~ INSTHTUTUL NATIONAL A

INSTITUTUL ey
DE iy ; . PENTRUCREATIE -
MATEMATICA : - STHNTIFICA SI TEHNICA

ISSN 0250-3638

HERPRAND'’S THEOREM M‘ID ELIMINATION
OF QUANTIFIERS a
by
‘Serban A. BASARAE
7
PREPRINT SERIES IN !~1ATHE;‘-4ATI'CS

No.52/1980

 BUCURESTI



HERERAND 'S THEOREM AND ELIMINATION
OF QUANTIFIERS
; by ;
‘ Gerban 2.FASARAB*
.
f it _'4 B Octoben 1980

*)Inbiitute-oﬂ Yathematics,Str.Academied 14,Bucharest,Romania

Jed, 16596



S B B & Ty 1
N Rl ek}

O LR

Wy g s B et e s R ; Weroi s ol
B Rl S NI SR 10 Bad ol o R SR Y L ) o L g R it ) PO N ¥ e A _' .t & i
%% T i e T Uil HE SR dEe s e el & i T el T \,-__4-» SV

HURBRAND'S THUOREL. AND ELIT INATICN OF QUANTIFIFRS

L bJ Serban A Baserab

Y AT SR B N
s 17 A e A PR L ST
gl S . S e e st e tely oY A s

The sim of this note is to show thet the necessery and
sufficient condition for & first-order theory T "to setisfy
herbrand’s theorem" is that T adnlts celimination of quantifiers,

5 As uerbrand’ theorem is the basis Lorrnost modeﬂnau~
tomatic procf procedures 1t seems that the above cherascteriza-
tion oould be of scme interest for the mechenical thecrem pro-

" vinge.

Sk Bac‘?ocgrouqd from Logic

Let € be a similerity type and I, the first-order len-
gusge with equallty attsched to T (see for deflnlulons {3] or [81

- YW non81der in ihe present work onlJ the oase when T is at most

countable.

Definition. Lt Hj be the °et of constants oppearing in
T . If no constent appears in T , then H . is %o consisi of a

simgle oonstent, say Hj = { } For 1€ [, let Hyea be the union
of hi end the set of 811 terms of the form f(ul t ) for all
geocy n :
n-place function symbols £ occuring in T , where tl,.u.,tn 810
members of the sel Hi‘ mhen the Herbrand universe of Z_(or of

the languange L, ) is the union H = H(T ) = v/ Hi‘
- ; . ilelN

Dcfinition. The union of the set df atomic formulag of

the form R (rl,..o,t ) for 21l n-place relstion symbols R ogou-
ring in t , where tl,...,%n are elements of H(T), and the set
of atomic formules of the form tl = t2, where tl,t2 ars elements
of H('t), is called the atow m_set, or the Fcrbrend base B=B( 1)
of Tk ~ :

“Definition. A liters 21 is either a member of B(t-) or
the negation |G of a nember. & mf}% t). Denote by B B* (t )
the set of literals attached to T+ '

Now let T be e thesoxry ln. lz y1laB.8 COQBlb ent seﬁ 05
gsentences in Le o Inv particuler we can consider the caso hen Ao
is the enpiy set ¢ In this case the de ductive clouurs ¢ is
the set of all sentences in Lo dcxxvea from the logical axloms
of Teo s - r : _ ‘
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Definition, A subset I of B* is called & T-interpre-

Jatlon on the Herbrend universe.H &f the union TUI is consis-
‘tent, The T-interpretstion I 1s called tctsl if I iS maximel
&‘w;;with respeot io iﬂle%iOn in the, set ot I inferpre;ations an‘Hl

. =In other: words, ‘the T- interpretation I is total” Libg i eVery '
2 atomlc formule @ € B either @€ I or %) @€ I, '

It follows eaaLy that every T— 1nterpret tion on H cen
be extended to a total T ~interpretation on H, On the othexr-hand

every total T-;nterpretetion on H induces a csnoniocal structure

of type ¥ on the facior set H =l where the equivelence

- reletionv/ dg deflned as follows' for arbitrary %l,t = H, let

bty 10F (4 = 4 ) € I, Equipped with the structure of type
T induced by I, Hi becomes by GOdel's coneistency theorem [8]
Theorem 7,1 a substructure of some model oL,

§ 2. Semantic trees

The semantlc trees are very useful tools in the proof

- theory’(see for instznce [1] [4] [7])

Let T be a similarity type, and Inb the frlst order

_1anguape agsooisted to T ,

Definition. Given a theory T in Lz s 8 T—-semantio treo
on the Herbrand universe H of ¢ 1is a (downward) tree A, where

eech link is atteched with a non-empty finite set of litersls.

from B® in such a way that:

1) For each node N, there are only finitely mémy imme -
diate 1lisiks Lyyeeed from N, Let Qg be the sot of literals
attached to Li’ L2 1,000y Denote by Q the. conauotlon of sl
the literals in the set Qiy L = 1,.00yn, ihen 1 o le Q2V...?'Q

ii) For each node N, let I(N) be the union of all the
sets attached to the links of the path of A down %o and inclu—
ding N. Then I(H) lse a T 1nterpretation on H.

I£f D 1s a path of 3 T- semantio tree A on H we denote

-. by I(D) the union J I(N) where N ranges over the set of -nodes

of D. Thanks to the finitaxy cheracter of the consequence rola-
tion & it follows that I(D) is also a T-interpretation on H.
The set I(D) is finite iff the path D is finite; if this is the
cege then T(D) = I(N) where N is the terminsl node of D,

Definition: A T-gemantlo tree A on H is sald to be -
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Jotal if for each branch (4, 8 ,maximal path) D of A, I(Ch) is‘a_~
total ~interpretation on H, '

: When the Herbrand base B of 7 is infinite, any total
T«semcntic tree on " Will be iniinite. As is easily seen, if Au
is a total T-semantio tree on H then for each T~ inberpretatlon

"I on H there is at least one brefich.D of A such that I C %(D).

Thus, a total T-sementic tree on H corresponds to en exhaustive
gurvey of all possible total T~ interpret'tions on H..

Now let S be a set of sentences in the lenguage Lz .

Deflnltlon. A node N in a T~ semﬂntic tree A on H is s
feilure node for S 1f 4there 1o 8i least one ‘sentence Q’G S

such that TUL(N) 1% , but for every ancestor node N' of N

. and for every sentence @E 5, the get 1 L’I(N‘) Lf{?} is .

consistent,

Definition, A Y-sementic tree A oﬁ H 1s said 1o be
closed for S if every brench of A terminates at a failure noda,

By K8nig's lemma [ﬁ] § 49 Lemma lo it follows that
every closed (for S) T-semantic tree A is & finite tree,

Fxamples . : :

i) Let T = {a, it Q}'Where'a ls 2 aonstant, £ is a
one plece function symbol, and P, Q are one-plece relation sym-
bols. Let T be the empty set, and S be the get oontaining the .
lollowing gentences:

(W x) B(x)
(V x) T R(x) V Q(f(x))
"IQ (f(a))

% ‘Figure 2.1 shows a clbéed‘(for S) T-gementic tree on
HCT ). ' ' '




§1) Tet T = {f, P} where f 1s @ one-place funation
symbol and P 1s a one-place relstion symbod, Tet™ T be the empty

eah, Al des 8= 0 ) tuls (o) Fabatany} ©

. Plgurs. 2; 2 ahms & T-gomértic iree: on H(, 'C) which :Ls
.not olosed o o In fact it is easy to see that any T-seman‘cio
tree on H(Z) is not closed for - R i

\ Filgure 2,2

111) Tt € = {ol ,+,¢ S},WhereOandiare
oonstants, ~ is a one-place funcfion symbol, + sndg are two- - :
place function gymbols, and £ 19 a ‘cwo»—plaoe relation symb01,~

~Let T be%thaory of real closed, ordered fields, where the
symbols of  have the usual interpretations. Let v/ ’Cu a b,c}
where &,b,c are new aconstants end lst S be the gel conbajqing
the following two sentenoes in L - Rs

(Bx) ax24~bx+é‘r=0

(‘v’x)ax +bx+c,£0

Figure o 3 shows a closed (i‘or 3) T—semantlc tree on
HEv” ' o
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The following lemma folows easily from definitions.

(2.,1) Lemma, Let A be a finite T- -gemantic trce on

_ H( ¥ ) and let Nl,..o,N be the terminsl nodes of A, Denote by

I(Ni) the conaanction of the llterals belonglng to I(Ni)’

\. N N Y.
ot b g S e '97-& ”

i = 1,...,n. Then Tl*“ I(N )v 1(1«2)\/ N 1(11 )..

The following result gives e sufflcient oondition‘for
the set of sentences TU S to be inconsistent. .

H2.2) Proposition, If there exists a T—seméntic tree
on H(T ) which is closed for S then T U S iS'inconsis?ent.

‘Proof, Let A be s T-semantic tfee,on H(T ) which in
closed for S, By K8nig's lemma, A 1s & finite tree; let
Nyseeol denote the terminsl nodes of A,

Since Nl,...,N are feilure nodes for S there ekist

some sentences ¢, €5, 1 = 1,...,n such that T U I(W, )F'Y?

i=1y0..on. It follows Tk I(Ny ) V...V I(¥ )~a-‘](f(>1 ...Arp )
On the other hand, by (2. 1) Tt- I(Nl) V.o.V I(N ) and hencs

i L’{Q’l,...,? } is inconsistent. We conolude that TU S is
iqconsistent too. : 0.B,D.

Remzrk. The converse is not gencrally true (see the
exemple 1i). This motivates the following definition,

Definition, Let t be a st¥@ilarity type and T be a
theory in Lo o T is called & Herbrend theory #f for esch simi-
larity type €’ which extends ¥ only with eonstants and for

each get of sentences S in L o there exists a closed (for 8)

‘T~semantio tree on H(%') Af T() S is inconsistent.

§'3, Herbrend theories end eliminstion of quantifiers

Définition. Let ¥ be a siw;larify type and T-be'a

:theory in LZ » T gdmits elimination of quantifiers if for eaq.

formula %’(xl,o..,x 1 in Lg there is a quantifier free formul
‘{’(xl,...,x ) in L. sueh that Th— @ (yl,o..,x )‘%“?"F(Xl,...i

~ As examples of theories which admlt elimination of
'quanuifiers let us mention here the following remarkable theo—
ries: : : '
| 1) The theory of algebrioally closed fields [8]>Ooro~
118TJ e .
1i) The theoxry of real olosed ordered fieldﬂ [8] Co~



rollary L7.4 (for the converse of Tsrski's theorem seeleD.

111) The theory of p-saie fields [2],[5], .
: : The following result is well known (see for instance
[8) vheérom 13.1)J For the Gonveriende 0f the Teader wé. inolude
e proof, ’ ' = _ . o
(3.1) Lemma, Let T be g similarity type, T & theory
in Lzrand I a total T<interpretation oo HET ), where ¢/ 1g an
extension of ¢t with new constents, Then TU I ig s complete
theory in Loty if ¥ admits elimination of quantifiers..

Proof, Let{ ¢ be a sentence in Li/., Since by hypothesi
T edmits elimination of quentifiers it follows that there is a
sentence Y in Lery without quentifiers such that Tk ey |,
On the ether hand ¥ is logically equivelent with g sentence in
Li’ 4 of the fo:em.‘-f’.l V...V'\{-f'n, Where\".i, L= dyesoghy fug
finite non-empty set of literals,in BK('z’); here q;i,denotes
es above the conjdnction of the 1literals belonging to e |
1=1000,n. Since I is & total T-interpretativonon H(¥’) the

following statements are equivalents
- oy nae W

i) there exist i € {1,...,n} such that‘Pi(: T .

It follows that either TU I ¢ ox 17U I 1Y
end hence either TUIQ oyt U I 16 o We conclude that
the theory T U I is complete &g contended, Q.B.D,

The mein reéult of the present note is the following. |

: (3.2) Theorem. The necessary and sufficient condition
for a theory T %o be a Herbrand theory is that T admits elimi~
nation of quantifiers, : ‘ =

Proof, Assume that T is a Herbrand theory, We havs to
show that T admits elimination bf,quantifiers. Let ?’(xi,.oo,xn)
be-a formuls in the language of T, say Ly o We have to show that

“there is a quantificr freelformula'Q’(xl,..;,xn) in L, sudh

that i "“ (e (Xl,ooo"xn) E— \{/'(Xl’.olo’,xn)o Denote by t’til@ QX

tensiod of Tt with the new gonstants cl,r.,;on, and let S be the
sel whose members ave the Following fwp : G

sentences In Ly, : @ (6yseeey0,) énd~f7@>(ol;...,cn). Since T
is by hypothesis_a Herbrand theory and S isg lnconsistent, there
1s at least oné T-gemsntic tree A on H(T’) whioh is olosed fop
S. Let A be such g tree; by Konig's lemms A is fin;te.-The get
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. of terminal nodes of A ls @ disjoiﬁﬁ union of two subsets

{Nl,..., N} =nd {Nl,...,N 3 Subject to: T U I(N P (0.
000,0 ), i"—l-,too,lu, End _,_UT<_J')}— 7@(01,0000 ), 1“1,ooo,m

Pﬂ'u--.)

Teot W og,uee;a din 1(1\1) RN STEBIOY KA AWt i
= L (Wi, . ¥ I(Nﬁl,). It_ follows T b~ ‘H(ol,...,on)——%vfp (ol,_...'

Sy ”"g\' 12“

Coesdeel) il TGy, ) TR0, casn )

On the dther hand by (2 l), T}"‘\I/(Olgooo,cn')vv(cl,co
voesOy ) end hence T}“‘P (01,0..,0 ) > Q’(ol,...,c o A the’

constants 01,,..,0 don't appear in T we can replsce them by

.Var’lables. Thus we Db'taln Tl“ CP(leooogx ) (“9’ }/ (Xl,coo,x )

where V’(fl,oo.,x ) is & quantlfler free formuls %in Lz . Wo
conclude T admits elimlnation of quantifiers,

Conversely, let us suppoge that T admlts ellmlnation
of quantifiers, Ve have to show that T is g Herbrand theoxrys
Lot ¥/ be an extension with new constentsof the similarity type

Ty 8nd S be an arbitrary set of sentences in L./, such that
TU S is inconsistenis Let A be g total T-semantic free on:
H(¥’), We show that A contsins s subiree closed for S, i.e,
every branch D of A contailns a failure nede for S. Let D . be an
arbitrary brsmch of 4, Then I(D) is & total T-interpretation on
H(?') end, by (3.,1), TUI(D) is complete. Since in sddition
T U S is inconsistent it follows that there is at least one sen-
tence @€ S such that TUI(D)% 1@

Thanks to the finitaxy character of the consequenge
relation b= , there exists a node NED sub;)eo’u to TUI(N)}-7‘{’ ‘
and hence ‘there exists a failure node for S on the branch D,
As every branch of A contains a failure node for S we conalude

that A contains & closed (for 3) subiree, and hence T is a
‘Herbrand theory, as contonded. g : QeEoDs

As a oorollory we derlve a ver81on of Herbraﬁds theo~

'rem [i] Theorem 4,3,

Let t be a similerity type and L = Ly bo the fitst

oxrder language aitached to¥ ., Denote by T the gimilaxrity type

obtsined from ¢ by Skolemlzstlon [8] ¢ 11, Let T be the fivat
order langudge aszociated to T , Denote by - /\ the family of sen
tenoes in T of the following typez



(Vxl)...(Vxn)L‘(akh+l)<{’(xl,o..,xml)-; qo(xl,...,'xn,f? (xl,,

...,kn))] where q>(xl,o..,X' 1)y nY O, renges over the sef of
o n+l : o
- Tormunles.of L.. 12 9 in 5 theory in L we denoteby T = T UA the
' Skolemizetlon of T Ty partiﬂularlﬂfis-fheZSkbledeE%ibn“of“the-
empty set ¢ , With these preparations we have; =

(3.3) Corollarx‘(Herbrand's théoreni)° Let S be a set
of sentences in I, Then ‘the necessary and sufficient condition
for S.to be lknconsistent is that there exists a/\ -semantig
tree on H(T ) which 1ig closed for S, - ‘

Proot, By [8] Bxevotie 11.3, S is inconsistent 1ff
T okus o lneonsistent. Cn the othep hend, by [8] Proposition
11,1, the theory /\admits-elimination of quentifiers, end hencé,
by (3.2), A is & Herbrend theory, Thas the inconsistency of §
is equivalent with the existence of » closeqd (foer) A\ =semant io
tree on H(T ), ‘ Tl QBule = e
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