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ON PERIODIC DISTRTBUTTON GROUPS

'  foana Cior5nescu

We give a spectra l
genera to r '  o f  a  pe r iod i c
resu l t s  o f  H ram Bar t  t  f

I .  I N T R O D U C T I O N  
:  ' - ' : . . i .

Let  X be a Banach space and A a c losed . . ,d .  lur lse1y def ined

opera to r  on  X ;  t hen  a  i s  sa id .  t o  be  we l l - -poded  . {on  thz -a -ba t t t ac t

Cau .ehq  .pn -ob lem in  t f r e  sense  o f  d i s t r i bu t i ons  i f  t he re  ex i s t s  Ee

t . L ( 0 ; L  ( X )  )  s a t i - s f y i n g  t h e  f o l l o w i n g  c o n d . i t i o n s !

'  ( i l  s u p p K [  0 ,  + )  ;
-  ( i i )  E ' - A E = 6  a  f x i

cha rac te r i za t i on  o f  t he  i n f i n i t es imaL
d is t r i bu t i on  q roup  oeneraL iz ing  some

I  on  pe r iod i c  c t roups  o f  c lass  (Co)  .

E ' - E A = 6  a  1 ^  r .. ,  tA)

where  D  i s  t he  t . es t .  f un i t i ons  spabe  o f  L .  Schwar t z ,  E '  i s  t he

der ivat ive of  .E,  f  *  and IO (a)  1 t .  
the ident i t ies on X and on the

'  d .omain D (A)  of  A,  respect ive ly

Fol lowing J .L.  L ions we sha1l  ca l l  E in  the above d.ef in i t ic in

3 diy ttLib utio n ' i  emL- g)10 t l fr and. A its Ln[inltz's ima!- .  genetLato tL [ 8 ] .

An L(X)-va lued d. is t r ibut j -on E is  ca l led a d iatn ibutLon gtLo,Up

i f

( a )  E ( q * + ) = E ( q )  E ( q . ) ,  f o r  e v e r y  q , Q e D i

!b )  E=E*+E ' -uwhere  E* .  and  E_ , . r .  d i s t r i bu t i on  semj -g r :oups

( w h e r e  E  i s  d e f i n e d  b y  E  ( q ) = E  ( 6 ) ,  v e |  a n . d . b  ( t ) = q  ( ' t )  ) ;

A . d i s t r i b u t i o n  g r o u p  E  i s  c a l l e d ,  t e m p Q . i e d  i f  E + ,  E e L ( S ; L ( X . ) ) ,

.  S  b e i n g  t h e  s p a c e  o f .  r a p i d l y  d e c r q a s i n g ' t e s t . f u n c t i o n s . .

By  a  resu lL  o f  L ions  t8 l  t he  qenera to r  A  o f  a  tempered .d ig - '

t r ibut ion groqp has pure ly  imaginary specLrum; a complete cha-

rac te r i za t i on  o f  t he  genera to r ' . o f  a  tempered .  d i s t i i bu t i on  g roup  
, :
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lvas g iven in  L 4J ,

T H E O R E M  I .  I .

putteL.t l  LmagLnatLA 6

bu t i an  g lLoup  Ld  an

( 1 . 1 )  ' l l n ( r ; A ) l l

Moneove tL  u te  h

' ( 1 . 2 )

. a i d

i r . : l

na
A

n 0

Sc

& v

{
I
t -

mely we

den4z.Lq

ctttum Lt

o n l -q  L I

o n s t .  ( 1 +

Q.
- t  +

E ,  ( e  " " )
't-

_ 1 +
E  ( e  " " )

h a v e : '

d e ( L n z d  a n d  c l o t o d

t h e  g e n o n a t o t t  o d

thete arLe no r.moe [l
11^ -m

l r l )  
o l R . l l  o  f o r

( t )d t ,

group and

;  Re r l0J  .

set Bc[ (X)

o p S.rLato tL A

a te-mpznzd

aueh tko" t

R e r l 0 .

qeO (whene
'  .  t :

tuLth

dit trt i_

R ( I ; A ) =
for  Re) . )0

for  Re) . (0

E(q)+il;
+-
I

-  |  tn ( ' * i t ;A) -R (-e+i t ;A) JO
J--

^ ^ n  c  i  A a r

we can  eas i l y

' t

Let L f"  a tempered distr ibut ion

o :  [ E  ( q  )  ;  q e r ]  a n d  R =  { R  ( r ; a )

Denoting by Bc the commutant of a

g e t  f r o m  ( 1 . 2 . )  a n d  ( 1 . 3 )  t h a t

'  ( r . 4 ) c  - c  "  c c  - c c .o = K a n o o = K .

Let  us put  8= oCC=Rcc.  then I  i .s  a  s t ronc| l lZ  c losed subal - -

gebra of  t  (X)  .snt3 i ,n ing the ident i ty ,  B:o.uR and the spectrum of

each .  Be  B  w i th  respec t  t o  B  co j -nc ides  w i th  o  (8 ) .

Le t  11 , {= [n r ] ' be  the ' se t  o f  max ima l  i dea l s  o f  B  and  B+B. (n r )  t he

Gel fand representat ion of  B in  the space C ( l i  )  o f  cont inuous func-

t i o n s  o n  r l i ;  t h e n  f o r  B e  B ,  o  ( B ) = B ( M 1 : 1 e { n ) ;  m e l ' l } .

.  A s  B c R ,  b y  a  w e l l - k n o w n  r e s u l t  l 7 J ,  t h e . r e  a r e  M 1  , M r c M , .

such that

M=rl{,UM, , l{ tn M2=Q

and  a . func t i on  sec ( t l )  such  tha t

I  t t _  - . t s t t - l  * - i I
I  t A - a  1 I r 1 , 1 , 1  ,  t l t e n ' l

- .  l L -

( I . 5 )  R ( I ; A ) ( n r ) = ' .  I  -  ,  R e r l O
I  'g  )  me|d^l z

" " . d  
o  ( A ) = a  ( i l , { I ) .  

i {
L e t  u s  p u t  A r r = n A R ( n ; A )  r  n . N ;  t h e r e  A , r e L ( X ) ' - * i :  - ( l ; A n ) . =
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R ( r ; A )  a n d  b Y  a  r e s u l t  o f  H
\.

'  { o l e '
f n

( I . 6 )  ' E ( q ) = l i m  
l e

: rl+*co -o

Theri putt ing cr, (m) =Ar, (nt) ,  m

d  
-  

1n )+q  (na )  (n+ - )  un i fo rm ly '
n

' { o

( - ,

( 1 . 7 )  E ( q )  ( m ) = J t t o t t ) *
- o

I ,et us remark that the rela

d is t r ibut ion semi-grouPs (s

CIORANESCU

we say that  E is :
' . ic t  d ie  i f  E (q )  =E

l . a )  P e , L ' L o o ' L c  r r  t t 9 ,

.  Fattor in i

e  ( t ) d t ,  
.

e M ,  i t  i s

on ir',{. and
l_

( t )  d t ,  .

t i o n  ( 1 . 7 )

e e  1 2 7 t .

2. THE SPECTRAL CHARACTERIZATION

GROUPS

, Banach sPace and E

qe l  ,  me lu l l  . .
, i

i 's valid .for arbitrarY

OF PERIODIC DISTRTBUI]CI{

r < 1 .
L J J .

q e o ,

c l e a r  b y  t  f .  S l

u s i n q  ( 1 . 6 ) .  w e

that

f inal ly get

where  r ro  ( t )  =q  ( t -T )  t

(B )  a {no 'ng |q  pen iod le  i f  f g r  eve ry  xeX '  t he  X -va lued  d i s -

.  t r j - bu t i on -  E*  de f  i ned  by  E ' *  ( v  )  =E . (q  ) : ,  r t ?  
: .  

t :  pe r i . od i c  i

( v )  wzab l -g  pe t tLod ie  i f  f c r  eve r l '  x *ex*  and  xeX '  t he  sca la r

d ' s t r ' b u t i o n  x * E x  d e f i n e d .  b y  * * E x ( q ) = x * E ( e ) x ,  e e 0 r  i s  p e r i ' o d i c .

L e t u s . d e n o t e b y P , t h e s p a c e . o f i n f i n i t e l y d i f f e r e n t i a b l e

funct j -ons of  per i -od Dg* ind 1et  us caI I  a  I -unLtat t t l  (unet ion a

f u n c t i o n E e } s u c h t h a t > 6 ( t - n T ) = l , t ' R . T h e n e a c h p e r i c j d i c { i s -

t r i bu t i on  E  can  be . *a " i l " d  to  the  space  P ,  by  the  fo rmu la  E (o )=

. = E ( t o ) l ' O e P , , i n d e p e n d e n t l y o f t h e u n i t a r y f u n c t i o n E ( s e e t 9 ] ) . :
:  we have the fo l lowing essent ia l  resul t  which can be provef l

e x a c t l Y  '  a s '  i n  t h e  s c a l a r  c a s e  t 9 l ;

E e L Q i L ( X ) ) . i A p e t t i o d L e c l ( p e . n + o d T ) 0 , t . $ a n d o n , L q i [ .
'  

{ o  i  n r , r t -  2n

.(2. L) E= E Arre-"* 
- 

r '=T-' .

an L (X) -valued distr ibut ion;

( t -q )  ,  f o r  sone  T )0  and  eve rY  qe0 i
-  

_ L '

'a,nd
whenz

( 2 . 2 )

the co nv erLgQ-nc 'e ho Ld 's

lr,=+E ("-iltt) ,

L (x)  ,such that t t r te

.rn L ' (S;  L ( . { )

\ E Z

l A n  I6  equs .ncQ-  {  I l ]  -  L t"  neL
o'I t l-ow gtLou)thl

&rLe .Ln
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( t t tat

The

operators

o {  E .

i , s  I  l A n . l  l ( c o n s t . l , n l k  ,  l o t t  a  g l v e n  k . N )

ser ies  (2 .1 )  i s  caLLed"  the  Foun ien  ' sen ie - t  od  E and the

A:  q iven  bv  Q.2)  a re  caLLed '  the  Foun ien  coed{ ieLent ,s
n

I t  i s  c lea r

is  Lempered.

that  each per iod ic  vector-va lued d is t r ibut j -on

.  In  the case of  L(X)  -va lued funct ions the.  above thre,e not ions

o . f  pe r iod i c i t y  a re  equ iva len t ,  as  was  p roved  i n  t l l ;  i h .o t . *

. 2 .L .  Us ing  the  Four ie r  expans ion  !2 .1 )  . anq  a  s im i l a r  a rgumen t  as
' . i n  

[ 1 ] ,  w e  o b t a i n  t h e  f o l l o w i n g  r e s u l t :

.  PRoPOSr r roN  2 - r .  Lz t  Ee  L (D ;  L  ( x )  )  ;  t ' hen  t l t e  {oLLowLng  t ' [ ' t nzz

t ta temznt ,s  a, tLL zcquiva,Le-nt :  '  l

( 'a  )  E Lt  perL io d ie i  :  :
' ( B )  E  i d  6 t l L o t t g L q  p e , L i o d i e i

.  Fur ther  we rest r ic t  oursblves for  b impl ic i t l ' - to  the case

w h e n  E ' h a s  p e r i o d  2 t .  O u r  m a i n  r e s u l t  i s :

. A

.  THEOREM 2.2 .  A  c lo ted  and den 'seLq.  ded ine ,d  opet ta ton-  A  L6

the  genenaton  od  a-  pz t iodLc  dL t t t tLbut ion  g tLaup od  pe1L iod  2 t  Ld

a n d  o n L q  L d

vent  u thLeh 'sa t ia$q n

d o n  6 o m Q -  n o r m o e N ,  e o ) o

,  b )  the  ,se t  c td  z igenvec torL ,5  a (  A  tpant  0"  den,se  tuh ,spaee Ln '

x..

PROOF .  
'Neee,s,SLi r1.  

Let  A be the generator  o f  the per iod ic .

d i s t r i bu t i on  g roup  E ,  o f  pe r iod  2x .  Then  us lng  (1 .7 )  and  the

p e r i o d i c i t y  o f  E ,  w e  h a v e : .
*go *.-'  t  + ^ / m \  - t  I

( ? . 3 )  J . ' * ' " ' ' * ( r ) d t = J  . ' t + 2 1 ) c ( n ) v ( t ) d t ,  a : t  r  n e M ,  .
-co :6 +1

.  For  each meM.  there  is  e^e0 w i th  l ' e to  
( ra )  

q  ( t ) 'd t l0

s u c h  t h a t  ( 2 . 3 ) .  g i v e s  . z n o  
( n ) = l  

,  v f f i . , u . , l l r r t t  i s ' s . ; ( m ) = k i ,

ke7  ,  meM, .  As  o  (A)=a ( /1 ' { . , ) ,  ' tL re  f i rs t .  par t  i to*  (a ' ) . . resu l ts .  The' r :



eca l l  the

a t L j u r J  L '

tapo X-o gA

g ene/La,'t,e8

Ne hav'z

: .  . - l :

. :

secohd  pa r t  i s  a  consequence  o f  Theorem l . I .

' I n  o rde r  t o  p rove  the  necess i t y  o f  (b )  ,  l e t  us  t :

f o l l o r v i n g  r e s u l t  o f  D . F u j i w a r a  [ 6 ] :

I  L6 A i8 t l tz  genetto"ton ad a.  tzmpened dL,stnibutLon

then dznotLng bU o*=O-D(An)  ,  endowed wLt l t  the  F t t6 .chet

' g L v e n  
b t 1  t h ;  n o n m 6  [ l l A n x l  l ] . , . , . 1 ;  ,  t h e  n e - t t n L c t L o n  A l o *

l r L  l I

.an  zqu i - .eont inuou,s  g rLour r  [TJ- ]  *^o  in  L  (D )  ;  mo 'Leovet l ,' - t ' t e f (  '  6 '  -
i _  .: -17o

( 2 . 4 1  .  E ( q ) x = l  e ( t ) T * x d t ,  "  
q e 0 ,  x e D  

"
L @  e '

. .

Then fo r  Ie  f  and 
' xe 'D-  w€ pu t  (as  in  t l l ) :

i  B .  - *=" r t  i t " - ^ "T^*d=.i  A r t  / 6 .  s
i

A. s imple computat ion g ives 
- " .  .  

. :  - .

:  l t
( ) . -A )  B .  - x=e"  

- x -T -x
'  t r r t  C

.CIORANESCU

that is

Hence

( 2 . s )

LeI E

:'

.  x e D
co

have

:

x e D

resolvent
D  l . r a  # h a' m

non-zero

wLth mL

has

res idue

pro j  ec-

and 'e..

The b.bove relation shows that on D the
: i  

'  
- - - -  -  

.  1  1  

c o

s im! : l e  po tes  a t ' each  ) .=m i ,  me l .  Fo r .me  L  t  l e t

o I  R ( r ; a )  a t  m i ;  i t  i s  w e l l  k n o w n  t h a t  P *  i s  a

tiop caI1ed, .t l tz ,s pQ.ct,Lal '  ptto ! eetLo n a8 ̂  o cia'te'd

From (2. .5)  .we immediate lY gbt

( 1 , - A ) 8 .  - - X =  ( " 2 n 1 - 1 )  x ,'  
L r Z l t

for  xe D and . ) ,  outs ide LL,  we
o .

. ) -  1

A  l  L t r

n*r=* fo" "
- * t t ra *d t , .

f .

be  a  2n -un i ta rY  func t i on ;  t hen :

. .  ?nb -mi  { -  I  +6.  n i r
p**=Lf >t (t-2nn ) .-*itr.*dt=*' 1:: I E (s) e-rosr"

m zTl -oo r- &'L Jn' ' o

.  
: . j : i ,

*co
L I= f r , J ' - m i  c

( s )  e  " ' * "T=xds ;

xds=

X e D -  t
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- ' \  . '
'  ' i :5  4

so that bY

But D is
6

'  ( 2 . 6 )

' More<]ver, '

( 2  .  4 )  w e  g e t :
- m i ' F

p  x = E  ( e  " ' t  " )  x ,  x e D
m

dense in  X,  hence

- i m #
P =E (e  - " ' " )  .

m

fo r  each  xeD-

i  m{-
Trx=Eet"ttn**, t .  R .

iaking

( 2 . 7 )

m

E = 2 n r  w g  g e t :

;4=xP ,x  t  . .  xeD-
m

m ' "

Let  .us fur ther  denote by.  R (B)  ,  respect ive ly

pec t i ve l y  t he  nu l1  space  o f  t he  ope ra to r  F '

n (Pm I n- ) =R (P*) and N (mi-a )co- , '  V mef. Thus

shows that R (Pm) =iq (*i-a) and so part (b) of

f r o m  ( 2 - 7 ) .  
' t

Su;dLe iencq.  B1z  (a )  i t ' i s  c lear  tha t  A  genera tes  a  tempered

distr ikrut ion group E. Take xeN (mi-A) ,  ^eZi  then X.D-.  and clear ly
mi i-..Ta i<=e" ' t  tx :  By (2 .  4)  ,  w€ have :

I  E ( q ) * : l - . i * t q ( t ) x d r t  Q e o , x e N ( m i - a )'J -*

This means that Ex is 2n-per iodic fgr  xe l - l_N'(mi-A) and condi t ion

. 
meL

(b) impl ies the desir 'ed'  conclusion.

'  
From the above proof,  wb see that also the fol lowing holds:

- '  coRoLLARy. Lzt  E bz a penLodLc di t tn i t iut iovL g,Lourr  (o 6 petLi-o.d
'  

z n )  a " n d .  P ^ . t t ' t e -  m - t h z  F o u t t L e t t  c o e d { l L e L z n t  
? 6  

E i . t h Q ' n z

( i )  p* L,s 0.  p,LojzctLon and coineide wLth the tL26' idue od R(l ;A) at '
m - ,'  t h e  p o L n t  m i i

. {oo

( i i )
m=-o

.. RBMARK. Tlr. ab6ve theorem and corollary generalize rheoreT

,  
3 .  i  f rom I  I ] :  in  the  case o f  per iod ic  g roupS o f  c lass+Jco)  '  o  (a )

.cons is ts  
o f  s imp ie  po les .o f  R( r ;A)  a t  L ;mi .1  me/  and 

* l_ -n**=*

'  t :

N (B)  the  image  I  res -

T h e n  i t . i s  c l e a r  t h a t

a simple argument

the necessitY fcj l lows

_ i

ii

I
ir
i
I

l
l

i

. l
. l
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f o r  a l l  x e D ( A ) ,

( 3 . r )

La a"

( 3 . 2 )

. :

P - -  b e i n q  t h e  r e s i d u e  o f  R ( I ; A )  a t  m i .
m

.

3 .  AN EXEMPLE OF A PERIODIC DISTRTBUTION.GROUP

? - - +'  
Let  o  ( t )="*+ for  0<t<2n and extended wi th  per iod 2n on a l l

z :
R; then.
1 )  o  ( t )  ) 0 ,  Y  t e f t
2 . )  o  i s  con t i nuous  on  each  i n te rva l  (Zn t ,  2  (n+ I ) .n )

&  - n -

3 . )  oe l ,  (K )

4)  the funct ion L/o is  per iod ic  and has the same above three
'  proper t ies

Let 'C. , -  be the Banach space of  a l t  bouhd.ed.  iunct ions on R,
Z T

which are per iod ic  wi th  per iod.  2r  and cont inuous on each in terva l

o f  t h e  . f o r m  ( 2 n t c ,  2  ( n + l j n ) ,  n . 7 ,  e n d o w e d  w i t h ' t h e  u s u a l  s u p r e m u m

norm.. t le have

P R O P O S I T I O N .  3 . 1 .  T h e  m a p  d e d L n e d  b q .
' ' t , - r s - 9 * o f  

^ - n  $ - ?r ( q ) I = - ; - -  r  9 e u t  o . t 2 n

p znLc dLe di ,s t t t ib utLo n g no up .  in L (c 
2*)  wi t l t

'ot=-# 
Gr)/o

D  ( A ) =  [ f e  c 2 n  
. ,  

d / d t  ( o f )  e  c z r !  .

genena- tat t

(C^  )  )  and  tha t  E
z l t

F o :  e e O  r  l e t  u s

'  
PROOF.  One  can  eas i l y  ve r i f y  t h ' a t  EeLQ ' iL

i s  p e r i o d i i ;  m o r e o v e r  E  ( q x 0 ) = E  ( p )  E  ( Q )  ,  q , S e 0 .
.  

.  i .

denote by
' t

q ,  ( t ) = f  e  t t )  t > o  a n d
. -  lo  r<o

9 _  ( t )  = 0 r>0
q ( t )  t<o

Then  pu t t i ng  E*  (o  )  f=  (  a+*o f )  / o  and

E -  ( q  )  f =  ( Q - ' * o  t )  / o  f o r  9 e 0  , -  f e C r n  ,  E = E * + E -  ,

seml--

( I E E
a simple computation shows that E* att.d

-groups wi th  generator  Ar  respect ive ly

us remark Lhat  A is  c losed and D (A)  is

Let us fut :

f -  are d. is t r ibut ion
- A ,  d e f i n e d  b Y  ( 3 . 2 )

d e n s e  i n  C ^  ) .
z'tt

.  1  f o  - 1 +
( 3 . 3 )  ( R ( r ; A ) f ) t s ) = # ; i l  e  " ' q ( s - t ) f  ( s - t ) d t '  R e L ) O ,

.  e .  1 r  / JQ

a n d  l e t  u s  e s t i m a t e  t h e  r i g h t  h a n d  s i d e ' o f  ( 3 ' 3 ) '
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We recal l  that  for  '0( { : (2n holds

.  , ^ "

(3 .4)  o  (n)=n*s in t ' * *F--1! .+"  '

and  . t ha t  t he  egua l i t y  (3 .4 )  i s  va l i d

gence  ho lds  Ln .0 '  .

A .g imPle comPutat ion g ives

t\
a.  e.  on l {  .  and the conver-

h  ^ n e  '  l ' 1 S

a'
L

I I D

+n

n

21
I

N D

e - l t " i n . n ( s - t )  d t
.ro

and taKl-ng

w e  o b t a i n ,

1 .

2 . .

3 .

4 .

account  the  Pos i t i v i tY ,o f  o  and

R e I ) 0

l f  l + 1 r  r c r  r
; A ) f  l l s c o n s t . - l  l i l l '

Re) , -

t h e  r e l a t i o n .  ( 3 . 4 ) ,
in to

for

I I B ( I

. 6

:  . .  n o s  n s  : i  c h c  ( n - - : ) -  -  1  - '  0 ( s ( 2 n )  .(we.  used the formula 

" : r } ;p=Z;  

= i r -o"  
-  

7  
I  u1r : - ' "  "

A  g im i l a r  es t ima t ion  ho lds  fo r  ReL< 'd  . r , q  t h i s  imp l i es  tha t

the  d i s t r i bu t i on  g roUp  E  i s ' no t  usua l ,  t ha t  i s  j t  does '  no t  co inc ide

w i th  .  g ronp  o i  con t i nuous  ope ra to rs  i n  |  (C2n)  .  
.Th i s  

f o l l ows  a l so

'fron'.r the fact that the group [T-] - n generated by' A on D- is 91-- r  -  t ' - t e l {

ven by:

( 3 -  5 )  ( T ,  f  )  ( s )  = o  ( s - t l f  ( s - t )  4 '  r
.  r r ,  

( 5 / -  o l s f - - ,  
L ' . " 2 n

a n d  . i t  i s  c l e a r  t h a t  o ( T t )  f C Z n.  L  ' ' L

Let  .us f ina l ly  remark that  choosing the funct ion o in  a conve 'n i -

ent wayr r i lany other periodic distr ibution g.roups can be constmcted

.as  abQve i  by  (3 .5 ) ,  i t  i s  c lea r  t ha t  t hey  a re  ' gene ra l i z i ng

the 'g roup  o f  t rans la t i ons .  I n  a  s im i l a r  way  genera l  t empered
' a

d is t r i bu t i on  
" " * i - g toups  

i n  L ( i , z )  we re  cons t ruc ted  i n  t 3 l '
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