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T h e  a i n  o f  t h i s  n o t e ' J - s  t o  s h o t u  t h e t  t h e  n e o e s s a r y  a n d
r  - ,  & r - -  - - , - -  m  l t 4 ^

su f f  i c  i en t  con ( i l t i on  f  o r  B  f  i r s t -o rde r  theo ry  T  t r t o  oe t i s f y

.  
Her .b rand ts  theo renn t r  l s  t i r a t  T  ad r , i t s .e l im ina t ion .o f  

. quan t i f  
l e rs .

As l lerbrandte theor 'em is  the bas is  forn loet  nodegH8t l -

.  t one t i c  p roc f  p rocedures  i t  s€ems tha t  the  above  charac te r l za -

. '  t lon oould be of  scm€ in terest  for  the msoh.eni .ca l  thecrem Fro:
'  v in8.Ll1$c 

^
. .  $ l . E s c , @

I,et f be a slni lerlty type and ],v the f i .rst-or'der . l-en-

guege r ry i th  e -qua l i t y  a t teched to  ?  (see fo r  Cef in i i ions  [ l ]  o "  [1
lf/e eonoides in the present work only the case uhen ? i1 at. nost

o ount eble .

P p s i n i t i p 4 . l t } I o b e t h e s e t o f c o n s t a n t e s p p e e r i n g l n
E  .  I f  no  cone ten t  appears  tn  Z  ,  t hen  Ho  ie  to  cone ie t  o f  a

e i r r619 oonstent ,  say.  Ho = { tJ  .  For  L€ Wt t : *  Hl* l  bu the u: : ion

o f  f i ,  end  the  so t  o f  a1 l -  t e rms  o f  the  f y r  t i  * t r : : . r t n )  
1o"  

u1 t

n-p l l ce  func t i on  symboJ .s  f  ocour ing  l n  t  ,  nhe re  t1 r  ' n  ' r t o  8To

members qf  the set  Hi .  Shen the

the languange Lz ) [s the unlon

t h e  f o r n  P .  ( t t r " o 2 t o )  f c r  s 1 l

" i n g  
t n  ? ,  t r h e r e ' t 1 r . . . r t n  a r e

t g l i r r l t i o g . T h e u n l o n o f t h e s e t o f a t o n l c f o r n u l a e o f

$e{b4gnd uni}rerse of ? (cr of

H = lr( t ) .= Yf' 
nr.

-  - ' t Z r ' w h e r e  t l r t Z  a r e  e l e n e n t e

or the }lerb;ryenri br.se B=B( t )

n-p lace  re la t ion  eynrbo le  R oo0 l l -

e l e m e n t g  o f  E (  Z  ) n  a n d  t h e  s e t

of  a tomlo formuLes

o f  $ (  ?  ) r  i s  ce l l ec i

o f E .

D-ef-:,.FI3;,qg. A $-!CJe] ls oither a member of B( t ) or
It.- iilif > \

the negat lon 1<g of  a  momber {E of  l l (  !  ) .  Denote by }  , *  x ' |  \  t -  I

t h e  s e t ,  o f  l l t e r a l s  a t t a o l : e d  t o  ' Z '  '
r ! -

l IO l , ; le t  T be e th .eory  X-n. - t ra  s i .€ .8  cons j$T{ 'nr  set  -o f

eenten.es 1n la  o  In  per t  icUlar  \Ye.  can oonside r  t l fe  c*Eic  - " rhen T

le  the  empty  u i t  f r  o  T . t l  t h j . s  case . l i ho  Ccduc t l ve  c lpcu re  ' t  t s

ihe r ;o t  c f  a l l  eeniL lnccs in  i?  der i ' r rer l  f , ron t i re  3 'o6 ica1 ax!o i . i ' ' s

o f  1 , "  o  I

of  the forn t t

t h e  e t c ; n  s e t ,



D c f  l n l t  l o n . S  s u b s e t  I  o f  B x  l g  c a I l e d  e  T - l n t o l D l e -
tat lgg on the l lerbrend unlverse I I  i r  the unlon Tu r  ts  oonsls-
ten t .  The T- tn te r :p re te t ton  r  rs  ce l rec l  . ! - r tg l  l f  r  l s  max lne l

.Tl! I  T.sPegt.. to. lnqlpFlgt "q,. ! Iq, u-q!. pf , :r : l t isrppetettons cn..U
rn  o the r  words ,  the  T - in te rp re ta t l oh  r .  Ls  to ia r ' l ' l f f  f o r  eve rv :
a t o n i c  f o r m u l e  c ( e  B  e l t h e r  e e  r  o r  l c g e  t ,

r t  f o l L o w s  e g s i l y  t h a t  . r . r ,  T - i n t e r p r e t e t i o n  o n  H  o e n
b e ' e x t e n d e d  t o  a  t o t a l  T - t n t e r p r e t a t l o . n  o n  H .  t - r n  t h e  o t h e r . h e n d
e v o r y  t o t a l  T - l n t e r p r e t e t l o n  o n  H  l n d r i c e e  a . c a n o h i o a l  s t r u c t u r o
of  type L on the faotor  set  Ht  =. IVru ,  where the equlve lCInce
rela t  lon az I-s def lned Bs fol l -ows: f .or arbltrary *1, \  z € H, 1et
t ro ' t  t ,  t f f  ( t 1  =  te )  €  r .  Equ i -pped  w i th  the  s t ruc tu re  o f  t ypg
?  lnduced  by  r ,  I t  becomes  by  Gdds l t s  cons is tency  theo ren  f s ]

Theorem 7 r ] -  a  subs t ruc tu re  o f  some mode l  o f  T .

$  2 .  S e n a n t  t c  t r e e s

The  semant l c  t rees  s re  ve ry  use fu l  t oq l s  l n  the  p roo f
rheory  (  see  fo r  l ns r  ance  I  t ]  ,  [+ ] ,  [ z ]1  ,

r ,et 7 be e sini lar i ty type, and L L the fr ist  orde:r
language a ss oo le t  ed . t  o T'  .

D e f i n i t i o n .  G l v e n

on the Herbrand unlverse H
e e c h  1 l n k  l s  a t t a c h e d  w t t h

a  theo ry  T  !n  LT  ,  I  T -eemant lo  t reo
of  t  ls  €  (dovrnrvard)  t ree S,  whors
a  nbn-empty  f l n t te  se t  o f  l i t e ra l s

f rom BE ln  such a way that :

J.) tr 'or eeoh node Nr there are only f tni tely many J.mme-
d ia te  l i g l ks  11 r . . . q .  f rom N.  I . , e t  Q1  be  the  se t  o f  l l t e raLs
e t t e c h e d  t o  l I ,  I  =  1 " 1 . . . 1 f l r  D e n o t .  i r y  6 n  t h e .  c o n J u o t i o n  b f  a L L
t h e  l l t e r a l s  L  t h e  s e t  g r ,  I  -  l ,  . o . r n . * T h e n  T F  6 ' r v I r n , . . v  q

1 I )  Fo r  eaoh  node  l I ,  l e t  I ( I I )  bo  the  un ion  o f  a lL  tho
se ts  a t tached  to  the  l i nks  o f  t he  pa th  o f  A  c io l . rn  to  and  lna lu - .
d l n g  N .  T h e n  I ( t { ) .  t s  a  T - i n t e r p r o t a ' t i o n  o n  H .

I f  D  t s  a  pa th  o f  .&  T -semant lo  t ree  A  on  H  we  deno te
by I (D)  the un lon \ l  I (N)  vrhere I , I  ranges over  the set  o f  'nodee

o f  D .  T h a n k e  t o  t h e  f l n i t a r y  c h s r a c t e r  o f  t h e  o o n s e q u e n c e - r o I a -
t l o n  F  t t  f o l l o w e  t h a t  I ( n )  t e  e l s o  a  T - l n t e r p r e t a t l o n  o n  I I "
Tho  se t  I (D )  l e  f l n t te  t f f  t he  pa th  D  Xs  f l nJ . t . e ;  t f  t h le  l s  the
o a c r e  t h e n  I ( D )  =  I ( N )  v r h e r e  N  l s  t h o  t e r m i n a l  n o d o  o f  D ,

Pef  in I_ ! IJ"p*  I  T-somant lo  t ree l i  on H is  ea ld  t .o  bo



t o t o l  l f  f o r  e e c h  b r a n o h ( l . e . m a x j - m a 1  p a t h )  D  o f  . A r  I ( u )  l s  a
. t o t a l  T - i n t e r p r e t a t l o n  o n  H .

\ T h e n  t h e  H e r b r a n d  b a s e  3  o f  T  l s  l n f i n l t e r ' r n ,  t o t a l''"':.'-'::liI'','i 
1t:;itil;ri:ttd i#e.bti.^H vrtu'be"liieinitdl:u"d-'ruf-Aa;ii,;:A;'li;;ir;i:"
1g  s  to ta l  T -semant lo  t reo  on  F I  then  ro=  esch  T - in ' t e rp re ta t  i on
I  o n  H  t h e r e  l s  a t  l e a s t  o n e  b r e v l o h  D  o f  I  s u o h  t h a t  I C  I ( D ) "
' Jhus ,  a  to ta l  T -seman i ; i c  t ree  on  H  o .o r responds  to  en  exhaus t l ve

" o t u u y  
o f  a l l  p o s s l b l e  t o t a l  T - l n t e r p r e t a t l o n s  o n  H .  :

Now le t  s  be  &  se t  o f  sen tences  ln  the  l enguage  \ t  ,

D e f l n i t l o n .  " A  n o d e  N ln  a  T-semant lo  t ree  I  on '  H  . l s  e t
e  t  lea  s t  one 

' sen  
t  en0e C(  C S

s u c h  t h a t  T U I ( N )  F  
- 1 ?  

,  b u t  f o r  e v e r y  a n c e s t o r  n o d e  N r  o f  N
and  fo r  eve ry  sen tenoe  ( (  €  g ,  t he  se t  ' r  u  r (N ' )  u f  ?J  xe  .
o o n s i s t e n t ,

De f$ .n i t l on .  r  ' r - semen t l c  t ree  .A  on  I {  t e  sa id  _ to  be
q r g " * a - f f i b r e n o h o f A t e r n 1 n a t e s a t . a f a l 1 u r e n o d e .

3y K 'dn lg ts  lemna [J ]  s  49 renrna 1o i t  fo l lows that
ove ry  o . l osed  ( fo r  s )  T -eemant i c  t ree  .A  i e  a  f i n i t e  t ree .

Egs!rA.1gg

, - )  l e t  t  -  { r ,  f  ,  p ,  Q }  w h e r e ' a  i s  a  o o n s t a n t ,  t  l s  I
ons  p ] -ece  func t lon  symbo l ,  end  P ,  Q  Bre  one-p lece  re la t l on  sym-
bo ls .  I , e t  r  be  the  empty  se t ,  end  s  be  the  se t  oon ta ln lng  the
fo l l ov tng  sen tenoes :

(  V  x )  P (x )

!_ei*Lrqe node for S tf there ls

( V  x )  J p t x )  v  a ( r ( x ) )
:  . .

l q  ( r ( a ) )

Fl$ure ZoL shows a oLoseci (  f  or S )
H ( r  ) .

T-senen t i . o  t ree  on

la(rtaD

n r {  a r n a  O  
' l

* ' a [ ' l u r v  G a *



[ f )  Le t
symbol  end P !e  B

.  e e t ,  e n d  l e t  S  =
t ' " tJt ' l  

:  
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,  ( J " ) J p ( r ( * ) ) J .

l

eetndritlo, t:ree,, on .H( ?" )
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T :seman t  l  o
n o t  o l o s e d  f o r  S o  I n
t ree  on  H(  Z  )  i e  no t

f[el -1P(a)

t-IP(tf")c

Flgure 2"2

l i i )  L e t  t  =  [ o r 1 ,  - . s  +  ,  o r ( ] ,  w h e r e  O  e n d  {  e r e
oone ten ts ,  -  i s  a  one-p lace  funcb ion  symbo l ,  +  a .ade  8 re  two_  .
p lace  funo t ion  dymbo ls ,  and  (  l s  a  two_p lace  re le t l on  eymboLo
I ,e t  T  be - ' t heo ry  o f  rea l  o losed ,  o rde red  f i e lds ,  where  the
syn rbo ls  o f  ' c  have  ths  usuar  rn te rp ro ta t l ons .  ro t  ? . /  =  Tv la rb ro ]
where  B  rb r  0  a ro  new oons tan te  and  le t  s  bo  the  ee t  con ta i -n lng
the fo l lorv ing tvro sentenoes tn  L{  |  

"u

- 4

( J x ) a x ' + b x + o = O

Ptl*t )x:p($b,(ul)
/ v

'F iguro 2.3 shows

Cso

( V x ) a x 2 + b x . +  a r i o

r i (  r /  ) ;
c l o s e d  ( f o r  S )

c $ o

a*e

T-senan t io  t3ee  on

I



4.;. ae.C.:y6ri$'1:

The fo l lowlng lgmla fo lowe eas l ly  f rorn def ln l . t long.

( 2 . 1 )  L c m q a .  L e t  . 4  b o  a  f t n l t e  T - s e m a n t i c  t r e e  o n
H (  E  )  a n d  l e t  N 1 r . . 1 r N n  b e  t h e  t e r m i n e l  n o d e s  o f  t r o  D e n o t e  b y. . T . . .

-*,,, '.I.(-i!11" ll9^,t'91p4ff 11e1,.3:;!le ,+.i,! :lt,1g-u !":,}!fltg,? lijlrl;'',o,.0*
.  f ,  =  l e . . o e r r  T h e n  T F  @ l  V  4 ) v  . . . ,  V  r { 1 .

[ he  fo l l on ing  resu l t  g l ve 'e  e  su f f i c l en t  oond l t i on  fo r
t ' h e  s e t  o f  s e n t e n c e s  T  u  s  t o  b e  i n c o n s i s t e n t .  .

(2 .2)  l rqeos t t  i -q$.  r f  t  here ex is  ts  e  T-s  eman t  lc  t re  e
on  H(  ?  )  wh ich  l e  o losed  fo r  s  then  T  u  s  i s -  , . ncons ls ton t "  ,

F roo f *  l e t  s  be  a  T -semant i c  t ree .  on  H(?  )  wh ich  tn
c l o s e d  f o r  S .  3 y  K d n l g t s  l e m m a ,  I  i s  e  f i n i t e  t r e e ;  l e t
T 'T  L r  Ceno te  the  te rm lne l  nodes  o f  A ., t 1 t  .  .  . I I n

Since I ' l 1 r . . . r I ' In  a re  fe i lu re  nodes fo r  S  there  ex is t
-  s o m e  s e n t e n o e s  ( 1  €  s ,  1  =  1 r . . , J n  s r i c h  l h . o l T  U  r ( N { ) t - l ? q ,

T L '
I  =  11o . . ; r1 .  I t  f o l tons  T l  t . ! t 1 ,  ) j . : .V  I (Nn)_+ ' lC  ? i l  " . ,AFn)on the other  hand,  by (  2 .1) ,  T  F-  iG ' r l  V. . . l l ' iG l )  , ia  hence '
T  u  [ Q  r r . " r ?  n ]  l s  J - n c o n s i s t e n t .  T I e  o o n o l u d e  t h a t  r  u  s  i s
l n c . o n s i s t e n t -  t o o ,  

' Q " t r . D "

Rem'erk  The oonverse is  not  gencra l ly  t rue (see the
exampLe  i , i ) .  Th is  mo t l va tee  the  fo lLow ing  de f  i n i t  Lon .

D e f i n i t  i o n l e t  ? .be  a  s i k f - l l a r t t y  t ype  and  T  be  a
theory ln  \zo T is  oa l led e Hgrb lep.g_,qFeor I  [ f  for  eech s ln l -
] -a r i t y  t ype  7 r  v rh tch  ex tends  t  on l y  w l th  cons tan ts  and  fo r
e a c h  s e t  o f  s e n t e n c e g  s  l n  l z - r  t h e r e  e x j . s t s  a  c l o e e d  ( f o r  s )

' T - s e m a n t l a  t r e e  o n  u ( z ' )  [ f  T u  s  ! s  l n o o n s i s t e n t .

$  3 .  l l gFbrend '  t heo r les  qnc i -  e l im ine t lon  o f t tap' [  l f  iers

! .g€-!gi-trog* let t be.a sirrr i lerity type. and t i  be a
thbory tn r,, ' T edslls-*eunltn-atiLgLgl*grrggrrl{lesg tf for eac.
f  ormula ( (x1r o..  r*rr)  [n . I ,ug there J.s I  quant i f tor fre e fcrrnul
Y  ( x 1 ,  . , .  r * n )  t n  T , "  s u o h  t h a ' t  T  & -  ?  ( x p  o , .  r * n ) s )  l i /  ( x 1 1  . . , r

.  "As exemples of  theor les rvh ich ec lmi i  o l lmlnatJ .o-n-of  -'quant l f lere 
le i  us ment lon here '  tho fo l lowlng remar lcablo theo-

r l e s t

[ ) '  The  thoory  o f  e lgeb r loa l l y  o losed  f l e lde  [u ]  t o ro -
LJ-ary L3.3.

, " i )  The theory of  rear  or ,osecr  ordered f ler -ds [a ] 'co-



ro l l a ry  L7 .4  ( fo r  t he  oonverse  o f  Ta rsk l re  th - -  .  r - -1

trt) rhe theory ,, ;-r; j"o rtelds f;,ff i :  
" '  Lu4'

The fo l r"owrng resul t  is  rver l  l rno*n i "Ju-ro" tnstance
I ' l l. '. " [e] rheorom 13,1); r'pi trr. a""+;o*iot,. ';;:.;; .teader, we, tnoludehere a proof .  .  " - - - :  .

, . . -  
( 3 ' 1 )  r e r o n n a .  r e t  ?  b e  a  s r n i l a r i t y  t y p e ,  T  e  t h e o r y

I n  t , 3 a n d  I  a  t o t a l  T * i n t e r p r o t a t i o n  g n  H ( t r ) ,  w h e r e  Z /  l s  a nex tens lon  o f  E  w l th  new cons ten ts .  Then  T  U ,  I  i s  a  oo rp l * tn

F r -oo j .  re t  ?bu  a  sen renoe  rn  \ { .  s rnce  by  hypo theex .g  ed ro t t s  e l im ina t ion  o f  quan t l f i e re  i t  r J l l o *o  tha r  the re  l s  a

on  the  o the r  hand  V  te  l og i ca l i - y  equ ive len t  w i th  €  
- sen tonoe '  

i nI t /  r  o f  t h e  r o r m  P '  v . . .  
"  

q n r  w h e r e  v '  r  =  1 1  . . .  r l 1 r  J . s  I  . , . :  -f in t te  non-er ,p tv  u* f  o f  r r tu tu t "  rn  rx (  Tr i ,  here  v  r -  denoreses  ebove the  conJd.nc t ron  o f  the  r i te re rs  be long ing  to  g  ,  ,I  -  1 r  r  re  ; r1 r  s lnce  r  t s  a  to ta l  t - tn te rp le t r t rJ 'o "  , i  , l ) * r r r "
fo l loWlng s ta tements  a re  equ lve len t r

T )  T U I F Y

i f  )  t h e r e  e x l s t  L  €  { r ,  . , . 1 n }  e u . t ,
I t  f o l l o w s  t h a t  e j . t h e r T U l F V

end henoe etther T UI F Cf og , lJ U I F 
- l  

?
the  theo ry  T  U  n  te  comp le te  as  oon tended .

The nein resur t  o f  the preeent  note rs  the fo l . rovr ing,

"  (  3 "2 )  The-o rqg ,  The  neoessary  and  su f f i c ren t  oond t t ron
for a theory T to be a Herbrand theory f ,s thet T admlt;  ; t ; ; i_
n e t l o n  o f  q u a n t i f i e r s o  .

Pg:ogf. ,Assume that T

rhat  v ,  c  t .
o x  r U  I  F l q

o  f i e  oonc lude  tha t
Q . E . P .

ls  a Herbrand theoryo We havo to

; : r :  : : : : , .T^. : : t : :  
o l in i_nat ton_of quentr f rers.  rot  ? (x1r o opx, , )

- : :  "  
formule in  ihe languege of  Tr  soy L?- ,  lye have '* r ' - * i r , , " ; ; : ;

there le  a  quent i f j -er  f ree. formura y  { . "1r . . .exn)  rn  Lx suohthe . t  T  F  ?  (x r t . ro rxn )  e - r  v  ( " : r , . . r " i ) .  n rn t i t e  by  r r t i ro  ox_
t ens i .od  o f  t  w t th  the .  pe ry  oons tan . te  0 ,s*f * l lsrn"l" i* i --u.;"* i i " 'g,, t tor, , ing lrrro rtF' ,otOnt ond let S be the
e e n t e n c e s  l n  t : ,  s  ?  ( . 1 r . l . r . r r ) ; ; ;  1 ? t . o r r : . . r o n ) .  s l n c e  T
le  by hypothceie.  a  He' rb iand theory end s  is  rncon" i " tent ,  thore
l s  a t  l e a e t  o n e  T - s e m a n t l o  t r e e  r  o n  H ( E r )  w h r o h  r s  o l o e e d  f o r
s .  r , e t  I  be  euch  a  t reo ;  by .K i rn rg re  remma r1  r s  f l n t te . . t i r o  ; ; ;
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r . . 3 r l l t . r r !  s u b J e c t

e n d  r U I ( 1 . 1 i ) F  1 ?

es o f  l l
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r  r  e  1 i n ' 1  ,

od
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rnlne L n

, . . . r N o r ]

n ) r  t  -

i s  e  c l tsJo tn t  un lon  o f  two subsets
t o :
(  c 1 ,

? (
1 ,

o l t

a r a

r( Nr) t-
^ ) '  L  =

o a

, m

=  I  ( N i )  V . . . V  I ( N ; r , ) .  I t  f o t l o v r s  I  F  Y  ( o 1 r . . . r o n ) - > ?  ( o ] r r o r

; ; :  r  c n )  a n d  r  F  V ' (  o *  r  . . . r  o n )  l - - - t ? (  c l r  c .  .  r  o o ) .

o n  t h e  d . t h e r  h a n d ,  b y  ( 2 . 1 ) ,  T F V ( o 1 r . . . r . J V g ? o 1 r . .

. . 1 r 0 o )  e n q  h e n o e  t F g  ( c l r " . . r c n ) s }  c g ( o l r . , : r 0 n ) .  I g  t h e '

6 o n s t a n t e  o l e . " . . r . o n  d o n t t  a p p e a r  t n  T  t v e  o a n  r e p l a o e  t h e r n  b y
.va r iab les .  Thue  we  ob ta i r l  T t - -  c f  ( x l roo . r xn )  + r  t l ,  ( x t r . . o l x r r )

v rhe re  Y . f r r r roo . ' r xn )  l s  a  quan t l f i e r  f ree  fo r rnu la 'Ln  l ,  o  Y fo
ooncf t .udE-"T ac] rn i ts  e l lminat lon of  quant l f lere.  j

.  Conv . "se l y ,  l e t  us  sL lppose  tha t  T  eOmi ts  e l i rA ino l ,  t rn
of  quant t f iers ,  \ ' ie  have to  show that  T ls  B Herbrenc l  theory;
I o t  C b u  a $  e x t e n s i o n ' w i t h  n e w  c o n e t a n t s  o f  t h e  s i r i i l e r i t y  t y p e

T  t  gnd  S  be '  an  e r .b l t ra ry  se t  o f  sen tences  ln  Le r ,  euch  the t
T  U  S  i s  i n c o n s i s t e n t .  I , o t  I  b e  a  t o t a l  T - s e n a n t l c  t r e e  g n - .

H(  U / )  
"  

l / e  shov r  tha t  .A  con ta  l ns  .n  sub t ree  o losed  fo r  S1  l . o ,
eve ry  b ranch  D  o f  A  con ta ins  a  fa i l u re  noc le  fo r  S .  I , e t  D .be  an
arb i t ra ry  b ra t toh  o f  . 4 .  Then  I (D . )  i s  e  to ia l  T - in te rp re ta t  l "on  on
H (  z ' )  e n d ,  b y  ( 3 . 1 ) r  T U I ( D )  j - s  c o m p l o t e .  s i n c o  l n  a d d l t i o n
f  U  S  l s  i ncons le ten t  l t  f o l l o rve  tha t  the re  . l e  a t  l eas t  one  sen .
tence  c f  €  S  Buch  th3 t  * , J  

l (D ) l - .  
-1?  

.

T h a n k s  t o  t h e  f l n l t a r y  o h a r a c t e r  g f  t h e ' o o n s e q u e n o e

r e l a t i o n  F  ,  t h e r e  e x i s t s  a  n o c l e  N € D  e u b J e o t  t o  T U I ( N ) F I ?
and henos t i rere ex is ts  a  fa iLure node for  S on the branoh D.
ns 'eve ry  b ranoh  o f  I  oon ta ins  a  fa i . l u rc  node  fo r  S  l re  oono luds
t h a t  A  c o n t a i n s  e  c l o s e d  ( f o r  S )  s u b t r o e r . a n d  h e n c e  T  l s  B
Herb rand  theory r  ss  con tondedo Q  r E  . 0 .

a n d

by

s

I

t

1l-;

= It be the ri*st ,
the  s lml la r l t y  typo
let I be tt io r#Est

ln 
'L 

of

.As I  oprol lary we derive a version of i {ernra*dL t}reo-
T h e  o r e m  4 , 3 .

'  I ,o t  t  be a s imi ler i ty  type
orde r  l anguage  a t t ' ached  to  t  .  Dono te

ob ta lned  f ron  ?  by  Sho le rn l za t i -on  fB ]
o r d c r  L a n g u e g e  a s e o c i a t e d  t o  E .  D e n o t e  t V  A  t h e  f a r i r l l y  o f  s o n

teno .es

pu* [r]

the fo l lovr lng typor



, 0 " : r : , , i (V "n r l i  3  xn+ l ) f  ( x1 ro .  o ,xn+ l )  -+  ?  ( * r r , . . , *n , f f  ( x1 , ,
' - " ' xn ) ) J  nu$ tu_ tP  ( * r r o . . r " n *1 ) ,  n )7  0 ,  r snges  ovo r  t i r e  se t  o ff o rmu las  o f  l .  I f  ' I  i s  B  t t eo "V  t n  I  we  deno teby  d  =  ; " ; "  ; ; ,'  skoLcttt lza t ' l-cn of r . j  rn Bart toulsr'A td f ho ,str;renizst J. i jn of,;the .e m p t y  s e t  # .  w r t h  t h e s e  p r e p a l a t i o n s  w e  h a v e r '

(  3 , j )  corgr la rv  (Herbrand r  s  theorem) .  re t  s  be  B se to f  sen tenoes ln  lo  Then ' the  necesssry  and su f f i c ion t  condJ- t ionfor  s  to  be  - l .ncons is ten t  i s  tha t  there  ex is ts  a , / ] ,  -se" rn* ; ; - " "
t ree  on  u(  C)  rvh loh  ls  c losed ro*  S .

. ? r o q f ' 3 y [ a ] r * u r o i s e 1 1 , 3 , S i s i n o o n s i s t o n t 1 f f

3 ' =A  U  sT  i naons i s t en to  cn  t he  o the r  i r end r  by  [ e ]  p ropos l t l on
L leLr  the  theory  Aednt ts  e r rmlna t ion  o f  quent t f ie rs r  s fd  hence,by  (3 .2 ) ,  A  iu  u  l le r . l : rend theory .  Th4s  *nu  , " . " " " i s tency  or  f ,l s  equ i va len t  w l t h  t he  ex i s t ence  o f  e  c l osed  t f " " -S )  A_ . seman t l c

. it r ee  on  H(  t ' 1  .  a .E .oDc  i
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