~ INSTITUTUL
DE )
MATEMATICA -

INSTITUTUL NATIONAL
PENTRU CREATIE
STIINTIFICA Si TEHNICA

ISSN 0250-3638

L—

ON PERIODIC DISTRIBU'I_‘ION GROUPS

by
Ioana CIORANESCU

PREPRINT SERIES IN MATHEMATICS
| No.58/1980

Q I

207

pbaﬂ*

~ BUCURESTI



?

mzm%

'lg‘r o Mﬂl@%

AT 2k ] i R

"*‘pMA_ "-‘3\ J’-,.r -, ,-.‘_._4-

diy

--%" A»ﬂ-

=

e T
[pe=s Py

mlm

e T




ON PERIODIC DISTRIBUTION GROUPS
by 2
Iocana CIORANESCU*..)

*)DepaniMQnt 0§ Mathematics,The Nativnal Institute forn Scientd fic
and Technical Creation,Bdul Pacii 220,79622 Buchanrest,Romania:






ON PERIODIC DISTRIBUTION GROUPS §
Ioana Cior&nescu s ' o

. We give a spectral characterization of the infinitesimal
generator' of a periodic distribution group generalizing some
resulits of  Hram Bart [1l-on periocdiec groups of class (Co).

1. INTRODUCTION T R

Let X be a Banach'space_ahd A a closed and densely defined
operator on X; then A is said to be well-posed {o& the abstract -
Cauchy problem in the sense of dlstrlbutlons if there ex1sts Ee
el (05 L)) satlsfylng the following condltlons-

(1) suppECLO, +),

.(ii) E'-AF=s @I ; E/-EA=6 @ ID(A)

where D is the test funetions space of Lk Schwartz, EfL idisithe

derlvatlve O ES leand I are the ldentltles OREEX and on the

: D (A)
domain D(A) of A, respectively.
Following J.L. Lions we shall call E in the above definition
a distrnibution ‘semi-group and A its infdnitesimal generator [8].
. An L (X)-valued distrihution E is called a disdnibution ghbgp
(a) E(9x¢)=E(9) E(¢), for every ¢,$eD;
(b)) NE= By HE- where E, and % are distribution semigroups
- (where E iis deflned by E(@) E(%), 9eD and 9 (t)=0 (- t))
A distribution group E is called tempered if E » EcL(S; L,
S being the ‘space of rapidly decrea51ng test functlons.
By @ result ofs Lions if 8dtthe qenerator A of a tempered dis-
Eribution group has purely imaginary soectrum, a ceomplete icha=

racterization of the generator Gl tempered dlstrlbutlon group
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was given in [4], namely we have:
. THEOREM 1.1. A densely defined and closed openaton A with
purely Lmaginary spectrum L5 the ganenaton 04 a tempened distri-

bution group 4§ and only L{f§ there are no,moeN such that
n = il :
(1.1)  1IR(x;A) | l<const. (1+111) ®IRerl © for Rei#0.

Moreoven we have

oy E+(e—xt) for ReA>0
1 2) -+ R(A;A)= i
e 7 = (ev ") For Reasl i
-and ' i
+w ¥ -
(1. 3) E(w)=%;lin1 -fER(e+it;A)—R(—e+it;A)]5(f)dt, peD (where
' g0l == Sl : S
o e & : :

S T 4o, i :
»a(t)=/els o (s)ds).

=00

Let E be a tempered dlStrlbuthD group and con51der
o={E(9): o0eD} ‘and R= {(R(x; A), Rpk#O} :

' Denoting by B the commutant of a set B<l(X) we can easily

get from (1.2) and (1.3) that | . ]

) oR emdlg AR

Let us put B= o?c R

7 then 4B ds o stfonéiv'closed subal-
.gebra of L(X) containing the 1dent1ty, BDOUR and the spectrum of
- each. BeB with respect to B coincides with c(B)

" Let M={m}: be the set of maximal ideals of B and B~>B (m) the
Gelfand representation of B in the space C(M) of continuous Funes= ﬁ
tions on M; then for BeB, o (B)=B(M)={B(m); meM}.

 As BéR, by .a well-known result t7]( there are Ml M
such that 2 : :

LM,
M=M UM ; if7M2=¢

and a functlon aeC(A) such that

| " (X=a (m) "+, mel, |
(1.5 - ROGA) (m)= vd- Boriied phade
. 0 i'meMz : 5 ek
: and G(A) a(M )& ; By ' 4
' Let us put A —nAR(n A), neN there'Anei(X),‘iim R(A;Anx=

n->e
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R(r;A) and by a result of H.Fattorini [51:
: Fa i A
A By % R e |
(1.6} -E(g)=1lim ] e n@(t)dt, .. o9eD.
: Nt —e ik : o .
Then putting o (m) =B (m), msM it s elear by (1.5) that
o (m)=>a (m) (n+w) unlformly on M, and using (1.6) we finally get

-0

@7 Elo) (m=[et Mo ttra,  eed , meMy .

== 00
°

ﬁetius remark that the relationd (1:7)oissvalid fof arbitrary

distribution sémi-groups (see [21]).
_2. THE SPECTRAL CHARACTERIZATION OF PERIODIC DISTRIBUTION
GROUPS

Liet X be a Banach space and E an L(X) valued dlstrlbutlon,

we say that E sk . b
() peniodic if E(e9)= E(TT@), for some T>0 and every ¢eD,
where rTm(t) =¢ (£t=T) ;- :
(8) Atnongﬂj perniodic if for every xeX, the X-valued dis-

tributicons E deflned by E (9)= E(@)x, pel, is perlodlc,

(v) weahﬂj pe&&ad&c if for every x*eX* and xeX, the scalar

~distribution x *Ex defined by «¥Ex (9)=x*E(0)x, 0el, is periodic.

Let us denote by P the space-of- 1nf1n1tely differentiable
functions of period T>O and letius call a T-= undtarny function a

functlon £eD such that Eg(t -nT)=1, teR. Then each periodic dls—

== O

tribution E can be extended to the space P by the formula E(O)—
o "independently of the unltarv Function g(see 9.

We have the follow1ng essentlal result whlch can be proved

" exactly - as. in thé scalar case [91:

Eel(D;L(X)) 45 perdlodic 05 pe&&od T>0 Lﬁ and onty 45
= L 4o . ,
(2.}) E= % Anelnwt, w:%i

== 00

whenre the convengence-hozdb in L(S;L(X)) ‘and

(22) _ -—E(

arne An’ L(X) Auch that the sequence {IIAn117;EZ is 0f sLow growth

lnwt), nEZ ; | : s s v- ‘ ,-“m.
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(that i LIAnJISConsthﬁTk, forn a given kel).

The series (2.1) is called the Fournien series of E and the
operators A given by (2.2)'are called the Fourien coefficients
of E. : '
; Silie ie clear that each periodic vector-valued distributioﬁ
is’ tempered :

ol the case of L(X)-valued functions the. above three notions
of perlod1c1ty are equivalent, as was proved in [l], Theorem
-12‘1‘ Using the Fourier expansion (2.1) and a 51mller argument as
"in [1], we obtain the following reéult; J 3 ; ‘

PROPOSITION 2.1. let Eel(DiL(X)); then the §oflowing three
' Aiqtementb ane equivalent: s

G B pgnibdic;

Yy Eiisestnang Ly peniodic; ;

(y) E is weakly peniodic. e D.“"' PR
.  Further we restrict ourselves for éimplicityﬂto thie, case
when E has peried 2n.. Our main resalt is:v. "_“

THEOREM 2.2. A closed and denaeﬁg'deﬁined opénaton A LS
Ihe genenaton 04§ a perdodic drétk&butron group 05 penrod 21 A4
and only L4

a) o (A)Ci/ and consists of poles of orden. <mO og'the hesol-

vent which satisfy : o :
s I IR (x;A)] | <const. (1+|xl) L ' ReA>e

O,mOsN, eo>0.

fon some n
~ b) the sef of elgenvectors of A spans a dense subspace in
X.. . s A s = e : 2 ’ : k
_ - PROOF .. Necessity. Let A be the geﬁerator of the periodic
distribution group E, of period 2=. Then u51ng (l 7) .and the

'perlod1c1ty of E, wWe have:
: : 4o - + o0

(2.3) feto‘(’")cp(t)dt;f cltr2Rlalm yar, 7. yei el

’ . - 3 s . : . e ; +°°" : : 2 :
'AFor.each meM there is 9 e with - ;f taﬁm) (tYdt#O

suehl ‘that (2.3) gives : 2nu(m) 15 VmeM-,that is a(m) =l

-'keZ : meh SENS &(A)=a(Ml), the flrst_partlfrom (&) TcsuleshEThe
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. second part is a consequence of Theorem 1.1.

-In oxder to prove the necessity of (b), let us- recall the

following result of D. Fujlwara E6:

14 A 45 the genenato& 04 a tempered distribution ghoup E

then denoi&ng by D —(\ DA™Y, endowed with the Fréehet IOpoﬂogy

: -n=0"
g;uen by ihe no&mé (11a" xll}nEN o tho teéi&LctLOH 2Dy genenateé

an equi—continuoué group {Tt}teR L LDy ) moreovern, we have

»_.'(2.4). | E(cp)xﬁjcp(t)Ttht;_ oy e

Then for AeC and xeD_ we put’ (as in [1])

B. ,x=e At / e AST xds.

A simple computatien gives

thatis

e R(X; A)x— A'z /e

: Nt
(1 A)Bkltxfe x=T, X

21X

(k A)B x= (e -1) %, ‘ XeDml

A,21

- Hence for xeD .and ) out51de 17, e have'

ZKl_l.

3 The above relation shows that on D_ the resolvent has

simple poles at' each A=mi, meZ. Eor mel let P be the residue

of R(N;A) at mi; it is well known that By g asnon=zeros: progecs

tion called the spectral: projection aAAOCLath Wth mi and A.
From (2.5) we immediately get ‘

Gl nie e - i
Py ), o Texdts %D, -
Let £ be a 2r-unitary function; then:
1 2 e it +m ntl
== — I ds=
me 2n/ _ig(t Znn)e Ttxd T L}E( )e T X
0 ;

Fio ; : .
=.%—T[- [ E (S) e mlsTSXdS', XeD )
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SO that by (2. 4) we get:

B w . wn
But Dw is'denserin X,  hence
sl E =Rl )

- Moredver,  for each xeD_

ToxegeEg PR SRR

£ S

- £ o

Taking t=—2u, we get: : iy

(2.7) =9k = e e : .
: m m e 5 e BRES :

Let us further denote by R(B), espectiVely N (B) the image['res— o

pectively the null space of the operator B. Then it is 'clear that

R(P._ID_)=R(P ) and N(mi-A)CD_ , V me/. Thus a simple argument

shows that R(P )=N(mi-A) and so part (b) of Hhie nece851ty folkms

from (257). i
Suﬁﬁ&c&encg By (a) it is clear that A generates a tempered

distribution group E. Take XeN(ml—A), meZ then xeD and clearly
mit § :

Ttx- Xe By (2.4), we have:

E(Q)Xfl eimtm(t)xdt, msv, xeN(mi—A);

(2]

ThlS means that Ex is 2n- perlodlc for xel J N(mi-2A) and condition
me/

(b)implies the desired conclusion.
From the above proof, we see that also the following holds:

COROLLARY. Let E be a perioddic d&éi&&but&on ghoup (04 pe&rod
: 2n) and B . the m-the Founden coeﬁﬁ&c&ent 05 E then: .

(i) Pm is a projection and co&nc&de with the heé&due 04 R(A\;A) at.

the pOLnI mi;

; '+co i

(ii) oY) Pas=x) ¥ xeD_.
m==co : 5

REMARR The above theorem and corollary generalize Theorem

3.1 from [1]:sig¥the case oF periodic groups of class+(C e o(A)

consists of simple poles of RiiGA) ot Jemi fmel and > P ¥=x
: = ; e _
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for all =eB(R), Pm‘being the residue of R(X;A)oat mi.

.3, AN EXEMPLE OF A PERIODIC DISTRIBUTION GROUP

3n-t

' Let o(t)==—— for 0<t<2r and extended with period 2x on all
Ri then _ _ : :
1) o(E)>0, ¥ teR | >
2) o is continuous oﬁ each interval (2nmn, 2(n+1)3)
2) Sgal (R) ! ;
~4) the functien l/o i3S perlodlc and has the same above three

properties.

Let'C21I be the Banach spece of all bounded functions on R,
which are periodic with period 2z and continuous on each interval. .
of the .form (2n=, 2(n+15n), neZ,.endOWed with' the dsual supremum

norm. We have

PROPOSITION. 3.1. The map defined by .

3. E@E=22E | gep, fec,
; T
is a peniodic dlétnibuiLOH group -in L(C, ) with generaton -
o) .Af='“§(°fb/3

D(A)—{feC : d/d’t(‘cf)gc L

PROOF One can ea31ly verify that® Eel{(D; L(C )) amde Ehath B
is perlodlc, moreover E(p*x¢)=E(0)E(4), @4 ¢eD For mcD let us
denote by ; :

(t)={®(t) e o_(t)= 9 -_t>9.
OFS2 0 : : oa( ) mit<Qeee
‘Then putting E¥(¢)f=(@+*df)/o and }
" E_(9)f=(9_%*0f) /o for @ED,-feC ’ E=E +E_ '

a 51mple computatlon shows that E and E are distribution ‘semi- -
—-groups ‘with generator A, respectlvely -A, defined by (3. 2) (let 3
. us remark that A is closed and D(A) is dense in C‘n)._

. Liet us put:

(3. 3)' (R(7: B)£) ( O(SJ+ Lo (s- t)f(s t)dt, Rer>0, J}.-~f"

and let us estlmate the rlght hand Slde OF (3 3)
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We recall that for O<L<2n holds

(3.4) .'d(u)=n+sintf5122thl§3t+...,

and that the equality (3.4) is valid a.e.‘onrR.énd the conver-

’gence helds in 0.
A simple computatlon glves
+c '

euktsinxﬂs-t)dt— Asinns-ncos:'ns
s 2.2
0

AR
and taking inte account the p051t1v1ty of o and the relatlon (3.4L

we obtaln, for ReA>0

IIR(A;A)flfSconst.lAlgllIfll
‘ Re)’
(We.used the formula Z cgsn§~2ﬂ cha (r=s) _ "1 ; Des<2n) .
: n=lo"+n Eessl sl v iR :

A similar estimation holds for ReA<O and thi's implies that
the dlstrlbutlon group E is not usual, tmﬂ:lsnt does. not coincide

with a- group of continuous operators in L(C Kj. ThlS follows also

’from.the fact that the group {Tt}teR generated by.A on Dm dskgii=
ven by: : : :

o(s-t)f(s-t)
o (s)

B @A

/ féczn

and-lt.ls.clear that D(Tt)¢C2n.

Let us finglly remark fhat choosing the function ¢ in a conveni- .
ent way, many other periodic distribution groups can be constructed
_as abave; by (3.5), it is clear that they are gemeralizing.
the’ greoup of translatlons. 1ok a similar way. general tempered

‘distribution semi-groups in LCL ) were constructed din [3].
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