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NATURAL CONVECTTON dN BOUNDEDPOROUS MEDTA

by

Dan A.POLfSEVSCHI

The governing eguations of the
are obtained :,n . $;,..; """;; ;" ;.;j=;:::":"?;"j.
taking advantage of  accepted approximat ions.  The existence of
the steady solut ions and a regular i ty resul t  are proved j .n 

$,2,where we ar-s 'o give a unigueness , ,qr i ter ion, , .  
Because of  the;ei

neraL ngn-uniqueness of  the solut ions,  we study in $S the asimp_
tot ic stabi l i ty  in the mean

1 .

The descript ion of the phenomena which appear when a f luid
pass through a porous medium have always come up against peculiar
diff icult i 'es. rhus the probr-em of the heat transfer between the
fluid and the solid parts of the porous medium i_s st i l l  0pened 

frJ,we shali '  use the hypothesis which supposd that the two coinponent
par ts  have equal  mean temperatures.  

.
fn order to formulate the problem, we need a method to

:t:""_t:e 
microscopic lever and to obtain the macroscopj.c behaviour

(see  
[ l J  ana  [ : ] r .  so ,  l e t  us  i n t roduce  a  p robab i r i t y  dens i t y

(0() and define the macroscopj_c value (a,,r) of a microscopj-c magni_
tude (a)  by means of  the fo l lowing convolut ion:
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( I I a^(t, t1 = (a x J)f'r, t) where

i(r,t) = x(- v, - f)
Howeverr w€ have to take care

scopic value obtained as before has a

f i l trat ion ..theorY.
dium is far

smaLLer than the acoustj-c velocity, the mottot induces l itt ' le

c h a n g e s o f t h e p r e s s u r e . T h a t ' s w h y w e n e g l e e t t h e v a r i a t i o n s o f

the thermodynarnic quantit ies owing to pressure changes' Moreover'

w e a s s u m e t h a t t h e t e m p e r a t u r e d i f f e r e n c e s a r e s m a l l e n l u o h s o

.as the Boussinesq approximat ion is.appl icable to 'our. 'problem'

Thus the governing equations at the mj-croscopic level. are:

because nol every macro-

physical  s igni f ica ' t ion in

u f ,

I
I' , 1
i
.'l
: l
t l
! l] .
' I

. i
I
I' i
I

r l
I

i l

r i, i i

: l
, l

,  . |
i l

.  : i

i i
I

. ' :
' I

l e

(2, di*- u

(3) r,w * f,(avw '-vf

w
) t

?3.
7t

(5) Q 9s

t l L (

U s i n g t h e i n d e x f f o r t h e f l u i d a n d t h e i n d e x S f o r t h e s o l i d '

wi th  C,  T and 6,  respect ive ly '  the speci f ic  heat

at constant volume, the temperature and.the heat f lux transmitted

by conduct ion.  rn  the f lu id  par t '  f i '  O ' iO 'P '  fo  and To stand for

the ve loc i ty ,  the pressure,  the v is ios i ty ,  the vo lumetr ic  coef-

f icient of thermal expansion, the densitv 
.1nd 

the temperature of

a reference state,  respect ive ly .  Our  so l id  iS immobi le  and not

deformable,  the densi ty  I  
u . i r .g  constant . :As usual  

$  
's tand for

the gravitat ional acceleratj 'on

= O

+ l t A a sA-rq-")l
( 4 )

a,
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on the fr"uid-solid interface the foll.wing conditions are' imposed:

(6) -7 '= d

''i (71 T; : T|  \ ' l  . l :  . e

i f t tj .

:

Now, the Darcy's veloci ty,  the temperature and the pressure
'  of  the " f i l t rat i 'on" f lu id can be def ined by:

; ; ;u  = U * .
. . 4

T

-L- ,_A
Yfs

f ' :T f , ,
where m is  the poros i ty  

LtJ-  r f  the macroscopic  mot j -on is  conside-
red to  be uni formly and s10w, the eguat i -ons (2)  -  (5)  together  wi th
t h e  c o n d i t i o n s  ( 6 ) - ( 7 )  g i v e :

(8 1 ,4"r' II = O

(rr1 \,Y,[". Rr-,- nlu*(a[-,f = - ,Lr(+]_
f  |  

* r i - -  
!  / t - \  ,

o ( L2) (/^ir i \L: t^ dT, = - r l"c*id) - 6._.\ ./ *> rs 
) i 

- -:" 
\-\ /r,r *fs

t  / -  ; \ . -  ( -  vw h e r e  
9 " = ( E - t i s )  n  J r , r ' *  4  i d i t h e - h e a r  f l u x  o n  t h e  f l u i d -

solid interface (fi-tne normal towr-.rl-s the fluid, $=. _the unj_t
impulse of  the interface) and K is the permeabi l i ty t i r  l .  

- . ' . - "

J v Y _ - . . v s v ! r { e y  I  L  , .- J  
L * J .
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.  \ r t  - l

The thermal conductivity )^ fZ] can Ue introduced. in

the classical .mannerr so that.by adding (11) and ,12')  to get:

(r 3) (r")* # * ,f fo cliv (aT\^ : t'a r

-  , *  / .  r ^
where CFc)" :  -? E *8-")S8

'  
. . We surpass the last diff iculty by neglectinE

:brms of  ( f  3)  .
Jrrrl-C"-a;L\^G)"JJ^in 

comparison with the other t-

Thus, the heat equation becomes

l

( r o )  y  
#  *  w T V T  = & a r

- - l  t  - &

where the number Y = (f.Crl'(fC\* and the thermal diffusion
'  

- t t  \ ' - l

coef f ici.enr . & =(eglt t ' are characteristic to every 5ioroirs

medium

.  Further on the fundamental equations which describe the

p resen t  phenomenon  a t  t he  macroscop ic  l eve l  a re  (8 ) ,  (9 )  and  (10 ) '

2 .  The steady so lut ions

In th is  sect ion we prove the ex is tencg of  the weak so lu= '

t i ons  o f  t he  sys tem (8 ) - (10 )  i n  t he  s ta t i ona ry  case ,  w i t ' h  p res -

cribed temperature on the boundary' T'r ie also study the uniqueness

and the regularity of these solutions'

r,et O be a bounded open set of crass 8' rn /R' 6)2) with

boundary f , let F < -f (l) be I given- vector function and

0e Wl'(t) (m)n) be a siven scarar functi-on. (without loss of

generality we can assume that lI i" included. in. a cube of edge

1 . e n g t h 1 ) . W e a r e 1 o o k i n g f o r a v e c t o r f u n c t i o n F = ( % , . . . , ? 4 )
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,."tU 
for two scalar functions p .and Tr which are defined in g 

,
Satisfying the following equations and boundary conditions:

I
.  ( rs )  #  F=_p r  t  [ ^ ,_ \G_AJ F ,)n !-

.  ( 1 6 )  w u " v r  f r  a r iur 2

( r t 1  I =  O  o n ,  . , :

l

6 - thb normar or F r 
'r

v L  t  l

f,et F be any scalar function such that

(rg) ve wf'r4 ur r r {  V=6  o ,e . i7

'n"'." =,1 '&-'x a, E /F/* L r* ft-DJ . Larer on
we shall specify(more) the way in which f must o" .no".rr. usinq
the notat , ions (20)-  (2.g) :

lr trL = t-)

- t  n  - ' l( 2 2 1  l l  =  / u  K ' K  w  r O
/ / -

o n r

( ra1  , l ; " ,  F=  o  i r_0 -

-
( r e1  T -  7 l  =  o

(20) tr *_ ti d tt-t a- (, ,6r*  
f  \

(2t1 E = k-, o, T

(2t1 s =rr'' 4-'x vK n x F L t, ̂ f (r_Dl _ V) ;
t h e  s y s t e m  ( 1 4 ) - ( I B )  b e c o m e s :



(2A',)

(25)

(26)

(277

. ( 2 8 )

= o

V T  _  S F '

i, -L

- V ?l l = *

i v 6

t .
dt"v t'L

t - n

iu -0.

+  A 7 Y : :  A 5  f  A Y

$ : O o n f

U, -8

= O

In order to Prove

the  prob lem (24) - (28)  we

Lemma l .  Let  B be a ref lex ive Banach space '  A d 'dense

subspace (with his own

nously embedded in B,

BtG  g (B )  i r  G  i s

stich that

'(*t,
lx{  + oo
(xe 4)

{G* ,  x  )

Let us make the correspondence wit 'h our problem. Taking :

in accounr rhar rhe space 
' ; ' : I  

O. t@)l 'U' '  F=os T:Tln=?J '

id the closure ii: Efal or the space. f =t re '862)ltxr'z'=ojfs{

rhen B = H X +{J (-[) - Hi}bert space with the scalar product

nn It

the existence of

use the fol lowing

the weak solutions of

temma [nl'

separated' locally convex topology) conti-

and d,  I t  the adequate dual  spaces'  Then
A  t t /

an weakly continuous operator L- : 15 --v' '4

f  x r /

f{a,s),(r,r-)l = (7,!), *(s, r)al , (E,t),G,?€ Hx4:(a

where Cs,r)rrJ e 
..f.otv7i12-""d A, '?,tx8€2) ' rhe

operator G :  $ ---n A'  
is  def ined bY:

r) > = f(ars),(tl:r)J + ("F, 6), r

t )
)
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where b(1s, r)..=, S Co rs) r "(a

I

:

Now

the problem

we consider the

Q a 1 -  ( 2 S 1 ,  f i n d

fol lowing

(ars) e B

=' c)

var ia t ional

' s u c h  t h a t

:

because f f  i l ,S

t h e n  ( A S )  i s

sa t i s f i es  (301

we get :

formulation of

and T are

a .solut ion

then choosing

(30) (efq, ), (4r) > . _ f(r4v), (qDJ ,  U)(q.)€,4

We have made this associat ion
smooth  func t ions  sa t is fy ing  (2+1_ eg)
o f  (301 .  converse ly ,  i f  (4  S)  €  B
the test functions in a proper manner

( 3 r  1

(32)

( r

(-at

+ o*P .*- PF, r)z

(r) Te'&@

(?') Fe er

r f , p r s + F t r ? , - A V , r r ) =  
O

As ii ' 39- *v'F, L'"fg u'a the orthogonal complement\o f  H in  L '@)  i s  + rL= | f . r t r o l f r= ry , f , , u ( c )? t l ; ;
. ro.llows rrom (3r1 thar (n r € *lr(a), 

, 
such ;;"{ ,;;i ,;"s a r i s f i e d  i n  r t c t r  .  s i n c e  - a s  * E v s  * 7 . ? ^ A y g  r y - r & )f rom (32)  resu l ts  (2a1 in  the d is t r ibut ion sense.  F lna l ly ,  because

c4t  )  e  6  the re la t ions (24)  ,  (zz '1  and . ,a1 are sat is f ied
in  the d is t r ibut ion and the t race senses,  respect ive l l l .

Here i t  is  the ex is tence resul t :

Theorem 1 '  The problem (30)  has at  least  one so lut ion
(ats1E 6 ,  and there exists ZT€ l / ' (e) such thar fzql-eal
a r e  s a t i s f i e d .  

i t  r - . .



Proof.  Let  us not ice that Cv€, av> € B/ because

-'vF e rct)
'  - l -  |

and AY€ H (s)
.  \ t t

.  Hence i f  we Prove that T

f rom (19)

Lemma L I

any

can be chosen such that G satisfy the hypothe'sis of

then  ( : ) (as )  €  B  so lu t i on  o f  t he  p rob lem ' (30 ) '

F i r s t  o f  a l l ,  G  j - s  weak ly ' con t i nuous :

Ler a sequence c4rs;; \ (ars) weaklv il 
"; 

then fot

Cf r r r ) c  4 we have:

t

IJ
_rfz

as

+

1-

the
+ ( terms which tends to zero).  But also i l  S*-S;Z"->O

embeddins +f: (4) < t(e) is compact o and hence

G(4,s ) ̂ \G(E,e) weaklY in A'

Before showing the last property of G, we. wil l  prove the'

fol lowing lemma: '

^  n^e ihr '  ) f  >n there ex is ts  some Uf  sat is fy ing
Lemma 2' 5'oT any Y>O there exists some

(1e )  w i th '  
I  b ' ,+ ; , s ) i  <  Y  t t6 . . ,= ) i l i ,  & )  (a ' s ; )€^

proof of  Lemma 2. Ler f  (x\= / ("r t r ) '  =the distance

frorn x ro i1 . For any t >q; we consider t0 t = 
f xe -A' I

I ra>
that has 

:h" 
following properties LSJ t 

-

0e=] in some neighbourhood of  f  (which depends on t  )

Ae :Q Ln -Lt 4

l z ? , L ,  A  : .  T  ^ ?
f + l  ( a .  L L t +
| ?x*/ - 

rG\ 
id f" ' ({) < e [t ' ') '") o'f
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Let us put V. = 4-a ;  obviously Vi sat isfy (rO1 and also' ' f r .  ' - : _ A _ u

V) s€ ,Pi(x-) :

(3 r1  i l s  vve  [2

< \E (t- ll ,?[tu) * //s rv€t[&!,)l . {zF,atclLltlpllr. ?tull*li#e
I

where (G) * ({. 
i 
o'f't+)E 

.tends ro zero as € *ei o because
z e w,!'@) ,. l/"o &s m)n ir rolrows ,, a,r-. < ; 

vYvquDt

Usi-ng the wel l -known inegual i t ies:

II Fil,
llsllft ( cz tt s rr_,, 

(4 se +t@)

f r om (33 )  we  ge ts

re lat ion is  t rue:

, ,
i l (a,s)l/,

l ls4, a* i ls/** ( , * = *  

" )

Ilrv ve jl2

rherefore W) (F,s) e A

Therr

that :

of the

( 3 4  )

lbE:%,t)l < ci rn^x Ir,rrul

Lemma 2 is proved if A

C4 vza.x $e,7blj
Now, let us return to the

following inequality [U],

the fo.llowi-ng

is  suf f ic ient ly  sma1l  such

main proof. Taking advantage

we have for any (q S) g ,4

c?Js € il:(a)



- i;-., 
(eCtr"),(q*))

) tlcaslilj* ilsrL IQllua

Choosing

' l

\ z z ' 1 - l -
f ? E ' l  0  \\ v v ,  a y q ,

= l (G ts ) i l ;  + ( tq t rL  "L ( r ,e i , , s )

il2* lt to,v;,4

, *

the last property of G is demonstrated' and

For uniqueness we have onIY a Poor

some speci f ic  features of ' the problem'
l t

s ince  the  'exPress ion  b  ( t ,5 rT)

m a k e s e n s e f o r  ( " r s ) e  B  r T € i i t l  ( a )

Banach sPace

= ll(u-,s)ll* +

( 3 6 )

( 3 7 )  b  i s

relat ions:

^r
i n 6 ,Ploreover ,  s j -nce A is  dense

rr's) € Iby (37) shows that every t

I

(for example Y= 0"9 )

al,so Theorem -.

resul t  because of

does not necessar i lY

r w€ introduce the

e' = ff x[lj6l)nf(.4)] wirh rhe norm ll(q,slltzrr ='

ItS t; . some properties of b are 91ven

=- , " fa .s . r \ ,1  [ fo . . .s )=o ;  f f ) (a ;s)e  t  r rnH' (p)b (a,r,s) =- [, (a,srr) t 6 (a,s,s1

a continuitY

,  solut ion of

argument ensured

( 3 0 ) ,  v e r i f Y :

t r i l inear  and cont inuous,  def ined
\

The proPerties (36)  and (37)  are consequences of  the two

o' *l x +C(e) xlt((r) {1 f@il

f !{rvdr.t-a-l



( 3 8 )

I J ;

r t

and

( e(4"), (r,d) = * [(ve--, ?), (rr,ril U) 6r) e f

Now we can state our uniqueness ,,criterion,,:

'  proposi t ion 1.  
. ""a 

(ars) be a solut ion of  the problem (30)
- t

with l ls l l . ' "  1z  ^  o( -F (  x  g iven at  (3a11.  Then ( r ,s)  is  un isue
' in 

B qmong the vector functions essential ly bourrded on the last
component.

r f  (4 ,Er)  a  #  is  another  so lu t ion.
,

o f  ( 3 0 ) ,  t h e n  p u t * n g

) .  f rom (38)  we get :

rhar is  (4s)  = (dr ,S,)  j_n B,
Proposi t ion I  is  proved

As in generaf ff  is different from B.r we cannot treat a less

Proor. As ll s f[ < 2 -# "
l l s l f *  *ZYo< Z " -  . /= .  ;  teys keep

V'x
a l s o  ( 3 5 ) .

there  ex . is ts  E IO such tha t

i n  m i n d  t h a t  4 ,  s a t i s f y

we can obtai_n some

n  (3 .  Fo r  examp le

) ,

r (

5 '

t 2
I

6

[ :

u,

.5

I

)r

4 t .

f

T'

7(,

)

il;
f)

G

-

)il,
(4

T

)il
l

r)

i l (

6 t

l '/ ) ,

Yo

tt,

; v-;
tt6

" )

.rl

; t r
il*'

L(

Y,

s i l

, ( '

Y,

=') ,  (* r r1

(rO, y), *

IIr lrllt [2*
t

X t t l

, CiF, :^) >
( r , s r T )

tL tl tlta llvr,

-/'

//2

folrows il<-"*;r) /l; ( O

restricted case even if we impose suoptrementary conditions on 6
(respecti-ve Yr ) . Finarly we notice the folrowing"a,prj-or;,r, estima-
t ion of  rhe solur ions (ars1q f r  of  (30):

l *  ) " :  (zva. j ' ,
I

l * l  \ r ' - /  t  f
t Y  t  i

\ ' ,  r ,  \  
-- 2\E

ll (a,s)lle ll vur IL
About  the regular i ty  o f  the so lut ions

informations if  the dimension of the space is

we'11 show the fo l lowing resul t :

I ' r  q, ' -a



v r &
o g  ( 3 0 )  i s

ProPos i t ion  2 .

are funct ions of  c lass
t t t6 n

of c lass V in JL

Proof .  E l iminat ing

(24) ' (28)  becomes:

rf -0-g lR3 is or

%*  l n I ,  t hen

elt r

class V* und

any. solution

( l'? - ttre exterlor

Ti  and def inning O-=$tf  ,  the sYstem

Arr = * L,r (u-?) &, L

normal ottltl^ E q  a

(3.e)

i+ot w--_
t n

ia -L( 4 r )  A  r

( 4 2 ,  f = Z

(vir * r?') vtr

o n f

Now a simpre technique can be used' As Se #of @) and

t ei:'|&) , then VeW{ttD and /ir-(nv-) e t<p) t
s.ince' the fol lowj-ng condit ion is satisf ied

- S tu(re) /-e- :{ zqt lr
Ji_ r

rhen €) if € ,Ud(g) satisrlzins (3e) - (40) tf]' rt impties

thar @n*rile W:'Q) € t(Sl , and because Vrre tC"A)

ir folrows rhat (rr*r+') vr e * to;. From rhe same classj-ca'

resulrs [r], rhere exists f e W]r'tt1, whj-ch verifv 1ar) - U2l ;

f rom one of  sobolev embeddine theore*"  [ f ]  ( f  ?= 3 
-*=O)

resurrs s-e f(4) (v) xelt/-). As vr€ W;' (g) , recallins

the regularity result for thei problem 1:r) - (40) :we g'et 7Te U"i?U

and rhen vr€ [(lL) H) qe[,,".,) . as vr'G -Y{|tnl e tCq !!ftn

(Vn.nQ) rnnt!14(i1rl.rr rorrows 0-e W/il C"s) ana
'  

/ , r  
- t l t . !  t  

r " l -  -  \  t  t  I  - A

YFe WfUl @ ft€ [?,s) But t-* 
= 

V 
and

hence Vf e {G) @)'x)1.  rherefore we obtain agaih an impro-



venent:

1 3

A I

v n M'k) V)ne [i, *) , that is Vne frnn'A)
be easily proved

Now the folLowing. proposition can
inducrion on t(€ i f  (rc> 4) :

truw'd(t) onl vve-A(A

This proposit ion can be proved repeatingr on
part of the previous demonstration.

Final ' Iy, recall ing again trr" 
'embeddingi

that t '  and 7f ,  together with any derivative

U)xe F,^
hy

U) xe fr, o.")

the step K, the last

theorems, we get

are cont inous.

3 .

rn  th is  sect ion.we rever t  to  the 'unsteady case and deter_
mine under which condit ions the quadratic mean of a perturbation
tends to  zero when the t ime increases.

we consider  a bas ic  phenomenorr ( 'D r , f )  ,  so lut ion of  (g)  - (10)
w i th  the  .boundary  cond i t i ons  (17 ) - ( rg ) ,  wh ich  can  take  p lace  i n
'A"f t)  r  EII '  open set of class V' in Rn (n>z) wirh boundary
f , included in a cube of edge length ,l . rog"tfre, with any other
al tered s tate (E* rT* ,  

P" )  r  wh ich  is  a lso  so lu r ion  o f
( 8 ) - ( 1 0 )  a n d  ( r z ) - ( r g ) ,  w e  i n t r o d u c e  t h e  p e r t u r b a L i o n  q u a n t i t i _ e s

2 = T * * T and the i - r  quadrat ic  means:

,  Q=l i  t t" f 'w'[i; "v*Ji
which are obviously in

bance brought about by

is  sa id to  be s table i_n

bance tends to zero as

connect ion wi th  the energy of  the d is tur_
,  E {  ' + *  ^ t(  ( /  . ,  (  

t  f  ) .  T h u s , .  a  b a s i c  s t a t e

the mean 
[t ]  i f  the energy of any distur_

the  t ime  j -nc reases ,  t ha t .  i s :
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Now (56) and (521 can be put in only one equat ion:
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Let us study the characteristic equation of the matrix E:

Obviously E f,." dist inct eigenvalues which are also str ict ly posi-

. t i ve  because -o f  (45 ) .  Thus  Theorem 2  i s  p roved '  us ing  c lass i -

ca l  resul ts  on spect ta l  decomposi t ion.

Theorem 2 rfor the steady caserbecomes another uniqueness

"cr i ter ion" . :
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. proof. From the hypothesis it follows that (7'r) is a

stable state.  Since W and Q are constant,  f rom (44) resul ts

t f  t - f la = i l  t - {Z = O ,  which is the desired conclusion

Final ly we remark that the condi t ion 1as),  in which the

a

porosi ty has i ts 'part ,  s l i ts  to certain s i tuat ion revealed by

e>iperiments LrJ.
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