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sol,/rE CRTTEITA_FOR JAPAITESE RINGS

By

GABRTEI C}{TRIACESCU

1; II{TR0D_TIqTION A}TD DEFfNITIONS

rn this paper we shall prove two theorems concer-

ning the f i r r i teness of  the integral  c losure of  a l i loethe_

r ian domaln in i ts f ie l -d of  quot ients or in a f in i te

ex tens ion  o f  i t .

Th is  Daper  i s 'd iv ided in to  two sec t ions ,  rn  the

f i rst  sect ion rne shal l  r ieal  vr i th the integral  c losure

of  a  } loe ther ian  dona in  A  in  i t s  f ie ld  o f  quot ien ts  K ,

Yr ie shal l  prove a theorem which gives a suf f ic ient  
'cr i -

ter i -on for  the l i f t ing of  the f in i teness of  the inte-
gral  c l0sure f rom the factor izat ions A/p,  where p are

the minimal pr i raes csntaining an element Ol x€ Lt  to

the ring A itself, Our theorem was also proved in r [ri]
Th .1 .B  )  tu t  in  more  res t r i c t i ve  cond i t ions .

rn the second, sect ion r  we sha1l  ptrove^a theorem 
' '

which general lzes the wel1- known theorem of J.Tate

f [r:] lemma6.3 , o* f:] t concerning the l ift ing of

the property of being a Japanese rlng t rf rf A is a

Noetherian domain and 0l x € A such that for .every p€

€ ,A'sso( A/xA) the ring A/p is Japanese and A is xA-ad.r.-
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ca l1y  comple te ,  then A is  Japanese. r r  Th ls  thoorem a lso
senerar izes  some resu l ts  ob ta ined by  H,Seyd i  f  L fZ ]
Th. l . l  )  and J . l , , ia ro t  f  l i l  p rop .? .5  ) ,  Us ing  th is  theo_
rem they nray also get an easy proof for 'Marot is theorem
r [+] ) concerni-ng the stabil ity of the i{agata rings
at  the  ad . ic  comple t ion .

fn th is paper v/e sha11 use i l re fo l lowing:

-]iWsg- i) A Noetherian domain A wil l be callecl
a L ' {or i  r ing ,  l f f  the integral  c l0sure of  A in i ts f ie ld
o f  quot ien ts  i s  f in i te  over  A ,

i i )  A Noether ian d.omain A wir-1 be calred a.  Japanese
r ' lng g i f f  for  any f in i te extension Kf of  the f ie ld of
quot ien ts  o f  A ,  the  in tegra l  e rosure  Ar  o f  A  in  Kr  i s  f i_
n i te  over  .A .

l i i )  A ' loether ian r ing A wi l l  be calre.  a Nagata r ing
i f f  for  every p€ Spec(A) the r i_ng a/p is Japanese.

RE'IARKS: The lfori r ings are ca11ed N-l rings rn
( [6] ) and the Japanese rinss are called N-2 rings in (B]
The idagata rings are the same with the pseudo-geometric
rings in ([7] r ch.yr ) and. with the unlversally Japane-
se  r ings  in  f l f l t .  T f  p (  Spec  (A)  v /e  denote  by  t r (p )
the quotient f ield of A,/p. If f is an ideal in A we d.e_
note  by  r ( r )  the  rad ica l  o f  r  t  r ( r )= f i  *

f€  ?e$pec(A)
rn this paper' ie shau essential ly use the fol lowing



TiI0OREM 1.1 '(t{ori-Nagata) 
r,et A be a Noetherian do-

main and. let  At  be the integral  c losure of  A in i ts

f ie ld of  quot ients .  Thenl

1) At is a Krul l  r ing.

11) If P€ Spec(A) then there are only a finite nurn-

b e r  o f  P t f :  S p e c ( A t )  s u c h  t h a t  p = p r A A ,  a n 6 ,  f o r  a n y
. f  - t

s u c h  P '  ,  L k ( P ' ) : k ( p I  <  e

For the proof  see t [Z]  (33.10) )
The author wishes to express his gratitude to profJ

ll icolae Rad.u and to Dr. Alexandru Brezuleanu for their

valuable help and kind encouragement.

2. I,IORT RrNGS

TIIEOREM2.-L Let A be a Noetherian d.omain and, x €r nor_

zero element in A. Suppose that l

i) A is xA-adically complete.

ii) For a1r- mlnimal prime p€ asso(A/xAt the ring A/p

is Mori and xA, - PAp o'

i i i) rf At is the integraL closure of A in its fieLd

of quotients , then for any minimal prime pr over xAr the

ideal P= PtnA is minlmal in AssO$/xA)

Then A Ls Morl

gJorr T,bt t trr . . .rrr)  be the set of the mini:nal pr i-

mes in  Ass^(A/xA)  . .  r f  pr  is  a  pr i rne ideal  assoc iated l  
'

ft



to xAt ( r,vhich is mi.nimal by Th.l.r- i) ) we d.ed.uce from

il i )  that there exists an l"  ,  !4 r.s n ,  such that.pfnA=

= Pi  . 'Obvious ly  Ar .GAi .  / r  s ince AO. is  normal  by i i )

i t  follows that oo-1 o$'i so Af r" lo""t and j.ts maxi-- i  - L  ' 1 _

ma1  idea l  i s  P tA i . ,  Hence  Ap-  =  A i  =  A i ,  and  paAo , "- i  , i  , 1  r .  r  r l

=  ? tAi r  ;  I t  fo l lows that  Pt  is  un ique inSpec(At)  such that

P 'nA  =  P i .  Pu t  P i  i ns tead  o f  p l ;

The homomorphisn A/Pr---*- At/P{ +s injective and in-

tegral;  0n the other hand. one gets the equal i t iesl

k ( P j )  =  A i , / P l A $ r  =  A p  / p r t t o  = k ( p * )
* i  4  * i  * 1  !  * i  r

and since. A,/PL ls l i {or i  i t  fo l lovrst  that  Ar/pl ,  is  f in i te

over tt/Pt , 1{ i 5 n . From ii) we get that *$i= piA$i

L 'n  the  o ther  hand"  s ince  At ' i s  a  Kru l - l  domain  (Th .1 .1 )

we set that A' = 
ffiro6 

= oii ...',,^i;^( 
mru6 )
a*Pl

so xA'= xAi,A...1*$;^( 
fr:r. 

od ) =h *ii i o,'

'4-

afPi
11

= A PI  .  Hence r (xAt  )=xAt  and so  xAtnA =
i=1 r

Since At lP{ is f in l te over A/P, we get
n

wing inJective homomorphism A/r(xA)+/ 
A

n
r(xA) =n P{

1=1 r

the follo-

P. ;--
L

-rT.,iCA/Pi) -----' 
tr (A,/pi) . since the homonorphlsm

i=l 4 

- 
1=1

At /xA' = A'Z Ari F fr,o ,  /pl) is inJective r wo
i=fi - 

l-=L t

ded.uce that A,/xAt is f in i te over A/r(xA) ,  hence i t  is
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f inite over A/xa; slnce A r.s xA-adicalry complete and
separated and Ar is xAr-ad. ica1Ly separated. we get by
e knov,tr. lemma f[e]) tnat Ar is f inite over A.

REIv4RKS The second part  of  i i )  is  ver i f ied for
instance vihen xA=r(xA).  The condi t ion i i r ) ,  is  ver l f ied.
for  instance vrhen A sat isf ies the condi t ion (S^) of
se're. f  [+l  !T.T )  

'

i {ow 1et us give an apl icat ion of  the theoren above,
Let us remind the fol lowing wel l_known:

i3 i 'n" , lA P-- '2 Let 'A be a ] I .Ether ian r i -ng and x,  ro.osxn
an A-sequence contained. in the Jacobson radical  of  A ,
such tha t  the  i r lea l  r  = . * * ra  i s  p ime.  Then A is  a
dornain and , moreov". urr$=l"r i"* of {:- 1

\  { I r . .  o  t U  g e n e -
ra tes  a  p r ime idea1.

Proof:  y/e may suppose that r  is  pr incipal  ideal  ,
and l-et x € A such that T=xA. Since x j.s roo_Z€To_d.ivi_

zor 1t fol lows that ht(xA)=l.  let pf xA be another pri_
me i 'deal j  Take a€p; we may forrn by indui t ion a sequen-
ce ("rr) ; an€ A, Y n€ N ;suoh that a=anxnrvn€Slt' Hence
e( n xnA=o; and so p=e;

n>l

PROPOSITT0N 2 .?  te t  A  be

xn an A-sequence contained. in

such that the ideal I= .**ia

then A is Mori. 
t=t

Prooft  Using lemrna 2,2 we

a Noether lan r ing and x1r. .

the Jacobson radical  of  A

i-s prime. Tt A/I is Morl

may suppose that I is ptLnl;
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cipal ideal.  Put f=xA ; let ? l"  the xA-adic complet ion

of A. Then A/xA = ?/"i hence ?/"t i" Mori. Sj-nce the pro-

perty of being i,.,{ori descend.es by faithfully flat homomor-

phisrns we may suppose that A is xA-adica11y complete. since

n xtA = 0 and. xA is prime , lhe cond.itions of the theo-
n  2 1

rem 2,1 are veri f ied .  I lence A is Mori .

the conditions of the prop , 2;3 and GrifE @ ,n7rn+'J'
is l{ori then A is },{ori n 

'flzQ

Proofi  By a wel l-knol,n theorem we have Grr(A)=(A/IFI. ;
-t

,  .  .  1Y-  I  where Y nr^a i  r r r la f ,g l in inates.  Hence Gr_ (A)  is  iv lor i
r t J  

- 1  v e - r r ! 4 4 r e e v u t  

J - '

i f f  A/ I  is  l ; io: i i .  By the prop, 2.3 i t  fo l lows that A is

Llor i .

REivi.{I lK: si-nce 'normality is a 1oca1 p:'operty the folro-

vr ing cr i ter ion holds3 " .  iet  A "be a Noether ian domain and

T a prime ideal generated by an A-sequence contai.ned. iS

the Jacobson raCical  of  A.  I f  A/T is normal then A Ls

normal.rt As ,,r.,e did in corolLary 2i4 Grr_"(Ay? is normal
.M rrr

for everXr M maximaL ; then A* is nornal and hence A is

norraal j Thts r€irnr*rk have been also proved. by Seydi in

(f f f1 Prop ;T.7.4 ) in the case when I is pr incipal,  but

the proof is longer then orrsr
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?
) a JAPANNSE RTNGS

lElnL\3. l  Let A be a Noetherian domaln and B a free

A-algebra of rank = n Eake Of xe A ; then we have!

t) For every Q € Assr(E/xB) we get QnA.. = ?€ Assn Ur/xl)

l t ) t{oreorrer ,  i f  Assn(A/xA) has no embedded primes

then Ass3(3/xB) has the same p"op."ty..

Poft i !  we may suppose that (ar l)  i .s 1oca1, Let
-i\

3= (-fl Au, and take Q€ Lssr(r/xr) . Then there exists
H f r n

b € B such that q= (xB: b ) and b= .*tr r, , with br{: A. let
i = l r r

P- Q AA and. take a € P . rt follolvs that ab=xz , where

z= * r iu i  ,  z r€  A" 'Hence * ra r ' )u . ,  =  , - * txz r )u ,  and.
i= l  & !  j ; f  r '  r -  1 l f '  L '  -1

so  *b i  =  *z '€  xAn fo r i  i= i rn

s e  c l a i m  t h a t  i h e r e  e x i s t  a n  i  ,  ! { i s n ,  s u c h  t h a t
I

b,  f . r3 .  fndeed;  i f  .  b i€  xA f  or  ia  1r ;  ,  t t  fo l lows that

b r = x d , , ' d l € A ,  h e n c e  b € x B  s o  Q = B  o ' w h i c h  i s  a  c o n t r a -

d.istion . trYe deiluce that l c U ro ; by the
Pr€ AssO (A/xA) 'L

maximality of P we

such that P=?L "
ri) rf ht(Pi) ; 1

;^(]J being integral over

d.educe that there exidt pt€AssO(A/xA)

I '  for  i= l r .n ,  i t  fo l lows that ht(Q)=l

r l4 t

_ll]l l lMA ".2 ],et A be an integra! domain and K its field

of quotients . T,et Kt be a f,inite extension of K.' Then

there exist a free A-algebra B of 
"rr*=fKr 

r d such that
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Kf  i s  the  f ie ld  o f  quot ien ts  o f  B .

Eroof; Using inductlon on the rninirnaL number.of gene-

rators of Kt as a K-algebra wrr may suppose that fr=K(u)

If Pu( T) is the rninlrnal polynomial- of u over K , then

multiplying this polfnomial with a suitable element gf A

vre may suppose that Pu([)e affl and is monic.' HEnce the

A-algebra B=lfu] is free over A and rankA(Bt=[Ktr{

The following lemma lightly extend.s & classical lemma

due to  Nagata  f  [Z ] (33 . t t  )  )

IEI\n'q{3,Z Let t- be a Noetherian drlmain , I( its f ield

o f  quot ien ts  an ,1  A l  
"€A" ' I ,e t  

T ( t  a  f in i te  ex tens ion  o f  i k

and At the integral  c losure of  A in Kt.  Then for errery

rninimal pr i rne ideal  e over xAc ,  i t  fo l lows that QurA , i :

' ' i  Asso(A/xA) .

$gf:  let  B be the free A-algebra bui l t  in lenma 3,2

3y Nagata t s lemma, we have p t =QnB € Ass3( B/xB) and by

lemma 3.1 lt follovrs that PrQn A = Q'r\A €AssO(A/xA)

The follovring lemma is another form of a result due

to Nishimura (t8li and ts contained in its proof:

I1Blfil{A3.4 l,et A be a Km11 domain and let 0/ x€A

such that , L/? is Noetherian , for everTr minimal prime

P over xAj fhen A/xL is Noetheriand

Vfe are now read.y to prove the main result of this
sec t ion
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TIIEORIIM .3.5 let A be a Notherian domain and x an

el-ement in A. Suppose that t

i )  For al-1 pr lme P€ Asso(A/xA) ,  , t / r  is  Japanese.

i l )  A is rA-adical ly complete.

then A is Japaneser l

l rooi :  let  Kt  be a f in i te egtension .of  the f ie ld

of  quot ients K of  A.  let  At  be the integral  c losure of

A in Kt.  Ve vrant to show that At is f in i te over A.

Let 
tnrr . . ,Qrr)  

be the set  of  a l l  the minimal  pr i rnes

associated. to xr \  t  ,  Let  Pr=QrA A .  3y the theorem .1. l -

and us 
'n ' i  

the f ree A-algebra bu- j - l t  in lenma 3.2 i t

fo l - lov rs  tha t  I  u f  Qr ) rk (P i ) ]<ooand b ]  i i )  we deduce tha t

At /Q i  i s  . f in i te  cver  l , /P t  ,  In  par t i cu la r  A ,  /Qf  i s  l loe-

ther j -an ;  by ler l lna 3,4 i i  fo l lours t ;hat  1"t /xAt is I ' ioetherLan.

We claim that At / r (xAt )  1s f in i te over o/r* . '  Indeed.

the canonicel honomorphism Lt /r(xAt) = Ar/ /-\Q, ----**:>
_^tr__ i=l_ .. n,.

*---T-T(A t /Q* ) is inj ective. 0n the other hand TJta t/Q{ )
j -=1  

'  - l - '  "  i=L '  
-L -

-jrr
ls f inite over l- [  (e' lp* ) so it  is f inite over A/xA.

i= l  
r

Hence At/r(xAt)  is  f in i te over A/xAj

Put J=r(xAt )  ;  s ince At /xA'  is  Noether ian there

exists n€N such that JngxAr .  Apply ing the ind.uct ion

in the following exact sequence l

0 -> 3n7 ln+l __--4- 1r 7;n+J-

we ded.uce tha t  A ' /xAt  i s  f in i te  over  A /xA.  S ince  A is
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xA-adical ly complete and Ar

a well knoram lemma leads .us

over A. '

xA t -adica11y separaterl

the fact  that  Ar is f in i te

i s

tc'

COR.0ILARY 3,6 (fate) T,et A be a lToetherian rLormal

domain.and x an el-ement in A. Suppose that. i

t) xA is a prr-me ldeaL and A/xA is' Japan€s€r

i iJ A is xA-ad.ical ly complete,

Then A is Japanese.

REI,IABKI The proof of this theoz'en in C ff:] i depencls

on the characterist ic of A. Ti:e method of Tate cannot be

used to pr ' lve our theorem.

The iol lo"vi i rg -bheorem vrhich has been provei for the

i irst t ime by J. i , larot in C[+l Prop,l  )  ,  is a posit ive

ans r , re r  to  a  con jec tu re  o f  A .Gro thend ieck  ( [ : ] "o (7 .4 .8 )  )

CCROIIARY3;Z (l 'Tarot) let A be a lioetherian ring and

I an r-cl.ea1 in A. Suppose that

i )  (Ar I )  is  Zar isk l  compLete.  -

i i )  A/I  ls Nagata.

Then A i" Nagata.

Proof: Using the ind.uction on the number of genera-

tors of I we may suppose that I ls prtncipal : I=xAi

Take Q€Spee(A)  :  i f  xAgQ then A/Q is  Japanese by i i ) i
t

i f  xA$O r" t  B=A/Q.  Take P€Assu(B/xB) .  The4 there ex is ts
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Pr € Spec(A) ,  such that xAg P t  and A/p |  € E/p.  By i i )

1\re deduce that B/P is Japanese and by theorem j .$ vte

d.ed.uce that B is Japanese, hence A is Nagata ring.

OPEN QITESTTON

The statement of  the theorem of J.L{arot  and theorem 3.5

l-eads to the fo1 'oi. ' , ' ;ng questiorn,r

Suppose A is a l loether ian domain and T ls an ideal

in / r  such that:

. \
i )  A  i s  l - a c l i c a l i y  c o n r n l _ e t e  r

\
i i i  A/P is Japanese for everTr I te .n,r"o(A/r).

Does i t  fo l low that  A is  Japanese?
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