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ON A CLASS OF ITERATTVE PROCEDURES TOR

soLVrNG NONLTNEAR EQUATTONS IN BANACH

S P A C E S  , '

by

f' lorian-Alexandru potra*)

1. II{TRODUCTTON

In  a  j o in t  paper  w i rh  V .p tdk  L ra ] ,

convergence condit j-onsr &s v;e1,1 as sharp' error

wing i terat ive procedure for  so lv ing nonl j -near

spaces ' :

vre have glven optinal

lounds for  the fo l lo-

equat ions in  Banach

xr, = ti = 
"t-r,

m-1
In=xn-1

( 1 )

- I r  t v r r rx r , ) -1 f  (T I )  ,  k=o ,L , .  . .  ,m-1

n = . 1  , 2 1 3 r . . .

-  For m=I th is reduces to

' In the above formulae f

two Banach spacesrana 5 f  (y r * f  was  a

points y and x (see fza!

I t  is  known that  the order  of  convergence of  th is  proce-
/v-

dure  i s  (m+ t (m '+A)  /Z  ( see  [ z f ] ) . . ' The  na tu i : a l  number  m can  be  chosen ,

accord ing !o  the d imenslon of  t l r "  space,  to  maximize t i re  ef f i i lency

=-^ 'Depar t rnen t  o f  l 4a themat i cs , ,  Na t i ona l  I ns t j . Lu te  fo r :  Sc ien t i f , i - c  and
Techn ica l -  c rea t i on ,  Bd .p i c i i  220 ,  79622  Euchares t ,  Roman j -a

k+l  kx = xn n

the secant  method.

was a nonl inear  operator  between

div ided d i f ference of  f  a t  the



for  the def in i t i ,on of  the ef f i .c iency of .  an i . ter :a t ive proce-

F o r e x a m P l e , i f t h e d i m e n s i o n o f t h e s p a c e i s r e s p e c t i v e l y

e q u a l t o . , , 2 , 3 r t h e n t h e o p t i m a l m i s r e s p e c t i v e l y e q u a l t o L ' 3 t 4 '

remain va l id  i f  instead of  d iv ided c l i f ference one considers the more

genera l  not ion of  consis tent  approx imat ion of  the der ivat ive '  I {e  a lso

intend.  to  s tud,Y the case,  which appears in  numer ica l  appl icat ions '

where the j - terat ive procedure (1)  can be 'per formed only  approx imat ive-

Iy .  More prec ise ly  we shal l  invest igat 'e  the fo l lowing " f rer turbed ver-

s i o n "  o f . t h e  P r o c e d u r e  ( l )  :

(see [o ]

Cure) .

(2',)

at .\,,

"O=*o ;  
YO=YO

tuo atfl a -:,m-I
kr,=x-- =xrr_1r Yn=xn-I

i l*1-il- t)-r tfl,,, f,r) +r,') 
-t (' tf i l l +",',k) +sn,k'

k = 0 r 1 ; . . . r m - I

n = l r  2 1 3 1 . . ,
( - t - P  .  

'  
k . .

.  r n  t he  above  fo rmu lae l t t i n , i r r )+En  and  f  (1 ; ) * " r r , k  rep re -

sen t  ou r  es t . i n ra tes  fo r  S f t i n r i n l  and  r t f l l  , v rh i re  the  vec to r  g t r k  con -

ta ins the errors  rnade in  the matr ix  j -nvers ion (or  in  the so lut ion of

the  co r respond ing . l i nea r . sys tem)  occu r r i ng  j -n  (2 )  .

Supposing that  there ex is t  three posi t ive numbers uLr  t2 ,

€^ such t lrat
J

( 3 ]  l l e n , x l l r r t ,  l l  E n l l S € 2 ,

:  -  d ,  _ .  - r  t - _ n
for  aI I  n  e , rw a l tLr  r \ -u

hypotheses r .  t ,hat  there

i . , *.- 
'

' r  n-1 r ,ra sh.a' !  I  Dro\- te,  t rnder appropri .ate
, L r . o . r L t t  t ,  t : ' - ' - .

nx is , , t s  a  nu rnbe r  f , ' suc f ,  t ha t
g A J - r r  9 g

lJ en, s 1l! €r ,
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( 4 )

the method

ilil-"| tt I t
. -  : -

f o r  a l l  k = 0 r 1 1 . . . r m  a n d  n = 0 , L t 2 t . . .  .

? T iF I lD7\ t 'F ' r r7T:  t ) t )n / i rn r rnF-  Anz.  r luxal rv .u PROCEDURES O{_TypE (2,m) A}r iD
,  

I \ ]NJ\TNTqT-RT:TI t r  T} INTIr 'TFT^\1r { v r r y r u v t w r !  J l { u ( J \ _  J .  I v ( \ j

fn . the s tudy of  the - i te : :a t ive proced.ure

of  nondiscrete i_nduct ion.
o

(1).v. 'e sha11 use./

- For the motj-vation and the generir l  principles of this
- r. --l t-- --1met.nod see LI5J or  i_16J The j - terat ive procedure (1) '  be ing an i * "era_

t ive procedure of  type (2rm) v le  shal1 reproduce,  in  what  fo l lows, the
a

. r esu l t s  ob ta ined  i n  [14 ]  conce rn ing  the  app l i ca t i on  o f  t he  nond is t re -

te nathenatical induction to the investigation of these type of i te-

rat ive proced.ures.

3irst, 1et us give the definit ion of an iterative prbce-

dure of  type (2 rm) -  Roughly  .speaking an.  i terat ive procedure of  type

(2rm) is  an i terat ive procedure which produce' -sr  d t  each step,  f rom

the last  tvro points ,  m new points .  To be-more prec ise le t  us in t rodu-

ce some notat ions.

Let  X be a complete metr ic  space.  f f  k  is  a  natura l  num*
! -

ber ,  X^  w i l l  s tand  fo r  t he  ca r tes ian  p roduc t  o f  . k  cop i -es  o f  X .  rn  the

whole papel  m vr i l l  be a f ixed posi t ive in teger ;  the e lements of  
"m* l

w i l l  b e  f i n i t e  s e q u e n c e . s  o f  t h e  f o r m  , =  ( z o ) " L r . . .  , z m ) ,  v r i t h  z ) e x "  F o r

e a c h  j = 0 r 1 r . . . 7 I I l  w €  d e n o t e  b y  P j  t h e  m a p p i n g  w h i c h  a s s i n g n s  t o  e a c h
m I ' l

z e X ' " ' *  i t s  j - t h  c o o r d i n a t e ;  t h u s

.  z  = ( P o " ,  P L t 1 . . .  j p * = ) .

by

we shal l  a lso use the mapping p f rom *m*1 onto-x2 def ined
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' i

for at l  zel bj".

C o n v e r s e l y , a n y m a p p i n g r f u c x . 2 y s a t i s f y i n g ( 6 ) v l i l l b e

-b f  
the  fo r rn  (5 ) .

Let now F:$"c;  +Y he a mapping r+hich sat, isf ies (6) atrd

le t  uJb-  be g iven.  T i re  recurrent  scheme
o . E

(7  t  x r=Fuo i  xn+ l=FPxra ,  [=1  12  13  1  ,  .  .

wili be called an iteraL iv.e*gg.o3g*y**o9,, -!Xpe,- ( 2 1g) '

u 
irrto xm+l

j = 0 r 1 1 . . . 1 i I l

mapping from Su into *m+1 def ineo by set t ing

( 5 )  F  ( Y , > : ) =  ( x , G ( Y r x )  )  .

(6 )  PoPPz=P*z

Let p,. be a subset of x2 and let F be a mapping of $n

. ,  To:  s impl i f t r r  some of  the formulae i t  w i l l  be cOnvenient  to

use the abbrev iat ions

FO=PrF r

)
ar rd t .o  j -n t roduce the mappi f tg  f - . '  !X ' -+X def ined for  u=(y 'x)  by the

J  - I

fo , rn tu la  F- ' , .  t l=Y.
- J -  f l

Let, G be a .mapping fronr $o i ' to Xn an6 let i '  bg the

The n iapping F vr i l l  ev ident ly  sat is fy  the re la t ion

Set So=Bu a: :d , lef ine recLirs ivelJ
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Drr* : -= t tSr , r t  PPr*$^  l  r .  D=0,J - ,2 , , . . .

The set $=$o S'  wi l1 be cal led the set"  o f  admiss ib le

. a

a

f t  w i l l  be convenient

by the formulae:

to i-ntroduce

6  '  a n d u )

formula

'  1 ^ \
d- I  ( s )= , -n \ f i  ( s )=q , l n l

a r o ( s ) = - t i ' ( s ) = r ;  s =  ( q r r ) e T 2  ,

funct j-on: 
",1" 

) 12+ r by rheLet  us def ine the

o{n+r )  { "1= ro

t o

recJursive

t*( f f I1(s) ,  .o(nls)  ) k = - 1 r 0 r 1 r . . . 1 I T l
n = 0 r J . 1 2 1 , . .

I

IaIe shal l  at tach
a ^

z  T " -+  Tz  de f i ned  by

the mapping <^> T*, the mapping*?-+

star t ing poiTr ts  for  the i terat ive proced.ure (7) .  f f  .uoe$r then we sha1. l

say  tha t  t he  i t e ra t i ve  p rocedure  (7 )  i s  we l l . de f tned .

Now le t  us see how the method of  nondiscrete induct ion

appl ies to  the s tudy of  i terat ive procedures of  type (2rm).  F i rs t  le t

us in t roduce th-e not ion of  ra te of  convergence of  type (2,m) :

Let  T be e i ther  the set .o f  a .11 posi t ive real  numbers or  a

ha l f  open  j -n te rva ' I  p f  t he  fo rm (Orso ]  , . f o r  some =o )0 ,  Fu r the r ,  l e t

m  be  a  f i xed  pos i t i ve  i n tege r  and  l e t  c ,  be  a  napp ing .o f  t 2  i r r t . o  Tm;

i t s  c o m p o n e n t s  w i l l  b e  d e n o t e d  b y  d t r r i . r . . . . , r ;  
: o  

t h a t ,

, o 2 ( S )  , .  .  .  , d *  ( s )  ) ,  f o r each  s=  (g  r r )e  T2

a lso  the  func t i ons

o.)

6 (=)  =  @*_,  (s )  ,co*( s ) ) .



- 6

L'  e ' t : (o)(s)  =5'  ;3 
(n+l)  

1s1 ="31a(")ct))

of  the usual  composi t j -on of  funcqions ( j

n=0,  L  12  , .  .  .  ) ,  then  we have obv ious lY

o ( n )  ( s ) = ( - ( } | r ( s t , , - r j n )  ( " ) )  ,  f o t  a r l  s e T 2  a n d  n = 0  1 L 1 2  1 " '

f o r  e a c h  n = l r  2 r . . .  t h e  m a P P i n g

. ( n )  . ( n )  . . ( n )  { r  f o l l o w s  t h a t
< , : i " ' r u ) - -  ; " ' 1 ( ^ ) *  '  " . - : '( n )

rr.

Consider ing now

zT2--, tm with comPonents

6 ( s ) =

,tn.-4

f .r .(^) t")
j = o  r

@z
n=1

for 6 may

do,  S l ,  '  '

f o r  a . I I  t r l =o r  L1 . . , 1  t he  above  exp ress ion

fo l lowing one

oc
+

n=1

to  in t roduee the 
' funct ions

,^r (n+t)  (s)  =t^r1r i ( t )  ( " )  )  n  for  a t l  se ' !z  and n=0 1L 12 1 '  '  '

I n  t he  seque l  .we  Sha l l  o rn i t  t he  b racke ts  o r  t he  s ign ' "o t ' f o r  i n -

d i c a t i n g t h e c o m p o s i t i . o n o f f u n c t i o n s . . F o r e x a r n p l e w e s h a i l s i : r p l i '

wr i te  . , ; r (n)  ts)  instead of  c^ t  (a(n)  (s)  )  r  or  r ' " i i  tn)  1s)  '

A funct ion us j ,Z+Tm wi th the law of  i terat ion descr ibed

above wi l l  be ca l led a ra 
i f  the

sbr ies

( 8 )

)

i s  convergent  fo r  each s€T-  '

'  ( n+ l  )  -u r (n )
Since c;"" 

- 
m

be rePlaced bY the

6  ( s )  = r

I t  w i l l  be conveni -ent

, "*  OY set t i r iE

d  . J  . f f  l , I  L  + c - J  \
b O = o i  o k - " -  \ * O '  " ' '  k - I '

#:d")  
t= l  ,  s= (q '  r )er2 '
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We note the fol lowing important functional eqiration:

S  E T z ,

Wit,h the above notat ion we are able tb state the fo l lorv inq

resu l - t :  -

LEI'M4_1. Let X be ei complete metric space and let
t  - - ! L

F:prcX' -> X""-  be a mapping vrh ich s*b is f ies condi t ion (6) .

Let  z  be a mapping which ass igns to  each ter2 a sgt
.  a :

z ( t  )cbr .
' :

Le t  <J  be  a  ra te  o f  conve rgeng ,ence  o f  t ype ' (2 rm)  on  T . .

Let uoe$u and toe T2 be given

I f  t he  fo l l ow ing  cond i t i ons  a re  fu l f j - l l ed :

( 1 0 1  u o € z  ( t o )  ,

( 1 1 )  P F z  ( t ) c z 6 ( E )  
,

( 1 2 )  d  ( F * u ,  
1 + t r ) 1 c J o  

( t ) ,

f o r  a l l  E e T z ,  u e Z  ( 1 )  a n d  k = - I r 0 r . , . 1 r n - l ,  t h e n :

10  the  i t e ra t i ve  p rocedure  (7 )  i s  we l l  de f i ned  and  i t

y i e lds  a  sequence  ( *n )nZ l  o f  po j .n t s  o f  n -bu ,  i

20 there ex is ts  a poj -nt  xSeX such that  each of  the m+l

sequences  ,n j * r - r )  r rZ t ,  0 t  j {m ,  conve rges  to  x * ;

3 0  t h e  f o l l o w i n g  r e l a t i o n s  h o l d  f o r  e a c h  n = ] r 2 1 3 1 , . .

( 1 3 )  P * r , . r 5 ( t )  { t o )  |

'  / -  \
( 1 a 1  d { p  v  D  v  l s d . l ) " r ( t ^ ) ,  0 ! k 5 n i - 1 ,, -  k . ' n ,  -  k + I ^ n /  K  o .
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( 1 s  )

(16 ) Pxn-r€ z (di  
,

d (Pkxn , **)!  oudi(n-r) ( to) ,  o1klm i

r]
4- suppose tnat, for 'some natural number n '  we have

' )

where  d r r= (c1  (Pm- ' xn , I ,  P *x r r -1 )  r  d (P*xn -1 r  e rx r r )  )eT '  and  Pxo=uo ;

then

' :

( r? )  d  (Pkxn r * * )1  6 "k  (dn )  ,  o1k1m '  @

The proof of the above lemrna is very simlJle ?'.d 
i t  vl i l l

-nr l  reader :  ma\  ro f  in  Lfa] '. b e o m i t t e d . T i l e i n t e r e s t e d r e a d e r m a y f i n d t h e p r c

In what  fo l lows we shal l  const ruct  a  rate of  convergence

of  type lZrm) which rv i l l  therr ,  be used in  the s tudy of  the i terat ive

pr :ocedure (1)  '

There are some d i f ferences betv leen the cases m=l  and '

m32, but we can study them together i f  we make the fol lovring conventj 'on:

:  i f  , an  a tgo r i t hm requ i res ,  d t  a  ce r ta in ' s tage r  t he  compu ta t i on  o f  a  i

q u a n t i t y  Q o  f o r  k = 0 r 1 r , .  .  r ? t  a n d  i f  p  h a p p e n s  t o  b e  n e g a t i v e ,  i s n o l e

.  th is  inst ruct , ion and pass to  the next  one;  in  the same sense the sum

'  a^+a . * .  " . t a^  v r i l l  be  taken  equa l  ' t o  ze to  i f  p  i s  nega t i vc '
U T f J

LEI \MA 2.  Let  T denote the set  o f  a l l  pos i t ive real  num-

bers r . l e t  a  be  a  nonnega t i ve  rea l  numb.e r rand  l e t  m  be  a  pos i t i ve  In -

t e g e r .  F o r  a l l - q r r € T  c o n s i d e r  t h e  f u n c t i o n s :



. : : l

:a-l

and def ine

( 2 0 )

t . t  1  \
\ L L ] .

gence of

l ' > t \

9

cup ( { r+-k*2 ( .o* :  .  .+Gi_ l )  )
o k+1= , =  0 1 1 r . . . . r m : 2 ,21+ u-t

dm-I  @-I*d,n-r+2 (cJo+.  . .+cJ*- r )  )
a \  =* m 2Y- 2 (Qo+. .  . tum_2) - .%_f

. ,er.) is a rate

d-  func t ion  is

of  conver-

E iven by :

Then the funct ion c . l  =  ( - l  ,d2r .  ,

type (2 rm) and the cor iespond. j -ng

d ( q ' r ) = r +

ES9L For the

( f ) '  t o  t he  rea l  po l ynomia l

n - ' l

yo==o  -= f  (q r r )  +q .  I ^ l e  sha l1

L
(s i ) r . ,7 r1 ,  o !ksmrre la ted  by

From the convexi ty  of  fJ  i t

proof  le t  us apply  the
. . t 1

f  ( x ) = x ' - a '  a n d  i n i t i a l

ob ta in  m+ l  sequences  o f

the f ol lovring f or vrr r;  I  ae

k = 0 r 1 7 . . .

fo l lows that

i terat ive procedure

points x^=sl= f ie,r)  ,- o o

posit irre num.be::s

, _ k  , 2  ^ 2(23) "i==il-r, =l*t==l- ih+l
n- l  n - l .

i m - l ;  n = 1  , 2  , 3  ,  .

msn . "l-t.
l.

. . . 1 5\ n
o

( " t  = m
S . .

n- J"

x ancl vo

k = 0 , 1 ,

From . the def in i t ion of vre have

o  o  .  ; f f l - l ;

m - l  m  I  m  1

"o  
t -s i=9=d_1(e, r )  

,  s f  -  s j=s i -s i=r= i . lo  (qr r )

One can prove that

(q+r)  +a

o k - o k + I - " r  t n  r \o l -  o l  - : k  t ' l  '  *  '

anci more genera l l y



1 0

( 2 4 )

' : . : j .  ,  .  
; . ,

and . that

( 2 5 )

_ k  _ k + l _ . , ( n )  r ^  - rsa r -o r ,  = rk  l L l r r l  r k = 0 r 1 r . . . 1 I [ - 1 ;  n = l  1 2  1 3  1 " '

I t  fol lovrs that cJ is a rate of  convergence 
'o f  

tYPe (2 rm)

q (q ,  r )  =s l - a=  f  (Q ,  r )  - a .

I ' Ioieovdr we shall  have

coeJt-t tE,r l '=t l -" ,  otk1rn,.  @

3.  SHARP.EP.ROR BOUNDS FOR THE

,  t :

' :
..

T.TERATTVII.  PROCEDT]RE (1)

f n  t h i s  sec t i on  v re  sha l l  make  a  semi loca i  . ana lys i s ,  i n

the sense of  Or tega ancl  Rheinboldt  t8 ]  ,  for  the i terat ive 1: rocedure.

( r . ) .

F i . r s t r l e t  us .exp la in  wha t  t he  symbo l  J f  ( y r * )  Ln "eans .  Le t

.  d  I  - - l

X and y be tvro Banach s.paces and le t .  D,  be an open convex subset  o f  X.

Le t  f  db f .X -+Y  be  a  non l i nea r  ope ra to r  wh ich  iS  F rdche t  d i f f e ren t i ab le

' ^  
D f  .  Deno te  by  L (X rY)  the  Banach  space  o f  a l - l  bounded  l i nea r  ope ra -

be
to rs  f rom X  to  Y .  A  mapp ing  5 f  :O ,  *  D f  ->L (YrY)  v ; i f  S?a l l ed  a  ( s ! rop -

q.Iy) consistegt-gnpgg:*ingl ig of the clerivative of f  ) i f  there exists
#tu

a constant  l l>0 such that

126) i l  &  (x ,Y)  - r '  (z  )  t l  ! H( l lx -z  11 + l ly -z  l l  )

f o r  a l l  x tY  r r€P f .

Let Lls

i n  [ t ]  a n d  [ 2 0 J ,  i s

* + . i  n n  ^ F  e * . r n n a ' l  t r
! v  u  l v r r  v !  o  e !  v r r : J  & J

n o t e  + - h a t  c o n d i t i o n  ( 2 6 )

s l igh t ly  s t ronger  than

. . - \ns i  s t .enL annrL .y imat i  on-  - I " -J '

,  wh ich  was  a l so  cons ide red

the  cond i t i on  de f i n ing  the

f::om LB] .
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' rn  (1 )  the  l inear  opera tor  55  (ynr* r )  appears  to  the  po-

wer -1.  fn the sequel  we shal l  use the fol lovr ing vrel l  known resul t; .  .
concern ing  the  invers ion  o f  l inear  opera tors  in  Banach spaces :

i s  i n v e r t i b l e  a n d  i f  L e L ( X r y )  s a t i s -

1 L l l  . l l  " ; t l l  
- t

Lhen

LElq , i4  3 .  r f  L^eL(X,Y)
k O

f i eg  the  cond i t i on

cedure (1)  wi th in  the c lass def ined belo, , r , .

Let ho be a posit ive number ancl

t ive numbers.  b le  denote fy  ?1o,orc ior ro)  the

( f r x o r y o )  s a t i s f y i n g  t h e  p r o p e r t i e s :

(C1)  . f  i s  a  non l i nea r  ope ra to r  de f i ned  on  a

ce  X  and  w i th  va lues  i n  a  Banach  space  y ; ,

. ,  . '  .  - l  t r  - ]  . -  ' - , 1  . ,  * 1  , i

f  f  (r ,o-r.1 - 
l l  s_(1- l l I ,  l l  '1\L; ' l ' l  r  ' l \  r" '  l l  W

we sha l1  j . nves t i ga te ' t he  conve rgence  o f  t he  i t e ra t i ve  p ro -

1e t ' eo  and  to  be  nonnega-

c l a s s  o f  a l l  t r i p l e t s

subset  po of  a  Banach spa-

(C) Yo belongs to the sphere g=[xeX; \ \x-xo\ \ .  f l  J j
(C : )  f  i s  Fr6chet  d i f fe ren t iab l -e  in  Ur .
(Ca)  t  i s  cqn t inuous  on  O=[xeX;  l l x -xo \ \ t  l " ]  j
(C5)  there  ex is ts  a -  rnapp i -ng  5 f  t  U  x  U +L(X,y )

such tha t  the  l inear  opera tor  Oo: t f (yorxo)  i s  inver t ib le  and

( 2 7 ' )  l l o ; 1  ( ) ' t ( x , y ) - f  ' ( z ) ) . l l  
t  h "  (  1 1 x - z l l  t  i l y - z l l  )

f b r  a L l  x t y  t z g U .

( C 6 )  t h e  f o l l o w i n g :  i n e q u a l i t i e s a r e  s a t i s f i e d  i



( 2 8 )

(2e)

( 3 0 )

( 3 r )

l {*o-Yo l l  9qo )
- 1

l loo^f  (xo)  l l  ! , ro  ,

hoso+2ffi rt , _
-

h2 ur=  L-  
( l -hoqo-V( I -hoqo1 ' -4horo)  '

|  -  
I ' o  t n o

.  In  the fo l lowing theorem we shal l  show that  i f

v
( f  , xo rYo)€  9bo rQor ro )  ,  t hen  each  c f  t he  rn  sequen  ( *n ) r r z l  '  '

)nvercres to  a root  'x*  o f  the equat ion f  (x)  =0.( I !k lnn) ,  produced by ( I )  converges to  a root  'x - -  o t  tn

Before s tat ing th is  thcorem let  us make some remarks on the condi t ions

d e f  i n i n g  t h e  c l a s "  ? ( h o r Q o r r o )  .

+ .
The cons* 'ant  h-  appei  ar inq in  \27)  genera l ly  depends- o ' i " on

I t  i s
l u .  

Tn  (3 r ;

then usefu l

could take

we ask 
f  

to  Ae greater  t 'han.  
/o  

whic l r  c lepgn<ls  on ho.

to note that 
t'o9r o+ i{T%rtJ f cr aLl ho> 0, so that we

'  - -+r- t .  The most '  rest r ic t iv€ 'condi t ion f rom the
f=  

,  o+  (  ro  (e , r . - -o ,  ,

gggglg$-f: rf (f 2xoryo)€V$orqo,r,,) then the iterative pro-
i

(1)  is  welL def inecr  anc l  i t  i r ieJ- , is  m+l  sequences (x l )  
nr .L ,

w i th  the  fo l l ov r i ng  p rope r t i es :  t l r e re  6x i s t s ' a  po in t  * xeX  lo r .

.  { . .  X
f  

' (xx)=0,  
each of  t i rese seguences converges to  x^,  and t l te  f911ow-

def in i t ion  o f  the  c lass  ?norgor ro)  seems to  be  inequa l i t y  (30) .

Let  us s tate now the main

cedure

o {  j (  m ,

which

This inequal i ty  is  saLis f ied only  
'  t  .Qo and ro are smal l  enough.  fn

p rac t i ca l  app l i ca t i ons  qo  can  be  taken  as  sma l l  as  v ran ted ,  because  hav '

ing an in i t ia l  po int  xo we can choo""  Yo very c lose tO i t ,  but  ro  can

be taken 'smal l  on ly  i f  the in i t ia l  approx i rnat ion is  "good enough"

(see  (2g ) . ) .  I t  i s  no t  so  easy  to  f i nd  such  an  i n i t i a l  po in t !  However

i t  turyrs  out  that  condi t j -on (30)  is  opt i rna l  in  some sense.  fndeed'one

can show that  i f , .  th is  cdndi t ion is .  not  sat is f iec l  then one canf  not

a.ssure any more the ex is tence of  'a  root  o f  the q,quat ion f  (x)  =0

(pge L13l or [ I4J).

r e s u l t  o f  t h i s  s e c t i o n .



:'i .

i ng  es t imates

(321 l l  " l-"* l l  
g cjs(n-I,  ,n, , ,  o) ,

(33) ll"i-"nltg c ( t( "il:i-*il_r \l , \l *;-*| 11 r ,

3  r , . .  ,  w h e r e  a )  i s  t h e  r a t e  o f

. .  .convergence 
def ined in  Lemma 2,  the constant  a  being g iven by.

( 3 4 )  a = $ f f i .
o

.  
pROoF.  The  p roo f  i s  based  on 'Lemma 1 . .  r f  u=  ( y rx )eu2  se t

E i  / ' .  \  - , ,  r  r - -  \  ( a .  .  - 1t ' o ( u ) = x '  
" j * t ( u ) = F j  

( u ) - ) { ( y , x ) - t f  n ,  ( u ) ,  j = 0 r 1 1 . . . . , m - l .  L e t  u s  d e n o t e
by  Fu  t r t u  se t  o f  t hose  u  fo r  wh ich  the  above .  f o rmurae  make  se ,se  ( i . e .
J f  ( y , x )  i s  i n v e r t i b l e  a n d  F a  ( u ) e U  f o r  j = 0 r 1 1 . . .  i m _ l )  a n c l  l e t  u s  d e f j _ n e

.  a  mapping F,Fr ,4J(** t  oo 
" "a i i 'g  

= ' rs  4eL '  u

r ( u ) = ( F o ( u ) . r  r ( u ) , . . .  r F m ( u ) ) .  .

Th is  func t ion  c lear ly  sa t is f ies  the  proper t j -es

.  PoFPz=P*",  pOFu=FOurfor al l  zcp-$" ana ur$u"

r t  wi l r  be convenient to.  introduce d mappina F ,  ds welrr  - l

.  b y  s e t t i n g  n  r ( u ) = y .+

Le t  us  ass ign  to  each  t  = (q  , y ) .e r2  a  subse t  o f  x "  de f  i ned
!

as .  f o l l ows

h o (

(3s)  z  ( t )= t  e ,x j<X2;  y€u ,  l i y -x  l i  g . i ,  i i x*xo l ig6( i :o . )  -  t (L)  ,
p=tr ' f  (y,  x) is invert ible,  ! lo-r '  (x) l f  f  r ,  f l  f  nolo, - t  

l l  S !_
z

7,
I

Jy( f )+q)



t u

: :

In  the above def in i t ion of

Hence us ing (3I )  i t  fo l lovrs  that

verg6nce cJ described in lemma 2 r

Our theorem wil l  be Proved if  we

d i t i o n s  ( 1 0 ) ,  ( 1 1 )  '  ( f z 1  a n d  ( 1 6 )

o f  a l l ,  i f - u o  s t a n d s  f o r  ( Y o r x o )

ve now that  ueZ ( t , )  impl ies

( 3 6 )

g t r s

( 3 7 )

Z ( t )  t  t o  s t a n d s  f o r  t h e  P a i r  ( g o r r o l ;

')
7 . ( t ) c ]4 .  Cons ide r  now the  ra te  o f  con

the  cons tan t  a  be ing  g i ven 'by  (34 )  .

show that  Z ( t ) . \ ,  and that  con-

f rom lemma .  I  a re  sa t i s f i ed .  F i r s t

we  c lea r l y  hb .ve  uo€Z  ( to ) .  Le t  us  p ro -

F ,  ( u ) € U  f o r  - I ! k : m
K -

l l  rk  (u)  -Fk+r(u) l l *  ar "At  ,  f  or  - r (kgm-1 o

For k=-1 t ,hese re la t ions reduce to  yeU

k=Q rhey fo l row f rom x€u and l i  5r (v ,* in  f  t t>  l j  S-  r '

i ,  0 t i :m-1 ,  and  suppose  tha t  (36 )  . . t t d  
(37 )ho ld  fo r

have then

and l \  y -x  I  gq i  fo r

Consider now an

k = - 1 r 0 r . . . ; i .  I ' l e

l l  rr*,  (u) -xo l l i  l l  " i*r
i

<_ E .^1.
l = u  J

;

(u) -x ll . l l *-*oll tFo ll ri*r (u) -r, (u) [l + llx-xo ll !

1s1+ 61ro) -  6( t )  = 6(ro)  -  
t * r  ( t )  )

w e l l ;  t h i s  e s t a b l i s i r e s  ( 3 6 ) .  L g t  u s  r e m a r k  t h a t

fo l lows Lhat  Z ( t )qp. .  To s impl i fy  the fcrnulae
L

n*  (u )  )  ,  f  ; = f  (F " *  (u )  )  .  The  re la t i on  de f  i n ing
f f f  J  J

so tha t  F i *1  (u )  eu  as

f r o m  ( 3 5 )  a n d  ( 3 6 )  i t

let Dm =fr (rn,} --1 (u) ,

nr* ,  (u)  may be thus wr i t ten in the form f  i=D 
(r i  (u)  -Fi* l  (u)  )  .  Flence

we may wri te

( 3 s )  F i * l  ( u )  - F i r . 2  ( u )  = r - l f  
i * l =  

( o o i n t  
- t r o t  

( f  
i + I - f  i - o  

( F i + r  ( u )  - F i  ( u )  )  )
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At th is stage let  us note that  condiLLon Q7) impl ies that

- l

l f  o ; t ( f  ' ( v1)  - t '  ( y2)  )  t t  S  2ho l l  Yy-Y2 l f  fo r  a l l  Y1 ,Y2€u.
'I"  Using a standard argument (seefB; 3.2,12J) we deduce that

. . - ' r 2 -
f lD; '1r  (yr)  - r  (yr1-r t  (y)  (v1-v2) )  l l  5 ho l l  v1-v2 f  f ' ,  for  a l l  v t  rY2€u ,

Lt  fo lLows that  for  a l l  y ,  ,  y2,  z l r  zreV we have

(3e)  l lo l t  t r  (v1)  - r  (v2)  '6r  (2, z 2) Q y-y2 ) ) ll1 11 oll A fv. 1l *r (vz) -r' U;2) (v1-vr) ) ff
t

Now from (341 we ob ta in

(40) l t  Fi*r (u) -Fi+z '"1l ls- l l tol lol  
-r 

i [
a l .  ( t \

. l lF  j  (u )  -F i * I  tu ) l [ t  @ i

In this manner

show that  ueZ ( t )  imPl ies

( 4 r )

( 4 2 )

( 4 3 )

( 4 4 )

l lFm (u)  - "o  l l t  6 ( to )  -  q l  ( t ) ,

11olrr*il!arm (t)

l l  roolo*) 
-t l l !

The  f i r s t  i nequa l i tY

(42 ,  ,  wh ich  fo l l ov rs  f rom (40 )  f o r

FJ2gatt)  *r^-r  ( t )  )

i s  a  c o n s e q u e n c e . o f  ( 3 7 )

j -=n -1 .  By  (9 )  r  Q7J  a r rd

*ilo]l $'!v2)-|r{z,zr)) (v1-yzlllSho( ll yz-zLll + llvz-zzll +11vflzll ) ll vr-vzl/ ,

we have  es tab l i shed  (37 ) .  Nov r  we  in tend  to

( F m - t  ( u )  ,  F * ( u )  ) e z E J  ( t )  o

I t  wi l l  suf f ice to  prove the fo l lowing

l l  r*-r (u) -r* tu) l l9 ar*-, (t) ,

i nequa l i t i es  :

?nd so is

(37  )  we  have



-  1 6 . -

' l

( u

( D  - f' m
' - ' l  r l  -  r l' .  

l f  oo- (Dm-Do)t l l l lD
, .:::.; . .

{ ho ( llr'* (u) -"o ll

- 1
o "o) ) f [  * l f  o]1 (r ' .(xo1 -ool l l  t .

) -xo 1l * ll"o-vo l, ) g

( r )  )  =r -ho (2rp i31g1+o*_ '  ( t )  )

* llr*-r

tho (2 6'(to)-2% (t ') +qo-d*-t

( 4 5 )

According to Lemma 3 this imPlies

i n e q u a l i t Y  ( 4 4 ) .

Using the ident i tY obta in

lto*lr*tl = ll 1nlIo*l 
-tfl (r*-r*- r-D (F* (u) -Fm:, tut ) l l { ,:

lh" il tollo*) 
-t 

11 ,llrn-r(u)-vll+ll"*r(ui-x/+i1r*(u)-rn r(ullf lllr^tu)-rn 1(u)ll

Untit now vle have

(12 )  o f  Lemma I  a re  sa t i s f i ed .

is Lo show that the inclusion

h o l d s  f o r  e a c h  D = 1 r 2  t  - .  .

But according to

the inver t ib i l i tY of and the

f* - l=D (Fm (u)  -Fm-t  (u)  )

a  . '

proved.  that  condi t ions ! f 'O)  '  
( l f  )  and

Our next  task is  to  Prove (16)  r  that

I  - .

l[ , I x"_r-xi l l )

(13 )  and  (35 )  v re  a l ready '  know thaL

D

t^to

( 4 6 )

( 4 7 )

( 4 8 )

("[]], *l-r;e z t",n\111) t"o) ,tn|"-l] {.o) ) ,

i l"i l: l-"[-r I r -(fi: l) t.or,

t l" i-r-" lqerjn) (to) -.,( '-r) (to) .

I t  is  easy i :o  see that

monotone in the sel)se that i f  91!92

Us5-ng  th i s  p rope r t y  f rom (46 )  ,  { 47 )

! 1 ^  ^  € . . -  ^ +  . i  n ^  r i l  a i  r z , : n  } .  r r  (  ) ' )  |  i  e
L r l E  ! u r r u u l v r l  v  : J * v e r .  , j  \ - - ,

a n d  r , r , r ^  t h e n  d ( q ,  , r ,  ) t  G ( o  r  I
L -  z  

' - r '  r  
' 1 2 t L 2 r

and (ui8) i t  fol lows that
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'  m - ' l

- I -xo1[!  s ' t to) -6( l l  ""- i -"

D;' 5t cnT,-i": ) )-r \\ t

il-, \\ , l\ d-, I- x
n \t)

[n" (" f ( tl ,Il- *f, ll , llr*',- 
rf ll) -l#{,ril

T h e  a b o v e  r e l a t i o n s  t o g e t h e r  v r i t h  1 a o ) .  i m p l y  1 a 5 ) .
*

Then Lemma I  imp l ies  tha t  there  ex ip ts  a  po in t  x^€  U

,  1 r  , i ,

wh ich  i s  t he  common l im i t  o f  t he  seguences  ( x { ) r , z111 r j ! 'm)  and  tha t

es t i i na tes  (32 )  and  (33 )  a re  sa t i s f  i ed '  Thus  the 'p roo f  o f  ou r  t heo rem
- *

wil l  be conrplete i f  vre .demonstrate that *t is a root of the equati 'on

f  (x)=0.  To show th is  le t  us .obseive-  t t rd t  t2 '7)  impl ies

l io"t r*|*rt 11 =tln"r tr t

ll (

m
nl l"

1) : f t*[ l -fr t"[-r , "[ l

*l* r- "l- 
t\l 11 "1,.r- "l 1\

From the above inequal i ty ,  us ing the cont inu i ty  of  f '

on [ 'v re deduce that  e  (xx)  =0 '@! 

- i .n  remark in([Ve shal l  conclude th is  sect ion remark ing that  the

est imates (32)  and (33)  obta ined in  Theorem I  are sharr r  in  the c laqs.

? ( t o , q o , r o ) .  r n d e e d ,  r " t  h o , 0 ,  9 o z 0 '  i n d  f , : o  b e  a n y  n u m b e r s

sa t i s f y ing  cond i t i on  (30 )  )  and  i ons ide r . t he  rea l  po l ynomia l

.  2  2  L r r r  r " d \  T ^ r - ^  - '  -  4  - " 2  a n d
f  ( x ) = h o  1 x 2 - a z ) ,  w i t h  a  g i v e n  b y  ( 3 4 ) '  T a k e  * o =  

4 ' ' z
1  

q q  
.  W e  h a v e  ( f  , x o , y o ) €  9 m o , e 6 , r s ) .

Yo  =  
1 -  T  

ra  2  *  f o r l ows  tha t  i n  t h i s  pa r t i cu la r
and from the Proof of Lemn

c a s e  t h e  e s t i m a t e s  ( 3 2 )  a n d  ( 3 3 )  a r e  a t t a i n e d  f o r  a l l  n = I ' 2  ' 3 "  '  e  '

4. AN ERROR ANALYSIS l l l  THB qER

invest igate the j - terat ive

fo r  t he  d i s tances

.  .  .  .  We shal l  do t 'h is  for

Ju,v0" 't? {qb

I
n f

o 1 [

t"i*r-"|lll' ' (

( h

procedure

lt il "l ll

In  th is

(2 )  t rY ing

f o r  k = 0 ,  I ,

sec t i on  we  sha l l

to  f ind.  est imates

.  .  .  1 I I l  a n d  n = I  , 2  1 3 ,
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t r i p l e t s  ( f  , xo ryo )€  e$ :o reo rEo)  sa t i s f y i . ng  the  fo l l ow ing  two  cond i -

t i o n s :

(c*)  The nonl j -near  operator  f  is  Frdch 'et  d i f ferent ia-

b le in  the sphere tJx={xeX;  l lx -xo\ \ . f *1  and the fo l lowing re la t ions

. r l - f t l .(s0) l l  I r  (* ,y)-  t r t  ( , r ,")  1l  t  H (  t lx-u11+11y-vl l )  ,  t r r  (" ,x) =f '  (x)

are  sa t i s f  i ed .  f o r  a l l  x tY  tu rv4U l '
, t { .  f

(C"^ )  The  l i nea r  ope ra to r  ) f  ( x r y )  i s ' i nve r t i b le  fo r

J | - . J
a l l  x r yeu* ,  and  the re  ex i s t s  a  pos i t i ve  number  /  such  tha t

r i l ?  - 4 n  * 1( s l )  yPZ  * . r p { i i  5 - r ( * , v ) " [ i  ;  x , vevx l ' .

.  Let l :rs ::emark that condil ion (50) i-g stronger than

co r rd i t i on  (26 )  bu t  i t  i s  sa t i s f i ed  by  the  mos t  used  examp les .

' l a

.  
THEOREI4 ?* Let ( f  ,  xo ryo)€ E{fro rgo, ro} .  and let

tx l l r r r r ,  01 j !m,  be  the  seguences  genera ted  by  . the  i le ra t i ve  p roce-

dure '  ( I )  .  Suppose co-nd i t ions  (3 )  ,  (c * )  and (c** )  a re  sa t is f  ied .

L e t  v o = m a x t l o , % ! .

I f  the fo l lowing inequal i - t ies hold :

. ) ,
( 5 3 )  D  =  Q z - r 2 ! r ( r 1 + € 2 v o + r Z ( f - ( 2 1 ) Z o '

€ t ^
(s4) b = !]--u-"g t [^*- fo, -)

' i I

then the i terat ive procedure (2) is wel l  def ined anci  the fo l lpwing
\

e s t i m a t e s

(5s) I l  l i -" l l t : . i  :5



i-t ,.

are sat is f ied for  a l l  ne lN

',

tR-1=rm=0, =1-1= ( t+hoqo) /  enol  ,=3="1- ' -no, t
O O O o o o

"l*t==l- r"i-|*=f-r) -t r r=l )2-u2) , ' l==l-ul+l

t 9

a n d  j = 0 r 1 2 .  .  .  7 I I I I  w h e r e

o - =c[ , to: t  ,  so=sft
m - l _  m  o '  n  n - J

,

.i=.l r,.l*t= $ - € zL 
-1 (u t{.]-tl,* tf 1. tf* (2H (wf+. . . **il-rl +wfi-}+ e, I tfi*

+ n'[  t t [- l+tf-r) *rr+ eri ,vf,+.r ( l-  rr l  I  .

pROOF. .  The  i nequa l i t i es  (55 )  a re  t r i v i a l l y  sa t i s f i ed

for  n=0 ancl  i=m-f rm.  Consld.er  an i? l  and su1:pose that  they are -sa-

t i s f i ed  fo r  n= i - I  and  j= rn - I rm . fn  th i s  c .ase ,  acco r i l i ng  to  (54 ) ,  t i r e

. N ^,m t U, -In-Ipor ,n rs  x i= * i - I  ano  y i=x i -  1  
w i l l  be long  to  U+-  Cond i t i on  -  (C*x )  anC

Lemma 3 imply  then the inver t ib i l i ty  o f  the i inear  operator

( - , " t  ^ /  \  . *
d f ( Y i , f r ) + n "  a n d  t h e  f a c t  t h a t

l l  r  [ r  r f i ,  i ,  )  +r,  )  
-11\ 

t  4-  , r ) - '
a. re

we shar l  prove now that,  inequal i t ' !es t t lGt i f ied.

fo r  n= i  a r ia  j=0r I ; . . .1 ITr .  Because x i : l= r ;  and t fn= to ,  we may cons ider :

formal ly that  they are ver i f ied for  n=i  and j=0 also.  suppose they

are  sa t i -s f ied  fo r  n= i  and j=0 ,  L r . . .  rk ,  t ^ rhere  0 ! -k9m-1.  Denote

'F" - -  '  and  f r : .= [ r { f r r ; , t ) .  F rom (1)  and (2 )  we deduce tL r "e -  'e -
D i =  d r  ( Y 1 r  x i  )

qual i tY'

(s6 ) i l.]- *!.t= ti lr+nr ) r*l l -r t*t i-f i i  t"l- lf) + ti lr-or) r;t r txl)

t"l- i1) -ei 
, o] *0, , o .

From the proofs 'of Lemma 2 and Theorem I i t  folfdws

rha.r  l t  n; t r  rxf  l [  =| {"1*t -><1 [ [  g ' i .  is inv 
(50) we obtain the

i nequa l i t i es :

- ' l
+ 8 .  D .  * f  (

I

- t  
[ '

k ,* i / -
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lil*t

r r*fl -r rrfl -6, c*f xlril sH r rr"l-*i:11.n*!-*i-rll I il"T-lk 11 :

m - l  m  
-  

' i  i  k

I t6r-o, l o-rre t.f I I gn t il *T- l.-T: l[ * [ *T- r- *T- rll ) yl s t t tf-]+tf-, I *l

Now,  (56 )  imP l ies

-4*tI ltp- t)-i tu tt i- l*tT-r*tl) uf+ tzH i*f* '

* n*i tti-l*ti-r) *ar+ er*f,* t, tf - trt
\

te t  us denote B=H(2m+l)vo and C= f r+

. fo r  a I t r  n  and  j  i t ' f o t l ows  tha t
o

. .* ' i-r l +*]; l+e2) tt

\  -u-k+1
i  - - i

t ? . v o  +  € s ( 9 ' E L l .

.

n -
Because w+tv

J

so ' tha t  t heY

Thus inequal i t ies

w i l l  . be  sa t i s f i ed

( 5 5 )  a r e  s a t i s f i e d  f o r  n = i  a n d  j = k * l r

f o r  a l l  n e t N  a n d  j = 0  , 1 1  '  .  .  , m . @

The error a.nalysis made above for the iterative proce-

d u r e Q ) i s s i m i l a r t o t h e e r r o r a n a l y s i s m a d e f o r N e w t o n , s m e t h o d

by Lancast ,er  [6 ] rRokne LI I  and Mie l  t7 l  .  For  the case m=l  more pre-
' + / '  

:  
-  

r - ^ - l
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