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AN ERROR ANALYSTS FOR THE.SECANT METHOD

by

F lo r i an  A .Po t ra * )

\* '  Dzpantment  o (  Mathe.matLc*

Scient i [Lc a,nd TzchnieaX-

7  7  9  6 2 2  B u c h a t t e t t ,  R 0 M A N I A

,  NatLona'L In,stLtutz 6on
C n - z a t i o n ,  B d . P d e L i  2 2 0 ,

'Summary.  One g ives sharp apr ior i  and aposter ior i  €r rorr . '

bounds fAr the secant method for solving non-I inear equations i-n

Banach spaces.  One a lso invest igates the numer ica l  s tab i l i ty  o f

th is  method. .  The stabi l i ty  resul ts  are analoquous to  those

obta ined by Lancaster  for  Newton 's  method.  
'

1 .  f n t roduc t i on

Le t  us  cons ide r  a  c lass  ?  o f  pa i r s  ( f r vo )  where  f  i s  a

nonlinear operator defined on a subset &, of a Banach space d

w i t h  v a l u e s  i n  a  B a n a c h  s p . " e . f  ,  q n d  v o = ( * - k * t r . . . r x o )  i s

system of  t  po ints  t rom&r.  We want  to  at tach to  each pai r  ( f rvo)

€g a sequence (* r r ) r r r r0  of  po ints  of "S,  
"or t , rerg ing 

to  a root  x*

of  the equat ion f (x)=O. One way of  do inq th is  is  to  associate

wi th the pai r  ( f  ,vo)  a  mapping F: ; !  co?!- -+ E ,  where k>p,  and

to ' t ry  to  obta in 'a  sequence (* r r )n>r '  by the recurrent  scheme:

* n * I = F  ( x n - p + 1 "  " ' x n )  ' n = 0 r L 1 2 r . . . ( 1 )



i f

in

The above scheme wil l  actr-ral ly f ieid a sequence (*rr) 
r,rr0

u o = ( x - p + l i " ' , x o ) i s a n a d m i s s i b l e s y s t e m o f s t a r t i n g p o i n t s

the sense given by the fol l 'owing defint ion:

recursivelY

. i h - 9 r  I  I  t
o o - .  * ,  - n + l = t t =  ( Y r  r Y 2 r "  " Y n ) e  

S r r ; ( y 2 , . . .  . , Y p , r  ( u )  )  €  " D n  ]  n = o ' 1 ' 2 '

,'Cjfj=tg*- h -f\  + ' ' ' i ' l  1 lra iss' ible svsten
Any u^ s L:n=t \ t  , . . ,  * i11 be called an adm- - - '

_ ( ,  *  
n f rC 

r r

gg;rntj. for the recurrent scherne (1) '@

r f 1 1 - - / v - . . x ^ ) i s a n a d m i s s i n l e s y s t e n i . o f s t i i r t l n g_ O - , ^ _ p * I r . . . r t \ O '  * -

points. for the recurrent scheme (i.) ive shal- l '  also sa] '  that '  t-he j ' te-

rative alEorithm- (1) rs lLeJ! de€in99'

N o w w e c a n d e f i n e t h e n o t i o n o f a n i t e r a t i v e p r o c e d u r e o f

)r th'e class r, .  The more general notion of an iterative
type  (P .1 )  f (  '  ' r ne  r t r . , r=

procedure of  type (p.* )  wi l l  be g iven j -n  t r r ]  '  (see 
.a lso 

[gJand [O]  I

.  D e f i n i t i o n  2 .  L e t  € a "  a  c l a s s  o f  p a i r s  ( f , v o )  w h e r e  f  i s

P'

a nonl inear  operator  def ined on a subset  9 ,  o f  a  Banach space ts

^ L

w i t h  v a l u e s  i n  a  B a ' a c h  = n . . "  f i  a n d  v o = ( * - k * ,  t . . . * o ) a g t l .  L e t

p b e a n i n t e g e r l e s s t h a n o r e q u a l t o k " B ] , a n i . t e r a t i v e p r o c e d u r e o f

IyEg-b:]) for i:.he class 4*u mean an application which associates

with any $. ,u)  € Y a mapping Ftg.2E --> {  having Lhe fol lowing

two proPert ies

( i ) u o = ( x - p + 1 " " ' x o ) i s a n a c i m i s s i b l e s y s t e m o f s t a r + - i n g

points for  the recurrent scheme (1).

( i i )  the sequence (*rr)rrr ,  |enerated b11 (r)  converges to a

Def in i f ion 1.  Consider  a maPPing

roo t  x *  o f  t he  equa t ion  f ( x )=0 "  f f i l

Ha.r ' i .ncJ an iterative Procedure

e i t  is  imPortant  to  f ind a funct ion

F '*?*R '"".:::,-["]:iiow: ':io

t z &.c tP '- € and def ine

o f  t ype  (P .1 )  f o r  t he  c l -ass

N : 8 - . - + R ,  a n d  a  f u n c t i o n
. i ' f

i  - = + : r r ' !  i  ' l - ' i  c s  b e  s a t i s f  i e d
I r r q q  u s . +

( 2 )
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d  (x r r ,x * ) (  F (d  
( * r r -p* r  ,  . * r -p )  ,  .  .  . .  t4  (xn  ;x r r - r )  )

for .  every pair  ( f  ,xo)€ ? and. every posi t i .ve . integer n '

( 3 )

T h e i n e q u a l i t i e s ( 2 ) a r e g e n e r a l l l z . c a l l e d a p r i o r i e s t i m a t e s

because the r ight  hand s id .e of  (2)  can be iomputed before obta in ing

the  po in t s  x ,  , . . . , x '  v i a  a lgo r i t hm (1 ) ,  wh i l e  t he  i nequa t i t i es  (3 )

are ca l led aposter ior i  est imates because the i r  r ight  hand s ide can

be computed only  af ter  obta in ing these points .  '

The  es t ima te  s  (2 )  and /o r  (3 )  w i l l  be  ba l Ied  sha rP  i f

there.ex j -s ts  a pai r .  ( f ,uo)e g for  which these est j -mates are at ta in 'ed

for  a l l  _n= T,2 ,  j ,  .  .  .  Us ing the method of  nondiscrete mathernat i -ca l

(  [6 ] -  FoJ)  one has obta inedinduct ion,  in  a .ser ies of  recent  paper

such est imates for  some wel l  known j - terat ive procedures.  However '

these resul ts  have main ly  a theoret ica l  impor tance.because in  praet ' i :

ca1 appl icat ions the i terat ive a lqor i thm 
! t )  

can be per formed only

approx imat ive ly .  Thus j -nstead of  the " theoret ica l "  sequence (xn)nzo

in pract ice we shal l  obta in a per turbed sequence ( f r ) r r rO g iven by

t o = t o  ,  i n + r = ' f i ( I r r - n * | , " ' , i r r )  n = 0 , L " "  ( 4 )

,\,
The domain 5 *  F i=  inc luded in  the 6omain S of  F.  Tn pract ice

S .o r r " i s t s  o f  t hose  e lemen ts  o f  2  wh ich  a re  rep resen tab le  on  a

cer ta in  computer ,  be ing thus a f in i te  set '

.  I t . . is  impor tant  to  g ive suf f ic ient  condi t ions under  which

there ex is ts  a number f>o and a seguence ( t r r ) r rzg such that  the

fo l l ow ing  i nequa l i t j es  be  sa t i s f i ed :

d (frr, xrr) n = 0 r L t 2 t . . .  ( 5 )

.  r n  app l i ca t i ons ,  t he  = " t .S  be ing  f i n i t e ,  i t  f o l l ows  tha t

af ter  a  ccr+-a j -n numbers of  s teps the 
" .qr r " r r . .  

( i r r )nzg wi l l  become
' r u n t

periodic i .  e. there exrs.t no a-n'd m su'ch that klrr**=*r, for every

n )no .  I n  t h i s  case  (5 )  imp l i es  tha t  t he  fo l l ow ing  es t ima te



4 -

a 1fl, x*) -< 5

holds for  a l l  n>rno.  To seeth isrone has to  wr i te  d( in 'x . r+ lon)  =

q  t r t  r  1 a l  v  * n  # a n r : l  t o  i n f  i n i t v=q\Xn+kmr*n+km) .< )  and to  le t  k  to  tend to  in f in i ty '

The estimate (6) shows us that we can coinputd the root

&  t ]  s l . . . i  a  - n a r r l ] -  i (

xx wi th  the prec is ion g iven by i  .  But  th is  resul t  is  not  very con-

n] i  nr{. i  nn q, l ' ro ber n - can be very large '  In
venient  in  appt icat ions because the numl- -  - -o-

th is  case we note that  f rom (2)  and (5)  one can obta in the fo l lowi 'ng

est imates +  . '

n = Q r I 1 2 r . . .  i  ( 7 )

' :

r f  the funct ion ' /3  is  increasl -ng,  in  the sense that  . i

a 1 \ < b 1 , . . . , ' p ( . b ^ . i n i p 1 Y / 3 ( a , , . . . , a o ) ( l 3 ( b , | . . . , l r n ) , t h e n f r o m ( 3 )

and (5)  i t  fo l lc r r 's  that

d (xrr,x*)(tr ,*13(trr-p*t*ar,-p*d ( ir ,-p*r, i rr-p) +.. .+tn+tn-r+d(in,fn-r)) .  (8)

The inequal i t ies (7)  and (8)  may be in terpreted as apr iorJ-  '

respect ive ly  aposter ior i rebt j -mates for  th6 per turbed a lgor i thm (4)  '

r n t h i s p a p e r w e s h a l l m a k e a n a n a l y s i s o f t h e t y p e

descr ibed above for  the secant  method and for  one of  i ts  modi f ica-

t ions.  The re=ut ts  obta ined in  the " theoret ica l "  case const i tu te

,  f -  1  - - - a  l - z l  n 1 ^ ^

e slight. improvernent of the results conta: ned' in .fO ] ana L?] ' The

r e s u l t " s o b t a i n e d i n t h e p e r t u r b e d c a s e ? , 1 t " " * ' . S i m i l a r r e s u l t s

concerninq Newton's process can be tourf f i f re papers of  P'Lancaster

l 2 J ,  J . R o k n e  F 4 l  a n d  G . M i e l  F l '

2 .

Tn t -he s t .ud lz  of  the i terat ive aIgor l - thm ( i )  we shal i  use

ihe method of  nondiscrete mafhemat ica l  induct ion.  This  method was

,  | ' . . ' l

A a r r c l n n n p d  b v  V " P t a k  b v  r e f i n i n g  t h e  c l o s e d  g r a p h  i h e o r e n t  ( s e e  L L z  )
- - r _ !  -  "  - J

( 6 )

d (x , . , r * * )  (  t r r+  o { (n )  r

,
I
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or  
[ t r ]  

for  i ts  genera l  pr inc ip les and mot ivat ion)  '  V.Ptak used.

th is  method to invest igate i te tat ive a lgor i thms of  type (1)  wi th

p=I .  In  f7  ]  the nrethod of  V.Ptak has been extended to the case where

p was arb i t rary .  fn  th is  sect ion we shal l  restate the resul ts

obta ined in  the above ment ioned paper .  '

Le t  T  deno te  e i t he r  t he  se t  o f  a l l  pos i t i ve .numbers  ,  oY

an in terva l  o f  the form (0,b]={x e R;  O<*<Uj .  Let  co be a mappi -ng of

. the car tes ian product  rP in to T and le t  us consider . the " i te t ra tes"

- (n)  o f  <;  g iven for  each t= ( t ,  ,  .  .  .  , tp) '€  rp  by th 'e  fo l lowing

recurrent  scheme:

n = O r 1 r . . .  ,  ( 1 0 )

D e f i n i t i o n  3 .  A  m a p p i n g  b r : T P * T ,

law, i3 cal le l  a rate of  convergence of  type

@  / - \

d(t ,  =FO .J '^"  ( t )

i s  i onve rgen t  f o r  a l l  t €  TP .3

In 'what  fo l lows we shal l  use th is  not ion in  the s tudy of

the i terat j -ve a lgor i thm (1) .  F wi t l  be a mapping of  2  in to X,  where

X is  a complete metr ic  space,  and & a subset  o f  the car tes ian power

Xp.  We shaI1 at tach to  F the mapping F:  fu  -XP,  def ined for  evefy

A

u = ( y r , . . . , y r ) € P .  b Y

F ( u )  : ( y z r . . .  r Y o ' F ( u )  ) ( r z 1

-(o) {a)*n, *(n+r) ( t)= <^r(n) ( t2:. . . , tp, -( t)  l ,

sha l l  have

with the above- i teration

( p r  l )  o n  T ,  i f  t h e  s e r i q s

(  1 1 )

Denot ing t r r= (* r r -p+I ,  .  
|  

.  ,xn)  we

lr,*r=F !or-r) '

Simi lar ly  we shal l  a t tach to

def  ined for  every t= ( t ,  |  -  .  -  t t * )€  Tp by' p

n = 0 r I

d the mappi:s

, 2  r . .  .

-p
c d  : ' I ' " _> Tp

( 1 ' )
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a

6 ( t )  =  ( t z t  . . .  t t p ,  - ( t )  )  .

Let  us denote by E! ;  
( t )  

a f r "  i terates of  5  in  the sense of  the '  usual

c o m p o s i t i o n  o f  f u n c t i o n s  i . e .  e D ( b )  ( t ) = t  ,  & ( n + r 1  ( t ) = i i  ( a  
( t )  ( a )  )  .

Then  re la t i on  ( f0 )  reduces  to

"  ' / n \  
, . . ( n + l )  t * ) =  c t  (  G ( r )  t t l  )  . _  ( 1 0 , , )( ^ ) ' - '  ( t ) = t ^  ,  * ( t * l )  ( a ) = c " j  ( 6 ( t )  ( t )  ) . .

P

. It wil l be ionvenient to introduce the notation

B  ( t )  =  S  ( t )  - t * .
t P

Frorn (11)  and ( r f  ;  j . t  fo l lows immed.rate ly  tha+-  p(+*)  = G ( f i  ( t )  )  .  '  '

.  
Witfr the above notations .we can state the fOllorving

p ropos i t i on :

proposi t ion 1.  Let  X be a complete inet i ic  space and le t  S

be a subset  o f  XP.  Let  us consider  the mappings fz  2 X and

ZzTP - -+ u*p i  ,  where expg denotes the c lass of  a t r l -  subsets of  o< '

Let  co be a rate of  convergence of  type (pr f  )  on T.

I f  t h e n e  e x i s t  - t u  , x ^ ) e  g  a n d  t ^ e  f P  s u c h* O - , ^ _ p * I r . . . ' - . O , s  -  - O -  -

that

( r 3 )

( 1 4 )

( 1 s  )

( i 6 )

. r o €  
z ( t o )

and i f  the rel 'at ions

Y u e  z  ( 6 3  ( t )  )  ,

d ( ! - u r y * ) - (  t ^
y v

a r e  s a t i s f i e d  f o r  a l l  t = ( t  \  a ' r ' P  a n d  u = ( y r  r . . .1 r . . . ,  - p ,  .  -  a n d  u -  ( y l  ,  - . .  t Y p )  t  z ( L )  ,  t h e n :

( i )  The  i t e ra t i ve  a lgo r i t hm (1 )  i s  we l l  de f i -nedo

(i i) There exj-sts tr,  **u X such that x*=l- irn x,.,  o
n ' ro

( i i i ) T h e f o 1 1 o w i n g r e l a t i o n s a r e d a t i s f i e d f o r . a 1 1 n = 0 , 1 , . .
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u n ,  , 1 a n  t t o )  ) ,

. ( n )  
( td (*rr*r '  xn)( t*r

( r 7 )

( r 8 )

( 1 9 )

( 2 0 )

un- r'

o ) ,

( t r ( n ) { t o )  )  ,(x r r ,  xo) (

d  {x r r ,  xx ) (

' ( i v )  
L e t  n

e  z ( d r r ) ,  t h e n

6" (10 )  -  g

1 - \
5 ' ' ( , F  t ^ ^ '  ( t o )  ) .

be a posi t ive in teger  and le t d r r e r p i  L f

( 2 L )

) :

a&nissj-ble system'of starting points

n=0  th i s  . re la t i on  reduces  t ' o '

(22)

d (xn, *T1-1 /3 (dn) .

Proof .  The fact  that  uo is  an

for  (1)  is  a  consequence of  (17)  '  For

'17)  is  t rue fc  '  then accord j -ng( 1 4 ) .  I f  w e  i u p p o s e  t h a t  ( 1 7 )  i s  t r u e  f o r  a  c e r t a i n  n

to (15)  i t  fo l lows that  i t  is  t rue for  n+I  a lso.  The inequal j - ty

(18 )  f o l l ows  then  immed ia te l y  f rom (17 )  and  (16 ) .  Now fo r  any  ka lN

we may write

n+k- t  / - r  \
d  (xn,  xn+b)  < Z r ,J  

\J  '  ( to)

This  shows that  the sequence (* r r ) r r70 i=  a fundamenta l  one '  Point

( i r )  o f  the proposi t ion fo l lows then f rom the assumpt ion that  x  is

c o m p l e t e .  L e t t i n g  k  t o  t e n d  t o  i n f i n i t y  i n  Q 2 ) ' w e  o b t a j - n  ( 2 0 ) .  T o

get  ( fO1 we have only  to  observe that
4 : , I  / L \  . - ( n )

d ( x , . r x , . , ) . < F ,  - r o ' ( t o ) = 6 ( t o ) - 6 ( t r ( o )  ( t o ) )  ( 2 3 )
r r  L r  

k=0 
v

Thus we have proved the f irst three points of the propo-

s i t ion.  Taking n=l  - i -n  (20)  i t  fo l lows that  in  par t icu lar  we have

proved the imPl icat ion

" I f  uoez ( to )  ,  t hen  d '  (Fuo r * * ) (  f 3 ( to )  " .

Replac ing uo bY un- ,  and to  by d '  r ' re  obta in point  ( iv )  "6

( 2 4 )
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;  r  3.  Opt imal error bounds for ' the secant method
' ' . { r ' - . -

In  th is  sect ion we shal l  s tudy the i terat ive 'procedures

rn+t=xn-5r t*, .-  t ,  xn) 
-1f 

(*r,) (25)

( 2 6 )xn+r=Xn-  f r  (x - r  rxo)  
-1 f  

( *n )

where f  is  a  nonl inear  operator  between two Banach spacesr  x- ,  and .

x  are two points  in  the domain of  f  ,  ahd J ' i  is .a  consis tent
o r '

app rox ima t ion  o f  f ' .

The f i rs t  procedure is  genera l ly  ca l led the ecant  method

but  i t  is  a lso known under  the nam.e of  Regula fa ls i  or  the 'method i

of chord.s. this procedure has Ueen know'n from the t ime of . early

i ta l ian a lgebrrs ts  (see [5J)  and i t  wasextended for  the so lut ion of

nonlinear equations in Banach spaces by Sergeev LtA j and Schmidt

t1 t : .  fn  the above ment ioned papers_ one has,us.ed the.  not ion of

d i v ided  d i f f e rence  o f  an .ope ra tg r .  The  poss ib i l i t y  o f  us ing  the  .

r !

more general- notion of consistent approxj-mation of the derivative

was  rea l i zed  l a te r  ( see  [ r ]  and  [ f eJ )

The i terat j -ve procedure (26)  ,  ca l led the modi f ied secant

me thod ,  was  f i r s t  cons ide red .  by  S .U lm [19 ] .

i n  t he  seque l  we  sha1 l  p rove  tha t  i f  t he  t r i p le t  ( f r xo ,

x  ,  )  be longs  to  a  ce r ta in  c lass  8 { i ro rgo r ro )  r  t hen  the  i t e ra t i ve
- t '  -  \ J

procedures (25)  and t26)  are convergent  and we shal l  g ive sharp

apr ior i -  and aposter ior i  est imates.

'We 
shal I  consrder  the not ion of  consis tent  approx i -nat ion

of ,  the der ivat ive in  the accep{ : ion g iven-  in  [ t ]  ,  which is  more

par t icu la. r  than the or ig ina l  accept ion g iven in  i4 ]  I f  €  and F

are two Banach Spaces rve shall  clenote by L (Fr.F) the Banacha space

cf al l  bounded l- inear operat 'ors from E into - 'F' .
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_  r * -  -  r  a _ l
Definition 4.. L.€t C and -i be tl^p Banach spaces and let V be a convex

'i

and open subset  o f  €  .  Let  f  :V-1 f , be a (nonl inear  operator)

which is  Fr6chet-d i f ferent iab le on V- A mapping 5f tvxvro t({, V 1

wi l l  be  ca l Ied  a  conq is tan t  qpp rox ima t ion  o f  f '  ,  . i f  t he re  ex i s t s

a constant  H )0 such that  the fo l lowing J-nequal i ty  be sat is f ied for

a l l  x t y  r z  e v ? ,

t l y - z l l  ) . 8  Q 7 )

L ipscht tz  cont inu i ty  o f  f t .

l l  t t  tx ,y)  - f  '  tz )  l l (  H (  l  x -z  l l  +

The above condit ion imr:l ies the

( 2 8 )

.  (29)tt
tl+

' L e t be  the  c lass  o f  a l l  t he  l r i p le t s

( f . r * o r x - t )  s a t i s f y i n g

( c , )  f  i s  a
L

f in i t ion f -  inc luded
I

Banach  space  f .

f o r  a l l  x , Y  r z  €  U .

(cq, )  the fo l lowing

( 3 0 )

( 3 r )

In th is case using a standard argument (see p i  3.2. f2J) we deduce . that

f f  f  (u)

Thus ,  ro r  a l l  x r y ru rv€V  we  have

l l  f  (u)  - f  (v)  -F l ( " ,  y )  (u-v)  l l  (  l l  f  (u)  - f  (v) ' - f  '  (v )  (u-v)  l l

l ltt ' tv) -tr'r (x,y) ) (u-v) l l -< H ( l l u-v ll* n x-v ll l l lv-vil t |[ "-"

the fo l lowing proper t ies

nonl inear  operator  hav ing the domain of  de-

into a Banach space t and" taking values in a

(cr)  *o and x-,  are two poj-nts of  9,  such that

t !  o; t  ( I r  (x ,y)  - r '  (z) i i ! -< ho (  i l  x-z l l  + i l  y-z l l  )

i nequa l i t i es  a re  sa t i s f i ed l

U=S. (xo, 
itr)

l l *o-*_1 l l  .<  9o

(c - )  f  i s  F reche t  d i f f e ren t j -ab le  i n . t he  open  ba l l
J

and cont inuous on i ts  c losure i l .

(cn)  there ex j -s ts  a consis tent  approx imat ion $t  o f  f '

such  tha t  Do :=5 f ( x - r , xo )  i s  i nve r t i b le  and

Vb; go , ro)



I O

l f  o ; t r ( x o )  [ ( ' o  ,

: .

h  q  + 2  \ /  h  ' / 1
o - o  ,  o t o  \  r  '

- f > tu - "oeo -@

Let  us remark that  the constant  ho appear ing in .  (31)

depends on 
Y 

. On the other hand 
f 

has to 
.be 

greater or

f4o 
tfr i .h depends on ho. It  j-s worth then to note the

inequa l i t y

(  3 2 1

( 3 3 )

( 3 4  )

( 3 5 )

i n t e r v a l  T =  ( 0 , r o ]

( 3 7 )

) = r ( o

gbnera l ly

equal to

fo l lowing

'o* Vqm) ,,/no t i 5 )

whichwhich al1ows us to take for 
1t 

the estimate to*

does not  depend any more on h^.
o

.  Using the i terat j -ve procedure (26)  we shal1 show thaL-  i f

( f  , x o , X - l 1 e E  { i n o ,  g o r r o )  ,  t h e n  t h e  e q u a t i o n  f  ( x )  = 0 .  h a s  a  s o l u t i o n

x*  which is  un ique in  a cer ta j -n  neighbourhood of  xo.  F i rs t  le t  us

assqciate w:ith this iterative .procedure a rate of convergence of type

( 1 . 1 )

Lemma t .  I f  h

ing condiL. ion (33 )  then

.c*.r, (r) =r (hor+t-.2

o?  
0  ,  9 .o7 t0 ,  , o2 r  0  a re  th ree  numbers  sa t i s f y -

the funct ion

h2 u2+h r )
o o

i s

and

a rdte of  converg ience of  type (1 ,  1)  on the

the corresponding $- funct ion is  g iven 'by

where

= - i
tno t  r - r roeo) 2-4hot ( 3 8  )



proo i .  Le t  us  f i rs t  observe  tha t  (33)  imp l ies  tha t  the

quant- i ty under the square root.s ign f rom (38) is nonhegat ive.  Let  us

cons ider  now the  rea l  po lynomia l  g (s )=ho G2-u2)  and 1e t  , " r l t ,  ) r , zo

be a sequence of  real  numbers sat isfy ing the fol lowing iBlat i ""  .

l ' l

" j i l=" j t ) -n ("Jt , r  , n = 0 r r ; 2 , . . . ( 3 e  )

o n e  c a n  s h o w  t h a t  i f  = ( 1 ) "  ( a r r r l r - a )  t h e n  t h e  s e q u e n c e  ( s  ( 1 )  
) r r r , 0  i so  

-  

, _ t .  
- - - '

decreas ing  and converges  to  a .  Le t  us .  pu t  now 
" j t ,= "J t )  

i r1=  , fu2*n-L t
r : - h  ^

t h e n ,  f o r  a l l  r e  ( 0 , r o l ,  w e  s h a l 1  h a v e  = j t ) n  t . , l 2 ; , | b )  c  ( a , r r ] I - a ) .
o

we a isc  observe  tha t  in  th . '  
(1 )  \  '  (1 )  'l s  c a s e  9  ( s  ' - '  ) = r ,  g  ( s 1 * '  ) : U l  ( r )  <  r .  L e t

l l ^  \

:=  
denote bY c^r | " "  the i terates of  c ; r ' in .  the sense of  the usr :a l

funct ion composi t ion.  i {e  shal1 obv ious ly  have

'  
/ - \  / 1 \

. i . , ( t , l  ( r ) = n ( " l t ) ' ) = = ( 1 ) - s ( r )  n = 0 , r , 2 , . . ..  r  ' ' - r I  '  " n  ' n * l  I

f t  fo l lows then that  d t  is  a  rate of  convergence of

t y p e  ( r . r )  o n  t h e  i n t e r v a l  ( O r r o ]  a n d  t h a t

tp  ,  ,^ l  j t )  ( r )  )  ==')1 r r

We sha11  pass

(26 ) .  Be fo re  s ta t i ng  the

fo l lows that

f .  - 1  r

l l D o *  ( f  ( u )  - f  ( v )  -  d t  ( * , y )  ( u - v )

f o r  a l l  x r y ,u rv  4  U .  Us ing  the  above  j -nequa l i t y ,  t oge the r  w i th  p ro -

posi t i -on t  and Lemma 1,  we shal l  prove the fo l lowing theorem:

. T 4 e o r e m  I .  I f  ( f r x o , x _ l ) € t - b o r e o r r o )  ,  . t h e n  b y  t h e - i t e *

ra t i ve  a lgo r i t hm (26J  one  ob ta ins  a  sequence  ( * r . ) r , 20  o f  po in i : s  be -

longing to  the open sphere s  (xo,  
f lo)  ,  

which conveiges to  a root  ,

it.x^  of  the equat ion f  (x)  =9 and the fo i lowing est imates hoid ;

j ' l - " , . D = 0 r I 1 2 r . . .

now to the study of the

mai-n resul t  le t  us note

u  ( 4 0 )

i terat ive procedure

tha t  f rom (cn )  i t

)  l l (  ho (f f  u-vl f+ffx-vi l+t ly-vl j )  l l  u-v i l  (41)
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:  1i *rr '-*o 11 4 e, t^,{") (ro) ) ,  n=0, 1' .  .  .  (42)

11x r r - x * [ 1  (  d r ( l l  x , r - x , r - 1 l l  ) - [ x r , - x r , - r l l  . ,  n= r , 2 ' . . . '  ( 43 )

.
where hr l  t ld.  6,  are the funct j -ons gi-ven in Lemma 1.

Fros!.  Let  us consider the mappings F:S(xo'  
f lo,  

1 '  E and

:
z t  (0 , loJ  - - *  exp f  g iven  by  the  fo l low ingr  re la t ions :

- l

r*=*-Dl , r t (x)  t  ua1

ug1=[xe E;  gx-xot l (6 ' r ( ro)- f i r ( r ) ,  l l  o ; t r tx) l l  (  r ]  .  (4s)

o b s e r v i n g  t h a t  d r ( r o ) = f o ,  i t  f o l l o v r s  t h a t  z ( r ) c  s ( x o r f " ) .  r f

r  €  ( 0 r r o J  ,  x e Z ( r )  a n d  x ' = G x ,  t h e n  w e  h a v e

11* ' -*o l i  (  l tx ' - "  l l  + 1 l  x-xol l< r+ 6 ' ,  ( ro)- f ,  t r1=f ,  ( ro)-6,  { " r ,  ( r )  )  ,

.  The  . re la t i on  x '=Gx  i s  equ iva len t  t o  f  ( x )  +Do  (x ' - x )  =9 ,

so that  us ing (41)  we obta j -n

.( ho (2 q. (r) +Uo-r) rtJ, (r)

From the above relatj-ons it  fol lows that the hypotheses

( f 4 ) . ,  ( f 5 )  a n d ' ( 1 6 )  o f .  P r o p o s i t i o n .  I  a r e  s a t i s f i e d .  T h u s  t h e  s e -

tt'  quence (* r r ) r r r ,0  converges to  a point  xoeE.  The est imates (42)  fo l low

then  f rom .QA)  ,  wh i l e ,  co r respond ing  to  (17 )  and  (18 )  ,  we  have

xn-r € , t-{"-t' (ro) ) , l l l1-*',-, l l( tj"-t) (ro) r rr=l ,2,3,.. . (46) :

Using the fact  that  6  f  lncreasing Qn (0 ' . fo ]  f rom the above

re lat ions we deciuce that  xn- I  €  Z (  l1*r r -* r r - ,  l l  ) ,  so that  accorc l ing to

point  ( iv )  o f  Proposi t ion I  i t  fo l lows that :  the aposter ior i  est imates

( 4 3 )  a r e  t r u e  f o r  n = I  ' 2 , . . .  .

To end the proof  o f  the theorem we observe that  by le t t ing

llo;tt tx')ll = llo"t (r (x') -r (x) -Do (x'-x) ) ll.< r,o ( il x'-x ll x-xo f l+ ll xo-yo lt I ll *-xll
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t

n to  tend to  in f in i t y  in  (26)  we ob ta in  f (x^1=9.  E

The fol lowing proposit ion contains some informat. ion about

l n \  .
t he  behav io r  o f  t he  sequence  (  6 l (q l i " ' ( r o ) ) . r r z .0 'wh ich  appears  i n

(42 ' ) .  The cases a>0 and a=0 are considered separate ly .  Let  us observe

tha t  a=0  i f  and  on l y  i f  we  have  equa l i t y  l - n  (33 ) .

ve r i f i ed .

Propgsi t ion 2.  Suppose the hypotheses of  Lemma I  3re

( i ) I f  a ) o r t h e n  f o r  a l l  D = 0 r L , 2 , . . .  h o l d  t h e  i n e q u a l i t i e s  I

( i r  )

n= ,1  r2

I
#V

I I

, 3

a=0 .  t hen  the

t . . .

.(fr, (r{") tr5)

{47)

( 4 8 )

,  t r = O r I 1 2 t . . .

of  the inequal i t ies

be proved bY

/ d O \  \ ^ r a  h e r r e
\  - v ,

f o l l ow ing  es t ima tes  .a re  sa t l s f i ed

for every

)'hz fo

:

a

r  ( 1 - 2 h  a ) . n
o '  o

conseguence

- 2 r  ( R f r \ (  r
r-qJZE-G \ or \r / '- 2;q '

-o  - - -o - -  o

wh ich  a re  va I i c l  f . o t  eve ry  r  €  (Or roJ

( i i )  T h e  i n e q u a l i t i e s  ( 4 8 )  c a n  e a s i t y

i - " a . . a & i - n  ^ r ^ s a * ' - . r - ^ . r - l - . r t  t ? f  a = 0  f f O f n  ( - ? 9 )  a n C .
l - r l q ( I U  u l v l l  v v P v !  v  r r r Y  e r r q  u

;
o

n
o

P r o o f .  ( i )  O b s e r v i n g  t h a t  f o r  r €  ( 0 r r ol we have

ho (9o+ro)  r ( t r ) r  ( r ) (  ( t -2hoa)  r

and"us lng  the  fac t  tha t  d f  i s  inc reas ing  on  (0 r ro ]  one can 
;as i lV

show that

ro Iho (eo+ro)J"< c^ l {" ) t6 l

The est imates (47)  fo l low then as
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,  ( n )
(qjl

- )
( r ^ )  )  l - &

t,he proof

the root

f  ( x )  = 0  i n

f  ( x )  = 0

The resul t  obta ined above wi l l  be essent , ia l ly  used ; "

of  the fo l lowing theorem: 
. .

It

T h b o r e m  2 .  L e t  ( f r x o r * - t ) € t { n o r Q o , r o )  2  
a n d  l e t  T ^  b e

: e m  t 'o f  the equat ion f  (x)=0 obta ined j -n  Theor
' t

( i )  r f  a=0,  then xx is  the unique so lut ion of  t le  equat i -on

rhe set El, ls (xo,ro+za) .

( i i )  I f  a=0, then ** is the unique root of  the equat ion

i-n the c losed bal l  S (xo, l tof i

Eoof . observlng that (31) implles the Lipschitz condition

l l  o l l  ( f  '  (u)  - r '  (v))  l l$  2ho I I  t - t f i  ;  u 'v€u (4e)
I r u

and using the equali tY L
'  f  (x) -f (y) -Do (x-v) =J[tr (x+t (v-x) ) -r '  txo)] (x-v) dt

+  ( f  ' ( x o ) - D o )  ( * - Y )

we deduce that for. all xrY€U we have

l l o ;1  ( f  (x ) - f  (y ) -oo(x -y ) ) [ (  ho(  l l  x -xo l l  +  l l  v - "o l l  *  I l *o -Yo l l  I  .  (s0)

"(i) c.onsider an VtfnS (*o,lro*2u) such that f (yx)=6. tlsing the

inequal i ty l ixT-xo l l< f lo 
* .  may wri te

l l  "*-v*il=lf D;1 (r (x*) -r (y*1-no (x*-ynl I 1}

-( ho ( 11 vx-xo l l  + l lx

( ho Q(o+za+eo) | l x

and thus we infer that  Y*=x*.

( i i )  Let  (*r , )  
r r> 0 be

r-f
r f  a=o rhen 0,  ( ro)=fo= f /not ro

- x
o

, ( '  *-v

ll + llxo-yo ll ) il "*-v* ll

il = il**-o* |l

the seq.uence eo'nsidered in Tlreorem

and  f rom (46 )  i t  f o l l ows  tha t

I .
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:

. l l  * r r -xol l - . fo-"r t " , r { " )  ( ro)  ) .  r f  y*es(*o, .po)-and f  (y*)=0,  then
have succesively

l l",r*r-r* 1f = ll oot(r (xn) -r (y*) -oo (xr,-y*l I l l

( ho ( ll y*-*o ll + ll *o-yo ll * ll *r,-*o ll I 1 yx-*r, ll .)

( ho (fo*no*fo- cr (..:(t) ('o) I ) ll v*-xr, li

\<(i-hodi t.^rjn) (ro) ) ) i l yn-*r, l i< il *r-v*ll 
f l,r-ho6r 

rc^rji) (ro) ) )

( see  (48 )  ) ,  f r om the  above

E

/  Let us remark that in the proofs of the results from this
' -sect ion condi - t ion (33)  was essent ia ly  used.  This  condi t i -on is
fu l - f i l led only  'g  

go and ro are smar l  enough.  r f l  pract ica l  aopl ica-
t ions qo can be taken as smal l .as wanted,  because,  hav ing an in i_
't ial approximation xo r w€ can take yo very close to i t ,  on the
other hand' ro is smal1 only i f  the init ial approximation is ,;goocl

enough" '  rn  pract ica l  appl icat ions i t  is  somet imes very d i f f icu l t
to f ind such an init ial apBroxi-mation. However one can prove that
cond i t i on  (3 :1  i s  i n  some sense  the  weakes t  poss ib re -

@

rhe series 
fi 

tr 1or] cro)) beilo diversent
inequal i ty i t  fo l lows that y*=i i*  *^=**.

nlcP 
rr

do not  sat is fy  condj_t ion (3:1 .  Then

and two points  XorX_IutR such that :

( i )  cond i t l ons  ( c . ,  )  _  ( ca )1  as

sa t i s f i ed .

Proposit ion 3. let ho, 0 t go)tTr ro)20 be three numbeis which

there exists a funct ion f  : lR_* lR

. , . .
we i r  as  inequa l i t y  (32)  a re

( i i )  the  equat ion  f  (x )=6  has  no  so lu t ion .
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Proof . Let us first observe that the inequality hocf+Z flfo>t

is  eqdivalent to f r ]Lq^+zr-*2o o

c a s e s :  '

if qo+2ro-z uEffil
shal l  take

sha l l  cons ide r ' two

\fifr-- , rhen we

. W e

< h ' <  a  + 2 r  + 2' o " o o

)  1  ) )
.  f  (x) =ho*-*zi-  (  2ho (qo+2ro) -r-hJql) ,

o

I -h  q  I+h  q
o ' o  o  - o

"b  2h  '  " - r  . 2h
o o

and i f  o<rr]1< eo*Zro- VTq"%), then we shal l  take

r (*) =ql l  *2+To , *o=0, x-r=g"o g

'  In the fol lowing lemma we shal1 obtain

of  type (2rL) ,  which wi l l  be then used in  the

p r o c e d u r e  ( 2 5 ) .

Lemma 2.  Let .T be the whole posi t ive ax is  and le t  a  be a

posit ive number. T.hen the f unction

a r ( q r r 1 =  r ( q * r )

t*2 r,E@*;W

6r{,r) =r-a+ ,ft k*G

Proo f .  Le t us consider the

applied to this

a rate of ionvergence

study of the i terative

is  a rate of

O-funct ion

coirvergence of

is given by

t y p e  ( 2 , r )  o n

( s r 1

T and the corresponding

real noly4omial

runcEron reouces

( sz1

) )
9 ( s ) = = - - a - .  T h e

to the fol lowingsecan t ,me thod  (25 )

recurrent scherne :

o 
(eo+ro)
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"  

( 2 )  
=  Q )  + a 2

n  n - r I 1 = 0 r \ 1 2 r . . .
( s 3 )

the above scheme

and converges
one

to

^ ( 2 )  _on*1-

obta ins a sequence ( "  
(2)  

)  nzO 
which is .  decreasing

)
a .  F o i  e v e r y  t = ( q , r ) e T '  l e t  u s  P u t

TETT

In this case we have

wel l

ded

( 2 )  - ( 2 )  - . ,s i - ' - s j : '  = t J . t ( q ' r )

u Z  a s  i n  ( 1 0 ) ,  w i t h  P = 2 ,  t h e n

- ( 2 ) - .  ( 2 ) = n -  . ( 2 )
" _ l  

- s ' O  - 9 r  o O

define the iterates

e a s y . t o ' s e e  t h a t '

, . .  ( n )  / + \  - e  ( 2 )  - .  ( z )
* 2  \  u /  _ D n  - o n * l

Thus it  foltows that o2 is a rate of convergence of type

( 2 , I )  o n  T  a n d  t h a t  G 2 ( t ) = " j 2 ) - t ,  w h i c h  i s  e x a c t l l z  f o r m u l a  ( 5 2 ) ' I t

a lso fo lLows that

'  
/ n \  ( ) \

62(o i " '  ( ! )  )<  " r l ' '  
- .  ,  .  r=0 , r ,2  r  '  '  ' '  6  (5s)

In the proof of the next theorem we shdll  use the fol lowj-rrg

known result concerning the inversabil i ty of l j -near and boun-

operators in Banach sPaces

Lemma 3 .  r f  Lo€L{ f f ,g ) is inve.r t ib le and i f  
.L€L(€,h 

h1"- :

i i  
- t ,  

then the operator Lo-L i  s also
the property that ll r il . il 

";'
invert ible and

,[i,uot 41 t\t

( 2 )- s r  
" = t  

'

" . ( n )  a r* 2  v !I f  we

i t  i s

( 5 4 )



t i-ve procedure (25) one obtains a sequence (*rr).rrr0 of points from

the  open  ba l l  S (xo , lYo )  wh ich  conve rges  to

eguaQion f (x)=0 and the fo l lowing est imates

l l *r,-** ll.< 6z (*j") (9o i ro) ) ,

l l*,.,-*u llSp2*11 x,r-xr,-11[ ( ll "

where bJ 2 
is 

.ttre 
rate

constant a is given by

1 8

ll tt,o-t )
-t 

lt< (r- l lr, l l l l i,;1 ll )-1 ["; '  1\ .
:'-

fheorem 3"  I f ( f  , x o r X - r ) e  ? t f r o r e o r r o ) ,  t h e n  v i a  t h e  i t e r a -

cf ccnvergence obtained. in Lemma 2 and the

/ ? R \
\ v v l .

r )
d f ( y , x )  i s  i n v e r t i b l e J  a n d

by

n = 0 r L t 2 t . . .

n-1-xn-2 ll * ll xrr-xrr-1 ll

n = l r 2 r . . . ' ,

follows that

t1r /?' -u' .J 
I' + '

' i

Prcof
a '

l e t  F : 2 ; + t ' b e  t h e  m a p p i n g  g i v e n

Fu=x-5 ' f  (y ,x)  
-1r  ( i )

Denote to= (go, ro)

F o r  e v e r y  t = ( q r r )

From (52 )  and  (38 )  i t

Tz consider  te  sete.

62( ro )=  lo .

-rr (*) ll.. , J

z (Ll ={u= (v ,  x)eXz; y eu, l !  x-y l t  {  q, l l  x-xo i ts fo- 
C, (  t) /

ttre linear operatgr n=tr'f (y,x) is invertible and lio

One can  eas i l y  see  tha t  z  ( t ) cS  anC uo=(x -1 rxo )e  z  ( t o )  .  Le t  us

p r o v e  n o w  t h a t  i f  u = ( y , x ) G z ( t )  t h e n  ( x , F u ) e z ( A Z ( t ) ) .  F o r  t h i s  w e

shal l  denote z=Fu and we shal l  prove the fo l lowing re la t ions:

x€U r  i i  z - x  i l  - . ;  I
t 4 n \
\ v w ,

( 6 r 1

. .  - l

i l  D ; ' f  ( z ) t l g<^ . t r ( t ) .  r cz )

l iz-xoll.< iio-f, 
(.I2 ({-) ) ,

the  opera tor  D. ,= f , f  (x ,z )  i s inverL ib le  and

the root x* of the

a re  sa t i s fed ' ,

( s 6 )

( 5 7 )

( s a 1

( se  )

.  Let  $=tu= (y ,x)e V2;

, t
. l
I I

t
I

I
, l

i

i
L
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Relations (50) are j-mmediate

that  uez ( t )1  because-  z-x=-D- l t  ( * )  .

Using the fact that, fl (o-,, (t) )z z

consequences of the fact

=6" ( t )  - r  we. may wri te
z

)  = t -ho

Lemma

( r+2

3 i t  fol lows that

1

r  (q+r)  +^2)

the identity

the l inear operator

f  ( z ) = f  ( z ) - f  ( x ) - f , f  t V , x )  ( z - x )

and  us ing  (41 )  we  ob ta in

- l

l l o ; " ( r ) l l  - < h o ( l l  , - x l l  + l l  x - v l l  )  l l z - x l l (

Thus we have

It fol lows that the

ho r  (q*r)  .

( 6 3 )

( e a 1

( 6 s )

F ina l l y  f rom (6$  and  (6+1  we  have

- ,  -  1

l lo; t r  (z) \1 = l \  (o; tor)  -rol t r  (z) 11( u2 ( t)

checked  the  va l i d i t y  o f  (60 ) ,  (611  and  (62 )  '

hypotheses of  Proposi t ion.  l  are ia t is f ied in

our case. Consequent ly,  the seguence ("rr t*produced by (25) wi l l

converge to a point **e I arrd the apri.ori estimates (57) wil l be

sat isf ied.  Moreover we shal l  have:

112-xol l(  l l  z-x l l  + l i l -xo l l< t*{%-G2 (t)  =fro-Cz(62(t) )  -

In  order  to  prove (62) ,  le t  us note f i rs t  that  accord ing to  (3f1

we have .

lln-1(Do-Dt) ll< llo"t (Do-r' (d )ll * ltDol (r' (x)-Dr)li( ho( [ x-x"lt + llx*yoll + 1tx-zll

$ho (qu+r+2 
t4o-62 

(t) )

Applying now

Dt is invert ible and

\\ tollo, ) 
-t 

1l r<
ho (r+2

On the other  hand'  (59)  impl ies

r  (q+r)  +a



.  P roPs?s r t i on  4 '  Le t  ho t0 ,

real  numers sat i -s fy inq condi t ion

tion f : lR --r R' and two Points xorx

e Y$p, go r to) and f or which the

(58)  are ve: : j - f ied wi th  equal i tY

n = l r  2 1 3 , ( 6 6  )

( 6 7 )
k = 0 r 1 1 2 t . . .

The function 6, being increasing (in the sensg thaL ql ( q2

and  r r ( ' r z  imp l i es  Cr (u1 ' r r ) (  62G '2 ' r r ) ) '  f r om the  above  re la t i ons

one can easilY deduce that

r ' ' 2 "  "  ' ( 6 8 )
t*--r, xn-r )e z ( l l xn-I-xn-z li ' l l xn-xn-r ll I r r=
'  l1- z rr-r

. . A c c o r d . i n g t o p o i n t ( i v ) o f P r o p o s i t i . o n l w e o b t a j . n t ' h e e s t i m a t e s

t 5 o /  '  
* '

W e s i i l l h a - . r e t o p r o v e t h a t * o i = . a s o l u t l o n o f t h e e q u a -

t i o n f ( x ) = 0 . T h i s f o l l o w s e a s i l y i f w e s u b s t i t u - u e i n ( 6 4 1
/ * \  '  1  ^ !  s  + A  { - a n r l  t ' o  i n t a n } E y .  t 3 5

L=-*)" '  (to) r z=xrr+l and let n to Lend t 'o inf inity'€

T h e . f o l l o v r i n g p r o p o s i t i o n s h o w s t h a t t h e e s t i m a t e s o b . -

ta ined in  th is  sect ion are sharp in  the c lass etno 'Qo' ro)

goz0 and ro 0 be anY tr inlet of

(33 ) .  Then  the re  ex i s t  a  func -

- l c  t R  s u c h  t h a t  ( f  , x o ' * - l )

r e l a t i o n s  { 4 2 )  ,  ( 4 3 ) ,  ( 5 7 )  a n d

't
In
F
t ,.f
t
l,
d ;*
I
a

v
I

$;g;
g,
[j

&

f o r  a l l  n .

P roo f .  Take

f  (x)  =hn1x2-a2) ,  *o= (r-hoqo) / tzho) '  x-r= ( I+hoQ a) /  iz l 'o)

Es of Lemma t and Lemma 2 " E

( 6 e )

The l
,j

i-l

I
.j
t
t

':

i
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4. E,stimations in the peiturbgd case

: . .

In  th is  sect ion we shal l  consider  that

cedures studied in section 3 are perturbed. we

t h e e l e m e n t s c o n t a i n e d i n t h e c o n s t r u c t i o n o f

known only approximatively. Moreover we shall

s tep the matr ix  invers ion (or  the so lut ion of

system) is also performed approximatively'

the i terative Pro-

sha1l  supPose . that  a l l

these procedures are

suppose that at each

the respective l j-near

' Thus we shall  consj-der that the perturbed iterative algo-

ri thms corresponding to (25) and (26) are respectively of the form

; ?ooo , i;r#rr- (f,r (in-r,?rr) +nrr) 
-1 

tr {irr) *.rr) *9n ,3-ro-r

fo*o , ir,*r#r;- (tf (x-t,xo) +Eo) 
-r 

tr tfrr) €r,) {r,_ ,

'where erre fi, Erret, G r31, gn e € .

In what follows we shall suppose that there exist three

posi t ive numbers gt  , ' t2 and E3 such that

' _

for  a1l  nc 4*

(70)

( 7 r )

( 7 2 J

In  the prec ld ing sect ign we have seen that  i f  ( f rxor*- t )

e  €t r ro ,eo, rs)  ,  then the sequences produced by Q5) and (26)

stay in  the opei r  ba l l  Uo=S(xo,  f lo)  
and consequent ly  

' t tSf  '  In  Lhe

perturbed case we have to suppose that f is defined on a ball

u*=s(xo,  f  
x ) ,  w i th  l^* r f lo '  we have a lso to  suppose that  the

mapping 5f extends to u*xu* i

rn  the def j -n i t ion of  qhe c lasq ?1Jno'9orro)  one has

imposed  cond i t i on  (3 I )  
' i o r  

a l l  x ,  y , zaU.  Ih  the  pe r tu rbed  case  i t -

is  hore.convenient  to  suppose that  the fo l lowing condi t ions are
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rf'  
. sa t i s f i ed  fo r  a l l  x r y ru . r v  €  U^ :

'"\ . ,  .  .  . . .-

f , t  ( x r x )  = f  '  ( x )

l l [ r  (x ,y )  -J r  (u ,v ) l [ -<  H (  l l  x -u  l l  +  i l y -v  l l  )

x ryeu*  and  the re  ex i s t s  a 'pos i t i ve  number '@ such ' tha t

- t l l  
;  x ,ye u*J .

( 7 3 )

( 7  4 '

These condit ions are more restr ict ive than condit ion (271

but they are satisf ied by the usual examples of consis.tent aporo-'

x ima t ion  ( see  t l o ]  and  [ ro ] ) .

'  r f  ( f  , xo ,X - l )eE(ho rgo r ro )  
' ,  t hen* the  l i nea . r  ope ra to r

5 f  { x r . - r , xn )  i s  i nve r t i b l ' e  f o r  a l l  n?0 .  f n  o rde r  t o  assu re  th :  i n - .

ve i : t ib i l i ty  o f  f , r i i r r - r ,? ; i+E'  for  a l t  r i2z0 we shal l  suppose that

5 r ( x , y ) i s i n v e r t i b 1 e f o r a i 1 x , Y € U * a n d t l r a t t h e n o r . m s 'i

l f  F f  (xry) - r  l !  r re  bounded.  More prec ise lyr in  the per turbed case we

shalL impose one r or both , of the fol lowing condit ions:

(cx) The open bal l  u*=s{xo, px) is included into the dom;i in

o f . d e f i n i t i o n  o f  . f  a n d  c o n d j - t i o n s  ( 7 3 ) - ( 7 4 )  h o l d  f o r  a l l  x r Y t u , v  € U * .

(c**)  The l inear operator 5r (*ry)  is  invert ib le for  a l l

L /6 >, s"p tll $t (x, y ) (7s  )

We can state now the following theorem concerning the

- i terat ive procedure (7f1 .

Theoqsrn : ! .  Suppose ( f rxorx- l )e t i thoreorro)  and le t  ( * r r t>O

be the sequence generated by the iterative algorithm (26). I f  con-

d i t ion (C*)  is  sat is f ied and i f  the fo l lowing inequal i t ies hold:

o .  do .-< l l  r r  (x-r ,*o) t  l l  
- t  

,  (76)

Qr=do-H trr l l -zal -2r.  ̂ 7ro r ( 7 7  )

( 7  8 )Pl=O?-4rI (E L+ t2y o+ €r (do* t2) )  ,



then the i terat ive a lgor i thm (71)  is  wel l  def ined and r^re shal l

have the estimates

ll fr,-*r, ll< di)< 5,

Proof . We note first that from the proofs of Lerirma I and

Theorem I i t  fol lows that

( 7e )

( 8 0 )

/'r \
, ( for all neZ+ , where the sequence (tn:'h?p is given by
i .

r  ( r )  -  1  rw  r1  ( r )  
)2 * (zn  (s j l )  - "11 )  )  +nqo+6r )  t j l )  +- n t l  d o -  f 2  " ' ' '

+ r r  r , r " j l ' - = j } l ) + € l ( d o - 1 2 )  )  .

ll xn+t-xr, il-< " 
( r' -"$l ,

for all neZ'+

using Lemma 3 i t ' fo l lows that  the l inear  operator

'  f -  - - - rd t (x - I r xo )  i s  i nve r t i b le  and

l l  t 5 r ( x - t , xo )+Eo ) - t  l l - .  ( do -  . z ) - t  .  ( 82 )

This fact ,  together  wi th  the remark that  (79)  and (80)

imply frr.Un, show us that i f  (80) is satisf ied.rthen the formulae

(71 )  make  sense .  Le t  us  p rove  l he  i nequa l i t i es  (80 ) .  Fo r  n=0  theY

are  t r i v i a l l y  sa t i s f i ed .  suppos inq  they  ho ld  fo r  n=0  ,L , . . . ' r k  we

shall  prove that they hold for n=k*I ' too.
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r ?  . .

L e t  D  = f , f  ( x  , , x  )o  - r '  o ' and D =D *E . From
o o o

( 2 6 )  a n d  ( 7 r ) we have:

Using (7 4 ' )  and

t*r-'t*r$;r tr ril -r (>1) -oo (i->1) -""dlr r1l.uqt.xo-{.) +%)-sk . (8:;

(8r1 we ded.uce the fo l lowing inequal i t ies

llr t*,nl -t (*r) -Do ('iu-xk) ll ( H ( ll i:.-*p.ll +z ll **-*o ll + tl *o-*-r tl llli-1ll

( 8 a 1.< H (rf1) *z r=jl ,  -uft, ) +qo) . l t l

l lu^o-lr (>:*) !l = !l E" (xu-xo*r ) 1[ ( r, ,",1t' -",li l, .

"  F ina l l y ,  f r om (S2)  (85 )  i t  f o l l ov , r s  t ha t

ll tnr-t*, il < (dt t2)-t[" tq;tl ) 2+(zur= (t)-{t) i*"g*rrldi)*r,

+ e, rs{l, -"{ l l) + €r (do- rr l ]  =t{} l

Let us denote now. B=H t f r l l -Za) +e, ,  C=61* €2ro+ €3 (do-62) .

Because 
" j t ) -= l tk  " j t ) - .  a 'd 

" f t ' - " l l la  
= j t , -= l t ,  we sharr .  have

{ 1 ' l.fii ( tao- r r)-t trff*e fr+c) = {

This completes the proof of the theorem. tt

The  func t i on  
f s t f t )=  

"@{ -a  
iF  i nc reas in j  on l y  on  the

interval  L- . 'no ,  ro*eo(2-hoco) /4)  r  so that  we cannot give,  in

genera l ,  aposter ior i  est imates of  the.  form (8) . .  However ,  re la ted

ro (7)r we have ll *r,-** i l s =,lt) *.,1t) -..

( B s )

Concern ing the per turbed secant  method (70)  we have:
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' h  - ? r  - r  I  . a n d  b gTheorem 4 .  .  Suppose ( f  , xorX- t )e  ? {norgor ro)  and le t  ( * r r ) r r )o

the sequence gen"rated by the i terat ive.a. lgor i thm (25).  Suppose

also,  that  condi t ions (c*)  and (cxx) are fu1f i l led.  Denote

vo=max tgor ro ] .  r f  the  fo l low ing  inegua l i t i .es  a re  sa t is f ied : '  
'

6 v _ H
or='-ffi-2€27'o '

t
D r=Q)- Att  (  € r+ €2ro+ e, (Q- Er) )z o,

.  r  or-  ' [62 '  , *  ,tz=ff( r_f" ,

then the j-terative algorithm (70) iS weil defined and for each

n G Z* we shall have the estimate.s

ll frr-*r, ll .. .12', tr, ,

( 8 6 )

( 8 7  )

( 8 8 )

( 8e  )

where the sequence t# ' )*oir  g iven by:

w  = s  ( 2 )  - =  ( Z )
n n n f r

. j i )  =. j ' )  =0, s( 2 ) - l + h o q o  ^ ( z ) - l - h o 9 q-r.=-7q- ' so -7q-- ' w-l=Qo

4i\=Ttr,1".,1" .i:F (H (w,,+1,-r) +r2) t P)*uu""ti]l* trqry ertb 1))

t ion

Ene

proof .  For  1=:- l  and n=0 the inequal i t ies (89)  are t r iv ia l ly

s a t i s f i e d .  S u p p o s e  t h e y  a r e  s a t i s f i e d  f o r  n = - l r 0 r 1 r . . . r k ,  w h e r e  k > . 0 .

From (89)  i t  fo l lows that  iO-r ,  iOeu*.  rn  th is  case condj - -

{r&
(cxx) impl ies,  according to Lemma'3,  the invert ib i l i ty  of

l inear  opera io r  S t i io - r , f k ) *Ek ,  as  we l l  as  the  i r requa i i t y
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llt5r t fu-r, i 'o) *no) -1lf - l

@ - t )  "  .\< ( e 0 )

Fr:om (9f  ;  . ru

ll ft *r-*r.*,.

r+2 {f

r ,et us denote Dk=8f (xo_r rxo) and 6u=trr t io_r,fo) .  using izsl  and

(70) we may. wr i te:

t*r-**r tBo+u*) 
-t[r (xu) -f t*'ol -Bn {xo-iu) + (il"k-Dk) oitt (xo) +

*lnoutf (xr) -ro (xo-iu) -eg1+sh .

Taking in to account  the 'proof  o f  Lemma
'  l r - \

wO=al)^r (qorro) and, then from the proof

.  - l

l l ou'Lr (xo) ll = fl *ttr-xk ll.( wo . using this remark .rrd inequa-

l i t ies  i7+1 and (28)  we obta in the fo l lowing est imateb 3

l lr (xo) -r (E.) -ilo r*o-io)ll g H rt{zl *rk_r).lr) ,

lf (6'L1oj) o;t r (xo) ll . ( H t tf 3l.t{" ,'n

can now ded.uce that

l l  -< (/- te)-t[".,[ ' ' . ,131. (H (wp+w:<-r) * trl t{2} *

+Hwk{:}a t, + €2*k* e3 g-r, lJ =.tffl

Thus we have checked the

Remarking that

t J ( g r r ) . .  - r ( i J + r )

r+zv r (q+r)

f i r s t  i negua i i t y  (801  fo r  n=k* l - .

(  -2 *ax (e , r )  t

a .

2 iL follows that
I

of Theorem 3 we have

( l  r '1

we obtai n the -tnequal-.1.tj-es ro{ro, w1{Av.r,w2(:Lv -
r  O  2 " .  f *  O

1 + 2 v 2  L + 2 \ 2
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I t  fol lows that

proved' that t 'he second inequali ty (89)

The Proof  is  comPlete '  S

T h e  f u n c t i o n  f  Z @ r T ) = G-*r l  +a2-a is increasing so that

.  est i -

fo l lowing

(92 ' , )

are sat is f ied for  a l l  ncZ+

In the end of this

' i l l  condit ioned" examPle

a lso  bY  Lancas te r  [Z ] ' .we

equation d

(H (wn-r+wk) +Ez)tf2) +Ho,o.l3l*,q +ez)F z '
r+2 \a.

f o r t h e p e r t u r b e d s e c a n t m e t h o d w e c a n o b t a i n a p o s t e r i o r i

mates of the form (8) '  Thus we have the fcl lowing

Corollary. Under the hypotheses bf Theorem 4 the

estimates

ll i,,-*n [( "l?'+tl2) 
-a

.^#-tl2) -a
il ;--# il$ [ il ;"-}"-, ll *.,1')..,131, ( 1l gn-in-r ll + ll i,,=r-i*z il *tl2).ztl3l-{3}l

- -

paper we shall  aPPIY Theorem 4

proposed bY Wilkinson [Zt] and

arg asked to so.lve iteratj'velY

2  ^  n . o o o o o - L t  . n ) R 7 6 9 = 0
x  - 4 . v z o u v  ( / v  I  r

( N o t e : f o r k = 0 a n d k = - l o n e h a s u s e d t h e f a c t t h a t ' t o = t - I = o ) .

Denoting B= (6voH) /  G+2 ' l -z) + Ez ,  c=€r* €2to* %@-t2) i :u 
taking

j . n t o a c c o u n t . t h e d e f i n i t i o , , o r . J , i t f o 1 l o w s t h a t . f i | <
- r  - ?  f

W- t2)- '  GJi+v[r+c) = d2'

In this way we have

is  a lso sat is f ied for  n-k* l  '

( e 3 )

tb an

considered

the



i
b - - . _ , .

usr-ng

method

2 8
aj ..

a.computer character i -zed by the

S t a r t i n g  w i t h  \ _ . , = L . 2 L ,  F  - = 1r - L  ' o .

we have obtained I

e - = 1 . 1 I 0 5 1 8 2

9 . , = r . 0 7 8 9 1 0 3
, z

g ^ = I . 0 5 5 0 6 9 4
t J

€  - r  ^ r a r o r n)  , - L . 0 4 2 4 9 r 0
.l

- - 1

accu racv  € ,=  En=  f .=0 .5x10  '  
.

L Z J

. 2  and  us ing  the  secan t '

= 1 . 0 3 5 8 1 8 1

=1 .0 332202

9  7 = L '  0 3 2 6 1 9 9

€  ̂ = I . 0 3 2 5 6 8 5' 8

€rr= Fa for n>78 :

I f  .we take ' * - f=% ,  *o= f7  ,  'and  
lo= fx=O.OOI6 lg92the .n  

we ob ta in
(x) -1

H = l ,  Q = A . 0 3 3 1 I I 2 ,  9 - = 0 . 0 0 0 6 0 0 4 ,  r ^ = 0 . 0 0 0 0 5 1 7 '  t , f 1 5 , 7 x I O '' o r
r .  - ' 7
d ^ < L 6 ,  I x l 0  '  

.
4t

We want to find an estimate for the distance I 9g-"x1. The hypo-

theses of Theorem 4 being satisfied we can use Corrolary 1 "

From (921.  i t  fo l lows tha t  l f r - "n l .25x t0-7  ,  wh i le  f rom (g : )

.  l  e  
J r r  - 1

we have I  E 6-x^l< ZS n 3x10

Taking advantage of the fact that

sequence I grr) becornes constant bevinnlnV

accord ing to  (6)  that  I  f i - "u  l< to ,1xt0-7.

the rea l i ty  becarrse x*=1 .0325673.  .  .

9 5

g 6

l i

: i ;
. f

; t
1 t
i r
r $
1 l
l i
i 5
i r

i t '
l : r

r t :
l *
l t
i ! :
i ! i
l &

l t :
t * ,
i f
l : !
: T
i t

I t

l i .
I t
r t r
t l

i l
r !

we know that

with .n=8, we

This is very

the

obtai.n

closed to

: l
' I

i r
: !



-  ' 2 9

.  R E F E R E N C E-S.

1.  BURMEISTER, W.,  Invers ionsf re ie  ver fahren zur  L6sung

n i c h t l i n e a r e r  o p e r a t o r g l e i c h u n g e n '  z a M M ,  5 2  Q 9 7 2 ) ' ' 1 0 1 - 1 1 0 '

2 . L A N C A S T E R , P . ' E r r o r a n a l y s i s f o r t h e N e w t o n - R a p h s o n

m e t h o d . N u m e r . M a t h ' ,  9  ( 1 9 6 6 ) '  5 5 - 6 8 '

3.  MIEL,  G.J. ,  Uni f ied error  analys is  for .  Newton- type Jnethods '

N u m e r . M a t h - ,  3 3  ( l - g 7 g )  '  3 9 1 - 3 9

4 . o R T E G A , J . M . ' a n d R H E I N B o L D T , w . c . , I t e r a t i v e s o t u t i o n o f

n o n l i n e a r e q u a t i o n s i n s e v e r a l v a r i a b l e s , A c a d e m i c P r e s s '

New York and London,  f970

5 . o s T R o w S K I ' A . M . S o l u t i o n o f e q u a t i o n s j . n E u c l i d i a n a n d

B a n a c h S p a c e s . A c a d e n t i c . P r e s s , N e w Y o r k a n d L c n c o n , l 9 T 3 .

6 . P o T R A ; . F . - A . l o n a m o d i f i e d s e c a n t m e t h o d . L ' A n a l y s e

n u m d r i q u e e t l a t h 6 o r i e d e l | a p p r o x i m a t i o n , 8 , 2 0 9 7 9 ) . ,

203-214 -

' T . P O T R A r f ' . - A . r . A $ a p p l i c a t i o n o f t h e i n d u c t i o n m e t h o d o f

v . P t d k t o t h e s t u d y o f R e g u l a F a l s : l . P r e p r i n t I N C R E S T

no.r  L / r '7g ( to  appear  in  Apl ikace l r la temat iky)

B . P O T R A T F . - A . a n d P T A K ' V " s h a r p e r r o r b o u n d s f o r N e w t o n ' s

p rocess .  Numer ' l ' l a th '  r  34  (1980)  '  63 -7 .2

g . P o T R A , F . - : A . a n d P T A K , Y " o n a c l a s s o f m o d i f i e d N e w t o n

p r o c e s s e s . N u m . F u n c . A n a I . o p t i m . , 2 , l ( I 9 8 0 ) 1 0 7 - 1 2 0 . .

l 0 . P o T R A r r ' : a . a n d P T A K , Y " A ' g e n e r a l i z a t i o n o f R e g u i a F a l s i "

P r e p r i n t i N C R E S T n o . l 0 l l 9 8 0 ( t o a p p e a r i n N u m e r . M a t h ) .

. I I . P O T R A T F . A . a n d P T A K T V ' r N o n d i s c r e t e i n d u c t i o n a n d

i teraLive procedures ( to  appear)  '

.  12. PTAK , Y " ,  Nondiscrete mathdmatical induction and, i  te.rative

ex i s tence  p roo fs .  L inea r  a lgeb ra  and  i t s  app l i ca t i ons ,  13

. .  (  L 9 7  6 )  ,  2 2 3 - 2 3 6  -



P T A I ( , V . , N o n d i s c r e t e m a t h e m a t i c a l i n d u c t i o n , i n : G e n e r a l

Topology and i ts  RelaLions to .Modern Analys is  and Algebra

IV ,  pp .166 -178 .  Lec tu re  No tes  i n  Ma themat i cs  609 ,  sp r i nqe r '

B e r i i n  1 9 7 7 .

ROKNE, J . ,  Newton 's  method under  mi ld  d i f ferent iab i l i ty

cond i t i ons  v r i t h  e r ro r  ana lys i s .  Numer . t4a th . ,  18  (Lg72) ,

4AL-412

SCHMIbTI  J .w. ,  E ine Uber t ragung der  Regula Fals i  auf

Gle ichungen in  Banach Rdumen,  I ,  I f  r .  ZAiv lM,  43 (1963)  '

1 - 8 ,  9 7 . : 1 1 0 .

$QFIMIDT,  J .W.,  Regula-Fals i  Vei : fa .hren mi t  konsis tenter

ste igunE und Majoranten Pr inz ip.  Per iod ica l {a temat ica

H u n g a r i c a ,  5 n  3  ( L 9 7 4 ) ,  1 8 7 - 1 9 3 .

SCFI IT?ETI , ICKT ! I . ,  Nuuner ische L6sung n icht l - inearer

Gle ichungien,  VEB, DVW' Ber1 j -n IgTg'

$ERGEEV,  A .S . ,  On  the  me thod  o f  cho rds  (Russ ian ) ,  s i b i r .

M a t . J .  2 t  2  ( L 9 6 1 )  '  2 8 2 - 2 8 9  -

ULl ' , { ,  S. ,  Majorant .pr inc ip le  and '  secant  met 'hod (Russian) ,

I . A . N .  E s t o n s k o i  s . s . R . ,  f i z . m a t . ,  3  ( 1 9 6 4 )  ,  2 I 7 ' 2 2 7 .

uLI{ ,  S.  ,  On genera l ized d iy id .ed d i f  ferences (Russian)  ,

f  ,  I T '  I . A . N .  E s L o n s k o i  S S R '  F i z . m a t ' ,  1 2  ( L 9 6 7 )  ,  L 3 - 2 6  |

3 0

1 3 .

L 4 .

1 5 .

1 6 "

L t .

L B "

1 9 .

2 4 .

2 L .

2 2 .

1 4 6 - 1 5 6 .

wT l ,K r i \ i soN,  J ,H . ,

Clarendon Press

WOZNIAKOI^ISKI , 11. ,

l inear  equat ions.

The A}gebraj-c eigenvalud

1 " 9 5 5

Numer ica l  s tab i l i tY for

N u m e r . M a t h .  2 7  ( L 9 7 7 )  |

problem. bxford:

soiving non-

3 7 3 - 3 9 0  "

. l
I
I


