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T{ONI,II{EAR SEMIGROUPS

by

NoE' PaveL

r.Intrygug_tiop o The problen of the generation of nonlLnear senigrorps

by a dissipative (posslble multivalued) operatorrio one of the nost in-

teresting problens of, nonlinear analysieoThe main motivation of this

assertlon is thst uonlinear semJ.r$rorps are a oonYenient approsch for

the treatnent of neny partta]. dLfferentlal equationE Erisirrs in physios'

the xsathenatical oontribution of, thLE work is.the proof, of MartLnts

th.eoren via Kobayasblrs theoren (seation 2).tbis proof is i-nportant

beaause is ve4y si-mple and. csatri.trutes to tbe unification of the theory

of the generation of nonlinear seni-groupsoMoreoverrueing this proofrtb

l-eastpresentatl"on of this.. theo4y beconeg sj-Bp}er aad' sborter with at

ten pagesofh,is slnce the originaL proof of l[artin (which tskee ebout

L5 pages) is very natural and, conciserso tbat there Ls ao anlr bope to

b'e sLnplified, and. red.uced in lengb't o i

2o kt X be a Baqach space with no1m /l"t l and Ar'B C I x XoAs usual'

se d.eflne

A :c = { v e Ni f ' ,rf. n}, D(A) = 
f= 

ex; 
1= 

I Q} :
t  a  t -  ,  - L  )

R ( a )  i :  U  .  A  x ,  a - l  s  [ [ u , "  J ;  [ * , Y J ,  n  I
xeD (A )

l A = [ [ * , r y J  i f " , v J r n J ,  ] t l  )  i
A +  B  = [ [ * , r  +  z ]  ;  t= ,Y ]  €a ,  f= , " ] tB  t

o u e i d . e n t J . f i e s t h e n a p p i n g s w i t h t h e i r g r a p h s o A s u b s e t B c X x X i s

saLd to be d,lsslpative J.f f,or eacb A > 0 anil [xt,V1] eA' i * 1r2 we 
I

have 
) ill lxt  n izl f  41i1x, - , \Y$- (Ee - trr2)l l  r f

t h o s u b s e t B i s e a i d t o b e u . , ' - d l s s i p a t i v e i f , A * < r r l i $ d ' i B s i - - l

pative (where I is tbe identity and' r''r €'R)"

A Eeni*gxoup on a Eubset D C X is a'f,unotion S .on tOr* )whicb

sa t i s f i ee '



. i ; .

.  - ?  -

$ ( t ) n a p s D i n t o D ,  f  t > Q

S ( t  + t )  s  S ( t )  s ( s )  r ' t r Y ' a - A

l i - n  $ ( t ) x  =  $ ( o ) x  *  x  t  Y x  e  D
t*o

If, in ad.dltlon
,^l t

f l s ( t ) x  -  s ( t ) y l l  a  e -  "  i l x .  -  y11  ,  t - x r y  e  D r t  > .0  ( 2 "4 )

then S is said to be a seni-8rorp of type car 61 po

If 's e X , d.enote by dfzoDJ tbe distauce fros the point n to the

subset Do
' 

the senigroup S ls.sald. to be dif ferbntiable at to e (Oroo) i

d.erLvative of tbe funotion t -+ $(t)x at to existE (for each x €

For an arbitrary f > o ,d.enote by 
[*t ] tu* partition Ao * 

[ o

) +n +{ , 1g € to } or the interval [o-fj satisfyi:rg the<'  vr  '3 '  "so: {1.  t  & :  'No)

( 2 , I )

( 2 . e )

( 2 " 3 )

( 2 " 6 )

f the

D ) "

+rI

'iO01I-

d.ltion

l i  
-,{-t 

* pt e e *f , t ,= 1r eso..rsn , n),L..
tt - *t-r

. n
x o - + x  a s n - + @  r  x e X

sn
Pr, = e llnf urr i*I

lhe etep function

l A r l  = . _ T 9 *  ( t t - t f - r ) + o  a s  & ' + c o  ( 2 " 5 )
x,*i*No

r,er us ass'une that fhere are ["|]cnta) and 
trt]"o"n 

th&t

(tt - t t-r)*o as B-r$o

or, , [orE]'+x d.eflned by

f "1 't = o
uo(t) = 

1 ;\ *i ,t a (tt-r ,*t] f lto,n]

is said'to be a DS- approxtnate solutj.on of the cauchy problen

( d / q t ) t r ( t ) e A u ( t )  '  t  € ( 0 ' [ )  r  n ( o )  * x o

rffe now are prepared. to state the followlng

KoFayq$.b*rs thepfggl " E A CX xX ls-a-4issip.s-t+v@

, i  *  r r c c r * [ o  

( 2 ' 7 )

( ? . 8 )

r: i in $ a L*rR(r * ue)J * o r x € PTel
'  h & o *

( 2 . 9  )
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then 3 eenerat,e-s a",qg$.i$fgJn $(t) of,jtlp,g-lygg-D'3$gci*,eLv.fol eaqh._

f >0 j1rqge'.rs-a-ps . g&Er9x.isat9-89.$!i9* uo Sef+pe$ Iv (2.'l ) q$9&,inq.t

$( t )x  =  u .n  q( t )
n+oo

Aqy. otbgf D$ - app$a@ 5 satlsf$es .$Lsg (2.I0)

the senlgroup $ associated. wlfh A via above theorem ts sald to be

geperated. by Ao$be function t +S(t)x (x e fGil .iE the latesrsl so-

Lut ion of  (?oB)(see eogr  t ,ZJ ) . In  some par t icu lar  casesr i f  the semi-

r  BoG. d i f f ,erent iab le  on (Or lo  ) r then u( t )  =  S( t )x  is

Just tbe strong sorut ion of (2.8) (  [r ]  ,  [ lJ I

Reca1i. also that in the particul-ar case +

R(r - LA) > ffi-l , rpr-+lr s3-ftlcigqtl{-sqglr p.qs*!l$q L e

S(t) is given by tbe exponential formula of .Crand'411 and l,igge,ttffl

s ( t ) x  *  l - J -n  ( r  *  f ,  a ) -n  r  r  x  €  m,  t>o
u+co

Ia the oontlnuous caseresentlally tbe basic result is gj"ven by

Sart-i+,,b jbesren [3 1 lre! Fe-g- c.lqse4,Fgbsg3. -of X"J$ Ar D "+ X is-gr con-

'!inuous and, d.igsip{llvp operator .qatisfvina (2.I}')rlhevt tJre senigrouD,

S qglr.erat.gg-Ev A is gverys4ere dif&rentisbleJn Fr* )

actual.lyrin [3]'Uu"trn nas obtaj.aed. a reeu]t sonewhat nore general

llhererthe nonautono:nous case is treated..Fina1lyri" [3J tbe cond'ition

(2,g) appears under the equlvalent foru

f ' r r ' , i t r f  *  d f x + h A x I P J e 0 r  x . € D
h * o  

I
(2 . r t )

A proof of th.e equivaleace of, (2.9) ead (z.1}) even Ln nore general

condltloasrnaY be found. iu [:]

ijlJe now proceed to show how $artlntE reeult ean be eaolly d'erived'

f,ron that of KobaYashlo

?roof of Martl@ aehi r

I,et x € D"Since A is contlnnous at x  there are &{>0 and.  R>O sueb

,  v *  e fo r r J  r r enG)  (2 ' l . o )

f f  luf l  l-  M, t/ u € B(R)that (2  . 12  )



where 3(R)

le t  S )

1s

0

* 4 -

the baLt of, radLous R about E€xoo

wlth the property

s ( M + 1 . ) < e ( 2 . 1 3 )

0r *t = x.FoJ-l.ow.1ng

(a"ta)

notat lon ls

(  2 .19  )

Flx an arbitrary naturaL nunrber n and. set tl =

wartln [3]

r r t f * n

,I.nduotively def,ine tt*f aaa xfnl qs f,ollows:

set tf*r=S and lf 0 < tt < t , d.ettne ./f *" tbe largest
1 1

nu.uaber (O'frJ satisfYing

t l *  I ! . < *  ( e . 1 4 )

, ,  Au - **!n*| r  ts ueD t t io = *tt ,  € (u * f)J| ( 2 .15  )

k u[*t +/f a*f i DJ-. fo (2']6]
1' t, t, *

In view of (p"l1) ,J t2 0.Si"nce there is ao danger of eonfuslon

d.rop the inoex nrwritting tt.= ti , "t 
= xi end' 

'JT 
= {"Define

'  +  - +  I '' t + I  u . *d i  ( 2 "L7 )

Accordlng to (2.16)rthere is an element x'+l F D sueh that

I  ; , -  J ^ -  - -  s  n z L

Z-t{xi 
+ /'tt' - 

"'*/'-'*

PaveL-Ursescu tf-] (see also t +l ) thg followi-ng

P i " -  ( * i * L - x i -  d Ldiextl,t /, ; r 1 . 0 1 1 s o . .

thus we bese 1

xi+L= x i*  ( t int  :  t l )  (Axi  + Pt)  r t {P1t l< f  
(2 '20)

{9-.
It is easyYverify thatt x, e B(R) , hence'(Z'ZA) end (?,15) gj've

ifa$1a1 - ax*ll *ft (2"21)

It. is aLso .ttt"t ljg 
t* = t (see tfl I

.  L6t SI = SA and t e (Ortr]  .Sh*"u is an integer i  *  L(nrt)  such

that t € (tlr\.+f ] and ansther one io !- $n suclx that *\r'Tt **ront"

Def:ne yol [ortt J+x bY.

Y - - ( t ) = x . + ( t
I I " . '  &

It ls innediate

- tr) (axr

thst

+  P t )  r t 1  * t ' <  t l * t 11o011 ' *  'No  \ z ' zz )

Es in

us'eful
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i l ro( t )  -  t ro(s) l l  4  (M + r )  l t -s  i  ,  t rs  € lo ' t r i  I

fhe crucial point is now to prove the sequence (of polygonal lines) Yo

1e oonveJrgent.ThLs ls tbe d"if,ficult (and, long) part.of Martlnts proof .

l lo avoj.d. ttrlet us observe that (2"2O) yj.elds

H+ - t i  = A=i*r ,  i  = ortr . . .e$o
' i+L ui

(2,23)

with
€ J , o  € t * P f  * f f i i - A x i + J .

I

By (2"I?) and (2"I8) we have t l t t ig; ,tberefore

Ooasequeatly,the f imotio" \ :  f0 ' t t I*D given by , '
" {

z 3 n t  =  Q
r l * ( t )  =  I  (2"26)
' *  

t * t * r  ,  t i < tg t i+ I  , .  i  *  o ,11n . . .1so

ts A DS - approxj.nate solution"

3y Kobayask l re  theoremr l tu  u , , ( t )  =  u( t ) .=  $( t )x  €D"04 the other
l1{@ 

4r

.handnit  
is easy to cheek that

f f y n ( t ) ' u o ( t l r u l $ t J } r t s t  e f o o r r J  ( 2 , 2 7 \

Ind.eedri f  t  = 0 thea the ]"ef, t  hsnd, sid.e of (2.27) is ueroolf ,  tr<t

4 tt*l , then we bave

yn(t)-uo(t) s xt* xt+t 
: 

(t-t i) (Ix*+?r) (tr*]"*ti)+(t-t i) (u+r)

th'ls iraplies (2e27) si-nce t ti.ati*' * trs fi
s'rom (?,i]7) lt follows that

l*Yn(t) 
- 

** 1"i*) * $(t)x (ataal

untfornl"y on [o,t] "
'  Flnallyothe fact that t.-+u(t) 5 s(t)x 's d"ifferentl"able on LOt

n,) f* follows from the Sntegra} equation
t

,*
u ( t ) = x * t  u n t s ) d s  r  t  e l b o n t ]  Q . ' 2 9 )

.  . :  
" o

," = 
#. [a]rr (ti*l * tr) e $

(a"e4)

(2"25)
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and fron the cont.lnuity of A snd, of t+u(t)r$he

tal.ned tn &lartln Ul oHoweverrfor tho sake of

dJ.cate here a proof 'of i tras in ff j  on IAJ '

Define the eteP fr.inctiob

+u J  r  1
J'r't

written under the forn

equation (2'eg) ts ob-

sfunpliolty we shall I;e-

(  e.3o'

ao(s) :a

It is easy to 6heek

yn(t)  = x +

i -

f"-I%(*] = n
hencb i lqo( t ln= p , t  €

$Jnee tr, .(ao(s))-+u(s)

( 1 . ,  ,  t r < t <
{ * *
tnr  r  t  = s l

that yn oan be
t

5 
ay:a(an(s) )ds + e;(t)

where
o

( t3+r  -  t t )Fg + ( t  -  t r )P l i t is t  * t i * t

flo,nrl .
as n-'l 'co , trnifonnly on fortfl ,(2o?0)ytelds

(2 ,29 )  "

By etandard. argr:mentsrone prove that the LocaL solutton u of (2"29

ian be extead.ed. to the whole fOr+oo ) and. therefbre (Z.zg) holcls for

alr t?o"thLs irapS'ies the differentiabirity of t+s(t)r everlnrhere

on for+oo ) o

.Eg@,C . Si-n:ilarly to (tne fif,sngent oondl"tlon oa the {ight")

(A.lI) let ufr consid.er the followi-ng'rtangent aondltlou. on the Leftn

1 : - u i n f  h  d k + h A x ; D J = o r x € D  ( 2 " 3 L )
. .hfo

where h f 0 neans h-+0 with h < oe$or the ex:i.stenoe of the soLutlon

u.l (*oo , o] + D to the Cauchy problem

'  u r ( t )  = . e u ( t )  , u ( o )  =  x r z  D  r  t 4 0 (a "32)

the oondition (2.31) is qecessarry'If Al E -+ X ls Llpsahltr oontL-

nuous oa Drthea (2"3I) is eJ-so gufficlent (henge necessarly 'and'suf-

f lc lent) for the eristeace of the sol-ut ion u(t)  .of (2.3a).

Spgess.*t f  Si:rce u(b') '= u(brx) €D r h <0 r s€ have



I

# ut* + ha x rnl* Hx + hAx - u(h)H - l -  Axl l *o as h? o

:whloh inpS-ies (2,3L) wtth frlimtt l,nstead of, trLln Ln'frr.
h to

i sutflalgq*r set aI* = -ax, x e D and. coasld,er the problem

Sr  ( s )  .  A ' ( y (s )  )  s  s2z0  y (o )  *  x r  x  eD G ,3 i l

. In view-of (A.31)r i t  fol lows that A, sat lsf ies (2.L1) and EonsequentLy

the so lu t ion of  (? ,3n ls  Just  y(e)  = $(s)x ,  sz"oosow, the funct ion u=

* . .v( - t )  *  g( - t )x  +.  t -40 ig  the so lu t ion to  (? ,32) . { t  foLrowq that  i f '

(2*I1) holds and. (2.31) Ls not true for xoe Drthen $(t)xn ,  \2.0 aannol

be extend.ed.  to  the Lef t  o f  zero (sucb tb 'a t  S( t )xoeD for  td0)"More-

overr i f  A:D-*X ls Lipschltz oontl :ruous on IJ, and. both (z'Ll ' )  and"

(A.31) are satlsfied., then the snigroup $ generated' by A ls d'efined' on

S  =  ( - m r + @  ) ( i . e '  i s  e  g r o u p ) .

a alnple exanpleJa thl{i. dlrection is the. follow5ng one.lake x = Rt

S ,,  fOnIJ CR and Ax : -x * I  ol t  is easy to see that (2.L1) botas

whLLe (2,31) ls uot gat lsf ied. for x = QoQonsequentlytby tbe above

theory S( t )o  d .oes aot  be long to  f  0r1]  for  t4Ooln6eed"r in  th is  case

$( t )o  e  I  -  e . - teF r l l  f o r  a l l  t 2 .Q  (bu t  no t ' f , o r  t  a  0 )n

Bemark f las been ad.ded. after sone conrtersations wlth D'Motreenn and'

G.Moroggll t lo
RE}SBSNCES

.J.. Cranda}lrM.G.& teliggett - Generation.of semlgroupft of nonl"i:near

transformatlons ln generbl Banach epacesrAmer, J.Math, 93(I9?0)

2r KobayashlrYo- Dlff€renco approxi-mations of caucw problens for

quasi-d"ieslpative operatoss and generation of nonli'near seni-

6roups l ,Josath*$oc.Japen 2?{}9?5 ) t  640-655 '

-

3o MarttnlB.H"Jr" Dj.fferential equatirms on cLssed' eubsets

naob spsce r{lrans AneroMath.$oo "1?9 
(1973) r 399-414'

4 . P a v e J . 1 I { o } I . - I u v a r t a u t s e t s f o r a c l a s s o f s e n l . l i n e a r

of ,  evo1ut ionrJNArTM I ( I9??)  rLBT*I95 '

of a Ba-

equations



5. pavell5.Ho and Uresscu Cr - S'J.ow-lnvarlance for higher ord,ex dlf-

f,erentiaL equati.ons rAnsl o$t oUnlvolagt lXff (19?8), 91-100o

6o pavel N.II. - SonLinear evoiutlon equation$ goverqed, by S-qu&sl-

dissipat lve operatorsrJl{A TMA (to appear).

I


