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K- GROUPS OF REDUCED CROSSED PRODUCTS
BY FREE GROUPS &

by D.Voiculescﬁ and M.Pimgner.

The gstarting polnt for the presénﬁ papef.was an oéen
problém.concerning projectiong in the réduped ¢® -algebra of a‘
‘fpee groups, which we golve by showing that there are no- |
:non~trivial projections 1in the reduced ¢* -algebra of a fres
group.

Our results are in fact nore ;enrral. For a.C*~a1pebra
A epdowed with an automorphic action oi the free group on n geqe- :
rators F,, we obtain a gix terms oycllc exact seqaence which ca
be used for the computation of the K—groups of tbe radussd beSScd
product of A by Ej. In particular for C*(F‘), the reduced
C ~algebra of Fn, we have K (C* (F Vst e ‘and Ki(c* (F ))ﬁ'Z?n
Now, J.Cohen has proved in [5] (see also [4] ) that there are no
non-trivial projections ipn the full C*—algebra of the free group
and quite recently J.Cuntz in [8] has pro&ed that X and K of
the full C * _algebra of F are Z and respectlvely 42 «Thua -our
regults show that the full group C —algebra and the raducéd

G —algebra of F have the same K~th€ory.

The prasent paper. hag three gections. & 4 and § 3 can
be viewed as & generallﬂatlon off . the argument we gave in Li?J for
the proof of the ex xact sequence for tbe K~groups of crogsgsed pro-
ducts by Z .Crucial-for our regults, however, jg § 2 which
contains a study of the spectfal sﬁbspaces of certain matrices

with . operator gntries.
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For & ge I, we .ﬁ:hall denote by F(yy the free.-»gro'up with
card I generators, the genarators baeing denoted by S Cre ) Ad
usual for g e F(I) the length of the corresméndlng word will be
.denohed_by {g|l +In case I hag a finite number n of élements;
.F,(i) wiil be denoted by T
" g ghe il denone g 7, the ¢* _algebra of b complex
.matrices and by 1n ite unit.Elements 6f B ®>ﬂ1,n-(3_a ¢*-algebra)
will be writtsn gither ags elements of this tengbr product or asg
R ﬁ ﬁétrices with entries froﬁ B
= Hor QL:*{“;E ke]:ba family of uﬁitary elemen%s pliast ~al~
*ggbra B, tﬁe corregponding homomorphism of F(I) will be written
as F(I) 5 B u, € B.Moreover if A c B is a ﬂ-;subalgebra.
of B,ALQL]‘ will denote the % —~gubalgebra generated by A and U.
'Clegrly,if u, A ul =4 fof all »ge.I, ﬁhen every element of A[W)

ig of the form é ' agug where ag ¢ A are non-zero only for g

fmnlte number of Ee I(I)
For 76 aa above, QCE)will denote the family of unitaries
gl,lq.® ’J‘p'g Eve 5 in L mp'

1.1.Lemna. Let B be a unital ¢~ -a1g'abi~a Ne 'B'a % —gubal—

gebra with 1 € A,and let QL iub} béIbe a famlly of un*tarles

- in B.Asgume u, 4Au% =4 for al% L e T and agsume algo that alu]

is dense in B. Then theAqrouolKi(B) is génerated by the clasges of

invertible elements of the for




2

’.L ®’1 4 x U

where X € A@WZ‘—“ ig invertible and U € B® 7?’( is a unitary

1-6?«’.,

of the form U:(uij){Ls i,;jsn, with uy =0 _i____ 14 j and u

Proof.Let /7 < X,(B) denote the subgroup generated
by the elements [1p® 2.+ x U1 .Remark thet if x ¢ A@YZ, is
unitary,thep U’B ® in+2ysU ] :'[Xl & 2:{..‘.’1 Euii] »80 that ﬁhe.

clagges ( [‘_utl) % e' 7 are clearly in " and also the range of A

Ky (A) K, (8) is in /7 .Since (4 ® 771 p)[_@(p} ig a

dense * —Subalgebra of B ® e, ,i‘c will be sufficisent %o prove
that [y]e e when y 1g an :Lnxfertwb]e edement of (A@?’fé [@( }

Thus,let y & (A ® 778.) T p] be invertible.Write

La e e RN

‘Fes 88 P S
where J C. F(I) jg a.finite subset and a, e A ® WZ, RRE I easily

geen that we can. find s » 0, elements {y i i ool (A@”Z )[?,{

unitaries {u L(J)} L6 in U and integers zf_(;j)} =1 guch

e(3)
thafm yo_::y,ys_:O,.‘ 5(3) e §-1, 13 and y5_9-3;5(u, ¢4 ® 1 € Acom;

.

3 fOI‘ all j:‘i’ce't ;So

(u 8(3"1)@’1 ) € A®??2:
& (G+1)

aS:O (id general,many of the elementsfaj will be zero).

We haves
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by SO AL
L(8) '
mhe first and the third of the matrices in the right-

hand side'of the above equality are of the form identity plug - nil-

) . % g e T e .
potent,so that their classes in %‘ are ‘trivial,Thus in order %
: : . ler to
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prove that‘ s e it will be sufficignt‘to proﬁe that tho
glasg of the matrix appearing inlthe left hand oide of fhis equa;
1ity ig din 2 One more reduction ig possible We may replace'this

matrix by the matrix which is obtained by multlplylng it to the

£ejl1,-' b}’. l ‘ : . 9 |

where : : : :
) 1 1, e ce () O .

-&(3) ' ;
l()@a’l if a(a) Pisi
‘.Indeed,thé class of the matrix by which we mulfiply faedn
The matrix which we obtain after corrying out.the multipli-
_cation can be written in the form
T T
where S € 1 ® e p(s+’.L)’T € A@??Zp( +1) and U ig a diagonal
ﬁaﬁrii3 the diagonal e entries of Wblch are in QL .Since the matrlx S
" hag scalar entriss, there is an invertible matrix Sé € QBGDﬁQ'(S+1)
close enough to S, 80 that YU Sv+T1 [\}S’ +T]_.But then for
m;ﬂs+1) [1!3 +T} -LU+ﬁ“ & 1 _.[U*] {iB®ﬂ.+TS U] . Now
clearly Y_U }e 1 and .‘lB® ’lm+’[‘5€ i can be wrltten as 1 @’l +yU

W1th y € AQQ777 'but'v is not. necessarily-invertible. The factlthat'

N, is not invertible can De. overcome by notlng thdt for & O and



S6a

S » O gmall enough, we have:

- o7 8 e 3" 0 Ui i) o
LQB ® ’lm‘*yUJ"[iB@:.g“Em'*(a ' )( ) ] @
0] y Q)

e G D DA

' 7 £ O\ 7O AN (S ED y daie o
‘*v[f‘-B@) ’12 +(' )( ) o ' ]
: n % s L
s e Y e v U b Lo
s e W6 IS e =
i ' ) ls inverbible.

i

{

and ‘ o
0 4 1 SN S a

Q.8.Ds.

j.2.Lemma.Let B be a unltal C* -dlpebra A.Cc. B a ¥*~gubalge~w

¢ =z e sy o o o i
bps.end U = {ud e family of un_itarlgs in B.Let further

X € A@?’IC& and let U € B ® 77’6 be a diagonal matrix, with diago-

. pal enfries in ?_,L 90 _that ’J.B ® 1 P XU ig 1nver't1ble Asgume ,moreover

Q.GA and
there 'ig ‘a bmﬂomorphmm,/% T —— Aut B such that /8 (2)a=a ,LB—IN-

ARy = 2¢,
for teT and z6 N ={z e C | tal -_-1; . The jbhere 48 0 ¢ A<1

guch that the gpectrum of xU is co..ntained in

Zfef-(lsléf&}u{?{ea:lm?w;

Mg,mt /B , denote the action of T on B ® 7% n.-The_zi
‘ BaC Y1 @ 2m0=
-} = 3 1y @ ’.Ln—«z.:g’ _U. | |
where Ye¢C and zeTW .Hence . I .i_n' the_speg.‘trlim of % U if
' and'.only 1T z-ﬂ'z’ ig .in fz'h_e. s‘*p.e_cij;_rum of ';;{ U and the 1'em'ma follow'si

from the fact that.~1 ig not in the spec‘crmn of %U._,
: ; . Q9E¢l &

B N —
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§ 2.
Throﬁ:é;'h{mt, in this section, A will dénote a unital
¢*.algebra endowed with. an action & el = Aut A of B/ on- ABy
B we shall denote the reduced srosged érod_uct o e |
We shall agsume that A ig a C*_algebra of operators on
a ‘Hilbert space A and the reduced cx{oése’d product 4 X, F will
.'bé sdentified with the C*—»algebra ofv operator:s A.on £2(Fn,;74 e o
o {E(Fn) ® X - -generated by' the ope»rat‘ofs - K (a)(a k) and
'ug(gé En) defined Dby | »
(T (@B (8)=( (g ak(e)
(ugk)(b)=k(g'1h),' _
. wheré g,h € F, and k € L2 (B X ).
We shall denote ugi by ui' for 1&1i¢ n.Ciearly' B is .geﬁé~
rated-by % (8) and '?l_ = {uig is O
In order to atudy Ky (B we must congider in view of Lemma
4.1 invertible natrices

1p ®1+:m e B@?%

‘ : ana/ “
“where x ¢ X (A)® 7% a is :.nvertlble e U € B@??Z ig diagonal with

‘diagonal GD’GI“.LGS Ll Note also that there is a homomorphism .

/5 N

Hepce by Lemma 1.2 there is 0 < A & 4 such that the spechrum.

of xU is contained in § Y e C L6 <A | U{Xéd’_’ l AdTe el

> Aut B such that /5 (z) i (a)*—' 7 (a) and /B(z)u =20, .

Thia section is devbted to the stud*y of the gpectral subsgpaces for

. xU corresoondlng to {‘Se@f\l‘Slél} Qﬂa/ res/oecf/vet”j
{Ie((ﬂ\>% Y.
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Wevwill consider'B@“m vreprese/nted‘ oh
A= £2<Fn,;<)@c Y Ty xm>
. By #H, C 7% we shall denote the subspace of

H

gt e = f(g);o, where e &€ Fn lg the neutral element of Fn.'Remark :

i

{(Fn,% ) of «the elements }’:Fn;—e,% such that

also-'that 7#0 is a reducing and separating subspace ior
7)) ®9IG 3;!Jf?ven more , denoting by PO the or'thogonalnpro;jec-
tion of ¥ onto ., we have for y é-B@WEm:
y?oéPoﬁz <=5 ge FU e
Let F: -C,» Fn be -the seznigroup in’Fn genexfated Byl
{e}l % {g,l,...,'gni .By 7#2 ?74 we shall denote ;:he gubgpace
{z(.'ﬁ‘;‘, 2 ") or {a(}?n, F m) i.e., those _f:Fn'—»JC " guch
‘tha‘c .g g’ Fn+ = §(g}:0. It is easily seen that H+ is ‘invar'iant
for-U, uiG 1111 and reducirig for. ) & W’lm
ByA /Z/+ and A. (respectively by l{** and A, ) we

ghall dehote the spectral subspaces of xU (respectively of (XU)*)

corresponding to {}'efC \ \3l>3\ﬂ1} and ZKG@{\KMXZ,W@ have :

5

o= SFeH |- Tin 0 GoSsiYE < Al
k ~=» oo
B cudboll )b T D Edis o g
o k - 0o P =
ZJ:L = H {SGH Tim | (f 1U) f y TR 3_}-
' k - oo e ,
SR :
H}. b _*mgge}i/\um h(Ux)Kﬂ'l/k-il}_.
k00

~ Remark also that in the a.bov.e.equ_ali’cies A may be
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. _ = |
replaced by any pumber /'\' guch that A ¢ A¢2,The spechral progjec-

- -4
tions of xU corresponding %o Z'S,e‘ﬁl 131> XS ~and respectively

§3eC | 13 49\} will be denoted by B and regpectively ?_ :

o o e o e

2.,1,Lemma,Let ke 3\1 .Thah there are X, ,Y, € (L) ® TG s

%y T Qgoh dhak
B |gr =@ g )" Eeam| oy _)k'
% s = qar JE (Yo )"

‘ ol :
and moreover XK:Y = Inv particular_ for §€ y_ we have

L EE) A= <% 5.5
Nk ‘
el R DR S
: .u' . k . .. 4 ] o : e R :
Proof.We havg (x0) :(b(l’a))lgi,jsm with b(i,J)€ B.
Computing,it is gagily seen that '
(L, P= L u T (ali,3:8)
" + 3 " E
gef,
|gl=k
where a(l,d,g) € 4. For &€ FJ let sg:xig \',ﬁz(F;,%).It ig easily
geen that the 'sg's are igometries and
. & ’l if g':g.
\g1 =lg'l 188" e Fy = 5095 = -
0 if.g';é 8
Using- th;s fact it is immediate that
<<xu>\w *k((:aU)\ B E = Kl W
for -gome X € X LM\ mm,x Sk 0 Also clearly for ek, . we
have

L GDEE 2 = WD) il LB Y o2

_ The corresponding relations . g B are obtalned in the

b
i
¥

i
i
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game waye
To prove fhat Ly = Yk{L we proca‘ed us follows.Let
. T’.L:(XU)!H‘ -
T=(x* T |t
ot .
We have
. nk
Xk lu+ ::T’.L#. rl}.l.
il w KK
T\ = Tla
Now
«,;T,ﬁmw G ) e e )=
#® ...1 : ‘ - > - 4
=(U |3) GG W)U )=
=0 g ey | =1 w* and hence TZKTQK;:'IH.,,

L(f.t
Tki..w("‘ *ka),l/zmw(Xq‘/g { H+ be thé polar decompo- '

sition of T%z From Tg*h‘l‘k ”IH* we 1nf’er T w(X -2 [ )’v‘*' and

the invertibility of X +But now, this gives:

u' ¥ ""12
1, * ch2 3 (T{ ‘ww*w(xk / +)~X 17«4

k‘ W
Now gince H° is separating for T (A)® 7T thie gives
L R
Qel D
H, = F n e 7¥ n 14
Proof. Let Hci_ and H,_, dehote the subspaces H,n 74-_.
and respectively H & (HO anH_) . .Itwill be clearly suf- .

ficlent” 50 Drove Hh: [ g
A p. ove that H‘oz (o H__
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Tt will be convenient to use the notations r}\(’k,"\f/k for

\',;H_Xk(*H- and,Ykl Ay

(-]

Since the gpectrum of (xU) | H is contained in
: +

{ Yoe L0 s X“} there is C, » 0 such that for all 76' #ﬁ_--'

we have

hx Ol » . Xl g
Th'us' for ¥ e K we have | ' g
LGOS F > LB, = ] <><U'>k§u S <xiﬁ‘P+ W
L et ERIE
‘ Hence, using Lemma 2.1 for fe H, wfe /za.\;/‘é |
5 3.¥>> 20, A ynuE wners 0y, 0% N2 Tl
Qcan ﬁe also written in the form : .

7 : -2k
Xk>/ 2C, A R

whereR(P*_{H) (P*“IH)E L(.Hg )
Concernmg the operator R, we no’ce that Ker R= H,, _
A -1

_Now for 2 Ek:: i Yk \ s taklng 1n’f;§ acount that Xk”Yk
we have Xk 2ol £ kI

and hence
%’k » 6 T+C, A ~2kp
so that
gk'““ -1 S.( ,5 kI+CE 9 —-21{;3)—.’10-
Let 748( S »0) be the :sp_e?ctral subspace_. of R .correspon—-_
ding to L S, 00) .-For fe 74-5 W6 “have

ot §> ¢ <( g 40 i wE

& (sup (€, #CA™20)™) 1IN &

oy

oy

v
n
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and hence : '
. A tesay AV
T (x*'{l‘U)k ¥ l\ 2/k~11m < T BoE 7 S
k—oo k—-)oo
- R s

Kk — oo

H

;s s
Thus . He ¢ M7 and since U Hy

M © Ker R= H,
; §vo. T '
c Hj'

we have proved that M,

QeE.D,

5 Lemma. Let Q_denote the orthogonal projection of &

__c‘m‘ce' H_ .Then we have

_e T(M)® M, and WR_Ue X (4) ® T

‘Thusg, writing

i
U= : Hip
..O : ui'm
and Q_ “.:’(qij)ﬂ.s i, ¢m We have
4 4€ X (&) Tor =il .l $i,d ¢m
- | ; ;
‘ TN

‘.1s’lt‘ . Qe .
Proof.Since @ ig the self-adjoint' projection onto the

range of the projection P_ éB@WC ,1’0 follows that Q eb@??Z s T'he

asgertion of Lemma See means precisely fhat Gt ‘ commut@s with the

orthogonal projection Ir‘o of “H onto H ,and thls in turn means that

6 e R ® 1%,



On the other hand, gince xU is invertible we have
XU W_ = M. and hence U H :x"1¥4-  .This shows that Ug_ U™
is the self~a6301nt proaectlon onto the range of X QQ _ X e

e T (A)em,, and hence UQ. ote 2 (A)@ T ...

Phadil g i3 € n(A) is obvious. To see that i # i, =>qy =0,

s’it
note that UQU € TCAGA )BT o o« imPLigs
Pl 4;/¢(A)
g tgety Yy

which for iszﬁ it'implies qissit.:o‘

Q.E.D.

2.4.Lenma.The group K, (A x, F ) is generated by classes

of unitary elements of the form

@ae i, -Q)+QVUQ

. where Q= ® ... ® Q) with Qg € 7. (A)® 7T, sgelf-adjoint pro-

jections U=(u; ® 1y ) ... @(u, ® 1) and ve X (e 7t - 8

- partial 1sometrv such that vV *=Q,v *y=UQ i .

Proof.lh view of Lemma 1.1 it will Dbe gufficient to provg

that the class of
y: 1v6>1 + xU-
ig in the éroup generated by"ﬁhe classes of the unitaries described
in the sﬁatement of the. lemma.Now in view of hemma 2.5 and tdklng
inﬁo acount the'fact that [uj] 1 ¢ Sé are in the group generatgd'
by the spec1a1 unltariés, we-sée tha% we.ﬁay assume'tha@
L

U=(uy ©%y) @ (W ® 1)@ o @ (u, ® 1) and that

Q=0® - @M'
where 8 e n(A)@ ”@ D .




~ Ll
Let now Q=1 ® ’.an-Q_" and - Q =1 @ ',L -Q .S:ane thel
Ofér;(fors : y\Q_# and Qy | QB are mver?’té'(e_it is easily seen
that '
7,=0_7Q_+1Q R
is invertible for O t&7l.Hence [y1 [Q yQ +QyQ}{Q vQ +Q]+
+ lQ_+QyQ] . Since the spectrum of Q_XU\Q_1+ is gountalned in
{%pg;@f . g(L§ we see that .
, _@.®1n§-ExU§QT+Q
i invertible for 0 € £ ¢ 4 and hence [Q yQ_+Q] =0 so that
15].= L(i é}ﬂnme)+QyQi};Since.ﬁhe spectrum. of Q-xU|[ Q H -
co ntained in i'.’Se(E [ >1§ Swe see',,{;hat
(181, W«A £1@1 XU
is invertible for Ugee &4 and hence
Iyl = [ji@d.—@h@MQ]
Since-@L@l. ~Q)+HXUQ ig invertible we infer fthat there Llg
a partial isometry v e W (4) ® 7T {)sucb that
QxuQu * =v((QxUQu™)” (@xUQ S
'and
v*v:UQU*',vv%zQ.
- Let D;denote ((QxUQU*) (waQU ))1/2
Then there ig O < § ¢« 4 guch that
ST Y @ 0% g
Ve have # 1
QxUG= QUDUQ

Remark now that
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A1, ~Q+ev( & UQUt(1- £)D)UQ s SR et Foma . &

In
By
&

It follows that

l¥y] =LA ® ’.an—-Q)+QvUQ] =

" Q.E.D.

AR

In this section we ghall geﬁermllze tha Toeplltzmeﬁten—
gion for qrossea'products By Log - L= *1) ot {47 to ‘a" Toeplitz—
extension for reduced croggsed products Dby Fn and use lt-to der%ye
a cyclic gix terms exact sequence fof reduceé c?osséé ﬁroductsi
by Fn.

Ag jin the prebeding section.we shallrconsider a unital
C*-algebra-A with an action o :F —— dut. A We chall agsume that
A isg a C*Falgebra of operators onh a Hilberg space K and the
reduced crossed product A X F will b%'defined ag a C -algebra
of operators on Z%Eh ~£(F YK It will be cénvenient.tO-
aggume that the adtion o F ——~>AutA 1s implemented by a unltary

repredentation gr— v, of Fn on K ,l.8.

i
Vg & Yy F x (g)a

for aed,g e %.

Let Fn 5 denote the subset.of'Fn consisgting of the ele-
B A .
e T e '
ments g. i...~8i£ (11# ig:lzﬁ 15"“‘,lk_1£ lk"k 2 11mié Osmgfos"

..., A O) such that iy =j and mg > O.It is easily seen that

1A = o ot
£ % & © I aJ =00 F Dsd” F 5J




G
B W O

. ',\~-
JFU:J lnsJKJ{e}

‘;"-?'a';;; S g
Hats P o= P° (T, N4 ))n and let M. C H ‘bé the gub-

space M, = GB ks (B, 3)3% Y. ‘Bhe reduced crossed product

: g . : ,
= &X{Fn will act on W Dby the n-fold multiple of its representa-
~tlon on £ (FD,JK ) and fob % € A‘f*f:Fn the corresponding operator

on. }# will be denote&by X ®'1 :

On }4 we shall congider the representaﬁlon of A which is

R T

‘the regtriction to Hz of "IN @ ’ln,i.é.
o ; n n -
Ay(a)(‘@ kj): ) kj-
= §=1

where
4 = :v-—"!‘ o o
k j(g)~(0<(g )a)kj(o)

fort Isiku densl gl €, F

e

Nyd ] X
We define also the isometries §; e L( M. )by

il G @
: k.)= | f s
i B x K Be@ad .
J:{L‘ a::‘l
where
: T R
Etalgiseale ™ @) 16 447
| d Jd 7y 1
and
ks (e te)  for g € g
ey 17 et
k'i(g)z
0 ‘fbr.g=gi
We have
Imsi S :fi
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where E ils the ortho?onal proaectlon of F# onto the subqpace of
€ i b =0 "and - 4 T
thoge ( GD 1{ ) ?4 such tha jA 1 => ka 0and g ¢ Eh’l~\{gl§
= ki(g)zo. Note also that
' i
S; f (d)u f( (4 (g Ja)
With these preparations we can now define what we shall
~call the ToeplWﬁz algebra for the reduced crossed prc@uct

A

; noThlu is the ¢ ~algabra I in'L(FQ)’generat@d by JD(A)A
<

and (Si)l.sisrr‘It ig. also,easily geen that the.closed two--gided

4idea16ij J= generated by (E; T

® @ £@F, PN

=l

. where F, has been identified with DR ® L (F ). ‘and where
2 9
J=1

K( X ) for a Hilbsrk gpace K dénotes the C*:~algebra of compact

ppépators on ¥ .Since K( X ).depends up tﬁ isoﬁorphism only on'ﬁﬁe

dimension of X ,we shall write someﬁimes gimply K instead of

K( X! ) when X is separable infinite~dimeqsionai and when this
- won't lead to con%usioﬁs.

.3,1 Lemma. There exists a homomorphism p.J——4>A X Yi%

guch that p(S;)=u; and p( 9 (a) =f(a) for 14ig¢n and a € A, For

this homomerphism we have Ker p= (}- ﬂgeré' aZ.is the cloged two=
: : 1 ; :

n

" gided ideal of 7 generated by (E.),", ., and is igomorphic to

il @_K)”.

Proof.Define W e'ib(}+)iby

S V0O



‘where

It ig easily seen that W ig in the commutant of (A x Fp) ® 7

Moreover we have for m —> o9

M % W g '
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W S:.L W > Uy g’ln
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where for T e L( Ht) we denote by T e'iT_;( ) the operator

' : | S .
T ORéHt..Syme- fck)u{“ijlsisle’{SiEQéisn
.ig a gset of generators for T as a Banach algebra, we infer
 that
* I

g-linm WmTW

m—> oo

4 r~
gxigte foy all’Te and the map
~S
P P
» M=y oo
i3 d unital % ~homomorphism of J into (4 x- F)®4 ~ Ax F
: : RE . «y N n oy N
Thig is the homomovphism p we were looking for . as can be eagily
N : d
checked, and is clearly onto and unique.

Since p(E,)=0 it is obvious that Ker p > OZ‘ o

To gee that Ker p c:OZ " we proceed as follows.For



o
CI)(X)..P & i@ e Dl i 1o L(H )

“where B i the orthogonal proaeotlon of H on’co H oldiidg
easily geen that CI) is;a completely positive map "and
i C@ (A Xvan) c J (%his must be che”cked only oh the dehge

¥ —subalgebra of A X _ Fj generatod by TC(A).U"{uiS 1%191 Jie
Moreover it is easy to check that c’}S'(‘:xy)- foYey) d eJ
and pl C@(x).)-:x(again these asse._r"tions mus t be checked only o:-)‘

). From

the wx-gubalgebra generated by '}'Z.(A> §) {ug ek i

P (xy)- @‘(x)-@ (y) € J, we mfa” that g o ¢ is a unital
-%uhomomorphism of AX .Fn into J/d‘z , where q 1is the cano-
oical- ¥ -homomorphism Qi J = J/J .I’v‘loreov‘or qe @ : isg
onto since (I)(A e S G v {8173 T i

Congider now y € Ker p.Then there is z € AX, Fn guch

that (Qo@ Y(z)=q(y) or equivalently cj)(z) y eJ. .But then
z=p( D (2)-9) € (D= {o}
 go that q(y)=0, which means y edz- |
| Q.E.D.
The precedlng lemma can be sumnarized by the ezact ga=
quence |
+

b L e T L b xR e D

For the next lemmag we shall need the unitaries

G » ‘ ., éj”@)mz_
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; S f & : . Sw
By (a))" ,__fla Kﬁ_(m

T TN ok, = z_<a*—<oc<;z-'>)a*> S

In

£ or ¥, € By B o (0 e k). = i L
Proof The Lemma .is & gtatement concerning elementa of

.KQ(A),i.e. qonqerning clagses of unitaries from the algebras

A ® 777, .Since replacing (4, x 4 J )by (A @7, )‘o( @/o/“ ./@?ﬂk)

we have the same situation,it is easily gseen that'it is suffiéieﬁi

o prove the lémma only for the classes of unitariegs from A.

Let v € A be unitary and consider the element

W=0e.:. 0@ e 00 ® 0 (K ()"

(1~ﬂ) times (n—a) tlmes

Taking ﬁhe corresponding élemént in Kl((A ®LK)D) and
then applying ﬁa it ig easily seen that the‘eleienﬁ of K, ( T )'
we get in-ﬁbis way is

[.y(v)Ei;(IuEi)] =
=|p (7>Ei+sisi*]
On the other hand ' ‘
(Bep) @) = ¢, (V) - (g Pv])=
= [g®] - [plxaDN] o




i

We have. |
e el &, "hHv ] = Lp]- bsy" ¢ N5, =

S-i*g('V)S:.L | 0

s [s (v)].—. [Ql @ | _Qil ] 5

el |

I

le - [§m sysen ) =
2 [f (v)(¢ (V)SiS§+Ei)""L] =
= [S’(v)( § (v*)SiSz+Ei)] -:‘-g(v)'Ei'*SiS: __\

~which concludes the proof.

Q.E.D.

K, (4 @)™ o RN W
i |
(Ko ()" R
mhere g (%ol eh) =L (% (x(gNN)
for e K (8, (1¢ign).- _

Proof.As in the proof of Lemma %.2 it will be gufficient

to prove the lemma only for the classes of éélf~adjoiht



-l
projections from A.

Tet et W be & qelf-ad301nt prg}ectlon and congider the

alement

woo= 0@,_,@O@Lq3@0@.'®o e (KL

s
(i-1)~times (n-i)~tineg

Thklng the correopondlng element in K ((A®K)" ) s then applying
'ﬂ;’ it is aa81ly geen that the glement of K (./ ) we get in %this
.wéy is
RRAC) E-j
On the othe# hand
(feple)r= ¢ ( [q'j- [_a((g gt
=gl - LpleeCay™a)]r |

We have
[g(o((gi"l)qﬂ
g(oc(g'i"i Y 0.%%o
! {Q_l | o 1 2
0 B e
i ¢(w)8 0

H
gl
9
b
.
i

= [g(@ss{ ] = [g@] - @5, ]



uga_

i KZL(A)

> Ki(\' Fets

is surjective.

Proof.Congider the diagram

o . KO((A ® K)‘j)

K ((A ® )My Ky (T) s K, (A x;-'Y E.)

(g s D)

Thq topf;ow of the diagrém'is"an exact seguence,beigg a
gegment of the exact sequence o Kutheofy applied to the Toeplitz
‘extension.Also,_because of Lemnma 5.2; tbe gquare in this diagfam
isg 'c'ommutative. *%Ie adso have T _=p,°@ - |

It is ea51ly geen from these facts, that alsl we have to
brove,is that Inxi*:) Ker § Ve ghall uge to this end Lemma 2ok

Sinée the sum of the classes of two generaﬁors of the
form considefed in Lemma 2.4 is again.the class of such a generéa
tor, we infer that every element in R, (A X Fn) is the éifferencé
~of %the plasses of two such generators. |

- Opn the other hand we assert tﬁat for~a generator

[(1 @ 1 ~Q+avle J . |
(where Q=3 ®. .. ® Q,with Qe /"(A)@ 7T self-adjoint projec-
. tionsg, Uz‘(u{L@? ’lm)t‘s..‘@(un ® ’.Lm) andavae /L_(A) @ o
partial isoﬁetry with vv* :Q,va:UQﬁ%)gafter identifying

K ((A@K)™) with (K (7 (A2))", we have




—Ca = 19 ] ;o ... @ilede g
Indeed ,the completely posltlve map Cb ® id

- to (1@ ’_Lmn )+QVUQ provides a lifting of thls unltar;y to an 18a~

metric . element of - T & 77Z

as the index of the igsometric lifting and’ our assertion follows -

‘agily,

Returnlnb to the descrlptlon of Ker S san el.ement of

K{L(A o Fn) can always be written in fthe forn

© slte 1, -] ,-
-l e, ~a+qrvruer T,
Where U:(ui ®@ ,-l-m) @ . . (&) (un ® /lm) ’Q:Qig.‘"' @® QH,Q":Q'l,@‘”@ Q'

with Q ol 'e Z (A)® WZ self~adjoint projections and v,v' e

T(A)e n*cmn are partial isometries such that vv*
v"“vv:UQ'U*.Then we Ker & if angd only 1if in Ko('/"Z(A)) we have

‘[Qj 1ha 4 [Q'J.] 0' F 1 PRI Tt e we 2on é one nay

aggume that there are unf'tary elementls W = 7Z(A)® e (1 Siic )
such that WJQJW _.Q .Indeed sréplacing m by m+p. and Q by
QJ'EB (_ﬁ_@'lp), Q; by (%' ® Q1 ®’.Lp) Qndbe ve (1 @1 ), v' by

- d and  for P great enouzr{, Fhe Wil }p exist
v'@(ﬁ,@’i ') the classg @ remains unchanged and we hﬂve
W= Lw((l ® 1 -‘-\J)-:»QVUQ)W ((1®1 n-»“')+”" en)* ] =

~[<1 ® 1, -Q' )+Q Wyl Q! QAR ] A=

[(1@1 -Q )+Q'wv(Uw U™ (uQru* )v'*Q ] where w=w e.. 0w, .

But since w=wy @ .. . @wn,Q':Q',L@....@Q’n and

U=(ug e ) @ . & @ 1n) we have Ut e 7 (4) ® MTun ang

i when applled

.But for guch element_s, 5 ig computed.

=Q,V'V'*=Q' v * y=UQu*®
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UQtu e Z(A) ® mm"h ao that - w e 7, Ky (8).
Q.E.D.
Beforehpassing‘to.the'next iémma it will be convenient

to make some definitions.

\'4

By B 4 We shall denote %the subset of F, consisting of
? j : 5
m m

1 t & . ¢ o 0 e
the elemen .S bll glik(llﬁ 12:1 £ 15"“’11{ ’,L;Lé n‘l{’ % & ma';é s

Mo# Oyeces gy # 0) guch that ikéj and m_ < O.Iﬁ is eagily geen

"4
that F, is the digjoint union of L i(i-&i~$n),Fn i(l ¢i ¢n) and
A ; g ' b 39

fa} |
R : i \/ . - &
We ghall denote By P. and P. the orthogonal projec-
- ds8 J 8 %
N ; 2.2
tiona of 4 (F,s X ) onto the subspaces . (%, P X ) and
: e s ]
! Vv : :
regpectively {L(Fn jg,.% i jcn,e e F ) .Remark that
& ’ h ’ :
pE 0
LPj’g,A i Fn} CT an e RS (B
v _ 2
[ B4 2eda* 4 Bl (e, o2 @ FOX(EL)
[Pj,g S (A)] =
v H
‘.Pj,gy /L(A) }: {O} |
Purther,for g e F , we shall denote by Qg the orthogonal
; 2 : ‘
projection of éz(Fn;JZ_) onto - £ ({g} ,&X ).Clearly we have
. R \ : z )
Qg € A ® K( ? (Fn>)
‘_Q‘gQ /L (A)] { &
We shall algo need the unltarles R (g eI‘) acting on

L(F &) which are definad by |

(R ) (h) =v k(mg)

> ‘Rg is a unltary representation of F and

[Rg i ?(ot YF'D'] :50

Then g



Moreover, we have

e Spr
M RgPJ ,h jshs g

S ;
P .o AR
Rgpa,h Pa,hg g

R.Q=Q sR
8 h 16

" Remark now the following decompogition of'Fn,j into dis-
joint'subsets

Ty~ f83lo (U

énd remark also that

Jgue

ki) ”(F ~ F ,i/8183

0, 18
This gives the following way of writing fhe above decom-

.pogition of Fn i into disjoint subsets
$

- v v
Fn’a‘:{gak n J Y ( U ((* n,i)gig‘j U Fl’],igj))
| i#3 i
Correspondingiy we define an isometfic operator

VA ) ® (£ (g, PP %)

nsn’
by the formula
= D Wlene ... @ )=
| o, {5
wats B0 a0y
=R + : R : I-P AR
. o ol s 704 Mo P i
; gﬁ = gl {,:Jﬂ~'~- gi - : gn g ‘7’
Remark that the range of V is
| Bl {g,}, X ) and that for a & A ((e(a> et n)£$>)V*
V(T () | £(F, pX N @x@®S ... e7(a) '

o

(h=1)~timesg

" Moreover for X € A ﬁin . We have
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n-1)-times

- xlgz (F, NG xlgz F_ J())ebx@...@x)v €

€ heK (4 (Fn'n)) .

To check this fact, remark first that for
xeﬁﬂA)U{ui,..,,unX the above relation ho}ds.-Nekt note thét the méé
AX F 5XF—+(P x\{?(Fn'nﬁﬂ)) isgéompléfely positi&e'map, whicﬁ
moduls: A@K({,(F gk is a x.— homomorphism. Thus our assertion will .
(follow after checklng that | (

vaek(£(F, 1)e 08 ... .00V nek (2 (F, 1))

Since V intertwines
(@) 12 F, X)) @ T@e ..o Wa) and (@) 4P (F, _H)), we
- ] Ll .

see that it will be sufficient to check that

V(_(i@K(.ﬂz (B n)))ee Oe...@o)v*cach(ﬁz (Fn'n)).

or equivalently, to check that

2 ) ;
R _1(1®K(€ (Fn’n)))R c 18K (L (Fn’n))
9n | 9n

which is quite easy.

Now, we define

Voiw, s (o) 2 W by
A§(§@rz)‘z§.@v,l'v}here E"e }é: la{Fn,}»k)

and n e"f(Fn,n;%)GN{?(Fn,ﬁéi?n-i- ¥

'Then,'v is isometric. and NV =Iy —-E_ . Moreover,
: i~ ‘ .
-for x ¢ J we have

x~V(x<9p(x)® coe ®PAX ))V = : and for aeA
S q(pe L)iseimes ,




= e 2 e
gl’(a)-?v'(' ¢ (a)é{”c (e ...®% (a)-)g*:

= f (a)(Ilﬁgb* ):,f (a)Ed-

e e e e
priadimmgsairuipete)

f* B () = ‘Ki( 7 )i

ig an Llsomorphism.

Proof.That 2 is éurjéctive has been already eétablished in

Lemma 3.4, so it will be sufficient to prove that 2 ig injective

ﬁsing sevefal ﬁimes the argument %h&t the Tceplitzmextensidn
for (A®7,, « ® if,) coincides with the Toeplitz—oxtension of
(A, o) tensored by 7ﬂg;it is easily seén that ;t wiil be.suffioient
to pfove the iollowing facks 15 vo,vie;A-gre unitaries and 1A

[0, 3 t —> Wy e T is a continuous function: with values

unitary elgmgnts of J ,éuc? that W= 5>(v0) and Wy = f’(vi),then in

Ki(A) we have [vO] & [V1] 5
To thié end congider

~ o : Sy
W=B V(@ pGige ... eplwy )V

(n-1)~timeg

Remark that %E is unitary,depends continuously omn’ t. and

ﬁéwwt eGZ .Moreover‘§O=En+ gf(vo)(ﬁtEn)'and ﬁi;ﬁn+.févi)(1-ﬁn).‘

Thus for
. e
: we have
3o= (v JE+(1-E)

yy= Py )Ey (A-2)

Vi € 1+OZ
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and & - Jy 18 a‘cohtinuous function with values unitarieéAin
1+CZ -Thus we have [y.] zA[yQ]in'K1(<¥ :).Taking into acount the

isomorphisms Ky ( ] ) & Ky((A@ KT =z (Ky(4)" this gives

precisely
Q @ .aned® O @[vo]z()@...@"()@ Lvy]
(n-1)-times (n=1)~times -

in (Kl(A))n and hence [vo]‘Q [Vi]
' Q.E.D.

Peodiete U e (oo Rptang
prusipeospandenioutuen gy

5 Helen) BN SR S PR E0EEy

o

By (b x T2 Ky (4), ei— (By (4))"

where the vertical arrows corresgond to the connecting homomorphisms

in the exact sequence for the Toeplitz extension (modulo the iso-

mOI‘EhlST‘ K QA @K)n> = (K-<A)>nhj’:0'7'1> __,,andm..Where /33(641963:>:
=@ b Y e (B =G, B0 fomodty & Ky(a)

(A&i ¢ n,j=0,1) , is apslexactiseghbnced

Proof.Looking at the diagram in the proof of Lemma 3.4
and using Lemua 3.2 and Lemma 3.5 we have that the sequence
K. (A pripopet i@ @ )Pes AL, &1 (4) /L*'m{ (4% F, DITTIREE o (A
0] XY R d. 1
ig exact.This shows algso, that the theorem will be proved if we can

egtablish thé analogue .of Lemma 2.5, wilth Ky replaced by‘KO (the

. analogue of Lemma 3.2 is just Lemma?B,Ej.



w5 O
To this end,remark firgt that
cldgp )@ S 2‘ tE, (C(TMY @ A~ Ky (CCT )@ e

jg an igomorphism.Indeed, applying Lemma 3.5 &0 (e ey @ Ry

idC('T )(Stx ) instead of (A, df), we obtain.preciaely this fact,

Now, related to the periodicity theorem, there is a na-
‘tural isomorphism
e ,-‘ ; ~o 1
Ki(C(ll )@ M) == KO(M) ® Ki(M)

for any unital C*Lalgebra.This together with the fact that

g

(agemy ® § It (C (T) ® &) — K E(T @)

ig an isomorphism,immediately gives that J§~:K0(A)' >K6( gy
is an igomorphism.

QOEQD.

3,7.Corollary. We have KO(CQ*(Fn)):: Z the generator

 being [2] .Also, we haveiKa(Cff(Fn)) oo T fbe»generators beiqg

.{ui] it ok [un]' 3

* Proof.That K (CJ(F )~ Zwith generator [1]. follows im-

mediately from Theorem 3.6 applied, %o the case when A= C .Also,

- from Theorem 3.6 we get that the ipdex map

Kl(dé*(Fn)) =% (KO( € D% Z is an isomorphism. The computa-
tion of this index map in the proof of Lemma 3.4 immediately
ghows that the classes [u;],... [u,] are mapped into the

: . =
generators of %

QeE.D.

3.9;Q9§91L§33.There ig no non-trivial projection in C;'(Fn). : ?

-Proof.There is a faithful trace-state on Cr*(Fn ) .The
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range of the homomofphism KO(C;(FH))——¥¢ ?~.' induced by this
trace-gtate ig Z because of Corollary'5.7. Hence the trace of'
;a projection in C:(FD) can be'onl& 0 or 1 and.hénce‘the only

projectiong in Cr(Fn) are O and 1.

QoEoDa

frrofrsabocaiauinpune

Theofem B.Q'and Corollaries 3.7 and 5.8 Ton freelgroups with an

infinite number.of generatorg are immediately obtained.
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