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. DERIVATIOI{S

UNDER

C. Pel igra.c l

I .  TNTRODUCTTON

Let A be an algebra.  By a d,eniv.at ion of  A we mean a r_inearmapp ing  Q:o  (d ) *A (o io )ne ing  a  suba lgebra  o f  A)  such.  tha t  6  (ab)== a 6  ( b ) . + 6  f a ) b  f o r  a r - l  a , b e D ( 6 )  .  A  d e r i - v a t i o n  d  o f  A  i s  s a i d .  t o . b e'LnnerL  i f  there  ex is ts  a reA such tha t  6  (a )=a, - , ,a_aa^(="U i ; " ; f " i l " t
for  a ' r  aeD (d )  .  r f  A i=tu.  *-a lsebr. ,  "  j i . r l " " l i : "  

6 :D (d )*A isc a l l e d  , s g m n e t t i c  i f  a )  D ( o )  i s . a  * - ' s u b a l g e b r a  

" ,  
o r - " ; ;  

'  4 s

b ) d  ( a * ) = o  ( a ) . *  f o r  a l l  a e  D ( 6 ) .'  
Der ivat ions :o f  operator  a lgebras $/ere .  s tud. ied bv severa lauthors-  we ment ion here only  the famous theorem of  sakai  t6 lwh ich  asse r t s  t ha t  i f  A  i s  a  s imp le  c * -  a lgeb ra  w i t r r  r r r ra r ' ; ; " .a 1 1 b o u n c ] e d d e r i v a t i o n s ( i . e . D ( d ) = A ) o f A a r e i n n e r . . r n w h a t

fo l lows we presenr  a more generar  f ramework , " r - . i r ;  . ; ; " ; . ; .  no"a lso s tudy unbouncred der ivat ions of  operator  argebras which com_mute wi th  some sroup of  * -auromorprr isms.  
A c- : ; ; ; ; ; ; . " ,  sysrem(o r  cova r ian t  sys tem)  i s  a  t r i p le  (B ,G ,6 )  cons i s t i ng  o f  a  c *_a l_ .gebra B, a Ioca11y compact group G and a continuous homomorri i*,

I  o f  G in to the group Aut(B)  of  *_automorpi . , i " * " - ; ; - ; , ' , ; ; ; ; ; ; : ; * "

vr i th  the topology of  po intwise convergenge.
For the bound,ed derivati .ons we shalr discuss the fol lowing

problem:

( * )

Le t  (B rGr .B )  be  a  C1-dynamica l  sys tem,  where  B  i . s  a

: ; - i : r :bra 
wirh unit .  suppose rhe f ixed poinr 

" io"or"3-= fbeB |  8g (b)  =b 1v;gec]  is  s inn.p le. .  r f .  these .condl t ions
a re  fu l f i r l ed ,  f i r i d  cond i t r -ons  on  the  dynamica ] . sys tem

luch 
thar eve.rv derj-varion of p which ; ; ; ; . r l r i" :r ,

be  imp lemen ted  by  an  e }emen t  i n  Bg . . - - '  
- -

OF

AN

C*-ALGtrBRAs

AUTOMORPHTS}{

I^THTCH ARE TNVARTANT

GROUP



. q f  c g u r s e ,  i n

tlt-et a Qerivation 6

pq{e{neter grouP of

the unbounded case

b e - a  g e n e r a t o r  o f

t -automorPnrsms '

we give condi t ions such

a strongllz continuous one-

I ITOI{ORPHISMS' 
?.ERGODrC GROUPS or AUTOIIORPHTSMS

!" . !  (FrGr g)  be a cx-dynami-ca l  system' '  Assume

!.1-lt ,  that Q +9 compact and acts ergodi-cal l1r- on B '

q.gl lqldel t-h-r-g fol lowing, integration I

q (b) =JCn (n) dg

th.-e-fe dg Lq t-he, 
"tt*ti i"6d 

sttt measure 
"1. l '-tnt.1

Egq e l t  heE.  Moreover ,  q  is  pos i t ive ' .  fa i th fu l  and

It iq qasy !q gee that q is the unique G-invariant

that  B has a

F o r ' e v e r Y  b e B

R ^
q  ( b )  e  B - = L .  r

G- inva r ian t .

s t a t e  o n  B .

. ? . . 1 , . . E t s q q q S T T I o N  .  L e t  ( B ' c '  B )  b o  a ' 6  a b o v e "  I {  6 : B * B  e 6  a

Qcl+nderd dz-nLv cttLrt n wl+Lch commute's wLth B ' the'n '6 = 0 '

EBQOE..  Represent ing B in the Gl iS 
. representat ion 

def ined by

Qbe q=+ lvar ian t  s ta te  q  we may assume q  (b )=(b6o '6o)  fo r  some cy-

qlr-c* rqecr,gr 6o ( for  B) in the Hi lbert  space l i r '  
i : : :n"rmore' the-

{q q4.Ls-t-s 4 s-i 'qo"gfy continuous unitary representation 9*un of

G.on H-  sqch tha t  B- (b )=u. ,bu l l  '  S ince  q  i s  the  un ique G- inva-
: -  v

q. lant  state on B ,  iL fo113ws that_rp is the unique'G-invar j -ant

normal state on the weak closure E of  B.  on the other hand. 's ince

. r : Y - - ' : ' - 1  
- _  - : i

8-  (b)  =u^bu^-  and g*u. ,  is  s t rongly  cqnt j -nuous '  (B 'G '  (
- g ' - - '  g  g  9  ' l e r t h e f o l l o w i n g w e a k

4{micat -syste* .  Therefore we can consl - (

.t- i-ntegr.atign in E: . |  -
q  (b )  =  l o -  (b )  du  '  beB  '
'  

^ r ( i Y  -  - R ' n

Qlv lqusry  6  (E)=FBo. ia  ,p  i s  normal .  I f  Eo lc . I ,  then  fo r  eve- .

.E !  
4eq ina f  q ta te , l ,  on  ES r  w€ have t f ra t  to6 ' i s  a  normal  G- inva-  ' :

q ' i - q n t s t a t e o n E ' s i n c g q : " t h e u n i q u e n o r m a l G - l n v a r i a n t s t a t e
:

qq.  B .  ' i i t  ro - r : rows tha t  Fo=C' t  and Q=q '  Hence G ac ts  e rgod ic l t l t ^

" " .  
A- .  onvrJusrv ,  6Bn=Bn5 

" "  :  
t " :  

" : : ' sec '  
I {e  mav assume tha t  6

lF:  e E{nunqtqlc der i iat ion.  Then b1z 15, corol lary t  
9 'u l 'we 

have

',t:
l i t

' !: ,..
: f

t
I

: l

ix

l:
t
I'.

: i
i i

I

: t

6+q..

Z....2..REI4ARK- rf G
6

lqoposi t i .on .2 .  I  does

rrso t le C-*-41gebra of

a *  
' + . L r o n

is  not  comr)aL: .L,  Lrrsrr

no t  ho ld . .  I ndeed ,  ] e t

iompact  oPerators on

t h e . c o n c l u s i o n  o f

s=K (Hl , .C.  l ,  where

Some Hilbert sPace

K . ( H ) -

H .
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:

Cons ide r  an  un i ta ry
- 1>act operator. Then
morphi -sm of  B.  The
equal  to  zero

ueB(r i )  which does not commute with any com_
B (b) =U5U* (b.n) def ines an ergfodic n_.,r to_

der ivat ion 6=Ad(U) commutes , i t f ,  g and i_s not

For the study of unbounded derj-vations we need 
'some 

preri-
.  m ina ry  . resu l t s .

For  fe l l  (c)  we denote,by B ( f )  the operato i  on B def ined by:B (f )  (nl =f,r (g) e_ (n) a
ler rr be an irred""rf;r" ' ; ;?;;r;nr.nr.=.ntarion 

of c, f ir€j - ts uni tary equi-valence cr-ass and 1;  j - ts.norrnal ised character
xn=(d iml l ) r r rn ]11  ,  v rhere  r r  i s  rhe  ; : " ; ; "a r " . . ' . " : .n "  H i lber t  spa-ce  o f  d imens iSn d iml -  Then g  (x ; )  i s  a  bounded pro jec t ion  o f  B-o n t o  a  n o r m - c l o s e d  s u b s p a c e  B ( f r i ' o f  B  c a l r e .  t h e  a , e c t n a - x - , s u b , s p a _ce o f  f  in  e .  r r re  denote  s  (x f r )=e  ( f r ) .

.  , t  _

2 ' 3 ' L E I \ I t r I A .  L e t  ( B , c , B )  b e  a  c * - d q n a . m i e a - L , s q , s t e m .  A , s . t u m e t h a tB had

cl-o 'sed, den' te lq d-e{ ined opetaton w|t icr t  commute,s wi t t t  , . ,  ; ; ; ;q ' "B (n')n.D (r)  i ,s den,se in B (fr ;  {r ;  ^r ' "" i re.

t :.  I  I  l b l  I  l = l  l b l  l + l  l r b l  l ,  b e D ( T ) .
'  Endowed with 

lh is norm' D(r) .  becomes a Banach space, s inceT commutes  w i th  B_,  qec  i t  fo t lows thar  D(T) t ; ; - ;_ rnvar ian t .  ont h e  o t h e r  h a n d ,  i ;  g . c  a n d  b e  B ,  w e  f r u r r . : - ' - '  
a u  v

" ] .un 
(b)  

I  
I  |  =  I  I  Bn (b)  I  I  1  |  |  r 's  (b)  I  I  =  |  r  8 . ,  (b)  l  r  +r  i  e-  ( rb)  r  r= !  r  rb i l  r  .T h e r e f o r e ' R  -  d c ( t  5 F ^  ^ ^ : - .  Y  g

l r " ,  
u n r  g e  G . a r e  c o n t i n u o u s  o t r  ( D ( r )  ,  r i  r  .  r t r ) .

.  A l so . ,  i t  i s .obv j -ous  tha t  f o r  a l l  beD( i )  r  t he  map  9_B^ (b )  i sc o n t i n u o u s  f r o m  G  i n t o  ( D ( T ) ,  l l l . l l l ) .  T h e n r  w €  
" ; ; : ; " ; t ; ; "  

:
f o l l o w i n g  i n t e g r a t l o n  i n  ( D ( T ) ,  l l l . l l l ) :(1) B'rnt , . ]=1" in (r)  Bn (b) ds, o.o," i  .

obvious ly  B ' t f r r  (b ; '=u r r i l  rur  ,  be D' (T)  .  s ince c  is  compacr ,  Ai s  genera ted .  by  rhe  spec t ra l  subspaces  B( ; ; ,  ; .G t7 ,  Theorem 21.There fore ,  s ince  D( r )  i s  dense i r r 'g  . "u  B  (R)  cont inuous  we havet h a r  B  ( f r ) D ( r )  i s  d e n s e  i n  B ( n ) .  
.

? ' 4 :  L B M M A .  L e t . ( B , c , g )  a . n d . . r  b e  o , s  , i n  t h e  p n e e e d . i n g  L e m m r .  -suppo,sz  morLeovet t  t r ta . t  G.c i -c t ,s  e rLgod. icaL-x -q  on  B.  Then we ha"ve : .

' +
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d e ( fr ' )  tcre ( fr)  (on aLL I I .G'
I IcG ' -ne.nate-d bt1

i i )  t i  we denotz  bt1 s  the X 'Lne 'o 'n  tubqta 'ce ga

. l

: \ - 4 g ( n ) t | t o n s L t , & d e n t e ' s u b t p a c e ' . 0 ( a n a L q t ' r ' c e l e m z n t ' t ' d o n rI I ' G  L n i t i o n  3 ' l ' 1 7 1 )  a n d  t s c s '
, l ; q  d o n  e x e m p L z  I l '  D e f i n i t t : i , : ' - t ' , ' , " * ' , ^ n * ' : ; , ; i " o * o  

o ( . r t ,  L t ,  r ) .
i i i ) s L t a ' c o | L Q . [ o t t T ' J / t a t L t t . | + e . . . c & c j l u n e o { . T | , L t * 1 .

i v ) 1 6 T , L t & c I ' o t e d L L n e a n o p e n a f i o t t w h L e l l c o m m u t e t w L t . t t'  u - , ' ^ . ^  
; - , ' ,g, q"d TcT' ,  t l ' ten T=T' 

, .ni te dimensig-
P-RooF.  ( i )  By  [  3 ,  P ropos i t t " " ^1 :11 '  e  (n )  

- i s  
f  i  ^  ^

l ? 1 f - 9 I a l I f r r d ' e y L e m m a ' ' t ' ^ : t t ) n D ( r ) i s d e n g e i n ' B ( I I ) ' ' I I e G '
Tf reSefore '  s ( f r )co(r )  for  a t l  I IeG'  

"
{oy ,  re t  beD(T) '  a1 ' ,  ( l )  '  t he  i n teg ra l

B t f r l  t r ' l = l ^ " : ( q ) B - ( b ) d s  ' :
J U " r I  

-  V

c - o x v e r g e s  i n  ( D ( T ) . ,  l l l . l - l  l ) .  s i n c e  T  i s  c o n t i n u q t s  f r o m  1 p ( T ) '

rl-i. r r' r) inro B w*h 
;::f;[i:,i;11il,:" 

have

rccord ing  to .  IT ,Theorem ' ] :  t  
i " -de1se- in

Bo. S.1,nc6 B (n) is f ln i te dj .mensj-onal  and T (e ( i ' )ce (n) '  i IeGr i t  fots

19ws, that  a l l  e lements of  S are analyt ic for  T '

.  ( i i r ) . s . ince  Bg is  a  (s t rong ly j  con t inuous  representa t ion  o f  G

i 1  ( n ( T ) , l l l .  i l  t i '  u y  [ ? ,  T h e o r e m  2 ] : - i t  f o l l o w s  t h a t  s . i s  d e n s e

i n  ( D ( r ) , l l l ' l l l ) '

( i v )  fo l lows f rom ( i i i )

'  . 2 - . 5 . T H E O R E M -  L u l  ( B , G ,  B )  b e  a '  c + -  a q " . " . ^ L " ^ 1 L  n g ' s t e m '  t . u O O o , o u

& [ t a d a u n L t , G L r e c l m p a " c t . a n d a c t . , s Q . , L g 0 d L c a I . I . t 1 o n , . , . , ? r u | u

a , c l r t z d , d e n t " e - L t l d e d L n z d ' s q m m z t n i e d ' e n i v a t L o n o n B w l + L c h c o m m u -

t u  w L t t t  9 .  T h z n  w e  h o " v e i
' : ( i) I . Z6 the gengtLt'tttL c:-d o' 'st 'nongL'tJ

. m e t e t  g , n o u p  o d '  * - -  a u t o m o n p h l ' s r y t ' o  d  , B '  
{ o t }

eo.ntLnuo u8 onz- Pa' 'La-
'  n . , 1  r u  R  = B _ s +  6 O n

t e R . '  : " :  
* t ' g  - 9  t '

o | f -  t e R ,  9 e  G .

( i i ) 1 6 T i ^ a , L L n e a . n , e l . o | e d . o p e , t t a t p n w h L c h e o m m u t z t w L t h

B aid' loc't t!1e'n 6=T'

-  { i

PRooF.  ( i i )  fo l lows f rom Lemma 2 ' '4  
' ( i v )  

' "  '
'  - :  

o rder  to'  ' . ( i )  w e  p r o v e  f i r s t l y  t h a t  6  i s  ]  
g e n e r a t o r '  

, 1 " .' ( - ' v e r i f y ' t h e h y B o t h e s i s ' q f [ I ' ' C o r o l l a - - ' -
P{oYP this f .ac! ,  Y" 

shal l
^  r  n  - r  r  ^ . t -  ^  ha  #ha  l lY t  - i  c ' l l e  t ; - I nvd I  I c t r l  L  D  \ - q  ue

r ! 2 . . . r : ( : ? , r . L e . L Q b e t h e u n j - q u e G - i n v a r " t . t t t s l a t e b ! B ( w h i c h i s
'  t '
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fa i th fu l )
-r ,Epma 

2.4
= [0J for
we have:

. ife show that
, . :( r )  a n d  ( i i i )

.r11 rrontri .vial

..

: '

:J,  j : , : ] l l : j : ]  
.  obviously rp (o r1) )=0. Byr ' t  r s  su f f i c i en t  t o  p rove  th ; r r  o . / o  / i r  r

f r ^ F  ; ^ ,  :  1 .  ^  r r q L  ' @ ( r ( l l ) ) =
r . E \ r r  l e c .  I I e G ,  I  n o n t r i - v i a l ,  a n d  b e B . T h e n

e (8 (fr')o1=rt l
=lf'*o
=l un
=  q ( u

R-hg

d g =

xn ' (g )  s
(s) snn

xnri l  [

{  x ; l s t

n 
(b)  ds)=

(b) d9 d6=

(b lah=

=  0 .
'  By  Lemma 2  '5  ( i i )  ,  6 .  possesses  a  de 'ser  

" . t  
o r  anary t i c  e1e_

H:i;-il"'J;":;;;*:::' ' ' ' ' i,, 
".-," 

il";.;:;:", or a srronq,lz

iffj":ll. .n" Hi 1 re_yr" ;.e;::r:': i: -;:;,;::;: ;Til ;: l;_o t 8 g = f g o t  f o r  a l l  t . R ,  9 e G .  

g o *

2 . 6 .  R E M A R K .  T h e  c o n d i t j . o n  t h a t  , E  t ^ r a  ̂ 1 ^ _ _  rcan be replaced bv trre rorrowins ,u.oj,o:":1.;*;:.rH:::-"i;1.
.  

tv ro c l0ged operators TL 'T.2 0n B sUch that  T,  an.  T,  commute wi thB  '  T tT2  i s  dense ly  de f i ned  and  6 .=T ,  T . r .  Then  i t  r esu r t s  t ha t  6  i s
'  c losabre and the conclust""-. i  ; ; . i ; : -  , . ,  holds with o insreado f  6 .

3.  CROSSED PRODUCTS
L e t  ( A r r , a )  b e  a  c *  

' '

some Hi,berr spece n. *""lii"H:'"jiliil;"'::.::":;:J"l,jln.n.' t heory  o f  c rossed produc ts .  (see  fo r  exempld  t4 r ) .  Le t  coo  ( r rA)
' 
be 'the alsebra 

"t .ii-.JJ,-r,.rrr,rou" o-,rJr".u functions on ' withcompac t  suppor t .  The  reduced  (o r  regu la r ) . c rossed  p roauc t  o f  Aff'J"T::::":i ?;i;.1"T,ff:;1";-;;';;" ;::::;:,1. n.,u,a,ed
n ( e ) r ( y ) =  [ o _ r r r ( p ) ) f  ( F l y ) d n  ,' t

f " (

l : t = * l . oo  
( r ,A )  ,  reL2  ( r ,H )  and  ye ' r .

L X  I  i s  t h e .  c o n t i n r r ^ , , ^q". ] : " : : :  representat ion qf  r  on r ,2(r ,H) s iven
?  -  )  

( r n r )  ( Y  )  = r  ( F l v  )t o r  f e L ' ( r , H )  a q < i  i , y e  r  i tL . , e . .  * _  a s  e a s y  t o  s e e  t h a t

b v  j - '
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J  - _ . : l  '

t l
t l
t l
1 l

l1
l

i
I

-l
' i
I

"  .  i i . ;

gLq  
9 l (A r r ' a ) r ' 5c l ( n ' r ' d )- L

( the mul t iP l ier  a lgebra
Theref  ore xr re M (c ;  (A '  r  '  c t  )  )

€ g f  e l l  p q l .  : : - -  I

q !  c f t n ' f  ' o ) ) '  
r o l ) r e s e n t a t i o :.  .we can arso {*- ! t lq e {el t - f ' fq l  

*-rePresentat ion'  of  A on

. t '

t-{ (.I,,i{) gyi ' ,
e ( e ) t ( Y ) = o  - - r ( t ) f ( v ) '  '

Y .
.  ' 2  

w i t t  h q v e  i ' ( a ) e M ( c | ( A , f  , . a ) ) '

4 c , $ . ,  l . \ 1 ( f  , , 8 . ) r  y e l .  v { e  ' ^ . ' l t ^ - ' " ' * ( A - r . . , ) .  
L e t  w

{ .o - ry , ,  we de{1nq {h ,e -  dua l -  qc t lonrB o f  o -on  c } (Ar r ro )  '  Le t  w be

- z t T ' x  f r H ) :  .  . , : , :  
'

t lg !o-!l owi-1s unitary ope5ator on 
-" _;

4 . t ( r ' ' F ) = f  
( v ' v P )  f - o r  f e L z ( t  x  f  ' H )  Y ' P e f  '  " )

Let  a lso Cl t r i  ld.r ,oa.  th.g C*:algebra generat3d bV ' the le ' f t  regu- 
. - '

a .  -  - I

; n L a t i o n o f c o o ( f ) o \ ' L - 2 ( r ) ' D e f i n e t h e m a p B f r o mIa-r-  rePres€..  ^
^ ' - z ' t n  x  f  , , H ) )  b Y :  .f \{ (c;(A.,, i  , .4.) ')  l l tq b (L \ I

e (1) zwn (q s 1-)w'

4'g 41tq" ,i \
q (q) =q I 1 f,9-r a-eP (a) '

B ( x - - ) +  a  r - '  € o r  Y e l '  '
-  I  Y  Y .  . - - r

)  ( l . f ) ( p ) = f . ( Y - ' P ) ) ' T h e  f o l -
( r l e .qe .  ̂ r rB -  114  t r )  )  ' i s  de f  i ned  by  '  ' T

. } o w i n g p r o p o s . r : t l o n i S . a q o n s e q u e n c e o f a r e r l a r k a b l e r e s u l t o f l ' 1 .

g- . r r " "astad [  4 ,  Theorem 3]  :  
. .  .  ̂ ,1 .  , -

3-..r . .  p-RoposrrroN. p (a) con6Ltta o( aI 'L eLementi  aeM (cl  (A'f  'cx))

ta t i t  $ t1Lngz.
( i - )  $ ( a ) = 4  a  l - '

t i i l  a ' ' r  ( ' P )  a n d '  r  ( r P ) a e c ; ( o ' r ' 0 )

( i . i i -)  rzTraT- t  Lo n0nm eontLnuout
t  i ' -

i ^
A O ' L  & L L  Q E \ - O O

and o.  (a)  =T^.
Y I

( r )  '
=

a A  a

Y

{pn  o" .L !  
I " t . .

T-he next proposi t ion deals wi th norm-cont inuous (also cal led

u n i f . o r m l y c g n t i n u o u g ) g i o u p a c t i o n s o n a c * - a l u ; o t t - t - : - l : " t t o t h e

q*.+ aPPl icat ions wi l l  be i ,n the.  case oI .  d iscrete groups-

.  3- .?- , .  PRoPOSTTION '  t r . ' t  I  be a '  'sLmpLz C*-o' I - 'gzbno" wLth unl t '

and. Let,  a b-e (L norLm eontLnuout '  act 'Lon ad t ' l tz  Lctcal-Lq eompc"ct '  g. \cup
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I  o n  A .  T [ t e n , ' 6 0 ' t t  e v e t L u  d e n i v a . t i o n  6 : C j ( A r f  , o )
eommute ,s  w i th  B  in  the  L 'en ;e  tha- - t  (o  o ' i19=66,
a o r D '  ( A ) c M  ( c | ( a , r  r d )  )  I  u e h . t h a . t  6 = q d ( u o )  . .

pROOF..  f ,et  6 and B'  U. the extensions of  6
B  t o  t h e  w e a k  c l o s u r e  o f  C | ( A r l , o ) .  O b v i o u s l y
6  is  j .nner ,  i t  fo l lows tha t ,5  e  i  has  a  sense)
propos i t ion  w i l l  be  g iven in  severa l  s teps :

I .  (A"  ,  f  r 'u  "  )  is  a  Id*-dynamicdl  system apd the
p r o d u c t  t { *  ( A " r l r o ' r )  i s  e q u a l  w i t h  t h e  w e a k  c l o s u r e'These 

facts  fo l Iow easi ly  f rom the norm cont inu i ty

* c ; ( A , r ; q )  w h L c l t

thette exil ta

-and 
respect ively '

(8 '  e  i )  B=E '8 ' .  (S ince

- The proof of the

W*-crosF€d.  :

o f  c | ( a , r , a ) .
of  y-)q. Y

Lands tad 'S  cond i -

- r r .  E ' . ta ' ta l  )ca. (A)  .
L e t  a e  0 ' ( A ) .  W e  s h a l l  s h o w  t h a t  6 ( a )  s a t i - s f i e s
t j - o n s  ( i n  p r o p o s i t i o n  3 . f ) ,

'  ( i )  E  ( 5  ( a )  )  =  ( 6  e  i )  0 ' ( a )  = 9 1 . ,  @  t  .
There fo re  B ' t i  Cu l  )  =6  (a )  o  r .

( i i )  S i n c e  A  i s  u n j - t a l r  w €  h a v e  r  ( q )  e C |  ( a r  f  , o )  f o r  a l l
beCoo  ( r )  .  S ince  o 'bv ious l y  I  { . )  e / r {  (C }  (A ,  f  , c )  )  we  have  tha t  f  ( rp )  a
a n d  a . r ( q ) e c j ( A , f  , a ) .. I

( i i i )  From (i)  and 14 , Theorem r I  i t  foLlowi that 6 (a) eA,, . .
s ince c"  is  un i formly  cont inuous,  i t  for lows that  y*T^,d(a)r  . ,=
=o ;  (5  ( . )  )  i s  no rm con t inuous .  There fo re ,  by  p ropos i t i : r r t r .  r i l
6 ' (a )  e i  (a )

.  r T r .  6 ' , ( D ' ( A )  r y ) c F  ( a ) T ,  f o r  a l l  y e r .
rndeed  re t  aeF  (a )  and  ye r .Then  as  i -n  r r  i t  can  be  p roved  tha t
6-  {ar . , , . )  I  _ . ,  eE (a)  .  Hence 6 (ar^ . )  eF (a)  r -_ .

r  . y  y  . (

TV. '  The end of  the proof  .
s ince 6 ' (F (a) . )cF '  (e)  ant l  A is  s impte wi th  i rn i t ,  then by the Theo-
r e m  o f  S a k a i ,  t h e r e  e x i s t s  a o r i  ( a )  s u c h  t h a t  6 ' F , o r = a d ( a o )  l i  ( e )  .

L e t  O o = 3 : - a d ( a o )  o . n  W * ( A " , | , o , ' ) .  W e  s h a l l  s h o w  t h a t  6 o = 0 .  T h e r e
e x i s t s  b  e  l 9 x  ( A " r t r c r " )  s u c h .  t h a t  6 o = a d ( b o )  .  F u r t h e r ,  J i . r . ". o
6 0 ( 0 ( a )  ) = [ O ]  w e  h a v e . b o . 6  ( A ) ' .  o n  t h e .  o t h e r  h a n d ,  f o r  y e r  w e  h a v e

6o (I ' r)  =uot 'y-Tyb"= (bo-\boT_ri f ,  .
.  .  J .  

Y  . ,  . ;  . ,

By r r r ,bo- fybot ' r 'p  (A) .  obv iousry  f rbof r , .Ofo l ; ,  lnd therefore
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. . *

b =T b^T ,  be longs  to  Lhe center 'o f  F ' (A) .  S ince  A is  s imn le '

n]=Olnlti r=, 't f or some u ' C' Hence uo (r, ) =u 'rv ' From this ' it
' ' '  

Y  r  i  - ^  -  [ l  m r ^ ^  l - n r r - A a r ] n a q q  o f  6  i m -

5,qqqrt-s that ootTf l=rruT"? for al l  n1N'.the boundedness of 6o im- 
:

ei i i3 u=0' rneigt l re oolo'  whence 6=ad(to) '

ry.o.q rye qhalf qtudy the unbounded derivationq which commute with

! t"-  {g. t  aql ion on crossed pqoducts '  For th is we shaI l  'assume in

A{.{it lon !hat- A +e s-eparable and I is discrete and' commutative

qEa- a-i,, B-=-c-*,(A,,r ,.d ) eld q=d ',
'  

. '  3.. .3.. .  Ti l l l l r , laA- Let (A,r,a) Qe ac*-dt1-nami AL,t9* '  At 'sume

4 4 g t . + L ^ . q t - L . 1 t ' t n r . z C . * , - . a ! . g z b n a ' w L t h u n L t a . n d r L , s d d l c n e t z a n d
c_o ,mmqt .q lL ru .  l e t  (B ,G ,B)  b  e  L t t  d "uq \  t t l r t zm '  16  T :D(T )+B (D( r ) cB)

L.7 a LLne-on,  , . :o t -e ' l ,  dzn 'se! 'q  dedLned opzto ' t 'o 'L  6uch that  '  :

L) q(q) L! o a.ub-a'X'gebna'.  .
a l- z), A,cD (T-) ,.' 
A, B^T-QT-B., (v) 9.sc-,,' : t  -  --  Y-

t&g.ry 1-,,14i-,qP-(r) a-nd" 'rt+Tv)qlfv 6on aLL ler'
rtr- :
nss pr r._eu'+,;,i;fiiil] 

.'" 
dense rn Arr' ""

:aco (Tl l ld. Q (r) is a subalgebra i t ' fol lows that af,  ;-s
Tlsr, ,  s- i-nc.e'  

}g:: i i  
aro q\ lr :^:=";; : ; ;  

er and A is
+ tyio.-s.ided i!e-a,r of Ar. S.i-nce eTrlottl is den'se it ""^r ---. 

-

+l !p. le-,  ,u. fr t t , .  af,=a' Theref"t" nrr ln(t) ' r tn" fact that r(Art) '

CAT^. may be- pr-o.ve-d1 similarly with i'he analogous fact in Lemma"
- ' Y

2-.,E (i:) ..

} . . . 4 . . ' t E I \ . 1 1 1 4 ' ' L g t ( A , t l q ) l ( B , G , g ) a n d , r b e a ^ L n t . h e p l L z c z d , L n g i
| I - e m n l a " ' ' . T . l , , u r t - P ! ^ ^ . e ^ ! 9 . , ! a d ' e n a z t ' u b , s p a ' c Q . s c o ( r ) o d a n a I . q t . L c . e ' L e -

menta  t .uch  tha t  TFcF '  Mot te 'oven 'S  i t  a  co 'Le  {o tL  T '  "

pRoo'. The pr-oof, is.- a-n obvious aaar:tair* oi the proof of Lem-
' ' " '  

r n ( l - l a r . r ) '
ry* 2:...4,... (i_il a_ld; (iii) rtgl s=lin spi 

yyr .,
- *  ) , ' t r n n * i n n f  ,  e

3: .1 . . :  T ' i lEoFnyt .  Le t  (a ,  t ia )  bz . :a  c* -d 'qnamiea-L  t tT t tem'  A taum

I  tb ,o . t - .4  L4  a  Aepo,nab lo ,  tLmyt .Lz  C*-a 'L .gebna wLth  unLt  a 'nd" . t  L t  d i ^ - ' -  '

cng te .  and comm'u ta t i vs .  Denote  bU . (B ,G ,g ) . . 'L t ' s  dua 'L  8 ! !6 t 'em;  1d

6 : D . ( p ) r g  i , ! .  o . 4 A m m a ' t t L i g ,  e { g t e d  '  d . e h ' s e ' L E  . d e { L n e d  
d z n i v . a t L o n  n u c l +

f 5
t I
l f
t t

. i l
i ;
I t
r *
t s
; F
1 i: +
t E
! {

} T
t q
i$ ' .

i $ ;
" t
* V :
+ii

. 'L rj'' i *
" $
l {
: *
. r ' n

; l

t i,tl*
; T
, i .

- -:-?
,  : i

. i ,
i

; l'  + i
: !
' i
: l

" i
i
ii

. i
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that :
l r r  . : .  r )  A c D ( 6 ) ,

2 )  B - 6 c 6 ; ^  ( y )  c i e  c ;

. then we l ro re"  
Y

( i )  Thette exi ,st ,s hroeA, ho=hl  ,sucl t  t l ta" t  6I=6-ad (ho) ia t l te
.genenato 'n  o I  a  ,s tn -ongLa contLnuou,s  0ne panametQ-rL  g ' ,Loup , i  * -au to-
mo r tp l t i t rws  o  d  n  ,  [ "  t ]  t .  g ,  and.  r  a8n=gor  a  

(v )  t .  R ,  gec .  :
( i i )  / d  r  i r  q  e L o , s e d , "  d e i , s e r - t 1  d . e { 1 i n z d  o p e n a t o t t  o n  B

which eomnrutz.t iaith B ,su-cl,t ihat. uar, 

- 't lrun 

6=T.

PROOF.  ( i )  ,ey  Lemma 3 .3  6  (a )Ca.  S ince  A is  s lnn . le  v r i th  un i t ,

: : " :1", ,  ln""rem 
of Sakai  there bxisrs hoeA, ho=hl  such thar 6tA=

= a a ( n o )  l a '  L e t  6 r = 6 - a d ( a o )  ( o n  o ( o )  ) .  I V e  o r o v e  t h a t  6 l  s a t i s f J e s
t h e  h y p o t h e s i s ' o f  [ 1 ' ,  c o r o l l a r y  3 . 2 . 5 7 ] .  F o r  b e B ,  * "  i o 1 u i d e r  t h e
fo l low ing  i -n tegra t io r :  . r .  . :

.  e ^ ( b ) = l  B ^ ( b ) d q  .  i
. Y  J G g'  

Then eo  (b )  e 'A  fo r  a l r  be  J .  s ince  A is  separanre  there  ex is ts  a
fa i th fu l  s ta te  Qo on A.  Then eo=Sooeo is  a  fa i th fu l .  G- invar ian t

. s t a t e  o n  B .  O b v i o u s l v  o  ( A I -  ) = 0  f o r  a 1 I  y e t  w i t h  a ^ l u .  T h e n
oo to, (V,oTr) )=0. s i-nce"o" I"*" ,"- t .  r ; - ;=; ; ;  ; ; ; ;  t jor^.  is a corey e f  y e l  

' {

.  f o r  6 ,  w e  h a1  ' . -  - - - v e  b o ( u . r  1 p ( 6 r )  ) = 0 ,  ( H e r e  p ( 6 r ) = D ( 6 ) . )  ' T h e  
f i r s t  c o n -

d i t i o n  i s  t h u s  v e r i f i e d .

B y  L e m m a  3 . 4 ,  o ,  p o s s e s s e s  a  d e n s e  s e t . o f  a n a l y t j - c  e l e m e n t s .:
T ] r e r e f o r e , .  b y  I  r  ,  c o r o r r a r v  3  . 2 . 5 7 f  ,  6 l  i s ' a  g e n e r a t o r .  T h e  f a c t
tha t  t a8n :=8n t i  ( t e f t r  geG)  i s  a  consequence  o f  t he  H i l l e - yos ida
Theorem

( i i )  f o l l ows  f rom Lemma 3 .4 .
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