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I}WARIANTS OT' IOCAI, RINGS

FINIIE GROUPS GEi{ERATED

UNOER TIIE ACTION OF

BY PSEUDO-REFIECTTONS

by

J:uchezar l. Avramov

. i .. fntrod.uction

A basic result j.n the invariant theory of f inite groups

act ing on local  r ings is Serrers general iz.at ion of  Cheval leyts
j

classical. theorem. Assuming that R is a regular locaf ring ,. i
.  i .

and G . is. a finite Sroup of automorph.isms of R , which ind-uce

the id-entity map on the resid-ue field., and- whose ord.er ,Cl is in-

vertible in R , Serrets theorem [t"] states that the follor^ring

are equivalent:  (a)  G is generated- by pseud.o-ref lect ions;

(o )  R is  RG- f ree  ;  (c )  RG is  regu la r  (c f .  a lso  Lnz ,  Exer -

cise ?J ). Several' authors have subsequentl-y investigated- the

d-escent of various properti-es from R 
' 
. to RG , asuming condition

(a)  :  c f  "  
( t . i i i )  be l -ow"  Our  purpose in  th is  no te  i s . to  show,

that und-er reasonable gener ic restr ict ions on the act ion of  G t
. ( \

the extension R" € R

f ib re .

is free vrj-th remarkably well-behaved

Before going further we f ix some notat ion:  (nrmrk) wiLl

always d.enote a commutative noetherj-an unitary local ring, and

G will be a finite group of autonorphisms of R . For an id-eal

s c R ,  c T ( g )  =  {  e  e  G i  V  x € R  :  s ( x )  -  x  e  a  }  i s  t h e  i n e r -
, - m

t ia subgroup of a ; &Te set !{ = Ct(*) , which is the invariant

subgroup of G , equal to Ker( G --+ Aut(lc)). The irrvar' iant sub-

r i n g  * * = {  x € R l V g € G : g ( x )  = x J ' i s ' a l o c a l  r i n g  f r , l 7 ,



with naximal id-eal *G I when lHf g RY (= the group of units of

r :  -  * G ,  G  
n l t t

R )  ,  RG is  noether ia r i  ,  and .  R" /m"  =  k " /n . .  (c f  .  ( r )  an6 (6 ) ) .

An elenent h of H is called a pseud-o-refl-ectionr. if

r a n k ( g ( h )  -  i d .  )  = 1 ,  w h e r e  € :  H  - + e L X ( g / g z )  d e n o t e s  t h e

.canonical bomomorphism. ue denote by R*G the skew Sroup ring,

i.e. the free R-module with basis g € G and. (non-commutative

when G / 1 ) mutr-tiplication given by (*f Bf ) (xre2) = x181 (*e). '

urite RG[G] for the group ring of G over RG '

- lrre say that generically the actj-on of G is without as@r

if e\i.ery associatgd- prime of R has a trivial inertia subgrouo.

C1earLy, it suffiees to impose the restrictj-on on the naximal

elements of  Ass R ,  and the cond. i t ion j -s t r iv iar ly sat isf ied-

w h e n  R  i s a d o m a i n .

' ( '1)  TheoreE. SuPPose that

acfs on R without inertia.

I ul g Rx and. that" gqnerigally

ff H is generate4 !X.:geud"o-

( i ) R has a normal basis wi th resPect to , ' i . e .
D t\t

RG[G] as **[n] "eegg]ge ; in particuf ar:
. r

( i )  ' '  R is a free Ru-mod.ule of legk lcf ;

of uirityr. and. let h1

c o n t a i n e d i r . r  H . f n

e l e n e n t s  x 1 r . . .  ) x O .

1.*  "  thp be 
. the 

d. is t inc t  pseud-o-ref lect ions,

this case ft i ,  Lemma 6l shovrs there exj-st.
- ) m

i n  m : m z ,  s u c h . t h a t  h . €  G ' ( x i )  r  1 - ( i - < f  .

re R/*('T !s- a (?rtinian)- co-mplete inteTgections
se ass'ociaied- arad-ed- ri

s a Prim'i t ive -tir root

(i i i) The Dedekind-, R -bvs:r

RG are definejl, coincide, and when. R ,cgntqi'ns a primitive

lbgy are equaf -to thg -principal- id-eal

Senerated. by * = T1=, *i ; if fCfe nx the c-iscrj-minant of
(!

s the principal id-g-q!-gl R" 1, generated oL I l,- G
over R" ls the F@ 6  \ ^ / .

lnl-t i t  "oot 
or 

"oi

s € G



lJe refer to the book of scheja and" storch t *,,1 for the
notions of ramif icat ion theory used- in this paper.
: .  Recal - l  that  the .complete in tersect ion d-efect r  or  d .ev ia t ion,

of R is d-ef ined to be the integerr aqn; = 
, /  (g) (d. im t,

d-iro R) ) where fr is a regurar local ring, given by the cohen

. Structure Theorem, such that ? = 1"/u , and" 
/ d.enotes the m1ni_

. mal. number of generators; this is an invariant of R , and. d(R)
\
z o ;  with equal i ty hord-ing precisery for the complete inter_.

sect i -ons.  l lhen R

nit ion the integer
I D , l a f - i .

u E ; I  - L -

with

this is t rue for

is Cohen-l4acaulayr. the type of

t (R) = dimo i" t$i*  *(r . ,o) 
;  t (R) >, 1

'hrr
v J

t

equal i ty hold- ing .precisely for  the Gorenstein r inss. ,

(2 )  Coro t ta ry .  ( i )  d (RG)  =  d(R)  ;  in  nar t i cu t -a r :
- n

I i \ t  D L t  i ^  r  ,\ - L . /  
'  r t  r s  a  comp l_e te  i n i e r sec t - i  nn  i  f  qn . t  n -n . . I  _ ,  . . . 4

. | : ' n r r a  f n r  P

/ . :  - '  \  n(r
\ r r , /  t t  is  Cohen- l , lac,sul  : r r r  i  f  cnr t  nn. t  r r  i  f

J1 
+r  q rau  \JL) -JJ  IJ

R  .  i n  + h i o  ^ e e c :  + / p U \  -rL  i  u r  TTI I I ;  Cs .ss  r ,  \ j r .  J  
-  t  (R  )  ,  in  pa f t iCUla f  :

/ i i \ l  p u  - i ^  
G o r " e n s f o i n  i f  e n d ,  n n ]  , r r  i f  D\ * 4  /  a r  J D

( i i i )  i f  R is a .normal d_onain. ,  then_ (so is
n

C l ( R " ) r  >  C t ( R )  ; . i r  p a r t i c u t a r :

i s  Gorens te in

^ G  !  \ .n a n c )

( i i - i ) t  i f  R  i s  T n r n  J - h e n  R G  i c  T T n n

(iv) . u"ur"IT-modure (\
I\/T n{v
!l t t ' t

a f in i te ly-generated-
f1

n\rtt :g9ggl! r 3nd for ql-l i ). O , there is
an i -necual i tv:-  - * -  . :

P - G ^
d.imn Tor, ( i . i ,k) >/ dino, TorT (ttc,p r ; k | =

The references are fo,  G.o1f  for  ( i )  ,  [ "n,  (
/ . . \  f -  . . ' 1( i i ) ,  L r ,  (6 . t t ) )  f .o r  ( i i i ) ,  [ *e  ,  (1  . t i l ,$ )and. (6h

( ] )  i?emarks.  ( i )  t ' inen G acts wi th g"r ."" i "  i *"

conclusions of the Theorem a-re not necessarily jt-rr"=

false.  Fcr instance, let  A be any l -ocal  r i -ng,  R =
Irr

f f  ,  Yt) ,  d be the ref lect ion for which el^ =. id.
I1L

fo r

7 i  I a

he

f

/ : r d
\ ^ t

\ r

- G ,  GN / m

1.2+)J
e low fo

h+ i  ^  + -
r  U I d .  1  L r

true o

tfx.,rJ/

'  d( r )



.. 
4.

( A \
/ 2 \ n l-vl / (Y2\ and R is not R\" /-free

E CYi  = -Y -  Then R\  - '  =  LLKJ/  (x- i  ?
'(al though the f ibre is a complete intersect ion) '  on the other

;;.; ' ' lro R = rfx ,v)/(x2,T1). and the 
;u*u 

action or 6 as

- ( d \  ^ r - i l  r r u 7 t

abover R is f ree over
n

n that the Ru-freeness of  
"  

R d'oes not
(i i) It is t^rell- lcnow

!  ' t ' r  ;  ^  -^na 'nata. i  >f  l -ect iOnS t  even

i n g e n e r a l i m p l y t h a t i { i s g e n e r a t e d . b y p s e u d . o - r e

w h e n G = . H . . A p a r t i c u l a r l y s u g g e s t i v e e x a m p l e i s g i v e n i n

[*, Benrerkung 2)- , vrhere R = k l iu2rw ,vz.n is a cornplete inter-

;u"rr-on normal d-omainrt(U) = 
?u '  ?"(V) = V ' '  with f 

a primi-

w  n  z \  m i - ^ -  A  i a  n n ' l -  t  n q e l l -

t i v e s i x t h r o o t o f u n i t y ( c h a r ( k ) / 2 , . 1 ) - . T ] n e n T ' i s l o t , a p s e u
_*-  , . , , *  R R(c)  = o [u6 ,v2] .

d.o-ref lect ion,  but R is f ree over

(i i i) Assume G = iI is generated- by pseuddGeflection3.' ItJhen

a inr 'Goto  LGz,  Renar les  foL lo rv ing  (1 '2 ) ]  s ta tes  tha t

r  _ r - - ^ - - ^ 6  ^ ^ f  a  n a . l - a  n  Y 1  n T  T ) s e L t t l u -

R is R.'-free (vrith a slightly stronger d-efinit ion of 'oseud-o-

reflections, coincid.ing with ours when R contain3 a primrirt ive

l ' * ' - t h r o o t o f . u n i t y ) . F o r a r r a l y t j . c n o r m a l d . o n a i n s . ' t h e s a m e

statement has been proved. j-n storch'!s Habilitffi:H:;3:ifll"i.f

the reference in [*r. Bemerkung 2l ). ilocnsteb'*aiia-!ilFn7h=""u 
'

n
proved the q--freeness of a ' when a '" 

.;-tl;;:* 
-:l::o""

and G j-s a finite group of d.egree preservingrautomorpnl-sms t

generated. by elernents lying in the inertia subgroups of regular

t  to note ' that  a l l  these

.resul ts are contained'  in statement ( i ) i  of  [heorera (r) '

cc1lma G = H'  by pseud-o-ref ' lect ions'  Wata-
( i v )  .Assume G -  H ' i s  genera ted-

-^1^^ l-r^r "l ' thout generic assumpti-ons on the action
. nabe Lt^l2J has shownt wrtnour gerrelru 

c
- -  ! ! ^  ' :  *  * - ^ * ^ r { - r  )m  R  to  R"  '

of G , that the Goren3tei-n property descend"s frc

This has been pa:: t ia11y general  ized- by Goto [G1],  who p:roved'

that vrhen R is the quotient of an equicharacteristic local

. regula.r ring modulo G-invariant id'eal' the t:"n*tl::""

r L  -  . r \  ^ n , r  ( f a r  R  C o h e n - l J i a ,  
-  \  ' z - \ r ) < t ( R )  h o l d -

d.(RG) (  a(n),  and ( for  R Cohen-lJ iacauray'  t  E\x

. :
In  v iew o f  

' these 
resu l ts  and-  o f  (2 '1 - ) , ' (2 ' i i )  above '  i t  i s  rea-

' j



l c

sonable to ask the

Question. Assume l i i l€ Rx and. H is generated. by pseud.o-
: -  i

reflections. Is. it true that d(Ro) < d(R), and.. when R is Cohen-
rt

Macaulayo that t (n*)  -< t (n)  ?

Of  course  i t  i s  su f f i c ien t  to  hand le  the .  case G= H (c f .  (4 ) ) .

(v)  statement ( j - i i )  '  of  corol lary (2) shows that in s inghts
' F - t

Theorem t [SiJ the assumptions that R contains a primitive

I  I  
m b e d e l e t e d - .lHf  - t i t  root .of  unj- ty and- that  G = H ci

2. Freliminari.es,

Most of  the resul ts of  th is sect ion require o;"  part  of  the

hypotheses. of (1) . i(eeping the notation introd-uced. in ihe prev'i-ous

section, r,;re shall introd.uce the appropriate assumptions in eaih

c a s e .

(4) RH 5 a Galois extension of

Tr G.  1 -G r - .  , - - r
ioe. R"3R" LG/HI as ir"  LGIHJ -.modulgs ?

H
IT

11

Ro wi th  Ga lo is  g roup.G/H,
tril

mt' = moR'* and the f ielc

extension
11 (1 Tr IT

nG,/*o c+gn7*n is 9alois rvith Galois sro-gL G/Tr .

For a proof cf . [ss,r , $6 eo, 217 r or [B1l together rvith

- - l

LCMJ .
r r ) a

(5 )  Assume lH l€  R" .  Then :
/:

( i )  Ro is j r  (noether ian) 1oca1 ! ing.

(i i) An R-module Ivi is f igitely-generated- over R (if . and-)
.---*---'-

only if i t is f initely-Senerateg-over' Ru o

. Proof. (i) tfre noetheri-an property d'eseend-s from R to

because of  the existence of  a Reynolds operator l i f l -1tul
ir r:

(cf'. (6) below), 
'and 

from Rti to Rt' by faithful- f latness (4) -

( i i )  I t  is  suf f ic ient  to prove the f in i te generat ion of

. p over' RG , which follows fron the finite generation of RH

Dc /r)  and. that  of  R over 
"H fon, (V.D) .  ITote that  ( i )

g J t l  I r  \ . r l t

is  a consequence of  ( i i )  by the Eakin-Nagata Theorem'



(6) -ry tc = t*ec I  € R*G d"enote the trace eklnent'

:,She follor,ving conqitignt 3re equivalent:

( ' )  ln le  n*  ;
(b) ( )G is an exact-functor froro the categor

' 1  !  - 3  T I G  - ^ A " r ' l a q  e n r l

R*G-nod-ules to !!q!-!r- " 
-mo(rul.eb t. .',.u

vrith( " )  t h e r e  e x i s t s  a n  e  r € R

of  le f t

. F M
U h r r  t  "

t ^ r = 1 .
\t

r,et r d-enote the irnage of r in k. , let g d-enote the
. , :

image of  s e G in G/H ,  and let  8 '1 ' t "  
"8n 

be a compJete

s e t o f r e p r e s e n t a t i v e s . i n . G f o r t h e e l e r r e n t s o f G / H . ,
c c

Assune (c) ,  Then in R*/*"  one has:

. t  + - z  
\ - n  ' f  - h ( ; )  )  

r Y  = / ; \
|  =  ' c -  =  L i = l e { z n € H  o ( r ' l  /  =  F l u E e c / r  8 ( r i  '

IrJhen these cond-i-t ions are satlsfied-t

generated- R

kcjof  .  The equivalence of  (b)  and. (c)

hence ls le (nG)xc n" ,  which

ConverselY ' t  supl lose (a)

extension of  RG (4)  ,  there

( )o c arriS-q-{.init€.ly-______-__:-

R" -mod-ules .-----

j-s proved- in f*e , (2.2f,.

i -s (a) .  
'_,

is sat isf ied-.  Since Rrt  is  a Galois
' T l

exj-sts by [ to, (1-q)] an r '  € Rn

= 1 .  But  s ince ' r  t  =  lH l  
- t  

tH= '  ,
such thatr

one has:

; l - l  \

E € G/H . - t -  
/

hence (c ) hold-s

The last  assert ion fo l lows from ( ' )  '

Q) !gp!g,se- G acts 
'SengTical-1"r 

r'rittr'qul' inertia on R '

Set l iT^ (x) = 1T *z e 8(x) '  !u! U j lenote the set of non-zero
5: - : -  - 'G  '  b  s -o ,  -  - -  - . :  r  ^ -  +1^a  m' l  { - i  n l  i  ae t ive lv  c losed ,q9X-E-

( i ;  v-1n = u-1R -4 (u-ln)H = Y-1 lHH) ;

wlln = u-1n and. (u-1n)G, i= w-1 (nG) ;

'  qff) U-1n has a no-Imal basis with respect t9 H and' a-

assump?ion on the action

r  =  L  EaG/ r IE ( lH l - t t " " ' ;  
=  t e ( t i { l - 1 " ' )

no.:rryl basis ]rilh respect to. G

Proof. ( i )  holds even without the
. - .^ 104J .

o f  G  :  Q f  : ,  € . $ o  L " " f  r  P "



t  
7 .

'  S ince  fo r  eve ry  p r ine  p  o f  R  ,  cT (p )  cT ( r )  H . ,  H
acts on R without g"nu"il inertia and. iT i" sufficient to pro-

vq ( i i ) for  H.  .Let  -D<, t . . . 'po be the maximal  e lbments of  Ass R .
: . . - '  __ -1

since v d-oes not intersect the !i 
t 
" I we f.ave for _ai 

= \I Ji
- 4  r n .  -  r T r ,  .  f -  , r - - - - - - - '  - 1  ^ - t= u  j r  :  HT(g i )  =  HT( l i )  =  1 ,  by  f ta ,  Lemma 77and '  our .assump-

t ion.  The q.  ,s being the maximal id-eals of  the semi- local  r ing

4 
o*tension ( .n-1ptH r  t t -1R is Galois accord- ing toU- 'R ,  the extenslon (u H.)  c-  u

^ T r 4 T f

[Cm,  (1 .1 . i l f  .  Us ing  the  id .en t i f i ca t i on  V - 'R" .=  (U- 'R ) "  g i ven

by ( i)  ,  we.see that V-1Rli  is semi-1oca1, :having a seroi local

'  - - -1-  lence ofintegral  extension U- 'R .  l low ( i f  )  is  a conseql

I -  - . - -  u , .  ^  . J
LCf f i :  (4 .2 .c ) )  .  .

T,et a denote the . associated graded ring grmR =

i i .r-4' / ; \ '  
m*  , /m*  

'  '
- i 2 2 0  i 3  / i :

over k . Then

serving aotibns of H on' a and on

phisms. By d.efinit i-on, the following

homomorphisms of graded k-algebras

sHc- > s

pH 1..  I '
Q H .  t Q

when ln le  nx ,both ver t ica l  maps

follows from the comPutation :

/.,

, and. let S be the symmetric algebra of ^/Y'

t z H --->ctk(m/g?) ind-uces n'atural d-egree-Pre-

S by k-algebYa automor-

d-iagram of 
'H-equivariant

is commrtat ive:

sur jec t i ve : for this

(6 ) and./ or lr, r, (3 .+)7).I T  f  , ,  / =
tHQ = Q* (cf - 

!a) 
and"/or L\lzr\5

.  f  i n - l l ]
The f i - l t ra t ion t  m- l  l i t  J r>rO

*H -ad.ic topology on RH , and'

(cf .  f te,  Exercise Z(c) l  r  or

( r ) l ) -  r nPa r t i cu l . a r ,  . :

aT = minnH /*t*tn *" = gin*lt

= (gin nu)n * *i*'1 / t*1 
':

are sur iect l -ve:  ror  P . r r l r

p i i (s t )  =  n ' ( tns ;  =  tn (n(s ) )  =

i nd r r r ' . pq  r *hen  lH lg  nx  ,  t he

- H  ^  _ i  I I  4 t 4  , H, . . r r  _  rn - r f lR"  /  q- - ' 'nR\ t  =  t i > r g  3

[Wr r .  Froof of  [heorem 4t (2) and'

', 
*i+1 , ^i+1'r lll / rtL

i ts maxinal id-eal ;:  - r  1 1 -
R = R/m"R r and d-enore DY m

a

.  Set

o f  qourse ; ( e . g . hrrv.JR / m  = (6 ) )



there

(e) Assr{me Infenx . In the nota'qien int?o-quc€4-above t

exist natural H:equivariarrt. surjeit ive h.omomorphisurs o{

sraded- k-algebras:

' " r *E + Q/o-m

Ida;a
' t a

S/S.:S-r

- / \
Wfrelle \ J r-

l|-_

d-enotes the imelevant naximal id'eal'

koof. [he right-hand' map is simply

g = sH/sf , taking into account that

SZaTq bY the suriectivitY of PiI '

On the other hand' note that I

P @ H k  , w h e r e
. -  d - -

b , ,

Q @  H k  =  a / s ; a  =
. s -

= Ker( Q = 8r* R -+ grfi F

is the homogeneous id-eal wi$h

r- = *h nf t oHnn*ti1 = *h ngt * 1-n*1 / *1*1 '
n

By the computation nade before'r 've have

. H^. . f-: . lro,innH)n * si*1 / t.r).[*"-tl *n-i+r](e*Q)r, = L. !=1L\g
' < -n  i  - _H .  n - i  . n+1  ,  ^n+1

.  =  L i = l  ( * - n n " ' ) g ^ * + Y -  /  n

Comparing th.e two erpressions an6 noticing that (*t nRH)*t-i

c gHR /'l *t ,"=""a -a-;: " , one sees thai tOfe>r, c rn f or

all n , and this gives the left-hand- epimorphism'

lhe statenent on H-equivariance is clear'

/ ^ \  ^ - ^ . . * ^  i . . r l a ,  v *

d-o-ref lections. Choosi-ng a k-basis X1 r ' '  '  rxn 9L g/t t

r the PolYno4ial ring
identify the symneJila algebra S ,r'vj-th -

"-l-- ' v J Then:t c l  l r . . . t ^ #
/. \ ^H .:  ̂  *he graded polynomial( a J  D  r >  ' - ring generated bY n

atgebraicarly i"d"pu$:.S *"*".111 
P1 t " i lPrt of d-egree v 4 7

I

:

t c,.|..tLI

. .  o  , d ;  " r e s p e c t i v e l y  ; and.
IT

c !  . i ^  q . r r  f n a o . .
t J  J i f ,  V  - J r v v  )

€

( i i ) .  s i  = s lsfs

d. imO S =  d tde . . .d - r ,  =

is a grad-ed comple' te intersect ion
t  - -  |

f H t  i



J '

( i i i )  le t

conta ined- - in
.  l ' t  \  -
Im(€[hiJ - id )

is a noi-zero

and. Iet 
" re y/y:z be a senerator of

:' _-. lT *'

,  1  €  i  (  r  ;  then  the  e lement  e  =  l lr .  : , , 4  e :  <  S

h1 r . . .  th= be - the d. ist inc!Jcseud.o-ref l -ect ions

H :
t

;  - 4  s -
I * I . l .

scalar multiple of the Jacobian J =

d"tr+)

References: (r)  is  part  of  cheval leyrs theorbmr &s general i -
' r '

zed. to f ield.s of posit ive characterist ic by Bourbaki LBI Theo-
, . - 1  / . . \

rem 4J ;  ( i i )  is .  an.  imned- iate .consequence of

about- d.imU S following from the equalit ies

= d-im ,, K
--TT
K

= .  l  n l  ,  K denot ing the f ie td .  o f

containea in fe* ,  f teoposit ion 6] .

t .  boo:l  of the Theoren

fn th is sect ion we assume al l  the

( 1 0 )  k o o f  o f  ( 1  . i )  '  .  L e b  / { U )

number of  generators 'of  the modul8 M

S i n c e  R  i s a f i - n i t e l y - g e n e r a t e d -

have from (B) that f l_HG)( l i l l  .
/ R -

be an associated" prime of R , and

d.oes not meet the- nultipticatively closed. set V r w€ have by

(?) that  Ro, is a f ree (RI{)o,  -mod-ute of  rank lg l  .  The j -ne-

^rro ' r i -F- '  fu , r (n)  )z / .1-  H. (n*,  )  shows now that R isY\io ' r r  uJ 
/  D-*  / r : r r r  \  IJr L  \ . n  , p t  -

mininal ly generated- over RH ly lnl  elements"

I,et f :  F -> R be an RH-epimorphism with .F a free

RH-nod.ule of rank lH I . Localizing a's V
l ,

w6 see that  v-1t

same rank, hence an.

all the primes in

is an epimorphism of free mpd-ules of the

isomorphis.m. This impl ies that  V meets

( i )  ,  the sta.tement

d . i n U S  =  
" * U a n *

fraBtions of S ;

h;npobheses of  (1 )  .  .

d.enote the raininal

over the loca1 ring T .
.tT

R---mod.u1e by (r) r we

the other hand., let . p

IT
7 \ l  . ,  A P "  s i n n o  n ly  y t r r r  .  v 4 l r v v  y

- .

On

I

I' t
t
i'

I



Ass rr (trer f) c
nrr
rL

" 'nqp-?elo d. ivisors,

i .e .  t lhen R is

R/gG

T T

Ass R." . Since by d-efinit ion V cons is ts  o fv v . J : " - - ^ ^ - " -

I ,this is only possible when Ker f = C
T{

R^'-free of' rank ltt | . Combining thi 's with (4)

-  , ;  G . H . ^- 
"K/ tg t t  ) t t

LT

=  R / n T  =  R  .

( \  
-  l r : Ivre see that it also is R"-free of rank f q.l

(11) .hoof  o f  (1 . i i )  .  The f i - rs t  par t  o f  the  argunent  in

(10)' shovrs that as grad.ed- k-algebras g"* F and- S are iso-

no"pni"r '  hence *E H is a conplete int l rsect ion by (9. i i ) '  .

[he statenent.about the associated. grad.ed. ring of R/g*R fo1-

trl inally note that if '  the associated- graded-. rj-ng of a loca] ring

' is 
a conplete i -ntersect ion,  then the r i -ng i tsel f  is  vrel l -knovrn

. t ' 1
. t o h a v e t h e S a n e p r o p e r t y ( e . g " L W t , l e n m a 1 O J ) . . .

(12)  koof  .o f  (1  . i )  .  F i rs t  no te  tha i  R  is  a  f in i - te ly -
- n

generated project ive n"[eJ-mod-ule,  s ince i t  is  cyc1Lc projec-
r1

'  t ive over R*G by lGr, (2.47 ,  ard the tast r ing is R"fc]-free

of  f rn i te  rank by (1 . i ) ,  .  Accord. ing to  fU* ,  Chapter  XI ,  ( r . t1

i n o r d - e r t o e s t a b 1 i s h t h e . i s o m o r p h i s m o f n G [ c ] - q , o d . u 1 e s R

**f*]  ,  i t  is suff ic ienf,  to n"or" that ' i t  holds after local iza-
, ^

t ion at  a mult ip l icat ively c losed. subset of  'Ro ,  consist ing of

non-zero d- iv isors.  . f 'h is is given by (?. i i )  .

Wg, 
' Ihe argument above essent i -a l ly . repeats ICZ ,  (5.1) t

n-  ( t ) + ( 1  ) J  .

(17) moof of  (1" i i i )  .  The r ing R .be. ing a f in i te ly-gene-
a

rated. free Ru-mod-ule, all three d-ifferents are d.efined. : cf .

fSSa, 5 f f : , 16f . The equalit ir of the ted.ekind- and Noether

d . i f fe ren ts  ho ld -s  in  genera l  fo r  such ex tens ions  [SSa,  (16 .8) ]  ) .

while the eqr,rality of the Nopther and l(Hhler d.ifferents is a con-

.  -n  /  '  t t r  e r l  i t le  sha l l  s imp ly  re fe rsequence o f  (1  . i i  )  b ; r  LSSZ r  \ . /  . v , /J  .

to the d. i f ferent of  R otu" RG and denote i t  by D(RlnG) =

we next prove that D is generated. by x , assuming that

t !
y a



1 1 .

R eontains a primitive lHl-trr root of unity. since RH is
unramified. over RG r we can further assune G = H . First

note that the Jacobian J of (g.i i i) has a non_zercj image

in  s  ,  and.  genera tes  (o :s* )  . 'An  easy , i ray  to  see th is  i s  to
consid-er the l{oszur complex K on the j-mages of' x1 o . .. ,x' in
s , 'with generators t '1 : - - o r'n in d.egree or.€e Frorir (l. i i- j  

.hre
see that the di ' "  are invert ib le in k ,  hence by Eurerrs fornu-

las the homologv classes of , i  = f $-,1S t, form a basis
U

of  H1( I ( )  ( I  - ( i - (  n )  .  The ar t i -n ian  r ing  s '  be ing  a  corap le te

in te rsec t ion  by  (9 . i i ;  ,  i t  fo l lo r . ;s  tha t  (O:S* )  i s  the  one-

d- imens iona l  vec tor  space isonorph ic  to  ( r rn  ,2A . . .  1 \ ,  rn )  = .

( . J . T ^ A r ^ A . . . A r  )  .
I  n '

c lear ly ,  the  e le rnent  
" i  

d -e f ined.  in  (9 . . i i i )  i s r -up  to

a non-zero scalar mult ip le f rom k ,  an' in i t ia l  form of  the

element . xi appearint gI !h" formulation of the statenent to
I  r l l l .

' l  
m g c P A

-4&rqb_v /ru v+f sz
be proired., hencd-ffi.effioe prove$r nence tne t  rnr t ia]  form of  x . in er* F is ecr:n]

( a € k ,
to ae\r fwnich is non-zero by (g. i i i )  ,  the preced. inq discrrssio1 the preceding d_lscussion,

and the isomorphisrn g=il R'cu S established. in (1O) o fn pa;1._

t icu]ar,  s ince i  ueronls to the socle of  g"fr .F ,  i t  is  the

inage of an elenient contained- in the highest pl-ssible non-zero

level of the i l-ad.ic f i l tratj.on of F , ' hence can be id.entif ied.

to an el-ement of  th is r ing.  once this. is d-one, ;  is  , """" ; ' . -

r i ly  a generator of  the socle of  F ,  bei-ng. 'a non-zero element

in the one-d. imensional  socle of  I r  ast in ian complete inte: :sect ion

(c f  .  (1 . i i ) ) .  A lso ,  w i th  th is  id .en t i f i ca t j .on ,  ;  i s  s imp ly  the

image of x in R und.er the canonical projection from R .
'  

Now. remark that  i t  fot- lovrs f"9p (1. i i )  and. . f t ta ,  (1b-5) l

( o r ' e q u i v a l - e n t l y r  [ s s ,  ,  ( 1 5 . 1 [ )  , . t h a t  D  i s  p r i n c i p a l ,  g e n g -

ra ted . r  s&Xr  by  y€E .  C lear ly r  r x i.s in D , since



every prine of R containing sone of the x- ls has a non-tri-
4

IT

.  vial inert ia subgroup'1-..hence is ramif ied-.over Rr1 prr {- l-ra nhnng,5.  !J  urrv vr l .dJ,rEly

of r ings propert ies of the d. i f ferent fss. ,(15.1)l  ,  D(t l  n '>

is the image of ll in tr , hence generated. by t . Since
T - 1

Inl  g Rx , we can apply [*Se , (4.2)]  and the remarks fol lovring
' i t r to obtain that t  generates the soele of H , hence the

: - -  , -  - -  J  - t J i n , - -  i  a r  t  r  .  Xi-mages in R of x and. y d.iffer by a multiple from. k'- .

Thls implies the equality xR = yR = D .

The last  statement is immed-iate . f rom fssa ,  (16.11)r(21. ' l+) ]

applied. to the expression of the d.ifferent.

I '  want to thank Rild.iEer Achil les and. Gert Ahakvist for

patiently l istening to nultiple variants of the argunenis

presented- in th is noie.
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