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SOME CRITERIA FOR JAPANESE RINGS

By
GABRIEL CHIRIACESCU

1, INTRODUCTION AND DEFINITIONS

In this paper we shail prove two theorems concer-
ning the finiteness of the integral closure of a Noethe-
rian domain in its field of quotients or in a finite
extension of it,

This paper is divided into two sections, In the
first section we shall deal with the integral closure
of a Noetherian domain A in its field of quotients X,
We shall prove g thédrem which gives a sufficient cri-
terion for the lifting of the finiteness of the inte-
gral closure from the factorizations A/P, where P are
the minimal primes containing an element 04 €A, To
the ring A itself, Our theorem was also proved in ([ii]
Th.1.8 ) but in more restrictive conditiong.

In the second section s Wwe shall prove;a theorem
which generalizes the well- known theorem of J.Tate
( [ljl Lemma6,3 , or [3} 5 concerning the lifting of
the property of being a Japanese ring ¢ " If A ig a
Noetherian domain and O£ x € A such that for .every P€

é.AssA(A/xA) thé“ring A/P is Japanese and A is xA-gdi-



cally complete, then A is Japanese." This theorem also
generalizes some results obtained by H.Seydi ( [12]
Th.1.1 ) and J.Marot ( [5) Prop.o.5 ), Using this theom
rem they may also get an easy proof for'Marotys theorem
( [4] 5 concerning the stability of the Nagata rings
at the adic completion, .

In this paper we shall use the following:

DERTNTITONS 95 & Noetherian domain A will be called

a - lMori ring . AFP the integral closure of A in itg field
of quotients is finite over A

ii) A Noetherian domain A will be called a Japanese
ring 9 ifd for any finite extension K' of the field of
quotients of A, the integral closure A' of A in B! dg-fi.
nite over'A.

iii) A Noetherian ring A will be called s Nagata ring

1ff for every P€ Spec(4) the ring A/P is Japanese,

REMARKS: The Mori rings are called N-1 rings in
([6]) and the Japanese rings are called N-2 rings in.(%&
The Nagata rings are the same with the pseudo-geometric
rings in ([7] sy Ch.VI ) and with the Universally Japane-
se rihgs in ({51). If PE Spec (A) we denote by k(P)
the quotient field of A/P., If T is an ideal in A we de-

note by r(I) the radical of T a r(I):ffﬂNN\ZP
; IS PeSpec(A)

In this paper we shall essentially use the following



THEOREM 1.1 (Mori-Nagata) Let A be a NWoetherian do-

main and let A' be the integral closure of A in its
field of quotients . Then:

i) A' is a Krull ring,

ii) If P€ Spec(A) then there are only a finite num-
ber of P'e Spec(A') such that P=P'\A , and s for any
such P' , [ k(P'):k(p)|< o

For the proof see ({7] (32.20) - )

The author wishes to express his gratitude to Prof,
Nicolae Radu and to Dr., Alexandru Brezulesnu for their

vaiuable help and kind encouragement,

2+ MORT RINGS

THEOREM2,1 Let A be s Noetherian domain and x a non-

zero element in A, Suppose that}
i) A is xA-adically complete. .
ii) For all minimal prime.PE.&ssA(A/xAs the ring A/P
is Mbri and XAP = PAP ;
1i1) IF A is tho integral closure of A in its field

of quotients , then for any minimai‘prime P! over xA' the

- ideal P= P'A is minimal in AssA(A/xA)

Then A is Mori. :
Proof: TLet {“Pl,...Pn} be the set of the minimal pri-

mes in AssA(A/XA) o IT P' ig a prime ideal sssociated



to xA' ( which is minimal by Th.1.1 i) ) we deduce from
i1i) thet there exists an i , 1€ i< n , such that P'mA=

= P; o Obviously A, C AL ¢ since Ap is normal by ii)
5 i i 4
it follows that AP = Aé . DO Aﬁ is local and its maxi-
i i & i

° e ' ' — '
mal ideal is P APi. Hence APi'_ APi_ Ap, gnd PiAPin

= P'Ad, o It follows that P' is unique inSpec(A') such that

P'
P'\A = P;, Put P} instead of P!,
The homomorphism A/Pi—*fp’A'/Pi }s injective and in-

tegral., On the other hand one gets the equalities:

and since A/P is Mori itcPollowst that A /D' ig Pinite

over A/Pi s 1= 480 . Erom ii) we pet thet XAPim PiAP°

Cn the other hand since A' is a Krull domain (Th,2.1)

we get that A' = /,ﬂ“\\ A' = A} f\...f\A' aY( //NQ\\ )

ht(Q)=1 Lol Ph ht(Q) 1
Q#Pi
S0 xAt= XAl'),:’*&...f“\XAl’),f‘\( /\\ XAI'?';/\AL'.
1 = n ht(Q) 1 i=l i
Q#P'
= /“\ P' . Hence r(xA')=xA' and so xA'MA = r(xA) —{’\ Py
=i =1

Since A'/P' is finite over A/P we get the follo~-
wing 1njective homomorphism A/r(xA)~A//’—\\P —_—

— <(A/1> )

?—5 ) (A'/Pi) . Since the homomorphism
i=l

A'/xA' = A'/ f’}P' e ! [(A /P}) is injective , we
=

deduce that A'/xA' is finite over A/r(xA) , hence it is



S

finite over A/xA; Since A is xA-adically complete and
separated and A' is kA'-adically separated wé,get by
e known lemma ([61) that A' is finite over A,

REMARKS The second part of ii) is verified for
instance when xA= r(xA) The condition iii)<is verified
for instance when A satisfies the condition (S ) of

Serre ([4} 1T k)

Now let us give an aplication of the theorem above,

Let us remind the following well-known :

LA 2.2 Let A be a NOBtherian ring and XygeeosXy

en A-sequence contained in the Jacobson radical of A s

such that the ideal T =:Zmd:x.A is pime., Then 4 is g
domain and , moreover an; iuoaet of {}ﬁ}..o, } gene-~
rates a prime ideal,

Proof: We may suppose that I is principal ideal "
and let x€ A such thst I=xA, Since x is non-zero-divi-
zor it follows that ht(xA)=1l, Let P;;XA be another pri-
me ideal, Take a€P; we may form by induétion a sequen-

ce (a Y h n€ s W neﬁ‘I ssuch that a=g nX Vneu\n Hence

aé/-\xA O and S0 PO
n3!

BROPOSTTION 2,3 Tet A be o Noetherian ring and Xysoo
X, 8n A-sequenoe contained in the Jacobson redical of A
such that the ideal I-‘Zfo A 1s prime, If A/I is Mori
then A is Mori,

Proof: Using lemma 2.2 we may suppose that I is piin=



=6

cipal Ideal. Put I=k 3 1etf2 be the xA-adic completion

of A, Then A/xA = A/xk hence A/xk is Mori. Since the pro-
perty of béing Mori descendes by faithfully flat homomor-
phisms we may suppose that A is xA-adically complete, Since

/f\\pr = 0 and xA is prime , the conditions of the theo-
a2l

rem 2,1 are verified . Hence A is Mori,

ODPELARV'.‘4 If A is a local ring which satisfies

the conditions of the prop. 2.3 and GrfﬁL-<§ ;In/_n+l
n 20

is Mori then A is Mori,
Proof: By a well-knovn theorem we have GrI(A)=(A/Ii?1.:
...,ng where Yi are indeterminates. Hence GrI(A) is Mori
iff A/I is Mori. By the prop. 2.3 it follows that A is
Moris
REWMARK: Since normality is a local property the follo-
wing criterion holds:".Let A he a Noetherian domain and
I a prime ideal generated by an A-sequence contained iy
the Jacobson radical of A, If A/I is normal then A is
normal," As we did in corollary 2.4 GrI (AM7 is normel
for every M maximal ; then Ay is normal and hence A is
normal , This remark have been'also proved by Seyd; in
([1i§Prop;I.7.4 ) in the case when I is principal, but

the proof is longer then ours,



. JAPANESE RINGS

LEMMA3,1 Let A be a Noetherian domain and B a free

A-algebra of rank = n Pake O# Xx€ A ; then we have:
1) For every Qé&AssB(E/xB) we get QNA' = PegAssA(A/xA)
iiSMoreover S AssA(A/XA) has no embedded primes
then Assp(B/xB) has the same property.
Proof: i; We may suppose that (A,P) is local. Let

B= {?} Aui and take Qé.AssB( /XB) Then there ex1sts

=t ,
b€ B such that Q=(xB:b) and b= z;éblul 5 With b € A, Tet
1=l
= QMNA and teke a€P , It follows that ub~xz , Where
n
= Z;U; 4 2,€ AJ Hence .Zf:(abi)u = ,w@(xz )u and
= i : 0 i

so abi = XZ.€:XA fori i= l n

We claim that there exist an i v rLisn ,-such that

b.(ﬁy‘. Indeed iflbiE:xA for i# 1,n:, it follows that

5L

b, =xdy i dy€ A s, hence b€xB so Q= B , which is a contra-

digtion . We deduce that PC \\__, )/L Pi s by the
ié’;AssA(A/xA)

maximality of P we deduce that there exist PiEEAssA(A/xA5

such that P=PiJ
1i) If nt(P,)
(B being integral over A 7

=1 4 for i=1,n , it follows that ht(Q)=1

LEMMA 3,2 Let A be an integral domain and K its field

of quotients .‘Let K' be a finite extension of K, Then

there exist a free A-algebra B of rank={ﬁ':ﬁ1 such that



K' is the field of quotients of B,

Proof: Using induction on the minimsl number of gene=-
ratérs of K' as a K-algebrs we may suppoge that K':K(us
e Pu(T) is the minimal polynomial of u over K , then
multiplying this polgnomial Wifh 8. suitable element of A
we may suppose that Pu(T)E'A[T} and is monic, HBnce the
A-algebra BzA[ﬁ] is free over A and rankA(B):[K':ﬁl

The following lemma lightly extends & classical lemma

due to Nagata ([7}(33.11 Yirs)

o3 Let A be a Noetherian démein , K its field

of quotients and Of x€A, Let X! a finite extension of tK
end A' the integral closure of A in K', Then for every
minimal prime ideal Q over xA" , it follows that QA =
< Ass, (A/xA),

Proof: Let B be the free A-algebra built in lemma 3.2
By Nagata's lemma we have P'=Qf\B€EAssB(B/xB) and by
lemma- 3,1 it follows that P=QNA = B~A €Ass, (A/xA)

The following lemma is another form of a result due

to Nishimura ([8]5 and is contained in its proof:

LEMA3.4 Tet A be a Krull domain and let Of x€A

such that , A/P is Noetherian , for every minimal prime

P over xA, Then A/xA is Noetherian¥

We are now ready to prove the main result of this
gsection



THEOREM 3,5 TLet A be a Notherian domain and x an

element in A, Suppose that {
1) For all prime PE Ass,(4/xA) , A/P is Japenese,
iij A is xA-adically complete,

Then A is Japanese,

Proof: Let X' be a finite extension of the field
of quotients K of A, Let A' be the integral closure of
A in XK', We want to show that A' is finite over A,
Let {f%}... } be the set of all the minimal primes
asgociated to xA', Let P,=0,MNA . By the theorem 1.l
and us’'n-< the free A-glgebre built in lemma 3.2 it
follows that [:k(ﬁ ):k(P, i]<ooand by ii) we deduce that
A'/Qi is finite over A/Pi . In particular A'/“i is Noe-
therian 3 by lemma 3.4 it follows that A'/xA' is Noetherian.
We claim that A'/T(XA') e Tinite over A/XA Indeed

the canonical homomorphism A'/r(xA! ) = A ///“\Qi

-%bi é(A'/ﬂ ) is injective., On the other hand [ {(A'/Qi)

is finite over | 1 (N/Pi) so it is finite over A/xh,
ji=1 :

Hence A'/r(xA') is finite over A/xA S

Put J=r(xA') s since A'/XA} is Noetherian there
exists n €N such that JlcxA' , Applying the induction
in the following exact sequence :

0—= ghygitl o peygttl  _avygB o0

we deduce that A'/xA' is finite over A/xA. Since A is



0=

xA-adically complete and A ig xA'~adically separated
a well known lemma leads -us ‘o the fact that A' is finite

oer Ay

COROLTARY 3.6 (Tate) Tet A be & Noetherian normal

domain and X an element in A. Suppose that 3
i) xA is a prime ideal and A/xA ig Japanese.
i1) A is xA-adically complete,

my

Then A is Japanese.

REMARK: The proof of this theorem in (‘llj] ) depends
on the characteristic of A, The method of Tate cannot be

used to prove our theorem,

The following theorem which has been provecé for the
first time by J.Marot in ([ﬁ] Prop.1 ) , is a positive

answer to a conjecture of A.Grothendieck ([5]n0(7.4.8) )

COROLLARY3,7 (Marot) Let A‘be a Noetherian ring and

I an ideal in A, Suppose that
i) (A,I) is Zariski complete,
ii) A/I is Nagata.
Then A is Nagata,
Proof: Using the induction on the number of genera-
tors of I we may suppose that I is principal : I=xA,
Take Q& Spec(A) : if xA<Q then A/Q is Japanese by ii);
i xA?Q let B=A/Q. Take P €Assy(B/xB). Then there exists



2

P'€ Spec(A) , such that xASP' and A/P' = B/P., By ii)
we deduce that B/P is Japanese and by theorem 3.5 we

deduce that B is Japanese, hence A is Nagata ring.

OPEN QURSTION

The statement of the theorem of J.,Marot and theorem 3.5

leads to the fol ' owing questions
q

Suppose A is a Yoetherian domain and I is an ideal
im- A sueh that:e
i) A is I-adically comnlate .
ii) A/P is Japanese for every szAssA(A/I).

Does it follow that A is Japanese?
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