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CIIARACTERIZAI ' IOI{S OF

EXTEhiDED RIESZ

RTNSZ SPACES USTI {G

PSEUDONORMS

by

Dan VUZA

Tire theory of  normed K6the spaces is  usual ty  exposed.
wi th in  the f . ramework of  the space l , t ( ; rZrF)  of  equiva lence c lasses
of  measurabl -e funct ions over  the measure space (Xr f ru)  (  tEee
A . C .  Z a a n e n ,  [ a ] ,  c h . I 5 )  . . I i o v r e v e r ,  r h o s t . o f  E h e  a e f  i r j i t i o n s  a n d
cons t ruc t i ons  n rake  sense  i n  a  genera l  R iesz  space  ( fo r -  i _ns tanbe ,
the  Fa tou  and  R iesz -F i sche r  p rope r t i es ,  t he  Lo ren tz  pscudonorm) .
r t  i s  t he  pu rpose  o f  t h i s  paper  to  g i ve ' cha rac te r i za t i ons  o f
Riesz spaces involv ing universal  d-conrp leteness,  the t rgorof  f  pro-
per ty  and weak c/  -d is t r ibut iv i ty  by us ing concepts taken f ron nor-
rged l (6 the spaces theory.

'  I .  f ,xtended F.iesz pse'udono{r,g

A11 the vector  la t t ices vre shal l  consider  r^ : i l l  be real

(a11 the resul ts  are a l -so hold ing in  the cornnlex case)  .

f f  E  i s  a  vec to r  l a t t i ce the notat ions

/ . _

i d = a V L

v. 'e sha11 use

,OJ
=  ( -  x ) v O  ,
L ) ,

7E + =  { r e  E
L + =  x V 0  ,

r f  /  r r n

i nc reas ing

is  no doubt

( ' "  I  x)

€ E (n e lV ) ,,. sha1l v,,rire

(decreasing)  and /  -= 4wh tn- l

:" 

the index vie: arc ,\f '#r^n

x, f  n,  f tn. l ,^ t  )  i r
(x = ir,t /, )-. 

-r'rren

-  
netN

to ,  v /e  shal l  v r r i te



Def in i t  i -on:

Riesz Pseudonorm on
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^ t  

\
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i i i )  i (  t , ' t r  e

by Ej

1 . I .  - L e t  E  b e  a

g  i s l  a  m a P  e :
" i ,

vector lat t ice.  An extended

(  e  R*U  t * ]  such  t ha t

gre) + 3(X) +"
* . t r  gaf  < tXl

t , 2  € E

I f  g j-s an extenclecl Rj-esz pSeudonOrm On E tr '"e shall  denote
n

the order icleal of elerrents x eE such tha.t 3 
i+) <oO ,

'n :  is  an order  idea}  in  t l re  Riesz space I ]  l . :e  shal l

clenote by I,  t fre extencled Ri-esz seninorm on E given by

i _ ( ' ) = o  i 4  l e F

t '  " ( z ) - - c o  i {  l , L E r F -' '  f  F  
Y - -  / /  . . t

IF

ct

I f  /€E we sha l l

on E given bY

l tbl l" - inf

clenote by l l  l [ ,

[ a .  l a e R l  )

the extended Ri-esz

senanorn'l
l ,  \  (
f  d f  

- .

(I

. ' l

1 4 t J

e tL., f (-)-. flt) .

T h e e x t e n d e d . R i e s z p s e u d o n o ' * S i s s a i d t o b e a n . e x t e n u " l
^  l o l  e @ )  f o r  a e R . r € E '

Rj .esz  sen ino r rn  i f  
3  t aa /=  , - - ' J '  q  \  + -  )  

- -  -

T h e e x t e n c l e d R i e s z ' p s e u c l o n o r n f ' i s s a i c l t o b e a n e x t e n d ' e d .

R iesz  quas i4o rm i f  9 ( r )  
=O i rap l i es  x=0 '

T h e e x t e n c e c l R i e s z p s e u d o n o ' o g i s s a i o t o b e a n e x t e n d e d
$

I t iesz norm i f  g  is  ar i  cx tendecl  Riesz ser : inorn ancl  quasinorrn '

The set  o f  a1r  extencled Riesz pseudonorms on E.  is  par t ia l f  i r

ordered bY
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: 6{) .

Ri.esz

every
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has the

Then

so  i )  i n i p l i es

gC,c){ khgtr.)
n 4so

Ea tou  p rope r t y  i f  k= I .

Let 
9 

be an extendecl

f(r) s

Def in i t , i on  1 .3 .  Le t  I l

Riesz pseuclononn on H has the

Def in i t ion  l .Z .  Le t  E . l : .e  a  vcc tor  la t t i ce .  An ex tenc j .ed
pseudonor*  

s .on  
E has  the  R iesz-F ischer  p roper ty  i f  fo r

t ,^t ,  6 Er ("  e nV) such rhar i
fr"t 

l '" 1 v:e havef l r . '  t - ,
3t'c l) ,

16

ooz
i  =,1

4* e R+ such that for every trtrg E+ (reff i)rv, irh r.-f *

G ,Z) '*" 3(1" -7D
r 1  o f  i  n a q

c iated wi th  th is  metr i_c is  not

have  the  fo l l ov r i ng  resu l t :

. I h e o r e m  I . I .  E p  i s  c o n p l e t e
r,

o n l y  i f :

l - .e  a vector  la t t ice.  An extended.

weak fa tou proper ty  i f  there is  a .
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'

.  | :

R iesz  quas j -no r rn  on  E . ,  Then  the  nap
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rnetr ic  space

such that
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proper ty ;
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P roo f .  Suppose  i )  an4  i i )  a re  sa t i s f y ied .  IVe  f i r s t  p l : ove
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E""  _  11  
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seguence
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gent. ,  and so is the
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as (rg)*
rhus en f

N
h

7'i tn
t = 4

i s  c losec i ,  t h i s  i rnp l i es  tha t  {  <  tn1  so  X  < t t  .

t .

ow tv'e prove i) . Let 
. 
.L, en €

L . ir le have to show that
oo

r  - \
L  I  - ^ r  o r I - l  .E1 ( r re {v  )  he  such  t i r a t

( r )

r f  Z  S(*r )  
=  oo then ( r )  j -s  sar is fy ied.  so suppose

i =l \)
oo

1S(l ; )  
1a ,  rhen r ;  € E$ and t r re sequence ( I^)s iven by

t .= f  n

ur= , .4* ,  i s  conversent  to  * *Es  .  Bu t  then 
[ r 'L  z  so  *=r .  ] re

have

11

As [ i :S (n - } . * i )=a  ,u "  ho . , *  (1 ) .
' I-+ oo

rf cr, € E*(rr€ ftI) is a seguence sucir ttrat

then the  s 'e r ies  Z" |  i s  convergent  to  a  {€Ep;' l t ,  u > l  
-  

J '

I * l  f  . . r -  s o  i i )  i s  s a r i s f y i e d .
r>l

oO

Z q(" i )<*
f={ '" '/
a s  a h o v e ,

r ,e t  J  be  an  ex tended .  R iesz  pseudnnorn  on  o r ) .  . t i e  asso -

.cj-ate rvit ir  p the r.taps O ,'  
J  -  J T ' S r - : E - F + U t * ] c i e f i n e r l a s  f o l l o r " " s .

For :)t€ E let TC*) u" r.he set of sdquence". (Ir)nany- such Lhar
-k-

sn eE ancl 
}. 

s L l ,  l .  |  ,  . t  C) r ire ser or sequences
(,= ,

('") 
t)et\r 

such that {, € E+ an<l nn tn l"l . rhen clef ine

' t \
* '  

F o f  . E = P I ( ) ( r f  r $ )  v r i t h  f t  0 ' - f  i n i t e . .  _  A ,  v r a s  i n l - r ^ r t r r rLcrenrz,,".r;.;:1*"";ilrt:'s Ifi .':: il:':*:"l,il,ij',
r,. ' 'as ir: trociuccd anc thr:r. r.2 rr '-as 

-prorrec 
i_n D.,r,oncscurs noou"'r,

[Z]  .  fn  th is  paper ,  Q* is  denotec l  ] : r . ,  p . . l
dl_ 

_, 
J l*,1 

.
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Sr

ft

e x t e n d . e d R i e s z s e m i n o r m t } r e n S r i s a n e x t e n c J e d i l i e s z s e n i n o r r n .

Proof  .  F i rs t  we prove that  sr  
is  an extencjec l  Riesz pseu-do-

r )  .  r r  Q ) r e N  e  T Q , )
n o r m .  L e t  , r 1 e E n "  s u e i : t h a t  t x l < l J )  '  r f  Q " )

then le t

x 4  =  } t n  l d l  |  ! ; . 1  \  .  ,  ,  A

a -  = i ?  Y : \ n l e )  ( 7 u ; ) A l / '  ' n ' L
e h  =  

\ i < : , d ' /  
/ \ ' " ! t  \ f = {  '

t ^ a

( l ) - -  t h +  \\ / . J ( .

A
/ ; f

Ix )  t  ln l -- / ' J

( d "  ) n t N
e T(.)J

(r,) nt_hf e f. tr)J .

t  i  a  n J  ^ ^

T h e o r e r r ' I . 2 . ? - i s t h e g r e a t e s e x t e n d e d R i e s z p s e u d o n o r n "t T

v . r i t h t h e l t i e s z - F i s c h e t ' p t o p " t y d o m i n a t e . U O , f I f . P i s a n '

r iren (rr) ntq e frx)*ana 'r( 
7, j"

.  +  . , . . , . .  s  o ( v  \
3rG) n 

*  
f , ( t ' ' t  *  

*  5t i " )  '

As Q), nw
is arbi-trary 'n 7 (v) we have S, k) IS1Q) ' 

.7a
|rovi Let rt,J 6F Lnd ret (xn)req €T61, (trr) 

n eN 
eVA)

/ .  \ ey ( t f l+ tx t )  soT h e n  ( r n t J v , ,  v .  @

D < lr (i"l + tx))
Sr G*J ) = Jr(lr *; 

oo n,l

. :.1

which shovvs rhat fr G u J) : !, (x) f lr H),

Novl vle prove tirat l '  rras the Rjesz-Fischer.property. tr, le

hare ro shov; that if r e e I and' [t, )n e nf 
e TG) tr'"'''



belongs to 9-t.xt . so
oo

g f r )  <7 f  (3o)
I k'=l

-property clorrinatecl by g tiren _f,,' 5 3l
i i i )  

9 , .  
has  the  R icsz -F i sche r  p r :ope r t y .  I n  pa r t i cu la r

3. <3r
extendecl  F- iesz seninorr i  then P, '  is  an

J l -

v/e have the resul t .

an extenclecl Riesz pseudonorn rqit ir  the Rj-esz-

such rhar ?, g ? and if (zr)n 
e N 

e TU)
d {  -  

J

od oo

f p, (t) < Z (ft,)
a - - ) t -  ' ' /  

h = ln= l

e  de f i n i t i on  o f  ( f  '

o f  the theorenr  is  obv i -ous.

extended Riesz pseuclonorri l  dornj-nated I:y r ,
g

an extenclec l  Riesz pseudonorn wi th  the Fatou

> o .
such

f, t+1

!rF)< E frft,) . tr,e can assurne {t, Fr).a T.
For every n there is a seguence (xo 5' ,  e N 

€ T (xr)

that co

Z- fG,-)
h t = ,  ?

Let A" f, (n (d) 
,n 
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t h e ' s d q u e n c e  ' i Y  \  c r 'e r,, )eew siven by
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dw= 

* n&) rt' q')

- > *
,t5 trarr't4oo

,: s€

o ( x  \ s  t *  L
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-
t )  .  h : l

A s €  i s

F i sche r

then

so (r

arb i t rary

r f  
fn 

is

property

G ) t f r @  b v  t h
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.  T h e o r e n  1 . 3 .
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Proo f .

i) Let c , U 
e E be suchr' that ld'l t

e t tvl then the sequence (*r), enr
beronss ,"  { . (*) .  rhus

&7_U)

s .1 r '  i

extenrled Riesz serninornl '

Then

Itl "rr U)naw e
grvgn by lt ,  = le ln["

so &(r)

i i i )

show that

i ,et t  )0.
'such 

that

by the def in i t ion of  ? ,' .lb

LeE 4 e €+ ana (xn) n€N e Tft) T',]a

€

< !t(')

. G o

h@ 4 Zf.('^)
For every.  n there is

Y.
.  tr ' fe can assune ,/

' )  h = l
a  sequence  ( t  I-nn/ 

n eNf

A^h ? e,)  ' /
l -  {  -

neN

As U)neN is arbitrarv j-n { Q) we have tn:: ft!')-' ftT)

I .1o$; let  f  ,U eE anci let  .  (xn)re71r e 4 G) '  Q')reNe

e Jf i l  . rhen 6t ,+5.)n€N€4(at+tx t )

f t4+l) < Sr(i'+lt) 
< 3t (rat+ tAr) < aqf f(o'+ Y") t

, 
:y,r Krt + ,03, fu")

r  .  ? , / v )
which shov,,s rhar !, 

(, +/ ) 
( h k) + JLI/,/'

i i ) L e t f l - b e a n e x t e n d ^ e d R i e s z p s e u d o n o r m ' r t i t h t h e F a t o u

property dorninateu nv J 
and let (U) 

n € lhf 
e { G) '

have to

?, (zn1ze '  
-

U G  /
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e  d , L a n /



a= 9 -

. b ?

L Qtn
V = t

A^b
,rrelN

^ / *  l a  o  f v  \ +
f t * n m , /

.l

|ftr^) -<'
' a o

t t= l

, n / \

L(na;*?)

t
2n

Put a .V =
0 t A

a n d .

,vt
<-( /n'f z^

th eN. n=l

As

'  
In  f  f  ]  tne not ion of  an un j_versal  copplete

in t roduced :

<  i -

P. iesz space is

A 'R iesz  space  E  i s  ca r - l ed 'un i - ve rsa I l y  compre te  i f  eve ry

sistern C{<)rgf  of  mutual ly c l is jo int  e l -ements in E* has a least

upper bound

Fe observe that the t.v,,o notions clo not colrcide. For--- .
instance the space of  -a l l  f  uncr icn *  f  ;  R- R, such rhar 5 *-  !  f f  * l  *O4

is :at-  mostcountable is super Dedekind 
" . - r r" . l : ,  

; ; ; ;Jr ; ;a 

' l  ' - r

f -complete but not universal ly conplete

rhen (;,-)* ew e { k)

fcv, :y* !(Y*)

! a"l
,h eN n. l

arb i t rary  v ie  have the resul t .

By thm.  I .2 .  i r  fo l lows rhar  fu  (  J ,
i v )  .Obv ious .

De f in i - t i on  2 . r .  A  R iesz  space  E  i s  ca l l ed  un i ve rsa l l y

ot -cornplete i f  every sequence kr ) renr  of  mutuar ly  d is jo in t

e lernents in  E*  has a least  unper  bound.
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": : '1re[trt1a 2,L' Let E be a Dedekind

:omPlete i f
Then  E  i s  un i ve rsa l lY  d '<

creasing unbounced sequence (x ' )  neN

such that f l t ,  AlnU +!t

Proof ;  SuPPose E is  un iversal lY

prove. the s tatec ient -  in  the case v 'hen aI I

band. generated by an element t. € E+ '' '

-  r  le t  P"  be the
For  everY te  C.+

generated bY Y,  that  is '

rrcx) ' 
:;frr 

*'\ Y'?

d-cor.nplete Riesz space:

and onlY if  for every in-

in E* there is an

vn tl, for 
'every 

rn gJl$ '

ur ,  e  E+. Io ]
d -conplete: ' . t t t  f  i rs t

: ' I  are containecl in the

pro ject ion on the band

.  
. , 1

t .

, 7 €
€1 - j

Put for

1
:jl

. T

N

':?

. F ,{
!

:l

1
t

zaanen';  t  r l ,

From
( t *1-{ . ) - )  = 0
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For every
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nrn€ l$  v ie  have

(e -€,"n.)  n g**  = O

( r )
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sor  as  ( -  *  -  : t - ) *

it follovrs that

the band generated by €u^vr 
2

.  ca \

( 2 )  :

Because t .  A ( t -eJ = g .  . ,  the elenents f*  g iven by.
D r \

,  l * r =  € r r .  - e  
. - - t  ( h  >  4 )  a r e  n u t u a l l y  d i s j o i n t ;  s o

.( e E+ such that - +-< + , rr ' eN . rrom (r) appllzjns'
it foI1or,./s rhar ?r*(r") (Vne-

A f - \
since Po [rr)= {, r^/e cahnot have. e=x. so if u=x-e we have

ut 'Ti  we shal l  prove that Jt . , ,  Arnu \  rnu .  rndeecl ,  f rom (2) i t

follor^rs that

Thus

{ r , ,=  g  
4

there is

?e,n

Let e= A"f  ewl
' r,n€lhl

1 1

belongs

.  F rom (3 )

Cx')
{ ( L ( h l

we have that

7o G.)< I-vrr .

from 
1bove,

-  
f  '  ( 3 )

( e

?r* - c*.-)

Tlrus,  apply ingr ?c in the inequal i ty
Jvrr

f,'o

[ ( *x-rc"n)+ )  = 0

?"_ Cr.) =r:::* r{,

s o

e'1 ,n Pcr-n-1(^n) ' "  P,*-€- , ) (*" )7z h [x-  e- ]
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4r,rf nrt
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This imPl ies
A 1'r ? hU"

. & * ?  t n \ L A r r  e

n ?hf

for every h^ e|!{

cor.rsider:now an unbound.ed increasing sequ"l :"  (d'  
Jl , t*

,  ' r -  ( P ^ '  ( a ' ) ) ^ c r r t f

,  
i n  E+ .  I f  t he re  i s  a  Y to  such  tha t  t he  sequence  \ ' { r , o \  

" ' / ngJJY

is.unbounded then r te  are in  the case considerec l  above '  so suppose

that .there 
' is no such no '  Let

T2

lr -e-) n

rhen ?.3," (0o*r)= tI', so ttre eler.rentt &-", (n glNl) ntt'"n by
/

l; le fo , 
tf,, = 1I,,-t,-,1 ("i) are mutuarlv

upper rro,r'a ror ftx, l" eN] then v is

[o",. l' €sr]

vrh ich is .  a  contradic t ion

C o n v e r s e l y ' s u p p o s e t h a t x s a t j . s f y i e s t h e , c o n d i t i o n i n

the s taternent  of  the ldmma'  Let  ( l t ' )ng i l f  
,  

o : , i  sequence of

mutually disjoint elenents in E+' rf 
t"* l i* NJ 

., 
rvould not

be order L,ouncled, there vrould exist ,  an 
"  

€. .b+-Ioy such that
^ . ?

11a rL A owp r; t* mu for ever:' v" € lN riren

. -  
/ l < i ( v r  

^  ^ . { ^ :  
A  v n t l " n v n t h ,

vntl A A*f *" /\  t"\ ( 'b' ' l  
(

t i  c S n

o*f ?r

vr € lld

L,ut YnJ"[n t,np XL L

{ ( i tw
As E is .Archimeclian

d i s j o i n t .

an upper

I f v i s a n

bouncl for

< N

t b

i t  fo l lows tha t  UAS6,=  O fo r  every

r  '  \  3 r y  h g Nso ttr (un cb) S Ik for ev(
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h e N .  Then vrhich is a

there

contradict ion.

Theorern 2.L.  Let  B be a Dedekind d -cor i lp le te R. iesz space.

The fo l lov" inq asser t ions are eguiva lent :

i )  E  i s  un i ve rsa l l y  d -comp le te .

.  i i )  t t  g  i s  an  ex tendec l  R iesz  -no rm on  
5  

hav ing  ' t he 'R iesz -

ti," o,' tS and dn^" 
Et 

e,.*) 
_; "t. 

such thatFischer  prope
€o

t  f (a-.)<@ rhen rhe set,  {  I* i  l . , , r  eNJ is ord€r
h = {

boundecl. ,  , .

i i i )  The sam.e as i i )  but  wi . th  @ having the FaLou proper ty
\t

o n , , ! J ' j

.  iv ) '  t f  
f  

is  an exten<led Riesz norm bn q having the r ' ;eak 
'

Fa tou  p rope r t y  on  E (  and  6 " ) reN  i s  an  i nc reas ing  sequence
\)

of elements in F+ such tk",f a*p P("')<* then the 
"ut {en l"enf}

|  - $

s 'o rde r  bounded .  m6 f i

v)  The same as iv)  but  wi th  
f  

hav ing the Fatou proper ty

o n  E .

P r o o f o  
h  r  1

i) + ir) -suppose rhar rhe ":. 1 A 
aJ l" *ftIJ

l larbounded. T.henr,there is qL e E+- [O] such that

rnWrr. I  
j [ ;  

t  mu for every m€0i1.  r t  fo] lows that

-  
' t=4  'w  

|  ^
r - s r ^ o r o r w h i c h  W n S n o f  Q ;  r e p l a c i n n : O O  U A { r ,

vre can therefore assurile that 1L e Eo . Put
J

I S

. u
d - f

q
-  O r , v . ?

utr A : ta )
vr

rr^ ir f Ltl
i=,t

vr _,1

d Y,An. A z e; h > !' '
l=4 )
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r h e n  O < t * n €  t ' l

I t  fol lows that '

"o S 
(rr) '- o

hz
i = l

l-.i \n"*
ao

L
h : 4

and

, f (U** )  (g(*w)

oo
tr

= < -
Vt=rt

g {"")

i )  :7 iv) '

, .ded.  Then there is

f 'or 
'every n'€$; as

\ne hf

I t  f o l l o to ' s  t ha t  g  (u )  =0  so  u=0 ,

\
i i )  =>  i i i )  ,  i v )  ' {>  v )

d is jo in t  e len ' .ents  in  E+

t i- l" eA.lJ

u=0,  which is  a  contrad ' ic t ion '

suppose t irat the set 
t*. , , .  [ t  

€N]

W e E+ \ 
[O] 

such that Yn\t A:t ' ,

and

i s
I\
I

Yl

extencled Riesz lrorm 
S 3n 

!; bY

\  #  t  t r ?  c * ) l \ o  )
) t  1 -  

" "  

l \ ' d r , -  " t n , / '

lr= t <.

and

tl ie

Bt*

.  De f i ne

A

f +
= Ai,t,b { J

\ | \g t'c)

tua l ly  d is-

o, f"- |' enrrJ,

\
l .  .

above hie rnay assume u 9 trg ' Then
\)

unJ:oun-

rn tL

. Ttrus the

'  i i i )  +i)  .  Ler (aYl)rn egv
L.e a sequencc of ir.utually

h o*p g(z*)
r" 

"0rl-

wh ich '  i s  a  con t rac l i c t i on .

.  Obv ious .

let bl be the bancl generateci bY

The

set

norn p hds the tratou property an<1
o  i ,

ttr\ 
.^ e IVJ is order boundbcl '

v) $> i I , 
""1 

(a-)r, eav be a

oo

Z S@)(co
Yl3,l

jo in t 'e lenents in  En and le t  I l  be the

Define the extended P.iesz no:m 
f 

on n

r :  t/qt.t) = a.,rp ( Iu(*), o*f,.
o - 

n€$' l

sequence

ban(1 gen9

by

\\ ?.. (.)
' 1  i l . t

of mu

rated

l l -
.,{h

The

the

norn' Q
tl

ser  
[4"

has the Fatou
')

I 
r-s

f  . \

property and o*f_ 3t"T 
ri)ftO.ttl,tt

orcler l.oundecl.n*trt 4 !t { n
v, €N
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i e ;

.  Theorent  2 .2.  Let  B L,e a Dedeking t ' -complete Ft iesz space.

The  fo l l ow ing  asse r t i ons  a re  equ iva len t :

i )  E  i s  un iversa l l y  d -comple te ;

i f )  For every extendecl  Riesz normlf

is colrtplete as a ntetric space if ancl only

property.

Proo f .  Fo l l ows  f ron i  t hm.  1 .1 . .  and  thm.  2 .L .

3. The. Egorof f_,Irroperty

The elernent f  in the Riesz space E has the J igorof f  prop. . -

in  E1 such that

the spa'ce

has  the  R iesz -F i sche r

k-eN
(O*)*ar '  t , t  f ,*  whic i r  ver j - -

i s  a  k  (m,n)  eq{  such tha t

Egorof f  property i f  every t  e in

Luxemburg ,  .n .C.  Zaanen,  [ .  ] ] ,

for every r,€Sf

. Then

Eso n ' E

t f s

. t } - 1

tl-t'n,

f y i es :

tence of a

there is  a

. ty i f  for  every double sequence (Utnt)n 
enf

fO l {  |  i l - t . t "  exists a sequence

i )  v - t l + l  ,
i i )  f o r  eve ry  mrn€ lN  the re

*n, h("nrt) 
'

The Riesz 
.space 

E has the

has the Egorof f  proper ty  ( I , { .A.J .

d e f  .  6 7 . 2 )  .

' Theorem 3 .  l .  Le t  E  be  a  R iesz  space  w i t l :  t he  Egoro f f  p rg -

per ty .  Then for  every extended Riesz euasinorrn 3 
on E the exten-

ded Riesz pseudonorrns 
3,- ""d 3f 

dre quasinorms

proof .  Let  4  €  F+.  Suppose t .h . .a t  Sr t *1=p.  Then for  every
- . ^

n €&{ there is a sequence (XrU)agnf in E* such that drtA. TA,*

and, z++p*3 (lcnf") ( 
* 

. rh'e Iisoroff property iirplies the Exis- "

keN
sdsuence (d-,)-€hI e d@) suclr that.

h"(*)e N r.rith dr^ ( A- 
, t(r*)



h. EIN L+*

Because 
3- t t

a quasinorn,  V"n=O so e-= 0 '

From.  thm. r .3 ,  3 f - (3 f
' -  , i  ' ' - : ' r  T h e o r e m  3 ' 2 '  T ' e t  B  b e

pertY'. ?hen for every extended

Riesz Pseudonornr l t  
has the

Proof "  Le t  A"E4 anc l

prove' thar StG") 13, C4 ' r']e

s o  0  i s  a l s o  a ' q u a s i n o r r n
J T

ro f f  Pro-a l { iesz space v; i th the Ego:

Riesz Pseudonorm S 
t :"  exiendeC

Fatou Property '

f* \ , €Jk). r.'trr have toIe t  \ an  )neN

cin assurne onf 3&^) 
. r,€t

N EIN

t t
I t
t,t

f t
il
$ F
EF
EE
$$
i l
, f
-i
: i: i
;,I

ir
t ;
* :
I{ {
. t i

l !
l l

ti
T F
t l

tI
t e
$t
i r
s i

$t
I F
IF
i .F

IF
? !
T I
it
tt
3F
tI
tt
ti
tl
il
f ?

t i
tf
1 t

t t

tIa r
t f

lI
l i
tl
,,i,

it
ifir
IT
t *
t i

ll
i i
i i
t t
tF
a t

ii
r l
tl'

l r l

r:l

iE
i t
'-E- i {
; f

.  i $
i i

II
li
l t

i i
il
I t

I{
a ,

,t
: {

I 6

and

and

)ry n€N t 'herc is a sequence (!,A-)de,1- t t f t")
€>O.  For  ev(

such rhat tuf iurD{flLu,) +t.

existence ;tJn""nuence ("y^) m€N 
e/Q such that for everv rn€I$

\

Lew
r ' . /  t 4 l v a ,  -  \

rhere is k.*,) viith t- ('r, hfu) ' rhen i 
(tr^) : t (tn'H*ilg

{ !rtx*) + €

{, (*) . i,!*, 3@..) i t + yitu:-')

As t  is  arbi t rary the resul t  fo l lovrs '

'  / ' /  
t  + 1  ( s 6 6 '  t h r n '  2

3 . 2  c a n  b e  f o u n d  i n  A ' C ' Z a a n e n ' ' s  b o o k '  
!  

n  I  ( J  o o r  r
sor E= ff (X ,Zrf) with 

/L  
d - f  j .n i te  r '  theorems 3 '  1

thni. 4 ) .

act ion is  devbted to  the proof  o f  the

)

converse.of  thm..  3 .2 in  the case of  a  Dedehind f  -cornt r le te P ' iesz 
-  - -

spacc

L e t E b e a f t i e s . z S P a c e . \ . i e s } i a l l c a l l a n e } e r . r e n t f € I i :

r e g u l a r - i f e v e r y o r c ] e r c o n v e r g e n t s e c J L l e n c e i n t l r e o r c l e r i c e a l

The i i forof f  propei ty  i rnp l ies t l rc

S O

/
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generated by f  is  rerat ive ,un i formly convergent .  This  is

to the fol lovring: for everlz seguence (t l ,  \Y se(juence \wvr )" €of, 
such

O 4  U " ( l f t  a n d  U ,  $ 0  a n d .  e v e r y  t > e r h e r e  i 6  a

such that  y tTz\e impl ies t r '  (  t  \ i l .

Lemma 3 .1 .  Le t  E  be  an  A rch i rned ian  R iesz  space .

is  regular  then f  has the l lgorof  f  proper t iz .

Proof . Let E(f ) be the orcLer icleal generatec l :y f :  , i l ren .

re la t ive uni forp i  convergence on E ( f  )  
' is  

def  inec l  by the norrn l l  l l  O
so f  has the lgorof f  proper ty .  

f

r f  f  e t +

o(+ .1

Lernrna 3,2. Let Et he a Lrecleklncl €r ' :conplete Riesz s.l_-.)ace.
' j s  n o t  r e g u l a r  t i r e r e  i s  a  s e q u e n c e  ( t _ )  s u c h  t h a t-  \ r *  / n  € ! M

+  a n d  ( r f - 4 - ) n * 0  r o r . e v e r y t ; ; "  a n d n € s r .

i s  a  sequence (?r r )ngnV anc1.  Ern a-e (or | )

and ( " ( - t ) f *O . ror  n64g,  r i re  sequcnce

Proo f .  The re

s u c h t h a t  0 ( g  l X

I ?  \  
C T I  '  

: ,
t t ' . ) h € N  e i 'ven biz

f,

o^ ,1  t tP
4 r l g

= ?(?,-^g-(*)
has the requi red proper t ies.

Lenmra 3 .3 .  Le t  E  be  a  p . iesz  space.  Suppose tha t  Ur {nkrUr t

tt , (" € 09 are such thar:

i )  i l ,r ,k, is increa.sing. ln n, d.e.crea'.sing in ] i  and Uah)tt

for n ri;. Cl$.

i i)  ur, is decreasing anci for every nS$ v:e have (*r.- U)+*O,

i i - r ) , 1 } n $ u ,

i v ) '  for  every m5gf  there is  a .q i .n  the conve>i  r ru l r  or t  
!

t  I  L r n r ' l  
h l

t * t " l " i " , h € N J  s u c i ,  t h a t  f " Z u f y ^  ,
Then fo r  every  h  rheN and t  >O there  is  a

f (r , ̂ , o) e nf sr-rcrr rhat

equ iva len l

that

xr€Ar

r f  f  € F j

ltuud, ,t" ti f
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'  \  '  4 l  l , r - - -  . \  
'

I r + t) rrY-, > 'w ]rr kttt ,\ t L)

the proof  o f  T.Chor 'v 's  theorern ( I ' l 'A 'J '  LuxemDurgi '

t . h m .  6 7  . 7 )  .

. ;;r.

vrhere

k and

and let

Z{n-L
o t k

of the method in
-, .r

A . C .  Z a a n e n ,  I  f J  ,

for f j-nitelY rnany P and

Let

,  . } v 1n^r-= rt\nh, 
**[

-. \^ - IYI

X"f. 7, O) Xg,re tl i fferent frora 0

C o { -

h ^ <
\ , /
n e- r a l

l<

L f , ' =
rl

.+
d-), ?

' !

\
X o k

G i v e n  l 4 r N € N  )  
l e t

(  r $  l - z m l
{ , =  * F \  L - n n  l " ' '

u n>.[.1

t r ' ie prove tha-t  t=r-  c lear ly 0( [3 ! -  
'  

'  For '

. \.1y.o,- e 7 N'",-w ?>{ ["rrrkCrnrrr)-*)n
-- -rh t  .  . , \ -  f  y x\ -T , .1\

77 Z -.Xr, [1'tu:-u7"- 1 ?' 't- z-t\\ l
,<N

kt-,4= M^x1t 1& fu\ . r,re havc

\- \L. )+ ., , (+- r ) ( * *
I ience
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since +*, Jtf, anel ($*-, )*/O t. folror'rs that il=r ' Iience for e'> O

rhere is a Flt4 such that f >3--Z+ Let

olrrn 
Y' *E

, D a
g,(* ,0, ,r)--r^Ax [L[t'") | tr" *o I ]z N J

( t+ t )
Then

which cor .Pletes the Proof  '

Lemrna  3 .4 .  LeL  n  be  a

Suppose that for everlz f € r+

d  - i o r : . p1e te  R- iesz  sFace '

r ?  \sequence.  (  fnL  ) "eXt I ,
L e N

an  a )0 'an<1  a  seguence

Dedekin<l

and everY

the re  i ssuch that

(t-)"enf
{o{u{*t*#

'  such  tha t ;

.  i) f , ,  t"(
.  i i )  f o r  e v e r y  n r n € l N  t h e r e  i s  a  k ( n ' n ) 6  N  s u c h  t h a t

t-,. ( fr,r61*,i; .
Then E has the Egorof f  ProPer tY '

P r o o f .  E y  t h m r  T 4 ' 5  i n  I . " A ' J ' ' L u x e n ' b u r g f  s  a n t l  A ' C '

Zaanenrs  L rook ,  L t J  . v ' e  have  to ' shov r  t ha t  eve ry  p r . i nc ipa l  hanc l
. A ,

has the :Jgorof f  proper ty  in  the l -oo lean a lgebra l f " tn l  
'o f  the

pro ject ion l : - 'anc ls .

. S o l e t E , " ' b b t h e p f o j e c t i o n l : a n d ' l e t e r m i ' n e d h ' y 4 l. r A
Suppose that the proj ect ion h'and* A nb 

sat isfy \  U" 1'

e 'E+ '
i 3 o .



z v

$j"nce the principa.l t 'ands forr.n an

tr,h, €' E + 
such that A ,,h-=. Bu,.k,

by lenna 7 4. I  in t i re quoted l :ook

a sequcnce (^l-)vr€ltrf in En and

i )  f .  f  a^ l  i

j .c1ea1 in F tE) there
'Ar,L 

C 8... vre
A

u16:li l.r' . rhen

a)0 such that

a  k ( n r n ) e  N  s u c h

A e

L 1 ^ - L
L I I ( I  L

i r r :

can  assume

the re  i s

thati i )  for  every r . ' , rnPf i t l  there is

- i

t* ( S-r lo(*r*)

Then i. t  fol lol ' , 's that

v" ,h ich con:p letes ' the proof  . '

t . ,
(  unc iers tanCing that

nor i i .  on E.  Lecause

an extendecl P,i-esz seni-

and E j .s  Archjne<1ian

i n t$=<o)  then  
3  

i s

l "  l *  {  ror  every xes

B*.f R.,"and Bnt- c A, ,f,(-rn)

Theorem 3 .3 .  Le t  L  be  a  Dcc le l l i nc l  C i ' - conp le te  space  such. :

that for every oxtenciecl i t iesz norn 
1f 

on E tne extendecl Rj es'z seni-

no rm.  Q .  has ' t , he .v reak  Fa tou  f rope rcy .  Then  E  has  the  Egoro f f
u L

proper ty

P r o o f  .  I i e  a p p l y  ] e r n m a  3 . 4 .  S o  l e t  f  , { n h  ,  f .  
g  F +

b e . s u c h  L h a r  P  4 \  {  4  
n

fnL' l 'h"1. ' f .  I  tsy len'ma 3.1 r:e nay assume that f

i s  no t  regu la r .  So  b i r  l enma 3 .2 .  t he re  i s  a  sequence  (3 r ) r , eA I

s u c h t l r a t  O t q ^ l {  ' a n d  [ t + - { , - ) + l t l  f c l r e v e r y  t 7' ( r 4  
J

and n €N. rhen replacins frU. Lt f lnyh ?n ancl f '  by (rh}"

h'€ ma.! assune that (€{-1^)+10 for every t  >O anC n(S[. Final ly
. v' r ep lac ing  

t t h  by . i n f  f * ,  we  r :ay  assune  tha t  f rL  i s  dec reas ing

in n.. 
- l lvn(h

Let I t  be t i re convex hu1l 
" f  f  hL, l"r f r ,€mll and

l * ls  1. .1et  S be the set  o f  x€ E such that  there is  a  k€ K r , * i th

S is  an absolute convex u. .a ,  so i f

g ( ' c ) =  * f t \ € R + 1 " ^ 5  1



ceso Sr( f )

i t  fol lows that e is an exteirded lt iesz norn. Irre have

SL('f"J < J(f"6) s I '

; ,  \
(a- )""eg{ '  such that

0( A*f f .  anci

It follovrs th

Pirt

t '  =  ? '
u'L. { -

we'  haveThen to.k, t= increasi.ng j-n n ancl .decreasing iq k and

ltrrk, 7r{*, . Arso 1y"m Ur'l ' t 'S' (ur.-u)t = (,r1n\-'+ -I,^)f' ,
c  I  |  - - r - )

Flnal l1r  
f - f , *  

t t  in  the convex hu l l  o f  
\U 'h"  th . ,  h  eNJ

ancl *rn7 +-&*..  
.  Thus the hltpothesj-s of lerrna 3.3 are -cat is-

fy iec l .  Ler  f ,>g r "  chosen such that  ( t+ f  ) (e* , t f -S >O ;  then

by ler rma 3.3.  for  every n,n6[ \ [  ther ie  " is  a  k(n i " l6  $ f  such that

As (,r+ s)t.. - t+ | (({+r)(c.+r)-r-s) I

: ( ,

Lr (x,f,f )
there i -s B

-t
. L e t t

k-  e-K

z  r - 4

_ = ( C + 4 ) - A 1 n

such tf,.t t^

<@.  There  i s  a  seguen

oll, .  S(^*)( e+1
vng lN A

at t r  € 5 so there is
n '(& , ' , ,

the

ler toa 3.4 are.  sat isfy ied.  Ti : i - rs t r  hag the l - - 'gorof f

Cgrol lary 3;1.  Assurre lhat  : l t<:  
cont. inuulr .

anc l  le t  p t "be  a  loca- l l y  f in i t ' e  anc i  loca l i zah le  
1 )

I

h lzpothes is  o f

h r n n a r ' l - i t  -
L ! V l / u !  e l  .

h y p o t h e s i s  h o 1 d s ,

r f ieasure on X.

TM;

A .  
(A) )o

i s  Dedekind cor :p le te and for  every a € l  vr i th

c\  wi  th  .RcA 
and O<h(E)< 6a .' s - L  t " e e . '  

I ' . : .



,  
_ Z Z -  . .

| ) b e l h e R i e s z s p a c e o f e q u i v a ] . e n c e . c l a s s e s o f m e a -

su rab le  func t i ons  on . - x ;  I f  f o r  eve ry  ex tended  R iesz  no rm $  
on

11(XrzrF)  the extenclec l  Riesz seninorm ?.  has the r " 'eak Fatou

,  

. -  v ^ e v ' - $ v -  
J L

p r o p e r t Y  t h e n f  t =  C -  f i n i t e '

PROOF. I t  fo l lows f rorn thn" . .  3 .3.  that  l '1  (x  r t r lk )  has the

,  Egoro f f  p rope t t y  j t hen  f rom I i I .A .J .Luxe rnburg i ,  A .c .  Zaanen ,  a t l ' -

'  
t hm.75 .6 ,  i t  f o l l ov ' ' s  t ha t  f  

i =  d  -  f i n i t e

.4.  
T.. ,EAKLY d- DISTRIDUTIVE RIESZ 'qPACIi-q

- t
A.Declek j -nd v  -  complete Riesz-space is  sa id to  be weakl1 '

d  -  d is t r ibut ive i f  for  every order  bouncled sequence (b. r )vneN

y e N
decreasing in  n we have

sup  _  i n f  b * ,  =  i n f  suP  
-  

b * ,g ( - )

vn€lltr ',e$(* glg.I-rN vneN ' 
"' 

/

(J .  D. l " la i t Iand t " ' r ig i r t , Ig l  I

A guasi -s ton ian topologica l  space is  
I  

conrpact  space x

iuch that  for  every open f "  set  G the c losureT i= open'  A corn-

pac t  space  X  i s  quas i - s ton ian  i f  and  on l y  i f  t he  R j ' esz  space .

c (x)  o f  a l l  rea l=valued cont inuous funct ions on X 1s Declek j -nr l

Cl - cor-aplete. r

A (  -  r r leagre set  in  a t .opoloEica i  space is  a  subset  o f  a

countable {eun{on of  c losec.  nor+ i rere c1e1se Bai re sets

.  Let  x  be a quasi -s ton ian space .  Then c (x)  is  v ;eak ly

d -  d is t r ibut ive i f '  and only  i f  each d -  * "ug. re su l rset  o f  X is

nowhere dense .(J. D. I"tait lancl Vir igirt  ,L3 J, I ,emna L.), '
i !  - -

(  -  d i s t r . i bu i i ve  R iesz  space .  Thbn . fo r  bve ry  ex tenc led  R iesz  qua -

s inorn.Q on E the ex l -enc iec l  Riesz pseuclonorrns p,  anc l  p-  are
J  i L  J r



guas inorms.

' ; . .

P R O O F .  L e t  x € E ,  b e
. -ti

A ?
rrn€ lN there j-s a seguence

and  
'AwP 

Q ( / , . ^ - )< -4 -  r . - !
me0\i J '  

ryr '  !c:t-

f o r  , n € N  s o

S"tr  T*,g0,)=0

such tha t  f1 (x )=0 .  Then fo r  every
(" -," )r., enrl such that O ! e*r, l, *

1*, .  
= '7--  ) (*n Then 

\_- .1r"  0

A r

l * j
.p ;N-)JA[

Tir j -s  in :p l ies

. & = s.rf

"n elNI

i"{ x* , f [ * )  ,

Riesz serninorm 
, f f  

t "  a norm. Then E is weakly d _ distr ibut ive.

'ROOF. r t  is  suf f . ic ient  to  shovr . that  every pr inc ipa l  0r -
der ideal of E is rveakly d-. .r isrr i-buri-ve..  so 1er "t 'e F+\t{""u
le t  E( :g) 'be the pr inc ipa l  ideal  n . r , l roa" i  uv x .  There is  a  quas i_
Stonian space X and a Riesz isor,,uorphisrn T of E (X) onto C (X.),,
suc.h thaL T ( . r )  = l  

. (Lhe func l . ion idbnt ic  one)  .  S i lppose there j -s

{lltf-rlV "€IIri

SF.r)( i-{ 3 (r-,fr*t < k! * =O
v | / 

,.€lltf 
l'€nr Yn

; C =  n " f  * g  - O .

9:hJtN

S,- 
is also a quasinorm.

.  
T h e o r e r n  4 . 2 .  L e t ' E  b e  a

-auppose that  for  every extended

Ppr ?:$J-iff Ll tr=*{*r,y14. ?hen
I ,nellrl

S o  J o = 0  a n d
I

B y  t h m . 1 . 3 ,  i i i )  ,

Dedekinc l  d

Rj-esz norm g

contp le te  snace.

on E the extendecl



-  |  there  is
ad- nleagre :ut  

in 4 whic i r  is  not nowhere dense'  Thel

an open-closer set 'Q/ vcx una a seguence j5!aN "t 
closed

o  /  
-  ' t

Baire subsets of x such that X-= / and U At ? Y ' l tre prove

-  .  ^F  
ueh f

that  there is  a  sequence (D )  -^ ' r  o f  tno i " " l ly  d is jo in t  nonvbid
r n ' h € l N  o  J  i T l E - = V

closed i jaire subsets of x sucir that E.n=? and 
YOP"- t

Incleecl, Iet 
n

Y ,  =  Y - UAi ,  ,
i =  t

.'Ihen Y' i s  an  open  Ra i re  se t , so there is  a  sequence

.  Ttre sets 4t*  are

.  Final lY range those non-

a l lY  d i s jo in t  open-

A* .=An+ [oY^ -
,,-,o 

-'fia- = y

f , i  \
(Y"* )* e r..l of mutu

r . t  l . l
Y*= tJ ).n* ' Put

r r  
v t t eN

rnutual lY r i is jo in t

vo id  se ts  An -

For  a set

of  l ! .

c losed 
'se. ts  such that

h,wr€lN | * \
i n  a  seguencc  \bn  i  n6JNf  

'

I \ ,1CX let ^lr. .  V" the charact 'erist ic f irnction
, M

r , e t t t r = T - u ( * r )  D e r i n e $  b Y

-  ? ( z ) =  c o  '  t € F - E ( t )
$ ( z ) =  )  

k v  

: : 0 , , , , , \  c

3e ) = Aol- + swP I7(z)(t) \  )  zeE(t) ' ,

As LJ B'r '  = /  -  i t  fo l lovrs that  $ 
is an extendecl  F ' iesz

vr€N .r  '= 
Y- U B; ,  V",  is  an open F,aire set  so t i re-

norm"  Le t  \y r  /  i ;4  
-  v  

: ._ . . ^ . , ; :  ^ , . ; ^  :d  sers  such
re is a seguen.u v '*  of  mutuat ly dis jo int  open-close

, r l  -  \  )  ^)1".* . '  ^= Bn** is corrpact and B' ,+*CV"
that \x " 

t,r*elN .h^r r I

for m)y' *" o.Y assume B't* C ,U 
\ trk; 19:

* - ^ r ^ r  \  k . = l -  c t / ^ ,  \ ,  I  - ^ . ,

T";=T -tIv^J ' tn"" h=f, 3 ('t-a)(;fi
-!o- , ',,1 . If follows that y | 

.

#?r"tu,f- , ' t r  :9.  pfq )sL*6 
t

':- 
3, ("t) <Z g t? n^ ) ' ;:,' zr''F'

rhus 
Sr(?)=O 

,  r " t r ich
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