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INVARIANTS OF ILIOCAL RINGS UNDER THE ACTION OF

FINITE GROUPS GENERATED BY PSEUDO-REFLECTIONS -

by

Iuchezar L. Avramov

1..Introduction

®

A basic result in the invariant theory of flnlte grouns
acting on-local‘rlngs is Serre's generallzatlon vof Chevalley S
classical theorem. Assuming that R is.a regular local ring 5 .
and: G - is a finite pgroup of autOmofphisms o PR e thch inducé
the identity map on the residue field, and whose ofder |G} is in-
vertible in R , Serre's theorem [Sé] states that the ?ollow1ﬁg
are equivalent: (a) G 1is generated by Dseudo reflections;

) R is RG—free e ) r¢ is'regular-gcf. also [B2 , Exer-
cise 7] ). Several authors have subsequently investigated the
descent of varioﬁs properties from R .to’ RG , asuming condition
Cad = cfo (3.iii) below. Our purpose in this ﬁéte is .to show,
that under reasonable generic restrictions on thé aebion of =Gy
the extension RG <R is free with remarkébly well—behaved :
fibre. | |

Before going further we fix some notation: (Rym,k) will
alﬁays denote a commutative noetherian unitary local ring, and
G w1ll be a finite groub of automorphlsms of R . For an ideal
ac g “(a) = { g € GJ ¥exer s pg(x) —x€ a.} is the iner-
tia suﬁgroup of a ; we set H =;GT(E) , whieh 18 the invariant
subvroun of -6 zaaqual to s Rend ¢ —> Aut(k)). The invariant sub-

ring gY {xé RlVgeG‘: g(x}:x} 'ig ‘a local ring [B,lj,



-

with maximal ideal gg ; when |H]l€ R* (= the group of units of

R o _RG, is ndetheriaﬁ’, and RG/QQ = kG/H 2 i (5) and (6)).
' An element h of H 1s called a pseudo—refleqtion, iE
rank( € (h) - id ) =1 , where € : H —*GLk(_Ig'/r_n_z) denotes thé
_canonical hombmorphism. We denote by R*G the skew group ring,
16 fhe free R-module with basis e G andf(non—commutative
whég G £ 1 ) multiplication given by (xng)(ngg) = quq(xg>
'g%ga' 5= and-write - RG[G] for the group ring of G ,over RG =

We say that generically the action of G is without inertia,

it évery associated prime of R has a Erivial inertia subgroup.
- Clearly, it suffices‘to impose the restriction -on the maximal
_elements.of Ass R, and the condition is trivially satisfied

when R 1is a domain.

(1) Theorem. Suppose that [H| € Rx and that. generically

G scts on R without inertia. If H 1is generated by pseudo-

reflections, then:

(i) R has a normal basis with reSpeét to G ,'i.e." R
RG[G] as RG[G] -modules ; in particular.

" (@)t R is a fres RC_module of rank tel ;

(ii) “the fibre R/m R is a (artinian) complete intersection.

Whose associated Qradea ring also is a complete 1nterscotlon
Suppose moreover that R contains a primiftive |Hf-th root.

of unlty, and let hq,.q,,hr' be the distinct pseudo—reflections,
contalned by i DRPCR Do this case [Sl, Lemma 61 shows there ex1st
elements. xq,...,xp. in m‘~m2, such tnat h (= G (x e tiSill .

(iii) The Dedekind, Noether, and K8hler differents of R over

G

B are defined, coincide, and when R contains a Drimitive

'Hl—th root of unity, they are equal to the pr1n01pa1 ideal

: r
 4generated Ty -k =‘Tri___,l X5 3 1f KHCR ho dlscrlmlnant of .« R
&

- over RG is the prinoipal-ideal of, R, Eenerated Dy TTéé{G g(x)ﬁ




We refer to the book of Scheja and Storch‘[ssql for the
notions of ramification theory used in thié paber.

Recall that the complete intersection defect, or.deviation,
of R 1s defined to be the 1nteger ad(R) = //t(a) S (dimD = -
dim R) , where ﬁ is a regular local rlng, given by the: Cohen
_Structure Theorem, such that R R/a , and /a denotes the mini-
. mal number of generators; thls is an invariant of Ry and d(R)
>> O y with equality hold*né precisely for the complete inter- -
'seqtions. When R is Cohen—Maoaulay, the type ol R i by defl—
nition the integer ‘ f(R) ; dimk Fx tgim R(k R) 5 6(R) >4 . with ;

equality holding pre01sely for the Gorensteln rlngs.

(2) Corollary. il d(D Yo=alR) s Dartlcular

(1) R is a complete intersection if and only if this is
true for B

(i) RG is Cohan—dacaulay i and only 1f this-is d¥rue fem

R s in this ecase t(R ) = t(R) , in particular:

(idi)? ey Gorenstein if and only if R 'is Gorenstein ;

Casii ) 2f R 98 & normal domain, then (so is RG and )

Cl(R )CL;-CI(R) =i partlcular

it o B e TED, %hen BT 35 UED. -

(iv) for every finitely—genérated R*G—module My MG_ig

a finitely~-generated RG—module,’and for all 4 > 0. , there is :

an 1nequallty

-~ _ gG G
dlmk Tor.(M,k) > dlmk, Tori (M

B b SR
- The references are [A & 6)] for (1) [ﬁh (1 241] for
(ii), [T, (6.415] bom i ), [Gg_, (1.¢iL(5)and(6)below for (iv).
(3) Remarks. (i) When G acts with generic inertia, the '
conclusions of the Theorem are not necessarily &ther true of

false. For instance, let A be any Local ring, R = A[Y Y]/(

XY Y2 » 8 be the reflection for which 51A~£ dde g e Ly




4.

3 (¥) = -¥ .. Then R(&)==A{X]/(K2) . and R is not R<5:Lfree
ﬁw(aithough the fibre is a comolete 1nteroectlon). on the bther
" hend, with R = A[X,Y]/(X vl ) and the same action of & as
above; R is free over R(é? = A[X]/(X p =
(i) Thas well-known that the RG~freenesé'of’ R does nét
in general 1mply that H is generated by pSeudo—reflections,,even
.when e H .k particularly suggestlve example is glven 2 i
[Ps;'Bemerkung 2]‘, where R = kI[U’,UV,V ;D is a complete inter-
section normal domain, T(U) = 71], ’ZKV) V , with 7 a primi-
tive sixth root of unlty (char (k) # 2 5) Then.ﬂ: is not 2 pseu-
" do_reflection, but ‘R 1is free over R = klIU6 V2;B
 (iii) ‘Kssume G = H is generated by pseud&%efleotlons. When
R is a domain,'Goto [Gz, Remarks following (1.2)] states that
R is RG-free (with a slightly stronger definition of pseudo-
reflections, coinciding with ours when R contains a primbtive
]Gl—th root of -unity). For analytlc normal qomalns, the same
statement has been Droved in Storch's Habllltatlonsschrlft Eoni
the reference in [?S Bemerkung 2] Y Hochstggigﬁgrig%%%$%%%eq6]
proved the QG—freeness of Q , when -Q ds'= graded k-algebra
and G is a flnlte group of degree preserv1§glé3ug§oronlsms,
generated by elements lying in the inertia subgroups of regular
principél hoﬁogeneous ideals. We want fo note.thaf all these
reéults are contained in - gstatement (i)‘. ol Tﬁeorem (%)
(iv) Assume G = H is generated by-pseudo—reflections. Wata-
. nabe [U ] has shown, without generlc aqsumptlons on the action
of G , that the Gorenstein Dronerty descends from R =10 RG‘.
This has been partlally generalized by Goto [G , Who proved
that when R is the quotient of an equlcharacterlstlc loecal:
regular ring modulo a G—invarlant 1deal' the 1nequa11t1es

a@) € a@®), and (for R Cohen—Maoaulay), t(R 2 < t(R) hold.

In view of these results and of (2. R 11) above, it is rea-




sonable to ask the>
Question.. Assume |H|€R* and H is generated by pseudo-
 feflections. Is it true that d(RG)s:CKR); and when R dis Cohen-
Macaulay, ﬂmt‘MR) t(R) ? i
—~0Of courge it is sufficient to handle the case G= H (cf. (4));
(v) Statement (iii)' of Corollary (2) shows that iniSingﬁ's
Theorem 1 [Si] the assumptions that R contains a primitive

|| ~th root of unity. and that G = H can be deleted.

2. Preliminaries

Most of the results of this section require only part of the
hynotheses of. (1).“eenlng the notstion introduced 1n the prev1ous
sectlpn, we snall introduce tlhe approprlate gssumptlons in each
case. ‘

(4) RH is a Galois extension of Rq with Galois gfoup.G/H,

ol
i.e. RI2R°[6/H] as R°[6/H] -modules, ot = oY and the field

extension RG/@_GC»RH/Q is Galois with Galois group G/H .

For a proof i [SSﬂ ,§§EKL 21] ,'or [qu together with

fom] .

(5) Aésume |H| € R*. Then:

(1) RG is a (noetherian) local ring.

(ii)_gg ‘R-module M is finitely-generated over R (if amd)

only if it is finitely-generated over. R° .

Proof. (i) The noetherian property descends from R to

RH because of the ekistenoe of a Reynolds operator iH]—th
G2 (6) below), and from R© +to .R° by faithful flatnmess (4).
(11) It is sufficient to prove the finite generatlon of

H
R over RG , which follows from the flnlte generation of R-

Quér'RG_(4>’ and that of - R OVer e [LP, (5.4)] < Nobte that (1)

is a consequence of (ii) by the Eakin~Nagata-Theorem.



GF el v © deé’ g € R*G denote the trace elemente.

““The following conditions are equivalent:

& e

(h). )G is an exact functor from the category of left

R*G»nodules to that of R°-modules, and M = gl

‘(¢) there exists an element TER w1th ter = Tz

" When theése condltlons are satisfied, ( ) carrles flplte;j

generated R modules to flnltely—renerated RG—modules.

Proof. The equlvalence af {H) and (c) i proved in Yﬁg,(E Bﬂ_

et T 'denote the image of T 1 I G let © denote the
‘image of g € G 1in G/H , and let 'gqg...,gm be a complete
- set of representatives-in' ¢ for the elements of G/H .;{

" Aasume (c¢)< Then in RG/QG one has: '
o . e 3 e :
1 = tGr = L‘lr-/] gl<z'héH ﬂ(r> ) = lHlZ-g_éG’/H %(I‘> 9
. G \X X . : ‘
hence |H|e (R7)"<CR” , which is (&) -

Conversely., suppose (a) is satisfied. Since Rﬂ is a Galois

ex%ension of R ), there exists by [CHR (1 6)] an PUE QH
such thet 7 gfaG/H‘g(r‘) =1 . But since =~ r' = IHI tyT' s
one has: ' :

CIERCR R e -1
1 = ZEGG/H z( =] tHr')= tG({Hﬂ i
hence (c¢) holds .
The last assertion follows from (5)

(7) Suppose acts\genericale without Snertia on R .
Set Ng (x) = -TTgeEG c(x) ey U denote the set of non-zero
QlVlSOIS of R ,and consider the multlplwcatlvely closed sets
‘V_:{Nﬂ(xﬂxeu}clz s oW e M) | <eUlc R ., Then:
@)y vR -vR sma @R = v )
wlp - v'e sma  (WTR) = W™ @%)

Il

31) UwqR has a normal basis with respect to H and a .

normal basis with respect to G .
Proof. (i) holds even without the assumption.on the action

of G.: cf, .8 L&sq, pa10H]

prga p
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.7.

Since for every prime .E' of-R ; e ( ) GT(m) = H, H
gets o~ R without generic inertia and. it is sufficient to pro-
ve (i1)for H. Let DjsesesDg ‘be-thebmaxlmgl elements of  Ass R .
Since V does not intersect the ‘Ei'é., we have for g =’V—1pi
= U-Tgi : HT(gi) = HTQEi) = 4.4 by [Eq; Temma 5] and our assump-
tign. The gi's being the maximal ideals .of the semi-local ring-:

U—qR , bthe extension (U“qR)H — U R is Galois according bo

[ cHR, (1.§.f)] . Using the identification V 4?H -(U"qR)H given

by (i) , we .see that V qRH is sem1—looal,;hav1ng a semilocal
integral extension v R . Now .(ii). is a_oohsequenée of
[CHR e A '

Let Q denote the associlated graded ring gr R =
'Qi:;O gi/gl+q-, and let S ‘be the symmetric algebra of m/m
over k . Then g£.: H ~4>GLk(m/m') induces natural degree—pre—
serving actions of H on Q and on S by k-algebra automor-—

. phisms. By deflnltlon, the following dlagram of "H-equivariant

homomorphisms of graded k-algebras is commutatlve:
gl i s
H o
Y b
0 _
Qe —»Q '
When IH[G ol ,both vertical maps aTe surjectiVe& forr pH this
follows from the computation : pH(SH) - pH(tHS) = tH(p(S)) =
t4,Q g ek, (6) and/or [ws: (3. 4)]) '
Thé‘flluratlon { mlf\RH}iz'O 1nduces, when |HI¢€ RX <. the
: H
Eﬁ —adlc topology on B ,-pnd vQH = Qi?ao mlf\R /’ml+q/\R
Cefs [Bg, Exercise 7(0)] O [Wﬂ, Proof of. Theorem 4, (2) and
(5)] Yo In particular,

. ° L- o - : -r» o i I.. / v- ,]
Qj_ ElnRH /§1+’ln R‘I 2 ‘I_n_l f\Rﬂ 5 mlm/ -

il

N -~

i
LTS
}—h
D
j=s}

St W B R and'denoteiby m its ﬁaximal ideal .4

ficourse; R/m = k ‘ Ceyzs By (6))



s 5 =

 algebraically independent elements- Pq,...,P

(8) Assume [HIGRX . In the notation introduced ebeve,

there exist natural .H—equivariantxsurjeetive homomorphisms of

graded— k-algebras:

&ry R <— Q/QHQ - S/S

where ( )+ denotes the irrelevant maximal ideal.

Proof. The right-hand map is simply § ® gk , where
_ -8 :

e = SH/Sg , taking into account that ngy gk = -Q/SfQ =
( o

Q/QEQ . by the surjectivity of DH.,

&

On the other hand note that T = Kor( Q = grm'R-—> Er R

is the homogeneous ideal with

T mHRfM /- n Rﬂ 1 = _.H_iHR ".@n. + En.m/ .IE?M' :

By the oomputation made before we have

= 1% Fne i
(QEQ)n i 1[( inrDR + 1+4 o ] { n 1 o 1+4]
- Z:.z <gLnR>@%1*_£H4/EeM .
= : .i Hy n-1
Comparing the Two expre551ons and noticing that (m™ NR )g'
C'I_n_HR{\_rgr_l for 1< ign , one sees that (Q‘Q) c 1, . Tow

akl n and this ives the left-hand enimoronlsm.
? s i

The statement on H-equivariance is clear.

(9) Assume leé-kX , and suppose H is generated by pseu-

" do-reflections. Choosing a k-basis Xq""’Xn ol m/m 3

identify the symmetric algebra S with the~polynomial ring

k['x,l,...,x ]. Then:

Gi) SH is the graded polynomlal rlng generated o i o

- of degree d,,

,.o,dﬁ~respectively b amd i s SH

(i1). B - syslls e

=tree- 3

g——

1s a graded complete intersection and
: : 9

SRRSO



Cidtid ek h,],...,hr be the distinct pséudo-reflectioné

contained-in H , and let eiéln_/_Iga be agenérator of
. - . = : a - : R i 2
Im(s(hi) =dd ), 1L < i< ;s ithen thedeoment o = bﬂ-i:,‘ e E 3

is a nomzero scalar multiple of the Jacobian J =

é>

det{a

References: (i) is part of Chevalley's theorém; as generali-
" zéd to fields of positive_charaoteristic by Boﬁrbaki [Bg, Theo-~

rem 4] =) is an immediate consequence dfv(i) s the statement
.about_ dimk'§ .following fromvthe equalities dimk g = rankSH B
= dim H"K = ]Hl s K denoting the field of fraktions of S 3

K . ;
(iii) is contained in [82 s Proposition 6] .

"~ 3. Proof of the Theorem

In this section we assume all'the_hjpotheses of (4)

" (10) Proof of (1.i)'. Let '/%T(M) denotg the minimal
number of generators of the moduld& ‘M over the local ring i Beg

Since R is a finitely-generated QH—module by (5) , we

have from (8) that /a H(R)<:1HI On the other hand, let . p

By
"

be an associated pEime “of %R iy tand Tipt = p/WRH . Siknee . !
does not meet thq;multiplidatively closed sét_ V. 4, we have by
(7) that Ry is a free (RH) -module of rank |H| . The ine-

quakiby i~ /A4 H(R) /At H (Rp,) shows now that R AlS

minimally generated over B g ]Hl élements.' ‘

_ et f£: F=>R  be an RH—eplmorphism with ~-F & free
_RH—module of rank iHl . Tocalizing at V -.wé see that s
is an eplmorphlom of free modules of the»samévrank, hence an}

isomorphism. This implies that V meets all the primes in



Ve

_Ass H (Ker f) < . Ass RH . Since by definition ¥ ~eomcists of

R

- non-zero lelsors, this is only p0551b1e when Ker i e ]

iLel, when =R *is H—free of rank ,Hl = Comblnlng this w1th (4)

‘lows, since by (4) we have R/m Gp o »R/(m )R = R/g B ="

we see that it also is RO_free of rank |Gl

(11) -Proof of (1.ii) . The first part of the argument in

(10) shows that as graded k-algebras gr— R and ‘S are iso-

'morphlc, hence gr— R is a complete 1ntersectlon Ul udt ) s

The statement .about the assoolated graded rlng of R/m R fol-

Finally note that if the associated graded ring of a local Ting

15 g complete 1ntorsectlon, then the ring itself is well—hnown

- to ‘have the same prqperty' (oo [dq, Lemma 40] %

of

¢12) Proof.of (4.i) « Firet note that R -ds a finitely-
generated p rojective RG[G}—module, since it 1is cyélic projec-
tive over R+*G Dby [Gg, (2.2)] , and the last riﬁg is RGEG]Afree,
e e rank by C1N1)Y S Aceording To [Ba, Chapter XI, (5.1)]
in order to establish the isomorbhism of RGtG];modules R e
LG] , it is sufficient to prove that it holds after localiza-
tlon at a mululplloatlvely closed subset of ~RG , consisting of

non-zero lelsors. This is given by (7ei)

Note. The argument above essentially repeats [Gg y (5.1)

- (3) = (1)]

@3 Proof of G13iil) & The TI1Dg R Dbeing a“finitely—gene—
fated free RG—module, all three differeﬁtsAare defined i el
[ésq, §§'45 ; 16] . The equality of'the Dedekind and Noether
differents holds in general for such extensiéns [SSq, (16.8)] ,
while the equality of the Noether and Kéhlef differenté"is a.con—

sequence of (ﬁ;ii) by [882 5 (5.6)] . We shall simply refer

to the different of R  over RG and denote it by D(R(RG)-z Py

We next prove that D 1is generated by x , ésSﬁming that




'1'1.,

R contains a primitive |H|-th root of unify; Since RH is
uﬁramified over RG s We can further assume G = H . Pirst

note that the Jacobian 'J of.(9.iii) has a non-zerd image

in -5 * and generates (O I ) « An easy way To see this is to:
consider the Koszul complex X on the images of__Aq,...,Xn. in
S , ‘with generators Tq,..o,T in degree one. From (9 i) we

see that the di's are invertible in Xk , hence by Eular S formu— :

= T = .
las the homology classes of z; = 21—«£~13:xj Tj- form a ba81s

of Hq(K) A Cign) i The artinian ring §° being a complete
intersection B Ted5) ik follows that (O-§ ) is the ones
dlmen81ona1 vector space 1somorohlc to (z A Z2A""/\Zn) =
(.0 mm A )
n :
Clearly, the element e defined in €9adit) T is, wp ke
a nbh—zero scalar multiple from k , an initial form of the
element ,xi aopearlng in the formulation of the statement to
lmaee: % - 6 Shey .
be pruved hence thelinitial form of- % An e~ R is equal

S Eae : -
To aeY, which is non-zero by (9.iii) , the preceding discussion,

and the isomorphism gr— R §- established in (10) . In par-
ticular, since x belongs to the socle of gr= By dbide the '
image of am element contained in thé highest pgssible non-zero
level of the m-adic filtration of & 5 hence can be identified
to an element of this ring. Once this is done,' S e neceséa—
rily a generatér of the socle of ‘E 7, being a non-zerd elemént
in‘the one—diménsional socle.Qf‘ah artinian'com?lete'intersection
(er. (L5 Also, with this idéntifiéation,‘AE is simply the
‘image of x in R under the canonicél projection from R. .

Now remark that it follows from (1.ii) and ,[Ssﬂ : (16-5j]
(Or'equivaiéntly: [SSé = (45.4)]) ?_that B as principal, gene-

rated, say, by “y€m - Clearly, ‘f SRS in® D , since



every prime of R containing some of the xi!s has a non-tri-

. vial inertia subgroup, hence is ramified .over R™ . By the change

of rings properties of the different [881 ,(15.1)] s Dk

is the image of D in R , hence generated by y . Since

]HIGIRX ,'we can apply [Ssg', (4-7i]and the remarks following
it,to obtain that Y generates the socle of _E ’ hence the

EMepes in B oof x - and -y differ by a multiple from g

-This implies the equality xR = yR = D

Phe last statement is immediété,from [Ssq-, (46.11),(21.145]

applied to the expression of the different.

" T want to thank Riidiger Achilles and Gert Almkvist for -
patiently listening to multiple variants of the arguments
presented in this note.

REFERENCES

[A] . L.L.Avramov, Homology of local flat extensions and comple-

te intersection defects, Math.Ann. 228 (1977)., 27-37 .
EBé] ‘H.Bass, Algebraic K-Theory, W.A.Benjamin, N.-Y., 1969 ;

[Bq] N.Bourbaki, Algebre commutative, Chapitre V , 2 , Hermann,
Poric, 1964

EEJ N.Bourbeki, Groupes et algebres de Lie, Chapitre V, 5 ,

A Hermanz, Paris, 1968 . :
_Bﬂﬂﬂ S.U.Chase, D;K.Harrison, and A.Rosenberg, Galois theory and
= Galois cohomology of commutative rings, . Memoirs Amer. Math.
Society, 53 (1965), 1 =33 . |
[F]. R.Fossum, The divisor class group of a Krull domain, Ergeb-
nisse der Mathematik Bd. 74 , Springer-Verlag, Berlin, 1973.
[Gq] .S.Goto, Invariant subrings under the action of 'a finite
- group generated by pseudo-reflections, Osaka J.Math. 15

(1978), 47-50 .




S

[GE] ' S.Goto, The rank of syzygies under the‘action by &
finite group, Nagoya Math.J. 74 (1978),; 1-12 .

[ﬂE] M.Hochster and J.A.Eagon, Cohen-Macaulay rings, invariant
theory, and the generic perfection of determinantal loei,
Amer.J.Math. 93 (1971), 1020-1056 .

[HK] JdHerzog and E.Kunz, Der kanonische Modul eines Cohen-
Macaulay-Rings, Lecture Notes in Mathematics v.23%8 ,

Springer-Verlag, Berlin, 1971 .

ELP] . M.Lorenz and D.S.Passman, Observations on crossed ﬁro—
ducts and fixed rings, Communications in Algebra 8 (1980),
743779 .. '

~ E%ﬂ " E.Platte and U.Storch, Invariante reguldre Differential-

: formen auf Gorenstein-Algebren, Math.Z. 5T {4999, A

[Se] J.—PoSerre, Groupes flnls d'automorphismes 4'anneaux
locaux reguliers, Collooue'd'Almebre E.N By 495
Bﬁjv Be ulth lnvurlapts of finite grouns acting om & logal

Unique factorization domain, J. Lndlan hgth Boe. Sl 970),

31-38 «

IES{] G.Scheja and U.Storch, Lokale Verzweigungstheorie, Schrif-
tenreiche der Mathematischen Institutes der Universitit
Freiburg 1.Ue. Nr.5 , 1974 .

~[SS2] G.Scheja and U.Storch, Uber Spurfunﬁtlonen bei vollsténdl—
gen Durchschnitten, J.Reine und Angew.Math. 278/27Q
(1975), 174-190 .

[ij K.Watanabe, Certain inveriant subrings are Gorenstein, I ,
Osaka J.Math. 11 (4974), 1-8- .

[W2]. ke Watqhabe, Invariant subrings of a Gorenstein rlng bv a
' flnlte group genelated by pseudoreflections, J. Tac.Sci.
Univ.Tokyo, Sec. IA, 24 (1977), 87-92 .

Author's. address Luchezar L. Avramov

Instﬁuute of Mathematics

Bulgariah Académy of Sciences

B.0.Box 375 , 1090 SOFIA
" BULGARIA ; ’






