring D of R or partlcular i 1tself,
is a Pr&éler ring with K as 1is fleld of fraotions, end the
, videal—claus group C(D) of D is a 2--group.

Proof, ) Denote by M the ring B [ 2 thzeh, 22 A%
1¢ K is not formelly t-adic over Uy Jy = K and henée M = B, = K.

Agsume that K is formally t-adic over u. BY (5520,
8, C R , On the -other hend, R, = M 0, where V rpnges over the
se% of all t-valuatilons over u pfeks Let v be such a valustion.
Sinoce v(t) is the smallest posxﬁlve olement bf v(K), it follows
"%T:' € O for every z € K. Ve conolude that M C Ry To prove.
the equal’ﬁy M = 1t guffices 1o show that R is intepral

i

7{
!
L
v
|
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over i1 and M is lnto*rﬁlly closed in Ks The la 3% condition ig.
~patistied since M is an cvering.of LL whiaoh is a Priifer ring in
K by (5.3)% ot romaing %o shov that R, is integrel over M.

First lot us observe that 4 Ru‘C'Bu_C M;'Indeed, let
w1 72

O £ zER,. Then 1 - 12° € J and hence % ~ 1€y, Tt £ol- -

.lows %zz = - = € B, Thus t2? C B for each z é B
: 14 {4 =)

We conclude that tz = % (ﬂ$l) - (7'2 ) é'B for every z<§R

TR Gt | ' | d _
Now let us remaxk thet I equale its w»ing of fraections. =

with respect 1o the monoid 1+tM.Indeed, let z = (1+%y)”l with
Y€, Sinae y € M.C:R it follows y & Oy and hence z @,O% Pz
each t-valuetion v OVCr v of K., Thus 2z ¢ R and hence tz B, CMe.

Therefore z = 1 = (tz) y€U as contended,

Let us show that R, coincides with the integral cloguxs

M o N I 6. This--faai LO]lOWS from ths general theory of for-
pelly p~adic flelds [3'1 Theorcm 2.2. For the convenience of the
reader_ we include here a proof, Since M' is the intersection of

those valuailon rings of K which contein M, we have M'CE, walot
z € K\ ', Since K ig formslly t-adic over u, the idesl tI

w

~

e

prcpez. L4 olloxs that the ideel b = th.[a l] + 7 Ix( 1] in
the ring M [z ] is proper. Indeed, if 1<§b uhen - 1"{;Ej 847 i+

n i=0
5 Z"l zz‘ bi z™" with ai,b éLLand henae (1 + % 8 )Zn+1
i=0 ‘ :

. n~1

"'0 ¢

Slnce 1+ % 8 lg 8 unit in ¥ we conalude that z is in-
fegral over M vhich is absurd. Therefore the ideal b is proper.
: Y“hen z" ¢ b c ¢! for some maximql‘ldo al o ofPi[ J

Ag the GQDOH!CU] morphiem M —> M [z %]/ is surjeative, its
";<ﬁrnel an M is a maximal idesl which conteins 1 M.

AGCD?GLH" to the place extension theorem theré is a
valuation ring 0, of K subject to M {z 1] C 0, ohdan. = mfﬂﬂ[ ‘J
- Let us show thsh V-ie @ t~valuat¢on over Ue uince M Oy and
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L)
r

henceo w2 € O for each z € K, 11 follows thalk v(t) 1a the : g
A ; : .
smgllent posliive element in v(K). It remains %0 show ﬁha% tho

residuc rield K ig formally real ovoer the oubset J /”\O

Agouning the contrary it follows -1 = z ~ ty for somc 7 Q Ju’ _ |

¥ & Ou end heneo ¥ (1+z) > 0 Por some z2€&J,e. Ve derived a con-

: - ; i
tradiction since B CUCO, end hence e (28 (), 1.0.v(2+2)< O

Wé GOPO7Ud?A%h8t K ls form wally rcal over J' f\OV, end hence V
ig a t-valuation ov u of Ke On the other and % f O sinoe
zfle'b Co Ciige LY LOllOWS 2 ¢:R . Thus R 18 1 he Lntogral 6lo-
gure of M in K. - , : s |

Li) Tet v be a valustion of Ko 1T ¥ is @ t-valuation |
over u of K thcn cloa rlv e m, and R C:O . Convereely, 2 S8Ume

thet t €n, and RuC 0o Since v(%) > O and -~ CR CO
e

egch % € X 1t follows thet v(t) ig ‘the sma]lesi positive element
of v(K). In particular e % K end hence K is formally t-adio’

over u. To conclude that v 1s 8 tmvnluetlon over u it remalns to
‘show L is formally. reul over the subset J /1 O A suming the

contrery it follows -~ 1 = & ~ ty for gome 2 € dy» 7 € Oy end
'hence there is = €J, such that v(lw,) Pi0h o “;‘ 0,0 On the

othexr hend, sinae 2 €Js we have Tfi 6 B CR & Ov’ 1.6..8 coh~
trediction. ° ' : _
111) Since R, 1is & priifer ring in K, every overring
D of Ru is a Priffer rlnv to0, Ag every such ring D ig an. in-
tersection of valuation vinge having formslly real residue fie 1 &
" (in particular the polzneomial %2 4 1 has no solutions in the
correeponding residue fields) it follows by the prififer ori+c~
‘rion for holowwéxrphy rings ([]7] theorem 1) that the factor
group G(D) of %ho finitely generated. fraotional ideals of D mo-
dulo the pr”hclpal ones is a 2-groupg : An TR el

(5,5) Corollary. Suppose thet % £ Oo Then %here is a
ganonicsl bijecctive map from the space of t-valuations over u
of K onto %he gpace o; prime ideals of the factor ring Ru/% R.*

u

Proof, Since R, ig a Pr,b;er ring in K, the map
p > (R, ) is a bljeotlon from tho spsoe of prime ideals of R,
Qnto uho spaco of those valuation rings of K whioh lie over Ru
This map snduces a bijcotive map from the»spa@e of prime ldeald
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of B /%R onto the spnoe of thoue valuatlon rings O of K which
el

satlsfy the conditions: R, CO Bnd t€m . By (5.4)11), the lator
‘spsac coincides with the Bpauc of valuat:on rlngs of all f~va-
luations over u of K.

$ 6. Thse Riemann space of plaoccs

In the gencral context of this section wo consider an
&Tﬁltrufd base field K, & fixed element % # 0 of K;‘énd a fixed
_,Sub“Pu P of X. We essune thet K is formally t-zdic over P. In
periiculer we consider the cese when P is & fixed t-ordering of
K. £lso we consider the speoisl situation when X is the field
of rationcl functions &%) and P is empty. We don't considex
here the cssc t = 0 of formally real flclds, For the correspon—

'3

ding theory in the cese t = O see for instance [4].

Consider a ficld extension F.of K. The space of thage
places Q of /K which satisfy ﬁhe condiiion: the residue field
exteonsion P, 0/K is formally t-adic over P, is called the Eiﬁgﬁgﬂ
'ggggg of F/(X,P) end is denoted by S(I), In order to ginplity
fhe notstion we shell use the symbol S inutead of SLB). 1& T o
forms 111y t-zdic over P the trivial plsasce 1 & momber of Sy
end hence S is non-empty. In fect we shall sece that a necessary
and sufficient condition for S to be non-empty is that P is
formngy t-~zdia over P.. - '

Let Q be a place of F/Ké We denote by Jé, respeotively

by J (FQQ), the semiring in F generated by the subset
{i 1~ h} v reu J(E)L};, respectively the semiring in F.Q genora-
$ed by u,lwu} U (F.@)?u 4 (P.Q)U P. Let Ry, respectively
RIKE Q), be the Kochen ring of P, respecilvely of F.Q, over P,
Since K end P ere fixed in the following, we ommit the index P,
weitting J,J(PeQ), RyR(F.Q) instead of Jp, Jp(FeQ)y Rp and

P(LQQ) The objects J; J(F.Q), R and R(F.Q) must not be aon-
founded with the corrcsponding absolute objects attached to F
“and F.Q in the speaial 6&9@ P =g _
(6,1) dheorem. Let Q be a place in S. "hon the féllom
wing hold:

ﬁ) Q lies over the Koohon ring R of F over Pyleocida
gonteined 1n the valuaﬁion ring 0’ of Q.
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£1) Mo formally t-adlc OVer P s
: 141) Yhe Kochen ring R(F.Q) of 1.Q over P oquuls tho
image ReQ bY Q of the Kochen ring R of P over B :

Proof. 1) Since Qé& ‘7.Q ig rormally t-adlo over P
The inclusion R C (7 ig triviel 1 Q = I“ AfﬁS\lmO thet Q ig not
the trivial plﬂoo,.ue., Cf A 7, Vo huvo to show that v () > 0
for each x € T subject to_: 1 - 1:" € Jo osumng ’che comram@
there cxmm % ¢ T such that vQ(“) < 0 end 1-422 € J. Let ve put
R L A T follows Y4 (y) >0 &nd y2—~ ’céJ, end hengce y2- t can be
: = ,

.'reprcsentcd in thc form y?- i Z Vi where
=l

. o 5
1. L

(2y gy ob IR Wyges sty 2] I (1-txs ,)(1-'0.&

‘qi'tl'loz Q{O,.L.J R u. lgooo,u j G,P\S(:U‘SQ VAR C \{VJQ
1,.'0,}( XJ:L éFG 3 .

Since Vg (yz-—‘h) =1t Tellows A = min {'v (y.) \ L
- 1,...,n}<c 12 A <0 then L €2 vo(P); we use ihe fact that
Yq (1 ~ $x°) = O Af vQ(y) 03 aince F. ,Q is forme 11y t-edic and
hence 1t (X.Q) £ O, Let w €F and 1 € {1,...,n}be such that
Q(w ;) ~}.- A and VQ(,,:LO) = A o Then v (y W ) 0, (V W )’)CJ\I‘ Q)

for i = l,‘.o,n, and VQ(viowz) = 0 and-hgnoe 0 % ~(yiowc).Q = -
Z (:y' W ) OC- FEFL T AR OQ), gontrary to the hypothemc

that Iu.Q is formail’y t-adlc over P.
n:

Therefore)\ = 0-and - ’u:-: z yioQéJ(F.Q). Thug we
. e Cod=l : R
 derive agaln @ contradtiation and. henae R & 0’

11) Let Q be & moember g8 1L Q = 1y then clearly F

1s formally t-adic over F. If Q £ 1y 1% follows by 1) that
R (fQ / T and we obialn the samo oonchmion. ;



it 20 S T e 1F the equality R(FSQ) =R,Q ig trivisl.

Suppose that Q /4 lhe Pirst let us show thet R.Q C R(I".Q). Lot -
xéR,iceolwtx?“ & JahE VQ(X) > 0 then x.Q = 0 € R(F.Q). Assume

. : : .\ . . nu :
t_hat -VQ(X) = 0, Since 1»-,‘E;X26 Jy we have“1-'tx2'=Z ¥4s Where
> i - . X i== %
the y; 's have the form (1). Since F.Q is J"ormally t~adie 1%
followg Q (1-tx ) =0 l’rooecdlnp a8 in i) it follows ?& min
.{vq(y )[5 o 1,,”,1‘1} =0 qnd 1-t(>x ) € J(I‘ Q) dioy

ReQCR (1.0,
Now lot us show ’ch'a’a RO 0 Ry By (5 A),

F.Q) = Q ]( £) [1,,. J z EJ"MQ):][“‘"W z El“era It remsing to

GR Q for esch z € J(F.Q). and -~-~— € R.Q for esch
Z --’L

2 €F.Q, Let z € J(F.Q); then there'exiﬁ’usx GOQ’ ducb thet y.Q

.shm that

1+z

gnd x belonge to the semiring in OQ geneérated by
AR tJv 05 udd, )U 2.

Thus 4:;:('1“57532)”‘3 €R.Q. Let z € F.Q £nd xg@’Q be such that

XoQ =m z, Then 2 - = ( dy )eQ € R.Q, We. conclude thet R(F.Q)=]R.0

e

a8 contended. : | _ - Q.E.D.

The fellowing resulfi givc's a chargcterizetion.of the
places Q belonging to S.

(6.2) Theorem. Suppose that F is formall t~adic over P
end 161: Q be 8 plece of /K. Then a ‘negessary. and oqulGlCHi
egondition for Q to belong %o S is that Q l_les above R

_. Proof, If Q€S then, by (6.1), Q lles above R..Conver-
- sely, assume thet Q lies above Ry1l.¢es RC%; We hsve %o show
that P.Q ig formelly t-adlc over P.-Assuming the conirary, we
have - 1€ J (P.Q), ond henoe thore is y € J such that .
: (1+V) > 0, Since P is formally t-sdia over P, 1 + ¥ £ ©. Thus
'we obtsin the contradlictory stutcmnm. T%—};G R C 0’ and

T 0 RN

Remn“r*] . The previous resulis are analogues of Theorems

3.5.6 and 350 Trom [10:] conoornirm formally p-adlc fieldu,
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and slso of Propo Ltlon 2.3 from {4] concerﬁing~formally rcal
fields, s

If x is an erbii¢q*y gubpet of F, denote by b g* the
gubset of conteining those places Q€5 vhlch gatisly the con-

dition ¥ C 0.3

_ The followLng result offers a oriterion for a Tield ex-
tonsion F of X to be formally t-adlc over Pe :

(6.3) Theorom. The following Suamements ere equivalent:
49 e férmally‘twadic over Po
1) For every subsel X of T, the set 8= is non-empty .
$51) The space S is non~empfy. | |
- Proof. t) implies 1i)o If * is for rslly t-adic over I
then the- sdentity place 1F ig a member Of s* for every subsel X

of F. The implicetion 1= $i1) is trivial, end the fmplica-
tion iii)=»1) follows by (6, l) e G B, D.

Tet us denote by H = H(b) the holomorohj rlny /r\ C

: »J
of ﬁhe Riemann space Se Since RCH end R is @ Prb&lev rlnv it

follows by (6. o) that we may sdentify the Riemsnn’ space S with

the prime ppcctlum Spea (1) of the holomorphy ring H and consi-
dexr on S the 7ariski topology heving es basis of open sets the

femily {Yf} fET where Y, = {Qé l.i .Q £ 0], loreover S has a

@

natural structure of. rlngcd gpacc. The structural sheaf G,i
given by G(Yf) = H(f) [/A\ OJ Fquipped with the 7ariskl

‘ T Q€Y ‘
ﬁOpology, the Rlemenn space 5 ie_quasi—oompact. Tt 18 easy to

pee that the famlWy {S }X where X ranges over the family of
finite gubgete of P 18 8 baSLS of open sets for the Zeris!

5

‘tOpology on & end G(3 e //Q\ @' for each finlte uUb“
S0 = or FoSE QES : :
(6.4) Theoreme Let x be an arbltrﬁry oubset of F.Then
? . //ﬂ\ ﬁb «_R Kljx] In partncular for % ompty we obtaln
g¢ s*

B = RK =K Ii‘}”‘l 2¢3, 3 £ - 1][.%__.,.

Priifer ring with F as its field of fraqtions and ito ideal
olass—~group is a 2-group. ' '

zer 72 ,é;t];n": is a
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~ Proof. The slatement follows easily‘fr&n (5 apid
(6.2), , e '
' Rcmgxgm ‘The previous result is an analoyuc of [10] The o=

‘ram B 0N formqlly p-edic fields and of [3] Proposition 4.1 on
formally real fields.

Let u be gn qrbitrgry subset of M. Uenote by S. the
subset of S contailning those places Q € S which satis Fy the con?
ditiond the elements of u ere holomorphid in Q,i.e. u CZO and
the residue ficld extension F. QIK is formnl]J t~ad lc over
P(J_u,Qg In pa thcular i1f u is empty, Su =8 ealif x. and.n pve

subsets of ¥, denote by S?

-

the intermecﬁion SX7\S and by
Hi = //\\ O “fthe holo urphy rinf oo 5‘. PJrsu let usg Obéerve'
: Qés” '

'thet for every Pubqot X ol B S is nonvompiy if M is formally
t~adic over P(J u. Indeed, in thlo caue,the‘%riv1a1 place lF is
contained in S + Lhe conver e isg noﬁ geherally true, (For inatan-
ce, let K be tho field of rationsl functions §(1) end P the
canonical ﬁ?ofdering of K, Let F.= ¥k be an enlargement of I in
Robingontscnsas [15], end 5P the corresponding internal t-crde-
ring of K. Let a £ O be gn Jnfiniﬁely small element of F with
respeat to Tp/P too. b + 8 & ®P for every b € P°. Denote uy Q
ihe place of B/K whose veluation .ring is the rlng Fp fin =

f}?C]? l \y/ b + XiéI’} of finite elemenis of F with xecp33n

_ b <P
*p/P. Then QEZSu, where u ~§‘a, - a}'but 1R not formglly

t-aalc over Puw ). I the monoid generated by u is a subgroup
of the multiplicative group F*, 1t follows eesily that S is =
non-empty Lff I' is formally t-adic over Puwl .

‘We end this section with a desoription of the holo-
morphy xings H for arbiirary subsets x end u. The partlcul<
case when u is empty wes 00ns;dcred i (hod )

A6 Propogitlon. Suppose that Sﬁ is non-empiy.ihcn

Hﬁ 1s the smallest overring A of Hljx,u] subjeat o

1 + J (A)(;A°, where J (A) denoteé«tho\éémirinﬁ goncrated by
it l~u} SV ()51A) Lll?L;u, and A° Le the ‘group of units in A.

Proof, FLet leﬁ ue ochrve that the intersect Lon
/\ Ai of & fomilv{Ai} iC E of overrlngs of H[m u]

~



gubject 1o I il (A‘)C A rmtluflcfs iho ooncu.twn 1+d (A)CA“’uor

Lot A denote the ¢ snallest overring of II [} u] cubjoot
o Ll (A)C Ao Obs exve thet AC}]' e Indeed, let QQU and

(O’ ) be the semiring gronor ted by Lu y L= t}u()"ud'(a‘ YU PU U
Tf 1 + J (UO)SCG shen - 1 belonge %0 the semiring J. a0 Erze) =
= J (6 ).0 genexated by {L lwt}U(I‘ O) U (7((1‘ Q)U PULQs Leo

,'F Q is not formally "u—-aulc over PuUu.Q, which 1g absurde.

On the othexr hend Ll & prisfer ring. w;th  eg iis
field of fractions end hence A -ﬂA where p ranges OVeI the tac‘.’s
of maximal jdeals of A. For each m:"u,ml idegl p of A et Q be

-’uh.(a plece of F_/K pegoalated to the valuetion ring Apov ig ue

ghow tkft Qpé.Si ot éverv meximal ideal p “shen H

m 522 & /\ O/ = A end henae A = H ., Tt remains

K B
ey p € Max(h)

to show thet Q€8 5% for p€Mox(h). Vo have U % cf = A s
“p

f A = ; e e
, F,Qp »A/p, o (BeQ) = 3,000, @ end henoe 1¢J Q (7.0,)

becavse (1 * Ju(A))np = ¢ Ve conalude that B-,Qp.is formall.y
t—~ad le over I'U'uch end hence Q ES}: Q.EcDo '

Tho f’ollow‘nrr result dcscmbe the holomorphy mngv H

as the mduc‘uve 1imit of ceriain overrings of H[/‘,h}

{bdb) "xoumminm hssume that S se non-empty. Then

there exists & unique gaquenee (An)néw oi‘ sntermedicte rlngs

between H [x,u} and Hu gatisfysing the conditions:

4 ke i [ z,u).
11) -1§ (4,0
TELY - Dy ig the ring of i‘*aotions of Ay, with respect

to the monoid 1 + J (A )

At lest we heve I—IX = U An'..

nely

Proofe I‘nrs’c wo have to c*how by 1ndaotaon that
= 1¢d (f. ) and A CI’X fo:e each N € N¢ =

- For n = O, if - léJ (A ) hhen e Q. ig not formally
't-ad:ch over }?u n.Q fpr every Q € S /£ @y which is absurd. Ve

e AT g B R
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conclude that - 1§§Ju (Ao)o. ‘ ERE ':‘_ : _

-Suppose that 4, C H and ~ 1 gf (A )e Ve heve to show
that An+l = J end nlngu(An+J) Since 1 + ! (An) e P C(7 &nd
Fué? iﬂ. mal¢y t“udﬂc over PzJ u. Q for each Q c. “i 13 follox
1+ Ju(An) & 02 Tox every Q(fu and henae An;l C’Hu‘ xﬂth.ﬁhﬁ
geme ergument it follows 1 + J (A
= 1¢;K5An+l)°

Now we heve. Yo show thzat Hﬁ = A o= L,/‘An. By (6.5) it

i ne N/
suffices to prove that & is minimel with the properties:

Hxu] C4 and 1+ J (A)CA*. Piret let us ghow thet 4 setis-
fies the leter GOﬂUlulﬁﬂe Let z €d (A); we have to show that

n+1)<j(H§)° end hence

145 is ancytnble in A. By constiruction of A, there lis n¢€ fJ
such that z € J (A ), Since=1 (A ) we conclude that

jf” € A . C A, Now let C be an OV”rrln of 2 {} u] uUbJCC” to
Ju('(}) C G*. We have to show that AEC0 Jor every hé‘/ﬁg’. For

| IEC

n = C we have nothing io show. Assume haﬁ A C for some n€ [,
Ve must show that An lC C. Since A, C C ik 10110wa 1+Ju(An)C’1+-

3,(0) and hence 1 +-J,(4,) C G®. We ooncludé thatid € O 0aBnll,

Remork, The last two results are enabgues of Propo ggi-

tions 4.1 gnd 4.2 from [4] concerning the formally resl fields.

§ 7. The Nullstellensatz for holemorphy rings-—a

weak form

Let ¥, % end P be es in § 6, Ve suppose that K is foxr-
mally t-edic over P. Tet F be a field extension.of K and, %
end u arbitrery suvubseis.of F. Our gosl in this seotion 18 to
give a weak. form of the Nullstellensats for an srbitrary sub-
ring 4 of H which contains H’[“,u]

Dofinitiona Griven a subset M of Si, let IA(M) be_%he
sdeal of A consisting of those elements z €A which venish on
M,i.e.z.Q = O for each Q& M. Given gn ideel a of A let Sﬁ(a),
_be the set of common zeros Q€S .of elements in B;l.e6 —
7z Q =0 for eachu & o

Definition. (Stengle [21]) Let C be & commviﬁ&umvo
Pl —aan 1ueal in C, and [ & semiring in°C conteining ell
gquares in C, Thon the [[ =redicsl of a i the subsets
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rr,(a) = {ZQC) 52m+ b C e for smnern2~*$ bc[ﬁ}
Apn idecal in C ig a T'“ T”dicul ideal Lf Jt is oW

[ redicel. Aocording to Stengle [2 1| rroposition 2, ¥ () 38
8 F‘mradical ideal, and squals the intersectlon of all prilo

[ - redicel ldesls containing &.

: 1¢ A is an intermediate ring bew«wecn H r ?u] dnd
H y TiE dcn0uc by Ju(A) the semiring in A g@n<18ted by
{i it ~‘t}UA U S(nu?P vu. I e ig an ldcal in A we denote by

r (a) = T3 (1) (a) ike d (A) ~ rodical of a«. It follows
3(8) = ﬁ (?u(@)),snd T (8) C A(Sx(a)) '

] /
(Tel)s CﬂonO(thnnn et A be a subrlng of H containing

H [xs ]9 end Q & plece of B/K. Thai QGES 1f1 Q l;os 9bov“ A ﬂnd
fhe center mgn 4 of Q on A is a J,(A) - radlcal Gdoal.

Proof. 15 Q(ZJ& then. 6',) H >4 end ¥.Q is formsally 5
2m :
+ b

{~odic over T U Wells Lbu Z € 5 be such thet z < g for
gome. nx} 1 and b€ d, (u) hon (OQO)zm + D.Q = 0 end hence’

7.0 = Oylcce2 € Iy (Y L, since 7.Q is formallv t{-gdic over
P U u.Qe

' Conversely, we have only to show that .0, 18 formellﬁ
t-adlc over Pyuu.Q. Since & 18 & priifer ring it follows '
@é = Ap where p = mQF\A and F.G s ipomoxrphic to the field of
fractions of A/p L FeQ 18 not fovmallv {-adic over P U qu,i;ef

. =LE€d, QIQHO), then 7% p ¢ p for some zéA\p, m> 1 and

b €J ([), end hence p is not 8 J (A) -~ radical idcel, wh;ch aon-
terLﬂtﬁ the hypoth081s. A e QgD

The following weak Nullctellenszuu is en immediste
conscquonce of (7.1) and of Stengle [21] Proposition Ze

¢

(7 2) Propos 1t10n} Tet A be a subring of H contelining

H [x,ﬁ] and & en 1ldeal 1n Ao Then I, (S (p)) = T, (e)

LT 3) gg;gj1 7y, Let @ pe en idesl in " H[&] Phen

I X(Sx(a)) equelm.the nilradical Va of'é.‘In particular
H

L X(SX) = //\\ mQ = O ﬁf i fovmelly t adlo over P
et ' '



§ 8. The restricted Riemann sphae

: In the general contoxt of the rest'of this paper ve
consider sn arbitrery base Tield Ky t £ 0,1 & fixed element of 1%
end P a fixed.t-ordering of K, Iet v be the t~va1uailon ansoolﬂ~
~ ted to P, and 0 = O(P) sfeen |1 12 P} the:  corresponding
valustion ring. \e aspume in aduiijon thot the value group v(X)
is & J-group. By (3.3), the t- oxdering P is comp?ctciy determi-

- ned. by the induced ordering P of h « llenote by K the t-gdic clo-

sure of K sahlufyng the condition: its unique f- o;aorlnv ? =

= Y Uit ﬁg extends Pe By (:b), (L, P) 1s uniquely determlneo
up to sn is omrrphLum of t-ordered fields over (X,P),

If P i@ ghlleld extension of K we deflne Jdhe regiriated
Riemann space S = S(F) of Pf(l‘ ) as ihe‘subspaoe of the Riemenn
spewS =.S(F) considgting of ihgfe places Q of F}K ﬁhi%p ere ra-
tional over X, i.e. KCF,Q Cc K, Tt is possible thet S f&s empty.
though S is Aon»emp*y le€ce I’ ls formally t~adlo ovey B, Feori the=
tence, let K Q(t), P the unique t~ordor1ng of K, and F=LY(t)).
Since P is tnadicaliy alosed, the unigue t-ordering of P is
TV -T2 04 P2, R = R(F) = 0(1) z{xéFll-—’uxg cry- I:"D:mﬂ ; and

= H(F) = K.R = F.. '

‘_Thus b= a8 =-{1“3'°nd hence S is emptiy. However, if
F is & finitely gﬁn uﬁcd field extension of K, we shall show
that the neccczary and sufficient ccnd;tian for F/K to edmit &
non-empty - rcc%r@cued Riemann spoGES 18 thet P isg formally t~°QLC
over P. '

We shall assume_in the rest of this peper thet F/X ig

finitely genersted.

. ' : A
The Zeriski topology on S. induces & topology on S, A
,besis of open sets for this induced topology is given by the

sets SX = S /\.S iQ € u] st }'where X ranges. ovexr all fi-

nite subsetsg of P Th;?e ie also enother fopology on S induced
'bv the ordernng P of Ko This topology sdmiis as basisg the sstsg

{O € S lu Rel Pj}where u renges over all flnlue subsets of

/\
P, We algo aonsidor sets of fhe fovnxs = lﬁ o where u sand x

are flniLeAJhbscis ok O Amy suoh set will be called a basia
pubeet of S, The folowing result establishes = non- ~trivial 10
let ton bomween the sets 5 and °; '
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e s e S

(8.1) Proposition. Lot w,x,u' and x* be finite pubsets
Pal x PR ~7 - =
- hip (8 =8 I & e < ot '
: X o L ; . ‘
Proof. Suppose Yhat 8 U Birs FiPe either the set

: S ‘
'{Q € Sﬁ[ ui R Qf Gé}. @s'mongempty or the set {QGESE u' C Oqs

.0 is not rormally t-sdic over P Llu’oQ}'is non-emptye Then

4he statement 18 s oonseguence of the following tare legmmeta.

(8.2) Lemmg, Let u end X be finite subsetshof F snd 2z
be en element of P. Then the following assertions ere equivalent:

1) The S€f>{F2€S§ \ZQQ = O)’ is n0n~empﬁY«  
11) The set Qesy =0
A The Sev L.).u Ze

i

()} is nbn»emgty.

| - Proof, Only fthe implication 1) => 1i) requires & proof.
Suppose theot there ig & place U € Si such that z.U = O. Vie have

: A . 2 -
%o show thet the set Mg :‘{Q € Sﬁ! ZeQ = O} ig non~empiya If-M?,

4e non-cmpty for some finitc subset x' of T containing x, then

olesrly M_ is & glso non-empty. Hencc wie nay enlerze x if con-
A 5

venient by sdding finiiely many elemenis of F, AT¥lexr. 8 suitable

m

enlasrgenent we may cgcume thet F = K(X), utJ zScﬁ'(ﬁ @% gand,

by Zeriskl's local uniformization theorem [2;%, w,U ig a simple
pointon the affine model V of /K vihose generio point is e
After & rewwﬁ&ring of the elements xl,...;xn of % we mey essulr
thet u = {xlg;.‘,zmkg ;'= R 1? and nt 1 é n. Thus there exists &
t~ordering T on FoU which exiends P and XioU €T for L = Lyeeostle
In eddition the poipﬁ x U €V (F.U) isnsimple and X U = 0.

We envisage the affine variety V in n~5péce as being

_defined by @ finite system of polynomial equations. over K, Le%

fl,...,fs'é Kf:X]9 where X = (le...an), bevsome_polynomiala
defining V. The condition for a point to be gimple on V is that

at leest one the minors of order n-dim (V) of the Jacoblan ma-

L 3 % i
frix bg;z%) dwes not venish at that pointe. Let e K[jX] be a

proper minor such that h (x.U) # O. Thus the g~ordered field
extension (F.U,T) of (K,P) satisfliesn the following sentence dnw
thg lsnguage IK of tfordered fields extended with constents
which are naemes for the elements of X : ’
. ' 8 < g o : i
¢r = (30 A\ 2,00 0 ABE £OA/N Xy 0Ny =0
' . A=l =1 =
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vhere X = (Xl"'fxn)
- By (4,3), (F.U,T) oan be embcddod into a model (1,a0)
of W, Sinee @ is an existential sentonae 3n LK it follows that

- ¥ s nlee inle on (09, Tat hg congider the gonmutative dia-
'gram in the category of t~ordered rieldss =

(K, P) ——> (F,U,7) " 5. e

e

(L,P)-~“*ﬁ> (L, )

where (K P) ls the %~aqlc closurﬂ of (K, Py, By (4.3). l-is an
elementany embeadxng and hence (K P) satisfies QD. Thus ﬁh01e
exists & point b = (b ,o.,,b ) of V, which is rbthHul over L,
.such that h(b) £ 0 (thnwcforc b s s:mole), b € P for il = =
2 1,4ee,m, and bm+1 = O, Since the point b is 81mnle o=V
follov" by & well known result of the algebreic geometry (see
Tor instence flo] Cowo]7arv 42) rh_t the specialization x—» b
can be extended ﬁo s % = rationgl place Q of F/K., It follows

Q € 6 end 2.Q = 0 and hence the set My is non-empty s qon--—
--tendcd. : | ' : QBT

(8.3) Lepmso Let x,u snd u' bve ilnlie subsets of P, If
there is a place U ¢ bxc}u such fhgu FoU ds ned fﬁrmally t~adic

over P Llu'.U then there is g place Q £ S““uu such that u! ngPc

: The proof of thlu lemme is 81m11ur with the proox of

8.2, » - _
(8.4) Corollary, Let x and u be finite subsets of B,
‘Then S ls non-empty 1ff AX ls non-~empty, In particular the reg-
triciea Rlemann space S is denae in the Riemann space S with
respcci t0 the Zariski topology, ;

(8 5) CoroTlerV Let u bo a finlte subset of F such
that the multiplicetive monoid genevated by u is a subgroup of -
F*e Then the Lollowxng agsertions sre equlvaleni

i) Mis Lormally t-adic over P, : : £
i¢) S lg non-empty for each finite subset x g P

ili) u 18 non- empty,
== In particular, a neoesaarv and suffioiont oondltlon for
S %o bo non-empty is that ' is formally t-adioc over P,
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B ) Coro]ldvy. Tetsv. boe 8 flnite subset of F such
that the- multiplicetive raonoid Lenexated by u is a subgroup of
T*, Assume thbt P ig formslly- t-adic over PU u end I gannot bo
embedded in K over K;: in portlcular we may eséume that F is
tfanscendenﬁal over K. Then the set S 1o 1njxn1te for every fxw

\
\

Ate gubset % of Fe _ |
Proof, Suppose that S is finlte for gome finite pot

%
p:s *-{Xj),oo,y 8 By (8.5) the set S5 is ‘non-enpty. Let Ql,...,O

(e 1) be the elemonis of ui. Since F cannot be embedded in K

ovex K, there exist yl,...,3 € P such that ¥y, Q =00 for

L= 1yeees0e Lot %' be the sot EIRE N Tprerer¥e } Yo conclude
- - ; : . -

that Si is empty, contrexry o (845) : G BT

§ 9, The Nullstellensatz. for holomorphy rings

Iet us consider the seme situation as in § 8. Firsi we
give a desar ipticn of the holomorphy rings H in terms of h010~
norphy rings of basic subsets of the restrloied Riemenn speac- S.

(9.1) Theorem, Iet % end.u be finite subsets of F. Then
the hqlomorphy ring Hi of Si equals the holomarphy ring of the

My ~ . -
basic subsel Sa s et Hﬁ = //\\. Czo
4 : Q’é 5y : :
Proof. Ve heave to show that /f\ Gé (:Hﬁ. Let
‘ e
9=y

% é P‘\H ’ o0 there is Q € Sﬁ guch thai z'l.Q = 0, BY (8:2),

there ckists a place U€S R A st and hence

Zﬁfﬂ B ‘ Q.ED.

QGfS o

: Now let us oonslder an arbltrary subrang o Hx which

‘oontgins H [x u] Given a subset M of S let IA(M) be the ideel

of A conqutinﬂ of those e1emonts z & A Whlch vanish on Mylil.e."
7.0 = C for ecach Q € M« Eivon an ideal & of A let Sx(a) be the

"set of common zeros Q c S‘C of elemcnts in a, l.ees 2 Q O fox

~each 2z € a.

(9.2)e Thcorcmo (Nullste]lensatz - a strong form) Lot
A be a subring of H‘ whigh contalng H [X u] Pndaxaflnito]y
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a0

: | . = :
gonoratod ideal in A, Then I, (57(2)) =~ Jfa)

Proof, By (la2)y o o(e) = 11\ (S (8))s Since Sx(a) =

Ax

y(a)r\ we have to show that IA(SX(B))CIA Sg(a)). Lot

féA\I (u ( a)), 1.0, the set [Q‘io}‘l cQ = 0 fop every z€a, and

'f Q £ O} is non-empty, Since a ils finitely genera‘ced we may use
- a gimiler ergument &s in the proof of (8.2) to eomolude that the

set{QG 5 { Ziae = 0 for every 26 A, and L0 14 O} ls non-empty ‘

%00 end hence f;fIA(é\y( ) S - > QuB.D.

(9 3) CovoJl g;:y Let a be a f.mi‘uely generated ideal of

H[f] Then I (S (a)) = \/;. In particular I (SD‘) =M1 I, =0
‘ i Q<:§X

The preceeding I‘CoUltB gan be interpreted as statements
about the redlcal ideal structure of the holomporphy ring Hu

Moxre prcclsely we have: /

(9. 4) Proposition., Ist 4 be an intermediate. ring between

~‘}I[x,u] and h and a a finitely generated idesl in A. Then the

J (A) —-rudloﬁl T (a) of & coincides with ‘che Intersection of thaoge

.max1ral ideals p of A which contein a and ere J (A) - T"uleal

ideals, In perticulsr, H® 48 a generslized Jacobson r:mg,l e, for
every finitely generated ideal & in H‘ the milradical of a
equals the Jecobson radical of g, Ee |

Proof Let A be e ring such that H[Y,LI]CA C H and e
be & finitely gencrated ideal in 4, Denote by ¢ the ll"bGI‘SGQ'ﬁ"DH
of those maximel idesls P in A which aontain & snd are J (A) ~ra~
dical ;Ldeal Se We heve %o show that cCx (a)o Cbserve tha‘c every
pldce Q € S determines g meximal ideal in &, nemely its center
Q(‘\ A on A Indeed, Q induces a K-monomorphism from A/anA into

h. bince the. extension K/K is algebraic, we conalude that
4/ e e RGP eCollp N A ig a maximal idesl in A, In sddiw_

“don, by T 1) mon A 1is @ J (A) ~ radical: ideal, Therefore - for
. each clement h € o, we have ks Q = 0 for every Q € S (a). By (9.2),
. h €r,(a) and hence a e (a). For the particular cese u = &

we apply oE 3) » e . QeleDe
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& do, Ghko Nullstéllengn%é for the Goordinate ring

of 8 veriéty over a.t-ordered fileld
‘ Let K, %, P, X, $Pc as in § 9. We consider the fo-
1lowing situetlon: : ‘
V’ an gffine vachty deflned over Y
x = (Hypeees®y ) a generic point of V over K

xI;X] its coordgnate ring; the elements in KITY]ﬂr
regarded ss polynofilal functlons defined on 8

= Klx) the fneld of rational functions on.V over K
u = (ul,..egu i a flnlte femily of elcmcnts 1351 k x]
v (K) the space of K - rational points kil

v, (h)- the subset of V(h) containing those points
A 3
a<ZV(K) which satisfy the oondltlon uy C,P =

e

:K U’EI{ fDI"i ’ooogm

- J (K[ 1) the sgemiring in K.[ ] generated by the subset

{t,l-—t};u K [«c] oo bels g P

B gn ideal in K[ :x]

ru(a)‘ ~ the Jﬁ(K[jx]) - ridiqal of s
- :
Vu(K)(a) ~the subset of Vu(K) containing those poinis -
A 3
b€ Vo (K) which satisfy the condition £(b) = C
for every faCng, s

I(V (K)(a» the ideal in K x] consisting of thooe ele~-
ments f € KI?X] whlch satlsfv the condiftion
(b)) = O for every b € V (K)( )e

~ The main result of this section is the.following. .
(10.,1) Theorem. If the variety V is nonsinguler then
. (I’)(a)) =g b
[

Clearly, the nonsingulerity condition is suﬁLQfled el
V is the full effine space, In this portloular case we obtain
Jagobts Nullstellensetz [9]fﬂheorem 2

wmH
M

Let us considexr the Testriciéd Riemann space 0
Ax Anr
¥/ (K,P) and the bssic subsct X Gz a6 theg‘x.Q =

= (YXQ,..Q,f Q) g 8 Spooia]iuptxoa of x ovexr K end henoe x.Q



o

ls a K - ratlonal point of the vurjety V If we attach to eﬂoh
Q € 5% the pOlnt X0 € V(K) we obtain “the projection map

S — V(K) It O € “3 then Q gatisfileg the conditions u. Q € P
ol =il oo, Conulderlnw Uy = U, (f) as polynomiafl: expre-
- ssions in Kﬁ[x{]we observe that u:L Q =aui(},Q) and henace '

. :
B G = (h). ConverP“ly, 15 %0 € v, (K) it follows in the senme.

way thui g €™ ne lhue we have: : s
o .
(lo. 2) anmao Sﬁ is tbo 1nverso imege of V (h) with

’reSpeo% to tbe projection map o >V(K)°A

: Aocordlng to [lo] Corollszy A, 2y we glso have:

: A '
(10.3) Lemms, The image of Sé with' respect to the pro-

‘Jection map contains at least all simple points in V (LY, Tn
'partloulqr, 1f the variety V is non31ngular then the proaeotlon

mep SX-~9V (K) ls urjcctlvo,

As a consequence of this lemms we ohbtain the- follomlhg
-orlterlon fom V (K) to cantain a simple point, This oviterion
is of b5”°$LOH“1 nature, rofferlng~only to the functlon field P
and not to the psrtloular variety V.

(1o.4) Theorem, Suppose that the multiplicative monOld
genhexreted by u is g subgroup of F*, Then the necesssry snd suf-
fioient condition for V (K) to contain a simple point is thet
the function field P is formally t~ad10 over Rtk

Lroof. By (le,3), V (K) contains g simple point 1 £8P

A
Si is non- emptye. By (8.5), S is non«empty iff P is formally

t-adic over P U u, G Q,E D,

Rroofsof (los 1)

Slnoe V is non81ngular 1% follows that Sy(aHu) is the
inverse'lm@go of V, (K)(a), snd e (K)(a) is the imege of
(a H ) with respect to the progeotion map b == (K).
Tt follows thet I(V,(K)(a) = K[}J/\I (s (o B Ve
Byl 9. 2)5nk (a H )) equals - the T (Hﬁ) - radicel ==

: u : o _
x x w : -~
o (a Hu) of the i1deal g i in Hu ond hence I (Vu(K)(a)) =

':zEf[zJ N Ty (a Hﬁ). It remoins'to‘show that the contraation
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of the fideal x (a HX)'on Kljxj is the’J (K}}x:D~ radical il (g)

‘of the ideal a. The 1nolusxon i (a)(f K[jy](\ o (a H ) follows

eapily from defnnltlons. Convcrsely, let g € K[:x]\‘r (a). Weo

- have %o show that g;¢ 5 (= Ha)° By [21] Troposition 2, o, (a)

ig the intersection of gll prime J, (K[:m]) - radical idColS in

; K[:x] containing a. 11 follows that there is a prlme J (Y[jy])

~ rgdical ideal p containing g such thet gf p, Tet I =K (}‘mo‘“f’/
T4 Pedhe Pield of frections of the factor ring ijy]/
Phen the field extension L of X is formally t-adic over P(J unuﬂt
~, and x mod p is an L = rational point of the variecty V.

. Since by hypotheeis V is nonsinguler, the poini X mod p is sim-

" ple on V. By [WDJVCovollary A 2, the epecislization x —> X med p
 oan be extznded to an L-rational place Q of F/K. 1% follows that
- the center mQ/\ K[:xtlof the place Q on K [X] is the prime ldezl

Ps end hence g ¢ mge On the other hand, Q € SX and the center
Q/\II of Q on H is a .prime ideal contalnlng the idesl & Hﬁ.
Since by (T«1), mQ/\iH is g J ’Hy) - radlcal idual, it follows
by [21] ?r0p081tlon 2 that g é T (a H e Thus we succeeded to
show that » (2) =K [x]{\ 2 e B> o) &9 contended° QE 0,

Remsrk. (lo.1l) is an analogue of [lo} Theorem 1.2 for

.p~edically closed flelds and of [21] Theorem 1 and [4]‘Theorem

1. 1. for ordered fields,

F
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