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STRONGLYLATTTCE-ORDERBD MODULES OVER FUNCTION
LGEBRAS

' lrrr

DAN WZA

N..Bourbak i  $L7,  E 2,  exerc.5)  uses the term ' ,s t rongly .  Ia t t ice l

ordered"  ( " for tement  rd t icu ld" )  for  a  r ing A such that  l t l l  ,  to l l | l  .

for  every xrY€A.  Accord ing to  th isz v /€ def ine a s t rongly  la t t ice-orde-

red module to  be a la t t ice ordered module E over  a la t t ice-ordered

r lng A such that lo*l  = lAl l { l  for every aeA and x6E. rn facrr w€ are

in terested in  t ,he case of  modules over  some funct j -on a lgebras.

-Af ter  g iv ing the def in i t lonsr  w€ study in  {  Z some f i rs t
)

cQnstruct ions which y ie ld  s t rongly  la t t ice-ord.ered modules (complet ionn

quo t iens ,  i nduc t i ve  l im i t s ,  dua l i t y )  .
.F

I n [3  we  cons ide r  t he .ques t i on  o f  t he  ex tens lon  o f  t he  ex ten -
)

s ion  o f ' t he  r i ng .o f  " sca la rs " l  f u r the r  f ac t s  re la ted  to  the  ex tens ion

(e.9.  the " regular l ty"  in  the sense of  neasure theory)  and appl icat ion

of  the resul ts  to  obta in new proofs of  some represent ,at ion theorems

known 1n measure theory wil l  be given in a later work.

fn [a  we  in t roduce  the  concep t  o f  p r j -nc ipa l  modu le  and  i n6  S
)

the 'construct ion of .  the spaies E+;  these wi l l  be used in j  O which hand-v \
les:; the Al, l -modules. For an AM-module E over CK(x) (t ,he space'of conti-

nuous functions on the cornpact X) a natural map T is defined from the

dt1al E* of E to the drral cK(X)x ot C1a(X) . Then we characterise those

nrodules with the property that T is an isometric Riesz homomorphism.

fn [Zl  N.Gret,sky consider.a uun," :n functron space Lg over a mea

surable spaceO. The quot lent  space Np=F (Mo being the closure ofo M ? J

t,he space of  s imple funct lonsl is t lnder .* tanin assumptlons an AM-space.
'  : )6,.

By  mean  o f  a  ce r ta in  maB he  i s  ab le ' t o . rep resep t ' t , he  dua l  N ' .  as  a  space

of  bound.ed addi t ive funct ions on the Boolean a lgebr-a of  (equlva lence

cl 'asses .o f  )measurable subsets of  J2.

We give in 
f 

7 an abstract general ization of the above



s i . t ua t i on ,

algeura ?l

- 2 , -  , i

namely-an Al r l - lpace E and a representat ion of  a 'Dootrean
:. .

inLo the set  o f  pos i t ive l inear  pro ject ion.s  on B.  i | le

Pre l in i j "nar  j -es.

Vec to r  l a t t , i ces .

.t,

construct the map II from E* to the space of L.ouncled. ad' l i t ive func-

n l  
and wc appl ' /  f  5  o to  ic lent i fy  t i re  casct ior :s  on Y,{z  and wc aPply  the resul ts  o i  

,

when it  is an isonretr ic Riesz hon',omcrphi"sm.

$  r .
a )

For a rea l  vector  la t t ice v 'e  shal I  us. r  the stanCarcl nota-

t i - o n s :

i v )

Let

Every x€E can be unique

I' ,e slral l  v,,r i te Re I + t 1

a structure of  real  vEctor

\^/e have

x + :

l " l  =

I , le shall  en,I l lo) '  the concept of a cor.rplex vector latt ice

o f  i t i t t e l rneyc r -1 . ' o I f f  ( LS l )  :

.  
A conplex vector  la tL ice is  a  ( -vecLor  space E together

wi th  a rnap n:  E : t  ] ,  (ca l Ied modulus )  sat is fy ing :

I  r  . \' i) $4 trn (c)/= nn C:c) .t d eE '

j . i )  m  ( o . - r c ) =  l * \  t ' @ ) , o € C  ) l e E ,
- . . . - ' \  f  (i i i r  rn  tb [n( r . )+ ]^( l )  ) - rn  

( t+p)  = ' r ( r )+n l ( i l -m( t+f , ) ,
- r

c ' 4 e c  ', o
A  / n \

S . r  Y a  ( E J ,
d - /

l - \{^^  |  r  I  L  i -s  a  rea l  vector  subspace of  E. r  |  \ "  /  ,  1 -  
R  

J q v . t i  ( . v u  L

r i t t e n  a s  : {  =  X n + t / * 7  v : i t h  t t  r X Z C  . E 5 - '
1

i  d -  d 
,  ' f  i re) ccnb- rn (E) clef  ines o" E

, tw / - '+Z 'I 'Iie CCnC m (.I tR

l a L . t i c e i '  i f  v : e . d e n o t c  f i z  (  i t s  o r d e r i n g

a v o
(-x)V o
a V ( - J ' )

x€E can be

r .n"4

E)-

Llz t+

lar

n (

L e l

sl

hrl

qu'

a
v9

f

R
t t l

E

E
u



( 1 )

( 2 1

( 3 )

€ ( * ) =  l f e r  1 3 ^ , a < R  r 1 3 \  < ' t l " l j  , 2 " e F '

l^^ (* (t) - t"(X)) '( v+l (r.-D , * t l 
eE

. l
Accord ing to  (1) ,  we shal l  employ the notat ion l t  I

lnstead of  m(x)  for  every x€E.

Throughout al l  the paper the letter K wil l  d.enote one of
' ,f\ ,a

the f ield5 R , C . By a vector latt j-ce we shall  mean a real or eom:'

p lex vector  la t t ice.  .To uni fy  notat ion we shal l  wr i te  Re z= J )  X€F

for  a rea l  vector  la t t ice E.
. 

, f :

Le t  E 'be  a  vec to r  l a t t i ce .  We d .e f i ne :

F ,  =  S x r - t r  l * > r o \  
' i

t -  t  1 ^ ' .  .  l ' -  
' ' . "  

)

Z u ) = { ; e E  l l t l  l t d l }  )  r { - F

A set ACB is order bounded 1f there is xCE such that f iC71il,

A  se t  ACE is  so l id  i t zLx)CA ' fo r  every  xeA .  A  vec tor  subspace

FCE is a vector sublattice (an order ideal) if xeF implies Rex€'f

and lu le F (Z(r)  C F 
)  

.  Every order ideal  ls  a vector sublat t ice

( fo r  the . '  complex  case see [  6 ]  ) .

Var ious order propert ies required to E (e.g.  Dedekind

completeness) wi l l  in fact  refer to E*.

Le t  BrF 'be  vec t ,o r  la t t i ces .  We sha l l  use  the  no ta t ion

L ( f , F )  f o r  t h e  s p a c e  o f  ] i n e a r  m a P s  u : E J F  a n d L ( f )  f o r

.  11 f , f ) ,  A  map t le  LG, f )  *s  a  R iesz  homomorph ism l f

[Ufr1)= U A4 for every xc;n, rf E anct F are reat or tt  
." 

and F

are  complex  and F  is  Arch imed ian  then t le  L ( f r f )  i s  a  R iesz



homomorphism lff

, ,  g  €  F +
0 .

( s e e  6  ) .

By'tE and F are order lsomorphJ.c" wi shall mean

a bljective Riesz homomorphism U e L(t, f; .

.  L1LG, F) wirr  denote the space of  order bo

U € L(e, f ) 

'-. 
rf F is Dedekind compJ.ere rhen Lo(€ , F )

Dedeklnd complete vector lattice. We have

lL7, o /:> U (e +) c F+

I t t  l6 '1  =  o \  [UfU]  ,  x  €E+

(ror (5) in the case x= C, 3.11(3,.
tet  E,  .F be vector lat t ices.  A posl t ive map f l  e tLe , f )

is ordbr continuous if for every downwdfds dlrected set 4 C FR with

J"n f  A=o we have in f  L l . (A)=Q.  A  pos i t i ve  map u€ L tgr r )  i s

d- order.cont inuous i f  for  every decreasing sequence (rr)ngf. f  wi th

t n e  E o  a n d  i * { e . 1 = g  w e h a v e  l - , " f  U ( r * ) = O  .  r f  F i s D e d e -
t\

' r \ L l Y  i .  I  o .  i  t -  '  I  ' . L  l . l ukinil comprere, Jf"Bl il g Lo t-r,p) 
t$;S 

be calied (d) order-con-
tLnuous if I u I fs V') order-contj.nuous.

FCE an order ldeal ,

guotlent map. tnere

such that p becomes

there .Ls

unded maps.

l s a

.

- ( 4 )

( 5 )

€_ the
tr
i s . a  u n i -

a Rlesz'

.  Let  E be a vector lat t ice.  A local ly sol id topology on E

Ls a U.near topology which admits a basis of neighborhoods of O con-

sJ"st ing of  sol id se. ts.  I f  Ql  is  a local lysol ld topology then (3)shows

that the map e r-+ hi I l s  t -  un i fo rmly 'con t inuous i  sor  i f  g

is HauSdorf f  and i f  r  ls  thq €t  - .complet , ion of .E then d i . -1 l t l=frr(*)

extends uniquely to F. We can easily Fhoy that on9, obtai-ns a structu-

re of 
' 

vector lattj-ce on E (to check (1v) , in the complex case, def ine

Let E be a vector latt lce,

q u o € i e n t . v e c t o r  s p a c e . ,  t : E - L  t h e
F

que structure of vector lattlce on f_

homomopphlsm. tr

the the involut,ion { l-+ :tX ; z e E

Slnce E. ls Archimedian we have

t , \r ?

,  where  tn  =  Ke  I  - t  Jyn . I ,

L ___



i

m lr r luS

lnvolution on F'.

- 5
r  ,  * [

l i l =  I * ' l

Xfa a* is Y- continuous

r h e m a p s ' U a ;  l l r i F - - + F

t r  /  .  \  |  , '  
\

U 4 ( x ) = 7 ( t x l + x )
l f  /  r  I  / t  i  - - \
U ,  G ) :  - ! -  ( lz " l  -x1

(

be extended to a

. t

l

and can

given by

'a re cont lnuous.  We have

e*U  ̂ (+(z - r t ' ) )  -u .
t \  ( -

u ,  (+ ( tnt*))  = (u.) f  €h (F )
l'1 (F )

h 4 ( F ) ,

/ . r - \
Slnce d ]  (F) is  t  -  c losed,  the  resu l t  f ,o l lows) .

A solld seminorm on a vector lattice E is a semdn6rm q

with the ProPertY

r  ,  t  .  i . -  z  \
t r \  3  l v \  : )  J t x ) t  q r (x )  ,'  

6 t  
'  r  t  Y ' a /

normed vector lattice is a vector

The toPologlcal dual of

be denoted, bY l*.

rJ r (Lta-r* )) = ( T' "c)+ €

t), (# (x-**)) = (i- i- e

A trat t lce equipped wi th  a 'so l id  nor l

a  topologlca l  vector  sPace E wi l l

b)  Funct lon sPaces

Let  x  be a compact .space.  We shal l  use fol!owing'the



6 -
*. , ,

functLon sPaces:

C*S), the space of contLnuous K-varued functlons on x.

B*Q$r the space of bounded BoreL K-valued functiorrs on X.

-B*iDt the space of bounded Balre K-valued functions' on X.

These spaces have canonical lattice-order, normed and

mult ip l lcat ive structures.  The funct ion ldent lcal  equal  to I  wi l l  a lso,

be denoted bY 1.

For .a set MCX, {m wil l be its" characterrsti 'c functlon. 
- '

I t  Ls an wel l  known resul t ,  (see W.A.J. 'Luxembuf,9,  A'C'  ,

zaanenrfr ] ,  exapte 27.7) that  for  any Riesz homomorphisrn VICK(X)-9K

with 9[t)= | there is an unique t6x such that 'P &) = t @ ,|e C* IXJ

Froni rhis we can easi ly see that i f  tJ :  Cp (D - C- (y) is -a Riesz

homomorphism with U(4)= | there is an unique contlnuous *"p (.lY-X

such rhat U@.= {"L ) { €C*(X)

c) Stonian spaces

A"Stonian space is a compact space X such that for every

open set GCX l ts c losure E is open.

A compact space x is stonian iff CK(X) t" Dedekind com-

'p Ie te .

Riesz homomorphism. rc i BK(X) + C- [X) wlth the .propertles:

i) for everv'f 6 B * (K) tr'" set'
r  ^  /  r  !  /  A r  / ,  f  

' l

t teN l f  ( t ) * tzwH3
Ls meager

1.1

lf f ( BxtX)
,  ;+ ( { i ) i . t  ls

is such that Nft)

of erements in C* (X) *""u -

k) for every t€X then

a famiiy
^ o^ /J\^b +"

t , , u
r € J .

L(f  ) ' *  ay,  { t .
L € I
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Stonian-spaces

A d -Stonian space i-s

every ofen !  
set  GCX i ts  c losure

A compact sPace X is

.k ind .  .d  -  comPle te .

I f  X ' i s  a d'  Stonian space t ,here is .  a  d-order  cont inuous

t) n-

a compact sPace

E is  opel .

0' -  StonLan i f f

such that forx

CK(x) i s  Dede-

*g(il(t*

. i-) /r./\ - /1 / .., \

Riesz homomorphism ( I S*rtlt+ LK (A/ with the property: for every
. L r \

E .A-Z& f,os e",

E with

unit e is a

conta in ing

{ e 3 A ) t n " s e t
I t e  x  \ f u t

l s  meager  (The ex is tence of  . {  and r  is  an wel l 'known resul t  whic t i
v

can be easily proved by showing that the family.of sets M(jK f,or which

rhere is an open-closed. set G such that tta X I f '* k)+'[t (t!

is meager is a d - algebra tf containing every open-closed set if x

ls 6 -  Stonlan and every open set i f  X is Stonian; then use the

racr rhar rhe span or 
[** lu. 2L\ is dense i,, $K(X)(qa(X)

.  e . )  Vector  la t t ices wi th  uni t

A vedx Q^tti,e- wifh rr'.if t.s c. ,.ot-"1 *"-tt.r {"tf,,.,-

eb.w,e,^( e 1."ft.a"tl'i ; f ol o ) cu'!^ thd
\ t e t t = {
l € l  < t t a r t l  e '  x e b '

A lat t ice-ordered algebra wi th 'uni t  is  a vector

unit e equipped wit,h a bil inear map (y, $ ) ,n XY

x e eX e  =  @ 2 (  Z l -  )

l z y \ = l t l l T f  >  a t l e F '

A Riesz subalgebra of the latt ice-ordered algebra E with

vector  sublat t ice of  E c losed under  mul t lp l lcat lon and

lat t ice

such t,h'at.

€ .

. F o r e v e r y v e c t o r l a t t t c e ( I a t ' t i c e o r d e r e d ' a l g e b r a ) E



f  / V \  t t l r \  n  " ' r \is dense in tK[ry . w; have UG)= CK(X)trr 
" 

is norm

If E ls an Archimedian space and

wlth the norm ll l l* glven by

I r  3 l t , ,=  k f  lae R l t l t<  o l * lJ

; - ? \r r eF \ [ o \  t hen  F ( * )

' r l
Iat t ice wi th uni t  ld l  .  E is cal led. t rn i formly com-

norm complete for  every xeE r  5 o! ,
L  ) ,

f )  The monotone class theorem (p.A.M€yerr [a] ,

c : n . r t S 2 ,  t h m . 1 9 )

Let X be a set , Xa vector space of real bounded func-

tLons on X containlng 1, closed under unj.form convergence and such

that for every i.ncreasing uniformry bounded sequen"" (+_).^, o" of

elements of l{ the funct,ion f=tim f,, belongs Eo 7( . ;:;t i6
-  - 1  o  h ioo  - ' l h

a subset $ W clcjsed under muitipttcation . r:nen}( contains every

bounded function which is measul3ffe with respect to the f -algebra

generated by the elements &t6 y

$ Z. Strongly lat t ice-ordered modules)

Defini t ion 2.1.  Let  A be a vector

strongly lat t ice-ordered (s. l .o)  module over

fogether :w i th  a  b i l in ia r  map * :A*F: t  F

t )  4  ( e r * ) = f ,  ) x e e
l i )  l { c + , / ) l  =  + 0 + l  , l * l ) )  + Q A ,  d . € F ,
When the context wil l be clear we shall write fx instead

" r  { ( { ,2 )  .

..;_
. : .

wlthr unit e

vlng Rlesz

and u tE)
complete.

equLpped

becomes a vector

plete i f  E (x)  is

T1^r.t [ +ke
o?eo .

: ' - 6

:
' there' ls a compact space X and an (algebr lc) .  norm-preser-

homomorphism tl ' l 'F--+CK(X) such that U (e)= 1

latt ice lr l th unit €. A

A i-s a vector latt ice E
'w l th  

the  p rope r t i es :

6- ql.Xrhra.6c,^2,,,f,.& L7 .lLe triw +" G) *tth fr(a,f, A.cR
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A sub-A-module of E ib a vector sublattice F .of E suc..

that feA' xe:E imPlies fxQf.

Let, 84, VL be s. l .o .  modules over  A.  A.  J . inear  map{

U o l E t a T t 1 s c a 1 1 e d A - I i n e a r L f u ( + ' ) = ( U { * ) f o r 4 e A
and z e €l .

propos i t i on .2 . l .  Le t  A  be  a  vec to r  l a t t i ce  w i th  un i te ' and

modLrle over A. Then:

a )  f e A r  a n d  t  €  f +  i m P r i e s  4 '  * e + '

b )  * e { o a n d x e € q  i m p l i e s  t * f e R  
j

c) for evefY f€A and ?( e e we have ' '' - j

l f . l  s  l ( l  l l  t - l
- , 1  *  . !

d ) f o r e v e r y f e A + t h e m a p x . r - , + L . i s o r d e r c o n t i n u o u s .

e)  every order  ideal  o f  E is  a  sub-A- inodule,

.  f )  i f  E is  equipped wi th  a }ocaI ly  so l id  topology the

l C  r  0'  m a p  l I  r ) F  + X  i s  c o n t i n u o u s i-  \ - l  r -  ' / '

g) i f  E is a normed vector latt ' lce then

h  N * l \ <  t l 4 t t  I l ' l l  ,  + t A , x <  € '

PROOr'.
I  o  - ' \ =  l +  l l t l =  * *  ,  r \ o  { r c e  E +  'a )  l 1 a  t

b)  Fol lows from a) ,
'  . .  o t t  t 0

c)  we have l l  +  l t  e  - t { le  A + sor  accord i -ne to  a) ,

( U + r t  e - l { l ) l a i e E . "  r h u s  \
l { * i  = l l l  l x l <  ( n f t ( " ) l * l  =  a f l f  l r l '

d )  r e )  r f )  1 9 )  '  F o l l o w  f r o m  c )  '

proposi t ion 2.2.  Let  A be a vector i  ta t , t lce wi t 'h  un i t ,  E

a  s . 1 . o . ,



1 0 -

+ .

nodule ovgr A equipped with a locally solid Hausdorff topology t and

Let T be the norm completlon of A, E the(- completion of Ei Thbn

there is a unique structure of  s.1.o.  module over.T onFwhich extends

the structure of E.

PROOF. Accordlng to ProP.2.L f)

queJ.y' to a continuous bir i -nrar S I  A* f-*

cV - continuous, i) and il) are preserved.

t
the.map I extends uni-

.  S ince x i ,+ i4 ' t  is

I

E a

que

map

Proposi t ion 2.3.  Let  A be a vector  lAt t ice wi th  uni t ,

s . l .o . .  module over  ArF an ord,er  ideal  o f  E.  Then there is  a l tun i -

s t ructure of  s .1.o.  module ovef 'a  on *  such tn . t ' the quot lent
.E

p,E-r5
r

becomes A-l i-near.

PROOF. Obvlous.

P r o p o s i t i o n  2 . 4 .

slder a vector lattl-ce E and

wlth the propert,les:

t )  I  ls  part ia l ly

ff) for every LeLl

11 i )  l f  ; r ,  i . t  r

the inclus i-on map F q - ,;,2

i e t a b e a v e c t o r

a  fam i l v  (E ,  )

lat t ice wi th uni t .  Con-

of  sublat t i -ces of  E

preordered and directed upwards;

E i  i s  a  s . l . o .  mod .u le  ove r  A .
t t l

and L1  {  Lz  then e i  .  CE;^  andr/{ 
"L

ls A- l lnear.

iv) ,U. Ei = € ,
Let

Then there is a unique structure of  s. l .o.  modulo

on E such that for every lg] ttre lncLusion map. Eia e i s

over A

A-11-

near.

PROOF. The proof is based'on

construct ion of  induct ive l iml ts.

the' well  known algebralc
.



This proposit ion wil l  be applled in the fol lowlng to the
' ' ' :  

.  t n r . , r \' '  
". family tEt*)J xeE-{olrE'to}ueing partial ly preordered by

d { 7 a--) l'c\ ( t?\

Corol lary 2. I .  Let  A a vector lat t ice wi th uni- t  e,  A

- re is an unique-structure of  s. l .o module over A on. E whd-ch extends

the structure of  s.1.o.  module over A.

t ?  - E  

' :

PROOF: If  we would have two structures of ' l1modu1e over Et
I

then the iddntlty map would be T-l inear by continuity s'o the two qtruc-

ture would coincide

For  the ex is tence,  apply  Prop.2.2 to  I  and the Banach

space n(x) ,  x€E-L0J.  Because the inc lus j -on map eG)--+ Et7)
r l , r f l

( fo r  l r l  S  171 )  i s  A- l inear ,  i t  rv i l l  .a {go  be  A- l inear '  by  cont i -

nu i ty .  n i r r . ' r ry  app ly  p rop  .2 .4 .

Proposi t ion 2.5.  Let  A be a vbctor  la t t ice wi tb  uni t  e

and Iet E be a real vector latt ice or a complex Archimedian vector lat-

t i c e .  s u p p o s e  t h e r e  i s  a  b i l i n e a r  m a p  ( 4  ,  t )  - t  1 ,  e  V  , 1 (  A  , x €  F

such tha t  4 I= 'a  )X  ee  .  Then th is  map def ines  a  s t ruc tu re  o f

s . l .o .  modu le  over  A  on  E i f f :

1) For every feA and every xrY€E 'such that r-Artr/=O

i  n  i  -  |  0 . . 1  A
w e  h a v e  \ f { \ A t + Z l = U

'  i i) For elvery xeEt and every f 'rf2eA+ such that .

4n A 1.= O we have 1, ,  \  tux=O o .

1 l  -

PROOF.

"  4>"  
i )  fo l lows f rom prop.2 . l  c )  and l i )  f rom def  "2 .1 .



- . 1 2  -  
.

n  4 7 ' s u p p o s e  f l r s t  E  i s  r e a l '  F r o m  i i )  i t  f o l l o w s  t h a t

the map flgfx ls a Rlesz homomorphism for every xeE ' Let f,EA and

31e8. Because ca A7-= 0 w-e'have l {x+l  l1/  x- l  = o y ' t  
,

td .  i -  [ l r * -  [ r - l  =  {  { * * t  +  l {  1 - l  =  t4 (x+  + . { { t  7 - - -  t l ( l x l  '

Now consider the case E complex.  From i i )  i f  fo l lows that.

L implies fxGEt so feAn and xeE* lmplles fx€ER' The pre-

l i}" t:#::;"^.;.1^u* r" a s.r.o. module over A*. * rorrows

f rom [ol  ,  prop.6 that  E is a s ' l 'o '  module over A'

T b e a

tfien

Proposi t lon 2.6.  Let  A be a vector lat t lce wi th uni t  and let

compact space. Suppose that CK(y) t "  a S.I .o.  rnodule over A.

' f  
r

4 . 1  = ( { l ) Y  ,  + E  A '  J e C " t Y )
, U

- r  - - - r . - - !  : *  P  ( . . . t \
srhere by >ry we mean the usual product in L f \/ / '

PRooF. we show first that tcY, N. € CK (Y) and '{ &')= 0

*--r {  ̂ a f,f ,\/g)= I for every f eA. rndeed,"*"'l' t"n"^, "_ 
, o;;; ,; u +rt r? (t)l = o.

Now let X e Cx (Y) .For t€Y we t'ave (N

"o ( +(X-Itt)t)(t) =0 
) tnat is (+l)tt)=

Corol lary 2.2.  Let  XrY be compact spaces'  Suppose that

- t G )  l ) ( t ) = o
t4 r;1t) Y (t) ,

CK(Y) is s. l .o.  modul.e over f"(X) . .Thejn there.  is  a cont inuous map

f i : Y - t X  s u c h
I, f r=



1 3 -

PRooF.  rhemapf1 - .+ { t  ) f e 'cr(x)
morphl

{ . - l =
T . '

smsmr so rnere Ls a cont lnuous map h:y- r*  such

l r l "  , leCK($. Accordj-ns t ,o prop. 2.6. we have

so there i s a contlnuous

(+L)x = 4, L) I ,

Ls a Riesz" homo-

that

{ \ =

unit

Proposit, ion 2.. 7.

a n d  l e t ,  E  b e  a  s . I . o .

n /  \. , L I  A  4 l
{ l - * * , 1'  - u

Let A be a lattice-ordered algebra with

Archlmedian module over a. Then

- r  t ' ' \ - ^  4 , x e t  '  ' t t E ;- t f  
d ) *  )  _

PRoor. l le can assume that, A ls a dense Rlesz subalgebra of

wi th X compact.  Let  ; {gE\[O] and let  F be the norm comple-

6 ( * ) . .  A s  E ( x )  l s  a  s . 1 . o .  m o d u r e  o v e r  A ,  F  b e c o m e s  & " s . r . o .

over C11 (X) . Bu.t F is isomorpLric to a space CK(y) so bv cor.

' a

C"(x)
t ion of

module

2 . 2 .  w e have



, ProPosition

subratt,ice 
"f 

CK(X)

f o r  e v e r y t > O  a n d

A AL S

2 .8 . ' . Le t  X  be  a  compac t  space ,  A  a  dense

such  tha t  1€A ,  E  a  s . l . o . .modu1e  ove r

every. f ,g rhbA and x(E we have

vect,or

A. Then

(
PROOF. l ,et '  x€E \ t

t r@) = h€F
rhe space F(. ) = 

*
d \*/

where b. : E Q\ -l F('c)

plet lon of  F.  (x)  .  As r  (x)

e. l .o.  module over A(4
!

?,(t+ n'i) - [ '  l) =

Thus there is  a

l l  t q  -.  r r l d

{  ( i {{ f l  -0,1t + €) |  ' l  ,

o) and let

I

is a vector Latt ice with unit  Pr(f  r t)

is the quotient map. f,et E' '(x) be the com-

is  a s . l .o .  rnodule over  a,  ?{x) '  becomes a

l+ tX*1 * f"*

.  B y  p r o p . 2 . 7

t thF,G)) - LP,(') 1: | (*
tliz- ilr P* (t*l)= P* u +e-

f t)?*(r) 
- l ,"p,@lt

l " t l  l*  l )  "

u €J (x) such that

i l l  t , . t  -  \+$*) -1,* \ ' 'u

I t  fol lows that

. l



{ h") -l,rl

P r o p o s i t i o n  2 . 9 .

tor latt i .ce, F a Dedekind

< ltfi* l ' . l l  t '1 + l.rl< tt +A-t ll

I s  " -

l r l  + u

<Ut {X-fl"I| +e)1*\ ,

Let A be a vector latt ice with

comp le te  s .1 .o .  modu le  ove r  A .

uni t ,  E d vec-

Then the map

i f  xeEa then

t U \ ( " ) =  L * ?
\tzt'1

? ),"P l{- I tU(t)
2?7&\

z  ( l {  I  l ulX ' )

E a

the

:  ( . ! ,u) * '  { r . i , \ (A, i l  t  Lo(e,r  )  s lven bY

uu)(r )= JQ0)

d e f l n e s  a  s t r u c t u r e  o f  s . 1 . o .  m o d u l e  o v e r  A  o n  L - ( E ' F ) .
T

P R o o F .  i )  o f  d e f  . 2 . L  l s  t r i v i a l .  h r e  c h e c t  1 1 ) :

i (tuXa)l :,i:?.., I Pu(X)l
l e  z@)

Propos l t i on  2 .10 .  LeL  A  be  a  vec to r  l a t t i ce  w i th  un i t ,

s . l .o .  module over  A,  F a Ded.ek ind complete vector  la t t ice.  Then

m a p ( f , u ) - f U , * e A , , i l € h ( r ' f )  s i v e n b v

qU)(*)= U G*)

def lnes  a  s t ruc tu res  o f  S . I .o .  mqdu le  o -ver  A  on  Lr (ErF) .

PBOOF . We apply prop.2.s. I"f feA and x6E"p then

: t+l z*p lu('d)l = t+llul(r) =
lez@



' -  1 '6

4 . . .

l+ ulc') = o*f IGU(il| = 'f . lu(f Dlz *y -lul(t4xl)<
qeZ@t \eVtt)  N+Z@
6 L <-\--/ u

t lq t l  a-*1 lu\tr 'Jl) = l t  l l l  lU l( ')

\e76)

so

l { u \  <  l t  + l l  t u l  , + t k ,  L t + L o

which  shows tha t  i )  o f  p rop .2 .5  i s  sa t is f ied '  Nex t  we prove- l t ' 'We can

assume that A is a dense vector sublattice of a space C- (4 with

x cornpacr such rhat  leA. Let  u c LnGrF),  A7t0 and let

4 r , * r e  A +  t e ' s u c h  t h a t  1 o ^ { r = ' Q ' - ' v u t  V =  G ^ U ) ^ ( ' f r U ) ,

Ler L>O . rhere are fr o,\re CK(X[such that ?l + f ,= I ,

I t { i  ? i  l l  ^  F  ,  i= i . ,2- (For  ins tance take s ,  such that  Ot  34< L

Xt &\ = o 
' on t t:\ \ f, W)zi\ a'd !,, ft) :i :^ fte x \\,e)zf.

As A is dense in C, (K) and rCA there are L r rl". e A + such

rhar L^ +{',u= 4- , i i  { i  f . l  l l  < 
ir '=r,2. 

Let x€8 Bv prop '2 '8

t;" ('t r *) ( +* ) L=4,z '

es  L  i s  a rb i t ragy  and  F  A rch imed ian r .  V (x )=0 .

G,F)

We have

V(*)= v 8.1 ! !^,.) i \I^oT,) $:") * !l'u \;('"') 
=

: ut ({r tf^^$lu(+' ((^"*)) < t u(*) '

D e f i n i t i o n  2 . 2 .

vector lat t lce which is

Le t  A rB  be  vec to r  f a t t i ces  w j - th ' un j - t s r  E  a

s . I . o .  modu le  ove r  A  and  ove r  B .  Then  the



L7
' ? .

two structures *"rr,,ttt:t t"-:;:'ltt ir 
.

# 3 4  =  n ( t * \  ,  * €  \  * e a , ? E B
J  / .  ( ) '  t

P r o p o s i t i o n  2 . 1 1 .  I f  l n  p r o p . 2 . 9  ( r e s p . p r o p . 2 . L 0 ) ' r  ( r e s p . E )

has. two. qompat ib le structures of  s.1.o.  modules,  then the structures

obta ined on  L- (E ,F)  a re  a lso  compat ib le .r '
'

'  PROOF. Obvious

3.  Extension theorems

.  Def i -n i t i -on 3. I .  Let  A be a vector  la t t ice wi th  uni t .  X d- .con-

t , i nUouS.  S . l .O .  mOdu le  Over  A  i s  a  s . l .O . .  modu le  E 'oVer  A  suCh  tha t

for every x€E* the map f te f l  is d - order contj-nuous.

A  c l ' -  o rde r  con t i nuous  s . l . o .  modu le  i s  A rch imed ian .

PropOSi , t ion 3.1.  Let  X be a compact  space,  E,  F 6 -  cont inuous

: r

s.r.o. modules over .3* (X) 
) 

U( :  €'-a F a posit1ve f  -  order

continuous CK 09 - ril""t map. rhen u is boW linear.

PROOF. f t  wi l l  be suf f ic ient  to  show that  for  every *€E+

and ever, {e 8R8)'. have Q Gx)= 5 U (') so let be xeE* . we

Put gL -- [*. aR(x) I tt Gt= 4u(4J"

h- roo

clearty C* (X5 CW . Wis ctosed u4.der uniform converger,"",- ind.ee*,

ir {, n ?i , rim [l{, -f ll = o rhen { c 53u (X) and

Ji,ua \ft l\9



)

T
J l t I U ( . ) ,

Qf*) - tt (f-t) \< ll +-f" t\ Q (*)

so t({ - f, t\ L[ (r),

A s F i s

A s  U ' i s

u

Archimedian, U (-f *) = + U( ") 
'

Finarly, ret ! e 8,R. (X) , 4n € ft

d - order continuous and ErF are d

/  / '  ( l ^ a(+" )  =  U[Cs* t { * ) ' )=  u  L-  r  -
neN nE'f'r

be such.

uousr we
'  

l lt'^P

n €'Ilrf

con!in

f-. ) :

' '  
r . 4 . . p

that lr.t t ,
' :

,have
r -  \
l ' l  - t  |  =
\ f n ^  /

By the monotone class

Def j -n i t iOn 3 .2 .  Le t  X  be  a  compact .space '  A  s . l .o .  modu le

E over BK(X) is.  cal led quasi-Radon i f  :

f )  E  is  d -  con t inuous

/ - 14 (X) and f l.') .- -. is a famiryi )  l f  x€81 ,  T t  ,R, , . /  
.  . *"*  

\  tc  /  ie  5

or continuous runctions 
"o", l that {tt  I  = 

"*h *te) , 
f  € X then

&eL
t'l

o -r-r'th f' l- ' -+.r.  = r 
r ,  ,L

r,gI

Proposi t lon 3.2.  Let  X be a compact space E, F quasi-Radon

, s : . t .o .  rngdu les  over  B* (x )  ,  u :F- lF ,  a  pos i l l v€  o rder  con-

theorem ,  Z(= 3R(X),



1 0

Then U is l inear .

_.2 .

l t  f,r\
t inuous  L , ,  tXr  - I inear  map.

.  - K r '  
. /

BK (x)

and every r € BR[X) we have tJ (4t) = {tlt*1 . so ret

"Jt = {-{-.  Bus) \u(+, '+uf*)\

PROOF. It  wilL be suff icient to show that for e.very x€E a

xFE*. IlIe put

q : t{" I C cX , c "t"^-}

Indeed,  i f

[ 1 * \d { e c t s 8 )  , o 4 X t T n \ ,

and l1x -- a"g F

t)(k*)= U(,1T )= ,*PUff) = '^f | + U (') I {eC*(X ) I

o(  9  <*o]= t  u( . )  ,

As  Ln  the  p roo f  o f  p rop .3 . l  , J (  
i s  c losed  under

gervence and monotone convergence. By the monotone class

*oo D - /v \
/L = PRV.I . .

Theorem 3.1.  Let  X be a compact  space,  E d Dedekind 0 ' -com-

p le te  s . l . o .  modu le  ove r  C* (X ) .  The re  i s  an  un ique  s t ruc tu re  o f / *

r \

struct,ure of modure over C*(X) : .

PROOF. The unicitY fol lows from

uniform con-

theorem,

1

p r o p . 3 . 1 .  F o r  t h e  e x i s t e n c e ,

- * t 0  c p ,
C lea r l y  tQ 'dL  and  

* { v ra  i s

q r C W

-t--,f 
is directed

continuous we

upwards

have

closed under mult ip. l ication. We have

GcX is ope4 then let

. Because U is ord.er



consider f l rst
. ,
\ t

p le te ,  )  i s

such that

_  2 0 . _

.  ?  f . N \t h e  c a s e  e : = u K \ / /
:

(  -  S ton lan .  There  ls
: .

.  As E is Dedeklnd d - com-

a contlnuous map fl, I Y-+ X

Then the

'look for is given

t r

,  ! nCK(x )  ,X€C* (vJ  .

J e B * ( x ) , X ( C * $ ,

+z=(+,L)x

g(* ,L)7 ,

r - 1
Now consider the general case. For every x € t - 

\O y

E(x) is isomosphic wi th a space C*(Y) r  so by the'previous

argument , E (x) becomes a s. 1. o. module over E* (4 j tt

Ixl < lXl , the incrusion map f G) -> E {X) i" BK(X) -

l i near  by  p rop .3 .1 .  So by  prop .2 .4 ,  E  becomes a  s . l .o .  modu le

over SK(X).

.  Theorem 3.2.. Let X be a compact space, E ? Dedekind com-

plete s. l .o.  module over fk f i )  .  There is an unique structure

of guasi-Radon s.r .o. .  *oarr t*  o i" t  BK (X) which extends the

structure of module over CK00.

PROOr. the unic i ty fo l lows from prop.3.2.  For the exis-

tence, replace in the proof of  thm.3.1 the f  -  Stonian spaces

by sronian spaces ,%K(X)'h B*tX) and g by r :

These theorems wi l l  be used to obtain,  in a later papert
. i i

ot,her extension theorems. They wil l f ind their appl.ic-ation in

givlng new proofs to vario.us represencation theorems. In partl-cu-

la r ,  R lesz ts  and Dan le l l t s  theorems w i l l  ' be  der lved  as 'Coro l la -

r ies

structure, 
' 

of s . 1. o. modure over 3K (X) *"

by
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4. Pr incipal  modules

Proposi t lon 4.1.  Let  A be a vect ,or  la t t lce wi th  uni t

e  and  E  a  s . I . o .  modu le  ove r  A  equ lpped  w i th  a  l oca l l y  so l i d . l l aus -

dor f f  topology.  The fo l rowing asser t ions are equiva lent , :
( n  t n  ^ )i )  For every xfE rhe ser 
L i* l  teA J 

dense in

- , f t  )o 1?<e_ l  i s

l i i )  r o r  e v e r y  a e f  +  r h e  s e r  
\ { * l  

( u a ) i + | . S . ]

i s  dense in  Z (x)  .  :

J r - , , " i - ! ' e : ve< ' x  
a  c -  €  f l u '&  1+" \  {e  A , l+ \<e } i i ;

PROOF. .

'  
i t )  For every x€E* rhe ser.  

\ I " t  
(€A 

,
d e n s e . i n  i f  n f  l o  < J t a ] ,

n ( 4  l e  a n d.  u  i  d t - -

xr " 
= (n" 5s ")* 

A.d '+ *

i ) = 2 i i )  L e t  x 6 E i  a n d  I  e  e + ,  X  1  *  .  T h e r e  i s  a  n e r

(fr), such rhar $, €A , 5rr-+; . rhen tr ts= (n +r1r* we have

i f) 4 itt, Let x€E* i ytz (x) and let V be an open sol-id

n e i g h b o r h o o d  o f  O . T h e r e  i s  a  t ) O .  s u c h  r h a r  : 1 . 6 \ e V  .  W e
. .  r .  t-  -  l , /

c a n  f i n d  
)  l r . .  . , r 1 .  e  t  +  a n d  { t s , , , 2 Q r ,  €  N  s u c h  t h a t

l a i t =  4 )  t < i < r r '
n o

l X -  L a ; ' l J l (  t t y l  )
a = ,

+  q ,
/  d v  i  r d r

i=,t



t i *

r-)( l f  KF.IK , P"t l l , t
- 1

see  fo  J ,  P roP .4 )  .

t z G
a

I t  fol lows that

2 2 -

= ' [ + ,  1 ;  Y -  ,  4 t =  |  t

(1,' )'
, t  3  i g Y t

.  r f  K = C n

such that 4C, e A,

. Define inductivelY'

I
a  = - t

, U

3  r t  =  f  n ,  )  :  ,  {
^  r  +  4 ,  \q . * =  { , . A ( e - +  d { s /

d t 8  J l , f , -  \  
i = t . ' - - /

\
t  . -  z o  4 , ^  / - +  9 1 .

r h e n  q , ^ > o  ,  2 t L s = t  
)  6 1 6  o t '

o u S .  L = . t  
n

q " _  = Z a i . ? i s  :
{ t L=,1 ?l

we have l? ,  |  - t  U  and t ,  *  
* " ,2 ,

that there is Eo such that X 
- Xr! eV '

l i i) + fvt we may assume ' A is a. dense

There are nets

0 (  l i t ( e ,  5 i r " - t i

t

1

f S L ( H' ' .  P u t

. .rt follows

vector sublattice

o'f C*[.() such that e=l'

Let, x€E and rer F be rhe ctosure "r [1* l leA, l+l<4 -

We show first that |rC\e F . Let V be a neighborhood of O' There

is a sol-id neighborhood W of O such that hl +W +\rr/ C V .

By hypothesis rhere is a f(A such that l t \<e ana f l" l  -tehl

We can find Z> 0 such that E\"1 E W and geA such that

t2\s e ) \12+ -lf l t l  < t- (r lere is h e CK [X) such that f f t lsj-

and ktt l= +# hzl*t tslzl  .  As 1 i"  dense in

A(X) there is a nno ", iJ,7tnut l3\< @ 'and l t |- l^ l{  < E ; this
_ o - v , /  s

g has the required proper es)..  u1 prop'z'9

t,.l)* l + l  l " t  \ <  t t r l  ,



- 2 3 ?

* f 2

x(fl,.1 )
lP \ l " l

:

( ' f  t * \ )  € W ,
- +  l { [ \ " 1  € W ,

so

ftx - 1 e )  e  V ,

a n d V a n e i g h b o r h o o d o f o .

V
There is

. B y

I

x 4 t t r t t r + b e '

r,et \ e 7G-)

a sol id neighborhood W of O such lhat  W+ W+W C

0  r ,  \ ' l  ;

z i  -  f i t ' i  e V  )  u = A t L '  .

PROOF. SuPPose E is 'Pr inclPal '  Let

t r i  D ,  t . r - l

hypothesis there is f tA such that Wl S e and ? 
-Tl'cleUu'' By

the prevlous argument there is 96a sucn that 
|? \< a and

l r l -X?ceW1 consequen t i y  { t t t  
- {Q* )eW 

; , *u  " " "  
r l nd

t> 0 such that e lr'l €W I as A tsdense ; C.k) if,ercis 8*eA
suchtfol- l f" l(s 4'd l t fg.-,1,11.. e ,  6y' frop. 7,8r ' [  $ ( l  |  -  hai< Lq,
Jt fo l to* t  l -9 ' t  eV,

iv) '+ i)  obvious

Defini t ion 4.1.  Let  A be a vector lat t ice wi th uni t .

A  p r i n c i p a l  s . l . o .  m o d u l e  o v e r  A  i s  a  s . l . O .  m O d U l e  E

over A equipped with a locally sotid Hausdorff topology and sa-

l i s f y i n g  i ) - i v l  o f  P r o P , 4 . L ,  l

le t  E be 3 scI .o .  module over  A equipped wi th  a local ly  so l id

Hausdor f f  topotogy. .  Then.E is  pr inc ip+l  . . i f f  for  every

L q ,/ .e E t such that a I A ,( ,.= O,, and 
_f9r :""t1 

neighborhood v

o f  o  the ie  a re  ( ,  , { re  A  t  such . tha t  4 ,  \  *  
"=U 

and
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. . . , g u c h t h a t  I , A { t = O .  P u t  I =  1 4 + l L  .  B y h y p o t h e s i s  t h e r e

a re  ne t s  ( f  . - \ ^  such  t ha t  l t t e  A  +  and  f i r "  
- ) I t '  

,C= l r L '\0  r5  /E
D e f i n e  

c ^  q .  - q  n q  d = / . -J J t =  d u s  o a s  X z s  , L = 4 ' Z

- f ^ t - n - - P d ( - . ^ t -  t s
h ' e h a v e  5 , S A $ . S = O  a n d  4 ; r * 4 x L r i ' { r ? - .  F r o m

l r , -  j C r / i  \ <  [ z ; - 5 ; r * l
'  ' a  '  , :

to.e have that {, d.: -- tf i , t= 4rL , .iv L E  e  '  v  )  -  ' ) v  '

Convepsel l r ,  suppose B sat is f ies the condl t ion in  the

theorem. Replacing f i  by {, Ae we may assume that |  ^ ana }:  .  r f  , 2 -

also satisfy !, t L . w."t=n.r, prove that E has the property
-  l !

.  11 )  o f  p rop .4 . . l  .
'  L e t x , y € F +  r t  < X  a n d l e t u O : a n e i . g h b o r h o o d .

.o f  O.  There is  a  so l id .ne ighborhood w of  o  such that  W+Wf- \ lCV.

We can f ind n € N such that 4;ae hl .  Define for
YI

o(k(n-1

'rl,,- = ( ze - &tl* r)* H *. )- R '  \  q  l t

rx  = (zr  -Zb+{  '  r \  n  J-  a,
R ,  t * d  

" * -  
n ) -  n  r

7,t  = (zy ztc x)  4-!-1 .- 'h- \ o lr /1 -lL

We have

i i-1
fr 5 ar I \t-

J  - ] - - r t  < . 1  -  o b - d
{ , r t l -R=O

( 6 )



( 7 )

( 8 )

( g ) .

' t

) q

r 0rLL ,  x r f " -^=O . ,  O{  &_I  n -L
R- rs

&g A [ *  
a - - "0 )  =O ,  b<h-<L tn -  r

a

t I L V  I L  2 ! *  , o e  h - l ' n - {
lc- rr ' 

Zw

I t ' fo l lows f rom (7)  that : there are nets  f f ,  - \
n hs/s' 

O lU s n -i' ,. such that

- )  A .r q eft' ths , d t<"t i:

fnr*?t"=o
.?

J , , L l k . - ' n k
A'

. P u t t p
, lAy .  =  l l  ,  - "1  4 ' - '  *  '
" -  LE 

-  ' *E  rL  . - '  kE
implies

: .

, } \
t 6t  dk" t  )s

( ro12^ n  lqr ,  \ - -+0- L '  ' - f e l t A < & " < L < r . : { - '

k s rt-C-

( B )

We .also

)

= Q

(e )

-!- rl
.lv I

. r lA l.^rr., I a.o t

te t  0 (  h -< l -4  n - t  .  F ror i r

. '

have

Qa, ̂ro) o X^,l*t-'

so

o (,Vk
(1r )



,--, , !no'a, I ^ l"t, I
:

, l
i. 'r ir

t \  -  . lL/

1( w

so by  
. (10 )  

and  (1 I )

l r l

l',^tr.*\ n loer I = I  dr*s I  ̂ l ' t r ln* \
q (t  dks \^ l* lr ln*" )* 

o ,  ({z)

o < l' ' <t t';1(12)  lmp l ies

n - {'7 
l-.r\

lz*O

But

t*p
ogk<

+
We have

l X
?.-4z
h=o

' t

so there is a

Def ine

# l*,.'

1trt I

s o  
" ^ -  l r . e V u v  ( 6 ) .
o

ry[n,rt '*]
o tL.tn-t

to "g.i, 
that

tn -,1

L ldr"ro
k=O

? = -l--, 1 4

\ e W + W ,

rr -4

.? ' ks"
V<= O



P r o p o s i t i o n  4 . 2 .

a  p r i n c i p a l  s . I . o . .  m o d u l e
b

Then -L is a pr incipal
,Fr

Let A be a vector latt, ice with unit.  E

ov-er  A,  F a c losed order  ldeal  o f  E.

s . 1 . o .  m o d u l e  o v e r  A .

* \ <  e

PROOF. The necessi ty  fo l lows

a, < t{( t) \  € l f  t  (rr l )  .  t . t  I  (*)  < 4-

space and le t  E be a

a Hausdor f f  loca l ly

s . I . o . .  m o d u l e

so l i d . t opo logy .

PROOF.  App ly  p rop .4 .1  i i )

'  P ropos i t i on  4 .3 "  Le t  A  be  a  vec to r  l a t t i ce  w i th  un i t , e ,

E  a  Hausdor f f  l oca l I y  convex  Loca l l y  so l i d  s i1 .o .  modu le  ove r .A .

Then E is  pr inc ipa l  i f f  for  every V e e*  and Z €81 we have

t . t l ( * ) : 1 * t  l { t f ' ) }  .  : :
{ e A

suf

e
and

It fol lows that

which is  a  contradic t ion.

5 .  The  spaces  E t

L e t X b e a c o m p a c t

over CK (X) equipped with

We define for t(X

f iceny , let x€B* and let ( = 
lf d l$ eA ,111(4. suppose

+ Z@) . As E i" convex, there is ,.f € E* , T € Z(*)

4 eR such that

R-e  .P ( {  d )  <  a  <  Re-  v ( t )  ,  { eA  . ,  t f l <e .

?

f r o m  p r o p . 4 . l  i i i ) .  F o r  t h e



'  
Obviously,

sucn tnat

rs i t ion  5 .1 .  N.  i s  an  order  idea l  o f  E .  ..  Propos j . t , lon  5 . I .  l "

.PROOF.  
I t  i s .su f f i c j -en t  to  show tha t  Na is  an .order

rdear. Let 
U e Nr and x € ZQ) . rhere j,s le C*(X) ,""h that

t- l  €tr, una JU =O rt '  rol lows

U *l = I*t l* l  < l ' { l  l l l  = l{A

s o  * = ( 4 - { ) r  e N t '
/  -  \ l  >  FF o r  t e (  I e t  C t = L  a n d  L e E  f l : E + F t

N. 
' t

- 2 8

Q t l r r -I t =U"C"8 ) l  t f t )=o j
J" = \ (n C*@ | l(o)= o f,v aW a i a vatrA4ozl";*l''!t\

l f  . =  5  L f ; r r l r n N  ) J , ' e i r , 4 e € J' ' C  L  i = r
f  J  c  . l  ^  r  ; ?

N * =  )  L f ; t i l u e N ,  { ; e 4 , t ; e € J ,
L  L  L = {

Mf = {f . Also, if x e Nt there *. { e CK6)

o l f ( r ,  v reJ f  and  f x=o .

r Q

be the  guot ien t  map.  ' - t

I f  q is a sol id cont inuous seminorm on Er.w€ denote by

' qt the quotient seminorm on Bt. For every xgE define the map

6 ^ ( , ) i N 4  R  b Y
7  

-  t r r

anG) fts = 7t(+k)) ,v

oduce the set '

fl U;4i, l, e xv ) i; e (cr&)u,iifrll=tJ
We a.Lsq Lntr

t u (

4F)  z  I  o : f
,  r l  < i < n
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Propos i t lon  5 .2 .

fo" f e Ck(X) *'J *ef '
downwards and

(r)

is superior semj-continuous.

pRoor. j.) Ler. t6x. we have (J - fk| ! he Ht

= lf I ArG)
. i s  d i rec ted

r) arJ(/ *)

i l )  S( " )
,4r(r) = i-f q

In part ioular sn(x)

s o '

o{t) ,(t) = fr ( fu6,t) = ltktl4h@)= til:)l ot(

Let | , ,.. ,, /n , ?-, ., '  '  'r? , e (C*&)rLsucr,

4:f f;
t l t { n  t s j t u

A:f X (({ tnl t
t t t ! v l
t s i r n

fu(/') = Pt Uttt*) = f{t')PsG) '

I t  fo l lows '
/ t  \

,t"(tr )
l.

i i ) that

Put

{;"" 3i ', ) * . )

"t)

'{" =

<r^/ (I(ft4,n\tp)

q.

,t, < (o,f I,U,*)f, ) ̂  (o"f 7k;")li ) .
t s t l n  1 1 1 ( t n

, t a ' \" d a /

. W€ have

o  /  l . / .
Y  [ . (  f ,
T

so



3 0 '  -

On the other hand

. A

A,xh *:  n 1;
. f  v 0

i  z _ L  l v t
\

4 < 1 L ? ? f '
(J

Thus

1^e(60(X) )+  V  suchrhar

aU) t t'"{ E(*)

. There te ,€Nt such that

(rs t";1 * t

= 4

,{,tn 4, = t and let t€x. rhere is j such that 
\ 

(I) = L
I  L t L v- r * i i  

rhat  t -  {O*  €Vt

^{a)(t, = l,0r -o) = 7s0t'f, 
;'rri f iff ,l;= X( | i t ) { , f t ) '  .o : ,'  t '  4 t i t u

.  I t  fo l -

,

Now let t fX and €>0

r \

1 . ( t + t )  g  q . ,
v"  /  -  t / t

r  |  ,  " i  I

l"*xl) < X ("+ z) < trk r{)+t
it

4r.=o
Ev:'  = L
: !  

1 .

rhere t :  f  eCs$)

. We can' f ind g t

. We have

such that  O L {  <  4  ) l - {uJt "u

{c* (x))* such *ar fl € lt and

"" 
[*f \6))(Q 

tTUr\+tt)v 1,(Xr) 3tt ) = X({')'o'l') 
(t)+t'
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As e was arbLt.rary if

J*f Y1&)

Proposit, ion

A*f
t6x

. '

every xfE we have

<  Q  ( x . )
l t -  / '

foI l6ws

!  ^ ( { ) ,

5 . 3 .  F o r

nxk)k)

that

r f q is an AM-seminorm we have

. J

equa3- i ty .
' I

have i

q f r l
h r  . /  '

q ( t ) ( t )< Ib)  ,'+ 
^ ,- -', | ,e(C*(X)*

PROOF . -hle can assume xtEt. We

ArG)&) = 7s k1t"t1
b

Suppose q is an AM-seminorm

B y  p r o p . 5 . 2 .  i i )  
. t h e r e  

i s  € > C  a n d

such that sup lt = 4 and.

t : tgn  
'  '

^  r s  \  0
Anp l \ l t )  * i
I rl gv1

but sup
t€x .

e l,(x)- e ,

that for every i there t" ti e X

I t ,  fot lows that

i :P q,(t;*) 3 X(t-e '
{  grErr

such thatWe can assume

D  I L  \  I
+ t l l , l ' 3 , 1  .
,  L \ - L /  -

As el = A,.*lp .f .' *
^ U  D I .' 

A 9uLrr

we have

which  is  a

.:

1@) = 
frr,l 1tt; L) a Lu) - t,

contradlc t ion.



P r o P o s i t l o n  5 . 4 .

t€x we have ar* F- ( L .
t,

- S z

Suppose E ls princlpal. Then for every

PROOF. As E,  is  Archlmedian,  i t  is  suf f ic ienL to  show

that (F-)U is l inearly ordered. To this end, we prove that l f

- t-,- \ are such that E r At,= 0 O O't- tr.=O .
* r.F.€ tuf/+ are such that E a A t.= 0 then t 1=

.  s o l e t  Z r  t K z S ( E a ) *  , 7 r n ? r : 0  .  s u P P o s e
. ,

* q r * z  f O  .  r h e r e  ; ;  ) , x r €  E + .  s u c h . t h a t

f  1 AzL =O and 7i  = 
fuC"l )  ,  i=1r2.  Also there ls  a

n e i s h b o r h o o d V , {  0 ;  E +  s u c h t ' h a t  * , , * . * V '

By rhm.4.r .  rhere 
" ;  1, ,  { ,  *  (a6))r  such rhat

i ,^{,
l, (t) "'

fol lows

=O and  p *  ( t '  f ; x i )  eV  )  f =  t , L  . .  we  have

frrc1 =Q i suppose for instance /, &)=- 0 . rt

rhar pt U, *o 
) 

,

z,r = htk,)= /, (",

which is

take A

6. AM-modules

Let E be a normed vector

c the in ject ion of  E lnto E**.  c

l€A t 6x,peE

shai l  denote by
:

homomorphism.

a contradict ion.

The converse of the statement in

= Co(Lo,qJ) t  E = L, (Lr,t7) { L,

f (*,1) = (l ' ,  f  8) ,

where by fx we mean pointwise multlplication.

l a t t l ee .  We

ls  a  R lesz

p r o p . 5 . 4  i s  f a l s e :  .
l -  r  \
I  I  o . l J  )  and de f ine\ -  /  /
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r.\I

By E* we shall  denote the space of order bound.ed norm
.  f r \

and order continuous l inear functionals on Et E- ls an order
4(

ldeal of E 
-.

Let  x  be a compact  space.  we denote by R,- , (X) t ,he vec-' t \  \  ' /

tor normed latt ice of K-valued bounded regular Borel measures on

X,  Rieszts  theorem states there is  a  norm and la t t ice lsomorr :h ism

)"1 i CK ((f-R-Ssiven bv

o" Ro(x)

Cr(x){ ft ,(v)=
t-lX

Yu) , {e ,f€
.  :  ' :

c*g)" .

B y  p r o p . 2 . 1 0 ,
: . r f

can be ident i f ied wi th  an order  ideal  o f  B*  (X)

, ,r4
BK(X)  i s  an s. 1.. o. modute over Bq (X)

we obtain a structur e of s.I .o. modute over BK(X) "" R* (X),

which is transported by m on CK (X)f ;  tn thls sense we shalr

write rcP rcr f e B*8) u'i-f€ CK(X)* . rhj.s strucrure

can  a l so  be  ob ta ined  by  app ly ing  thm.3 .2 . ( l n  f ac t  t h i s  i s  t he

idea of  der lv j -ng Rieszts  theorem f ro.m thm.3.2 we have spoken

o f )  .

In  the rest  o f  the sequel  we wi l l  consider 'a  compact

space X and an AM-space (not  necessar ly  wi th  uni t , )  E which is

s .  r .  o .  modure r ' t  n  ' \  n*
over LK tA/ .  f  

' '  
i "  an Al-space u'a E** ls a

B a n a c h  l a t t i c e  w i t h  u n i t  e .  E f  i s  s . l n o .  m o d u l e  o v e r  f ' . ( X ) '-  L K ' r f  x )  
)

JE
by  thm.3 .2  Ex  bbcomes  a  s . l . o .  modu le  ove r  B* (D  .  Ex t i -  L " '

a s. l .o. module over C*(K) and over l t ,self ,  i f  we consider the

unique procluct 6r, gf* turning it into a vector lattice with unj-t,

e ( the unl t  e of  gr f ,  i "  def ined by e/V'  
**

rhe two s,ruc,ures .," .o*l::::,:: iJii;lJJi 
-.::J 

l; i'. 
Prop '2 ' 6 '

l s  ,  s . l .o .  modu le  over  C- (X)  and t r * - t r  ;  by  p rop .2 . l l  the  two.

structures are compat ib le.
' :



. i .* . ,  . . .  Let

nonlcal  maPsi

( ,

J q t -

c r E -)V*x/ d I Q!*een**

,c. and d are C'(X) - lj-near.
\ -K - '  /

)  wi l l  denote the dual i tY between

be the ca-

CK(X)*.r,a C*8),

by

^ n * ' ( r C  (  
' r

e v  r  J c  \ K v y  ., t t

ProPos i t ion  6 .1 .

i) T i.s order contlnuous )

ls an order ideal of C* (X)- .

i l )  l tTq t l  s l t  f  t t  N*
i it) ll Ttpil e ti f ( +*

, :

:

i ts range

PROOT.

BK(X) -linear and

{- tt
{ e  r 1

*q e  E "

(cr (x))*

(n, *{ +V) =
*eT

B y  p r o p . 3 . 2

As

r)  
" . .  

FC f i  "  
downwards d. i-rected set wiLh inrF= 0.

e e ( f * ) t  v t e . h a v e f o r  N e

(, ,l i-,+V)= 0 .
{eF

i t  follows t,hat T

rnr (Tr\,r ,4) : i-,[ (e,*v) =
, | le$ 

'  
!e*

So f  is  order cont lnuous.

t" B* (F) linear iin earticular T(8") is a b*C- su);modure.

"". ;^ € T(e*) and tet X e Z(p) . By Radon-Nykodim's theorem

there t, I  etsKfi)such that 
"=h 

, ::  \g T (en) ,
r i )  l l  r f l l  = (rq ,  L) = [u,  V) :  l { .P l t

i l i )  r r  1- . f l l  =  l t  tTql l i  {  l r  r ( i t l ) t i  =  i i  l { l  l i  =  i /Yu
)
:

\
Let.' 

"( 
Q e . By s (x) we shall denote the function 6^(a)

-L
r

e** .and  F*  ,  f x * *  an 'd  e r * . -

we d,erine a map T z ex -> C* (X)*

f -l--rn 
{ \

\ l  Y ' )  )

<  - / .
I  is  posi t ive and LK
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q

ll ti

"1n+ i= [
| ( carr

r&) r(ry
V  S r g n

e
constructed in g 5 taklnq for

. J

Propos l t ion  6 .2 .

f ) r,et c& E+ and
f)

'A*b *.' = l' . Then-  
r  |  , L

{ { r 9 h

the norm of E.

4  n  r ' ' ' r  l n  e ( ( " ( X ) ) r h . s u c h

:

that

xu{,;)" ,

l i) Let, /

PROOT.

i) Vle have

ee+ and

(

.fltr) ( \
"f'

' l r  
0

1?u i :  l t  { ; r , t l  f i e '

fo.llows .
e  o  ,  / ^ ' l  t \ r -- f  !  & l t ' r v \ l
t t , ^ - - . , f " , t  tL re t ryr

so

= l t  { i * l l  e

o!ec") .4@) = o*P Tu
t <i grn

But

4;,c191 l l t ; ; tc* t l l  e = l l r (  l ;a) l l  e

so

Now 1)

l i )  Le t

1) lnp} les that

be. such that sup fr' , lL .
lgi 'e n



Then we app ly  p rop .5 .2 .

. 
Let t€x, rf dirn E", L let AO:er+K b"trt" .unique 1-t1-

near injective map with the property ar(z)= ltZt[ fgt Z e €J+.
-  , '  c

rf dtm V,-9 \ 
. for 

al l  tex define S : g-+ B (X) uv
{  k ' '  '

. .,

-  y ' r  -  '  i s  r -  \  '

As 5 (.)= ,t@) € B*[Xr) r"r Z e F1 we have that .the 'i

ranse of s. is indeed included i" B*(X). clearly s is u C*(X)-

l inear Riesz homomorphism.

PROOF.

Theor€m 6.1.  The fol lowing assert ions are.equlvalent:

f )  T ls isometr lc ,

i i )  T  l s  o n e - t o - o n e .

l i i )  T  l " .a  R iesz  homomorph ism !

l v )  E  is  p f inc ipa l ,

v) aim fa { | ror al.-t e X ,

When i ) ' -v)  are fu l l f i led S j -s  lsometr ic  and there ls
A  r , f *  *

a poslt ive l inear map q I  CrtX) -?t su"h that

l l  R( \ ) l l  !  l l  \ l t  ,  \€CK(X)I

R(x)tn)- ( SC.)/-(\) , \€C*fif., xe€'
J1

I

R T =  l e  *  .

i )  '+  l i )  .  Obvious.



11) + iii) r,et fr.,Y r€ fi t" such thar rf ,
pur x =(rq,)^{T{r)

,  t t -
such that, +.' <

, L

l - ( ^
$ t ' = + ' U :  w e

I  L .  ' , L  l t

i s  one- to-one

, - * '
Now let ,,p e tr.

thg range of d is an order

'such' that tk ld k ) =a ( 'p)

es \ (T.fi rhere dre {i n (B* E))*
= tJIt = f({; f; ) . rr we denore

f i  and  \=T ' l r r=T t . .
' P ,= t .  so  t r < f , rA ' ? "=O  and

9r , t  ,QE*

Afz= 0 '

4, and \

have {; <

i t  fo l lows

\ = 0

when f=1. We have

i i i )  ? i"] 
we prove f irst that ,,  

J 
e E,

and,c"{ . t r )4( f , )=d ( { " )  rhen

t r { . , { )  =f r  ( f t ) ,  + 'aCK(t .

so.  i t  is  suf f ic ient  to  make the proof

QrV., 4) = k,! ') = (dft),e) = (*tDdQ),e) =

: (dHo) ,.c(y)e) - (d(t,),r(l | " kh),f)= {, (y) ,

*
Because ls  an Al -space

,tf ' f  - ,- ' .  -*
E " '  s o  t h e r e  i s V € E

fo l lows 
'

rl

and x4.E,

ideal  of

' . I t

9 t

[r



r(t*t)d a+rS , l:rosttd issl'i iirttr,t)l = 1 d(v)l " d(lf t)

By the preceding argttnent 
'- 

r ; \

r r$ , f  )  = ' t  ( f  * )  '  +  +C*U)  )
\

)( r  t l ' l  ,4 )  =  ls  lo* l

(r* l)  = (r rVl,  t)=

I  n  f  r  . l

= a*b  lY t+ ' t ) l  .I '

I ( 5(") /* (^ll . lt S(^l lttt \il = 11 r lt 11\lt
t J X  ' l  

, ,

Because T is a Riesz homomorphism lf  Vl =f l f l  .  So

l.t

fe C*[x)
r t l (  r

B y  p r o p . 4 . 3 r  E  i s  P r l n c ! - P a l .

1s) =t '  v)  APPIY ProP.5.  4.

v) :A i )  S is isometr ic:  i f  x(81 we have

tl S("lll ' 11 t lf bv proP. s . 3. rt f ollows for xpE

I S(-)l l  = l l  {S(z)l [t = tl S(t 't l)t l  = tt rzl lf = l l  ,t l l

ror \ e C* tX )r and xss we have

so R(x)e  Et r  and t t  n (x ) \< i th i l  '

( rq t  ,L )  =  A*  t$v  , i l \=
4e C*E)
lf I < I

.To prove RT= \e  *  i t ' i s  duf f ic le l t  to  'show that



'
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' : i r ' :  ' . ' " - '  Le t  x€Ea .  By  p rop  .6 .2 .  i i )  we  have{

lcr) (.t X.) > \(r) , '

s" (RTX.{) z tf . on the other hand

It (nr1q t\ ( \trt\t < tl sll
.  .  , .

es E* is an' A,L-space we have $T)(t) 
= q i ,,

Let .f e E* . we have j

I t  { l l  = 1 \ R [ r t ) \ t  <  l t  r \ P \ l  ( l l  - t \ t  i '

so ll f{ tlt= lt{ l\ '

a '

Propos. i t lon  6 .  3 .  Suppose 1)  -v )  . - in  thn .6 .1  a re .  fu l l f  i -

1 e d .

Then R is an order cont, inuous 8, ,  (X) -  l inear Rlesz
l ( - - l

homomorphj-sm. rf P=TR we have that 01 ? < 4 ̂  r ., ')t

P l s  a  p ro jec t i on  on to  the  range .o f  T

' A t \

PROOF'. Clearly R is order. cont,inous and L'- (X ) -11-
Y \ - ' /

near. By prop ,3.2, i t  is BK ft)  I lnear .  We . have

? ' = T R T R = T R =  ?  ,

Ler \ e (C"fi).I



t x .  4 0

0r P<4^rv\f ,  Jt \"/{1"- 's4^*f ?" o R'L'1 0.o^ou*ozpl" 'r iur '
- 

UKLni i
L"t \. CKqt)+ t we t.,.te

;  Co (11r)) = t(trt) ' \?(\)\= lr(K(x))\:  T \R(x)J '
Because T is one-to-one it follows that g [tX\)= \efU\ :

.

7  The  s .1 .o .  modu le -assoc ia ted  w i th  a  pos i t i ve

representat ion o{  a  BooLeqp a leebra

LEMMA. Let E be a vector lattice and let \ e LtF ) t"

s u c h t h a t  O { P ; { { E  . r , a P f = f ;  )  
i = 1 r 2 . r h e n  '

P1 P"* = [ p, 
") 

 (?'L) ) aa €F1 ,

apRooFr pur t - (?rr)n(t *; .  we have P.t < z

.  so ?o?Lt 4?r*-  .  From . the hypothesis P,  P.X 1?t*  so

P ' ? " x  1  7  '

From t { ?^ L it follows that,

o  t  ( t e  - P .  ) - ,  ( { r -  P , ) P . t = o

so E = ?aV . . As V < ?r? it  foltows that

f t = O n E  { ? q ? t L

.  n t
Let Yt be a Boolean algebra r '  x Lts representat j .on

space. we shall denote by Sia(2L) an. space of contintious,finl-

tely K-varued functions on x-and by JlraQL) t"" space of boun- . .

ded additive K-valued function on ft . There ls an order and
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t'-

V(f)(vr) = 9 (1,* ), Yc C*E)* , ne QI ,

LeE 4L be a Boolean alqebra and let E be a vectoru algebra and

'  Iat t , ice.  A posi t ive representat ion of  2L into L(E) is a map

| , :QL-I(F) wit 'h the propert ies

i) 0., {o; = o
i i )  , q [ )>a  ,  k€%L

i i i )  k ( n ' ) =  4 e
A' belng the complement of

- [tn1
A

t lon such

I t  fo l lows f rom the def ln i t ion

r h a r  o l k ( n ) <  4 -  a n d\  /  -  , e

t ha t  h (A )  j . s  a  p ro jec -

that
:

nropos it ion

module-over s*(Ot)o"

, [ f t  lL

' l  
. L .  The re

E such that

= l,G)t*

0r Gv B)= l"(*)* / .  tB)- l , ' t* ) A te) ,

is 'an unique structure

.  A t
\ ,  f t e ' L , x - € e  ,

wrltten

PROOF.. f,et J

vt

+ = z -'  
i = f

A ; e

t * =

e sK (x)

,; fra;

a ,
1.1

Y
1_-
i = t

We

, k e Q L ,

iv) 1" (n 'rts ) = I tA) hts), A ,B eQL

and xEE ; f can be uniquelY

def ine

' t

o f  s . l . o .

w i t h  C r ' € K  )
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We prove that

i / t  so

l ((n

t ha t  t he  maP ( f r x )F€ fx  i s

we have t. (n :)N"6\- O

= f.(nl)[*l) ^ '.' fq'Xl *l)= 0

I

.t

s easy to

= l{ l  l* l
t l

I*l

X*)ln l&(njXt) I

see b11 lnear .

for

rr follows 

,u, = \* ,c;l^"tAi1[4ti* fc;l{,(nl)(rtl)=i l [* l  .

uni formly complete.  Then E is  pr inc ipa l

. :

c),
Proposi t  Lon 7.2.  i ,et  ?L be a Boolean algebra'  x i ts

.representat ion space, E an uni formly complete vector lat t ice '  '

l^ , ' ,  214 LG\ posi t ive representat ion'  rhen there ls an

a, /  , \
unlque st , ructure of  s.1.o '  .module 

over UO 6) 
o".  u which extends

the 's t ruc tu re  o f  s .1 .o .  modure  over  S* (29 ' ,

PROOF. '  Fo lLows f rom cor .2 .L .

proposi t ion 7.3.  
" .a 

gL be a Boolean algebra,  x i ts.

repregentat,ion sPace , E d vector lattice equipped with a localIy

I  r - l
sol id Hausdorf , f  ropotonr,  d,  tL -1 L(yl  a posi t lve represen-

tat , ion.

i )  SuPPose E

4.6 a module over S- (?t i f f i t is principal as a module over C*(^)"

ri) E is principal as a moduie over SK (2t)

every neighborhood V of O and every d-r r4.&ft  such that,

such  tha t  A ,  A  A  ,=  0

i f f  fo r

{ , r  n t r 'z=0

andt h e r e  a r e  A , r n o G {



PROOT.

i )  Obv ious .

i i )  Suppose t r  i s  p r inc ipa l .  Le t  Nr ,xze  E+ be  such

tha t  I t  A />=0 and le t  V  be  a  ne ighborhood o f  O.  ihere  is  a  so l ld

.  neighborhood W of O such that W +fd CV .  By thm.4.1.  t l iere are

{ , ,  { ,  e  (S*(X))osuch that  #,  ̂ { r= 0 and 4:-  / r ' r , '  
"W, 

t=1,? .
r h e r e  a r e .  A , , 4 . e Z L  s u c h  t h a t  A r A  4 . =  O  d n d

/ ;  = {o, L ,  i=1r2. r t  fot tows T,,ar '  -  f r , l , .x;  e
.  

' t L  ; ' c  ' ' i . "
so

, f i ' *
'  - /;N (' I4;l; ' i - L6, {; eW +vr/ c V '

Converse l y ,  i f  E  sa t i s f l es  the  cbnd l t i on  o f  l i ) ,  i - t  i s

p r i n c i p a l  b y  t h m . 4 . 1 .

t^ ,  i  =x,

Let ?f, o" . Boorean argebra, E an AM-spac", 4r',2{'+LW)

-  a.  posi t ive representat ion.  Def ine a map H :

Lrr rp I

H (Y) (n; = tl 0. tA)*'f tl rt€ E: , A eQL

t  i . 1 *
where '1." (n ) is the transpose of h (A) .

"  
i i )  H ls one-to-one '  .. 1 {

i l i ) H i i a R i e s z h o m o m o r P h i s m o  .  .
i v )  For  every  J  , t  , ia  G fn  such tha t  C n  A/ r=  O and

e v e r y  t - > . 0  t h e r e  a r e  A t ) 4 , C Z L  s u c h  t h a t  A I A A r = f  a n d
i.

{ l  xi:4' (t;)(t) l l  < e, ' i= t,1 ,

re* --> J(K (a.t)
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pRooF. I^le can assume that E is Banach. Let x be the

representation space of t[
/ , r \  - *

( 7 . ,  ( X ) . L e t T ' . f '  )

Observe that

.  By  prop ,  7  .2 ,  E  1"  3  s . l .o .  modu le  over
/ r a  f r t \ *  t

CK tX)' '  be the map.deflned. rn J 
'9.

: '
H=vr  and app lY thm:6 .1  and prop .7 .3 .

a

t

f '

t rf;
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