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Abstlact. 3lrst order necessarry condLtlons of optinali.ty f,or

boundary control problems governed. by perabol.{c equatlons wlth

noalinear boundary value cond.ltions are obtalned..Some lnpll"ca-

tlons ln controllability theory of these systens are d.erived,

. l.TNTRODUCTION

We are. corlcerroed here with first ord.e.r necessary cond.itions

of optJmallty for convex control problens governed. by nonllaear

bound.aqy-vaLue problens of the form

Y I t A Y = O

( 1 . r ,  
# *  f t ( y ) > 3 r u r + r r  l n

y(xr  0)  = Xo (x)  tn

J I x l o , r l
r - 4 r

= t r x  l o ' t l ; r  = \ ' 2

a =
I .

^].

n
nere J2 is a bound,ed and. opea subset of the EucLid.ean space RNo

A is a $econd. ord.er eIllptlc and. eynetrlc operator oo J2 and f ,

&re naxinal nonotone graphs (in general nultlv'a1ued.) ln RX R.The

eontrols ui ar,e taken fron the Hllbert spaces U, and. B, are

Ljnear contlnuouE operators from U, to 1,2(Zr),  t  = 1r2. she

funetioo" yo and f, are flxed, ln 1,2(J2) and. r,Z(Zx) r i ' Lr} t

respectively.

lhe boundary f or J2 conststs .of two dtsJolnt parts. I I

a n d .  f a e r . € . 1  f  =  t r U  f e , a n d  [ r n [ ,  =  p

To neke what f, 'olLows more neaningfnllr let ne brlefly describe



so&e physloel problems from whtch thls systen orlglnate.We refer

the reader to LZ] and [ro1 for further exanrples and. cornplete

references c

Io $egF-gq1s,.cp1U.ng tg$i. In thls case

and. rnonotonlcally increasing funo'blons.

2- The Stefan - Soltzman heat rad.iation law. The functions. .

P, , L =. l-12 , are of the fo1lowJ.ng fo:rn
J .r.

( t " e )

- ? -

l f  T > e

L f  y  1 a

R / \
1 - + \ T i  =

{  a ; / 4  i r r } o
\
1

L  0  1 f r l . 0
F* (")

J *

?" axe continuous
U J .

where a1
' r a

3" fhe netura], convectlon

( 1 . 3  ) ;  a ) 0 ; l  = L r Z

40 Tlre e_nqgmq .{.if f us ten. ( T4g -R{* c Fs qli g,--ryent ea_}aq )
in this case [- = [ 

, and. ,f 
= 

f , is gi.ven by

f  =-T-=- for r)  o
( r . 4 )  F ( r )  = i  

r + a
\ )  

- r t  - i -  @  f o r  r =  o

L  6  r o r  r L o ,* t

50 l$r ler#ogLqL:qgl$for t I f l , p.ZI ). The procese ts

described" by (1.1) vrhere (we shet l  t" t*  f f .= f  and. 
f ,  

=f  )

8 ^L f  - o  l r Z  r

L t  g L  t r 1 0 ,

i f  0 z a r  L  o o

rvhere o{, and d, are positl're nunrbers.

60s l res , j , . sno r j , r yL :p rob res  t [Z l I  rhes rann f . (  f  =  f I

and 4,, = 
t ) is given by

U J .

( d t t "

J O
Ic{ ,  ( r

0  r )
( r ' "5) f, {'") =

0r)
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( r . 6 )

Sbe contente of this paper are outli-ned. beLow"In the Section

2 we sha}l stud.y existence and. approximation of solutions for'

the boundary control system (I. t) . In $ect ion 3 are glven the ngln

resultsrfheorems I and. 2 whtcb are c.oncerrred. with necessary aon-

ditlons for optimallty ln a eontrol problem with conrrex cost cri-

ter lon governed by (1.1) in two typ, lcal- cases, f  i  local-3-y

Lipschit,zlan functj.ons and the Si.gnorinl problern (i.6).

the proofs are del ivered. in se ct ions 5;5.fhe naln ldea of

our approach consists to approxi-natlog the control problem by a

fasily of snooth problems for whtch the optinality equations are

funmed,iate and to tend. to llmlt ln the approxinatins equatio$srIo

Section 4 1s stud.ied. the convergense of this .approxj-mating con-

trol  process.In Section 7 sone ap.pl lcat ions of the present theory

to controllablli.ty of nonlinear systens of, the f,orrn (1.1-) are

glven.

fhe resufts as reell as the approach used here are sinilsr to

those frorn the author works t rl , Lz7 , [:]. '3or conparison

with other literature on necessary cond.ltlons for bound.ary

control problems the worus I f+] ,  [ fgl '  are nost closely re]-ated.

to present paperoln partioular Theorem I j.nclud.ee and. ref,ines

thoee ot I r+] .

The fol lowing notat lon wit l  be used. in the sequel.Given e

resl Sanach space E , and [Ortl a real lntenral we shal]" denote

by lP(or [ ;E)  ,  14P4 oo the spaee of  a t1  p- tn tegrab] -e E-vaLued.

f,unct lons on fOrf l  and by C( [0r$l ;3) thg BSnach space of a]-L

contlnuous funct lons frorn [Ort]  to E. By C*( [OrnJ iS) we sha]l

f  t r )
( o

s  
i  1 - * , 0 1
t d

l f  r )  0

i f r 0

J . f  v  L a
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d.enote the space of alt functlons contlnuous from [Ornl to the

space E end.owed. with weak topology.

Glven a lorver genleontlnuous convex

= ] -oor+oo1 we shal l  d .enote by ?yt* l

E) the set of al l  sqF&radients. of Y at

( r .? )  ? f  t * l  =  t  * . .  E ' ;  l r : )  e  Y(y l  *

for aII Y €

If y ls G€tear:x d"ifferentiable at x'then

sing).e elesent, namely the grad.ient Vy txl

0"y rE 4Fr j.s qalIed. the gu,1l{1;U[fege4.!jtal

local ly l ipschitzian funct ion on real exis

\ P : E - - ) R =
)

d.uaL spsce qf

(x*  ,x -Y)  .

E ] ,

?Yt" l  cons ls ts  o f  a

of Y at xnThe napping

o f Y  . r f f  1 s e

R , the .sengrallged.
) Ot f  

is def ined. by

functlon

e gr  ( the

x 1 L . Q .  ,

?y t'r |  ^ t  )
= conv {V e n; y = l i -m #(r-)  L r  g R

rrr'* r 4r J

t, d.enotes the

results in convex

reader to t+] ,

ord.lnary d.erivate of f .For other

analysi.s re}evant to thJ.s paper

[ : ]  ,  I e J  ,  f u J .
Let kr rn s be real numbers .We sha1l d,enote Uy #(J1 ) r Hk( f ) 

',

Hr's(e) and Hr'"(t ) the usual soborev spaces on *0-; f ,  a and

Z , respect ively (see .  B rg.  f  r r ]  ,  p. r4)  .3y rat-d. l  ,L2 (  l -  )  r r ,z(Q)

an& t?(f ) we sball d.enote the correspond.ing spaces of square

lntegrabS-e functions*I'j-:eal1y we shall d.enote by Y{(A) the space

of art functions y e r '2(ortrulL0.) ) euch that *, y e t? (0rt;

(nl(Jl.) ) ')  ,Here (HI(JL) ) r is the d.uar space of HrLfl) a+d **
't

the sense of (H* (J1) ) t -vah.red.

Banaoh space w!,th the naturaL

sradient 1 P (in the sbnse of C1arke [gl
\-/

( t .e )

where VJ3 =

concepts and.

we refer the

d.enotes the d.erivative of y(t) j.n

dist r lbut lone on J 0,T [  .W(Q) ts a

nonn



/̂'
( t .e )  l l  r l [ s1qy  =  (

F  5 ' -

l lv l l 
2^ 

1
r ' (o;T;rr*( lZ))

and tt j .s welt knom that w(a) C C( [orf l  ;r,e(-A) ) ratgebrlcally

and topotogical ly .

2.TI{E SOUI{DARY CONTROIJ SYSTEM

where ur j€  c t (O)  ,  a  €

for  sone 0s )  O,  .

forn

systen

(  2 . 1 )

rf RS wlth a sufficiently

ry f .We shall sssrutrB that f consists of twosraooth bound.a 
F _,t 

consistu 
. \

s n o o t h a n d , d i s j o 1 r r t p a r t s l ' a n d ' l ' . w h e r e m e a g l 1 >
/ r ' 1  F l - l ?( e x e e p t t h e e a s e $ = t  a n d - A  z l a r U I  w h e n ' [ l ;  l * 5

o r  l - r = l " l U l u l ) .  :
Let A be a second. ord.er d.ifferentlal operators on J2 of the

(Here 3r*, U*rotes tbe partlal derivative of .y wi.th respect to

*t) .

t r 'or xo€ r2(J2) and rt€ i ,z{Zr) ,  I  = LtZ consid.er the

x t * { y = o

# n f ,(r) ) v,

y ( x r 0 ) = y o ( x )  x € C -

where.,y, stand.s for partlal d.erivstl"ve

i ,@(G),  aJ.J  = 
"J t  

for  a tL  t rJ  and .

]  e R".

{ n  n .J.rr v

s' t*  /  .  {  1 '}
, L I t  ^ : i  I  =  L s C- !

Q vtQ t while



.'

- 0 -

Q v
ff.L-ay

ls the outwsrd. nornrsl derlvatlve associated. wlth a'

Here F, rL = Lr? are two noax'lma1 nonotone' graphs tn R X R
J . r '

which satisfY tbe eonditlons

( 2 . 2 ) frrol 1 ; ' L r 2 .

I.,et us now give a precj-se neaning to system (2.1) .

DD3INITISN 1 o A fr.mctlon y € YI(A) ls a solutioq to (2.1') l f

there exist the functions *l € #1T r)rt 
= L'2 such that

s
( ? . 3 )  w r (  6  , t )  e  f l t r t c  ' t ) )  8 r € "  (  6 , t ) e  L t ; l  =  I - 1 2

v)r6, dxd.t
" t r

al l  Y 'e r j l r (a)  such that

C
= 

A 
vo (x)YG (x'  o)dx

and.

( 2 . 4 )  -

f,or

Here

f,or

Here

t
a

r 2 f
+ | a(y,Y)at + tr I 

(*i
o  L 1

- vi )Y6 afat=

.  s  f  r -
(2,5)  a(y,z)  = 

F=,  )  turrv* i  u* j  + avz)dx;  l tz  € H*(JL) '
* r  r ) - *  f )

J e -

Cond.j-tion ( 2,4) can be equivelently

. n z(2 .6 )  $T (y ( t ) ,Y)  +  a (v ( tLY)  +  
f i

a: H} Cft) X Hr LA) -> R

y (o )  *  yo

er l  Ye Hr(o l .

Y6 (x rT )  =  0 .

ls the bilinear f,uncti.onal

d.efined as

r

) (wr
rx

& . @ .  t  6

-  v . , ) ^ l rd f  =  O,
r l

I o,n l i

, l

f , o r  e l l  Y t  
*  1 t11 t  

6 " "
Here (nr . )  is  the usual  innel  pro{uct  ia .LZ(-O)  and"w11L

used. to denote the psif ing between HI(J2) and (HI(-CJ ) ' .

be a lso



l e t f b e q

e I -r,1 f,
. @

en  and  
t

- @

| ;
. ;

t -

cf - funetion

?b)  = o  for
\J

P(r)d. r  =  I . i i le
v

on R satlsfylngr

l r f  )  t  ,  ? ( r )  =
U

defirre for t)0,

,f (r) )

;[r-'l ror
0 for

s }1r

r

(2.7' fi,, f t . ( r - f 9

f  , ,  ( r)  = e-r(r  -  (1 + € f i t - l r )  ,

, # . f i t r l = v i

) f , ( e ) a 9
s

= \
J

-@

;  t  . =  L r 2 ,  r G  R

;v ,  f  €n}tJZ )

I  =  L s Z .

It should. be recalled. that F: are nonotonically tncreasing
.  u . L

infinitely d.ifferentiable functionseMore oo"", ff 
j.s Lipschitzian

wLth llpschitz con$tant t 
-l 

and. ln a certairn sense whlch will

be cleared. below it approxi-nrates f, for € -> @.
' 

For each € ) O consld.er tbe approxi-matlng oystem

Y t + . [ Y = Q l n Q

s
i n  L : . i  L = L r Z

L

Y ( . t 0 )  =  X o

n 1  1
Let Jle , H* (O ) -> ( H* (fL ) ) ' ue the operator d"efined by

where

( 2 " 8 )

( 2 . 9 )

and let f

( 2 . 1 - 1 )

Then ln the

be wrl t ten

Ln

n(e. to)  (  fYe v,  Y) = a(v, f  )

e  r ,2 (o , r i  ( l t l (O)  ) ' )

= 9 ,  t
J..r f x

trtrlf 
ac

2 f
+ L  )

t:t l-i

bq given by

vrJ atr )-( r ( t  )  ,Y )

sense

as

of Definl t ion

I e nrt-O) .

L  ( s e e  ( 2 , 6 ) )  e q u a t i o n ( 2 . 9  )  ' c a n



- 8 -

- n
{ { - +  f r t t =  r

-t

t €  L o , t J

(2.L2)
y ( o )  =  y o

n  -  ̂ - ^ r r
$lnce J[g is continuous monotonercoerclve and Sub]inear from

gt(o) to (Hl (J}) ) r, accordtag to a stand.ard. existence resul"t due

to tr ions (see for instance [ +1 p'64) equation (2'Tz)(and'

' theiefore (2.9)) has a unique soLution yu e W(Q) '

I , e t i t , R - - > R i = L , 2 b e t w o e o n v e x a n d . l o w e i g e m j . c o n t i -

nuous functions suoh tbat Qi, = 
f, 

(ft ls welL lmoi'ffr that

such functlons alwaYis exlst)

pgoposrrrgg r . @ yo € l2(1}) gg Yr € 1,2(Er) !9,.,slver-r

sEcI that, i 1(fn )
'l

t}(12), I = L,2 .Iggg31sleP Cz"rJ ItaP ,q

t#igue. solgtiop y g 11(a) 'TultheTmoge' qne haE- for t -> 0

4  '  e  ' o r n i l l l ( o )

1a..U) ye ++ y stronel-y ' ln c( fo ' tJ ;r '4(f l ) ) f l1. , ' t

and. weakly in w(a) .

[here exists C > 0 ipdeeen4etrt 9f e .gnd' v, s'uch tha-t'

:
e
e

2 n
(2 .14)  l \  Y l \  wrn)  +  t ' -  l l

w \ H /  l = I

(rf  f ,  *"u
seotlon *i

2
L ,, 

Fr[vi l loz, rrr* 
t ,

f itvllt I,2( zr)

fr(rnultivalued. we mean bY

whieb occurs in  (A.3) )

y) whe slnele valued

3@,.
y = L  ) b y

it follows

(z.rF) [r. (t) l \  
r,2(.,.r-) 

*

We'take the in$er product 
'of 

equatlon (2' l ,2)(where

rr and. integrate over [ort l  'By (2' I0) and' (2'11)
- t

tbat

ll v.' ( s ) ll ?' 
n, (.,, )uu 

t c ( l\ uJl 
7r r; rr.

'

o ^ l l 2 n  + I ) ,  t e f o r t J
4  L . ( t L )

t

J
o

+ l l



. :  ?

. - q

o f  C .

product of

I for slL

where C ls lnd.epend.ent

I{extrwe take the -lnner

as "(y, f i t  Y ))  , .  o
oalcu la t ions,

(2.L2) with .fi f 
", 

) . Inasrnuch
i

^ l r a  ' . I r a  r

Ye H-Ut )r ' I f f€ f ind. after sone
t -

C t 2
(2.15)  )  j j  ( r ,  )dx + ,

JL 
J=I

q  4 l l i t t
where ft

. e  
r

r i  (r)= J f i tulau
o'

Along wi th  assr lapt ion (2 ,2) ,  (a .

* ttyirr, r ll zoa 
( z L) 

t q(

and. by (z.LA) and. (2.15) vre see

(z.tn ll rrll 2w1q1 . 
,*ril ffr",

J r fl'rr. ) -"i) ficr, )dnot 4
zJ

l * , t o=  
L  =  L .12

; i = I r 2 .

f6 )  y ie lds

f .  I  ,rr l l  'u*rr- 
rr+ 

r)

that

) ll 2 
*(.'.r). r,, . f'. tl vrtl 

l,rrrr|

i
i

t
I
i
t

j

where C J.s X.ndepend.ent of L .

Now uslng once again equatS.on {2.L2)

[ t ,  ( t )  r  y^

f o r  € r )

2
D 1 *

t - (o r [ ;H* ( f t ) )l l l

+ C

. taktng ln account (2.iU 2.8 )r(2.1?) and. the monotoni.city

the latter lnplles by a stand.ard. proced.urerthat

(a.re) '] O - voll !,

-  fX ( r r ) ) ( ru  : ,

(t) l l  
?rrn,

i ,  t  r f frr .)
1=I r-

" L

)dad t  g  o

n
o f  { "

L, T

c ( f $ )



Hence y E l ln yr.  exists in the s.trong topology or r ,2(0rT;

nr(-o)) n crcS-]fi:;*(n-).rn pariiculsr,this inpues that

xe -) y stronsty in 1,2(o, rir{|?(r ) C n21t i

and. by (2.I?) we nay assume that

9 -' , . t '
(a.Lgl 

3fftr, ) -+ wr weakrv ln L-( zl)' 1 = Lrz

Aceordlng tro Defini t lon lr to proye that y 1€ a soLutlon to (2.I)

lt sufflces to show that I

*i € jflrrvl

To this purposerwe set

u *  s  F r ,  ( t t - € 9  )  .c -  J l . C  
- - e

'  
By (2 .7)  and (2.19)  f t  fo l lows that ron same subsequenee €-> 0

. we have

(  
?.rD 

,L n u! weakly ln r ,2( f rXl-Lr l l  )  ;  I  = LtZ.

oa the other hand.,slncri uLrE frttr + 6 f,r)-ltr i -€9)) and. bv

(4"1g) ( f  + e fr)- t ( t .  -€O ) is strongly convergent to y.
o

ln Lz( Zr * I -lr1 L ) we naY infer that

u L ( 6 , t r 9  )  e  f r ( r 1 6  r t ) )  B r e o  o n  Z i  x l - r r l [ .

Along with (2.7) and. (2.21) the latter i -nplteo (2.2Q) as claimed..

She gniqe^eness of y is iromeCj.ate fron Deflnitlon 1;

To obtain est i-nates (2.L, and. (2.I4) we let )  tend. to uero

in  (2 .18 )  bnd .  e ->  0  i n  (2 .1? ) .

r ,e t  us denote by K:  r ,2(Zr)X i ,2(  f  l )  
->r l l (a)  the operator

d,eftned. by y -- K(vlroz) where y ls t l re solutton, to (2.1)

- t o -

( 2 . 2 0 )

' i i
:
I



l l -

'By 
K€ w€ shal,I denote the corxespond.ing operator assoclated. wtth

equa t l on  (2 .9 ) .

SROPOSITION 2 .Under eond.ltlons of ?rolqsitLon L the operator

K lg-y,rggkly qo$!*+uguq frgn,r,2( Zr) X r2( Zr) tg vu(a)

frgn-r,z(Zr) X r,2q fr) !e r,2(Q).r$rthe.rqg,+.q,.rf fgF

sequ,en,ce lC"i ,v!)] is weakly convgeent rn_r2t Zr)
(v1rvr) then on spms) subsequeqcerqtqgl4_{g$.otg4 t , l

X(vtro2).weakly in lV(Q) and. strongly in

r.,Z(Q) ,

then

; r '2 (O))

and. conpact-

€-+O the

x  t z { T r )
one has

Le-

(z,zz) r . (vf ,v!  )  ->

g1 (vi,rr;) --+ (ol,o2) sj.rgnely l.n r,2( Er)X t2( Ea)

(2.23) K a (vrrv,  )  + t<(vt ,o?) strongly in c( fornl
121o,n ;NI (J2)  )  .

tpro-of . r,et {f";,"; l} e sequence of r,2( fr)X r,2( f ,) weakry

eonvergent to (vrrv2)oBy estlnate (z,t$ tt f,olrows that trr, = r(vl,
)

";)  )  ls weakly conpact ln Y, l(Q).

Heace on sorne subsequence agaln denoted yr, ,we have

'(2r.2il. 
fn € y weakly in Vf (q) and, strongly Ln 1"2(Q).

As a nat ter  o f  fact rs lnce l r . \  tu  bor ind.ed.  in  t2(0r l ;g1(-O))  and

I ay-I t 'l

I  A#Ji" I*(0rt ;  (H*(-O)) ')  aecord. ing to a wel lr iarown conpaclty
l l . . { ' D t

theorem, lfo\fu " 
precompact subset of some l '=(OrT;HiCI)where t12c.f,c4.

Thus by the trqce theorem we nay consrud.e that l"rr\tu pre-
2

oompact in Ir '(Z).Hence without no loss of genera}ity we may assute

thst

(2.25) fo 4 y otrongry in r ,2(Z )  .
;.-

Seleoting f ,urthbr subsequence l t  fol lows by (2.14) that

(a.a6) fr t rot  
-+ oi  wealrr .y tn t2{ f r) ;  i  *  t ra

-n



( 2 , 2 7 )

Shen in

(a .eg)

a
Stnce t " are maxfural monotone it fo.Ilows by (2,25) and. (2.26)

U L

t ha t  * tC  f  i $ )  BeBr  on  Z r r t  =  l r2 .A long  w l th  (2 .24 )  th l s  l n -

ptles t}rit 
"'=*n(',rLrva) 

as 
"r"i*ua.

{ r"; ,"; l !  be such that for e-> oSow let

rlt --+ vL weekry Ln L?t Er) ; i E LsZ.

of est i lnate (2.L7) we nay assu.me that

.  F  F .x . {vi'vi) *+ z weaklY in w(Q) and'
q ' I - .'  s t rongry in  T,z(QrT;Ho ( -A)  ) , ; !2<Jz l

and.
'  

^t .. '  '- ?'
(2.29) ,(. (n ) ---+ w{

\ r r  - 9  r

Slnce the s€quence of i races of l* ,  
(vrerv!)J .oo.r"tg*, strongly

in 12(f )  to the trace of zrarguing as ln the proof 'of Proposlt ion

L we nay in fer  by (2 .2 i l  t r re t  f r *e  gr (u)  a .er .oo Tr ;L  ! ;  L12,

Hence % is a solut ion to (2.L) corresponding to vrrv, and.

therefore z  c  6(v t rvu) .

rf  (r i ,v! l  -+ (vr,vr) etronely ln t"2 (T r) X tz (Z z) t l .en

argui-ng as in the Pfoof of Proposj.tlon I we d.ed.uce (2.23).This

conpletes the proof of ?roposit ion 2.

virtue

v =
Cl

weakly J.n r ,2t f  r ) i r  
-  ' I r2

r n Q

s
l n  L  , ; L  =  L r Z

L -

' 1

REMARK

the forn

Y t + A Y = $

(2 .29) , # - . . f r ( r )> " i

y ( o )  =  X o

r ,z (q)  and 
" i  

€  r ,2(Zr)  csn be put  Lnto the. form (2. r )

= o,l - 
& 

and. z eHzrr(q) is ure bolutton to

J.n

'where

where

F E

v1



, L 3 r

( 2 . 3 0 )

g t + A z : r t r l

z  * , . 0

z ( o )  =  O

l n Q

i n Z

i n J }

r  r  X u ^  - ? . *
slnce | ,  are smooth n""t;" 

r r- 
6; *ot-,t,  i t  f ,o}lows

that the restrict ions ot # 
to l ,  belong to i ,zt fr) and' therefore

. .  t \  - Z t =  ' ,  
'

" t€  
I r - (Z i ) ,  |  -  l r2 .Thus Proposi t ions 1 and 2 .are appl icable

and. therefore their conclusioas rena.ln true for general'systems

( 2 . 2 9 ) .

.3. T}IE MAIN RSSIII,TS

We shall strrdy the following control problen!

Ifinlmize

C
(3.1)  + )  h(x, t )  ly(* , t )  -  x6(x, t ) l  zoxat  *  Yr(ur)  *  !z(ur)+

+ Yt r ( r )  )

on the cLass of all o1 € Ul , i =

s ta te  sys teu r  (1 .1 )

LrZ and.  y e W(a) subiect  to

lrye shall assume that the following cond.lt lons
'  ' ro  r r  i  *  I r2  a re  rea l  H i lber t  spaces  w i th' r  t l  

, *

and. inner prod,uqts denoted. (  .  r .> i .

2o The f unctions Yrt 
ui -> E = ]-oo , +o1

convexrlower senlcontinuons and. t' *co r

30 The f unction Y : l2 (11 ) -> R J.s convex end. continuous
. )

on !z(-Ct).

40 h g r,@ (Q) ana ye. € lzt  I  ) , . .u"" 
-el ,ven ) h) o 'sr*aor Qr

As regard.s the control systen (1.1) we shel l  assunle that

50 A is the el l tpt ic symnetr lc operator presented. in

sect.ion z and f, ,, s 1r2 
'are two nraxi-rnal monotone graph

are sat ls f ied.
I  I  l l

nOfm$ l l  '  l l  r
.L

, J .  =  I r 2 r a r e
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tn R X R which sat isfy cond.i t ion (2.2.)o

60 'B.  l  1J ,4t2 (Z r )  r  I  =  LrZ are l inear  cont inuous
- j . I L

operators .
D

7o ff  € t2 (Z 
i)  ,  i  = LrZ and. Xo € T'{(JL) set lsf les the

assr.rmpfions of Proposition l. 
| .

T h e s o l u t i o n t o ( 1 . I ) i s m e a n t i n t h e s e l r g e o f D e f i n l t l o n l

and. eccord.ing, to Propogitj"on lrund.er our assumptionsrfor every

pal - r  (ur rur )  €  Uf  X-U2 the cont ro l  system 
! t . t )  

has a.un ique 8o-

lu t l on  Y  e  V { (Q) .

rlre shatl say that the state y*€ 1{(Q) and the control" ,1,; € Uf

I * J.rZ are optinal in problem (3"t) if tne infinrrua of frxictionai-

(3.I)  ts attained. for y = y+ and. ui  = uf .  .  
' i .

' 
The flrst opti-nali.ty resuf{u given in the case in which f,

h

axe slngle. valued. and. eetisfy tire following cond.itloa

8o fhe fr :nct. ions frr t  
= Ir2 are monotonical ly ' lncreasine

ancl locally lipsehitzian on real axis R.Moreove]rthere exists

A - 
tnutU>  0  such  tha t

 l  r a  2
( 3 , 2 1  f r C " l r  

t -  c (  l f ; t t l t  *  , t  +  r ) ,  B r s r  r  €  R ;  1  =  ! 1 2 .

tHn0Rmd I {€t y*e Y{(Q) Png (u!,ui) € urx u2 b-e-optjmgl l&

E{otr*g (3"1) "$gs 
o,-' 80 a{e satj-sfle{-Iben

th-eJe-glqts.-p € cw[o,s];r,2(rL) ) O l2(0,r;HILA) )with 8# e i,I(D

whtcjr sa.tlsf{gs, glong ryllh v*gna u1,*; *b ,u;;; 
dv

(3.3)  pt  *  Ap = h(y ' -  xd.)  la Q

f )n t^ ,  ^(3.41 4f  *  af t (y ' )p )  o J .n Er ; l  -  L ,2

!3" i )  p  (  t )  r  ?Yt " * ( r ) )  )  o  tn  l ,2 t12 l

( 3 . 6 )  3 ; p r €  ? Y r ( u ! )  ,  L 3 1 , 2 q

A

Hore we have denoted. by Bi , i.2( Ef ) --+ u, the adJolnt of the
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operato" Bj" and. by pf € f,zt Zr) the restrlct ion of p to Zr.We

have also denoted by ?Yi anA?f tfre subd,lfferentials of Y*

Y and by ?3f, t ire generalized. srad.ien jpi{u*" (1.8)).

The boundary value problem (3,3)- (3.?) must be Lnterpreted.

ln the foLlowing weak sense ) . 
'

( 3 . 7  ) +J
E

I
a

0

T
(

+ )
o

I
a

p t*dxd.t a(p076 )d. t  + M Y 6  d f  d t
l 1 1

I

h(y'-  yd)dxdt +

=  0  ,  B .eo .x  e  tL  .Here  the
.)

\  e r, '( fL) sati.sfy the
J

s
B c € r ( 6 ; t ) €  Z - t ; 1  =  L r Z

g o € r  x e  { L  }

+  t  y ) . d r d t  +
8 , , ,

+  I t * ( x , r ) d x  =
-cr

for al l  yt  eYrt(a) sat lsfylngr YL (x'  o )

f t r n c t l o n s  t t  e L 2 ( Z r ) , i = 1 r 2  a n d .

equation

( 3 " s )  1 4  ( 6 , t ) e  ? f r ( r " ( 6 , t ) )

( 3 . 9 )  J c x l  +  ? y t r * t . , t ) ) ( x ) a o  ,

It should. be emphaslzed. that Theoren l covers the main part of

the plryslcal problems presented. in Introd.uetion.Sor lnsta'nce in
r r O a

the cese I I  
= |  and. f  t  

={ given b.V (1.5) ( the thernostat-

control .problen) equatlon (3. i l  becones

/ tP

I o, ar1

o

[or . t r1

JeP

J{ow we ehall consld'er
r r

where  l '  =  |  and .. I

a L L y "  L T Z  . l n  T  .

* o
Y  =  u z

v' o2

of  prob lem (3.1)

r -
I
l -
\

I
I
l -

. ;

i _

Lf

1f

1f

1f

l.f

the partlcular case

p,  =  p  ts :g iven
J ^ J

y r  L  9 t

y t  *  9 r

f u ! !
?t

b y  ( 1 . 6  )  " I n  
. t h l s
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case (Ir I)  reduces to the unl lateral problem (see €o$r f?])

Y t * A Y = O  l n Q

(3 . r0 ) t# * BLor - fr) = ory)z o, # 
* Etot - rLr.o ln E

y (o )  =  f , o  ,

lYe shall assune thst all cond,ltions Io- ?o are satJ.sfied (for 
I

.{ =.'1.). and. notlce thst in virtue of, ?o we' sssume that Yo(x)'2

0 r a . e .  x € : ( L .  .

Und.er these assr:nptions we shall provo the followj:rg opti-

nality theorem

TIIEOREM 2 Let v" e w(a) gg1! oi e U, be optimaf in probleqr

(3.1)  wl tL  s te lg  syg jem (3.10) .Then there ,gx is ts  p  € cJ IO;TJ i  
-

r,2(12 ) ) n ;',t,;,nt,C, ) si-t]. # 6 u(Z ), which satisries slone

with yt gg1! uI* 'the system

(3. t t )  pt  -  ap = h(y '  -  ya)  in Q

(3 . ra l  t f f l "  =  0  8o€ r  t u  I  ( c  , b )  eZ  ; v r (6 - , t )  >  03
I

I t o , t ) e z ; y * ( r , t ;  =  o l n  l t o , t ) € r  ;
Brof - #'- ,,

(3. r4)  p (  r )  +?f  t r * t r ) )  > o in  rz( f r )

.  ( t,$) 3rr 411 € ? ]rroi l  .
/ ? -

Here ('#)a d.enotes the absolutely cor.tlnuoue part of the
f O  p  -  r a l F  \  -  .  r r l <  \  . J - ^  r r  ^  ^  ^ ^  - a i  L ^ . - * l ^ ,measure ,# e M( ZJ and. M(Z ) m tfre space. of al"L bound.ed.

Rad.on neasures oo E .rn ( 3.15 ) we' have 'd.enoted. by 4q e l2( Z.) ,

the trace of p at Z ,

3as*poning the nroofs of these theorems for Sectlons , and.

6 we shal} dlscuss now a parti"cular case of fheorem J..We shall



consid.er

(3 .  15  )

(  3 . 1?  )

(  3.ra)

where gt

13,r9 )

l

_ } 7 r

the followl.ng speclal case of

h =  o  i  n  (  [ r ) > o

probS.ern (3.I)

opera to t  ) r1  *  l r 2 l

r  B ieu i ;  J .  =  L t? .

--

lntegrand. on f, X R(see

2
ui  =  r " - (onr ;  z1)  ,  Bt= r ( ident i ty

f r (u r )  =  t  sx (6 ,o i ( f , t ) ) )d rd t
l *  *  J  *  *

EL

, I-rX R -> 3 is deflned.. by

t - t '

B l  ( f r r )  =  l f  | t l s J

+ oo othe:rffise

f, X R --+ F rs no::mal convex

-,]
ii

i i

Mlni-mize

( 3 . 2 0 )

on aJ.I

( t .  t )

(3 .2L)

I
T . 2

e
re

v
(wne

82 (6 ,Fe (  € , t ) ) d fd t  +  f ( v ( r ) )

E l o B r

the

t f

B r € o  ( e  r t ) €

f,ollowing bontrol problent

1 l

and

13n2i l  .  l " i  ( f  , t ) l  =  I

Proof. Since theorem L

t lon I t  foL3-owe bY (3.19)

( 3 . 2 4 )  
" i ( C , t ) e  9 " *

Ir,ud\ ̂ b gq5

i.s

and.

- t  r -
P T  \ ,

appl"ieable ln the present situa-.

e q u a t i o n ( 3 . 6 ) f o r I s L e

t
, t )  B r € o  ( 6 r t ) e  - t

and.. grl

I  ral  ) .
In other word.srwe consld.er the

We shal1 sssume that- [- ano'

(3 )22) o e ?y (y*(r)  ) .
COROIAR 1. }e.[  y* gg oi '" i  be optimal in problern ( 3 . a 0 1 .

. L a
s

gbgg_"i is- a .bagg;b-ans co,gFrol on Z 
rrir€rr

}Y(a)  and.  (u1,ur )  e  t2(21) .x  t '2 (zz)  sub iect  to

U, and. Bi satisfy [3"17) ) and to controJ. constralnt

t
( 6 r t ) €  L L .

coeffl,cLents of A are analYtlc

l u r ( 6 r r ) \  4  . - (
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w h e r e s g r r = r / l r l  f o r  y # O  a n d . s g n 0 =  f - I r I J '

Iret now

Z o =  l , O , t ) €  Z t ,  P ( f  , t )  =  o 3 '

By () .4)  we see that  # 
= 0 Bo€r on Z o ' fh"n by a wel l -

'tsoown 
argu"nent invo}vrng Dlrichret series we see that n( z o) 

= 0 ' i

\ .
unleClii = O (rn d.enotes *fre Lebesgue &reasnre ).Sinoe by (3'5) and

'- 
( .3.22) p + 0 we may lnfer that D f o &r€r on 21 .Then by (3'24)

we ded"uce (3.2, there by conplet ing the proof '

4O TIIE APPROXIMATI}TG CONTRO], PROCES$

r,et y n e w(Q) and (niru!) e L2( Zr) X r'2( zr) be opti-nar

erements in Probrem (3'1) '

For . g > 0 consider the followirig optlnal control problen: Ml-

'nlmize

1 f 2 
ll u''( 4 . t )  i  I  h l v * - r u l  ' o * d ' t +  i  ( Y r ' ( u r ) + !  

Ic.  
a  

- r rL  
1=1

+ Yrtrtn I I

.  w r o \  q n r l  r r -  c  u - . i  =  1 . 2  s u b i e c t  t o  s t a t e  s y s t e n
"";" ." 

";:t:l :, " 
e ui' ' " ';,, 

n 
"oot*** to

n  - ,  a t .
(4.21 *# *  f i tv l  = 'Bi t r i  *  f i  in  Z; ;  I  = L,2

o v

Xere Yfe , Ul->R ri * Ir2 and' 
%r 

I2(JL)€R are the convex

functions defined. by (see e.g. [4] p.10?) .

\ . .  . , 2  t a t( 4 . 3 ) Y i ' ( o l = t n f | t r o - - r [ l ? t , , - + Y 1 c o ) ; Y . e q , } , ' = L , 2

t  "  e  - 2 - ^ , ?
(4 .4 )  { . ( r )  =  tn f  I l \ r  -  z l \  z , , ( t z ) /  zu+  Y(  )  i  z ,e  l zLOlJ .

' t v
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Iet now

( 4 . 5  )

ancl

( 4 " 6 )

: .
s'r(ny oa ) r'

r
) h
a

2
+ Z

l=I

T
?

b t
a

I

lx .  { r ru,  *  f t rBaua + f2)

- Ya\ 
2 a*at ( 

Yr, 
(ur) . t \\ui - olll f ) +

tro, 
(Bror * fr.rBauz + fr)(r))

F(urru2)  = u lrqa, ot + frrBaoa + f2) - Yd. lza*at *

2
t-{+
J.=1 frrtur) + f txtntur + f l ,Baua + fa) (t) )

where Ke t r,2( Zr) X r,2 (Tz) +tv(a) ana K: , '  tT r)x r,2( Zz)

W(a) hsve been d'ef j-ned ln Secti  on 2.

In terms of F6 problen (4.1) nay be w'r1.tten as

(4 . I ) '  * ro  l r ' ,  
(u r ru r ) ;  o t  €  i ,2 (  Er ) ,  t ra  eLz(Zr ) ] -

whiLe by (3.t)  we have

(* , i l  r ( { . ,o;)  = mln l r to*oz),or € r ,2(Zr) ,ua e L2(Ee)J.

. $j.:nce the functfo,ns Jra and 
Y, 

.t" weakly lower senL-

eontinusus and by Sropoeition 2 the operator Kals weakly con -

tlnuousrTfe may ibfer that the fr.mctionaL Fe is weakly Lovrer

senJ.contlnuous on LZt Ef) X L2tEZ).Henee problem (4.t)  (egul-

va lent ly  (4 ;1)  t  )  has at  least 'one 'soLut ion ( t ra  ,u1g ,u2€ )  e

W (e ) X f2 ( Z1) X OZ (22) "On the other hand., since the f unctions ,

Yr, , , * 1r2 anA f. are tr'rdchet differentiable'on Ui gnd

r,2(O) ,  iespectivery (see eng" [+l  r  P.] 'o?) t t  f ,o] l-ows by a

standard. devlce the existence of.  some f,unct ioo pte W(a) sat ls-

fylae along wlth yL and. uJ the following .system 
(tfre $uler-,

^  |  ^  ' r  \ \
Lagrbnge systen associated. wlth problen (4' I  ))



( n .  ) *

QPe .
T;r"
P e (

1n

1n

_ g p €  a

( ,ff  ) '(16

r) + Ey.

; '

- 2 0 -

t r f v  -  v - )- - ' * t  e  c '  '

) n  = o
" t

v ^  ( f ) )  =  o- c

Zrr  Le  LrZ

-o

l n Q

( 4 . 8 )

( 4 . 9  )

9 :
i n  r , a ( Z r ) ; r  = . L r Z

' f l(a) and strongS-y ln

' t

strongly

weakl-y in

' n G

i 4. 12 ) ;[f tr,

'Proof Vie

Ft (,aC.u 'uzs )

where ue * KL

(4 .  15 ) ur, - --+o i"
JL  . :  J .

* $  |  h  l z  - x d l z d x d t
a

(Bru i *  f t ,  sao l  +  f , ) .

Yu,', (r) )

I
I

i

i :

Bi p e, r  =? Yr .  
(* i ,  )  + u ie E u i  tn  I1; r  = L,Z

where p 
A I 

J.s' the restriction of p€

Ls neant ln the sense of Definition L
1 .

(H*( - fD) t )  ls  used for  the der ivat ive
F

- yalued. &istr lbutlons Cn J0tT L

T,EI&IA I Tor €,9 0 one, bgs.

(4.to) oit -+ rr;

( 4 . t t )  y .  +  y t

) --+ rt

have

- Broi -# weakty

to r,2( Zr) .The eolutio" 
t^

and. the synbol (pe)t ,  , : ' (o,T;

of p€ in the sense of (H"(O) ) t

o +

r,2(o,riHl(Jz) ) n c( fo,d ; 12(-0J )

i n  Lz lZ r ) ; r  =  L ,2

. 2
+ 

A Ytt (u!)+

Accord.lng to Proposition Irwe have

(4.13) ze y '  strongry in c(

since Yrl 1- f, and Y. 4 Y it f,ollows that

(4.r4)  l tp  "op 
Fe (urr ' rur ,  )  4 F({ '  u i  )  ,

€ - ) o  
L  - L

In part icular i t  fol lows that I or.\ u"" bound.ed

Shus wlthout any loss of generality we trray assune

- & t

I o ,TJ  ; r , - (_CD) .

)
i n  L - (  L r ) ; 1  = ' J - t Z .

that

L r Z  eweakly in r,21 Ir) i i =



l

lhen accord.lng to Sroposltlon 2rwe have

(4 . t6 )  , ,

and. strongly,

0n the other band.rsince the functions f* 
and Y

Lower {enj.contj.nuous, end- (see [+l ,p.I0?)

J3, !or) = ell 1r, (oi) ll! tu* ftccr +

$tr) = ell ?Yu,r, llir(,')/rt* Jrtr +

t t  fol lows by (4.15) and. (4iL5) t

tgrr Yia tur, )v TrG;) , L = rr2

t*,y Yr,r, 
(t) ) >, fty.ttl I ,

; .

- 2 t

Along with (4.7 ) and. (4.t4) the

Proposit lon 2 tt foi- lows (4.tt)

the proof.

rn Y{(Q)

l n  tc (Q)

are weakly

e?yrl-tor)

e ? y )*ry)

,  ) :

. :

t such that

. J

I 'atter LrnPlY (4'ro)rNext bY

and (4r12) therebY comPletlng

I"EMMA 2 The,. e4ists 0 ) 0 lndee,e4.en! of

(4 .19 )

(4.u) l lp u 
( l )  l l  ozLo) 

+ l ln,  l [  r2(. ,r ;Hr(o) )  
4 0;t  € [o'n]

(4 . r8 ) d .6d t  C  ; '  t  i i i  I tP

I'i

l ltn. )t l l

Vlithout no J.oss of generalltY nay assume that p is

I  l t  gf l ' (v, )n,t

.  Igf. Y{i. thout no ross or 6errer-Grr*.," 

" '-=.*::  

q'v#v 
t

a.  reg i r lar  so lu t ion to  (4 .8)  r i .e . ,  Pr  e  Hr t t (Q) .Then nul t ip ly lng

equation (4.9) bY Peand'

by the Green fornrula ,

integratir lg on Q1 = Jt;Jtr[ f  , i t  for]owe 
i

u(pe ,pe )asa ! ttn (t l l l tor(.O)*

r ,2(orTiH-l( l?) )  
4 c

e

T
+ (

)

t
14.a0) h i l n, (t) l l  ?"rrn,



4 C

r
r . - l

+  I  u l v "  - Y d . 1 l n .  l  d x d ' t ,  t € L o ' r J .
t . C
n\g+

U

Let \ be a cr 
"pproxlmation 

of the functton ryr.we muLtipry

-- -. eqyiror, (4.8) bv \ 
(n, ) and' integrate over Q'using o1t" again

\

the Green formula and' retting \ tend' to @ we get

2  f  r  ^ t . - ,  .  I  ( "

( + . a r )  L  ) l t f i l ' ( r . ) n l a r a t t I h t %  - v a l  d x d t .
l = r  E l

+  [ t n "  ( x , t ) l  d x  .
f t . -

(r) ;  y*(t)  xn i ,z(tD and'

r,ar'r) 
4 lnrlu q nlur-) '* e ?f tvl3

r t  for lows by (4.s) that ln.  
( t ) ]  ls boundgd i 'n t"z({ t)(Here

we have a].so used the fact ,n"* ty ts iocaLly bounaed' on r''z(-fr)')

Then  by  (4 .20 )  and  (4 .a1 )  we  ge t  (4 ' t ? ) 'Nex t  by  (4 '9 )  we  ge t  €s -

ti-mate (4.19) there by conpletlng the proof of I 'enna l'

'  
I t  fo l lows by (4 . t?)  and.  14. t4)  that  lnr !  ls  precompact  in

o  [  .  ]  t [ t - r - H e n c e  p e l z ( O r T ;
L ' (Or [ ;H-  ( - fL) )  where $ 

t f ,c t  Hence there ex is ts

XI(J1-)) with p, e r,2(OrTiH-l(-CL)) such that for some seque

0n the other hand't' slnce YU

ll ?yutvt l\

t ' -) 0 r one has

{1.22) p- -> P
c

(4.23) (n. ) r-+nt

Here prdenotes the d.erlvative of p(t) 1n the 
"*ou." 

of, H-I(-gL)

valued. distr lbut ions on l0rT[.Then i t  fol ]ows thst p(t))  ls

absorutely continuous frorn IortJ to H-l( l l )  and by (4'22) we

' rruur.rv in r,2(ort;Hr(fr-) )
^ f

s t rong ly  in  i , t (9 rT ;H"  ( -Q) )

and. w eak star ln r,* ( o , [ ; ],2 (-(L) )

weakry ln r,2 ( o, T i n-r (i-)') .
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interpreted.

such that

i n  M(  E r ) ; , f - 1 D
* . - * r - l

ls a solut lon

=  1 t 2

see that p(t)  Ls weakly contlnuous fron

p e c*( [o,r] i  r,z(l l) ) .
In partlcularrwe nay J.nfer that

( 4 .24 )  n .  ( t )  - -+n ( t1 weakly Ln LZ(fL)

slnce ItYr,r.,rlI] is bound,ed J.n r2(lz)

strongl{ in lzt-fZ1 , i t  fol lows by (4.4) that

p( r )  "  
?J tv * ( r ) )  )  o

I{ext by (4.22) and..the trace theorem Lt fo}l'ows

.)
(4,25) Pa <) P strongly in L-(Z )

whicb along wlth (4.9) and (4"10) lnpl ies

Q.a6l

I  ornl to r,2(12), i .€ r,

for every t€ fo;nl.

and y. (f ) -> y* (T)
c

, \ t .

ln r, '(J2).

lhat

.  . 1 .

' j

;

!:
n

- t

! l
i 1
. i ,

1
' 5

- l
: -

tj

{
, i i

I I
, !' \
, i

i i
i d
i l. ;
, i
)

' j

n inre  ?%," i  )  ,  i  =  L ,2

where p1 J .s  the rest r ic t lon of  p  to  Z 
r r ,  

=  i * r l .

Flnallyrlt folLows by (4.I9) that there existr two bor.rnd.ed. Radon

( 4 .ae )

neasures ni e M( Zr) on i '  i  I  rr2, P
^ f  {(4.27 )  (  f t ) ' ( r .  )nu - ,  

l  i  weak star

fhus let t ing f  
' tend.  

to z.ero in (4.9)  we

to
p t : A p . h ( y ' - Y d . )

, # . r * = o

Equat ion (4 .28)  must  be

s e n s e  ( s e e  ( 3 . ? )  )

(
(4.29) )  Pxtdxdt  +

a

see that

l n Q

t
J - n  - i i t

r n  l l r

of course .ln

e t
l * t  E i

the foLlowing

u l W  d f  +
, u

T
r
)  a (nev6)d t  +
o
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- 2 4

(
I+ )
a

h(v+ - v. )x axat +
- -  r g

r
\ \ w ( x , r ) d x
) u

{L

=0o

for aLt Y(, ecf (6) such that Y" (xrO) = o t x € J1 
'' 

Here \ tt

sn eLenent of t2(12) sati.sfying equatJ-on (3.9) .

$unmarlslng we have proved the following intermediate result'

3R9pgSITISN 3 ei. X* ,oir"f ber oetlnel ,in Problg!* (3'1) '

fhen under. ags'rnptions Io,^, ?o t4ere eaisLs.a func!-ibn

p € c* ( fo , tJ ;  LzuL))  n12(o, r ;HI (JL) )
^  ?  

'  

,  r  ^ r -  - ^ J . 2 ^

r'i.th e, t t"z( 0, T , tt-l(J?) ) ,wFich satisf lgq. ,system ( 4,28) @

equat io4s (+.26). I {oreover.p is  t } rq-  I l$ i t  in  the sense of  ( '4 ,22) "

( + . 2 3 ) , ( 4 . 2 4 ) r ( 4 . z i l  @  ( 4 ' 2 7 )  9 f  t h e  s e q u e n ' c e  
t t 3  " f '

so l u t i ons  t o  ( 4 .9 ) .

5 PROOF 0F THnOREM 1

; i. i
rl
. t

I
I:
I
I

TIe begln wit

6rbd.ients.Let 1f
^ t

and le t  { -  
be

( 5 . a )

(  5 ; 3 )

Ihen

h a technlcal result concerning the generalized.

be a }ocally Lipschitzian f,unction on real axis

the funct ion d.ef ined by ' fornu la (2 .7) t  i . , .Q '2

(5.tt .jf 
et 

"l 
= - e e  ) J ( 9 ) d e , :  r € R ,  t > o

.  a  t - t ( ,  -  ( r+e f  l - I ) ewhere Je =

By ?gf  we shal l  denote the genera l ized.  grad lent  o fJ  (see ( I 'B) ) '

ffiI$l{A 3, let_E be a loca1}J-cggrpact gpqce'qn* }et V a ,posi-

tlve messsge-on E q-ggb-!ha!. rJ (n ) I o.Let I tul Crl(E) b-g q

sqqgreggg s-uclr-lhat-fol € -+ 0-r

L 
--+ Y stlo4&11r. in-r,t(ul ajrd

- .  I

(f 9,tr ) -> s weakl{-iq rI(n) ,

oo(
| ,p^ t"'  '  u e

-@
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( 5 . 4 )  e ( x ) e V f l ( y ( x ) )  ? - 8 r € o  x €  E .

l. ny f.,I{n) we have d.enoted. the space. of ali. reaL-valued"

^t) -rn€esmable functi.ons y(x) defined v-B-.€.. on E such that

l y (x ) l  i u  V  - i n teg rab le  ove r  E .
I r

Se.Iect ing a subsequenee of lVrS we nay assune that

( 5 . 5 )  Y e  ( x ) - > Y ( x )  v - a . o r  x €  s '

Next by (5ril and. the Mazur theo"u* j.t follows that

1 .
(5.6) I = 

l{a 
g* stronglY in I.,*(R) +:

m+@

where { qo,} C i,I(n) are of the form .i

f . e
( 5 " 7 )  q * =  h  

d g ( . j 3 ' i ) ' ( v e . ) ;
, Js  rn

Here I- Is a flnite subset of natural nrrrobers ln the lnterval
ill

F  F - - A  l i  > n  T .  " { 1 = I "
' 

fnr @ L and. d'h 2/ u, 
f?i*- 

*,

According to (5.6) we nayeLso asswtre without any loss of genera-

l i ty that

(5 .g )  s * (x )

We f ix  x  G E such that  (5 .5)  and (5.9)  ho ld '  and cons id 'er  g

I
seqluence 1 uol of real nurnbers such that f'tu,J exist and'

un ly(x) for n -) oo .We set yi = X €J 
(*) . and not j-ee that by

' On the other hand-rwe have

\
i

; i i

i
I

(5 .1 )  we have 
oo

(5.e) ,  f '4 ) ' (vr)  = dl  5;  f  u j(rJ €is )J (o )d '& '

t r " r r  * j f r t r  +  e r j r l - I ( r 1  €Jp ) )  * '  
f ,  

( z r ) ( 2 ,
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( t +  e r f l - l ( v ,  s r e ) ) +  c r 5 ( e ) ( 2 ,

- ( r +  € u P ) - r ( y * -  € { g ) )

.

w h e r e  o r r ( 9 ) - * o  f o r  t r =  z i - ( f  + s ; f  ) - t , " ,  e , g ) + o '  :
. J t t

ALong with (5.9) tne latter yieJ-d.s " ' .
(E

( 5 . t 0 1  (  
f s J ) ' ( r r )  

=  f ' ( z r )  - f ' ( z r )  |  , f r j ( t j  : , e J O ) ; f ' ( e ) a * '
- @

oo . .

. e * I  J  c r . i ( 9 ) ( z i  ( t +  € i P ) - l t r ,  e j e ) f ' ( e n o
J J d J-oo

Stnce p j .s  toca l ly  L ipschi tz ianr i t  fo l lows by (5 ,5) '  t t ra t  f  ar (y*-
J  

b v v s r * J t  u & t ' v v . . *  v e * s - t  *  '  - . t  \ -  - -  .  
u  

- J  ' "  
J

€.{g )  ->f(y(x))  uni form}v in I  on [ - t ,1] '  .

Or, t i* other"n"rra , , l  can be chosen'suff iclently close to yj ln a

euch a wayt

I t l  - u i t / e l +  o  r o r i - > o
r  -  _ .

Thus dr-+ O 
' for 

J --+ @ and. (5.1O) yLelds

I t f  
t i  ) ' ( r i )  -  t t  ( z r ) l+  o  ro r  i  - -+  oo  e

Al"ong with (5,7 ) and, def ini t ion of ?f r  the Latter yleld.s e(x) e .

.  a I  (v(x) )  as cla j-rned'.- v

. Sow we continue the proof of Theorem 1 by obse.rving that by

condit ion (3"2) t t  fol lows after sone caleul,at ions involving (5.1)-
. -

the estLmai;e

^ F
( 5 . t t )  ( # l ) ' ( y ) y  1

I I
c (  l f i ( y ) l  + y 2 + r ) ; i = r r 2 ; y e  R  , :

w h e r e  C > 0  i s i n d . e p e n d . e n t o f  t  o

3or eacb €"> 0 and. natural nu.nber nr-we set

c [ - )n j =  t , o , t ) e z  ;  f v u  ( C , t ) t  " 3
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in  Sect lon 4.

neasurable subset of r.

where Y,

l,et Zo

oi z.By ,(

( 5 . t a )

as

{r

ale

b e

5 . T I

)

E o
l n ,  I  l t y t r l ' r r ,  ) l  d , r d t g J In I  l (  JAi) ,

r eon  Zo  
v

f .
( y ,  ) l  d 6 d . t  +  )  

r l r r l  t f  f ! l ' ( y ,  l l u 6 d . t 4

f 
c s; o f o 

(
co 

J"t nrt ad ot + cn-I 
._i[r; 

l f!rr. ) | ar dt +

' (
l ,

c,  J  In ,  l l  y ,  I  a6at  +  cn- l
L o

where CE- = L \ nf. Inasmuch'as by J,enrnas Lr1, t f,if 
", 

) ], is' r r ? l

b o u n d . e d  L n T ' " ( E r )  a n d .  I t !  ,  I n ) ? " " s t r o n g l y c o n v e r 6 e n t  i n
f)

f , ' (D) ,  l t  fo l lows by (5 , t2)  that  for  each,y)  0  there ex ls ts
L

{  f ,V ) such that
L

f

]  I  p ,  ( . f : . ) ' ( r .  ) l  dd d t  s  
?  

ror  * (  Dol  <  f , ty  I
t  C  V *
k o

(m denotes the lebesgue neasure on E ).In otfr*" word.s, the fanily
t  ^  r  

* .  f  r T  1  { c  a n r r 4 a n n * i y

I _) 
ps ( 

f,i ) ' (ro )do d -, s, o\ -i J 1" equlcontinuous.
\ t .  i

'  ' d o

Hence by the Dunford.r.Pettis criterionrthe fenity f na ( f i),(V. )J

is weakly conpact i:e r,1(Zf ).Then by (4.2il rt rottio*r" thst

f  i  € r,r(f  r) and

(5 .13 )  ( f l ) ' ( v ,  )  ne -+ f  f  .wea t t y  l n  r l tE l ) ;  r  = ' l r 2  .
Y  

,  n '
On the other hand i t  fol lows.by (4.. t1") that 1f,  )  f"  convergent

t .  1 l D
l u  L ' ( 0 r T ; H ' - ( f ) ) "  

:
l lhus. selecting a subsequence if necessary we hqve



- 2 € i -

and by tr)gorovf s theoren , for each 1 > 0  t h e r e e x i s t s

Z i r  { = L rZ

a

Y€ ls' bo-

Next,sinee t, fi ) ' (ye

( 5 . 1 5 )

( 5 . 1 6 ;

that

Y L  ( x r t )

i

:
' i

i
I

i

l

assume (extracting further subsequence )

1n

, ( r1x,  t  )  )p(x , t )?  f

can be nad.e

E

( fi,'(v, ) -> sl weakrY

t{ow by (4.22) and

unlfonnly on nl .
1

tlmt f; 
= eiP on

F l  ( x , t )  €
l p

since m( Z ,\ tl, )

that

$ l  ( x n t )  €  P ( x , t )  ?.  
l p

$hus the conolusionF of fheorem

PR00F 0F [Im0nn]d 2

If + ls the grePh Cefined
\,

f o r r € R r a n d .  i  I
, P t ( t )  =  t l t  - - - , ) (  ! o

. \) €-rr

El . Henee

that Fr -) P

Latter imPlies

{
B e € e  ( x r t )  e  E }  .  .

(

the Egorov

Along with

l t  ( r )  =
t  l .

6 - n  n
t / 1 . L  c r l

measurab le  subset  n \  C  Z ,  such tha t  n (  Z t  u t?  )  <  
1 '

. unded on Et and

- )  y ]x , t )  un i formly  on n j  ;  1  = Lr2.
t .

{

)l sre unj-formly bor:naed on n! we may

that

1 {

I t ( E ; )
(

(actual}y weak-star i1 f@ (g1? ) ).Then'by Lernrna 3 it follows
t

s ( x r t ) e  a f r ( v * ( x , t ) )  8 . € j .  ( x r t ) e  u i t  i s  L 1 2 '

theorern we $ay assune

(5 .15 )  and .  (5 . t6 )  t t re

by (1"6)  then

,  : .

f  e)JF(s )d

arbltrarily smal} we msy conclud'e

J t ( t t 1 x , t ) )  B r € r  ( x , t ) ) € 2 1 ;

i  =  J - r 2 .

1 fot low by ?roPosit ion 3.

-L
^e r



respeetlvely

Ilence

( 6 . r )

On the

( 6 . 2  )

where

(we set
t . '

f "rl l

p t
J

! E f

, .  (  fc) '1

' r

29

o
-l 

,
€- l r

j ( u ) d 0  .

l ,

I
t
1a'

it
It

I r, .f'rru )n - pE ,f t(" .  ) l  = ln

other band., arguS:rg es

I n .  f ' , r ,  ) l  1 2 8

\ r t  o , * l  =

iri I rlrfz] we find. that

l f € t r ,  ) n ,  I  t \ ,  +  s - l  l % l 4 L

E r c r  o n  Z

l f  I  t o  ( t . , t )  I  3  e

oo

f  ? ( v l a o l l
r v

t*r.t
t t € '

( "

t ,
and.

1  o  t f  x e  ( 6 r t )  )  - € ,

{ t 6 , t l  =  I
L r  t f  y r  ( 6 r t )  L - 8 .

t c 1

raasmuch as by (4.121 ,  {6t t t ,  )J  ls  bound.ed.  J.n r2(Z) 'and

by r,enna t, l f t t  lnr] i-s bowld.ed. ln r,1(Z) we see by (6.2) that

on gone subsequeqce e + O we have

( 6 . 3 )  P a f t ( r o  ) - > o  B r € r  o n Z .

.0n the other'n"rrar** lmow that futr. ) -> u*- f *3?L" weakrv

{n 1,2(Z ) aad. p. -> P. strongly in L2(Z ).[his .tunp]les that the

' sequence !n, -f,lr, ) ] is weakry conversenf ln l,L( f ) to

p(Bfof - 
# fr) and by (6.3) tt ' ' ' fol}d*" that

( 6 . 4 )  p ( l " u i - ' : ! I , n - f , , )  = o-  r  &  ' 0 y  .  r

and. therefore

8 r € r '  O n



3 0 *

pu 
f ' , tr  )

Then by (6 . I )  we see

(6 .5 )  % fo ( t

1

thst

o r J E ,  a m e a s u r a b l e
(

4 Y* uniformlY on

wi th  (6"5)  the la t ter

> trJ."
exlsts a measure

v ,  +  A y  =  0v I
J.n Q

1 '

)f.  + 0 stronglY in I ' '*(^t.) '

Sext by the Egorov ttreoremlfor each Y'

snbset  o ' f  I  such that  m( Zt  t? )  L \ '9e

u 
? 

and. Y* is continuous on Sa 'Along

yields

(6.6)  l in  
" -  

f t (% )P,  = o s t rongS'Y

€+o

Denote by Et?rI the following subset of

in  1 ,1(u? ) .

E * r  =  l t a , t ) c  s r i l v * ( t r r t ) l
' ( r o  t

Nextrby Propositlon 3 it foll 'ows' that there

f  €  M( t  )  euoh  ths t  ( see  |4 '27 ) )

i ' , r .  )  -+ f  weak-star in M(Z ):

I ,ut f 
= ( F )* + (P), be the ] 'ebesgue d'ecomposlt lon of f, , : : to

lts absplutely continuous part ( l^)* and the singular part (f )* '

By ig"e)  ano (6.7)  we see that  F 
= o on E'1, f  'By def in i t lon

of singular part we d.ed.uce that the supposrt of 
^(f* 

)u ls cor-'

c e n t r a t e d .  i n  u l  n l ( f ' t ) € Z ;  { "  
( 6 , t )

:--) 0 for 
1 

* O we $aY conclud'e that

( l ^ ) "  =  o n  i f  o , t ) ;  Y * ( 6 - , t ) )  0 3 ,

AL'ong wi th  equat ions (4 '26) ' (q '?8)  and (6 '4)  the ra t ter

completes the Proof of theolem 2' '

W- I ,et us consider problem (3' l )  wlth 
3t9te 

system

( 6 . s ) ,W . forn - Brur - rr) ; o iv>/o, # *



-.Jii

'  : i}
i t

f

t '
f,
1
I

t
ir

i .

a
t
i
!

r l
i l'  t a

i t
l

Io,^, ?o .Here 
3fl 

is a d.lfferentiablermonotonically lnere.aging and

llpschitzien function on R.

$ysten (6.8) san be wrl t ten in the form (I . t)  where f t  = f  and'

(G.e) ' frr 'r= { l j l l ,r,J r  I  
J -

t  d  t r  r L  o  '
I

$he prototype of this problen 1g the enzyme dlffusi6n probS-dm (1"4:

3r

y (o )  =  I o

Y t +

t#-

o]

+ f r t r )  * B r o r -  \ 2 0  l n  Z .

where 
\ € U, and. A ,d1, Ul 4 f,z(Z ) , flrl l 'o sattsfy condltl,ons

In ord.er .to obtain necessary cond.itj.ons. f,or opti^nality in this

saserls nore convenlent to replace the approxtnating systen (4..a;

by

A y = o l n Q

(  5 .Lo )
tr$> * lttil = 31ur * rr . ln u

y  o )  = . y u  .  .

0bvlousLyrlemmas Lr2 as well as Propositlon 3 renain valtd and.

pL ls ln this case the solut lon to

(p, )t - Ape = h(ye - Ifd.) rn Q

( 6 . 1 I )  f ? D  |  .  ^ c

# + Ir<ru )P, + ( 
f- ' ) ' (Y, )n = o in f

p e  ( r ) + O Y a , " u ( r ) ) =  o ,

fhen passing to f.imit lt follows from preceed.J.ng proof that p iE

the solut lon to

pt -  Ap = h(yo - yd.) tn Q

(6.L2, 
#," * 3f;tr*)n = o B . B r i l r t t ] r . o l

p . = o  l n  l r . = o]n iBro i -#"- Jlwn - rr.
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stil l" keeplng equations ( 3 .14 )  and . (3 .L5 ) .

7o S0I\{E APPT",ICAfI0NS IN

Conslder tn: control sYsten

Y 1 * A Y = 0

CONtn0LI,ABILITY

t n Q = - O x ] o , T I

in  t r  =  f rx  ]o , r [

t u  t z =  I r r X ] o , E [

x €  O

f.., is oPen in l- and. the range of 8, is dense
' r  - , -

( ? . 3 )

3I€9,. I,et

the following

ere

(? .1 )  
&  +  t r ( r ) )B lo

,# .  l r ty t  >o

y(x r  o )  =  Yo(x)

where A i; a Llnear second. orderrsismetrlc and e1liptie d'tffe-

rential operator bn:O and -F rr' 
= L,2 are two maxi*?I monotone

graphs ln R X R satisfytng cond'itj 'on (2'2) '

Here Bt Ls a llnear contlnuous operator from the Hilbert space

u, to r2t irl , yo € t'2(12) and' f = 
-[r. 

U [, where l-, ana | 2
r

"I" 
two d.isJoint and. smooth partSof I .tr'urther we shall assune '

:dary l-  u" wel l  as the coeff ic iel ts of a are analyt ic .

'  
As seen in $ect lon Zrund'er these assumptione for every u e ult

(? . I )  has a r . rn ique s 'o lu t ion y  €  W(Q) '

THEOREM 3 l'g!- :ggEg-( ? ' 1) gg.tisfv thq qboYe -cqnd'f1i9r1g"-rk

Ag t2( ff ).rhse_gIglsg_(?.1) ls ,' '#)gkly c.ontrglable 11.€'rIgli.l9!

yr € l,zC-Ol the{e existP a seqqence lrr"l au, such that

yn(r) -) x1 weak}y in L2 (JD and. stronglY tn iil(Ja) .

He y- lp the, sgl.utl.g+ tc (7.1) rrvlr,qJe u = ult'

y1 be arbltrary but fixed in L2(fL)

optlnal control problem.Minimize
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for al l  aC e cr(6) such that Yc (x '0) '  0,  x € JL

d.enotes the value of f: at the tra.ce of W on
.  r i

Next by (T, i l  i t  fol lows that
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and therefore
I
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0n the other hand.rPn J"s the lirnit ln the senso of (4,2?)t

I t
(4 .25) ,  (4  ,27)  o f  a  sesuence I  nn , ,  ) r ro  C wtq l  sa t ls fv lng

$tl r * 11 l l  zra(Jz).

C1ear).y f i .E) has at least one solution (u^ rxl ) "
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(4.8) aria (4.9) where h = 0 and Yftf are d'efined" as above'

fhen l t  fo l lows by est inates (4 '20) '  (4 'eI)  that
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rest f ic t ion of  p  to  Lr

ln r,2( fI) we meir infer bY
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and" weaklY in 1,2(orr;Hl(-O))
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follows that
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fi .3) we see that P is the solut ion to

- 0  ' i n Q
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Sirree tire range of B, is C.ense

( ? . 1 5 )  t h s t  F ' -  0  I  l i € . '
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f i . 1 5 )  p  =  o  E l r € r  o n  f r .

Nex t  l t  f o l l ows  by  (7 .1 t ) ,  (7 .12 )  and .  (7 .16 )  tha t

1

1'rtvo) = o
1

'  a n d  1 , 4 ( 6 r t )  = 0 f o r ( 6 r t ) e  Z " . H e n c e  l ^ 1  =  O  o n
e ,

[-, x I o,n [.
![e have therefore proved. thst

P 1 - A P = 0 l n Q

i n  f r X  ] o , r [

in f r  r  lq, ,  f  .

= 0

P = 0

$lnce m( [- I)  > O l t  fol lows .by a result  due to Mlzohata already

quoted that p = O.llhus the concluslons of Sheoren 3 folLowi by

f i  , 5 )  r  0 .11 )  and  (  7  .13  )  .

RSMARK. The above prob).em has been studied by d.lfferent nethods

by Henry [9] whb has ahown in particular thgt lf 
f,Z 

= o and.
a  2 .

{,  is epntlnuous thea (?.1) ls strongly eontrolable in I . ,cC-ol.

. It ls tempting to hope that the sqme night be true txrd.er preeent

assutttptlbns .
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