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$X[p],rq$9lf*o;Lgu.c_1r.,1.s.Ip,.c..QJH*g3Loll.,-P.RrlJlilI'rIS
IQ,R_-E !n! q!.IAI-J'JI[,1. .$J V :*}3-p;* t]-.t c $ i,J,X,-q]p S: p Ip ]p S

. A,fiej]pc$r Let Nr/F bo a field. oxbenslon over s bass fteld

K, tr ts LnvGstigatd somo situat ions vihen certai-n obiects a'btached.

to f',/X (placos of F4(r the Kochen S{ng of f',/K and. tho ho}o*

norpfuy ving of F/K with K p"ed.ica}Iy cfosod) can be obtalnod.

by contraction from 'bbe correspond.Sng objocts attacired to lIr/K;'

A s a p p } i c a t i o n s w g p r o v € t h o o x i s i ; e n c e o f S q n o b o u n d . s l n t h i ' .
tboory of fietds and. formally P-ac1ic ftelds;

gssLe-s[g

0o Introduct lon

I" 3inlte1y gonerritorl
.nal- f leld..

field. extcnsions over an lntsr-

Extens ions of  p lacos.

Background. frors tho tboory of fornally p'*adio

f iolds o

Contract ion propert ies for Kochsn tr ingsri ;  ,

Contract ion proport j .es for holonorp$ Si. : :gs;

Bound.s ovor arbitrary base f ield.s.

Bounds over p-a<l ica}ly closed. f  leld.s;

.O " In.bro d ttc'b ion

let K bo a base field. a.nd. N,/S be a flel.<i. extension

ovor Ko h'o.aro ln'berrestecl to lnvost isa. le si tuabions vrhen ths

followlng qnestlons a<Lrnt'b afftrrnati./? &p.sil{Qrs o

I) 1,sb P bo a place of F76 wbich is rat i 'ona1. ovoT a'

f ietO extonsion T, of K; Cari  P bo'exto4cled. to a place Q of NIK

vihich is'rat !one.l- over the sarnCI f rsld Ir? '

theoron t}l!s is ahvaYsBY 0heval. loYrs Placo oxtenslon

pqssib. lo i f  L ts atrg0bratca}ly closocln Thoro sst ists a r lch'
Fs@,rrt#

r. i) Tlro.\ ' ior' lc was prepa:i:t l<l ivi i i le f ihe auj;ho:l vtas'a l{umbo}dt
'  

: [oI Iov;  a i ;  tho Univorsi . 'by i io ic le lbo:rg"

2 o

v ;
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matbemattcaL l l to4atulo concernlng thls problem and lts varlo[$

aspectsn VJe sfral l f f ir  $ectlon 2 tha$l; the aforo mo-ntioned' Qtl€s-

t ion ]ras a partial ly aff irrnative.answol i f  the baso f ield K ls
f -

jr*,,i.9*,,hro_rn1.I,".f 19.rd 19, .a+; ir*laIggry$.l :!*:,1.";1-!q"pi9an9a 1r lf;,91',;;," ,,i
f inl tely generated f ield. exi;ension of K, N is af l  lnternal f iold

'oxtension of K natural ly attacbeci '  to F' /K as tn Soctlon Ie and

P'ts a plaoo of Fr/x whlch is rational orler an. lnbernal flsl"d'

extonsion T"r of Ki-'

I I )  let-K bo a p*adi.cal ly closed..f leld. (sea for d.ef inlQ

t lons Sect ion 3) 'and N/$ be a f le ld .  oxtens ion ' ,ovo l .K;  I f  N, ls

formally p-adic thea E-ls forslally p*adlc tooic tJe aro lntereetod

ln si tuat ions r, ;hen the converse is also trLt@o

3n II' l.,ut fi (f)
I I I ) C o n s i d e r t h e s a n e c l a t a a s l n S r o b l t

^ t  . 1 a - a * - a  # 1 r o  ^ ^  
|  

: f  . t h o  f i b l d . sI and. fiCfqt donote the coxrespontltng Kochen ri;tgs <

3.76 and. N./Ko let t 'f l qna i(N) bo' the corlospond.lng Bochen

tdeals in fi(r) 'and' dcr't l '  Br def init lon fi(r)c fl(u)nF and'

., i(fo)Cf(N)nf " i. le }ook for situations vuaen tho previorts lnclu- '

s ions .becone equal i t ieso

fV) ynth .bbe sana data as abovo let H(F) and H(N) d.onoto

the corfespond.lng holomorp\y fings of lrrlK and. i{r/Kn \tio aro

l.gterestod. ln si tuat ions vrhere H(f )  is tho con'braci; ion of I i (N)r.

l oo ;  I I (F )  .  H (N)A I ' ;

tJe'sha}l  provo tn Sectlon'4 an<l 5 that tbe probloms

II * IV admit affirurative answors'.if K !s an j.nternal p:adically

closed. f ield. i .n a suttable enlargornent, F is f  lni toly generated

- ovor K and. N isstnternal f ield. extension of K naturally atta=

" checl to tr ' r  8s tn Sectlon l .

As aBpl loat ionsr  wo c lor lvs .  ln  sect ions 6.and /  soma

rosults concenrind, tho e*tstence of bound's ln tho thoory of

fields and. for*"ff 'y p*ad.ic flolcls"

In a f lrst vorsion of thls FaPPrr tne g,b€sb YJas lald.

upon .blre oxiql;e4co of bounds ln'tiro Nheory of formalty pt'adlc

f teld.so Prof.oDraFoter Roqnotto sug6osbecl to chango the polnl

of vlol ' l  and accentuats tbo st: :uctural aspects as i .n tho formu*

lat lons of probherns I)  -  r f) .  I t  i .s a grea'b pleasuro for ne

to elrpros,s hsre nry warrirost thanks for his ad.vlces 3nd

encouxagcmont [n the. prepara'blon of { :hts work"
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#*.ri:-{,l.'*i;.: ;,')\.,i;,+.;;; }!1, $1 .1o1ui".9:f i. $J1}ematjg*1. flllo.tll.t9; N, 93ntatl.Hg., ,'',"
a non - ,eupty fami ly iKiJ i€I  of  f ie ld.s,  tb.e polynonr ia l  . r ings

. Kr[*r, ' ." Xol for 1€ I 
-anA 

uroitrarr rrr the f inltely ger.€ra-
t;d field. exfenslons of K, for f € Ir' tho sot dU' of natural
numbgrse €"t*co3 and. take an enlargemebt t{, tn Robinsodseos€e

ri nloit-"-ry *."1=1t.'a rj.od oxtonsrons ovor

of M:"

Iret K d.enoto an lnternal field. i:t the gnlargenent .t'Iu
considored fisded ln tho follovrlng'n Tho uain alm of thts s6c-

t ion ls  to  const ruct  a  functor  wi th  good proper t ios f rom tho

cal;egory of f inttoly gsnerated f ield. ercbensions of K int$c tho,

ca.tegorxr .of f iaitely Egenerated. intornal f ield. exbensions of Kc

As a f i rst step r,vo coastrrrct a functor from tho catogory

of f ini tely 6cnerated K-algebras tnt$F the ratsgory of f inl tely
^$eneratecl intornal. I{-e}6obras' :  . . .

. gbggg.gLl" EverXr f hitely goneratecl {-algobra- A can

be embeddod. ln a funotorial nsnnos i.nts a finitely Fgonerated,

lntornal K-a1g6lra t surl. that the foltorvi-ng condli;lons aro

sat lsf  iodr
: &  ? $

X) A is '"generated, bY A3 
.

'  A  
^ J . - a ^  l2) S is a fai thful ly f lat l \qlodu1e;

: t

n If  x 3 (\ ,  'nn. *o) i .s an arbitrary fanl ly of Senora-

tors of the K-.a16ebrA A and. a d.enotes the *ernol of tho ca-
'nonicaL 

K -  Roxpf isn3 :

K[xJ: r [\r , xoJ+a: ** 
],_tlr" 

ths kernel of tho canoni-

ca1 lnternar K - norphlesot 'r [q]* is xl-rx is a u-t[*] ,  i r . ;

ty iff [x14;u,1*l i A-q,, r ",rl# [*]'io particular f, x,s untcluelv

determlned. qp to a-n intbr.nal isomorhism of K-al6obras"; -

A
4) A:has no nilpotent 

'ele.rrnents 
mf A.bas no ntlpqt-ent..

o lemontso 
.  A

5) A Ls an tntogral clomaln lftr "1, i" oq lntegral o.onaino
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Spg[, trot 0 deno'bo tho category rvhose objects axo tho
lv

K-algebras of tho stant lard type i t [X]Zr1 l ' , t : .oro X = (Xt,  o..r  \) t
n€thl,  and a is an ideal. in KlXl n and whose norphisns are tho

.. ,morphismp, of K*ql6obrasn' Iret 0-denoto ilre lnternal,,..9ate3io_f1,.:_,.,i,.{.,1
: ii: 'r;::;;;i"il=t;;l".rir-'i"i'""r.oi.o-:ai;iiurau* 'tr :tria 'tvrre 

ns[x]7u , ,
J

wbero X *(X' oo.o, Xo),ne xt[| fff[xll i" the internal Vj-ng of

lnternal polynonrials ln X with coeff ic ients ln Kt ar ls an

i-ntefnal ldeal fn fs[XJr.and. w]roso norphisns are the" interna]

morphisi'ps of K*algobras ;'

IJst us shgvi $ihat C can be ldent:Siet. wtth & iloll'- full

subqi*+sory of 0" If A * K I X]/* ts an arbltrary objoct ln Ct

Iet f, aenote.tb.e i-n'uernal- K*altra$"a X*[g]7,,, where aj[s inrler-

nal tcteal in d€[X] "6uoeratod. ny *" 'Stnau-i- [X] :  f  [Xf !  ocurXn

ls tqooth-erians a is f initiely generated', and. henc'6 a.l is tho
z a r _ - - r  r  r ,  . * - A @  

_ _ K 1 n [ x l s r f  A s .i"deal a f"lXJ genorated. by a eJio.A' = -- =l{lx"l: L J o .;

-r---l 
^ 'lL'):

r lxJ/ .as b T r [x] /O, X =(Xrr 'o"; ,  Xo)r Y 3 (Yl,  oel i ,  Tr)esrd'

t, e-+g rs a *orini"" i.n o tbon f rnauces a morphlsm''
r t ^ , \ n e l
h.r 

'd+ 
Ii fn 0 and. we have the commutatlvo dlagran of K-

alg8brast 
  .

^  {  ^ / \
A - 4 8
, s , t f

t A l t l " n ,
a ---9 B

whoro i,  and. iu aro.canonico slncs u-[*J ls a fait]rful]y-f lat
a - t

KL5J - raodur- iZ] ZoJn's it rorrows ot i 'ui t, $ lciz that t

[s a faibb - ful ly f lat A - nnodule, Ln'part icl l% lu and'^lu

aro Lnjecgtvo and.  hence tho map 0(As B)*>C(Ao B)g ts-">, l  ls

lnjectiveo It is immediats-that the maps A|->A anct^f t-> f

d.ef'tne a: {unctor 
AE O ->f"-Sfnce fot arbltrarV 

lbjects 
A an4

B tn c, the map c.(A; 3) *> c(A, 3) e f |.-p f ls lniectivo lvo

concluclo that  ths functor  ^ !  0-+6^i"  a; l  emboddi 'g"  By

enlargonent p:ninC ip,fle . ff llti." inra5e of 0. is a. non*f ull
"  . A -  

*  L  
-  J

subcato6orY 9f 0s, ^
, A . t

Slncs ^l  6 *-p'O ls.a functor i t ' fol lowe t ihat l f  A and

B ars arbltraryiobjeo,bs in 0 and. f' l A*?B j-s an lsoiaorphisrn ln

C,  thoar  f  r  A*+ l  is  an isoroorphlsra^ in6o So,  iJ  A ls  a  f ln i te-
. , 1

1

I
I
!

i
!
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Iy gonorafed. K-",algebrar wo can clr.ooso an arbltrary famLly

x !  (x l ,  roc ,  *o )  o f  genera tors  o f  A  ovor  K  and de f ine  f , to  , '

be^the factor l(*algob::a tflX]l,"rtlifvJr rvhero a ls ths kornol

i# +;r# il.,lff.,l i+i:1-: ii'. -.
of the cenoniial K ; rubrphisrn X[XJ+rti 'XF2x' I fd a fatthfr i l ly '

flat A-nodule and. [s untquely dotermtned. -up to an tntornal
t

lsoryorphtsn of K""a}gebraso Thus thg statononts 1) * t) axo p?19*

ved. It romal-ns to prove 4) and' 9)'"i
F  ' l  . -  

: - '

I,et A = rlxJ{ur x ; (xt, 'ccc, xn) " Br [?] 2'ola7
^ .  .

^  
- ^ L .

f=rt'

i* fol lows tbat a is a radlcal l6eal tn K[*] f f f  . '

a du[x]iu a radical td.oaI * o*[*31 tberof ore A bas no nflpotent

uf}*"ror," irf t has no nllpotent elenents, as contended;
r  - f -

By [?] 2.6.,  a ls pr lme tn K [x]  i r r , t  f [* ]  ls l r l rnl
! -  t r $ F - l  u a q a n  A  j t a  o n  {ur r! LAJ 1 uvgce A f.s an lntegral domaln fff a Is an lntegral ,.

d.onain"' q$.D'l .

'p.*bSi*.Uog 
f,*e' Lot f t A?B be a norphisn botwoon

f lnitelr; 86na;';a *^, a|aebraB and. assung that A j.s an lntoa

g ra l d .oma in ' ; I , e t f l . 3 -+sd ' eno te i ; heoo r rospond .1ng1 r r t e rna I
' t A

norpnism of K*algebfosc ttren f [s lniecttve tff f, ts tniectivon
.  

e l Y s & P A  v &

8ppp$,. T-ret y'* ( l1r 'o"."; Y*) bo a famlly of $Qrror&-

tors of th6^A - algebia"B?ad let U aenote the kernsl of tbs

banonlcal A*morphtsu e[f]7 pr _f rp y. .Then B F A L fJ ,/b and'
a ; f ; ' |  Yvlt-*f iG,T'conslt iGr tbe csro-it is oasy to seo tbat B i A 

^[ 
r) l ,dd"[*t

n l c a l c o m m u t a t i v e d l a g r a n ^ q f A - a l s e b r a s 8 :
A
€

. r \ 4 n
- : l a  B

" i \  /Es \  /

,rt

@ a A

t
*

. A

f  @ A  r X

A[Yll&] @A f,'-+ilt)zo tt"]

1o, it forlovm that f is Lniectrug. rff f ts hieci;ivo" 
]tu 

o*:uo

to shorvrr that the tnJecttvlty of f lmpllos tbe injectlvlt7 of f

She opposl te  lmpl lcat lon ls  t r lv la ] '  I
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Assums' that  f ' f "  , rot  tn ject ive.  Slnco A ts an lntegralj 
that f, ft ut:, integral tlo-domaln i t  fol lows bY Theorem lnln 

^
r:,i.; .;..rrrailIr, Irot. 1r' *$op.otio,,!k1.a.fJ,3-I$,flf,,gug g.igqt1,,9f li:., S.pa.r:,tllllgrT:s:ti1 . j  "1 : '  .  

uo ' ' i r , *o=rruf  f  iq ld :  es ' f  is  not  l * jec t ivo ' i t  fo l lows tLat '

; t* [s] = u; [*-l'- si.:rce F rsaT,nt:':ot tll]il llf:lr:"^1r-.,
falthf uIIy f lat F L Y J - modttlo, and' benec mL$J=;b.S'j-[:r jnnlt]1

r 3 [r ]"  iv" concrlae thar f  ts not in jocr ivo; QoE.Do
-  r  -  a  - ' t  - ^ 1

whlcb u='ffi*orui domains and. whosg fio]cls of quo$ients

e(A) and Q(B) ars i6omorphlc over K; Thon the coxrespond.in8

i.nternal K-algeb"uii t and S aro integral domaj.:es and' tho

isomorphisro botween A(A) and Q(3) can be ltfted' to an lntsrlral
t  i \ r ' r a -  n  - . - ^ L ! ^ - & ^  n / A \  ^ x . A  f \ f E \ '

K*iso*ornoiu*.pegy,pssn ths flslds of quotients q(t) and' q(6).

lEWs." l1e ncay' td.ent i-fy tho K-algebras A and B 'wlth

f inl tety $ehgrated subafgobras in thA6I 'coumon f io1d. of 1

quot ien 'Us.  s .  [4us-  e  = {x1,  .ooe -oJ,  s  = x [ f l t ,  e  oct  Vr l  tor

\ r  o : o ,  t o i  f I ,  o o o t ' Y * € { r  a n d  Q ( A )  ;  a ( l )  
;  

U t  
l u *  

O :  
^ ,

' r

=  f [ , * f t  t . ne  xo r 'X1 r  :o " t  f r ] l e  tho  suba3-gebra  gene : :a ted '  by

iu !,6 Ylo havo q(0) = ll '. Tho lnc lusions f s A+0 and.; $t 3-20

Lnduce tho oorlespo+di-ng'!n1;ornal.morp! ' igns of {  -  al6ebras
l r 7 - n l . . { ' ' 4 . 4 A ' A
f'r-'i+'o ana fl $-+'ci. By Theoreu 1.I-"1 A1 B and. 0 are i-ntegral

d.onains, *o-d^by Proposi.tion L'1o, t and ff are lnjectlver and

henao wo havo 'che commutati .vs diagran of lnternal f  iel<1

extensions i
A

n \ r r y A " \'wl!h f ana'e fff tCd to f l  an6 E. no pror/s thalt A(t) an<L'A(B)

aro l"ntornally lsomorphlc ovor K vis havo ,to shovlbhat f and.'
t r y  

j  
.  . n / r \  n / r t \  - ' I i i  4 , I . , i r n 1 ' l n r.g aro Lsomorp[rlsmso S[nce q(A) * Q(0) * F L'b fo}l,o'.vg {:hat

A(i i) and Q(t) are togun*tu.tocl by'the samo Fubfiolct-F" As tho
"iru*u 

uv f o:e q(t) is an i.::tornar lub{i.eld of a(O g:ctend"tng

F ws concl"udo tha'b fr !s a^n l"sonorphtsfa'" ?Jfth 'bho..saho .?I$tl*

{
I

. l
I

I
I
I
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nent tt'fo}r-ows that.r fi te Bn lsonorphrsm tooo QoEoD,n,
Tb'us'vro obtai-ned. an analogue of theoxea Lolo fo:r .

.^_.. . . , . . . . , . -  ,  .  l* t tely 
gencrated' frerd. erbenslons of the tnternar f lold. K.,

rrJ;ri ir: ' \;.f:; i t i .;..".:, ..,J/: ' ..1j. i. 
i i ;:,-.:-,- .-. '": _r..r_.;i. __-i.._' . .,...,.,r. ... .,-r ... l . i'''i ':' " E?tpgrBq'liJT'-aabn ftnrte#''g€inbr"ai6,i':riardt-"if'.iii-"''';.,xi,:'rii

of the llltornaL field. K can bo ombedd.od. in a functoriar vray ln-

that the fot lo 'r i : rg co'd. i t ions are sat isftod.r
, , 1

1) $' i= sgenurated. 
by tr. 

'\ 
j

, t ,

e) rf  x: (xr,  'oooe *oj i 's arx arbitra:ry famtry of ge:. & * y '  v &  b g :nerators of r/K 6na i ,i"ootu"-rnu lcernsr of , tbe canpnlcal..K*
morphiso K rZJ*r, {**, then ths kerne} of the qanonica} rn-
ternal K*rnorphisn^rdifx]+f,r x!-] x is a r"rfxJr;t-. ;;;;;-;"-;
canonlcar internal K-isomosphisn fgg'nn^tns flerd. of quottents
of the factor ring Ii{fxl l"*ofrlontir f;.,

fhus f; 1""*i,]orrfi"i;iml:red up ro an raternir
K*isonorphtsm of fierd.so Tho map Fr*S induces drn embod.ding of
tho category of f initely goaorated. f iefd. u*t.ouionu of K j-nto a
non*furl erbernar subcategory of the rnternar catogoey of-flnitoly s generrated, internar fierd. orbonsions of 

-K,u

l low rgt us invostlgato 'bho proportios of tho f lerd
.erbensron SA'' ret rrrTr bs a fierd. extension ovsr K rvhero r
and F are finitely gdneratod. over Kn [he exbension llfi, j-nd.qces
natural-ry an lnternar f ieLd. oxtensron ffi ovor K,, Thris ws
have the fotrowi.ng diagran of f islcl oxtensions of Ka

\
F
I

^ f

L -  |
t lr t r \|  - z '

| ,/-
t-

. / \

On the other hand., Fj.:ecu^1. is a&r internal field. ln
v  l \ t '

lhu same onlargoruent ti{ and. N * i,;r ls f inttely gonerated over
Lt 'rre can enibodd. as above il:s f isid. exLonsion iird into a

aoruespon<llng lntornal ftekj. erbonslo* ft,6. ;"

gryryiJ*q++ a) o $ ana f u'o i.:rteraalry tsonorplrtc
f

A
over J-r;



b) t and F 
""" 

finn?cly clisJoint ovor I,'
. A

gfggg. a) I'et us show that F satisfies the necessary

condit ions from Theorern'L,3. to be identif ied. wittr t tre internaL
,'fleLd. ektirns{'on S of f, atiached,t"d-ttiAr.'flfuit'ejy',geriarat"Cd,:91616[-r,iir

extensioo tyf,. Si.neo $' f" xgenerated. by F and F(N it follows
that fi iu #gunerated. by N. As the constrrrction of ft d,oes not

clepend on the choice of the generators of n/t, it suffices to
. A

sbow that F satisfies condition 2) from Theorem Lo3. for a par-

tiqular fanily of generators of Nr6. Assume that F = I,(y) n whers

y = (ry, oo, yn) € rP ana laqlce x = i(y). ! 'fe have to show that

the k#rel. of tbe canonieaL ilnterna:. t - *o*h:i.sm f : tffJ-+ ?':

Ytgy is generated by. polynoroials j:r ? [ f]. L,et l, = K(x) r whers

x = ( t ,  n."e l rr)  € tP" tet  A = K[x]rana t  = rT*]  o" th,o

corespond,ing lnteneaL K - algebra attaehed. to A" By deflnitign,

f, i* the field, of quotbdats of t, Consid.er the commutative
diagrarn of internaf K-algebras

A,.fYl+l-[v] *
h -/?

xnfx, YJ

n

F

where f (x) 3 xr 
t' $) = Ir t (X) = x, t (Y) ̂ : Y'; anafis th;

canoniee-L inclusion. Sj.ncer by d.efinitlon of ?, Kury = lf*fXrtJ
for so?ae id.eal b iq K[X, Yl,  andj is surject lve, i t  fol lows
that  Ker(J" i  I  = ut f rS .  d t  is  the. f ieLd of  quot ients or  te
we have Kerf = Ker( J *r). ? *["]:  b i  i [r]  ,  end hence Kerf
is seneratecl by po3-ynomials tn ! [ y] C ? Lyl,.

b)  Le'b F = L(y)  whi t  y  -  ( fa,  . . r ,  t r Im) ar ld 1et  B = [ [ tJ"
Dehote by .b ths ker:reL of the ca;eonica-t I, - ilorp&h"tsm L t fl .Jf ,
Yr-+ 'y. A" we showed at a) , S = ft can be ldentlfiea vrilh the
fieLd. of quotiente of -tbe intenea-r t - algebra i,ufyJ/bi"f"3,

thereforerby definition of ft, N = t. F can be identified. wi-bh the
fieLd, of quotlents of the t - algebra c =?iyl, i f  . 'Jf Bo,?.
s i r roa  n  - - t  f  r , ' l  r .  *? ra  a r r rn r . {n r  n€  r r r  aaqa+ra* .^ - ,  l ^ : ' - : rb ' i *  ,  

u

-  L J )  tv  vav p6v* *s€5 vr  t t  (5\ ] r : l94currul  r , ry l ) \ ,  l ,  ta{r( l

,\
C g BOf,i Lt foLlornrs that the L - al,gebraer.B azrcl i *" ttnearfy

dlsjoj-nt over'I,o As F ls the fie]-d. of cluotients of B we conclud,e

i



that F and
,\
T

- 9 -
l l t

are bLnesrrly d,iejoint over Ir. Q.FoUo

"i$:f+"nr-.c. 
- rtit l: 1: F-i

t&go-rern L:5n llet F be a finitely Benerated" flelcl ex-
tension of the internaL field I( urra f, Ue the coresponding
lnternal 

'rt6ra 
extension*of K 

'a'rteicniil'{b'F;'"rliAn']thii ''bitdhS']"d]]
/ \ .

sion f/f is regrrlar ancl the d.egree of transcend.ency. of f/K i .r.

equals the d.egree of ertranscend.ency of ff?.

4€" We uso induction with respect- to the mr.mber n
of genera'bors of 81T., j,:e ord.er to reduce the proof to the case
where VllK is generated. by a single elementi This reduction
step is earrled, out as fo1.l.ows: I,et L be an interneiliate fiel"d
betvreen K'arrd. F end. assume tha'b F/1" le gonerated by a single e-
lement, whereas tfK is generated, by n-l elements. Let us
consid.er the following diagr*^otntield. extensione of Ki

F = N

h
By proposit lon 1.4.1 the lnternal f ieLd. ex'beasLon U

of the internal fieLd i, attachod. to the flnlte3-y generatod.
-la 11. r\ '

fieLd. extension Nf, crul be identifled. wrtb F. By lnduc'bion L
ie regular over I a:rd. the degtree of tranecend.ency of L'1K ecluals
the c legree of  f t ranscendency of  t1X,3y ?roposi t fon Lo4.r "& and,
/ \  , \ .
I, aro linearLy dlsJoint over L and. hence the regUlarLty of I'/L
implies the reguJ-ari'by of N/F, On tho o-blrer hand.l slnce Lineer-
Ly. cLisjointnoss lnpJ-ies .algebr*ic independenee, lt follovrs that

!"qpucenclency of Urd ecluals the degree of mtranscend.ency_o_f

F/t. Since a $ouror of regular extensions is agaln regular, it
f o ] . ] . o v l a t t ' * t f r 1 r i " r e g u 1 . a r " & 1 t h e o t } r e r h r r n i [ v , l e h a v o t h e
equal i t iest

i ,

the clegrees of trancend.ency of tr/T, ana i'Tr/f are equal'n

Now, if wo assume tbo tlreorem proved. for one-generato
ex'bensione over an *nternal field.e then v,re apply. thls to U7f,

arrd. conclude that f = f is regtrlar over N ancl. tho d.egree of
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trdeg (FA) = trdog $"/K) + trd.es (FA) = *trdos tt$l *

,t
+ trdeg (N//I,) = #trdeg (T'R) + *trdeg (r'A) =

A

.t:i,;;:4'lj.ii.';)i.t.*t:,l,;:-,+r}ai.;:!l*':'g..gfl..*..i',,.'....i,;fr:,.-:!:.;'':.,.tr-t{q.at$'<';4r\+
Thus i t  suf f ices, to 'prove fheorero r -o5.  under ' the addi -

tionaL hypotbesis that F = K(x) is generated' by a si::gle ele-

ment xc

lYe d.istfnquish two cases:

.Gase*I-s x is al"eebr6;e over K. ,st f€ Kt *] <lenote the

irreducibLo polynomia-L of x over Kn fhen F = K [*] 
g r LXVf*IXJ'

. F - r . - t k ' t

tbe pol-trmomia-L f€ KL XJ renasil.s irreducible irx K LXJ: fndeedl

tf f adnits a d.ecomposition f = goh with g and i:r xr{fle then

,Iee(e)( deg(f )  and deg (h) (  aee(g), beace g and h are contalnecl
F 1 r that f g r*[x]* oqr.l! xl-rJmf nl5 9"in K LXJ . !1Ie conclude that F =,K'-,-- / t  

K LrJ _ .  
__L --J

[ h u e T h , e o r e P ] . ' 5 . i s t r i v i a ] . r y v u - r i a 1 n t h j ' s c a s e . "

Case 2i x ls trpnscenclentaL over Ko Then f t ' f (X) and,
l \ $

f g K"(X) rvhere X is an indeterninate. In particul'ar the degtroe
of transeend.ency of F/k end. the d,ogree of stranscenclency of

.  . A .  A .
T7K axe equaL to L'o Tbe proof of tbe reguS-arity of F/F foJ-loris

the f- i r te of proof for the case 2 from Lr1l,  Ihecrenc 3;5, Q,SoDi

BggE*r" The regularity of the eictensioo S/f in tho par-

t isula^r caso 3'  = r(x),  with X = (X' o.e.,  Xn) ana n€F, f"
armounced in [ f ]  a.5..wi-bhout proof,"

2. E$je-nS:lon g{ il-a9e€. :

Tret K be an lnterna]. fieLd as i.:e Sectlon Lro Tle ehoyr ln
this eectton that Problem f from fntrod,uctlon hasa fnrtlaf-f.y

.affirmative answer lf F is a finltely genera.ted field. extension' 
of K au:d. N is the interna-l field extens:i.otr S of I( attached to
F ss i:r Seetion L.

.ttreore-q*?"3g let P be a ftnLtely generatecl fieLcl erton-
sLon of the in'bernaL ftelcl^ K ancl ].et f aeno'be the Lnternal
field ex'tension of K a'ttached. to F" I,ot P be an arbitrary place
of F7\f rvhich ls rational over an internal fleld extcnsion L of
K;  t "eo. ths res idue f leLd.  EP ls  a  eubf ie ld  o f  i ryK.  f ,€ t
J r  - \ J | f '

K ["] is
x P i s a
potnt is
ratioiial.

o.. r q) bo a farnil{ of generators of SyK such that
a subrir:g of the va.thsat{on riR{f O" of p. Assune that
nimplo point on the afflne mod.el V of FyK rryirose generic
xc fhen thero exists an inter:re-l place A of f,/.rC whlch tr

- : J \

over f,, io'Bo F"QC i, , ancl Q eoineictos with 1, on tha



subrlng r I x];

- L t  -

Progfn riet a denote the keroel of the canonic'-l K-
norphisp r[X]+Fi X F] x, Then x[sr] g r f X]z- is the coordinatef.'{p:fie/'{44';"u=&ir.nui', df tri*' irt'1n6'T;ii ;ty-vola;i' ;, rt?jj{3" +ia.: ritii;tri1,fr-i-'*.,

t ional  f \ rnct ions on v  over  K.  I ,e t  r l ,  . . . ,  ru€ K[x ]  ue some
generators of the ideal &c We envi$age V es being defined, b" the
system of polynonial equations over Ki

( 2 . 1 )  T l  ( % - ,  . .  o ,  X n )  =  o  f o r  J  =  1 r  .  o  o ,  s
u s &

[he internal extensior, f of K i-srby definitionl tho
field of quotients of the interna-L integ-rel iionain ffx]=

* n - t - . . \ q J= f LXJ/"Xht. tret V denote the internal affine varj-ety over K
whosieRguo"#ic point is xo then K*["] is the i:eternal cccrd.ina-

te ring or 0 arra ? = g*1x) is the jrrternal field. of tnterrxsl
rationa-L functlone oo ? over Kn We envJ.sag" .t *" being deflaed,
by the sane systern (2"L).of finitely **ttp pollzromia1 equations
over Ko Sincee by Iheorem 1'.5.r. the d.egree of trenseend.eney
of r7K and. the d,egree of xtranscend.erxcy of fit?- *. equalr lt

' follows that the d.ir[eneion of V end. the internal d.imenslon
/A 

-- - - : -

of V are equall ;
:

Nowe the cond,itl,on for a point to be slmple on v csn
. be erpressed. by saying that- at Leas;! on.e of the minore of ord.er

n-d. im (v) of the Jacobia'  matr i :  '  ,x i  
-  . .  doee.noilcooLan matr lx t f f 'J 1(:  1'(n d'oee not '  I* 1 z i a r :

varrish at that point. si:ace v and ? *"u ilffi'oy the Bane
system (e.1) of polynonial equatlons over K a:rd dtm (v)_ =
r a  .A

"ai*(V)r w€ conclude that t}.f, cond.ition for an intertral point
to be slmple ott f coincid.""*'t'lru eome€rp'ondtng eond-itlon for vn

Asr by hypotheslsr x? is s{npLe en V and xP is ra-bionaL
o".ui the int'ornal field. l tt folloyrs that xp is a slmplo point' on V. By en-largement princip&e [rS] and. by tt.l Corollary A.2,
the inter:ral spec6aLLzatrion x- >xP can bo egtend.ecl to an in-

. ternaL pl-aco a of fr/tr such that f.Q = lctr(yg)C l. By 
"orr"true-.t ion Q eoincid.es with p on K [x] as conteni led.n Q,E"D'

g9Li*lggy-" With the same .data as l-:e Sbeorens 2.1-.r'
' &ssume that the place P is rational over K1 i'.€o HP * Kr and.

the -point xP is simpS-e ott V. fhen ihu"u is an internaL pLace O
z \ , .  \

of F/K. such that Q le rationnl over Ke io€n $.,e - K, and. colzrcJ.-
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' L 2 -  
:

F 1
with P on K[xJ

; -

Theorem 2.L" cab be improved' if we assume that the ftni-

.-. tgry generated. iietd. gxtenslpn FIK ?aj,lPfl:.?, 3gg+ulr+,ts,,}$g*;ri*:-.,,{:i-:*,;;ii;i,;J;;i';'td".;:bi";# 'J"t' *;e"i 
'v-or elr<' i' thu sens" "or-

'o" each p}ace P of r7k whieh lies over.

.the cooraiiate rine K["] of V over K1 there Ls a modeL W of '

tr'fK such that P lles over the coorclinate rlng f[V] of W over Ke

r ["] is a subring or r[r], anct the center yP of P oa !? is a
'sinple 

point. . 
'

'cloes 
ho]-cl over an arbitrary field. K of characterigtie zero [rA]

and, also for fu:rction fiel-d.s TfK. of d.inension ( : without any

restrieti.on conceming the cbaracterj"stic. We eha"11 prove in

Section 6 the existence of s6me bound.$ related. to Zarislclf s

theorem.

. gheoren 2.2'. iret F be a.ffniteLy generat€cl fieLct exten-

slon'of the interna-1 fiel-d K sucb tbat ?7k aatisfies Zariekirs
'Local 

uniforrization theorem. Ilet P be a pl-ace of E/k whieh ls

rationaL over an interrrat field extension Tl of K' arrd a=f f x]

be a finiteLy generatod. subalgebra contai:red. in the valuation

rind 0U of P. Then there is an lnternaL pl-aee a of ftfi. whicb is

. ba.tioaaL over L, and coinclcles witb P on A. .

. gglollgrJr. lYitb the some data and. btrpotheses as ia

fheorem 2,2"s assume that P ie rat j .onaL over Ke L.9'  F.P.-K.

fhen the{e is an"lnternal place a of fi/K. rvbich is ratlonal over

K and. coincides wi-th P on A.

Kpchon 1a IUJ, in'.a complete analogy to the c]-assical theory of

foi"rnn}.ly real= fieldsn Important developments of thls.theory

were achieved by Roquette :in [1o]- [rl] ar]dr together witb Jarclen
.  f  -  - 1  .  -  r , -  ^ ,irr Lf-oJe where a Nr:J.lstelLensatz oyer p-ad.ical"ly cLosect.field.e

is proved." AmaJor rc,Le tn the proof of tho results.of t1"] is

ptayed by'the mod,eL theory of Henseltan oofu 
"d- 

f iel-d"s inltiated,

by th.o welLlolown series of papero of A$. and' Koerren [f] r snil

Ershov Lg] "
The.possibillty to extend tbe fra.mework of tlre theory

of formal,'Ly p-ad.ic flo1d:! is Fuggested. in [rf1 aB wol} as ln
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[ td] 'An 
extension of the thsorxr rvas fuMirreci. by Transrer [aeJ"

f l r l l -  I  d i f . e ^ h ^ n { .  ' p * -  
-  ' - v  

L  J '
Lc'l J' tt di;flf ersnt framo'ork rs deveropod by tho author * fi],' 

'

vrhero the princtpal rosurts of [r" ]  aro provoc] ln a Bore gene-it'!.'ili:i .rel "ooht'ext ,and. sous'' 'oxamplo" '"rra 'aSplrc uot'u'r,if **r-6 ,;f,f o* jrli*,,:r*

Now let us glvo tho main d.efinitions and. results fron .

[Z] wrrich ars usefu] in tho resr ,, *rri";;;;

_ 
Lst k be a f lxed f teld. equtpped. wlth a non-tr lvtal  plaoo

l" 
and. tho correspond.lng o"$artion vo,. Let 1,, lo ana t d.enoto

the followlng f trst ord.er languagos r .. , 
.

, Lr ths language of fteld,s extend.ed. wtth tndlvid.ual contantl
namlng the olonents of the resLd.uo f iold. k ,

ro the ranguage of ord.ered, groups extendou -llo lnd.h,i*'  : dual gonstants namlng the elornents of the valus group
vo (k) 

"
.J

Il. tho language of valued f ield.s extended,. gitb. ind.ivl"*
d.uaL constants naprng tho elements.of k{

Assumo that there are gtven a thoorp s tn ths ranguago
a tbeory To.ln tbe languag" !o suujoct to tho cond,rt lonsr

l s a nodol

a) The nod,ors of T aro f rerd. extensions ofr{ , and. \" 
 

' o  t o
a' l  a.P l7lof, t t

b) f f ,  V - axlomatlzablo,
model of I then overy lntermed.tate

nodol of t too,j

q, []re &odels of To are ahel.lan rlnearly ord.srod, groupo
oxtond.i"ng-vo(k)e anrL vo(k) ls a nodol of.T,.,;J,

bj ) fo ic V * u*iomattdabre, i ' , .r '*, * rs an arbrtrary
model of so then oach intorrsed.lato ord.ered.: sroup - between vo(k)
and E tu a nodel of [o too.-o

t{

J-anguago T, having as
to tho c bnclit lons t

nod.el of T, and. ' ths valuo
theory !t ts V - gxloma-
pr lmo model  of  Wo

trot A and f bo arbitrary sots or rational functlons
wlth cg,offlci.onts i.n k ln countably mahiy lnclopormlnatos.c Wo say

Ilot W denoto the theory ln tho
nnod.ols tho valuod f ielcts (Kr v) subject
vextends 

loo 
the res ic lue f ie td  \  ts  a

_group v(I{)  [s a model of ' Io,o Thus, tho
t lzablo and. tho baso f iekl ( tn vo) ls a

IJr and

t

i.o€o' tS { X,s aa arbitrary
fie1d. botwoon 4o ana/rs a

o.
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that the ord.ered, pair (n, f ) satisf j-es concllt ion (c1) i f  for
every vatued. field. (K, v) extending (k, ro) the foLrowing
statements are equivalent:

til*r,-:.r1ri4"'rir:,irPrr1a;ri (f;:':ti1-.lt,,A"dfiif"tf:t'ti;-:s'd^S'..+'.*-!.Sir#Ftlffi:"i'ir+$:;i+*-i:r":ion'"i*i.+15$gi

2)  a )  Fcr  every  t ( \ ,  o . . ,  u )e  A  ,  end.  fo r  every
t -  

t  a , , )  €  13 ,  v ( f (a l r  ' i o . r  
"o ) )  )  o  i f  f  i s  de f ine i l  in( a f  t  I  o  o .

i ^  -  \  - - - .1 1 ,  : " , r  l n / r  a n d

b)  fo r  evepy  t ( \ ,  . . . ,  u )e f '  ,  and  fo r  eve ry
.  (a1  ,  . . . ,  

"o )g  
x l ,  v ( r (a .1  ,  . . . ,  

" . 1 )>  
o  i f  f  i s  de f i ned  ln

, 6 \

,  t h r  o . . r  4 r r ) .

We assume in ths follovring that there is at Least ono
ord.ered. pair (A ,F) sat iefying (c1). rnobher words, tT adrnits
a eystem.of axiorps of the special fornm afore d.escrlbed,. .

Nowrlet us consider a.n arbitrary mod.er (K, v) of w,
a u d , ] " e t p b e t h e c o r r o s p o n d i n g p 1 - a c e o f K ; I e t F d e n o t e . a n
aritra^$y field extension of K arid. Let u and. ur be arbitrary
subsets of F.

pS,qi*itiot

a vaLuation ry of F
(K,  v) .  F  is  caLLect

F is called forrnally
such that (F, w) 1s a
formgi-l-y, R.-?dic ovel

p-ad.ic lf there exists
nod.el of W extending

(o ,  u ' )  i f  t he  ex i s te

intersee-bion

tion rings ew

of the maximal ideals
afore mentloned.o

a vaLr,latlon w of- F such .bhat (Fr !y) is a mod.el of W, u C 0w and
u r c 0 , , c

rf F is formarry p-adic over (u, uo ) then each r.nterme-
d.iate fieLcl betwen K(ur ut ) a'd 'F is forurarr-y p-adic over (o, u, ).0
In. partieular, if F is fortnally p-adic then every lntermediate
field betwen K nnd F is foroally p-ad.lc too..

Thg Kochen r"ing 4r,r, 
(d) of F .gye! (uru, ) rs d.efined. as t

the intersection of the valriabion rings gn, where w ranges over
the set of ^valuat ions 

of F e:<tending v such that (Fo*) is a.mg-
clel of lY, u c 4o *a sf €ln*. F Ls formar-r-y p-adic over (o, u, ) iff
4r,u, (r) { r '

The l(oehon iS-qet forr, (r) a\/

of  \ ro ,  (F)  is  def inec l  as tho
m* of the qorrorjponcling va.l.ua-

In particularl for uq CIv and. u, C Bv, we obtaln tho
(absolute) Kociren r ing frcr) or l  and the Kochen ideal s(r) in .
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'
fl(r)'.

:Tlrg Rd,-0$ann spaeg S(F) of F/k ls defined. as the set of

el l  places P ofFsubjec'b to the fol lowing condit ion$t
l.>l-5c''I}.'Jir+::9!r+'s$:,{r.,g4.g1^i.**r.'i;ii+f'lil'i,i.'l.;$:.1i.'-';l1i.!iJ1l.l

, . .  . ' :  .  .  ' . '  .
. 

' f. ) P ie trlvial ?n K; in parttculer the resldue fteld,

FP J.s an extenslon of K. i

2) the residue fieLcl P,P. ls formalLy p-aclic.

If u' lrf ancl x aro arbitrary subsets of F we ttenoto

oy tfiror'(f) the subset of s(F) contain:i-ng a}J. places P satis-

fytng: tne cond.itionsE

f-) The eLements of ur.ut ancl x aro holonorphic in P'2
'  i . e .  u U u r u x C 0 3 , .

2) The veeidue fielJ EP i1 Jorrnallg p-ad;c over (n.P,,l.P),
. )

r qhg (abso3-ute) h_oloro.orp4y rErg II(F) of F is defined. as

the bolonorphgg r i : lg of the set S(F)1 i .o" the intersect ion of
d

It u, ur anil x are arbitrary subsets of F, 3be hofgt

nofeJo{_ping {rrrr(n) € F.gvef (u, utn x) ' ls ctef lnect as tbe
-  

' t  -

hoLonorphy ring of the set tf irrrr(F), L.€. the intersection of .
al-l valuation rlngs Op of F whero P ra:rges over the set

tfi 'o'(r)' '
'  Yfe aesune ln the rest of thls baper that the following.

mod.el theoret ic ccndit ion ie eat isf ied.g

(cr) Tho theory W is companionablel l .€c thero exiets
lVr J

a theory W in tbe Langrage L euch that th'e foLlowing cond.i.'biot3.s
are satisfied.S ( .

1") ff extencts t?.

i l  f f  is  moiLel2) ff tu model-complete, 
^.,

3) Sach mod.el of lT canr.be eunbed.d.ed fn some mod.el of W.
' - r i y '

by,ho ":*,;l:::T'-T'?i;i# ff::::-T#-ffi'l"u:Hil;".o
tbg- FoJLel.:- q.gapg4on-g.g Yf "

It foLl-o,ss.that tho model-g of f ere algobalcalS.y comple-

. te, ioo. rvi thout proper al-gebtaj.c '*mmedie*e extensionsr and. hsn-

c€r they are HenseLis^n valuecl ftelas" I
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A model (Kr v '  p) of W ls cal led. p-adical ly closect t f

is a mod.e1 of ff;

Nov? we mention'the Frj-ncipaL results from IZJ whieh Br9.
,e{bef'1.,lrilSgdflbff3,'41\'1.5.,gn"td; 

?t.1+'latsi$'i.1itq'i:e'5a4-r*!l.:jfli:'r:t-*i':':'f:i'ar'i'i1"''t'*;t-'*'sii:-'1

A first resuat givuu* descriptlon of the Koehen rlng

Ln terns of integfal d.efi.:rlte functlons. In u, tlt anil x aro

arbitrary subseto of F we denote UV tfiror (f) the subs-et of

Sf -,,, (F) containang the places P of T/?- satisfying the condi-

ti|Xus rP - Kr riuuo U x c 6pr uP c 0r, 13d ur? C uo' An erement

z € F Ls cal}ed. i+temmJ..9pfinlte gq sfiro, (r) lf zp€ Qo for

.eacb 
p€tfiru, (F),and. 

"i"i"tfir 
irigs,e+ d""lig!39 gn{Xro, (r) ir

z?€no for each p € 3X'o, (F). Denote by ffro, (r) the ri :rg of

integra]- deiinlte functions o* 4ro, 
(r), ancl rt tf -,r, (F). the ,

t r *
id.eal of strictly integral definite firnctioas ot 3firo, (f ). Tleh

wo have tho foLLowing iresuLt'3

Thgoren J.L. Assuu,e that '  (ca) is sat isf iei l  and Let

. (K, y; p) be p-ad.ically closecl. L,et F be a finitely generatecl

f ieLt l  extens{on of K a.nd wand-cl be f lni te su}sets of F.
.  q  z A  4 x  '  - .  -  o r  Y -  , - \  t x  . t * \  ,  .  l .  r . . r 'rberr K,q,ctts) = if;ro, tr) ana ifir;, (F)= 

ftyr)**eacL.luiite 
eubset x

of F.

For proof see [Zl Uteorem 7.L. For for&al]-y p-ad.ic

fields i:r Kochen-Roquetteserise see [f1.] Theorem 2 *.d[f"] [h9o-

rem ?'" 2.
: ' 

A seconcl result le a Nrrllstellensatz for Kochen ri:rgs'

Yllth the same data ae in Theorem 3.1 let-ue consld.er tbe repre-

sentat i  oo f  of the'factor_ring A(F) = frrrr*,  $) , . . .*ru, (F) 
lnto

tle ring J of functl.ons oo 3fi0,,,, (p) with r*flqru" in--trte'r6sidue

f ie td  Kvs  t " f  
"€4 ro r ( f . )  

t hen  z r€Q fo r  each  P€  { ro , (F ) r  snc l

z d.etebmlnss a funct lon fro* 3frrrr ,  {n) to \r" 
.By Theorem.3"19

the f i rnct ion lnducecl 'by z is the z,er.o map Lff  z€?.rru! (F)u Eo
" yre have a carlonlcerl- Tepresentation F'E l(F)+ J. Uo'ir, lf a

is an Ldeal in A(l') e Let 3[ a.note tlro subeet of 3f;"rr, (F)

conta. ining the pIa:es P sut jeet tof (z)(P)=o f,or - ;3; ze, ee

end J* deno'be tho fu1e41 tn J'contalntng the functions yanishi.ng

or, 3f;, $hen .we have'o I

S*Sggg-J:?* Aseume *ha* the lr;potheses Sf Theorcn 3.1
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are satisfiedr 'and in. add.ltlon, tho followlng cond,ition iAverifre{;
(ro) Thero exists a'non-constemt monj-c polynominar

F 1 -

sS \  IXJ  such tha t  T  h -  (Vx)g(x )  {  o ,  I ,e .  g  has  no  roo t  Ln
+t{l:-fl.6*o.li1'dtf''{++;\.;t.;1q{Q'i;';;]"'1rai.?.it.'..:{1.r*Ylr:f.Ji;qi6{'?+:;{:*!:'*.;.!{tqri;r'1*"$r:l.i:rg*l:"-I,:'

any model of T.

Lret a be a finitely 
fenerated. id.eaL. in *(F). []ren the

inverse image 
fu(ia) 

of the ideal Ja equals the rad.ical G
of an

For  proof  uee fa l  Theorem 7,3.  i
. another result'we need. ts the forlowing one giving a :

descliption of .the holonorphy ringsL .

Tlreores.l:l-g r,et ({, vr p) be a'p-ad.ibally ctosec. fielct
and' F be a finitely gene$ated, fielcl extensj.on of Ii. Assume that
(e) is satisfied. alrd. FIK satisfie$ Zariskits loca-L uniforni-
zation theorem. lei u, ut and. x be flnite .subsets' .of F. Ehen

Y t4/HXro, (r) = {r,o, (r) "E [ " l  
= 4ro, (F), whera .

fr;r.*, tr) ={z € t I "" f a ror each *€ 3ir,r, (F)J is tbe.ring of

hol-onoi.phlc fi::rctions or 3frr., (r)

For proof eee [e] fneorem ?o5. For fornaLLy p-ad,lc
f ields in Kochen-Roquette 

\sense 
.see [rq] 'Theorem 2n1.

The foL!-owlng reeu.ltis a Nrrl-lstellensatz for holomorphy
rlngs. Ior the fornrally p-adic fields i-n Kochen-Eoquette sense
see [f f ]  Theorem I and [fo] Theorem Z.Zn

SFgogsL J "Jt o Aegume tbe sa.ae d.ata and. hypotheses as i,o
lrheorem 3.3n Let a be a f ini tely frenerateit  ideal i r  l {roo (F)"
fhen the radica] \G of a coincid.es vrlttr the set of the ele-
ments h€{ro, (F) vanishing at al l  cennon zeros f  e df iro, ( f)  of

.  
For proof see [zl  rneorom ?"6n

4. Contla.e!3on prcp eJ'ties_for_Keglren 4ln_,qg

I."t W and fi t" aomo thoorles as consicLered. in Sectioil 3'o
consicler a mathenratlcaa strircture }I containirrg a non-enpty
fandfiq € ( oto 

"*)1 i€ r of model-s of fr', 'brrl pohrrrornlal
J  L  \  f , _ .  L / J  l e  r  

' . '  f - ^ v  x ' v 6 d

the idea]. a"

r l n g s  K i  [ h ,  o o o , i€ I and. arbitrary n€ff, the finjtely
' r{"1

4\p

fo:r

h$r],Iuo\
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g€nerated fleld, extenslone of K.n for 1€ I, the set /lf of natural

nBmbersp ont"ccn and. take au en3.argelnent stM of Mo

{s{,,,'qii'',}";i}d# *;:r.8trr,,pri.nclp€&s.of..pel:maneo"e..[lg.'],,tbert e'rl.st*r.furternal;.+r.s1

va-Lued fieLds in the entap8ement trtt irfr:.cl,t are nod.els of fr.

I,et (K, v) be such a fieLd and. let p ttenote the eorresponding

pLace on K. fn other words (K, ve p) rtrs an internal p-adiea1ly

cJ.osed fieLcl.

let F be an erbitrary finitely Senerated. fleld. exten-

s ion,of  K e 'ad te i .  Fr  f  be *ha iv r terna t  f te ld  q ten s ion of  /<af /aated

fto F as tn SectLon J-" tr?e show ln this section that ProbLems fI

ancl IIT from Tntroduetion as-we1J- aa o'bher related questions

ad"^nit an affirrnative ans$t!er{: :for the ex'bensiot $ruf over the

rsterrraS p-adically closod feel-C. (Kr vr p).

I ,et u = ("f  ,  'oooe 
i l  arrd r/ '= (" i ;  rr 'e1 

"$.,  
)  be arbj--

trartr' i inite famj-Lies of elements in Fo Denote by (.rur(F)r

respectiveLy 4ro, (f), the Kocherr ring of F/Krvene*tirtaoflflr,',,e,
(u, uj),  Et E 

^

Iet flrrrou (F), respectively ;rr,r, 
!F) I 

denote tlre Kochen id.eal in

4r*, (F), respectlvely * 4rrl ,  (fr), By definit l ,on we heve tb.o

inetusions, 4ro, (r) c {.ro, (f,)n n .*u foro, (n) a i.,,r., {f)A F,

We ehaLJ. sbow that.the opposite iaelusions hold tooi 
'

r ,r t  {nur.($l  e f ,espectlvely fo,. ,* ( f) ,  denote the l .nteraaL
Kochen rlng of FS over (uru, ), respectively the internaf?tr?"f

l \  - , \ .  .  , \  - A -  , \

h \roo (F)" Roro'(F) is an jnternaf- subri^ng of F and. coincid.es

with the intersection of ail internal valuatLon rings 8* where vr
. ranges over tiro interr:al- set of lnternal. vaLuations of ? such

. that ( f ,  w)" is a model of W extend.ing- (Ks v)r uq Q*,and, u0 C Bwo

.*hu 
lnternal j.deal- for..*, {6) * tr..r, {6) equols the*i.:ntersectLoa

of the maxi.mal ideals.ro,n, of ttre correspondi-ng internaf- vgJ-uation
rings €o afore men.tlo*uH" rhus'%ave the inclrrsionsi 4.rol t$l c

4  , , r .  N  . A .    , 4 .

\ rs '  (F) *u tsoror (r)c 
"rrrr ,  

(F).

T4e_qr-qrn-3s1._e- The following equa},i.tles holcli

frn,o (r) = fru.,o,rf) ^ F = E ,,, (f )n F*, *



and 
i

' 6 /

r . .  . . ,  ( r )  =
t r t 1 4 -

. , r i . . .3  , ! . . - r r ;  . . . * ; , t . .  ,P fOOf .  . I t .

_ L 9 _

ioror tf ln n = f..rro, (f)

strffl.ces : t o. prove' . that'

\

n F .

1';;'
arra fo,o, {$)n F c ?uru, (F).

Let us show that the

arbitrary element ir tro, (i)
to  4 ro ,  (F)  "

BY fbPorem J.ln I the

first incl-usion hoL'ds. Iret h be art

A F. lYe have to show that h bolongs

' " J

Kochen r ing R. , , ,  (F) of
( ^ t t a -

y is generic on V 
'over Ku $he

sinpl'e on Y een be elrpressed. by
minors of .orcler Is*d.in (V) of the

cloes not vanielr ab f c fret [*€ f< [ XJ

such that f (y) # o,
elements fur F such

y a.ppeer a&ong the

Y 1  f o r  I  -  1 r  - : : j  k t

s7t( over

3r vrhere x i's(urut ) equaLs tbe rinu i i lro, (F), d,efined. in seetion
de arbitrary finite fanily of elements in Fo

lTe.'eho'osee in a convenipnt way a fi:aite fanily x as follows"

FirBt let f, = (V1, G..r yu) be a fa.nil-y of genero.tors of F/k

such that b and. the eleuerffis of the fa.nilies u anil uf appean

a.nong the eLementsof ;r. After suitable renr.rnbering of the Y1 wo

may assume that u1= y1 for j. = Lr . o. r * r uj. = 3r1** for

mt + f-. I-,et V d,enote thei  =  I r  o ' ooe  l t r t r  b  =  Xm+mo+I  and  k )7a  +

affine variety over K whose generic point is y. Thus f If]ic'
the eoord.inate ring of V over K and tr = K(y) iu 'btre field. of

rational fi.r.:rctlons en V over Ko Yle envisage V as bei:rg clefj-ned

by a system of poLynonis&. equationo over K3

(+.r 1

fhe poi:et y is simpLe on V sifi.ce

condition for the poi-ut y to be

saying that at least ono of the

i : " . : : . ) : . 1  ' : ,  )  f .
Jacobian matrix (=-*).t < j. g k) v  . L s

.  " L  { { i { 4

r t ( f * r  o . c  Y f r )  =  o  f o r  J  -  1 r  o o o r  e )

be some proper minor of the Jacoblan matrix

let x =(*f  r  o. c r xn) be a f ini 'be family of

that I- (y)-1 end. the eleuents of the faniS-y

elements of xo fhrs we may a'ssu$e tliat xi =

xk+' = l-(i)=I ani[ n 27 k+L, ' iYo'have do s]row that lrP € Q for each p1a

oe p belonging to the e et 3foo, (F) def ined ln Sec'bion 3"

I,et P be an arbitrary member 
"* 

3fr..r, (F), As F"P*K,

yP€ * anrl  | -  ( i f  )  = F(y)l '  { 'a, we concLudo that yP ie a erimple



point on Ve rational ovor K, By CoroSlary to Theoren Znl-o, there

exists an internal place a of $'/f such that f.Q = K and 0 coincid
d.es wlth P on f I  y]  .  Since uuu'U f hlC y, t t  fol lows that

;f.,t;r,,-.";It1Qr:&;:t&:l,i.I-8€,O.,r-,f,.O9.li...;;..1;:...r*c{"..Il'e':UIQ,t+.'UlB,€"ilBii,.fgf.:i.+]1c.;li<:9tl],r.:;j;

arrd. bQ = hP S a" fhus Q belongs to thg internal- 5*,,9;,7,(f)

containing the j.:eternal ptaces T of f trc ntr1ect il"trrrJrtfor>s t

F , T = K ,  u T c o q  a n d u , T c f r e .  .
:  Accord. ing to enlargement principfe f fgl  ar.A.to Theoren

3"L,, the interba-l,Koehen ring 4rro, (fl .f fre over, (ur u, )
coiscicles with the internal r*trg t,, ,,r(fl of integral- firnctions
or $'on the in'beirrat set'or prac-"*t l ;*,(S') afoi 'e defined."

Slnce, by hyryothesis, h € 4,o, (f ')  and, by eonstmctiono Q €

Gor.r, (f , we ecneLuo.e that. U.p = h. Q € Ov. fhus we proved that

br ls contained. i . :a oo for every place p€tirur(n1i ire"h €

Tiroo(p). We couc3-ud.ee by tb.eoren 3n1o that h bel-onge to

{ruo, tu} as contend'ed'"

f h g  
G ' - - - 1 ' - - r  -  ' \  '  '  ' \ )
Lnclusloo roro, (F)n F c foro, (r1 follows ln a

stmilar way'. Q,EnD,

laking u C 0r, ang utC mo.r we obtalui

" $he follorving equalit ies holclS
' N a . ; 4 , 4 ^

fi'(e) = fi(f')n n = ft1f) n r,
ancl \

?(e) = ?(?)np = S($)n n.
. Thus v/e proved. tlrat Problem fIT from fnt:roduction adroftsa

positive ab.swer for tire erbensioo fi7tr. The answer to problen fI
from rntrod.uetton for tbe extonsiotr. ,firu t" an immed.tate
congequonce of Theorem 4."L.

rhgo:eq &::3 . F ts f.ormally p-adic over Cu,,/) $f f t furrntly
p-adie over (un ut ) iff f is mfor',ally p-acl.ic over (ursr'1 c

tfgff. flre irnpt-icatlons (- are trivia]. , Aseune .bhat F
ie formaJ.ly p-ad.i.e over (upur )" fhea {, ;., (u) #,g, end,, by

fheorem 4"J-e t.r.,r, t$) / ff, d.e. fr.r" -t,1"r*1y p-Bdic over (unu, )
Q o E n D .
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Srro}lary-to. Thgsreg.4.2" F ts forroalLy p-adie iff F ts
/ \ r r

forrnalLy p-adic iff F'ie -formally p-acllc'

Noe 1et us investigate the relation between the radical

.rrt;*.1r,;r',s'*ry,.^-o .,;.id.es1",st.nr.ctu:re .of i tbe.r'f,acto.r 'rl"rrge "AdEl''r*;4i"'6r,{f ),f{r;ilt(F j C'*o.'i*'

A($) = fro,o,(S),6," ,.,, (f) ",oa t(f) = 4r,o, tflZd.*,($). rhe

incrusr";" qr,r,il;? 
'{r,o, 

tft c {r,o, (f,) *a n":;. (r)c ?o,o, (f)
l l ru

<i;r.., t$) induee the ring morpb.isms from the commutative d'iagranl

A(F) *!*,
' l  -a
AtF) '1 I

A cFI

3y Tbeorem 4.11 the morpb.lsms I and, J are j.:aJectiv€c'l

fbus we ca$ identify eif) with a common subring ln nt$t alrd'

f'tfl. ]ret a be a.n arbitrary ideal in R(F)' Then we have tha

inelubloas3
t-

n a(F) .V"f t$ l  n a(F)G'c
' ^

We Want to how f# tne opposite incluslons b.old. too. Since tbe

rings n(r) , a(f) La tt6'l have not nilpgtent elernents, the

affore considerecl laclusions become equalities in the particu-

l - a r c a s e a = o c

Now l.et ue assume that the theory Yf satisfi€is cond.itlon

(e) from Section Je and. Let a be a flniteLy genefated id'eal

in  a(F) .  Ibea we bavei  ,

Theo{gln 4.J, Tlith the data ancl bypotheses .as tbog*, thg

fol-lowing equal-i-bies are satisfied.t

\6*=
&@.

generatectr the

with tbe ideal

' r '
r t  / \ A

A ( F )  =  V a . t ( F ) n A ( r )

S.inca f'tfl is an intemal ring a.nd. a is finitely

internal Mear #generatect by a ln ttil ooincldes

" 
ttfl generatod, by a, a4it

*

trtifl ==f* e f<f'r i *'. * f't$l for some ore*N3 "
flff6nshow that

in Vuf6
A(r) C\G
have to

Proof. I t  suff ices 'bo

Iret h be ere arbitrarY element
' " ' -

aa(F)

r1 4(F) " iYe



F 2 2 -

show that {' * \6

By ' rheprem 3 "2nsG * f -L( ie)  
* fz  € A(F) l  y  k \ (P))  , *  o

^'r jX)

irr,p&gs,enelL gSS; jr, .1t9eFc, 8,.;!.8.,"g4t. ar"bitra.rtr-r{lnitg,-f,gniJ-y"..,9f,,'€}Qme}at$:'r'r;
in F. r,et ii;" € {rrorttn) ire sr-r.ch that a '<

__ 
on rnod. Forot (F) 3 h. Yve have

to show that hq3€ n" for eaeh F € S;"

lYe choose in a ccnveni8st wa,y a finite fa"mily x as foltowe

Iret y E (ry, ao,, ya) be a farnily of generators of T1T. sucr tlrat

hg, the elemen'bs of the faniLies tr and. u0 p and. some representatlc

ves t', n. n e t, io {rrrru 
(n) for tire generators of the ld.ea} a

u.pr"*r mrorrg tb" eleirents of y. L,et V d.enote the affine variety

over 3{ whose generic pokrt is y" lTe proceed. as in the proof of

[heoren 4oJ- ' . .Since y i-s genericr S is s- i-rnple on Vo l ,et fe I(  [yJ
tre some proper mtnor.. of the Jacobien netftx sueh that I-(y) y' o.

Le't x be a finite fa.:nlJ-y of elemenbs in F such'tha'b l- (y)** a$ct

the eLements of the fantl-3- E appeas among 'bhe eLements of xo iTe

have to ehow tlrat hrPC n,, f6r eac!. ng t3"

.Let P be an arbitrary member of Kf" It foLlows tbat yF

ie a simple poi:et on V and. geneeo by Corollary to [heoren 2,Lo 1
tbere' ls an i.ntern'ai pLace a of fifr. such that G.Q. '= 

K and. a
coincicles with P on X ff J , It folLows *hat Q belonge to tbe

interyral set 3;i1t1 
"ott'iue*ftq 

tfre internal. p3-aces r of $lX

subject io the coadi i ; j .onst f" t  = f
A-  ,A .  ' l

u € .\r*r (F) su-ch that z mod. ru"ur (

r rT C O' and zt € uro for eaoh.
n -  z t A

D e ai t ( r) .

ty*?$=Eg**unt principl,-e and by Theorem 3"2., the fnter-
rraL id.ea]" V a,rr(f ) eoincj.d.es with the set of thoso eleneir*s
u<ft$) wlr leb. sc.bisfy tho cond.i t i -ona zgT € m*, for 'eaeb represen-
tativo ?,Q ot n nf",on {f) and, for eacb, o a 4e (Sii Sj:rcer by
hypothesiss h €i7GATiii, and,, by constrrrctlono O k 

'3;;(S), 
rrCI

conclud.o th.at hf P * heQ 6ry. So yre proved.."chat hsP€ 5 for each
Arq*

.n € ry, ar:,d hence, by Theoron J. 2, h € VE, as cont enrleil Q. fi. Do

5', g%b-qegg$s-rggp9rttgg,- g- e

Treft us consiclor the franelork'frorn Section {, ajlcl Lot
(Kr vr p) ile an irr.terir,eJ- p*ad.ically closecl fieLd.e F bs a finitoly
genorabed. fj"el-rl exten.sion of, Kr and. ii)F'bo the interrral fiel.cl
extensJ.on of K attachorl  .bo F as in f ject j-on L" The ainz. of thts

section ls 'Lo show that Problenr IV from Introductlon, ancl ano'bltor
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can be solved, for tho cage of an erbansion finreLated. question

as a.b.ove c

Ie t  o  = (u l r  . . . . ,  \ n ) r  u t  =  ( " i t  o . . t  u f i t  )  and l  x  *
, n.5- 1+ e*:1.,c'. #i::tst 

";r 
....n

(t, . . . , 1) be arbitrary finite fanili"es of . elenents in 8.

ouoote by t { , ; r ( r ) ,  
" "=n"J* ively 

b"  { ror iSl ,  the holoporphv r ing

of Ffi,  respirctively of F1T., over (ur*t rx). By d.efinit ionu

. {r.,u 
(F) c {rr o, (F) r\ F. Yte show that th'e opposite i-nclusion

boide too if 6ertain ad.ditional conclltions are satisfledv

net ff ,,, (fr) d,enote the inter:raL holomprphy ring or S6

eset'(ur r*nr 
"Il*{ror 

(f ') coincictes with the j.:atersection of
,\

the va-lua}lon ri:rgs Op of i-nterrrat places P of 
'Flk.subJeet 

tol

uuus ux C on and$.p-i" sforrna],|r 
r-a1ic ever (uPrutP)'n sb$js wo i:

|rave the iaelusj.o^* {r,r, 
(F) C {r.r, 

(F)' '

f.heorgn 5:3" Assune that ("a) ie satisfied.e and 8/T'

satisfies Zariski? s loca-l unifornLzatLon theorem. CIhea

{ro, (r) = {r,r,(flnFrftio, t$l n r
A - / \

3g-q€. It sufflees to prove that 
'd-',, 

(r) n r ( 
t,r, 

(F)'"
Av  -A -  

r  t ' L t

let b be an arbitrary eLement lt {rrrr 
(r') n F. Y/e have to ehow

that b € {rrr ,  
(S') .  .By sbeorem 3.3; n the hol-oporphy r ing Srrru 

(F)x

ot Flk over (u, un r x) equals the ri:re {lroo 
(3' ) of bolomorpbie

tJu

functions on the set Sfiro, (F) 
" I,et P be a^n arbitrarll nember &f

i ru ' (P).  ITe have to ohow 
fhat  

hI /* . Assume tlre contrary, i.€'o

#'I r.. Then n { o and h-lP = d" 3y Corol-l,ary to fheorem 2;e22

there ls an internal place a of fi@. rryhieh is rationaL over
K,  i o€o  $ .Q  =  K ,  and  co ine ides  v r i t h  ?^on  * [o ,  u l r  xe  fo ] "  Thus

, Q belongs to the interna-1 set tioo, (f )  ̂ containing 
tbe lnternal-

p laces  a  o f  i t L  sub jec t  t o  cona i { i ons3  F - " f  =  K ,  uuuau  xC Og9

uSC.o' anil ut$ C tnor In addition we have ft-le = flP = o'

By en-Largent'norphy 
ring

ring of hol

princlple e"nd. by Theorem 3.3"r the interrral holom

,o, 
(f 1 ot fr6 over (uou' r)E) coincidee with the

"prri* 
functions on the internal- set 3frr., u (S) 

" SLnce;

by hypo'bhesis, h € 'tr, tS) ande by consfructlon, a € q,rr, (f),

it fo].l-ovie that h.Q y''o, and hsnce hl1q / o which Slves & coil-
. t  E

ent

fix
La

omp
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Taktng uc 0vr trlC Sfu a1d.x 6Kr we obtar'nl

Oq-Lg*glx.!,q ,Tlfoo,to-q J.I" Supposo that (tr) '!s 6a-

t lsf  ted, and, I ' , /K sat lsf  ies Zarislci  I  s loc aI unif  orrnizat. lon

i;heorem. Tholr 
'  I I (F) = d(l t)n r = $($)n p.

[ ]rus wo proved that the Problem IV from Introductlon

ts a,Sf lrnatlvely solved. in tbe ca,s€ of tbe extensfon fil$o

Now,Iot us studry tho relat ion betrveon the radfcal i -d'eaI

structurs or tno rlnss iilro, (r) r ttt, oj ($') ana {ro; (f)'o rf a
'tt

is an ld,eal rn uf ,,u(F) theft we have the tnclns.lon€t
.  u t t 4 .  ,  r

GcY"{Fnr c aHl, o.l (F)n r ';

to lnogdf t ie €pposite inclusions hold

Wo are

too'o

r ^ l
lntores6fld"

; i

SlSggSJ -5;?t. Assume that (.2) ts sattsf lsdr :and' F./K

G:/l'ill?l^F f,il;tX' '^ ug u.l ',{tniLtlu *r *,

wb"ero a i.s an'arbitrary 6eferate0 ld'oa}
.*fa

Ego*qg" ft suff lces to prove thatVu IIffiC)nrcv6-;v6-';
r t l l

.  f l  ^ x  . A -  f

.  T,et  h be an arbi t r .ary-element I "n yu.Hinot(F)f tF.  Sle havo
l - .

to shovr bb.at Hu6"

Flrst  let  us observe that  h € Hf.u,(F)  by Thoorom

5;3. Tbenu by Thooren 4"4a we ha'ls to show^that h va:rlshos

at aIJ. comuron zeros P€ gilru.1(n) of the ld'eal aJrT.,ot

p g frf , ,r(F) be such {;hat r,P = o for each z Q -a. Ws havs to
l-t 

*-: 

r ,- ,$ /o'\ { ' f: rnr r nmc! 

'!

shorv that  bP 5 o.r '  Slnce & € r1r,-11r\Jt , / r  l t  fo l lows t i rat  bE f ' -o n
'  * l * ,   

By Corollqqf to th,oafom 2u2, thoSe exists all. lnternal pi"aco
' h  4 \

Q of ii ' l6 such that t'Q * I( and Q coincid.es wi.th F on
r ' 1

K  l u ;  u r s . x r  t l . h J  r  w h o r s  t  i "  ( t l r . o o l  t " )  [ s  a  f a n i - l y  o f
L  i  - - ' -  r - I

generat6rs of a; Tbrrs Q bti)-ongs to the i":rtornal sot 3,,x,rr(io)
A

coni;atniugg tire i.:r'be.rnal placss I of ]',/K satisfylng the '\
'\

conCir ' io r ru is  F" t I  ?  i ( ,  uuu, t i , ' x (COr uS{  0v snd.  u . rT{  1*  Ag ' l  i
I  I  A  F '

t Q  =  t r P  n  0  f o r  1 n  I e  , o o c e  s e  v l o  c o n c l u d . o  t h a t  Q  l e  a  % e T Q '
t :

l.v /\

,o f^ th ;  r iea l .  o f t^ , , ;  ( f ' ) ,  r .uo zQ = o for  oach.  z ,€ ,a f i t .o , (b) ,
U g U . .  t '  

r A r u . ,



uq,u, (f,) coi*nc idos wtth tho set of ths irlensnts bt quatr j
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en$argenont prL:clple and by Theorem )"1[oe tho ldea] .

i l ru '  (F)
var ish ing at  a l l  comnon zeros T€ S;  , . , (F)  o f  t t

q g 4

#x ,t\ 
' 

^: -- - ̂  a--- r-, ."lf:a:

1x /\

ar 
(F) of the tdeal i. l , A

aftfroj(fl.; si":rco, by hypothesis, i*fl.r 'trr o-ln.1G, and' e€E,u1(6'1
ls  a^z€ro of tbo ldea1 u.fr , .* , . r( i,,1,, r (F) r rle c oic luds that liP s hq *o,* t  1 .
as contend.ed.a Q"E;Dn

. J

6 o B"g+tr*s*qyeq eghrtrqrr F-as e .f.Le,Lq€
au iinobinson u;;uri;-rn,[tul , nrhero are rn idoar

theory and. algeur&ic geometry aany cases frhere bound.s are known.
to  ex is t r  or_aTe bol ieved to  ex is t l l  and vrhere the px is tence of
sucb bound.s  roo correspgnQ.s to  the oxt ract i .on of  a  f  in i te  f rom
aEl tnftni te d6sjunc.t ign,"ort Many sucb. o1d. results: l , ;ex€ proved.
- D #' ' 

"ttl and. G'oHemfrann [g] * a aonstructive *oourtDy .J ellonl$ L
using ideas. of Krone.&er, I{.l{oethsr and Hent.zeLt, Anong recent

.works i.:r this coretructivs styre wo menrion frol , lzS) ane[r:J.

AoRobinson showed that tho existance of such bouad.s.can
be establishod. Uy 'la mothod. which malles onl-y on tho elenonts
of Ld.eal theoryr c6tlpled with arl ar6ument fron non-siand.ard
analysi"",  0lors general ly fron nodel theo.ry" rrThis aay be
contrastGd. viith some lenghty coroputations i.glQolved. kr tho
methods of K6nig and Herrmarur." ltol ; A systemati.c noder
tireoretic approach of the exi3tenca of bou:rcs tn the theory of
porynomiar idoars is achieved by L, va.n den Driesi ln[6] ,  [Z];

'  In this sect ion rvo d.er6,ve the existepce of sone bound.s
f lom the non-stand.ard. theordt lc results provod !n.Soction L and.
2o lVe begtn vr i th  a  consequence of  Proposi t ion J .nZ,

Gtven natural numbe::s n, m and.
the re  ! s  4 .  i d (no  mr  d )e /d1  such ' tha t . f g r  sve ry  f i e ld  K ,
every primo ld.eal a ln.K [xl-r  r [Xf e oo'o Xn.j  of d.egqeo
f o r  s v e ' x y  r $ o a l _ b ' t n  K  [ * ,  T J  =  o [ - * f s  , o . ,  * o ,  T I ,  o o o ,

. of dogree 
{. 

u, i.f a 
$ 

tn u[X j then there ls a polyr.romial

P€ (bn l{fxJ}a of d.e6ree -4 or.ic

&&g.et!. By the clogr:oo clog (a) of an td.eal a ln & poLy*

d ,

for

.( d,

t * ]

nomia l

6er t ror

r i . : r i i  X [Xfr oe cr Xo]we und.erstanrl  tho srnal lost naturqlnum-

whrch 1;h.ere oxis 'bs a faor i ly  r t r  ( r ls  c G o,  
"*)  

of  genorators
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,of  as suoh that E" aeg(r1)
t;I

to ta l  dogree of  r ,  e  .
J t

wbsro deg (rf)  ls tbo'

+,:dt:;*Jtrr+:,{,.,1'.*.!:r?*,-,.. 
Proof " suppqFg' nr 4l"d' given qnd d' d'oes no'i; gxist'c i' s o' . r o r' 8l;"ffi;ilr iil ;;' a1i. Ji' ?t r i'Ii u'"fi;'*' ;"'a'5; i,iJ'H #f 

'; 
1;" " ir' :ir rt

.  - -  f - - " 1  -  ri.:e K L xl of e{ogroo .< dl an 1a9al b* i-Jx I xry] os d,esroo " :
, .( d , such il"i t S br n Ke [kJ and sach polynonial .

F€ (bzn& fxl)rag i5 or d.ogree >-t . Coxricler a structuro .:
contai-nlnc alr i ' ietas rg u polynonial' 'rings r4f*, r]r l it/, 

' 
I

octocs ancl thke atr enlargement of thls strluturo; By enilar"*r j '-
' 

genent pr5-nc iple tlrere oxist an lnternal f leld. K i:i tbts i
enJ-argemente aB i-nternal prine id.eal at tn XfX] of Aegree ,'

'  t lF 
- ;

d dr an i.:eternal ideal bJ i-u K-[Xo XJ of d.egree ( ds and, .
an Lnfi-nite natural number ar sucb that ar C bjn f*[X] and. i r
oach internal pql.vnomiai F€ (bjn :,;n[x].a.1 1" of d.egreo ba; i
Slnce tbo lnternal ideals ar and. br are of f inibe d.egroe
\?e co.rrciude tirat al. = arfilana uj : b IiwhYJ- whero a is i

a n i c 1 e q 1 i " r - [ { l a n d . b i s a n . i d , e a i r - " { | i ' i ] . n * * b y

[Z]  ZoJno t r ' * [x l  is  a fa i tmurty: f l rat  Kk]  -  u iodu]e r  i t  i
fol lows tnat a : a.ln r[x] and b : bjn r[x, t]  o rn parri-: i
cr. lJ-ar a i .s pr ime'and acb; [b.us we obialn a norphlsm ;

rs * [*J /.a -? K [x, x) ta of K-atgebras" l,et f r /.k]/":-+

rx[xn x]ti: d.enote tho i-nternar K*a]6ebras ro"pni"m i"::d.uced.
by f " Si.nc e, by hypcthesJ.s, a 1 E br A K*[X] it f,o]]ows that
A t 4 , )
f  i .s not i ,n ject iven and. fuonce ,  by Proposi i ; lon I  o2,1f ls
not tnjectrvo3 too" *S b n r [x]u I ,er F € (bnr[x] ,a C
C(bjAI{"F}a.t, [bus wo obtatnecl a standar:cl polynqmj.al
P€ (b.:nf{X}ra-f r.vrhich givos a con'brad.ic:bion e".S.I},

fie_m-q.h. A sta"ndard" proof of tho p:nevLotls result
i .n the part icuiar  cas6 a:  o i .s  g ivon by D*Popescu [ t {
Corol lary 4*3 t

In th,e'samo way.wo can plovo the fol lor,vtng con;'
sequoncp of  Prcposi t ton 

1"1" '

P-rgp-o.gi5lg$J.. ?" GLven natural numbers nrrriarrel rl.,
Ls {} : p (n* me c) e N sutriecl; to a for evory rf *ro lc, for
evoxy f [s]d. sx'bengion F o:f K, fo r ovcry fauily x=(xL, o I G **o)
of olements in l. such 'bnat F * K(x) anci tire kornel of tho
canonical.  I i - inorplr isn X [X]* l l ' 'a XFrx fb of d.ogree ( d, for

n

: L s

i

i,
I

i
t ,
I

I

i
l

t t

th4re
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: 2 7  =  y !
evory f anlly 5r = (F1, 'o e.o r yf) tn 3u sucb that yf = 

f 
whoro

d r  * , r r  ?  
" .  

l - . a  

J l

J i ,  . r !  =  . *  1 , r l  o f  d .egreo r (  d  for  L  1  I !  c" t  \ for  odch
' -

gdi;gij-r,'r,"Sief.autfIV::i6!gr;(.eil-i';+;'it'fi"fi,)*of'::ttitbarlifi:'dspAhdeiht':6taments'',tn'i:r*i'!!1$1:i{ i

F  o v s r L  = K ( y )  s u c h  t r t a {  z L = # . . t n u " t  " l L , , [ *  
r [ x ] o r

o l
u t

z']; . .
t

d e g r e o . (  d .  f g r  1 a  I r  o o r l p s  t h e r e  e x i s t s  a  f a m i l y  u = ( u l t o o o '

i . rur )  o f  oLemsnts *1 I , ,  not  a l l  zerc ,  such t l ra t

n u !
E Erz, = o and. ro * 4o whero o.i,, o'j, € K[x] or degrde *4p
t = r  r r  L . n [  , ^ , .  ;

'U  
[&Ul  

XJ*  ls  o f  c 'egree (  -4g t f ,  u ]1 '  e  or3.&6r  z  are arb lq

t rary  e lenonts  i - :a  F sucb tbat  zo + arzaTr .h 'coo *  ad.  f  9 .?"d

I

i
I
t , -

I
i

I
( -
t ' ' '
i
t ,

f o r  I  a  I p  r ' i o ;  m t

Tbe fol lowing resuJ,ts are consequences of Theorem 1o5, '

&gpp-*5-&g.5"J. Given natural nunbors n and' de tbero "

i "T=f , (nad)61,V rv i tbe the proper ty t  for  eacb f  ie ld  Kt . fer

each f ie ld"  extens lOn F of  K,  for  each fan l ly 'x  = (x I ,  o '6s xn)

such tbat tr = K(x) and tbs kernel of the canonical K-norphlsm

l .

ar I ..1{"1 shore ui' ai€ K [x] or d'esroe *u t.": L 7 13 ' u'2eds.,

then z = z!./.l 't vilth ui , .ztt.€. 
K[ xl of d'egroo <\f, i:l

r,
SqpTrq.FJ,!J.qg-5^*4, 6i.t"o natural nunbors nu n, { and de

*b.gn" is  6 *  f , (orn,  I ;d)€ 6V subiect  tog for  eactr  f lo ld K

of poslt ive cbaracterlst lc P..<fl o for each'f l"eld oxtenslon F of

K, for each fanily x =(xr, i " ", *o) tjtl that F=K(x) , and' tho

kornol of the.canonical K:morpnisil f [X]+f,tXpx is of degreo

(ds l f  ; r l ,  
' "n"e Xm 3"t  arbi t rary e lenents^ in F sucb tbat  1 '

? 1

xr : tilti rvhoro vll ti* r L "J 
of d'esroe.(d and' 

l
* * d  t .  .  

- - d  o d  t l
yl 

-, ' ; . ; ,  
4 € 3P 'oro L5.::early dopendent ovor Ft thenznexo

; ..-.-- : , + ,.,d
exlst tr I ,  roooe u,o€ tr ' ,  not aII  roroe such tha* L- oI 

{ i  t  o /
i*l

and.  u ,  :  - , i / - i i r rvhero t1 i ,  o [€  r [ " ]  o f  d 'esreo-<f ,  ror  1 : I 'e  oo l re '

lrJe 
"rr& 

tni; Foctlon vrLl,h some Tenrarles concorn[ng

Zar ls lc l rs  loce i i  un l for rn izat lon theoroq; l
' r '

fr I
I
I
I
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Ig!igi!.$gg. tr,et n, d and, n be naturaf- numbers. lVe say
that a field K sattsfi'es Zariskl's local unifornizatloh theoren
Entth reopect to the ordered tr ipLe (nn d,, m) i f  for each f inite-

ii6iC,,ly; gepq{rytp"{'1'f;-d.old;"q3*eeo+'OlL:.S,':'of+,K6.*'3O*,i'e&Oh': FlaCa.''F{'$f''F/Sfr.*tr
x = !*., r o a. r :ir.) is a f ar:rily of generabors of FlK such tlrat

' t 1 . L r l

K I xJ le contained. in the valuatlon ring 0" of P and the kernel
'of tbe ca"honical K*morphism f [X]+rrl Xt.+ x ie of 'degree ( . dr
then 'bb.ere exists a faruj- ly Bf '  = (y,,  ' .u.;  Vo ) of generators of
y@.such tbat { S *, r ["J."s[y] io"o yl ="yilri *r,ere y;., yi €

r. -l

€K[x]  oS degree r (  m for  I  =  L ,  n 'u . r t  ,  anc l  yP ls  a  s imp3-e
-point on the mod.el of E1K. whose generic point ls yo

Defi .n i t ion.

a fdeSd K sat isf ies
peet to the ord,ered.
fle1d extension F of

x = (xL,  Fono.p 
&) ie a fami l -y of-generato3.s of  Fr& such.that

r - 1
K L*J i" contained. in the veluation ring 0" rrrd, the kernel of
the canonicsl K - norphism K [*]ttr xr+ x is of d.egree -( d., thea
there ls a farniiy y = (ry, . o., yg ) of generators of F$ su-ch

luat 5 t"] C u [F:C or and. y P i; a sir'ple poi:rt on the moaetof
FK v;biige generic pbint is yo . .

f f  K is of cbaracterlst ic zero then K sat isf ies Zariskiss
loca^1 uniformlzatLons. theoren with respect to every orderecl
pair (nr d). Iloreover lye have the following stringer resr:lt.

$lg9geJp_"6.*2. Given natural .nunberg n and. d., tb.ere J.s
€ = € (nr d) € i;V such that every field of characteristic p )z f
( the'case' of characterist j .e zeno in includ.ed) sat isf ies Zarisklts
lqcat unlfornLzt>t,ton *frborem vsith respect:. to the triple (nedrt)

EI:o^gJ. Suppose n a:rd d..given errd I d.oes not exlst" By
enlargCIment principLel there exist the fbrlowing obje.cte tn a
suitabl e en3-argeurent "c

an infinite natural number €D j, .
: sn internal field K of i"nternar charaeteristle pzdj

in partLculer the exlernal charaeterlstj.c of K trs zero;

an internai field extension N. of K;

an in'berrral place Q of lIlKS

Lret n a"n.d^ d Fe nature,J- nu-mbers. Yle say that
toc i  f

Zariskirs imlfor"niuation theorem wlth ros-
palr (n, a) if for each fini'bely generated,

K, for each place ? of Tt8.,  i f
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rr  a fani lv s = (x1, ra.r to) rbf xgenerators of NTkri '6d,

K 
^ (x), such that the following cond.ltJ.ons are satisfiedi

* - -
KT" ] coQ I

tho kerrreL ar of the casonlcal i:nterna]- K-morphism
r ' 1

K LXJ->N! xF+x ts of degtree ( d; ln part iculaq

&r = arF[xl for some ideal a in r [x] r and

for each internal famlly 'tz s (\r .ror ?n) 
of 

R g.o"-

" 'rators 
of NlK, where n (cd , if r"[x]c f*["] c On antl

I t

zL = zi/z' i wttb z\aai€uT*] of degree.(co for { =

= 3-r o.oe m, then zQ is not S qi-nple on the interng:

nod.el of NIK whose *generl.c point is zo

since rtrfx] fs a faithfull-y ff.at r [x] 
- noaule and

at = aft[Xl tt fol].ols that & = a.tn K [Xl and. hence rre can,

identify N witb. the Lnterrral flel-d extensior. t of K at*acbed

by theorem L"3. to the f ieJ-d. exterrsion F = K(x) of K"

'Tlet P denote the restriction of th.e intenral place A
on F. Thus F'is a p16ce of F7K vrhich is rationaL over the i-n-

terraa-l fie].d'extensiotr $Q of K, and K [x]fs. contaiaed. ln t]re

va1ua$lon r ing $.of P. Slnce K is of 
'cberac'beri .st ic 

laero we

conclud.e by Zaristrci's local uniformization theorem [rg] that

there is a finite famiJ-y y = (ryr .e .r y*) of generaters of

F/K, such that r ["]C K [r]cO* LA yr iu si.mpLe on the affine

model. V of F/T. whise generic point ie f,o
. \ * t n

As F is#generated. by F = K(y) i t . foLlows that F {g

generatecl over K by the flni'be family ye iiooo 6' = f*(y). let ?

dencto the internal affine noci.el of filK vrhos* Ag*uric point

is y. As wo b.ave shown ln tho proof of Theorenr 2.7.o lqie can

envi-eage tho lnternaL affine variety 
'f 

*u being d.efinod by the

sa.ns eystem .of 
polynonrial- equa'bione over K ai: the^externaL

varlety V. Singe yQ = yP is a4 lnternal point oP V whiclr-bimplo

on V i t  folLowse by tho Ba.Be. argument as. in the proof. of -

Theorem 2nLo1 that yQ is '*eiurple oo f .  fhus we obbaj.ned a f ini-

te faniLy )r = (.Vi, 
".".s 3rm) of .* generritors of SZk such theb

Ktttrc] C Ktt[ff] C oq and. yQ ie # si.qlple on q whfch contraitlets

the '  e ta temen 'b  (6 . t )  Q .DnD.
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Meglgln i.,-"!-g Tret n anct d be naturaL num-

bersn Then the set A(nr d) off f i . rnes pr for which there exists

a f ield of characterlst ic p which d.oes not sat isfy Zarisklte

l.oca1- uniformization theorem with respect td the pa:ir (n, d) t
i.s finitec

It ls Imov,lx lrr} that the sete A(nr d.) sre ernpty'for

n ( 3 and arbitrary d.n

J" Boqnd-,? ov_er g:gdicell-y elosjd-jgis1de
F - r f - ' l

It is lolovm 113J, LIL that there exist bor:nd.a. in

the theory of formalLy real fieLcls. 'Ihe eituation is sinll.a^r

" for the theory of formally p-adic fiel-de as we sha-1l show in
this sect iono where we shalL derive tbe existence of sone
bounds fron t}:.e non-strdnd.ard. theoretic results proved i.:r
Section 4 ari .d 5"

Let !T be a theory as consld.ered ln Soction 3 end lelr

[Ar f )  l .  a  f ixed,  ordered.  pa i r  sat is fy ing (* r ) "  Let ' (K,  v '  p)
d"enoto a mod.e1 of W and l.et F'be a field. extension of E, and,
u and. ui be erbitrary subsete of F. fhe Kocb.en ri.ng {..o,ru {O)
of T1K over (u, ut ) can be deseribed. as the integral cio"ure
of a certain ring of fractions t &B f,ollows, Denbte by B the

. subring of F generatecl over the valuation ring Oo by the unllanaf
tf i*setsurut and. f(F) for each f €nuf ,  ancl by b the idea-l  in B ge-

nerated. by *.ire maximaL id.eal ry and. the u:rion of the'sets
ir'8 and.f(S) for each f€f . tret N be the nul'clplicative submo-
nold, (r  + b)xf o] in Bo and. \r*,  

(r)  be the r ing of fract ion of
B with respeet 'bo tbe monoid, N" If F is formally p-ad.lc ovor
(uru')  then, W I el  2 fbeorem 2 o2o s {rr ,r ,  

(n) coineir] .es with
tbe '*ntegral l  c losure of **ron (F) in F.- .

Dg[initio.so Assume that FIK is ftnitely generatecl anil
let x = (r:1, o"ni.  *o) be a fani ly of generatore of FfA. Let

t r  * (u r ,  . . no  u r )  a : ra  ue  =  (d ,  . ooe  q ; )  be  f , i n l t e  fan i l i ens  p f

elemehts in F. supposc that F is formally p-adlc over (urur ) ,n
.  I ,et  

"  
€ 4rroo (r ;

The cglnpl-exlt:r o€=q-giflr respeet to thd fonnil-V-r of
ggg9lg*-9r$. x 1s the snallest natural nrimber { foh whiclr t}iero
exist 3

t )  sou rC I  po l - t rmomia rs  H t€  oo  [U i  U r t  r i  r ' ]  o f  deg ree  {4 ,
{.
a " -^,pw h e r e  U ' =  ( U . "  e . o .  T t  ) "  u t  = ( T I - r  n r . \ -  ' n  c  ( r t r ' \

t 9



F 3 $ . _

m r - / m tT ' = t r i r  . . c r  t l  ) o  1 - *  f ,  . . . r 0  ;

I I I) sone polynoniatr.e cio€ *o [o; U,; ,n; Tr] of degree
. ( / ,  f o r l - 1 ,  , . , r { ;  

' .

I I I )  some polynomials Gf r  € orr [  u,  Ur;  T;  T, l  of  degree
$ . f ,  f o r  i  =  1 r  . . . ,  { .  ,  J  =  r i ' . . . ,  * t  i  

-

$t)  some polynour iats O|x C orr [o,  U, ;  T;  rn]  of  degree
( t  r  f o r  L  -  1 r  . . n ,  t  ;  j  - - f ,  . . . p - m t ;

v) a faniLy f of rationar ftrnetlons fi(xr oca, xg \eA
for l' = 1r n.,, t e such that the nurnerators irla*tfru d.enominatorr
are of ctegree -< t ;

VI ) a fa.ratly 
{ 

ot rationaL flrnctions 81 (&-, o. ., X.4 }
for i  = 1r .. . ,  (.  j  suct! that the numerators and the

denominators are of d.egree(g r ail"d . .
r ? ? r )  

a  f a . u i l y  a  =  ( \ ,  . o c s . & 4  )  o f  e l e n e n t g  i n  p eVII
. with ?:. = ai/a[ wb,ere 

"i, "ie 
r ["] Jr a"gree s-f r f9r

1 = 1, .. .r ' t  o such that z satisf ies the equatj.oo ut n aruf 
-1*

+ . .  c  *  Ad =  
.o ,  

where

I I o (u ;u ' ' i f l a ) ;S (a ) )
At

' 6 3
l +Gro$u ;u '  ; f  (a ) ; s (a )+ I - " i .G i  j  (u iu '  ; f  (a )  r s ( " ) )  +

i=l rJ 'rd

. .,' ._. \' .  .  \ ' - -  I

+ A ss(a)G,  (u iur  ; f  (a) ,s (a t

for  i  :  1 ,  "our  l  .  By [z l  f i tuorem 2n2o euch 4 a l r raye ex is ts .

The fbllowlng result for-rows by enJ-argement princi-ple
and. by Theorem 4"1"

Iheore-m 7"1. Olven natural numbers n1 me mt and d, .hhere

tu f  -  f  kt ,  m, ns r A) e f f i  srrbject to: "Let (K, \rs p) be a^n

arbitrary p-adically cl.oeed.'fiord., ,F, be a finitcly generated,
f le3"d.  extens ion of  K,  x  =(x ,  ,  oo. l .  x , , ) r  o  = ( r f  ,  . .  u  q) ;_  _

* . t *  (Ut r  o .cr  t { r )  be arb i t rary  fami l . ies  of  eJ.eroents  in  F such '

that the folloyrlng conditlons are satisfiocll

a )  r  =  r ( x ) i

b) the keralel of the
I' n r

fln?1 rr?1 i nnl 1f-mnwv{I- "i onr Tf I .w'[-:*t".
v s  - L  . E v 4  y . t + 4 u r l r  ^ !  

L  
J \ J  / r ' .



r  i d j  -

X}-+x le of d.egree ( d,;  
* 'u '

f o r  L  =  1 r  . o . ,  l n i
s nc) Ei = Si/Si where 6fo gi e X [*] of degree

d) *i. = hrAi. rvhere hir hi€ I(f x]or ctegree ( A ror
I *  L . l  . o o t  m i i

e) F ts forma-l ly p-ad.ic over (u, q')" '

le t  o .K f  n \  be such that  z  = s t /y t r ,  v rhere z ,  sE,€-  -  - - l l t l l r  \ -  ,
f ' j

€ K L xJof d.egree .*4 clo Then the eomplexlty of z with respoet
to. the fanil"y x is (f

ssmgqks--. r) The previoss theorem is an andf-ogue in
thi"s general p-ad.ie context of some resul-ts frour the theory
of formatly real f ietds [ tZ] lheorem 8.r"22, [ :J fn.orem 2o6o

II) ft vrosld. be interestaiJf*g to try to give a construc-
t ive'proof of ihe previous theorem for concrete theorLes r?
and, ff, for ins'ca:tce in the case of the th.eory of fs:rmalj-y
p-ad ic fiel"d's . in Kochen-l?oquet'be) sense, and. obtai.n not-e prec*se
informations abor,rt tire function f+ nhoee exietenee vras prpvecl
by a non-standard. methoil,

rrr) with d.eep arguments, pfist*r 
[r3] n"o,red, the

.following beantiful theoremt trlet K be a rea]. closed. fieLd anct

H: l,*;':"1,1*:" ";'-h',::.il:';il; ;;:';il; HT-: :L;,"
of equares d'oes not depend on the degrees of the nrxnerator. ancl
tbe cl,enominator of f' I"b viould. bo J,nterestj-:eg to larow if a sim.i-
lar resu-l-t hold's at least in some particular cases of tbe geae-
ral theory oonsid.ered. heren

The foLlowing result is. a str$nger form of fheo rem j.Zo
(Nuttstel lensatz. for Kochen r ings).

Th"gggg,$.J.?n Assume that tho theory \y satiefies (co) ancr,
(c2)nGiven natural numbers n, u, f f i , r  s and., l ,  there is
t  = i (n r  m ,  B t ,  Bs  d )  €  j ;Y  sub jec t  t o l  , , l e t  (K ,  v ,  p )  be  an  s '_
bitrary p-adica1ly c].oeed, f ierd,e s be a finitutr'*-"-""*i l i l ..ru
extens i  on-o f  I ( "  : r  *  (u_  -r l e  x  *  t t  r  . q o r  . U ) ,  u  = ( o l  ,  c o . r  . h ) ,  u t = ( i { . ,  c o
";o e e utl- ) be a:rbit:'ary faair-ies of eiernei.,.ts in p Jucir -bhai; tho
cond i t ions  a)  e )  f rom Theorem " l  .L  &re  se . t i s f , ied , "  T re t  r l ,  on . rTB
and. z ]re elements dn ff - if)** 'brrrr!!' ' l which ad-rnlt repr.esentd*ions ri,=.
* r i l r i : j j ? , i * z c / z a t r r i . b h r f n " i ' , I t , g z . . € i ( [ x l o r d ' e € F e e <



I) zP€ q- for every pJ-acet

" l P € n t  
f o r  I  =  1 r  . o . r -  s ;

I I )  there exist  tcy ,  t i€

Tu 
*o u froro, (p) with comprexitles'

t sueh th,at
\ t 6 g

I S--
z  = t o + /  

" i t $ ..i=il

proof is imned.iate by er0argement pri-nciple and. bylhe
theoren  4 .3 .

The foi lowing rcsults is a consequenee of Theorem !, ] ,
Theorem ?n.1. Assnm* 

'th*t 
yf satisfies (ca) amil (cr), and,

the prine mod.el (k, Ts po) of 1? is of eharacterlctic nero. Given
naturaL atumbers n, n, Btr s a'd d.,  there iu f  

'  
=;f l  (nr m, urrsrd.)

€H subject tol  r t let (Knvrp) ue an arbit"a"y p-r i io*ny closed,
' field, F be a finitely genbrated, fierd. extension of Ko rc *

l u=  t v : - r  r o c . t  f u ) ,  t r  =  ( u f ,  . o . ,  
\ * ) ,  u t  =  ( U " i  ,  o . c  r r r  \

,  =,r '  oo.,  y")  be arbi t rarv r** i*"  
" ; : ; - ; ; "T i* , r*n

that the cond.iti.ons a)
in  addi t ion,

(r) 
xi = vi/vi vrhere yl, yi € r [x]or d.esree(d for I =  1 r .  . t . ?  g r

Let 
" f {r ' to (F). = t" ,rr, 

(r1. r [r1 be such that ta^ v t  /gn wherg

z' , z'l( K [*] of d.egree ,( d. fhen there extsts a polynomial

H € I { L t ,  r ]  o f  d . e g r e e . ( ; f  w h e r e .  y  * ( y 1  ,  . ' c . ,  } - E ) r  t  = ( [ 1  , " , o f p ] ,
arrd'^ a fanil-y a =(ai ) - e. ? 

"f 
) of erenents ,r 4".o0 (F) ino"* 

t

complgxity rvi th respect to J. ' is.(y ,  such that u*l*n(yr &),, ,"

Yfe end..the paper with a consequence of Theorem 5p2u
a stro4ger form of fheorem 3o4n (tgultstel lensatz for holonorpi
rings) fdr iire case of chera0teris:blc z€To.o

f,hen the following

1 r l
J $  -

assertions €Lre equivalent'l

a  a 1 l  t - -

Y€ Soror (r)  such tbat

\ r * r ( r )  . f o r  i  =  I r  ' . ' . . e  s p

.with respect to x bounded, by

ll

.

e) fron [heorem ?n1. are sat isf ied. and,n



a  3 4 -
glggggm 3;[+ Assune tho same hylotheses as ln Iheorem

?"3. Given natural numbegs g, m, mt r 
' sr g ancl d, there is

o1  = | (n r  m,  m ' r  s r0 ,  a )  €  lH  sub iec t  t d l '  nT ,e t  (K r  ve  p )  bo  an

arbitrary p-ad.ically cLoeed fie1d., F be a flnltely generatecl

f j " e l d , e * t b n s i o n  o f  K ,  x  =  ( 1 ,  . . . . ,  x * ) r . u  t t r  ( u 1 r  o . o r  u p ) l

u?  =  ( " { ,  . a . t  r1 f , r ) r  V  =  ( r y ,  o . r r  t s * )  be  a rb i t ra ry  fan i l - i es

of e]-emente in F such that the ccnd.itlons a) f) front Theorem

. ?c'3. are sa,t isf iei t"  I ,et rrr  .e . ,  ,g and 4 be elements ln

4rrr, {r'} which ad.nit representations ri = tl/ri, z = sa /7rz

, r i tn  11,  
"H,  

z t  t  , t t (K [x ]  or  r legree

a.nd, sufficient cond.ition for z to vanish at aLL eonmon zeroa

P € .S$ro, 
(F) of rr1 r o r r 39 , is that som:€ poru"" ,k, where

. < - .

k.St , 
'annits 

a representation of the f 'ort u* * L 
"i tL,

i='L
where ti = tt1(rr a) for some po3-yngrnnials Hi€ K ["r t] or

c legree  -? ,  w i tb  Y  =  (Yrn .  . .o ,  Yu) r  f  =  (T1  
|  : : . ,  

*?  )  an i l
'!

a = (a'r .ccr aU) is a fa$ily of eLements fu \ron(r) whose
' couplexity with bespeet to x is { ?

s
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