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K* GROUFS R$DUCSD Ci?0s$sD PRoDUCTS

FRSE GROUP$

by  D .Vo iou le  scu  and  M 'F j ' nsn€r "

The  s ta r t i ng  po in t  f  o r  t he  pnesen t  paps r  wa .s  an  op€n .

t lons ' in  the red 'uced '  Ct r  *a lgebra of
p r o b l o n  c o n c e r n i n g  P r o p e c

' f ree  
S ro l : ' ps ,  wh ich  we  so lve  by  show ing  tha t  the re  a " re  no

.non- t r i v ia l  p ro$ec t ions  i n  the  r sduc :0  t f t  -a lgeb ra  o f  a  f re 'e

group

Otr r  resu l ts  are in  fact  rnore genera l '  For  a  C*-a l$eb1a

A endowed wi th  an autonorphic  act ion of  t l re .  f ro .e  group on n gen€-

r a t o r s F n n w e o b t a i n a s j . x t o r r n s c y c l i c o x a c t s e E r e n c e " o l . c a n . n

bo used for  the cornputat ion of  the K-groups s f  
' tLre '  redueecl  crossed"

p r o d u c t o f A . b y r n . r n p a r t i c u } a r f o r c | ( F n ) , t b e r e d . u c e d "

cf,*atgebra of Fn ,  we have Ko(c; (no) ) = z'  and K1(c; (rn) )  * Zn

Now, J .Cr :hen has proved in  l : ]  (eee a lso [ '+ ]  )  tnat  there are no

n o n - t r i v i a l p r o j e c t i o n s l n t h e f u } } C * - a l g e b r a o f t h e f r e e S r o u p

and qui te  r : .ecent ly  J"cuntz  in  [e ]  i ras proved '  that  Kn and %- of

the ful I  C*-algebra of Fo ar6 z and regpectivery zn ' thus ot lv

, l -  - - - J  l l ^ a  v o . r A r r n A d

rceul ts  show that  the fu l l  Sroup c*-a lgebra and the reduced '

Cf-a lgebra of  Fn have the saa€ K- theory '

T } r e p r e s e n t p a p e r . h a s t h r e e s i e c t i o n s . s { . a n c i s S c a n

b e v l e v l e d . a s a s e n e r a } l r a t i o n o d t h e a r g u m e n t ' w e ' s a v € r n | t ? l f o r

the  p roo f  o f  t he  €xac t  sequence  fo r  the  K -Srcups  o f  c rossec l  p ro -

ducts  by z ,  "Crr rc ia l  
f  or  our .  resu l ts , .  however ,  ls  $  2  which

a onta ins a s tudy of  the s  pec t ra l  * " ' . t  paces of  

,  

t  u*** tn  mat" t 'n j :

w i t h .  o P e r a t o r  e n t r i € s  '

OF

BY



$ l - .

For  a  sot  I ,  wo rha l t  denote:  by r ( r )  t?u f reo group wi th

c a r d  r  g e n e r a t o r s ,  t h s  g e n o r a t o r s  b o i n g  d s n o t e l  b y  B L  ( a e I ) .  A g

u e u a l  f o r  g  e  F r r t  t h e  l e n g t h  o f  t h s  c o r r € s p o n d i n g  w o r d -  w i l }  b e '
\ * /

d e n o t e d  b y  l g t  . f n  c a s e  I  h a s  a  f i n i t e  n u u b o n  ' n  o f  e l e m e n t n  t

F r r t  w i l l  b e  d e n o t e d  b Y  F n .
\ a l  I J  -

' -- ,(-'
.  We shal l  denote by 7/ ( .n  the C"  -a lgebra of  n  x  n  conplex

, . -
/ a

natr ices and by { -n  i ts  un i t .L lernents  of  B I  ?TL o 
(B 

.a  C*-a lgebra)

w t I I  b e  w r i t t e n  e i t t r e r  a e  e l e n s n t s  o f  t h i s  t e n s o r  p r o d . u c t  o r  a e

I l  x  t :  nat r ic  es vr i  th  e  n t r i  es  f  ron B.

For  2L* [ " ,1  r .€ I  
a  fa rn i ] . y  o I  un i ta ry  e le raents  o f  a  C*  -a l -

, geb ra  B ,  the  com€spond ing  honorno rph isn  o f  F , , t r  w l11  be  wr i t t en
\ r /

a s F r r r  3 B t - - +  u c , €  B . l v l o r e o v e r i f  A c , B i s a  r e - s u b a l g e b r a
\ r /  b

?t  
B ,AL?L l  w i l l -  denots  the : r  -subalgebra gonoratod by A ana 11.

C lea r l y  r i f  u , .  a  t l  =A  f  o r  a l l  u  e  I ,  t hen  eye ry  e lenen t  o f  AL%]

C-

t s  o f  ths  fo rn  )  &-U-  where  &o 6  A are  po f i -z€Fo on ly  fo r  a
L _ _ 6 6 t i

I  €  F r t r
\  & , /

f in i " te nunber of  g e } l ( f )

For  I .L  as above ,  U o * i I }  denote the fant ly  o f  un l tar iee

( - 7 v f r

l u , * t p i . *  i  i n B @ f f i u -
{.

t . t n T , e n m a .  L € t  B b e  a u n t t a l  C -  - a l g s b i a r A c  B  a  * - s u b a l -

eeb:r.v;i l tr l- € a,1!9.f1! IL - ["rl Le r ts*1 rg:ly_:1_yli!1i- '
i ,  - -  

'

iq  B.SSgggS u L aot  =A f  or -a l l  L  €  I  a !9  assurue-a ls .o-  jh?. t  A[?t ]

i s  d e n s e  i n . 3. S}gs*jlg*grsgp'I{q (B) ig--69!.*ra.!ge_Fy jhe gl+spgq pJ

l nver t ib le  o l_e ine  n  ts  o f  t  he  f  n r ._
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y i lhere x  €

of  the forn
-#F

( L s 1 ( n ) .

L B @ { * + x u

i s  t nve r t i b le  and
#il.-'.ffi+

u=(u, J)t s r , i! -< r'r. w i t h t f

r * 1frl
a (8  / tLa U . €  B @

U. * '=0r J

Zd^ -tE- eJlltgrJ

rl i g!"9 urr e ?e

3lggg.T,et

c lass_es  (  [u .1  )  .e  r  a r€

K l (A)

d.e ns e ts -subalgobra af

t h a t  [ V l e  f  w h e n  Y  i s

Thus r let  Y €

T S

lh*
of

[ '  C  K t (B )  deno te  tbo  subgroup  genera ted '

by tbe e lenente Ltg @ tn+ x  U I  .Renark tha, t  i f  x  e  Agf f in

unt tary , then Ltn  @ [n+2xu ]  =  [ * ]  +  f ,  I  t r r l  , *o  that

c lea r l y  i n  f  and  a l so  ths  range

f  . s i n c s  ( A  @  n ^ ( . p ) L ( r 1  l s  a

1 l  @ rn  . p r l t  w i l l  be .au f f  i c i en t  t o  
1 i : : t

ae invert i .bLe ebene nt  of  (A @ Tr6i  I  g/  p l

(A  @ f lZ  p )  L% n l  
be  lnver t ib le .wr i te

F

f =  L  a r ( u *  @ 1 . , )
8-€J 

5 6 v

w h e r o  J  C  F ( f )  i s  a - f i n i t e  s u b s e t  a n d  * g  e '  A  @ f \ L p ' I t  i s  e a s i l - y

F€€ l  t ha t  we  can  f i . nd  s

c  ?  ' J  
i n  % and  in tes€ re  I  e  { i )  }  i = .  $uc  i run l ta r ies  t r  .  ( i )  J  j=o

c  1  '  g ( i )  -  

u - - ' '  

'  ^  '
that :  Jo=Jr lu=0,  €  ( i )  €  [  -n ,n l  and r ; - r - .v i ( " ; i ; ;  @ { -p)  €  A@rl7p

f o r  a l l  i = l r " " . r ; ;

t ,e t  a . , ,0  r  i  1s  denote J ; -J3+r(u  € i i l l ]  6  tn)  €  s  6srwnt
. d

hs=O ( in  genera l rn iany  o f  t f re  e lenen ts  a ,  w i l l  be  ze ro ) '

We have:i  l l (  Y v t
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&o

e,(t)
@

c (t)

at

' 4L. @' tp t. 
,.

E (2 )
- u  o t p

r  (a )

ys

0

*g

on o

4

o
* tp

e ( s )
- u  ' @ t o

c ( e )

(x) r

ly

,r @ l-p t @

o

n-p

. J

1"t tp

t *1n

.,r e (e)6 tn
u (a)

Lt @

e  (e )
-u @ {o

c(a)

p

C

The f i rs t  and the th i rd

band s ide of  the above equal i ' ty  are

p o t e n t . s o  t h a t  t h e i r  c l a s s e s  i n  K'-/" c-

1 @  l p

o f  the  ma t r i cos  i n  the  r i gh t -

o f  t h e  f o r m  t d e n t l t Y  P l u s ' n i l -

are - t r iv ia I .  Thus in  ord.er  t  o



-.F

,  ' -  ' '  -  t1  i *  * i t l  I t  su f f  i c i .en t  to  p rov€  tha t
p r o v e  t h a t  I Y J  €  t  & u  w ' L . ' r  v v  H $ - -

I  o f  th is
q lass of  tb .e  nat r lx  appear ing in  the le f t  band s ide

. :

r l ty  ls  in  f  .one nore reduct lon is  poss ibre.Y{ .e  may rep lace

b Y  m u l t i P l Y i n g  i t  t o  '
nat r ix  by the matr ix  whlch is  obta ined

Ie / t  bY

where

s

I
i
$

I
l
{,
I
I

I
Io

the

€qua-

t  h is

t he

* 1 r
v1

0

t @ { p i f  e  ( J )

t
t o

o

v . i q
rA

'

I ndeedr tha  c lass  o f  t he  ua t r i x  by  v rh i ch  we

fhe matr lx  whlch we obta in  af ter

c a t l o n  c a n  b e  w r i t t e n  X n  t h e  f o r n

uIs + r

where  s  €  tg@ %v p (s+L) rT  
e  aozGp(s+ l )  and  u  l s  a  d iagona l

es  o f  wh ich  a re  i n  
'U '  'S ince ' the  na t r i x  S

natr ix ,  the d ' iagonal '  ent r l

' has  sca la r  en t . r i os ,  t he re  i s  an  inve r t i b le  na t r i x  S .  t  t n@ Wp(s+ t )

.  LU*S, +rl  'nut then for
c lose  €nough  t o  s '  so  t ha t  LU*S ' *T ] '

n=p(s+t)  [UT. +r 1 = fuaTs;o I = tu*l * ltse L*+rsrtul 'no*

c lear ly  [u* l  e  I  and [s  @

w r t h  y  €  A @ m m , b l l i  Y  i :

y  i . s  no t  i nve r t tb le  can  be

t*+ 1${u can  be . ' ov r i t t en  as  tn6 t *+YU

f'r
nu l t i p lY  i s  i n  I

'  the mult i  Pl i-cq rY ing  ouE

.  the  fac t '  tha t '
n o t .  n e c e s q a r i l Y  i n v e r t ' L D r €  -

o v € r c o m e  b Y  n o t i n g  t h a t ' f  o r  €  ?  O  a n d
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a I 1  e n o u g h r  w 6  h a v o l  

"

l = L t n 6 , * r * n ( t Y * o l  / t  
t i ]  =

\ o  y / \ o  v t

l e  0 \ / o  r " \  |  o  y \ / u  o \ - t
/  \ /  I  I  l f  I  I  :f  l !  t  r  l l  l J
\ o  r -  / \ t  o l  \  y n  s l \ o  u  /

o'*(*u ;)(; ,X': ' iJ (: ;):
;X ;  ) ( ] ' :  ; ; )  

' i s  i nve rE ib le

* Lou 6 1e,$*

r
I  t - @
L .t)

/ t
and f

\o

t"nz.!gggg"!S!. s

Q .  S .  D "

!g=e-g!i!e] ctr-glgg$g,A c B a **stlbslg.e-..

b:ra.an ZL = ["uJ L€. r I fgmiif-gi unst3gi.gt rn B.tel-f]rr.tjr-gI
*_l-- : 4 --

x  €  A@ftCn a !4- lsJ -U e  B @m'o  be  a  g . iagof ra l  ga tg iS . -w i ih  g iago-

gg .ent}"iSq--?,n. U r$.91!3! tn @ ao* xU ls iqr.v-9.ftiblfuAsgu$

gnW:eeus"l : Tf --' Aut B g!.c.h -!!at f 
(r)a=a ggrtr

/ 3 ( + ) " l i u i . t * n g  
z e ' i i -  = L r 6 c  I  t u r  = L ] . f r , e n . - t j , e r q . r i  o  <  l c t

ryryryL*'-ryTHiliffi,,,
.  

?noot .T ,e t  f  ,  d .enote  th t  ac t ion  o f  t i f

/3. n( z) ( T ln @ {o-xu) =
I ' "

=  T 1 - @ t - - z x uJ * ^ B - n - . . ' . .

wirer .o J e C eind u et i i '  .Henc* J is  i r r  the
t t .

and on ly  i f  u - ' J  i s  in  the  spec t i :u rn  o f  x  U and

f rcm the . .  fac t  tha t , , : t  i s  no t  in  the  s ,poc t rum o f

' i i

o n  B  & T \ .- .  Then
tl

s p e c t r u r n o f x U i f

the l .emma fol lows

X U .

?"Hn l ) .
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$  2 '

Th rou8 t rOu t ,  1 [  t h l s  eoc t lon ,  A  w i t l  ddno to  a  un i ta l
: .  .

C*-a lgebra endowed.  wl th .  an act ton o( : t r '  -+  Aut  A of  S-  on A 'By-  - n ,  n
\

B w e g h a l l d e n o t e t h e n e d . u c o d c r o s s e d p r o c i u c t A * o ( * F n .

We sha l l  assu .ms  tha t  A  ie  a  C* -a lgebra  o f  ope ra to rs 'on

a  H i lbe r t  epac  e  k  and  the  red .uced  c rossed  p roduc t  A  t ,  rFn  w i l l

d .  w i th  the  C* -a lgebra  o f  ope ra to rs  on  lT (Fnr "K  )  s

.generated,  by the operators  T.  G)  (a  e  A)  and

u - ( a  e  F ^ )  d e f i n e d  b Y' g ' *  -  u
.  - ,4

(  Z  (a)k)  (e)  =(  x  (e- ' )a)k(e)
A

(uok )  (h )=k (e - ' b )  .
t

where  B rh  €  Fo  and  k  € ,  4e t l ' o r .K  ) '

x .{2 (Fn ) e.K

lVe s hal l  de n ot e

rated by T, G) and U =

b. r  u '  f  o r  J -  -<  J . ' -4  n .C lear ly  B  is  .gene-
" l

t  s  i  -<  n '

u^
rr i

t"11

t . t  i n v e r t i b l e

lL- g
D

. where x €, E $) I :f7L a

B @ 1 1 6 n
q n d

i .s  invor t ib l ; ru  €  B@FlEn is  d iagonal  wi th

d lagona l  en t r l es  i n  l L .No te  a l so  tha t  the re  i s  a  homomorph is rn

. , rS : ' i l  . ->  Au t  B  such  tha t  pG)  E  (a )=  Z (a )  and  f  k )u r=zur '
1 r  .  

I

I {ence  by  Lemma L .2  the re  i s  0  A  E  t . such  tha t  the  speo t rum '

o f x U i s c o n t a i n e d i n ' [ } . c [ r J . | . . ' A } y I 5 e c | r } r >

T h i s  s e c t i o n  i s  d e v o t e d  t o  t ^ h e  e t u d y  o f  t h e  s p e c  t r a l  s u b s p a c € s  f  o r

I

x q  c o r r e s p o n d l n s  t o  I  I .  C  f  t I J  t  l  l  a n l  r e s / u o l ; u '  { I
,

I l . c t r 5 t > x - ' ] .

In  order  to  e tudy Kt (B)  w€ nust  conai r ler  in  v iew of  Le iana

rnatr ic ee

I - + x U  C
TN
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'  W e  w i l t  c o n s i d e r  R 6  f f i  ^  r e p r e s e . n t e d  o n

P = { ,2(Fo,J( )oa** .e?(Fn,  xn) .

By H. c 7 l  we shal l  denote the subspao€ of
2

H =  . { ' $o rK . * )  o f  r t he  e leuon ts  }  ,  Fo  -uK*  such  tha t  .  '

. b
.  g# ,€  * )  f  (S )=O,  where  e  e  l rn  i s  the  neu t ra l  e lenen t  o f  t r ' n .Remark

aleo that  H"  is  a  nedruc ing and"  separat tng sub*pace f  o"

nZ  * .Bven  ao re  ,  dono t ing  by  Po  the  on thogona l .  p ro iec -a ( A )  6  - u - * . - ^ .

'  t i on  o f  H  on to  H" ,  E r€  have  fo r  y  e 'B  &  TE* t

-  YPo-PoI  ( :1  Y € A(A)  @ 77En

+-
Le t  Fn  C  Fn  be  the  sen ig roup  in  Fo  genera teC by

(  r  (  r  * r J - -  , l
[ u  ]  u  [  * o , . . .  r 8 n ]  . n y  H n .  H  w e  s h a l l  d o n o t e  t h e  s u b s p a c €

&uJ, & 
*)  of  - t 'Gn, X, e) t .  B. ,  tboge !  :  Fn'-+ & n such

that  I  /  Fn+ ==2 5(g)=0.  f  t  is  easi ly  seon that  H* i ,  invar iant

f ,o r  U,  r i  E  t *  and reduc ing  fo r  Z( r i )  @ f r^

By H* and K* (res pec t ive }y by 4* * ana &- * ) w€

eha i l ' deho t i e  t he  speo t ra l  subspac€s  o f  xU  ( r espoc t i ve l y  o f  ( xU f  )

e o r u e s p o n d i n s  t o  i I *  A  I  l J r  > f  i  u n o  I  I n a l r ] r . l l . ' - l * *  h a v e :

t

H*  *  IFug  l "  t t u  t t  t xu )k j11a" /x  . , f  l
k +  o a

.H*  =  {5ug  t  
f * r \ ( u *x - t ) k f i l t / k r l t

v r r  \ t  *  4  1 ' '
r + -  =  t r * *  = f l e  H l i i a  [ ( x * - t u ) k ] u t / i o . a J

r.t *
k * l o "

' - . J -  
i \

i l :  = H_* * t[.H lII,0 ti(u*x*)k!.[ L/k < f, 1
k * ' c g

Rerrark  a lso that  ln  the a.bovo €qual i t ies  A n iay be
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I

-  ^ :  ' r t  such  tha t  ,X  s  I  s t ' t he  sp€c t ra l  p ro iec -
rep laced  by  any  nu lnbo r  /  suuu  u r rqe

t t o n s o f  x U  c o r r e s p o n d i n g  t o  [ 5 t c I r 3 l > A n  !  r € s p € c t t ' v e l y

' : -  ^  ?  P '  and resPoct ive lY  ?-  '
t  5 e  A  l l l l <  A  !  w i t l  b e  d e n o t e d  b y  ' +  q l ' s  

: - * '

a.lElggg*at9! k € 0'l .Iho!--!ber's*alg xk'Yk € 7E (a) I % *l

lr

. J

have

T\ \

f o r.  . :  The  oo r rsspond ing  re la t i . ons

x6 )z Qfty2r o PPch-the}

xx ll+*

T x l H *
, l _

and rnoleovs,q xo=Y-f,i r-q' l3rticPlFJilor 5 t H

I t  ( x  u ) k !  l l  2 =  ( x x ! r ! >

l\ (x* -tu;k} 
ll 

2= < Yk \ ,I >

l r . \

E # g g ! , u l e  h a v e  ( x u ) k = ( b ( i ' i ) ) t - . i r i  s "  
* i t h  b ( i ' i ) €  B '

ConPu t tns r i t  i ' s  eas i lY  sesn  tha t

b ( i ' i ) =  t  t r s  i C  ( a ( i ' i ' 8 ) )

8 € F ;

'  l 8 l = k

i a rf, ret 'g=dg | 'elr'. ' 'fr ) ' rt is easily
w h e r e  a ( i r i n g )  €  A .  F o r  g  a  ' u ' n  r s t /  o 8 - * g  I  : ' - f  '

s o 6 n  t h a t  t h e  s * r s  a r e  t s o n e t r i e s  a n d '

f  
{ '  i f  8 r = 8

I s \  = l s ' l  r e r e t e  ' i : t  t # r u *  =  
|  o  i f  s , *  g

Using th le  fact  i t  is  immediate that

((xu) I  } f*  )"k((xu) \  H" lk" * ,  xn I  H*
Y  -  t l

\ '  €  7 t  ( A ) 8  m m ; X g l O ' A l s o c l e a r l y f o r  
I t &  w €

f  o r ' some  r k

2 =  
. 1  

x k  I ' . I >

Yk are obta lnod ln  the



* Io-

saee *1Y.
-rl

rnn nr.ov€ tbat X,-=Ylt  we procee'L Cs fol lows'T-retru  L .  l a  
-K

TU=(xU) | Fl*'

,Ir=(x* -tu) 
I 1trn

Wa have

xr. I H* =st * ut'u\

] r  1 r

v r . -tl1 -t *TA* a \ H o  - * 2  
a

N o r r r . .

r{ro=(u I Hi) '* (**-* lp-. )*(x I r+o) (u I p')=
E I

r*  '  - l -
=(u l15r)* (*-' l H* ) (x I .14") (u 1 P*)=

' . rk  
k- r'  

=(U \ H* )*(U I pt ) =r 
H* 

and he nc e T| '"tt  =t 
H*

Ire t

TF*=w(ro]kd{)'r l2=w(xt(2 | H" ) be rha polar deconpo-

sir ion of 4.  From ,r* *{  =IH* w€ infer t ! \=tXn'/nl  H* )vl*  and'

t he  i nve r t i b i l i . t y  o f  XU.Bu t  nowr  th i s  g i ves i

yx 
I Hu =rz* orru= 

":li# 

)',v t w{xo42l Hn) =x-* I }l*

Sow s inc*  p *  i *  separa t i ng  f  o r  f  ( .A )  @ TCn th i s  g i ves

-- -- -{r
Yk=Xk - '

Q i E ' D '

a. ?'!gss*.. Eqjqgg= :
= - ; - -

l.
;H. s' Ho n 7"i- {- H" n }l-

f,

-  : tnng" r ,€t  Hor.  and Ho* dohote the subspaoes H.n F- "

and.  respec t lve ly  H"  O (Hr . ,  H- )  :  ' r t  w i ' l1  b l  c lear ry  su f *

f i s ion t  to  p rove  th .a , t  7 -1"* .  H- t
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I t  v r r i l }  be  conven ie  n t  to  use  the  no ta t lons  XOIYO fo r

, x r l H .

I  e c

havo

l l  ( x u ) k 1  l l  )  c L  ) , - o l l  y l t  )  
( t c e $ l )

Thus f or 5 e Fl" we have

I rf > U r* lt -t tt ?* (xu)k5ll =llP+1-1 tt (xrffr* I ll t,

' 
7r c. ll?* ll-t l 

-k 
llP* I ll . I

Henc 6 r  ust .ng Lemma 2.L f  or  I  t  H '  w:e lzauE

( . x r 5 , 5

c a n  b e  a l s o  w r i t t e n  i n  t h e  f o r n

t\, _ZkR
xk 7t Zcz ^

whero R=(P* lJ4o )o  (P*  I  H.  )  e  L , (  H"  ) '

C o n c e r n i . n g t h e o p e r a t o r . R l W s F o t e t h a t K e r R = H . . .

Now f or Z € k= tt ?r. [ 
-1, takins intg acount that SO-Ttt

;

I
I

l

j

and Tn I H,
S lnce  t he  . spec t ru rn  o f  ( xU )  l F / *  t s . con ta i " nod  t n

I  r I  f  >  1 - t ]  t he re  i s  c t 7  0  such  t ha t  f  o r  a l l  1 tH*I
w e

I t

l \  (xu)^

$r€ have Xk >' 2 t  XI

a n d  h e n c e

so  tha t

Xx ) €.uI+C, A 
*akn

9osu*
L e t  H r i S

t  t . o " )  .Fo r

t n l , I  )  s
(s;; 

Jr" 
*t"^-2kt)-t ) r' ! tt' <

( € or+ct

> 0)  be ths

F.  T *s

I  
-2kR)-1.

sp€o t ra l  subspace  o f  R  ' co r respon*

we haved i n g  t o

<
6
. :

(c  €*r rcn o*2 i ro ;* l  I  ,  !
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*t  2k -  -1-  L.  2. ,.1  n 1 s l l  J l l\\ uZ /\

a n d  h e n c e : 
7/k

ri. [ (x*-tu)k ! 11 2/k_111

k->oo k -roo

\< r i*  &: ^ 'u S 
- t  

, ,  I  t i  
z) t / t '= Az .

]4 -: ao

rhus Hs . H-t and since Ur FL = { e Ker R= Ft.z-
.  r  E > o '

we have pnoved that Ho a c H:

q .E r .D .

2  4  i , a n m z  T , e  { :  O .  d  a  t r  n *  a  * } r  a  r r n *  } r  n o . n nuo/ r : : i j= t .  : : :  .1  , . : ' . , , - * - - - j , i , \  = - - . - . - . -yc - , ,& i  -P f  O iSCt - ign  Of  F / '

$l$g #_ .!!e_q_j{g- }r.ys

Q - €  E G ) @ r r c * . a n d . t Q * u * e  Z ( A )  @ W o ,

M

u = (

\

uin
* u i 2  

\

o

an&

L r * 6  U  ( A )  f o r  a l l L s i r j  - ( R, r d
. .  

o

i s l  . i t * g l * t ,

P . r p o f . S l n c e  Q - i s  t h e  s e l f - a d j o i n t  p r o J e c t i o n  o n t o  t h e

: :ange .  o f  t he  p ro iec t i on  P_  €B  @ f f (n l l t  f o l l ows  tha t  Q_  €  ne r ( ^ . fho

asser ' t i on  o f  Le rnma 2 "?  mean ,$  p rec i .ne i . y  tna t  A -  co rnnu tes  w i th  the

or tkrogc. rna l  pro ie  c t ion Fo of ,  
'H 

onto #"  ,and th is  in  turn means that

q -  €  r c . (A )  9 . f f i ^



L7_

0n  the  o the r  hand ,  s ince  xu  i s  i nvo r t i b le  we  have

4  - - r t

xU H_ -  H-  and, .h6nce U 7, f_  =x-aH.  .Th is  shows that  Uq-  U

.  : .  - 4  -

l s  t h s  e e l f - a d j o i n t  p r o J o c t i o n  o n t o  t h e  r a n g e ' o f  x - * Q  -  x  €

e  u  (A )  @l&^  and  hence  UQ;u*e  E  Q)  @ m 'm

[ h a t  a i J €  Z ( A )  i s  o b v i o u e r T o  s e e  t h a t  i r l  i t : ) n r u r i * = n t

note that  UQU*e Z (A)  @T-IL ^  inp l ies

t f  e  /  r \
U t  €  / t  \ A /* t

r \ E n
W . t ) .  U a

2"4.!epqg.3hg. r i r-9l lP Kt(A no , Fo) is ,S3!eratsd-!

Q _ = Q _ t 6 > . . .  e Q - n

w h e r e .  A - 3 € U ( A ) a T r L P -

t i u q i *  
r i *

whtch  f  o r  Ls= l  i ,  i r aP l i os  n ru  r i ,  
' =O '

g[ gniiqrl elpneits. of ti$ f o-r]t

(t @ t*o-Q)+QvuQ

g!3gg Q=% @ o Qo wi-th Qi t i(' (A) @ ftT? Felf-adioin-t' pr-o-

; r j q t i o , . R g , r U = ( u n 6 t * ) o  o ( u n  @  t r )  q $ d  v e  Z ( A ) @  f r * n 9

pgl t-i aI- .is,oEe tr,v- sllgA tla t vv o=Q , v *v =UqU *'

Fggo j . Ib  v iew o f  Lenna t . t  i t  w i l l  be  su f f i c ien t  to  p rove '

that  the c lass of

y = t @ { " * + x U

by  the  c lasses  o f  t he  un i ta r i es  desc r ibed '

, ; . -  - - :  ^ . - .  ^ 4  T . a m m o  t  4  n n r {  t A l { 1 . n 6 I

i n  the  s ta tonen t  o f  t he .  l emma.Ngw in  v iew  o f  Lesna  2 ' ]  and  tak ing

ln to  acoun t  the .  f ac t  t ha t  [ " ; l  l .  s  i  -<  n  a re  i n  the  g roup  genera ted

b y  t h e  e p e c i a l  u n i t a r i € s t  w €  s e l  t h a t  w e  m a y ,  a $ s u n o ' t h a t

\!

u=(ua el  tD) @ (ur  @ tn)  o " '  o (un e tn)  aqd tha
- J - r



1 / r
.  . 'LJ?

t :

Let nov.r  Q=t @ tnp-Q- and Qi=t  e tn-Q-r 'Sinco the

' '  I  , ,  - 'Q-Ft  and Ay I  e n '  aro rnver l ; l le  m i€ j  easi ly  s€en
operators y lq-H 'e l r lL i lc {J  I t [  r - r  u*Y

I '

t .

J1=Q-3Q-+tQ - YQ+QrQ

ts, t nverttble fo'r o s t s t.Henc e tyl =tQ_yq +QJqFfe-yQ-+Ql+

l ^ ^ - ^ l n $ i n c e t h e s p e c t r u n o f a - x U l Q . } l . i s p o . : n t a [ n e d . i n+ Lq,_+'.ryql

{ J ' , e ,  C  t ' t 5 t  < 1 1  * *  s e e  t h a t

_ ( t  e  tnp*  €  xu  )Q-  +Q

is  inver t tb le  fo r  O <  e  <  L  and her

I y l  =  I  ( t  @ t - ^ -e )+Ayq l  . ' u rn re  . t he  spec t run .o f  Q . ' xu l  e  H  i e
L "  J .  L -  I i P

c o '  n t a i n e d  i n  [ ' 5 .  A  I  t ] i  > t ]  w e  s e e  t h a t

( t e t np : t )+Q(  €  L@l -nn+xu )Q

ts  lnver t ib le  fo r  0  -<  e  S  I  and hence

I  v  I  =  L ( t  @ T  
np -Q)+QxuQ l '

S ince  . ( t r ton-Q)+QxUQ is  inver t ib le  we in fe r  tha t  there  is

a part iat i  iso*etry v € 7t  (A) @ f lL np such that

Qt{uQU 
r =v ( ( Qxuqu'()* ( Qx uQu t+, 

1L/ 
2

and
t r

v*v=UQU'n ,t 'v 
**Qo ' I

*  , . , " t  *  \ \ L /2
t ,e t  D  denote  ( (QxuQU*) : '  (Q luw,  ) )  .

Shen there  is  O

S ueun< D

We have

QXUQ= QvDUQ

Renark no& that



( t o t n n - Q ) + Q v (  e U Q U * + ( 1 - - e ) D ) U q  i s  l n v o r t i b l e  f o r  0 + € S  / J - .

I t  fol lolrys that

ly l  = L(t  @ top-Q)+QvuQ I

Q .  E .  D .

$ r .

s i o n  f o r

e x t e n e i o n

a  c y c l i c

by  Fn .

A s ,  i n  t b e  p r e c e d i n g  s e c t i o n  w €  s h a l l ' c o n s t d e r  a  u n i t d l

C t -a lgebra  A  w i th  an  ac t i oa  o (  tFn  -  
Au t .A .We sha l l  aasuae  tha t

A is  a  C**a lgebra of .  operators  on a Hi lber t  spaca K and '  the

reduced ,  cqossec l  p roduc t  A  l rFn  w i t l  be 'de f ined  as  a  C* -a lgebra

o f  o p e r a t o r s  o n  { ' ( F o r K  )  = - { , t ( F o ) e . X  . l t  w i t }  b e  c o n v e n i e n t  t o

assune that  the act ion c(  :  Fn - - )  AutA is  imploraented by a un i tary

: .ep reden ta t i on  g , - ,  vg  o f  un  cn  X ,  , i . . € .  .

f  o r  a  e A r S  € .  F n .

os a-  uJ = x (e)q

L s t  u n r j . d e n o t e  t h o  s u b s e t  o f  F o  c o n s i s t i n g  o f  t h e  e l e -

I 1 l 4  m L '  t !  r -
men ts  s r1 . . . . 8 ; :  ( i 4 l  i ? r l a t  L7 r , . . .  r i x - t l  i k  r k  7 '  1 , rw1 ,1 .  o r rn r l o r . .- r - t  * k  r  a

. . n  l rn l r l  O )  such  tha t  i k= i  and  *k  )  O . I t  i s  eas i l y  soen  tha t

1 t r

f n  t h l e  s e c t i o n  w s  s h a t l  S e n e r a l i s e  t h e  T o e p l i t ' z * e t t e n -

c rossed . ' p roduc ts  by  Z  ( t  I ' 1 )  o f  [ 17 ]  t o  a ' 'Toep f i t z -

. f o r  red .uced .  c rossed  p roduc ts  by  Fn  a ld  usg  i t  t o  de r i vo
'i

S iX  te rns  exac t  sequ€nce  fon  reduoed .  c r :ossed  p rOduc ts '

t * l  F >  s i . $ n r j  ' = g ; n . F n r J = F n r j
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o  T '  = I l  . r  f  g u lo j ' ' n r j * * n r j  (  - J ,

* - t tn , j=Fn, j  u  [u  ]

Le t  H  = (  4 . ' (Fn rJd  ) ) n  and  Le t  l  H ;  t  H

spacu  Ho  =  6  { ' (Fo  . j rg  ) .  The  red"uced .  o r .ossod '  p roduc t

J t n  
H  t t r

A xo. rFn wi } l  aat  on H by the n- fo ld  rnut t ip le  o f  l ts  repr€senta*

. ?

t t o n  o n  l ' ( F n r g  )  a n d  f o r  x  e  A  x ,  F o  t h e  c o r r e s p o n d i n g  o p e r a t o r

on .  H  w . i i l  be  deno ted lY  x  @ tn .

on  H"  * ,  sha l l  cons ic le r  t he  r€p r€sen ta t i on  o f

'  - t l '

t h e  r e s t r i c t i o n  t o  F f .  o f  T t  @  t n e t . € .

' /  
\ /  

f t  l !

P  \ a J (  ( B  k u ) =  6 l  k t . t
J  

. r - n  d  . . r - n  t )

$ - l  rJ - r "

be the oub*

A  wh lch  t s
'  . . } :  :

' j '

. J

wlrers

fo r ' t  -<  d

where

and

k ' * ( g ) = (  x
d

SJe ' ,de f ine  a ls t r

t<'  ,  
(c):r<, (alt

bave

I * S .
. L

(e- t )  a)r ,  (e)

t he  i sone t r i eu  S l

n
sr (  s  k ; )=

$ - 4

e r-,( Fl= )by
' h

@  k ' j

i - 4
a ) - *

8 )  i f  1 l  j

t<i. (st-te)

\1

r l - f ; io i -  n ,  I

o

f o r g e

fo r  6 *B i

^ .)f-
D .  = l l  .r. I

i  i :

\

We



wh0r€

thoe e

is  the

n
o  k u )

tJ

j=1

:>  k i (e )=0 .  No te  a l so  tha t

^  ' | {  r  \ -  - i .  \s i  J  
(a )s t -  f (  x  ( s r - ' )a )

l r t i th  thes€ preparat ions w6 can nom def ln 'e  what

ca l l  t he  l oep t i t z  a lgeb ra  fo r  the  reduced  c rossed  p roduc t

A Xn 
"  

Fn.Thts  ie  the C**a lgebra f  in  T, (  F l .  )  ee nerated by f  (A)

gnd  (S l ) t  _<  i s  n . f t  i s  a l so ,eas i l y  s€en  tha t  the  c losed  t vuo -s id "s t l

ideal  
& 

tn  f  gen erated by (E i )J-  - .  i -<  n  i ,

O (a @ K( 4'(r ,n ,  j )  )  )

6  c  k ,  @ 4"(Fn, ; ) )  :ana where
j=t

K (  X  )  f o r  a  H i l be r t  space  X  dono tes  the  C*  -a l -geb ra  o f  compac t

opera to rs  on  X  .$ inc€  1 ( (  X  )  c lepenCs  up  to  i somorph isn  on ly  on  the

d iuens ion  o f  X  rw€  sha l ]  w r i t €  sone t ;L raes  s imp ty  K  ins tcac i  o f

K (  X  )  whon  X  l s  separab le  i n f i n i t e -d imens iona l  and  wheh  th i s

* o n i t  I s a d  t o  c o n i r r u i o n s ,

1,L:lggggsrler* -g}.}s.in,, -Lhpngmg.qghtsg pz T-*A *,- 3n
d.t tJ

i rg-ch-" that  p(s i )=ui  -A"G p( S (a))=Z(4.)  f -qr  t - (  is  n an{ a € A. IgI

th is hornot lqqphisn we have Ker p=
* l Y
y '  w h e r e  /  i s  i S h e  c l o e e d . t w o -v o

, , ,  and is isom.olphiq;!-p_
I.J _-d'd*

Y- l

(

*r?-

orthoSonal

. 'E= suc h

Proo f .De f ine  l \ I  e

p ro jec t i on  o f

that jl i :)

T | ^1 | \ qrr\ f t  /  Oy

{  on to

nJ*o and

ths subspacs of

s  /  un , r .  I  s i l

w e  s h a l l

j=1

-  ' t l  .
w h e r e  F * .  h a s  b e e n  l d e n t i f i e d  v , t l t h(-

s idgA-ijge.l*g[ T qg rt e rajgt by (Ii ) r 
'*1 

i _4

( n  o  K ) n ,

le?A \1oot'
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n r l
\ {  (  6  k . i ) =  @  k ' *

d d
{ -a  . i - t l
d - r  d - &

wher€

k ' * ( g ) = v " '  k l ( e e i )
d  b - i  d  a

. r J

I t  t s  eas i . l y  se€n  tha t  W i s  j . n  the  conmutan t  o f  (A  xo ,  Fn )  @ an '  :
a l

Moreover ws l :ave for n --> oo

m .\,

tiPs-.,t1 o lli s o u{ €) 1,.,
l J . l J

rxl$fi rc **III \s * 
tF A .

t r  v i  W  - - >  U i  8 - I .
* r l l

u e  y ( a ) v l r n - r - - '  [ ( a )
'o,n'i l  

tu n * -s -o OY i t i r l -

the operatorwh6rs  f  o r  ' I  e .  t (H . )  we  c leno t€  bJ  [  6  t (  7+  )

m  . , ,  n  .  . s i n c e  j ( , r ) u l s i i t s i s n L ,  I u f j o _ . i ( nr  \ P  " H o H c  ' " 1 ' * "

. i s  a  se t  o f  gene ra to r s  f o r  f  as  a  Banach  a l geb ra r  w€  i n f e r

tha t

' s-rin wnfiw * In

El -) oa

ex is t s  fo r  a l l  T  e  f  and  the  nap

TT t_> s_Iim iiJ--,j, !:{

lll -r oa

i s  i i  un i ta l  +e -honomorphisn of  f  in to  ( l  *n . ,  Fn)@4^:  A on"F, .

Th is  is  the honor io tph isur  p  w€ wer€ look ing.  for .  as can be eas i ly
I

'  checked . ,  and  l s  c lea r l y  on to  and  un ique . '

S ince  p (E t )=O i t  i s  obv ious  t ' [ a t  Ke r  p  t  ] '

To see that Ker p c;L we ploce.ad as f  o l } 'ows. l"or

X  €  A x  T
o (  y  r n  w o  d o f  l n e



the +e-subalgebra ssneratec i  by U (A)  u  [ i l i l  t * '

S (*y)*  Q C*> Q tv l  e J '  we infer  that  q "  I

* -hornornorphism of  A x"" '  Fn in to  7/J '  '  where

nical *- hornomorphie u qr 7 - '  7U 'blore ov.ar

0 C o  X * "  r o ) r  f ( A ) u  l s i l  t s  i s

y  €  Ker  P .Then  the re  . i s  z

o r  equ lva len t lY  Q  (z ) - f

.*19_
Y  '  A  \ l  ;

9 ( * ) = P z  ( x  @  a n l t l t .  €

C onsid er n o$,

"  Q  I  ( z ) = q ( y )

a ? -

o n t o  s i n c e

that

r( ltr )

whers  ? "  i s  t he  o r t hogon 'a l  p ro j ec t i on  o f  7 *  on to  #o . I t  i s

easl ly  seen that  o ls  a coruplete ly p-osi t ive nap end

Q t n x , . * F p ) c T ( t h i g n u s t b e o h o c k e d o n 1 y q n t h e . c 1 e n s e

*  - s u b a l g e b r a  o f  A  * o . *  F n  g e n e r a t e d  b y  Z  ( A ) ' [ t i ]  t = i - . n  )  '

q oa.qv ro  cht  
r  ' ry ) -  

0  c* l  0  cy l  e  J 'Moreover  i t  i s  easY  to  check  tha t  E  ( :

a n d  p (  Q  ( x ) ) = x ( a g a i n  t h e s €  a s s e r t i o n s m u s t  b e c h e c k e d  o n l y  o n

n

€  A  * * "Fn

e  ]  . . B u t
U

euc  h

t h e n
( q

sto that

'  
The  Preced lng

que nce

0 _ > ( A @

F o r  t h e  n e

r)

x t

(

n * ' f -3*, s t..$n

l e n n a g . ' w e  s h a l l  n e e d  t h e

t i :

' I t

- r .

--+ 0

un i ta r i es

s i

z = p ( Q t r l * r )  e  n f ) = i o l

q (y )=0 ,  wh i ch  neans  Y  t  J

Iemrna oan be sunnarized

e.

q.  s .  D.

by  the  oxac t  se -

\ -
I K'h A?YI

i s  n "  
r ' t u a

is  a unt ta l

q is  the  c&R o-

q "  O  i s

- f l i :
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j . z,! guug. T! g- J.q l Ijrwj, n s d las r.qg. i" s, gggpgF 3,t ivp

K r ( ( A  @  K ) n )
JT *  o  g - (  T  )

:l-\ ' t

t
I
l o
I  J *
t

I
,l
I

(Kr (A) )  n r{r(A)

f , u  =  qx (g i ' ) ) *

n ) .  ) :

s t a teneR t  conoe rn ing  e l enen t s  o f
I

l ^ \a i  /

K t ( A )  y i " € .  q o n c e r n i n g  c l a s s e s  o f  u n i t a r i e s  f r o n  t h e  a l g e b r a e

G ) G

:a r-e nlac ins ( e dv , 7@ m*)
A @ ?f (*  .S ince re p lac ing (A,  o( .  ,  , /  )by (A @ W* r  d

! , l e  have  the  same s i tua t i on r i t  i s  eas i l y  se€n  tha t  i t  i s  su f f i c i e r * '

t o  p rovo  the  }emma on ly  fo r  t hg  c lasses  o f ,  un i ta r i es  f r sm A '

. L e t v € A b u . . ' n l t a r y a n d c O n s i d e r t h e e l e m e n t

6 L v l  6 1  0  6 l . . . o 0  e ( K r ( A ) ) n .

(n- t , )  - t inee

thenapp ly ing  * -  i t  i s  eas i l y  s6en  tha t  the  e fenen t  o f  KL (  f  )

w €  g e t in  th is  waY is

L S (v.)Er+(r- f i i )  ]

s [f (y) rrr+sisf 1

0 n  t h e  o t h e r ' h a n d '

T a k i n g  t h e  c o r r € s p o n d i n g  e l e m e  n t  i n  K l ( ( A  @  i ( ) n )  a n d

-  [xte-[ lu]

Ls(')l - [S

t1

: f ' (
d = ' l

i

i s a

= f* (Lvl

(c(  (s - l> ' l  
]

(.9* " A) (u,)

tri 6. Kr(A)

ELogJ. The

wLrero

fo r

p n ( t ^
\-A \

o " ' ( E 6 n )

(r

I-remma

( i - t " ) - t i nes
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= [y tvf - [sr* g (v)si1

' j
1 ^ * - ]

l -  I  e ( v )  s * s *  + E r  \  =
J  L J '  I  I  L J

: t S (v) rr+srti I

Sn' have

rr-t)v) I

J5 (o>s t

; ty ('c c

l s
r l
La' t

\ 0

: [f (v)] *
;) 

r2"1 I

,') r =( (v )s 's l

f
| .f*
I

r{o(A)

-  (x  ( ; , ' , ) )_ 4)( f t

*Ei
' -

= f p ( v ) l -
. -J {

(v)srsf+tr)-t  l  =

Ls c")

[s (",ca

( 4 ,  @

Ko (A) r

i n  t h

fro
I

4 €
Pnoof ,  As

: LS (v) ( g (vr)srsiri) 1

which  conc lud .es  the  Proof  .

Q .  S .  D .

V,7.lgggg. Lhe Io-]19w+.n p 9}g$pa* ig-.q.-gJg+q

K o ( ( A  @  K ) n ) *- K o (  r )

{ ro{r )  )  n P"

gM

f on

o  p r o o f  o f  I - , e r n n a  7 . 2  i t  w i l l  b e  s u f f i c i e n t

f
t_
i= ' t

t o  p rov€  the  lenma on ry  fo r  t he  c lasses  o f  u * t r - *a jo in t
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e e1f -ad i  o in t p ro ; rec [1onand c  ons i .der  the

z  ( w ' (  l ) ) nq  \ * L o  \ . . /  /

pro jec t i ons f rom A.

q  6 ' A  b e  a

eLone  n  t

o @  o o o L q l  C I

(  i - t )  - t ime s

T?*r ing the sorrespondi 'ng elerne nt

' |  
,  t , \ , -

* *  i t  i s  e a s i l Y  s € 6 n  t h a t  t h e

$ay Ls

(t)  st

o  o . . . o  0
(  n- i  )  * t  ines

in tco( (A,eK) n)  ana

e lenrent  o f  Ko(  f  )

(e -1)q  I  )= '

t )

the n

w e  g o t

apply tng

in  th ts

: ) r z * r  
l

L  q l -  f ' o <

(ei-t) a) l

.  13  (o )  F i l
'
On tho othe$ hand

(.f_"1")(.) = Sr (

: [y (c-)1 [ j (',

We have

I  S (" {ar-I)q)J =

/ f (*rs l t  )q)
t '  l "= l Q t  t

\ o

..rl =
( . : '

tf '-:'-t ])t
= lyroll - lS(a)r, I

- lo,

;t i"

= LS {dsrsi I
q .  n .  D .
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i,4.LgPm3. The- trcrgomorp|li"grn

. r J

is sq$-egti1e.

?gesfrConsid.er the diagran

Kr ( (A  @ K)n )  I t -  KL ( f )  3 -  K I (a  * * - .  Fn )  - I ;  Ko ( (A  @ K)n )

+r ,l

l s "
I

/

/ 
r'*

t he  top  row o f  t he  c l i ag ram i s  an  6xac t  sequencerbe ing  a

segment  o f  t he  exac t  soquenco  o f  K - th reo ry  app l i ed '  t o  the  Toep l i t z

e x t e n s i o n . A l s o r  b e c a u s e  o f  L e n n a  3 . 2 ,  t h e  s g u a r e  i n  t b i s  d i a g r a n

le ionmutat ive.  'de ,cu{ ,so have [ *=P* " .9* '

. I t  i s  eas t l y  seen  f rom these  fac ts ,  t ha t  a l l  we  have  to

prover ls  that  In  [ *  C f<er  5  .YJe shal l  use to  th is  end Lemma 2 '4 '

S i n c e  t b e  s u n  o f  t h e  c l a e s e s  o f ' t w o  S e n e r a t o r s  o f  t h e

fo rn  cons ide rad  in  Lemna 2 .4  i s  aga in  the  c lass  o f  such  a  g€nera -

to r ,  we  in f  e r  t ha t  eve rJ  e le raen t  i n  KL(A  Xu^n  In )  l s  the  d i f  f  e rsnce

'  o f  t he  c lasses  o f  two  such  genera to "u :  
l

0 n  t h e ' o t h e r  h a n d .  w e  a s s o r t  t h a t  f o r ' a  g e n o r a t o r

r f ra Tf'I 1(^) = L\rE t"o-Q)+QvUQ I I

@ Qn wi th  Qi  €  , f  (A)  @ nT *  se l f -ad 'Jo in t  proJec-

' t i o n s ,  U = ( u 1  @  t * ) o ' - - o ( u n  @  t * )  a n d  v e E ( a ) @  W ^ n  t * ' - u - ,

pa r t i a l  i sone t ry  w i th  vv *  =Qrv rv , ruq f r l )  ra f  t e r  i den t i f y inA

K o ( ( A @ K ) n )  w i t h  ( K o ( r ( A i ) ) n ,  w €  h a v e

(r(r(A))n -tL- Kr(a)

(whore  Q=Qt  @.  . .



E ' c d  =  [ a r ] o @  . . .  o L a o ]  o  ,
f n d e e d r t h e  c o n p l e t e l y pos l t i ve,  
* r { u v  v q  t  v " . :  

. ' v l r y . t . t ;  u t l r J  [ i u s . r  u J . V g  & A p  I  @  i U * O  W h e n  a p p l i e d

to  (1  o  t *o-Q)+QvUQ prov id .es a,  I i f  t lng of  th ie  un j . tary  to  an l$o*

id@0

r n e t r l . c . e l e n e n t  o f

as the lnd.ex of

' aas  i l y .  
'

3ut

g*(ui 6 tur) @

f a W*n But f or such

the  isomet r ic  l i f t ing  an< l

e ls tuents ,  5  iu  couputed .

' ou r  asse r t i on  f o l l ows

e l e n e n t  o f

w : W . o . . . @ W n

'  
R e t u r n i n g  t o  t h e  d . e s e r i p t i o n  o f  K e r  S  r a n

Kn-(A x
!  o (Y

0.)

Fn)  ean a lvrays be wr i t tsn in  the.  f  orn

=  L ( ro  r *n -Q)+QvuQJ  t *

*  L ( t  @ {mn-Q ' )+Q 'o 'uQ '  ]  t
where  u=(u1 @ t * )  e  .  .  .  o  (uo  6  t ,n )  rg=qro : . .  @ Qp rQ, .=Q, t@. . .qQ,n
w i t h  q j 'Q '  j ' a  t r  (A )  @ mw se r f *ad jo i n t  p ro j ec t i one  and  v r v ,  €

' t (A)a W^n *ol  part ia l  tsometr ies such that  vvr  =Qrv,v,*=Q, ,v r  v=ueu#
v ' i v ' =uQ 'u * .Then  . ,  e  Ke r  E  i f  and  on ry  i f  i n  r o (  t r ( a ) )  we  have

. F

[ e 3 J  o =  [ Q ' ; ]  o  f o r  { -  s  i s n . r n  f a c t  i f  a : e  K e r  E  o n e  n a y
assu-*e that  there ar€ uni tcry e{emunfs * j  € z (a)  @ nr-*( t  -< i  -< n)
such that  * iQ;* i  -a j . rnd,sed rreplacing rn by ur+p and Qj  by

Q;  @ Qa tp ) '  A i  uy  Q 'J  o  ( t  
, * , " r )  

and u ,  by  v  o  ( t  o  1 , ' , , . , )  ,  v r  by

.  
v t  @  ( { . 6 t n p )  t h e  c l a s . s

t =  Lw( (1  e  t * n *Q)+QvuQ)w* ( ( t e  t r n -Q t )+Q ,v ,uQ , ) *  ]  :

= [ { t  o ' I r n -Q , )+Q 'wvuw*Q,U*v ,  o  
Q ,  ]  { =

*  L( l .6 t *o-Q'
. )+Q'wv(UwrU*) {Ue; 'U" )y '  Qr  ] . .  t  *A" r "

s i n c €  w = w 1 @  .  -  @  * n r Q t = Q t t @ . . . @ Q r a

.  @(ut  o  t ra)  wo have Uw*U* e TC

and

(a) e \ f(nn and
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U Q t U " e  Z ( A )  @  f r * n s o " t h a t  a o  e  F * K t ( . q ) .

1  f l  ' E ' D ''  
' E l

.  , . - - ' "
B e f  o r e  p a s s i . n g  t o  t h e  n e x t  l i m n a  i t  w l l l  b f f  c o n v e n i e n t

t o  n a k e  s o u l €  d e f l n i t i o n $ r
' v

B y  F .  *  w €  s h a l l  d , e n o t e  t h e  s u b s e t  o f  F -  c o n s i s t i n g  o f
U  r r j  I J

tr14 A1:
the  e lements  g i ;  " 'Ek( i t l  t z rLz l  ig r , . .  r i k_r - l  i k ,k  > ,  r . rm. f  o ,

wr l  0 r . . , . ,nn l '0 )  such tha t i  i k= i  and rnu  <  O. ' I t  i s  eas i l y  seen

t ha t  Fn  i s  the  d i s  j o in t  un ion  o f  Fn  
r i ( t  

-<  i  -<  n )  r i n  r i ( t  
*  i  -<  n )  and

We sha l l  deno te  [ y  , j  
r *  

and  
4  r *  

t hu  o r thogona l  p ro iec -

t i ons  o f  1 . " (Fn  ,  J4  )  on to  
. t he  

subspaces  / t ( i o  , j 8 ,  
i l  )  and

r € s p e c t i v e l y  L ' ( f r ,  i s t X  ) ( t  - .  i s  n  t B  e  u n ) " R e n a r k  t h a t

Lu i rB ,A  *n . .  Fo l  c  a  @ K(  Z ' { r n ) )

L f,  ,s,A 
** . ,  In I  6 A @ K( 4"110) )

Lrr ,*  ,  Tt  (^u) ]  = [o I

t f r , * ,  z (A)  l=  to l
.  I \ i r t h e r r f  o r  g  .  F o r  w G  s h a l l  d e n o t e  b y  Q g  t h s  o r t h o g o n a l

proiec t ion of O'r !n,  J( )  onto /? tu t  ,  K )  ;c learry we have

Q e n A @ K (  l ' { r ' n ) )

LQe,  , i  (A) l  =  [o ]

We sha l l  a l so  need  the  un i ta r i os  R* (e  eFo)  ac t l ng  on

'  t tFnr . i l )  wh ich  are  de f ine t l  by

(Rsk) (b) =v*k(h5r)

L o u  ' A  x "  
" o  o l

fhen g r-=-)  Te ie a.uni tary r€presentat ion of  Tr ,  *nt

f ^ l
R J J



-26'

Moreover r  w€  have

' '  rr*. ,  . . . , -  *gPi 
,h=Pi ,hg-t 

Rg

v

' Rernark

'Jo ln t  subsets

ogti rh*Pi rt s-tRg , .' l

/ / \ n D*goh=ohg_t'.$

now the  f  o l ' I ow ing  decompos i t i on  o f  
'Fn  

r ;  
i n to  d i s -

'  
r i  *  ( ^  t  . ' l  I  II 'n ,  j= I  s iJ  ,  ( ,  y . .  (Fn

LF ,J

and renark a lso that
v

F  o  
r a  \

.  r ' d  + o + = ( 3 . ,  \  I ' r ,  ̂ i  , ) 8 q 8 i
i l 1 f - . J .  l I  u t *  *  d

, '  Th is  g ives the fo l lowing way

p o s i t i o n  o f  t n ,  j  i n t o  d i s  j o i n t , .  s u b s e t s

_  / r )o n r j u j ' \  L
ifi.

T r  . f x .* 0  
r J * J
. I

o f  wr i t i ng  the  above  decon-

v

, i e j '  
d o , i e r ) ) u

' i

Fn  
, ; j =  [43  ] "

v {
( ( F n  - '  S o  

r i ) a i e 3  U  F n , i s ; ) )

Cor respond ing iy  we  do f ine  an  i sone t r i c  opera to r

h - l  v

= R ; - r \ +  t  
( R - r  L ( r - P i , € )

btj i=i 9ni si -
) i .

r r r  l L r -  y . ,  )  @ (  4L  (Tn ,  X  ) )n - t  - *>  {1 r0 .  
, n ,  

k  )Y r  L  \ r ' n  n t v 'I l  I  r I ' -  r r

by the forraula

v( I  o ?.,@

Resark that . the range

I  l " (Fn r r r . . { ,  ) )  e

M o r e o v e r f o r x  e  O * n " F

o  n  ) -
L  n - r

v
r D  J )' l - i *no -L  t i r u  

\  i
tf

n

o f V l s

(a)  o

we :have
t.l

l ' ( r n r o )  f  s n l ,  J (  )  a n d  t h a t  f o r  a  €  A  ( Z ( a )  \  / ' i r n r r , (  ) ) v =

'=v( ( ii (a) o u (a)  )
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Q

v ( l

V : H" @ (&2 (rn,y) ) "-a*

t ? )  = \ @ v t  w h e r e

t  . '  t ( r r , , r , ,x)  o( t  g *Jc)]  
n-L.

Then, t is isometric and tV*

H= bY

5 . bl 1'( F",i ' R)- 
i.=

and

for

=t.l+. -Err. Ivloreover , 
.

and for aeA

t rrn,n&,)"{#tifflX:

t r t )  
) '

To check this factr .  remark f i rst  that  for

*e t (a )u  l r t r . . .  ,oJ  the  above re la t lon  ho lds . '  Nex t  no te  tha t  the  map

o&"Fr r :x*  (Pnr€  X l t ' t " , . r ' J )  )  i s%omple tery  pos i t i ve  map,  wh ich
. ,  , .

modulo A@K(.(  l rnrn))  is  a  *  -  homomorphism. ' -Thuls  our  asser t ion wiL l

fo l low af ter  checking that

v ( A e K t t e n , n ) ) ) o  6  o . . o o) v*c a"x ( 12 (rr"r rrri ) .

Since V intertwines

. )  ^ 2  . -
( E ( a )  l f  t r r r , r # )  )  o  i Z ( a ) o  . . .  e  ? ( a )  a n d  ( ? Y ( a ) \ ' { 2  t r r r , r , , } t ) ) ,

see that  l t  w l I I  be suf f ic lent  to  check that

- ' )  r t t  - )

v (  ( 1 o K ( { ' ( F n , r r )  )  )  c  O @ . . .  e  O ) V ^ C 4 . 6 K ( r  ( a r , r r )  )
. .

or equivatenl lY,  to check that

)  ^  . ^ 2
R_-t  ( tex (N '  l tnrn)  )  )  R^ c  Lox(92 {nr r , r r )  )

g n 9 n ' . ]

which is  qu i te  easy.

Now, we def lne

x e T  w e h a v e  d r !  y

*-f(*oWLYr^"rt/
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' ' /  \  : ,  /
e  ( a ) - v (  e  ( a ) o  Z  ( a ) @  . . .
J J

= p (a) (r-T# * )= e
J r

7. 5.LgrySq. Thg h_oryqilorp}ls.ry

N * -

o  Z  ( a ) ) v

\ ; t , / . l L ^  r
l l

i.g;,irn i' o$grl"Aifg.

we have

Io=

.  I t=

I t e

Etr=Nn+ii(*t@ .t!t l* 6p(w*))v
( n - t ) - t i m e s

( ! : '

wr-u,  *  e  ]  .Moreover  r io=In+ I  
(vo)( ' l - -En) '

u v a

fhus for
. .\t t+

Y + = W +  W +

cont lnuouolY ou. ' i  t . ,  or /

and fr'r1En* f 
(%) (t-En) .

g(vo)En+( l - *En)

g  (v1)Fo+( t - ro )

e  rKq (A )  4  Ke (  7  )
J p

S r g g ! . T b a t f * i s e u r j e c t l v e h a s b e e n a } r e a d y e s t a b l i e h e d . . t n

Ienma 3 .4 ,  so  i t  w i l l  be  su f f  l c i en t  t o  p rove  tha t  f , o  i s  i nJo .c t i vo

:

l i s i np  seve ra l  t i nas  the  a rgunen t  tha t  t be  fqep l i t z *ex tens ion

f  o r  (AO ??Tn ,  o t  @ idn )  co inc ides  w i th  the  Toep l i t  z ' ax tens ion  o f

(A ,  d  )  t enso red .  by  f f t t u  i t  i s  eae l l y  seen  tha t  i t  w . i l l  be  su f f  i c ten t

to  provq the f  o l lowinJ fact l  i f  vorv , t  e  A are un i ta . r tes and i f

tortl 3 t 
',--> 

wt €. f i s  a  c  ont inuoue f  u-nc t ion:< wi th  va lues

uni . tary  e lene nts  o f  . I  ,such that  wo= j r  (vo)  and wl= f  
(vn)  r then in

Kr(A) we have Loul s Lurl .

[ o  th i s  end  cons ide r
F , F

u*J



and"

-,
tl'* |' d '

t r--*

.Thug

I +

w 6

;2q-

i s  a  con t inuous  func t ion  
'w i th  

va lu€s  un i ta r i es  i n

have [yo]  =  [yd 1n KL(  
J  

) .Tak ins tn to  acount  the

(K0(A)  )n  F"  ,  ,  Ko(a)

I
I

:Ka(A 1 Fo ) *k- KL(A)

v,'h:€r_e- ttlg .vSTj!+ael jlrroWS gol"resL_o.!S tSL.l-he _gonn.eclinS.. h.gsornorpqieel

in  the  exac t  sequence fo r  the  Toep l i t z  e : i tens ion  (modu lo  the  lso-

no . r . ph :Lsgs  K j ( ( a  @K)n )  a  (K j (A ) )n , i =0 ,1 )  +n .d -p lSqg  f  , ( 4e . . . o { )=

= ( s .  * ( o c C * I * > I 4 ) * . , . * ( 4  - (  x t e f t ) ) * f " , )  r g r  f , r u K j ( A )

( ts i  - ( .n r j=0r l - )  r  l s - *q r r  g - I3 -g t .€equ€

pr .oo j .T. ,ook ing at ' the d iagraro ln  the '  proof  o f  Lemma 1.4

and  ue inp 'Lemma J ,2  and  L ,enna  1 . ,  ws  bave  tha t  the  sequ€nc€

Ko(A (orro) -> (Ka (a) )n fn ,  KL (A) L.on(A x 
"x'n 

) -> Ko(A)

ie  exac t .  fh is  eL]owe a1so,  that  the theorern wi l t  be proved

es tao - l i sh  the  ana iogue .  o f  Lemna  3 .5 r  - v r i t h  Kn  rep laced .  by

analogue of  Lernna J .2 L*  jus t  Lerr :na '3 .5)  .  :

l L *
__-> K 0 ( A

*  fn  (Kr  (A))n

i f  w e  o a n

r r  1  r . u ^
l \^ \ t, tI tI

w

lsononphisus KL( 
J ) x K'-((n o K)n) : (it(A) )n .tr, is sives

proc is e Iy

O o  O 0  e l
s----*:--'

(n - t ) - t imes

.  t n  ( I { L ( A ) ) n  a n d  h e n c e

7.6 . lqggf  gU,  Ihe .d i  a .graar-  = = = = = = =  -

l o o l  = O  e .  .  .  @ O  e l
-------J

(n - f ) - t i nee  '

luol  = [vr l  , .

v  . T ' )
" o (  r  

* n t

L "rl

q.  a .  D.
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fo  th ls  ond r remar i r  f i rs  t  that

xdc( ,r ) @ "(

genera tors  o f  Zn

Q .  S .  D .

3. S. gggSltggU. rhsTe., ie,ng !ort:.}gl,Yi.pJ-,p::o,l-ectign-+n cf {nn)'

, . . ( & d c ( _ T  
) @ t  ) t r n ( c ( ' j i ' ) o  

a ) : - - '  r n ( c ( T l  ) o  7  )

i s  8 .n  i somorph tsm. rndeed ,  app ly ing  Lenna  9 .5  to  (C( ' i r  )  @ A ,

)  i . ns tead  o f  (A ,  oc  ) ,  we  ob ta in  p rec lee ly  th i s  fac t "

N o w o  F g l a t e d  t o  t h e  p e r i o d i c i t y  t h e o r e n r  t h e r e  j . s  &  o 8 -

K l ( c ( ' i l  ) o t l ;  z  K ' ( M ) @ q ( M )

f o r  any  un i ta l  C* -a lgebra . th i s  toge the r  w i th  the  fac t  t ha t

( r o r ( T ) @  f  ) ; * u ( c  ( ' i t )  @  A ) ' ' K r ( c ( ' i f  ) e . 7 1

i s  an  i sonorph ismr lmmec l ia te l y  g i ves  tha t  f " :Ko (A) . - 'Ko (  
.Z  )  . i .

l 's an isonorPhis'ra.

Q .  E .  D .

V.?.9glg} lggU. r , l t re l rave Ko(cJ (Fo)) = Z t le-,Finqr?lor

beins Ltl .glg, w,e ,!.av-9 Kr(cJ (Fo) ) t Z.*

F - -  -  l : r  
' l

L u f J  r . ' r r  L o n l

I Igg{ . . rh?r  Ko(c i (Fn))  r  Zwt th  generator  t r l  f  o l }owe in*

n e d l a t e l . y  f r o r n  T h e o r e n  1 . 6  a p p l i e d ,  t o  t h e  c a s e  w h e n  A =  C . A l s o ,

- ' f ron ' Iheorem 3.6 we g€t  that  the index r l rap

K t (cJ (Fn) )  (Ko (  d  ) )nx  Z  i s  an  i sonorph ls rn .  The  conpu ta -

t i on  o f  t h i s  i ndex  nap  in  the  p roo f  o f  Lemrna  ] .4  immed ia te l y

s h o w s  t h a t  t h e  c l a s s e s  . L t f l ) . -  .  I o n l  a r e  n a p p e d  i n t o  t h e

Proo f  .Thore  i s  a  fa i t h fu l  t race -s t ' a te  oh  Cr * (Fn  ) .The
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range of the hononorphisn Ko(cI(Fn)) - ' 1X

t rac€-s ta ts  ls  Z becauge of  Coro l lary  J .? .
:"-

a pnoJeat lon tn  c fCro)  can be on ly  0  or  t  and

pro jec t i onq  in  Cr (Fn )  a re  O  and '  t .

Y .

tnduaed

Henge the

.hence the

Q.  A .  D.

by this

trace of

only

7.9,*ggggE. t4<isg. Jn3gg tJye*LlgilS. the ahalggg-o{-

Theoren 6 and C or:ollaries r,T and'3-r-Q*f,ox*"tlg.!._glgUpg"*gl-tb

i n f i n i t e nunberl .of genonators ql€, - [4rrg4lately obtained,

' i
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