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THE KUNNETH FORMULA FOR HTLBERT COMPLEXES

by

COTiNA GROSU ANd F. -H.  VASILESCU

l .  INTRODUCTfON. Let  X and Y be complex Hi lber t  spaces.  We

{enote by C(XrY)  the set  o f  a l l  c losed l inear  operators,  def ined

. ' on  l i nea r  subman i f c r l ds  on  X ,  w i th  va lues  i n  Y .  Le t  B (X ,Y )  be  the

subset of those operators from c (x'Y) which are everywhere

d.e f ined,  hence cont inuous .  We wr i te  s imp ly  C(x)  fo f  C(x ,X)  and

8 ( X )  f o r  B ( X , x ) .  I f ,  S ( C ( X , y ) ,  l e t  D ( S ) ,  N ( S )  a n d  R ( S )  b e  r e s p e c -

t ively the domain of  def in i t ion,  the nul I -space and the range

of  S.  We need a lso the not ion of '  reduced min imum modulus y  (S)

'  of S ISJ ' which is given by the formula

y ( S ) = s u p  [ v 2 0 ,  I  l s x l  l > v l  |  ( l - P N ( s ) ) * l  l ,  x 6 D ( S ) ] ,

where  P* (S )  i =  the  o r thogona l  p ro jec t i on  o f  X  on to  l I (S ) ,  p rov ided

tha t  S l0 .  When  ScO then  one  de f i nes  y (S )= - .  f t  i s  eas i l y  seen

t h a t  v ( S ) > 0  i f  a n d  o n l y  i f  R ( S )  i s  c l o s e d  a n d  i n  t h i s . g a s e  v ( s ) - 1

i s  t he  no rm o f  t he  ope ra to r  Sx  +  ( l -PN(S)  ) * .  f r om R(S)  i n to  x .

Consider  now a (cochain)  complex of  Hi lber t  sp-aces LtZ l

(X ra )= (XproP)p€2 ,  where  z  i s  t he  r i ng  o f  i n tec fe i= rXP i s  a  H i l be r t

space ,  op f  c  1 ;P ryP+r )  and .  R (aP)cx  (oP* l )  f o r  a l l  p (2 .  Le t  us  deno te

'  
b y  t H p ( x , o ) ) p € z  t h e  c o h o m o r o g y  o f  t h e  c o m p l e x  ( X , q ) ,  i - e .

u P ( x r q ) = N ( o P ) / n ( o P - l ) ,  p c z  r  .  I

and  by  d im  HP(X ,c r )  t he  a lgeb ra i c  d imens ion  o f  t he  l i nea r  space
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t t P ( x r o ) .  ;
) .

I
We ieca l l  tha t  a  complex  o f  H i lber t  spaces  (x rc )=1xp,cp)  |' P € 2 .  - '

i s  sa id  to  be  Fredho lm [ rz ]  i f  in f  t r ( "p1  ;  p (z ]>0 ,  d imHP(x ,c )<-

f o r  each  p (Z  and  t tP (x ro )1O on ly  fo r  a  f i n i t e  number  o f  i nd i ces .

In  th is  case we may def ine the index of  (X,o)  by the formula

.

i n d  ( X r o )
pez

and  the  number  i nd  ( x rs ) ,  wh ich  i s  i n  f ac t  t he  Eu le r  cha rac te r i s -
.:

t ic  o f  the complex (Xra) ,  is  invar iant  under  smal l  or  compact

pe r tu rba t i ons  ( see  [ tZ ]  f o r  de ta i l s ) .

There is  a  more genera l  concept  of  complex of  Hi lber t  spaces,

ca l l ed  semi  -  F redho lm,  fo r  wh ich  the  i ndex ,  poss ib l y  i n f i n i t e ,

s t i l l  m a k e s  s e n s e  ( s e e  [ r Z ]  f o r  a  p r e c i s e  d e f i n i t i o n ) .  W e  s h a l l

work in  the last  sect ion wi th  a par t icu lar  semi-Fredholm complex

of  Hi lber t  spaces which is  not  Fredholm

We note that  for  a  Fredholm complex (Xra)  the quot ient

n
s p a c e  H ' ( X r s )  i s  i s o m o r p h i c  t o  t h e  s u b s p a c e  } [ ( s P )  O  R ( o P - l )  f o r

a l l  p (2 ,  so  tha t  uP(x ,s )  w i l l  be  g iven th is  mean ing  in  the  seque l ,

f t  i s  eas i l y  seen tha t  there  is  no  essent ia l  loss  o f  genera l i t y

in assuming that o(oP) is d.ense in xP for every p(2.  sg that we

s h a l l  w o r k  o n l y  w i t h  c o m p l e x e s  ( X r c ) = ( x P , o p ) o 6 ,  h a v i n g  t h i s

property.

The aim of  th is rvork is to consider tensor products of

Fredholm complexes of  Hi lbert  spaces and to prove a var iant  of

the Ki inneth formula tAl  for  them. rn order to state the main

resul t  we need some more notat ions and def in i t ions.  For any pair



of Hi lbert  spaces X and Y we denote by X 6 Y the complet ion,

.  wi th respbct to the canonical  Hi lbert  norm, of  the algebraic

!-ensor product X 6 Y. Take now two complexes of  
'Hi lbert  

spaces

( x , a ) = ( 1 P , o p ) n 6 ,  a n d :  ( y , g ) = ( y 9 , B q ) n 6 2 .  B y  a n a r o g y  w i t h  t h e

'  c  6  g l  o f  the  complexes  (X ,a1  and (Y ,8)  as  the  complex  o f  H i lber t

s p a c e s  ( z  , x )  =  ( z r  ,  x t  )  , 6 2  ,  w h e r e

z r =  @  ( x P 5 v 9 1
p+q=r

and l r  is  g i -ven, : roughty speaking, by the formula

l r l o ( a P )  @  D ( B Q ) = ( o P  6 1 _ - ) + ( - r 1 P ( r _  6  g q )-  q  p -

( see  the  nex t  sec t i on  fo r  a  p rec i se  de f i n i t i on )  f o r  a l l  p ,  q  and_  \ v v v

'  r  in z '  p+q=r,  where l -  and 1- are the id.ent i t ies on xP and YP,
P q

respect ively.  
'

'" ' ;-:: ' ' i '  1'. The main r€s:tf l-t,bf the paper is the following: :;

(X ,a)  and (y ,B) .  Then the i r  te r tse l -p roduc t  (X  6  Y ,  o  6  B)  i s-- -:

Fredholm and has the propert ies:

( 1 )  H r  ( x  6  y ,  a  @  g )  =  @  ( s P  ( x , c r )  @  H q  ( y ,  B ) . )  ,
P+q=rl

.. : for all r(Z (ttre tensor Kiinneth formula) i

The ne.xt  sect ion conta ins the auxi l iary  resul ts  needed for

the proof  o f  Theorem as wel l  as the proof  i tse l f .



The last section contains two applications . T-L-re. f irst one

{s a consequence of our results applied. to the tensor products of

commuting systems of  l inear c losed operators.  The second appl ica-

tion is the solution of the 5-problem for vector - valued square

integrable exLerior forms <in strongly pseudoconvex domains, using

some wel l -known resul ts in the scalar case [a] .

2.  PROOF OF THE MAIN RESULT.  We obta in our  Theorem'  s taLed

in the In t roduct ionr  ds a consequence of  some auxi l iary  resul ts .

The f irst result transforms some information ,eonnected with a 4 \ '  , \  '

complex of  Hi lber t  spaces in to an equiva lent  proper ty  va l id  for

a cer ta in  operator  (see [ f f ]  for  a  s imi lar  but  not  ident ica l

procedure)  .

2 . L .  P R O P O S I T I O N .  L e t  ( X r a ) = ( x P , o P ) o a ,  b e  +  c o m p l e x  o f

H i l be r t  spaces .  Then  the re  ex i s t  a  H i l be r t ,  space  Ho  and  a  dense ly

d e f i n e d  o p e r a t o r  T  ( C ( H  )  s u c h  t h a t  R ( T  ) c N ( T  ) ,  w i t h  t h e  f o 1 -
+  c t -  o '  0  o

lowing prgpert ies:

( I )  y - :  = i n f  t y  ( o P )  ,  p e z l = y  ( T ^  )  ;  i n  p a r t i c u l a r  r  Y o ) 0  i f  f-  ' c  q ,

R ( T  )  i s  c l o s e d  i- - . - c , T ' .

( 2 )  v - ) 0  a r i a  H P ( x , o ) = 0  € o r  a l l  p  i f f  R ( T - ) = N ( T ^ ) ; '
r O -  C  q

(3)  (Xno)  is  Frqdhqlgr  i  f f  T^,+Ti  i 's  r redholm.
(l

Proof  ; '  W€ def ine the Hi lber t  space

H^= @ XP
pcz

and the operatoi  T^ on H^ by the relat ion
, 0 0



. .
T ^ (  @  x ^ ) =  @ ' c p x -o t  p (z  P  paz ,  P

where

( 2 . 1 )

I L  i s

whose

t'hat

( 2 . 2 )

@
p ( z

eas i l y

domain

ri
* p ( " o  r  x n ( D ( o t ) ' ,  p € 2 , t  I  l o P x  I  l 2 < -  .

pcz r

seen that  T is  a  densely  def ined c losed operator
CI

o f  d . e f i n i t i o n  i s  g i v e n  b y  ( 2 . 1 ) .  f t  i . s  a l s o  c l e a r

N ( T ^ ) =  @  t t ( o P )
p € z

a,nd that  R(Tcr)cN(Ta)  .

Assume now y * )0 .  f n

( 2 . 3 )  R ( r a ) =  9 _ * ( o P )p (z

th is  case we have the equal i ty

P la in l y ,  R (T  )  i s  con ta j -ned  i n  
9 )_R(ap )

npr"n*, 
t 

n%* 
(oP) , therefore Yp+r=oo*n

take  xn(N (oP) r ,  we have I  l xn  I  l<v  (op)  
- l  

I

.  Conversely ,  take

,  for  a l l  p .  As we may

l y n * r l l '  h e n c e

p€z I ' /  p(z p(Z Y

so 9_*o(o 
(To.)  and y (To) 

?v. ,
P ( z Y  

q

h

Supposing R(To.)  c losed and tak ing yp+I(R(av)  we can f ind

x n ( o ( a p )  w i t h  y p + 1 = a p x n  a n d .  l l x n l l < v ( T o ) - r t t y p 1 1  l l ; ' a s  p l z  i s

arb i t rary ,  we in fer  yoZy (Ta)  .  Note that  i f  e i ther  yo or  y  (Ta)

is nulI,  the above argument shows that the other has to be nuIl

too,  consequent ly  yo=y (Ta)  .
.:

I f  y o ) O  a n d  H P ( x r l ) = 0 ' f o r  a l l  p ,  t h e n ,  b y .  ( 2 . 2 )  a n d  ( 2 . 3 )

we  ob ta in  tha t  p  (Ta )  =N (To )  .  Conve rse l y ,  i f  R  (To )  =N (To )  t hen



y (T_ )>0 ,  wh ich  imp l i es  (2 .3 )  by  the  p rev j -ous  a rgumen t ,  whence- c

t

Ht (x ra )=0  fo r  aJ - l  p (z t  conc lud ing  the  p roo f  o f  t he ' second  asse r -

t ion

The  ope ra to r  Ao=To*T*  i s  se l f -ad jo in t  [ fO ]  and  sa t i s f i es

R ( A a ) = R ( r o )  @  R ( r ; ) .

Note that  R(To)  is  c losed.  i f f  R(Aa)  is  c . losed, ;  on the other  hand.

one can see that (

N ( r ^ + r l ) = N ( T ^ ) n N ( r l ) =  @  x ( o P ) n n (  ( a P - t ) * ) =  @  ( w ( a P )  O n ( o r r ) ) .o  d  c  c t '* p€z p(.2

From these  fac ts  i t  i s  p la in  now tha t  (X rc r )  i s  F redho lm i f f  A -
fl

is Fredholm, which completes the proof

2 . 2 .  C O R O L L A R Y .  A  c o m p l e x  o f  H i l b e r t  s p a c e s . ( X , o 1  i s
-  - 1

Ftedho lm and  exac t  i f f  (T3+T i )  ' (B (Hs ) ,  
where  Ho  and  T_  a re  g i ven

b y  P r o p o s i t j - o n  2 . I .

P roo f  .  We  have  g (To )cW( to ) .  The  equa l i t y  ho lds  i f f

.  - l
(To+t j )  '€  

B  (Ho)  ,  as  shown in  l ro ,  Lemma 3 .  r ]  .

2 .3 .  Remark .  The  cons t ruc t i on  f rom Pro r :os i - t i on  2 .L  does  t

not  y ie1d.  a  bounded opera tor  To  even in  case oP(B(XPrxP+I ) ,  fo r

every  p (2 ,  un less  sup I  laP l  l ( - .  I t  i s  there fore  na tura l ,  f rom

our standpoint ,  to work only wi th c losed operators.

L e t  X r ,  X 2 ,  Y l ,  Y Z  b e  H i l b e r t  s p a c e s ,  S t € C ( X l , Y I )  a n d

S2CC(X2,Y.)  be densely def ined operators.  Then the operator

S l  @  s 2  ,  d e f j - n e d  o n  D ( S l )  6  D ( S t ) ,  i s  c l o s a b l e  ( a s  a  c o n s e q u e n c e

of  the  fac t  tha t "  s i  O S i  i s  de f ined on  the  dense subspace

D ( s i )  @  D ( s r ) ,  s j  b e i n g  t h e  a d j o i n t  o f  t j  ,  j = l  , 2 ) ;  r ^ r e  d e n o t e .



b y  s ,  6  s ,  i t s  c a n o n i c a l  c l o s u r e  ( s e e  a l s o  [ A J ) .
:

.
2 .4 .  LEMI \ ' IA .  Cons ide r  two  H i l be r t spaces  X '  Y  and  take

s ( C  ( X )  d e n s e l y  d e f i n e d ,  w i t 4  R ( S )  c l o s e d .  T h e n  ( S  6  I " )  * = S *  
@  l y

: : ,  R ( s  6  l " ) = R ( s )  6  v , n ( s  6  1 " ) = N ( s )  @  Y  a n d  y  ( s  6  1 " ) = y ( s ) ,  w h e r e

1. ,  is  the ident i ty  on Y.

Proof. The equal i ty (s 6 r") *=S* @ ry fol lows from [8, 
:

a

Chapt .g l  (and i t  is  not  connected wi th  the assumpt ion that  R(S)

be  c losed )

The inc lus ion N (s)  6  yct t  (s  6 ly)  is  obv j -ous. -  Conversely ,

i f  E ( N ( s  6 l y )  w e  c a n  f i n d  a  s e q u e n c e  E k ( D ( S )  @  Y  s u c h  t h a t

€k*  q and (S @ 1")E* + 0 as k  + - .  Moreoverr  'we may rePresent

Et= .? -  * i  @ Y i  ,  kC? '  ,
j € r t  J  r

w i th  [y - ]  * . ,  an  or thonormal  sys tem,  I . , -  be ing  a  f in i te  fami ly. J  : ( I K

o f  i n d i c e s .  w r i t e  t h e n  x . = x 1 + x ' l  w i t h  x j € N ( s )  a n d  x l ( w ( s ) r r h e n c e

I  l x i  I  l < y  ( S ) - t  l  l s x a  |  |  ,  f o r  a l l  j  ( r , - .  S e t
) J K

E ! . = >  x j @ v ; ,  E i : = E  x i @ Y i
I l '  i . c ' t  J  J  r \  IFT -  J  J

J ' ( ' k  J s  * k

and note that

I  l t [  r  r t =  
r i r u l  

l x ]  I  t 2 s t ( s ) - t r ? r o l  l s x ,  t  t 2 = v ( s ) - r  I  |  ( s  @  r v ] E k l  l 2

t he re fo re  q , ' l  +  0  as  k  +  - r  show ing  tha t  6 (n (S )  $  V .- K - - - -

Let  us prove now that  R(S 6 ly)  is  c losed.  For ,  consider '

r l =  E  Sx*  @ Y ;  ,  w i th  I  f i n i t e  and  [ y ; ]  i r .  an  o r thonorma l  sys tem '
j ( r  l  

- ' l



Then,

( 2  . 4 )

I f A
o r F

H c @ H g

( 2 . 5 )

for  evefy  E(  D (Ac,  g  )

P r o o f .  f t  i s
.l

Lemma 2 -4J  hence  A
q

a b o v e  r i f  6 =  t  x .-  
j ( r  J O V.. with

J

n) 
=n% 1-r ) P*p

( rs+r [  )

xr(N (s)-L we have

A- .  ^  i s  se l f -ad jo in t  i n
d r F  -

as

i l E  I  l < y ( s i - r t  t n t l .  r n  p a r t i c u t a r ,  R ( s  6  t v )  i s  c l o s e d  a n d

y ( s  6  t r ) > v ( s ) .  I n  f a c t ,  t h i s  i s  a c t u a l l y  a n  e q u a l i t y .  r n d e e d r

i f  n = s x  @  y  w i t h  l l y l l = r  t h e n  E = x  @  y ( N ( s  6  t , r ) t  w h e n  x ( N ( s ) l a n d

- l  - l
t " )  - l l n l l = v ( . S  

8 l v )  
- l l S x l l ,

l l x l l = l l t l l < y ( s6

w h e n c e  y  ( S ) > y  ( S  @ ' 1 v )  .

ffnallVn from these arguments we 
.infer 

that

t -
R ( s  6  t " ) = N ( s *  6  1 " ) * = R ( s )  6  Y ,

which concludes the proof  o f  the lemma.

2 .5 .  Remark .  Lemma 2 .4  p rov ides  a  d i f f e ren t  p roo f  f o r

Theorem 2 .7  o f  [ ro ] ,  hav ing  a  l ess  spec i f i c  cha rac te r .

2 . 6 .  L E M M A .  L e t  ( X , a ) = ( X P r o P ) ^ . o  a n d  ( Y , B ) = ( Y 9  o Q r
t ' \ -  

-  l P  ' q ( Z

the

( X r a )  g n d  . ( Y ,  B )  r e s p e c t i v e l y ,  D e f  i n e  t h e n  t o (  I  ( H o )  b y  t h e  r e l a t i o n

-  r ^ ( @ x
P ( z

=  (To*T i  )  .@ i  g+ .  o  @

and sai . is f i -es

then

l ,oo,u6t  
l2=r  |  ( ( ra+r j )  € i  18)Et  t2+ l  r  t ' "  6  ! r '+ t ; ) )s l  l2

,  w h e r e  1 ^  i s  t h e  i d e n t i t Y  o n  H ^ .
- -

known  tha t  A  =T  +T1  i s  se l f : ad jo in t  [ tO ,
c c l ' ( x

A  f ^  i s  s e l f - a d j o i n t ,  b y  L e m m a  2 . 4 .  S i m i l a r l y

b e  c o m o l e x e s  o f  H i l b e r t  s p a c e s  a n d  d e n o t e  b v  [ H  , T  ]  ,  [ H . r T " ]

H i l be r t  spaces  and  the  ope ra to rs  g i ven  bv  P ropos i t i on  2  ' L  f o r



.o  6  oB is ,se l f -ad jo in t ,  where .  AU=TU+T[ '  Le t  E .o  
" - "1  "g  

be  the

spectral  measures [ l ]  of  Ao and AU ,  respect ively.  The proof of

the lemma will be obtained in 
".rr.t.t 

steps :

lo .  r f  o  i s .any  bounded '  Bore l  se t  in  ts '  and E(H

E o =  ( E o  ( o )  6  E u  ( o )  )  6 € D  ( A o ,  
B )  

.  r n d e e d ,  t h e  o p e r a L o r s  A

aUEU(o)  a re  bounded [g ]  and we in fe r  thSt  (Ao @ l '+ t

( a o E o  ( o )  € l  E g  ( o )  + r o u o  ( o )  6  A e E e  ( o )  )  €

o 6 
"* 

then

oEo 
(o  )  

.and

o  6  o u )  E o =

20 .  I f  we  f i x  E (HaE Hg  then  fo r  any  e )0  the re  ex i s t s  a

bounded  Bore l  se t  ocR.  l a rqe  enough  such  tha t  I  lE -Eo l  l ( e '  I ndeed ' '

o  *  Eo (o )  6  Ig  and  o  ->  ,o  6  EU (o )  a re  two  commut ing  spec t ra l

measures  i n  Ho  6  Hg ,  t he re fo re  the i r  p rcduc t  i s  a  spec t ra l  mea-

su re  on  lR  x  R  [ l ] .  I n  pa r t i cu la r ,  t he re  ex i s t s  a .Bo re l  se t  o  w i th

the requi red ProPertY.

3 0 .  r f  E ( D ( A o r U ) , -  a n d  E k = t o k  ,  w h e r e .  o *  i s  t h e  i n t e r v a l

[ - r . , r . ] ,  k  na tu r t ] ,  t hF l  E r  i  E  and .  oo r 'Ek  *  oo ru€  as  k  +  - '  r n -

deed ,  €p+  E  by  2o . "Th 'eh  we  have  (As  6  rB )  ( ro (oo )  @ ru )E  ->

+  ( A a O  I B ) E ,  s i n c e  o  *  E a ( o )  6  I g  i s  t h e  s p e c t r a l  m e a s u r e  o f

o o  6  , g .  A n a l o g o u s l y ,  ( t o  6  o u )  ( r o  6  E e ( o o ) ) E  *  ( . o  6  A u l e  ,

o  -> to  6  EU(o)  be ing the spect ra l  measure of  fo  6  eU.  Not ic ing

t h a r  ( A o  6  I u )  ( E o  ( o * )  6  ( E B  ( o k ) - r u )  ) E =

= ( E o ( o o ) 6 1 g ) ( r 0 6 ( E B ( o k ) - ' e ) ) ( a o 6 1 g ) t . a n d

( . o  6  A B )  (  ( E o  ( o o )  - t o )  6  E e  ( o * )  )  E =

= ( . o 6 E e 1 o o ) ) ( ( E o ( o * ) - 1 o ) 6 1 B ) ( I a @ a u ) 6 | :

we in fe r  eas i l y  t ha t  Oor -BEk  *  oo r 'E  as  k  - )  6  o  :

. 4 0  .  L e t  u s  s h o w  n o w  t h a t  ( 2 . 5 )  h o l d s  '  I n d e e d . ,  i f  E ( D  ( A o ,  g )



and o c, lR is bounded, then we have

)
l l a  ^ E  l l - = l l ( A  F \ 1  \ r'  " ' d  r .  B ' o '  

'  ' - : g  € r  a g  i  v o

( r o  6  A e )  € o > + <  ( r o  6  o g )  6 o

) -
+ l  |  ( . o  @  A g )  t o  I  l - = l  |  ( A o  @

s i n c e  ( r o  @ A B ) E o € D ( a o  @ t I U ) ' ,  ( A

) -
l l * + < ( A a @  1 g ) 6 o  i

,  ( A o ' @  1 g )  € " > +

, )
1 ^ ) E  I  l - + l  |  ( t  @  A ^ ) E - l  l -

F g s p ( )

o  6  r u ) 6 o  ( o ( t o  6  o u )  f r o m  r o

)
A ;  .  No t i ce

p

t
l s  @ A ;  i s

anc l  (Ao ro  6  Ag )  6o+  ( rooo  6  Ag )  6o=0  b1z  the  p rooe r t y  Ao .o * toAo=0 .

The  re la t i on  (2 .5 )  i s  t hen  ob ta ined  by  app l l z i ng  30 .

50 .  The  ope ra to t  oo r '  i s  c losed .  I ndeed ,  t h i s  i s  a  s imp le

c o n s e g u e n c e  o f  ( 2 . 5 )

60 .  We have  on l y  to  show tha t  Ao rU  i s  se l f -ad jo in t .  I ndeed ,

)  ) -  )  ?
( A s  @  l U ) ' = A '  6  I g  i s  s e l ' f - a d j o i n t  a n d  ( r o  E  A U ) " = 1 o  @  A ;  i s  s e l f -

-ad jo in t  too .  Moreover ,  the  spec t ra l  measure  o f  A2:6  1S commutes
'  

th" re fore A:  6  r ' * ro  6  ^3with the spectra l  measure of  la  @ A;  o

i s  a l so  se l f -ad jo in t  fZ ]  .  P la in l y  we  have  A*  oJA^  p .  Tak ing
d r F  o r F

n  ( O ( a l  ^ )  a n d  E = A 1  ̂ 1  s u c h  t h a t  t h e  p a i r [ n , e J b e  o r t h o g o n a l  o n' -  c r F  a r $ -

t h e  g r a p h  o f  o o r U ,  w €  o b t a i n  t h a t  e  ( D ( A ; r B )  a n d  ( t + A * ' u ) t l  = 0 .

Not ice that

o l , u E o = ( a 2 . 6 r B ) E o  +  ( r . , @  a f ; l t o

for every bounded ocn., therefore aj 
, fo| 6 ru+r

that (AI, s fcra!, s) 
*col 6 1B*1o 6 o3 ana al 6

p o s i t i v e ,  h e n c e  t = 0 r  i m p l y i n g  A o r B = A J r B .

o 6

1 - L

2 . ' 7 ' .  LEMMA.  Wi th  the  cond j - t i ons  o f  Lemma 2 .6 ,  i f

o )  @  D ( r s )

m* 0 8 8

^ i s=To @ 1r+ r ;Q Te i s  d e f i n e d  o n  n  ( T then Ta @



c losab le  i n  H  6 .n^  ,  j - t s  canon ica l  c l osu re  T  ;  ^sa t i s f i es
< cr S ct([)F--------------

r2 / 'r '  \-N ( 'F^ a o ) and one has the equali tra
" t ' c ' 6  8 ' - " ' * o  @  B '  : - : -

T o d e * T I 6 B = A * , B

Proof.  Since Tl  6 lg + ro @ r[  is  def ined'  on the dense

subspace n( r l )  @ D(T; ) ,  we der ive  tha t  ro  
@ B i=  

c losab le '  As

4  ' . ' a  i n€a r  #h -a { -  p (T  :  
' l t  r om a  s im i l a fT t  * t  T^=0 r  w€ in fer  that  R (T- .  ; i  o  ) r "  

' -  \  € '
c !  c r  c t  L r  

0 ,  we rn te r  c - -  
c  cd  F  

- ! \  \ ' . ' d  
E  g ,  ,  l l v r r r  q  e !^ r r+r * -

proper tY  o f  To  
@ B .

N o t e  t h a t  A o , g = T o  
6  e * t l  6  g  o h  D ( A o )  € f  D ( A g ) ,  o o r g  i s

se l f -ad jo in t  by  Lemma 2 .6  and  T .  a ,  o *T1  a  o  i s  se l f -ad jo in t '  by- a @ g  
c Q 9 F

t rO,  Lema 2 .4J .  The opera to t  oorB is ,  i ' n  fac t '  essent ia l l y  se l f -

-ad jo in t  on  o(Aa)  € l  D(Ag) ,  whence oo ,u  and To 
6  u* t l  @ gmust  be

equal

In ord.er to define the tensor prod'uct of two complexes of

l l i lbert  spaces we shal l  use a procedure sugqested by Proposi t ion

2.L ( the direct  way is rather t roublesome) '  An elementary but

. important step in this respect is the identif i,cation of the

'
space

@  @  l x P G v q )
r (2 P+q=r

with the space

( @ x P )  6  ( @ Y q )
p(z  qe  z

for  
'any 

two fami l ies of  Hi lber t  spaces [Xp]p€Z and'  tYq]qq2rwhich

can be made in a natural waY

2 .8 .  De f i n i t i on .  w i th  the  no ta t i ons  o f  Le rn :nas  2 '6  and  2 '7  '



t h e  c o m p l e x  ( z r r )  = ( z r r l { ) - . , '  ,  w h e r e'  ' t : ,

P*q=r

and trr=T- ; ;  o lZtnD(io 6 U) 
(here zr  is  regard.ed as a subspace of

q @ F  0 @ F

H^ € i  Ho) ,  wi l l  be ca l Ied.  the tensor  product  o f  the complexes
o -  p

( X r o )  a n d  ( Y , g ) .  T h e  c o m p l e x  ( z , x )  w i l l  b e  a l s o  d e n o t e d  b y

( x 6 v ,  c @ e ) .
t , I

I t  i s  c l e a r  t h a t  L r  m a p s  z r ' n  z r * 1 .  F u r t h e r m o r e ,  i f  H r
. A

and T .  cor respond.  to  (2 , \ . )  in  Propos i t ion  2 .L ,  then,  w i th  our
A

l den t i f i ca t i ons ,  H .=H 6  H^  and  T .=T ' - .  ? i  a .  f ndeed ,  t he  i nc lus ion'  A  c  S    a € F

T  C T  :  i s  o b v i o u s .  C o n v e r s e l y ,  i f  6 =  @  x ^ ( D ( T ^ )  a n d- r - c @ B
p ( z  Y

n = @  Y ^ ( D ( 1 o 1  t h e n  w e  c a n  w r i t e ,  b y  t h e  r e l a t i o n s  ' ( 2 - L )  t
q Q Z Y  

P

|  |  @  @  ( o p * ^  I  y ^ * ( - 1 ) p + r X ^ + . r  @  g q - t r ^ -  - , 1  l 2 =
r iz  p+q=r  P  

-  -q  P- r r  -q - r

= !  t  l l a P x
x(2 P+q=r

< ( l l r  E l l l l n l l + l l t l l l l r ^ n l l ) 2 ( - ,
c I , -  

-  
6

w h i c h  s h o w s  t h a t  6 I  n ( o ( T r ) .  W e  h a v e  t h e r e f o r e  D ( T o )  € )  D ( T g ) c

c D ( T .  )  t  a s  T .  i s  c l o s e d r  w e  o b t a i n  a c t u : r  l r r  ' F  = ' n  o .- .  
1 , , ,  I  ,  

=  v u u q l r r  q v e s q r r J  * l  * 0  
@  8 '

? .9 .  LEI{MA. Let (X, o )  and (y,  B )  be two complexes of  Hi lbert

space.s ,  w i th  (Xrc )  Fredho lm and exac t .  Then the  tensor  p roduc t

( x  6  v ,  o . 6  g )  i s  F r e d h o l m  a n d  e x a c t .

Proof ,  W€ apply Corol lary 2.2 .  S j -nce f  ^  +Tl  has a cont inuous
: - - d g

i nverse ,  then ( t "+ t * )  6  lU  has  a  cont inuous  inverse ,  there fore

p  6  Yq* ( - r )P * l *p+ r  @ un - l ve -  l 12<

by (2 .5 )  we ded.uce



,J2

I ' o o , u E l  l > 1  1  1 1 r o + r * )  I  l e ) E l  l > c l  l E l  I
. \

f o r  e v e r y  E € D ( A o r B ) ,  w h e r e  C ) 0  i s  a  c o n s t a n t .  B y  L e m m a  2 . 6  t h e

opera to r  O , i rU  i s  se l f -ad jo in t ,  hence  O* rB  has  a  con t i nuous
'

i n v e r s e . W e c o n c 1 u d e , b y L e m m a 2 . 7 a n d o e f i n i t i o n 2 . 8 t h a t

( x  6  Y ra  6  8 )  i s  F redho lm and  exac t

Le t  us  cons ide r  lwo  comp lexes  o f  H i l be r t  spaces  (Xo rao )=

'  , - - D  P .= ( x 5 , o I ) p e z  a n d  ( X r , c r ) = ( x f , o f ) n e z .  T h e n  w e  m a y  d . e f i n e  t h e i r

d i rec t  sum (xo  @ x l ,  oo@ o t )  wh ich  i s  a  comp lex  ( x rc1=

_ r v P P l g i v e n b y * n = " f , @ * i a n d . r P = o 5 o " l f o r a 1 1 p € Z . r t-  \ n  , u  t  
p ( Z  

- * O  *  * I  ! v !

i s  eas i l y  seen  tha t  i f  bo th  (Xo ,oo )  and  (X r ra t )  a re  F redho lm then

( x r o )  i s  F r e d h o l m  a n d  i n d  ( X r c )  = i n d  ( x o , a o ) + i n d  ( X r  r c r )  .  I f

( Y r B ) = ( y Q , B q ) n e  
Z  i s  a n o t h e r  F r e d h o l m  c o m p l e x  a n d  b o t h

(xo  6  v ,  oo  6  8 ) ,  ( x ,  6  v ,  c ,  6  e )  a re  F redho lm then  we  have

{ 2 . 6 )  i n d  (  ( x o  @  * r . )  6  Y ,  ( * o  @  o r )  6  s ) =

( : .  = ind (xo 6 Y,  oo 6 8)  + ind (x t  6  Y,  o ,  6  8)  ,

by the ident i f icat ion of  the complex ( (xo @ *r )  6  Y,  (o ; f r r )  6g l

w i t h  t h e  c o m p r e x  ( ( x o 5 i  v l  @  ( x l  6 Y ) ,  ( a o F  o )  @  ( o r  6  B ) ) .

2 . 1 0 .  P r q o f  o f  r h e o r e m .  r f  ( x r a ) = ( x P , o p ) n 6 z  i s  a  F r e d h o l m

comp lex  o f  H i l be r t  spaces ,  t hen  we  de f i ne  * := * (op )  O  R(oP- l ) ,

o 5 = 0 ,  x l = x p  g  x f , ' a n a  o | = o n l x f n o ( o P ) ,  f o r  a l l  p ( 2 .  r h e n  ( X o ,  o o ) =

=(X5,o5)p tZ  is  a  complex  o f  f in i te  d j -mens iona l  H i lber t  spaces  o f

f inite length with the property ind (x..,, 4,.,,) = 
? - 

(- r ) Pdi* xP=
v  v  

p ( Z '

=ind (x ,c)  whi re  (xr ,ar )  =  tx ! ro l )  pe z  is  a  r re-hholm complex which
:

i s  exac t .

A s imi lar  decomPosi t ion can be obta ined for  another  Ered-



ho lm comp lex  (Y ,  I  )  =  (YQ ,  Bq )  
, 62 ,

u3=0, v?=9q 6 vl ana e!=eStvfno

the ident i f icat ion

:  , ( x 6

=(  (xo  6  Yo)  @ (xo  6  Yr )

l oo  6  Bo )  @ (oo  6  B t )  @

fron r,v{rich we derive the

namety  v . r l=N teq )  O  R(BQ ' I ) ,

( g Q ) ,  f o r  a 1 1 . q e z .  T h e n  w e  h a v e

ind (x 6

obta ined f rom (2.6)  and

we have

The equal i ty

r
H ' ( x  6  v ,  o  6  B ) =

fol lows from the

We end this

appl icat , ions.

Y ,  o  6  B ) =

@ ( x t 6 Y o ) @ ( x l  6 Y r ) ,

( o r  6  B o )  @  ( " r  E  B t ) ) ,  :

equal i ty

Y ,  a  6  g )  = i n d  ( x o  6  Y o , o o

Lemma 2 .9 .  As  o3=0,  8 l=0

6 a  1
\ v  p ^ t  ,

f o r  a l l  j - nd i ces ,

l n d  ( x o  @  y o , o o  6  e o ) =  ? ^  
( - l )  r d i m  

@  ( x l

:  
-  -o  

r (2  P+q=r  
o

=  E  ( - t ) r  . E  ( d i m  x P )  ( a i m  Y Q ) =
t(Z P+q=r o o

o "l)=

r ( Z  ,
n d

@  ( H r ' ( x , d )  € ) H = ( Y , B ) ) ,
P+q=.r

same argument.

sect ion wi th  a iesul t  which ig  usefu l  in  some

( x r s ) . a n d '  ( Y r B )  b e  t w o  c o m p l e x e s

o! ' .F i lber t  spaces .  Then (X  6 Y) ,  q  6  B)  i s  Fredho lm and exac t

'  
i f f  e l t h e r  ( X , o )  o r  ( Y , B )  i s F redho lm and  exac t .

2 .LL .  PROPOSIT ION.  Le t

P r o o f  .  I f  ( X r o )  o r  ( y ,  B )  i s  e x h c t  t h e n ,  b y Lemma 2 . .9 ,



;

( x  6  Y ,  o  6  g )  i s  a l s o  e x a c t

Conversely,  we shal l  use a procedure i r ispired from [ t ]  .  ' - . -

Assume that both A =T +T1 and Ao=T,+Tj are not invert ib lev v u r r  0 q  ^ c ' - c  - - . - -  - - g  
F  I

(we  p rese rve  the  no ta t i ons  f rom Lemmas  2 .6  and  2 .7 ) .  Suppose

that  there ex is t  sequences {EO} Ocuo 
and 

.  [n* ]  gcHU such that

l . l E k l l = l l n * l l = r r A o 6 o  + ' 0  a n d  A U l k  *  0 ,  k  +  - '  T h e n
.

l l E k  @  n t  l l = I  a n d  A o  
, B ( E k  

@  n O )  +  0  a s  k  *  - '  S i n c e  A o  a n d  A U

* 
ur .  se l f -ad jo in t  and.  a  se l f -ad jo j -n t  operator  has a cont inuous

inverse i f  and only  i f  i t  is  bounded belowr w€ obta in that  A-  o 
'

o r F

'  is  not  invert ib le,  which is a contradict ion

N o t e  t h a t  ( x  6  y ,  o  6  g )  i s  z e r o  i f  f  e i t h e r  ( x , c r )  o r  ( Y , B )

'  is  zero,  which completes the proof. '

' .  t ions  o f  the  prev ious  resu l ts

, . . -  . . .  '  l )  The f i rst  appl icat ion is related to t l19 spectral  theory

' '  * of commuting systems of' '  l inear transformation. We recall some

def in i t ionS and notat ions f rom t f f ]  (see also t9]  for  bounded

operators) . ,

L e t , o = ( o I r . . . r o r )  d e n o t e  a  s y s t e m  o f  n  i n d e t e r m i n a t e s  a n d

A to l  the  
" * t " r io t  

r rg . l ta  over  C genera ted  by  o . r r . . .  ron .  For  any

l-)

in teger  pr0<p<n,  APtoJ wi l l  be the space of  a l l  homogeneous

e g r e e  p  i n  6 L r . . - r o n  .  F o r  a n  a r b i t r a r y  H i l b e r t

-  Y ' f  - - ^ ^ 1 - - - !

s p a c e  X ,  A  [ o r X ]  ( A P [ o r X ] )  w i l l  d e n o t e .  t h e  t e n s o r  p r o d u c t

X @ A [ o J ( X @ A ' L o J ) .  r r  x  a n q  r

a na tura l  iden t i f i ca t ion  be tween A [o ,x ]  6  A [ r 'YJ  and

t , | ( n . ) t x s v ] , w h e r e e = ( e 1 , . . . , E * ) i s a n o t h e r s y s t e r f r o fJ I  L \ U  ' 9



' Ja

indetermlnates (see also [ r ]  I  .  We consider as wel l  the operators

S. r  :  A  [o ]  - r  A  [o l  I  S*E=o+ E,  E€A [oJ  ,  wh ich  sa t is fy  the  an t j -commu-
] J J

tation relations

F c !  rc r  c  -n  - i  1 - - l  n

:

fn the fo l lowing def int ions X wi l l  be a f ixed Hi lbert

3 .1 .  Def  in i t ion  [ r r ]  .  we sqy  tha t  a=  (a r  '  .  .  .  ,a . )cC (x )
l t

D-commut ing system i f  there ex is ts  a dense subspace D of  X

n
A n ( a * )  w i t h  t h e  P r o P e r t i e s :
j = l  r "

i )  t h e  r e s t r j - c t i o n  t . = ( a ,  I  S f * . . . + a r ,  @

i f  6  ̂ i s  the  canon ica l  c losure  o f  6 ,
a cr.

c n 2 n 6p y s v v .

i s a

in

a

c iosab le ;

i i )

D-commuting sYstem.Then a

R ( 6 a ) l N ( 6 . )  ( n ( 0 . ) = N ( 6 a )  )  .

.  Notice that to each

complex of  Hi lber t  sPaces

bounded operators).

The jo int  .sPei t rum

"= 
(a t  |  .  .  .  ,a r r )cC (x )  i s  the

z  a  i s  s i n g u l a r  t r r l .

. s i l )  lA  [o ,D ]

t h e n  R ( 6 a ) c N ( 6

be Fredholm

a ) .

i s3 . 2 .  D e f i n i t i o n [ r  r ]  .  Suppobe 
' that  .= (al  '  -  ? .  ' ,arrJcC (x)

i s  ca l l ed  s inqu la r  (nons ingu la r )  i f

= 6 " l n P [ o r X ] n D ( 0 . ) ,  h e n c e  a = ( a l r . . . r d n )  i s  s a i d  t o

[ f f ]  i f  the corresponding complex is  Fredholm (see

D-commuting system we can associate

(nP [o,x] ,  ul) l=o , where u3=

also l-21 for

o^ (a ,X )  o f  a  D-commut ing  sYs tem
D ' .  n
se t  o f  those Po in ts  z  (  C , "  such tha t

r ;  v1  ^Pt  D
L V  t r \ J  f  v r / * _ n-  € 1 .  P - v

a4  - - t o  a  ) cc (x )  i s  F redho lm then  one  can  de f i ne  i t s
I I  d ' - t d l t . . . t  

n

index [rrJ by the equal i tY

ind^ a=ind (AP
u .



4

i s a D

Let Y be another f i-xed it i lbert space

3.3.  LEMMA' Let  .=  (a l  '  .  -  -  ,ar r )cC (X)  b"  t  D. -commut ing

system and le t  b= (b,  '  .  .  .  rbm)cC (Y)  be a D' -commut ing svstem'  Theq

a  6  b : = ( . r ' 6  t y , . . . r d n  6  r v , t "  6  b t , . - . r r x  6  n * ) c c ( x  6  Y )

8D, corun@
q u

oo .  @ oo  
( .  6  u ;  x6v )coo .  (a ,X )  X  ooo  (b ,v )

P r o o f .  I f  o = ( o I r . . . r o r )  i s  a  s y s t e m  o f  i n d e t e r m i n a t e s

a s s o c i a t e d  w i t h  . = . ( a 1 r . . .  r a n )  t h e n  t h e  p a i r  [ A  i o r X J  ,  6 . ]  i s

a s s o c i a t e d  w i t h  t h e  c o m p l e x  ( r t P [ o , x ] , 6 : ) 3 = o  i t  t h e  s e n s e  o f

p r o p o s i t i o n  2 . I .  s i m i l a r l y ,  i f  e  =  ( 6 ,  ,  .  .  . - , e * )  i s  a n o t h e r  s y s t e m

of  indetermj-nates associated wi th  b= (bI  '  .  .  .  ,b*)  then the pai r

[A  Ie  , y ]  ,  ou ]  i s  connec ted  w i th  the  comp lex  (n9 [q ,YJ  ,  u f ; l [ =o  i n

the  same way . .No t i ce  tha t  t he re  i s  a  na tu ra l  " i den t i f i ca t i on

b e t w e e n  A [ o , x ]  6  n  [ q , v l  a n d  A  [ ( o r e  ) ,  x  6  Y l  a n d  w e  h a v e '  w i t h

th i s  i den t i f i ca t i on  ,

6 br= t f , .  o rn [r ,y]  )  u* ( t  I  t 'ot  e 
A

a,

f o r  a r l  o (A [o ,o " l  6 .  n te  
iDo ]=A  

l (o , r ' ) ,  D .  @ Do lyhere

(2 .4 )  fo r  r l  [ o , x ]  (= . "  a l so  t r l )  .  The  opera to r  6 .  @

+ t  @  6 O  ,  d e f i n e d  o n  D ( 6 a )  @  D ( 6 5 ) ,  i s  c l o s a b l e  b y
' / \

t he re fo t .  ? .6  U  
i s  c losab le .  I n  f ac t ,  s i nce  uu .  i "

or  t -  on A [o ,DaJ and 6b is  the c l .osure or  6o on 
l te

easi ly  check that  the canonica l  c losure 6a 
6 b 

of

e q u a l  t o  t h e  c a n o n i c a l  c l o s u r e  o f  6 .  @  t n [ r r y ] + t  @

r is given bY

t . t' n  
[ r , Y ]  

'

Lemma 2.7\ t

the c losure

, D o l ,  o n e  c a n

.,\
6 . 6  b  a s

6 ,  ,  h e n c e ,
D

Ard 
4[1t11



b y  L e r n m a  2 . 7 , . * ( u u  
6  f ) . N ( u . 6  n ) ,  s h o w i n g - t h a t  

"  *  
O  i s  a  D . @  D O -  - :

-commul ing system, the set  D.  @ Dhcno(a+ 6 r . r )nAo( lv  6  uo)
, o j = t J ^ , k = l A

being obvious ly  dense in  X 6 Y

In order  to  prove the second statemenL,  take

. l
( z  , w )  f  o D a  ( a ,  x ) *  o o '  ( b , Y )  

.  
.

We may assume wi thout  any loss of  genera l i ty  that  z=0,  w=0.  Tf

0  /  o O  ( a r X ) ,  t h e n  b y  P r o p o s i t i o n  2 . L  a n d  L e m m a  2 . 9  w e  i n f e r  t h a t
a . :

a  6  b  i s  nons ingu la r .  The  same th ing  happens  when  O Toob(b ,v1  ,

t h e r e f o r e  ( 0 , 0 ) d o  ( a 6 n ,  X 6 V ) ." , i " D a @ D b '

he next  resul t  wi l l  not  be used in  our  fur ther  arguments.

I t  i s ,  however ,  o f  t he  same t ype  as  the  o the r  asse r t i ons  s ta ted

in  th i s  con tex t  ( see  a l so  t t ]  f o r  bounded  ope ra to rs )  .

3 . 4 .  L E l 4 l v t A .  l e t  u = ( a t  t . . . t a r r ) c C ( X )  b e  a  D . - g o m q u t i n g  s v s t e m

a n d  d e f i n e  d = ( a ,  6  l y , . . . , a n  6  l v ) c c ( x  6  Y ) .  T h e n  5  i s  a  D a  E  Y -

qommut j -ng system and,  for  Y l } ,  i  is  nonsingular- i f f  a  !s  non-

'  
s  j .ngular

p roo f  .  Le t  (nP [o ,x ] ,  u l ) l =O be  the  comp lex  assoc ia ted  v r i t h

. = ( a l r . . . .  r d n )  a n d  l e t  ( y q , o r n = o  b e  t h e  c o m p l e x  w i t h  Y o = Y  a n d

YQ=0 l f  q>1.  The tensor  product  o f  these complexes is  
'

( n p [ o , X ]  6  Y ,  u : 6  t " ) l = ' .  N o t i c e  t h a t  n P l o , x l  8  v  m a y  b e

ident i f ied.  wi th  nP[o,X 6 Y] ,  whi le  u :  6  1"  becomes op ,  therefore

d  i s  .  Du .  € )  Y  -  commut ing  sys tem.  Moreove r ,  by  P ropos i t i ons2 . l l

and  2 . I  we  j -n fe r  t ha t  A  i s  nons ingu la r  i f f  a  i s  nons ingu la r .

The hypothesis  Y*O is  used in  order  to  obta in the nonsin-

gu la r i t y  o f  a  f ro rn  tha t  o f  d ,  ,  no t i ng  tha t  ( yQr0 ) . ,>n  i s  no t
9 . v



t:

exact when Yo=YlO -

The next statement extends the main resul t  f rom [ t ] .

3  . 5 .  P R O P O S I T I o N .  L e t .  a =  ( a r ,  .

t ing system and leL b= (b,  ,  .  .  .  ,bm)cc

.  .  ,  ar . )cC (X) be a

(Y) be d D- -  commuting svstem"
o

2 )  I f  a  a n d b are Fredholm then a @ b is Fredholm and

ttuo. 
@ Du 

(a @ =t1uo"" ttuooo

Proof .  For  the f i rs t  s ta tement  we have only  to  prove that

a D commu-

b )

o o . ( a , X )  *  o o o ( b , Y ) c . o o .  @  o b ( a  6  u ,

f o l l ow ing  f rom Lemma 3 .3 .

I n d e e d ,  i f  , g  o D a g  D U ( a  6  U ,

2 . l I  w e  h a v e  e j - t h e r  O  /  o o u ( a r x )  o r

o / o o u ( a , X )  *  o o ' ( b , v ) .  "

x  @ v)  the  oPPos i te  inc lus ion

x  6  v ) ,  then bY Prooos i t ion

0 !on  (b 'Y)  hence
"b

T h e s e c o n d . a s s e r t i o n f o l l o w s f r o m o u r T h e o r e m ,

iden t i f i ca t i on  desc r ibed  i n  the  p roo f  o f  Lemma 3 .3 .

via the

and le t3 . 5 .  P R O P O S I T f O N .  L e t  X ,  , .  - .  r X '  b e  H i l b e r t  s p a c e s

a * ( C  ( X ; )  ,  j = t  r .  .  . 1 I 1 ,  b e  d e n s e l y  d e f i n e d  o p e r a t o r s "  '  I f '
J J

x=X, 6 .  . .  Ei  X'  and ej€C (x)  is  the galoni .cal  i losure of  th€

operator

then 6,= (X., ,
. r

p = p  ( a r )  @

r  & * )  a s
I I

a. D-commuting svstem, whgre

6 l  o ( a r r ) ,  a q d



zc)

o D  ( e r x )  = o D  ( u , -  )  
( . r r x r )  x .  .' * r '

Proof .  Both s tatements are

argument.  fndeed t  for  n=2 this is

3 .  5 .

Assume now that the siatements hold true for any n-l ope-

Iosure  o frators,  r>3. Then j - f  we denote by bj  the canonical  c

t h e  o p e r a t o r  1 r  I  I  a ,  @  @  l n _ r  ( j = t  r . . .  t n - l )  r  w €  o b t a i n
a r d

t h a t  5 = ( b t  I  1 r r , . . . , b n _ t  @  l n ,  l r r _ l  @  a n ) ,  w h e r e  l n _ t  s t a n d s  f o r

1 ,  6  . . .  6  t n _ I .  r f  b = ( b ,  , . . . , b r r _ t ) ,  D ( b ) = D ( a - r )  . @  . . .  @  D ( a n _ r )

andTr r - r=x r  6  . . .  6  xn - t  t hen  we  ob ta in  by rProoos i t i on  3 .5  and .

by the inductj-on hypothesis that

o n ( b )  
@  D ( a r r )  

( b  @  a n ' x ) = o o ( b )  ( b ' x r r - 1 ) x o o ( . r r )  ( a r r ' X n ) =

= o D ( a l )  ( u r ' X t )  x ' ' ' : i  o D ( a n - r )  ( t r r - 1 ' X n - 1 )  x o o { . r r )  ( " . r ' x . , )

2)  The second appl icat ion is  re la ted to  the behavj -our  of

the l - -operator  in  s t rongly  pseudoconvex domaj-ns.  Namelyr  w€ prove

a resul t  concern ing the cohomology of  the Cauchy-Riemann complex

of  H-valued square in tegrable exter ior  forms on such a domain,

H being an arb i t lary  Hi lber t  space,  possessing in format ion about

the scalar-vaLued exter ior  forms.

'1 ,et  
ncCn be a s t rongly  pseudoconvex domain.  lve denote by

np [o ]  t f r e  H i l be r t  space  o f  a l l  ( 0 rp )  ex te r i o r  f o rms  on  o ,  wh ich

: D .are square rntegrable.  t ,et  TP be the restr ict ion of  the l - -operator

on  AP[nJ .  When e  is  an  arb i t ra ry  s t rong ly  pseudoconvex  man i fo ld ,

i t  is  known that

' *  bo  
{a r r )  

(an 'Xr )

obtained by means of an inductj-ve

a  spec ia l  case o f  Propos i t ion

( 3 . t 1 dim N (5P)  /n  (TP-  r  
)  S-  ,  p2r  .  '



2 "

l c C n  ,  w €

have acrual ry  R(ap-1)=N(aP),  p2r ,  v ia  . r11=" l5r : r . ' t r ,X: r "*  about

:  holomorphic convexi ty of  strongly pseudoconvex manifolds and Theo-

rem B of  Cartan (see t4]  for  some detai ls)  '  With our terminology'
:

.  the Cauchy -  Riemann complex (Ap[a]  , tn ] l '  is  semi-Fredholm [ t t ]  '

Take now an arb i t rary  Hi lber t  spaee H.  One can consider

n  the  space  nP [n rg ]  o f  a ] l  H -va lued  (0 rp )  ex te r i o r  f o rms  on

e,  which are square in tegrable.  In  th ib  context ,  the 5-operator '

denoted by Tu ,  can be constructed in  an independent 'way.  Let
?1

;P  r - ' e  t he  res t r i - c t i on  o f  5 , ,  on  np [n ,U ] .  One  can  see  tha t  A I ' [ f l 'H ]=
o H  I J g  t - r t s  !  s r  e !  r v  -  -  

H

n P f o  - :  - -  -  = D  E P  6  r  w h e r e  I . ,  i s  t h e  i d e n t i t y  o n  H  ( s e e  t t O ]r \ -  L \ r l  @  H  a n d  3 i i = r '  W  r H r  w o € r  H

for  d,eta i ls  concern ing the 5-operator  in  Hi lber t  spaces)  '  We shal l

|  3 .7 .  PROPOSIT . ION.  I !  occn  i s  a  s t rong ly  pseudoconvex

,  
,  t  domain then 1,1P1n,H. ] ,5 f i )3=o is  a  semi  -  Fredholm complex of

' ]  
th the lroPertvi  H i lber t  spaces wi th  the ProPertv

R (51- t ) =* (5H) , p2l

p r o o f  .  L e t  u s  d e f  i n e  x o = A o t o l  € )  N ( 5 o )  ,  x p = A p  [ o ] ' p > ] ,

o o = T o l x o  a n d  o P = 5 P ,  p 2 1  .  T h e n  ( X r a ) = ( x P r o p ) | = o  i s  a  c o m p l e x

of Hi lbert  spaces which j -s Fredholm and exact at  each stage'

Cons ider  then the  complex  (Hr0)=( t tPr0)n>0 ,  where  Ho=H and HP=0

for  p20._  By  Lemma 2 .9 ,  the  tensor  p roduc t  (X  6 i  H ,  o  6  O)  must  be

Fredholm and exact.  I t  is  easy to check the equal i ty
l

( x  @  H ,  o  @  o ) = ( x P  6  " ,  
a P  6  t * ' | = o

A s  N t T f i ) = N t l o )  6  n  f y  L e m m a  2 . 4  ( w h i c h  a p p l i e s  s i n c e  R ( T o )  i s



i  :  i '

^ - . ,  
L r l  l P t n  i  'c losed by  (3 .1 )  )  ,  we conc lude tha t  (Ar [0 ,q ]  ,5 ; ) ;_o  is  semi -, e , r r J  ,  r " ,  

p = 0

-Fredholm and' R (Efl-r I =N t5'fi) for p>l .

^ ; 1of l ro,  'J . 'neorem t .  t  J .
' i i

t
i
I
I
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