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.ON-MAITMUM PRINCTPI,E FOR DTF'FUSTON CONTROLLED PROCESSES

by
A

C. VARSAN

Abstract
'  

The problem we are considering is described by
nonl inear  f to fs  equat ions in  which the conl rc l  var iab le is  en-
t 'er ing both dr i f t  and d i f fus ion cqef f ic lents .  rn  i l l  assumlns
that the control range set is a convex one it  ts oltainea tfr6
maximum principle j-n local form.

In the lack of  the convexi ty  as iumpt ion for  dr i f t
coef f ic ients  one has to  explo i t  so ca l led. refaxed contro ls .  pro-
v ing that  the convex cone of  f i rs t  var ia t ions in  the re laxed con-
t ro l  problem can be used as the f i rs t  order  approx imat ion in . the
or ig ina l  problem and us ing a sLmi lar  technique as in  i fJ  one gets
the maximum principle.

INTRODUCTTON

onsider  s tochast
k

<_

? -  
g i  ( t  r x r u )  d B ,

L=r

with given inlt ial condit. ion x.(0) =v'qpnrwhere

B ( t ) = ( B l ( t )  r . . .  r B k ( t )  )  i s  a  k - d i m e n s i o n a l  B r o w n i a n  m o t i o n

As the funct, lonal to be minimized we consi-der
f " 1

) . L

in 5-ntegral form

stochast ic contro l  d i f ferent ia l  equat ior r

( t ) ,  ae f to ,a t l  ,  xeRn,

on the

whose t ra jecto-
-

ln alel6 .

i
j

I
l

i
I

:

W e c

1) dx=f  ( t  r  x  r  u)  d t+

f /1 ?
probabi l i ty  space jb / ,  FrP j  .

As admiss ib le  contro ls  we a l low'any bounded measura-

ble non-ant ic ipat ive process wit t r  respect to C- algebras Ft  ge-

n e r a t e d  b y  l B ( s ) ,  t 0 6 s ( t  1 ,  t ' < t < t t ,  t a k l n g  v a l u e s  l n  t h e  f l x e d

set UCRm; denote 
'* 

AyQh

2 l  J ( x ,u )=E tc ( x ( r r )  )+  I r i r c . , x ( r )  r u ( r . )  ) a t f

vb process *P( t )  ver i fy ing ( r )

r ies are continuous functions

F'or uny tteQ.b there exlsts an unlque non-ant' icipati-

| \
I
I

I

i

I
I

I
;

_ t  a

i n  t e L t O r t l i  d . . € .

The dynamic- program$ing approach in LZ1 and the
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convex analysis method 1n L3] are not sultable

s ince the d i f fus ion coef f ic ients  are dependlng

and we are not deallng wlth the convex case'

In the case the control range: set

one then by using local variat ions in f 
"t td 

gt

[f ]  the adjoint system and maximum principle

t tp l ier  ru le  theorem'

I t s e e m s t h a t t h e l o c a l v a r i a t i o n s a r e t h e m o s t

suitable ones for the contror entering functions 91. when the

c o n t r o l . r a n g e s e t U i s n o t a c o n v e x o n e v J e a r e o b l l g e d s o m e h o w

to consider that the control variable or'  spl l ts into two parts
' 1  

)  1  .  r i  ^  . c - - - - ! { ,  
)

=(! l l ' r4r ' , ) ,4J, -  is  enter ing in  the funct lonal  and f  on ly '  and ' {L-

is  enter5-ng j -n  9 i  onry.  In  the case the problem conta ins a f in i -

te  number of  .  fuhct ional  const ra in ts  E y i  (x  ( t I )  ) (  o  l=1 r  "  '  r I I l ,

n f,  
(x (tr):) =0 r i=m*l7 . .  .  ' Ir*nt then. the maximum prlnciple in [f  t

or ln the present work (pointwlse form) has the same formula-

i iop except  the f inat  va lue of  the adjo in t  va i iab le which wl l l

rw+tl' n . ̂

b e  v ( r r ) =  f 4 . '  #  ( x o ( t r ) ) ,  w h e r e 1 > 0 ,  1 = 0 1 1 " " r r /
t ,  '  

i = o  0 *

!ir,*rl + o, are sdme constants d,etermined as ln determinlstic
( = o

;;" applying a separatlon theorem in a finite d'imensional spa-

ce. The general procedure in LII or in this work wil l not be af-

fected by the prezence of these additional functional constraintt

2.  ASSUMPTIONSDEFINITONS AND AUXILIARYJ'ESULTS

/ ) t

From now on 4toe"0\2 w111 be f. ixed'

.  f f re ' func t lons  f  ,9 r ,  G 'and r . ,  in  ( I )  and Q '  a re

t , o  b e  c o n t i n u o u s  i n . ( t r x r u ) € f t o r t t " R n r P l m ,  a n d  t h e y
- r /

d e r l v a t j . v e s  i n  x ,  + ( t r X r u )  , h = f  , 9 . i r c , L ,  c o n t i n u o u s
0x .

In  addi t ion

for our Problem

on the control

U is a convex

we obtain in

via a general  mul-

sup-

have

1n

posed

f i r s t

( x ,  u )  .



a ) [ ( t r x )  e  f t o r t 1 ] x R n ,  h - f ' g i
'  

1 o '

r ,{  t f+ 1xt )  for 11 utta( t  and, f f( t ,x,u) Ls con-

t, lnuous in (xru) i

b ) i l  h ( t "  r X r g  ) - h  ( t " x r u ' l i l 9 K f  ( t +  t l x t l P )  c ( t  '  , E "  , u " u "  l  ,  t l u ' t l  ' l u " l l  . < f

h= f  rL  where  . ,Fo , t r l ^&o, t1J ,  R\  Rt -  E , - )  i s .con t inuous  and

c ( t r t l ' i l y 1 , t  ) = Q

r0^

" l  t t # ( t , x , u ) l l ,  l l h  ( t rF ' u ) l l 1  N ,

h=G,  L .

k , . , x ,u l !1

i l$ { t ,x ,u)J l  4

(1+ uxil1t1 if l t4Ltt a f ,

{ , .^  ls  tne
/'t7,

n
k
s /

t+  L  [ c .  ( t )  x
. ,  1 = l  '

Bi {r.)

Ito solution

\

f { - } +
\ - f  '

Let 4( .  )  , .  . ' .  ,  uX(. l  rQl v" arbitrar i ly chosen. t"et ?a be

the set of al l  l-di*.t t" ional bounded measurable functions

I  g .  Deno te  {  ; f  ( t , x )  =p 'FOr t r l+R !  ve r i f  , i " n  P ;  ( t120 ,  i= l ,  .  "  , l '  Deno te  f -  "

= f  ( t r x , u o ( t ) ) + r  
E  

n t ' ( t )  ( f  ( t , x r u r ( t ) ) - f  ( t , x ' u o ( t ) ) )  '

L

. . t rs  1s)= uo l t l+  r  7-  q i  ( ! l  (u j ( t ) -uo ( t )  )
j = I  r  :

fo r  re fo , r l  p ,qeq-

of c.ourse fr 'P ( t rx)  ,  Lf  'Q 1t)  are random funct lons'

Let *rrp,rq be the lto sotutl<in in

3)  dx=f r  , f  l , t , x )  d t+  f .  
" .  

( r ,x  , ' *n ,u1E)  )  dB i  ( r )  x  ( r0 )  =xoe Rt
i = l Y i t t - t ^ t s  

\ e " s Y

Using the smooth dependence of  
"rrprq 

ot  r€&,{  (see for exam-

ple Lemma 3 i'n Lf ] I we get

4 ) *r rp.q 
(t) =xo &l +txof:) + o (t '1)

, 1

where r im f,  1yr, {u to (t ,r) , 'Jh=o, and

l-n L

s) df= fr  t . l  [  *  ] ,  pi  ( t )  (r i . ( t )  -r0 ( t)  ) ]  d

0 1=r  ' \  - -
"  )  1  . r r ( t )  (u i  ( t ' )  -uo t t l  I  )  aagau (t 

j=1. j

x  ( tO)  =O



; 4

fn addit ion

6) *#u 
VJ, t lxr ,p,q 

( t ) [ l  m ,mz2,uni formrv i l

a boundedtet.

Since f (f  rxru) is not l inear j-n u and Q'L i t  ."; '

convex it  is obvious that the solution xr doesntt correspQnd to

an idmissible control ,*te Ql . Even if  we suppose' that

, r \ f l . le %, the solut ion * ,  , i= st i l l  non-admissible s ince fr ' fLs

not  generated by an admiss ib le  contro l '

oo: attention wil l  be concentrated main}y on how

tb approximate ft by random functlon corresponaing to admissible

eontro ls  such that  the f . i rs t  approx imat ion for . the admiss ib le

solut lon to  be the same wi th  x ' t in  (5)  '

is t ic  problems the funct ion io ' f

is  corresponding to  so ca l led " re laxed var ia t ions"  of  the f ixed

f  ie ld  f  0  
( t  rX)  =f  ( t  rx . ru0 ( t )  )  .  The approx imat ion of  thb t \ t ,x '

by 'admiss ib le  f ie lds in  determin is t ic  problems is  re l ied on the

assumption .that x belongs to a compact f. ;x ff i*t  t t  I t  
which al low

us to  use the uni ty  par t i t ion theorem. In  s tochast lc  case the

compactness assumption is not a realist ic ond anymore and' we have

to  use  d i rec t l y  t he  p rope r t i es  o f  so lu t i ons  l n  (3 ) .

! 4 P
The def i t ion of  approximat ion f ' r { rc, i l  is  s imi lar

to that  in determinist ic case. l ' ie recaLl  thc def in i t ion of  such

approximat ions which were introduced tn ldJ '
L

. ,  re t  ro (0 , r1  be  such tha t  t0  
r i r .  n r i t l  < . r

r€[o, r ]  ,p  ,qr&q, ,

. J



f ,

te  l to  r t l J  .  F ixe  r  6L0, to l  a rb i t ra r l l y  and de f ine  rs ,  s= l ,  .  .  .  'N  2

a part l t ion of  [ tOrtr l  in intervals whose measures aqe bounded

by, a number depending on r  which w111 be speci f ied later.
. t l  -

^ 
Each interval  f "  is  d iv idbd into (1+1) 

.sublnteqvg. ls
o { . - { (

u l r . . . r u t  s u c h  t h a t  m e a s  u l = r  
- J  p r ( t ) a t ,  i = l ' r . . . r ! ,  m e a s

A r u L T

sI= ) (t-r
: r a

J4 l_=I
n 0

terva ls  E- , . . . ,8 :  i s  no t  impor tan t .  Denote  T f  the  par t i t ion  o fs '  '  s

f t o r t l i  g i v e n  b y  E g  , . . .  , E ! ,  s = l r . ' . .  ; N ,  a n d  d e f  l n e  f 7 -  a s  f o l l o w s
' - ^

7 ,  f 7 ( t r x ) = f  ( t r x r i , t - r ( E ) l  t  t 6 E : ,  i = 0  i L r . . . r t r ' s = l r . . . r N r  X € R n .

lJe call  fTr the commutation function corresponding to 7T and,
. .

f 0  ( t r x )  r .  . .  r f ! ( t r x ) ,  f i ( t r x ) = f  ( t r x r u i ( t )  )  .

In  the same-v/ay one def i r res r , t r ( t rx) + a t +  +  |
, - - L - 0 r u l J t

x€Rn
{

7 ' ' 7  t T ( t r x ) = L ( t r x r u , ( t )  ) ,  t € E : r -  i : 0 r 1 r ; .  .  r I ,

a n d  L r r P ' 1 t r x ) = L ( r , x , / 0  ( r )  ) + r  t - n r ( r )  ( L ( r r x r
1 = I

s = l r . . . , N r  x 6 R t r ,

a r ( t ) ) - t ( t r x , u , ( E ) ) )

enter ing the funct ional  to  be min imlzed.

M be such that

< J ,

a u for tt

?a

LEMMA I

L e t  ( a ) ,  ( b )  a n d  ( c )  b e  f u l f i l e d .  L e t  l o ( . 1  t r l ( . ) r . . .
/ ) t

. . . , y ! ( . ' t e Q l  a e  f i x e d .  L e t ' 6 e  0 , f )  a n d  d t  Q  b e  s u c h  t h a t
L A

r 0  ,  p i ( t ) < l  f o r  a l l  p e 9 .  r h e n  f o r  e a c h  ? e ( g , t )  a n d- i=l 
rtit ion. If depending on I and r such

L .

re  [Or rO]  there  ex is ts  a  pa :  lend ing  on  
7  

,

that, {t .. ̂  L

: *p " ,  r :  .  iu  l f  U , ' rP1t ,y ( t ) - t ' r ( t , v ( t1 ]  & f  
'  j  2 ' , f  ro r  h=r ,L1

t ' r t " e L E 1 r t f j -  , i , -  
.

uni formly wi th  respect  to  y  ( .  )  so lut ion in  (3)  corresponding to

p , e € u Q  a n d  r c [ 0 , 1 - ]  ,  :

(f) (t ,ar14 &6 , tf " 
p

where L is

Let f and

g ) ll Li (t,,i ) ll

i l h ( t r 0 r u ) {

Denote by

L T  ,  h = f  , 9 L ,

bounded set.

i = 0 r 1 1 . ' . r 1 ,

i = l r . . . 1 k .u l l

a
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.;vuhere t 'he constant Ct is
' ' : 1 . :  -  -

PROOJ'

Def i-ne

no t  dePend inE  on  P17 ,  f '

)
a;(L) = where

0 rt i l

0 rt i l

f-

( t , ) , r , c j t
- l

. L { l t, t _

\rfrc)=i
L o

t
. t ' -
L l u ,  ( s ) d s ,
d J

t-t

BY def in l t ion ( -

e)  E f f  r r r ( t ) | l t l : : p "  -  
u  t l a r ( t ) , ' ,  ] tT  

z { t t l ; t l L (G l  3 '€ '  (d t xd 'P )  '

n 
t'n Ltortr] f"> o

i = O r L r . . ' . r n .  ( -  -

Deno te  t f a  r x )  = f  ( t , x ,  u i t t t  I  ,  f  i  ( t  ' x )  = f  ( t  r x ' u ,  ( t )  )  '
.Y

' t tat there exist's { > o
Using (9) and (b) we get that  tnere exr

suff ic ient lY smal l  such'  that" * - - - - ; - , t  ^  
y  / /

r 0 )  l J -  E l f i ( t ' , v ( t ) ) - f i ( t r x ( t ) ) l  
' u t i  

"  
T

L L ^

for  a l l  y solut j -ons in (3) corresponding to

i
1 = 0 r I r "  ' '  r l ,)

r  e  l o , ro ] ,b i  ( t )  , 9 i  ( t ) )  o

r ^  
g "  p r  ( t )<1 ,  , "  *  q i  ( t )<  1 '- o  

i = l ' a  
'  

_ Y  j = l  )

p"r,ot" i r  t t  r  x) =i f  { t  r  x) ,  i=0 r L ,  " ." ! '  using again (b} and conti-

n u i t y  o f  , l  r c , " ) = a c 2  ( t , . " , o F ( a ) ,  . ,  l " t  )  . o n  L t o r t r l x  & o , t r ]  s i n =

"* f  ( t ,  r t)  =0 r there exigts b (? )^lL such that.

r r )  fn  [ i ,  t t , , ,y  ( r . )  ) : i ,  ( r ' ,y  ( r )  ) /  k '  f  ,  i=0 1L1. . '  , ! ,  L f ,  lx ' - r " l<d(1)

uniformly wi th resp'ect  to te p. ' t r1 and y solut ion (3) ior-

, I

respond ing  to  the  parameters  r  e  [O ,LJ ,  t r ( .1 ,  I  (  ' )€4 '  S imi la r

propert ies wi I I  io l low for the funct ' ion L(t 'xru) ancl  we denote

them by  (10r )  and ( t l ' ) .  Le t  the  j .n te rva l "  ' I " ' i n  par t i t ion

b e  s u c h  t h a t  m e a s  I " 4 A  ( 1 )  ,  . r n e a s  
' = ' 7 ' '

Let 7r a" the commutation function corresponding

to 4 ," ,  * i  ,  r  .  .  ,Tt( t ,  x) ,  and the part i t ' lon Tf  '  Denote

Yt ,p l . , x )= io  t r , * i * t  
f= rnr t t t  

t i  t t , x ) - io  ( t , x )  )  r  where  p l  ( t )

are the same with those defining fr 'P. computation gives

. t '  -  t )  t  / 1 ,

Lzt sup I  u I  f  Ft ,P 1r,y (r)  ) - f  n(r , ,  ( t )  ) j  dr l '  i  "  I'  
t r ; t , , r ,  

, t , r  
.  / z

€  / r c t  r - f . D . .  , . . .  ^ ; r r P t - . . r ! \ t t l a * \ ' 2 +

i l  . r - . 0  (  J " l f r ' ' v ( t , v  
( t )  ) i ; r 'P  1 t ,Y  ( t ' t t |  2a r ) "+

. ' t o
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+v r1-r0 (

sup I
t t  r t t t  L

t 1  , t r .

I  n fow y (r) ) -r T(r,y(r) )/ 'r*
i t  /' " . t . ' t ' ^ ,  

^ 1 7  t 2  ) ? z

"  I I  F ' ' ( t , v ( t ) I - i " t t , v ( t ) ) l  & l '  j  
'

t .

t '

Denote by I ,  I I  and f I I  the terms in the r ight hand

s t d e  i n  ( 1 2 ) .  U s l n g  ( 1 0 )  i t  f o l l o w s

,  J  /  , f i ,  {  ^ ;  , )r3)  r  ( !Er-%jA (  
Lnr( r )E/r '  

( t ,y( r )  r -T(r ,y( t )  ) f  zat

(t+ L)Ffto 
7  ̂  

where t lo i# 
(t)  =1,

tlt Ti e ,[+n"li* I: t7rrc,ri.,)-r:7-,r(r))f 
'u']o'

.  . , 1
v

_ / z/ .".
, . /
t -

y (r) I -Ttrc ,v

y ( r ) ) - F r P 1 t

. urf
t )  - f  "  ( t , y  ( t ,

N l l

v  ( t " )  )  - f  ( t ,

i rst  term in

r f
i  ) n l v  t t

f4
the hypot[e

1t ,x) f<  M ( r+ |

. 'il-. since y (

,  1 l t - s l
ng on *:.

( t  r Y

rY  ( t

( t  r Y

e f i

t s

ing

t r P (

a n d '

) " / J  G ' ' P ( t , 't r
L 4

ln I  f f{  'P (r, :
L V -
. L 4
t . ,rvT

lB l J'[ " (t,y (
rz4

f "  I  l f r r ,P{ r ,
L -  t J  L _

r4
The f

lzed by '

I t Z M -  r / m e a s  I "
S '

Using
l L  r l r .(t r x, u'\t) ) i ,  l t t 'n

dlng on Mr- and

obtain

u f v ( u ) - y ( s ) l ' 4

re C ls dependi

c" /.

j o r

1 5 )

,
l e r
Pen

we

1 7 )

whe

Hen

r s )

- N

where A.= .L t  u j ,  and r j  are def in ing the par t i t lon l l - .
)  ! - - l  s '  s

I t  remained' to  est imat ,e I I I .  Let  t , "4 I "  b .  arb i t rar i - ly  chosen.

On an arbitrary I" we have

t  t  7 ' /z
( t ) ) l  u t l " i  

-  1

lz1 2  / '
rY (r" )  )J at /  J  +

) f a t 7  )  +

'  , .r  7 
//2

v ( t r ) )  d b l  ' l

the r ight hand side ln

//

) - v  ( t " ) l  2  u t  I  
t

s is  (a )  l s  fo l lows

x f ) ,  w h e r e  t h e  c o n s t a n t

t)  is  ah'  arbi t rary.  sol .u

r.\ * - '

o+Qvfr-ro 7

(15)  l s  ma-

de-

i n  ( 3 )  ,

M i s

t lon



i.

I

8

L
t / c

-  /  ( r .  !  r r $ ) - z  2
y ' rneas t "  1J l t - t s l ( I c )  

t  u
\ f

4 n

rnajorant'

z4

Lglnt  L ctu (measr")  
-

J

3./^
(measI" )  '

that any term in (20) is ma3orLzed

18) r '< cMi-

2 l )

Hence

M -
I

d term in (15) we get the same
For the secon

For the third therm tn (15) we get

za, u'. iu

uslng (1I) it ' follows

br  Tmeas l " .

, x

f

l ft i
J-4

0
t

i=l
e
t' j =o

I
(1-r  i  , ,  t t t )  ro ( t"  rY ( t 's)  )  -

i = l

t z ) %  .) U  a ' l J

s) ) 
-fj (t,Y (ts) iJ u'l ': ' 4

p i  ( t )  f  |  
( t "  'Y  (1 "

r f i N ,

/ "  J  f i t t " , v t t
t!

I

l)l (- (L+zrLmeasI"

and f inal lY using in  ( I5)  we get
I(  1 8 ) ( 1 9 )  a n d  ( 2 1 )



22) ln lJ tt",P (r'y(r) t -?rrc,y (t) lJat/'J',?l zcruruffr""{+ (!+zt7)neasr"
L 1 1

Regarding

( 1 2 )  -  (  1 5 )

has to be

r6,) r ' (Nj ry""=t", ,u;: tr(r+ lv tr t l1t \r /d /r f  ," lv(t l -v(t")  Iatr /zarlr /z
S

T n s t e a d  o f  1 f 7 ) . w e  u s e

L7' l  n  lv { t )  
-v  (s  l l  A{c t1 t - "  I  

2

for  an arbi t rary solut ion in (3),  where

depend on the part icular solut ion y( ' )

s ince  c r=Esup 1r+  |  y  ( t )  1P '1  
a

. i-LLt
and l I7 '  )  we gTet

1 / )  r  t 3 / Z- '  
? e ' N u  ( n i e a s - r .

J

w h e r e  C t = C , ' C.  r  2 '

S imi lar lY

" .  
/ )

I I < C N a  ( m e a s r o ) J t  
-

J

4 
,? IMS+ 1t+z)

t h e  f u n c t i o n  L ( t r x r u )

whi"ch we shall  denote

replaced by

)7  measf
L D

we have similar

b y  G 2 ' )  - ( 1 5 ' )  -

inequal i t ies to

The inequat ion (16)

the  cons tan t  C ,  doesn ' t

i n  ( 3 )  a n d  t r s .

( s e e  ( 4 ) ' i n l t ] )  f r o m  ( r 6 " )

t : ' ) I ,  Z  C , N T

. ( 1 5 ' )

r 9 ' )

wi i t t ing (20 ' )  for  the th i rd  term

b y  L ) ,  a n d  u s i n g '  ( I 1 ' )  i t '  f o l l o w s

r i z e d  b y  
f m g a s l " .  

H e n c e  I I I '  i n  .

2r ' \  r r r '  <1!+DT measr.

a n d  u s i . n g  ( I B ' ) ,  ( 1 9 ' )  a n d  ( 2 I t )

I r-rs I dr)

i n  ( r 5 ' ) . ,  ( w h e r e

that anY. .term in

( 1 5 ' )  f u l f i l s
' \  r -

.  t . .

i n  ( I 5 '  )  w e  g e t

(
t

r s

we get the same majorant for the second term in

+ i s
( 2 0 f )

rep laced

is  ma jo -

meas I "  (



- ( o  -

22,) I "U| t r ,P( t iy( t ) ls \y ,*wJd, ' |2 | t /2{rzc,r t , ,6G"} ; t9+zl7)neasI"<
I

S

1(2c'NF * (/*z) ) ;rneasr,

F.or the estimation of IIr in f-2) or I2') foll-ows noticing that

any interval La',a'lJ can be covered by a finite number of intervals

I. .and two other possibly subsets of some Is ' 
'

-s
'  

Hence, the integral in II I  is estimated by a f inite s'um

.of  in tegra ls  of  the type in  ( r5)  ( ( I5 ' ) )  and another  two in tegra ls

of the form

f  - r , t  ^ : f .  . . . . 1  1 * 1 2 1 I / 2  (2 3 1  ] n  I  I  t t t ' P ( t , y ( t )  ) - i " ( t , y ( t ) ) - . , / d - r  j
I  

-  
t t * ' '  r

t

1f a1t,t
t/

* 1 2 / L
I J

M ( E s u p  ( r +  f " f t ) l 2 l ' l  
1

t " t l

ir,p (r,y trl I ifrc,y (r) ) d

t y!+rt

t"E 12
231 '

v {*r ("i l lr,r* lv tu lpl 2 )'/2 n?*r j lEln+r)

F av-

where  L t , tJ  g  Is  .

rn conclusion, rr r  in '22 and (22')  is  est imated by t ,1 .u
u

- r n ' - ?
,_- i [zcMF+1{+z)  )  ( t l - to)+4M( |  x r+r )JZ and corresponding lv  bv

' )  n .-1 4
! Q C ' N ; + ( l + Z ) )  ( t ' - t ^ ) + 4 N o (  J x - . - + r ) l ? =  C ' r y  .  S i n c e  r  a n d  r r  i n  ( 2 2 )
t j - -  

- S  " ' - r  - o '  - - f  ' t  z P  ' J L  L

(  (22r )  )  i re ma j  or i  zed b1z 1/+r ) T  
(see (13)  and (14)  )  de f in -

/TF" and cr=m+x({,5i) thei 'n {=il z (I+r yqq , di=" ' *21!+t)

proof is complete

' 1 r - K r

d x = f 7 ( t r x ) d t +  s g i ( t i X , u E ' 9 1 t ) ) d B i ( t )  ,  .
i = 1

.x{to) =xo € Rn

24)



which is s imi lar

corresponding to

Let the hypotheses (a) and (b) , - .C;e fu l f  i led for  h=f .  Let

t o ( . ) , , . . , a y f @ l V e  f j - x e d  a n d  d e f i n e  x - -  ) - . ,  t h e  I t o  s o l u t i o n  j . n  ( 3 )

correspondins.  to r  e[g, t \ ,  p,e e ?z . " . :  ] ' l "u rT be n; ; ""  ; " - ; ; "
(.

corresponding to r  c- .  (O ,ro J and Z=t2 where ro* i '  p i  (  t )  < I  .
. l _ = 1 . .

pef ine x7.  the f to  so lut ion in  (24)  corresponding to  that
-
t l n

f  g i v e n  i n  L e m m a  1 , .  a n d  g € ' 4  d e f i n i n g  * r r p r q .  :

- 4 1  -

except f t . f i t ,x)  is  replaced by fF(t ,x)

to p ,q,e C0 (bounded subset ot  ?4 |  .

t o  ( ? )

a f ixed part iLion -iT

Lemma 2

Then

1im sup
r-tO t(tf

f f  in addi t ion,  th

then t im sup L[n Ir ( 'rdO t ( t l

un i formly wi th  res

Proof'

By hypothesis ,  the condi t ions in  Lemma I  are fu l f i led

ei ther  for  h=f  ,  or  h=L.  Then for  any l2e (o ' ,  lo l  and ?=t2 there

exis ts  a  par t i t ion [o f  lao, r rJ  dependinE on /Land pe-&e Q such

that the second statement fol lows and

. :

po thes i s  (b )  and  ( c )  a r :  f u l f i l ed  fo r  h=L ,

Lr 'P  ( t , x r rp rg  ( t )  )  - tT ( r - , * r ,p ,g  ( t )  ) ] a t / ' l t r ' =o

e h y
t
r f
, l

t. o

pect

2s) 
, *X 

, 
lJ,t[flp(",*r,p,s(s) )-rIs,*r,p,q t=nJl*;l?c,/>-4 ,

t4tr , 
ao

By def in i t ion of  x ,  
rp ,g,  

and x, -  we have
- &

2 i l  r l x  ( t  t ?  7 --v,  - t ' i ,p ,e.- ) -Vt) l  2 3P+38 I  I  t f  
" (s,xr ,o,n(s))- f

k t
+39; 

i "/nt 
(='*r,n,q (s) ' t"'Q (s) ) -vi b ,xr[s') ,

A€8, lLol

(s,x t " l  /  a" /
f l ,. r l

,rt'9(") )) 
2a"

2+



The'

27',)

Fgcon$ term in the r ight  hand s ide in  Q6)  is  major ized by

:rr43(Mf) 2 (tt-to) i  "  /*r ,p,q (")  -*z-(")  I  2a=

to
. ,  

, ,  t  t 2 - .
ie  t ro r rnded bv  t t - t t t - \ z  r  o  l x - -  -  * (s ) -x* (s ) /  

-ds

a n d  t h e . l a s t  t e r m  i n  Q ' 6 )  i s  b o u n d e d  b y  3 r < ( M f  )  J  
E  l - - r , P ' ' . '  T

to

In  co

2 8 )

Using (25)

The pr:oof

f r o m  Q . 6 )

( t )  - x
, P r 9 '  T

and  Gronwa l l t s

is  comPlete-

we get

, '
ft) I 

'4 3 .P+3 (Mt)
t

-ro) *kJ J f (=) a"
to

nc lus ion

r t  A  . ,
z  ( t )  = E  l x "- l J -

2 1 , -
L t  "1

, :

l-emrrra we obtain the f irst statement '
' j

' j

a convex one we'need the

fol lowing

mr*mr=m, such

9 i  o n 1 Y .

def ined

se t  o r

( . ) )  b e  t h e

One def ines

opt imal Pair

two subsets
9

and f  on lY,  d i :d  u,  is  enter inq '

in the Problem

of  our  admiss ib le

.  ' U l  i s  t h e  s e t  c o n s i s t i n g  o f

IJZ is  the set  consis t ing of

t i o n s  u ( . ) = ( u o r ( . ) ,  u r ( . ) )  s u c h  t h a t

f o r  Y e  ( 0 , 1 ) . s u f f i c i e n t l y  s m a l l  ( * O t

Remark {

'  In  the case U=UrxU,  I

set  then QJt  consis ts  of  a l l

a l l  u ( . ) e Q , ( t ,  u ( . ) =  ! " ,  
( ' ) , u o r ( ' ) )

al l  bounaba'measurable func-

u, ( t ,  .  )  is Fa-measurable 
1U,.1

( . ) ,  ( 4  - / L ) * o 2 ( . ) + r u 2  ( . ) ) c 6 / d .

mr  mo
urer  

r ,  IJ .QF.  
z  and u,  a  convex

bounded measurable funct ions

r a f r
r i ,  l jo,  

t r j  x i . {* t  U, and u,  ( t ,  '  )  is  Fa-measurable '  i= \  '2 '  The in i t ia l

3.  Opt imal i ty  Pr inc ip le

U is  not  suPPosedSince the set

assumPtion

d)  The cont ro l  u  sp l i t s  in to  u=(ur 'u r )  '  ' u reRml  '  u reRm2 '

that  u ,  j -s  enter ing in  L

L e t  ( x o  ( . - )  ,  .  u

b y  (  1 )  a n d  ( 2 )

cont ro ls :



€  a u

to the se:'s Qf, unat,$ but in the case that the conciitions in remark 1

hOld then from integral

to  u r€U,  and ur€U,

Def ine

H (trxirt,y,M) = (tf , f, (t,x,u)

where  r l ,  M.6Rn;
l r

'  t :

- ( d )  b e  f u l f i l e d .  L e t  u o ( . ) =
' I

contro l .  Then there ex is ts .  r ro / r -  ' " \

*  
' i \ t t * r ' ' '

L 1  ^  )
( - E l M : ( t , a ; )  - d , t < e ,  

a n d  V - e n n  u n i q u e
i  i  l - '  t o

i o

"t5 
-]+,t,xo (r) ,.oft)1f tno (t) ) dr+;rq (t) dBi (r)

admissible set  of  controls (U*i I I  be { /=(r"( / ,

k
*L (r,x,u) * i.( lt,.n . 

(t,x,u))
. I=I

Let the hypotheses (a)

=  (uo t  ( .  )  ,uo ,  ( .  )  be  the  op t ima l

measurable,  nonant ic ipat ive,

sueh that  the l to  so lut ion 'o f  the adjo in t  equat ior i

r t . , .  .  ) c  : .
verif  ies Y( t. ,  ) a-.- 

(*o ( t t  ) ) and the optimality condit ions
'  I  L  ' , ( ) X  Q r  r

,Mo (t) ) , uz-uoz(t) >> o

The opt imal i ty pr inciple has an integral  form with respect

form is gett ing a pointwise one wj-th respect

Theorem

i ) , Yfto)=Yo

. +
t 1

i i )  E 
i tnt ! , "o(r) ,  

(ur( t ) ,uor(r) ) ,  \ t ' ,&) ,  Mo(t) )at(e !  u{ t , . *o( t ) ,uo(t ) ,?( t ) , tuto( t )dt

" o b

fo r  a l l  r r  ( .  l€Q,h  ,

t r A

i i i )  E I  d*  ( t ,xo ( r )  ,uo ( t )  ,y ( t )  , l to  ( t )  )  ,  . "2  ( t )  -uo2 ( t ) )  d t )0
L ' 0 " 2  

v  v
o

nl
fo r  a l l  *Z  ( .  )  eW2

In  addi t ion,  i f  the condi t ions in  the remarkLhold then.

{Y)' ur€ U,

(Y) u2€ u z
-) rr

i i i '  )  1X+ (trxo ( t) ,  uo ( t) , t f  ( t)
0 " 2

r - 1  n
a . e .  i n  ( t , D 1 A L " o , t / x ) /  w i t h

. :

respect  a :  the measure dtxdP.



i.,*

t ion in

( s e e  ( 4 )

3 0  ) .

has

3 r )

where l im
f 4 0

Proof

L e t  u  ( . ) € A r , P r ( t ) =  1 ,  P 3  ( t ) = 0  ,  i * L '  D e f i n e  x r ( ' )  t n e  s o l u -

( 3 )  c o r r e s p o n d i n g  t o  u  ( - ) € t l L  ,  { t ' ) = ( 1 , 0 , " ' , 0 ) :  r t  f o l l o w s

'
)

*r (1,=*o(g)+r i1g1+&(e ,L) ,  
# t  i  i i t r l "  le{ r ,  o)r ,J t /2=o

where  x ( . )  i s  t he  co r respond ing  I t o  so lu t i on .  i n  (5 ) .

By hypothesis  the"condi t ions in  Lemma I  dnd 2 ate fu l
' ' ) -

'  Usi-ng Lemma 1 for 
? 

=t '  *" get a part i t ion / i  and t 
;( 

.

jsuch. that 
,

{  t -  
' t - )

29) ) u 1 f" ftr-rlL (t,x, (t) ,uo (t) ) +rL (t,x, (t) ,u (t) ) -L (t,xr (t) ,uo(t)[ utl':'
(  I '  Lt  , t o

f i l e d .

/1 /'1  e 4u

' i

/ 2 .  2'  { _ r

Using Isrma 2 it

d x = f  ( t r x r u r - ( t )

x  (o )  =xo

the structure

follous tlrat ttre lto solution x-(.)

k {
)  d t +  . Z  _ g  i (  t ,  x ,  u o  (  t )  )  d B i  ( t )

i = I

32) Jkr,r4)=J (xo, (uo

#.) 
="o ( g') +rf( r) + t (r, r) ,

f-  ='n J " /p, (h.,01 2lr/2-o
)  t l t r '  .

The functional is getting the form

1^ lt
+rulfi(*o(tl)), *-ttr)) +a JL<

o

+  { t r l
& k f

w h e r e  l i m .  
'  = 0 ,  L

h--+- 0 lL

L o ( t ) = L ( t r x ( t )  , u o ( t )
,.) /

When we choose u(.)  € 0q, the solut ion *r>(.)  def . ined in ( .4)

c o r r e s p o n d i n g  t o  p i ( t ) ; 0 ,  i = I , . . . , 1 ,  g 1  ( t ) = r ,  g i ( t ) ; 0 ,  ) t L  '



'_!"

- 1 5 -

t f  ( . )=u( . ) ,  i s  an  ad .miss ib le  one and has  the  s t ruc tu re

x- -  ( t )  =x^  ( t )  + r i  ( t )  +  e ( r ,  t )
i l  o '

,  F  r  , 1  -  E J  - -  -  I

wnere  x  ( .  )  ve r j - f  i es  (5 )  w i th  p rQ  as  de f i ned .

This t ime the functional is gett ing the fol lowing form

\n
=1](xo,uo)+rr(ff(xo(tt) ) ,x(q))+E I (L*(t) ,I(t))dt+ *z(4

qe

w h e r e  1 i m  ]  F r k ) = g .
r->o f '

As ttre primal form of the first order neeessary eonditions we get

^h rf,^
u l nq f xo ( t l )  ) , i ( r t ) >  +v ,  I  [ 4 , * ( r ) , x ( t ) )+  L  ( t ) - r , o ( t ) Jd r )0

co

i r o t  
a l l -  F ( . )  v e r i f y : r n  ( 5 )  w i t h  p 1 = 1 r  u l ( . ) =  t 4 \ . \ ,  p i = O ,  j * 1 ,  r - - = Q ,

h  1 ; . . .  , t  r c 1 L ( . r e Q $ , a n d

f o r  a l l  f  ( .  )  v e r i f y i n g  ( 5 )  w i t h  p 1 = 0 ,  i = I 1 . . . 1 r  g 1 = I 1  1 \ ( . r = 7 L ( . ) . ,

q j = o  , . ) * r  L f  u ( . \  € 4 $ 2 .

From no\ , ,  on the dond. i t ion (34)  or  (34t )  is  t ransforrned in to adjo in t

n , 1

LI l .  The proof is eomolete.

33) J(xr ,ur)

F,glrAFK 2

t ro is  ? l ' .

34 '  )  E(Xko( r l )  ) , r ' ( t r ) )+ ,  [ ; r * ( r ) , r - ( r )>dr>o

Consider that  a determinist ie eontrol 'pVster l  f l f  ( t ,  *ru) r  t*  po,  t r i
k ( l E

l s  pe r tu rbe r l  by  a  no i se  r l ese r ibed  by  -Z  g f  ( t r x r v )dR i ( t )  an< l  we  a re '
' ' '  '  L = 4  

4

t rytng to mlnimize the iargest ef fect  produce<l by the noise using con-



The Problem ean be stated as

. : .  t ,

1 )  min  max.  r l c txu ' t { t r } )+  lo^" t t ' *o ' t ( t ) ' '  u ( t } la t /
n l  t c ) P

ue0L{2 '  '  v

'  under the constraints

k  r '  - 1

2'l <lx=f (tr xr u) dt * .zsi (tr x 7 v) <1R1 (t) I g altor trl 
.

L--,1

x ( to)  =xo

1 1  |  7 A  E  - a . '

where tne sets iLC and 2-.consist  of  a l l  nonant ic ipat ive

'  '  o"u(ugRm')  r  v :  f to, t i l "3-v/r lennz)u  : [ t o r t i l . ] ( -  
r __  t  e  i t o r t l l  ,  ge4e ra ted  by

wlth respect to 6-- algebras i l t t '  '  L

the k-d imenslonal -  s tanc lard Brownian mot ion (Rn ( '  X ' '  - ' '  tBk ( '  )  )

Le t  (  a  ( .  ) ,  Vo ( ' ) ) '  be  the  op t ima l  pa i r  f o r  t he  p rob le rn  (1 )  and

. o

P). Then, under the hypothesls (a)-(c)  in theorem ant l  V a eon-

v € x  s e t . , ' + - ' 1 - ' * : - - :  
: ' -  '  -  - -  

- - - ' '  
. - ' t t l - - ' t ] : - " = - ; l l l ' :  

w e  g e t

. t h e o p t i m a l i t y c o n d i t i o n . i n p o i n t w i . s e f o r m q i r r e n l . n t h e o r e m

except  the s ign nTgn i l l  ( l i i r1  whieh wi l l  be renlaced by " {0 
{

for  a l i  vev" .
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