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Abstract,.  we consider smooth enciomorphicms f : l{  -> I ' i ,  ! i
be ing a c .ompact  conrrdcted mani forc l  for  which l l  n f*v l [  >  rv [  , in

some Riemannj-an norm, where equali ty is possible only in a f iniLe
rnvar ianL 

'subset ,  
o f  ! i .  we show, us ing Bowents constpuct ion,  that

such f  have dense per : i -od ic  points  and Markov par t i t ions of  srnal l

d larneters.

Let M be a compact conected smooth manifold and let

f :M  *+  M be  a  c l -map  o f  M  on to  i t se l f .  we  say  tha t  f  i s  nons t r i c -
. :

t ly expanding if  for some Riemannidn metri .c on M, there exist a

f inite invarj.ant set of polnts AcM sucir that l lnf*v l l  >, l lv l l  for

aLl -  xeM and vFT*Mr ivhere equal i ty  is  poss ib le  only  for  xeA" Let  u$

d.enote by I  the c lass of  such mappings.

Concerning ,4 *" shall show that analoguous results with

the, strigtly expanding case .are valid. The m.ain tool is the

technique of tracing pseudo-orbits,devel-oped by Bov.,en $8il"

Le t  us  reca l l  i t :

Def in i t ion.  Let  X be a metr ic  space and f  :X * )X a ' funct ion.

We say that f  has the pseudo-orbi t ' t racirrg property (p.a." t .p;  " t f

fo: :  every a> 0 suf f ic ient iy smai i ,  there ex; ist  p>O such t-ha'L fcr

every sequence (x. , . , ) r r>.0.X sat isfy i r lg d(fxrrrxn-t- l )<p for a1l  n ) ,  O

we can find xel.{ such that:



2 "

. r'  
d  ( f ' \ , x - )<a< fo r  every  f r2 .0 .
Y . - x ' ' - J 1 , \ - -

Our  f i rs t  resu l t  i s :

Ero€gg.tigg-L. Every f in z/* has the p.q.!ip-", the tracing,

orbit beinq u{ique if" d is sufficientlv small
*he 

.emannian structureTtre metric on M is{induced one by the Ri
-

considered in  the def in i t ian of  u( .

. Al l though the proof is simple vre shall  do i t '  by using ,the
. t

following two lemmas

Lemma 1. Lel X be a gompaq-t liet'rig sp3-q€i.,q4q f :X *' X a

coJr:tingous cgvering map wlth the fgl]gwil:t PfFgIlg (*) : "Tfuene i't

'  e>0 auch tha t  6o t t  Q,ve tLq  A<L thene ex i ' s ta  l t rO $o ' t -  wh ic . l ,  t ,  d { :< 'y )z<

LmpI -Le t  d ( fx , fy )  o . *0" .  I lg  f  has  the j> 'o ' t tg :

p foo f .  Le t  x  be  as  in  the  p .o . t .p . r  and le t  (xn)n7 t t  be  a

.  
pseudo-orb i t ;  d  ( fx , r rxn* r )  .0  fo r  a l l  n>0.  !

de denote by E(x-r*)  the c losed bal ls centered at  x* and of- n -

. r a d ' i u s d . o n e c a n . s u p p o s e t h a t o ( j . s s o s m a } l t h a t b y t h e c o v e r i n g

f - l  id  de f ined in  the  usua l  sense on  every  E(x r r ro . ) .  We

l  - ' l  -

Jf,uff shoru that. if p is srnall then the component of f-- 'B(*rr'1)
I

ulft i.ft intersects E-(x-r.*) is in fact containecl in it.
' 1 : - - - - -  

. .  
' I 1 ; {

For ever) . '  x(E (x* ra) vre have d (x,  f*rr-r )5 a+ p and i f  P is' n '
- 1

,  f ip, i t  point of . the sequence f l l  in F-txo"i) 'taking e

' l r

!eq*a J. tggglionljn o//" hu'"-p5.9pe5$y-ls)



-Prg€. The, iroperty imposed on the derivative implies the

cover ing  proper ty  and.  tha t  there  ex is ts  t>O such tha t  i f  d (x ry )<  E

(R iemann ian  met r ic )  then d( fx  , f y )>d(x ry )  .  Le t  p>  0  such tha t  Z t r .  *

a n d  A n = [ x a M  J 3  y . a ,  d ( x , y ) . * f ,  n  b e i n g  t h e  c a r d i n a l i t y  o f  A "  B y

compactness there exists l> r  such that f f  nf*v l lZ l l l  v  I l  for  a l t

x< MrAi, r veT*M. (/) .

that  €  >d (xry)  >"< and ; .  a  geodesic

(i f  a is snral l) of a pattr 
f ,  froin

por t ions of  f  . ,  that  l ie  outs j -de A *'  0 1  I

we obta in

l*) . Jt oh,o,ift)//J/ = 
/r,0, - f f

Jl', / Ar

> /U,)nA

L,et x rye}|r such

l "  
t t .  I t  i s . the  image

But the lenghL of the

then d-2 t r  and by  (1 )
0

from fx

x  t o  y .

is greater

"t

7 a

ili,
n Al"

+  { l -

(t) I Jt - / )k-4)  >

t) (a - 2y)

'  = (  _ 1 )  (  _ 2  ) .

I and 2 the f irst part of propos-ttion L follorvs "

let us note that, if x and. xt are two points that

paeudo-orb i t  we have d( f * / fhx 'J<2r<  fo r  every  n>,00

seen fact tha-t teft nas an expansive consLant. t,

recail ,  the

in  ou r  case  a l so "

tn (u)  =M f  or  some

. ) [ tt tqttJt"r'4 $

t * t r (
c

We

l

l
I

To
I

I
di -t

and

can thus take

By lemmas

prove unicity

race tne same

from the easy

J#_ o!s!_-then 
. 
\y'
n=1

In  order  to  s tate the f i rsL consequence/we

fo l lowing s imple resul t .  f : :om Ltn l ,  obv ious ly  t rue

j - t  fo l lovrs  that .  for  2d1to we have * : * ' .

li€N.

Lemma 3 .  T f arrrl UcM



.  , / .

Proof .  Let  
t> 

0 smal l  be givert  and let  U=B 
\ , [ l  

be the

open bal l  of  radius f ,  
centered at  x.  Froin lemma 3 we f ind netN such'

t h a t  u n f n  ( v ) + A ,  t h a t  i s  t h e r e  e x i s t s  y = f n z e  u ,  z e u  w i t h :  d  ( y r x ) <  y  ,

d ( z r x ) * f  .  T h i s  i m p l i e s  d ( f n z , z ) " z t .  L e t  n t +  r  a n d  c h o o s e  f

such that zf  r f ' ' (n)  and i rex .  Consider the 21-pseudo-or las /"  \
. v  I  t  

U o n s f q r e l  L r l t  
A  

-  ' r l r L  \ ^ k ' k 7 0

def ined as fo l lows:

w h i c h  i s  t r a c e d  b y  4 ' . .

d  (  f kx '  ,  f k f  nx '  
)1

k  (mod  n )  , .wnere *k=t

f t  fo l lo i+s that :

v  k + n
d  ( f ^ x '  r x k )  + d  ( x t ,  f ' t '  " x  |  \ < 2 ^  -  € o

x '=f t rx t  and

the prioof .

i t  fo l lows a l -soBy expansivity we must have

t h a t  d ( x ' r x ) { *  + y < 2 4 ,  t h u s  f i n i s h i n g

The main resul t  is :

I

Propositiog 3. E-v-eiy f4.f, has MaIkov Pgl:tit-io-ns*of albi-

t r a ry  s rng l l  4 :La$e te rs ,  t ha t  i s  f o r  4 '20  the re  i s  a  cove r  { " t ' . . .P * }

of M by closed sets that intersect only in their bound'aries

d iam( f i )<  a '  f o r  a l l  L '  M \ \ - , )P i  i s  open  and  d 'ense ,  f  (w )p r ) c r ' - r . ) ? i

: . i L i

and int. p. r[n{ p)f$ implies ?1cf*, .

* . 0r y

b e a

Proof . As the proof corrslsts in nothing bi l t  ad'apting

Bowenrs proof for  Markov part i t ions fn [n l  let  us only sketch i t .

' l  g  - ^ ^ . ! ! r ^ * .  l  a r

L e t  < < t ,  n . 7  a n d  p  b e  a s  i n  p r o p o s i L j . o n  L  a n d  c h o o s e

s  d ( i x , t o ) . f i  .  L e t  * = 1 " r , . . . , P p ]

t"-ciense set irr i"I  and considc:: ' ;he Spece:
,
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By propositi-on r, for every q(I(O) there is a unique xeM :

which d - t races (q )  .- n '  
.

conve rse l y  fo r  xeM,  cons idu ;  p i * .P  suc t r  t ha t  d (x rp+  )  <  ft o  
f t  

- - r o  n  a
which impl ies by our assumptions that dirx.rp, o).  E ,  that i"

i ' A

6 ( fP1_ ,P i -  )<  a  ( fx ,p .  )  +d  ( fx r  fp ro)  o  " t  * t *  P  l f  p*  i s  choosen such* O  + l  - I  - r t ' J  A  Z  ,  - J . l

z (p) =ln= (qn),r. 'oi  6 (fQn,Qn+r) 
" P tor everv 

"7ol

t h a t  d  ( f x r p r i ) * . / ,  a . s . o "

rn th is manner we obtain (er,) . r? 'aZet such that the t ra_

jectory t racing (qr-r)r , r  
0 i "  ( f l )  

n> 0.

Let us denote bV 6 the -  - respond,ence constructed above

f i  : l (9)  -+ I { .  r t  is  easy seen by expansiv i ty oi  f  that  0 is cont i -

nuous ,

.  Consider the 0-ci l l inders i .n f  (F) r

d r rd  1e t  A*=0(C*)  wh ich  are  c losed se ts  by  co i r t inu i ty  o f  0 .  r t  i sr L

easy .cieen that u * .r) Ai is open and den e.

. By consiclering al l  intersections of sets of the form

i-nt  ( l .nAa )  ,  in t  (Ao A CA+ )  and tak ing the i r  c losures,  a  l i t t ie' ' t -  
I  l -  l

analysis invol-ving 6 show that the cover obtained in this mariner

,  has al l  the.  anounced propert ies.
i

I Remarks

1 .  I t  i s  easy  seen  tha t  f o r  f :M*>  Mr  fo r  wh lch  the  se t  o f

poinrs where i i  orv l l  > l tv i i  r ro i is t r ict iy is a set  of  d, larneter

expansive constarr t  €. ,  sat j -sf ies t -  > 2o(.  i t  f ,oI lovrs also uniej ty.

ci=lq lqo=pi]
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