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TI]E EXT GROUPS

ASSOCIATED WITH

Sonin Popa ancl

.r.

O t r  T L I F  n  A r ^r  r r !  \ -  - l t l r b E B R A S

T D D A r n r n l r ^ "J. KKA ].  1UI, I1\L ROTATIONS

by

M a r c  A .  R i e f f e l '

Le t  0  be  an  i *a t i ona r  number ,  and  re t  AA  deno te  the
cnossed  p roduc t  C ' ! -a l -geb ra  Ig ]  f o r  t he  ac t i on  o f  t he  g roup  o f
i n tege rs  

. ,  
z ,  on  the  a tgeb ra  o f  con t i nuous  func t i ons  on  the

c i r c l e  b y  p o w e r s  o f  t h e  r o t a t i o n  o f  a n g r e  z n | .  r t  i s  i m p o n _
tan t  f o r  t h i s  no te  tha t  Ao  i s  i somorph ic  to  the  c ' r -a r -geb ra
genera te ,d  by  any  two  un i ta r i es  u  and  v  wh ich  sa t i s f y
V U  =  I U V  w h e n e  |  :  . 2 t t i 0 .  T h i s  c a n  b e  s e e n  b y  a s s o c i a t i n g
to  such  u  and  v  the  un i ta r i es  u  and  v  i n  A  con re_
spond ing  respec t i ve ry  to  ro ta t i on  by  2n0  and  to  the  , , i c i en t i t y , ,

f unc t i on  wh ich  embe .ds  the  c i r c le  as  the  un i t  c i r c l e  i n  t he
comprex  p lane .  The  pu rpose  o f  t h i s  no te  i s  t o  ca rcu la te  the
Ex t  gnoups  [  3 ,  1  ]  o f  t he  Ae  and  o f  t he  nxn  ma t r i x  a l seb ras
o v e r  t h e  A 0 .  F o r  n e l a t e d  c o n s i d e r a t i o n s  s e e  i f { l .

I t  i s  known  tha t  t he  AO a re  s imp le  L7  ,  1S l .  Fu r the r :_

m o r e ,  t h e y  a r e  s t r o n g l y  a m e n a b l e ,  h e n c e  n u c l e a r  t 1 ? ] :  s o  t h a t
t h e i r  E x t  s e m i g r o u p s  a r e ,  i '  f a c t ,  g r o u p s  [ 6 1 1 ] .  r n  a d d i t i o n ,
t h e  A O  a r e  q u a s i - d i a g o n a l .  T h i s  f o . l o w s  f r o m  r e s u l t s  a n -

T h e  s e c o n c i  a u t h o n r s  c o n t r i b u t i o n  w a s  m a d e  w h i r - e  h e  w a s ' v i s i t i n g

t h e  M a t h e m a t i c s  r n s t i t u t e  o f  t h e  u n i v e n s i t y  o f  c o p e n h a g e n .  H e
wru l -d  l - i ke  to  thank  the  membens  o f  t he  rns t i t u te ,  espec ia l r y
Dor te  O leson  and  Ger t  pederson ,  f o r  t he i r  ve ry  warm hosp i ta l_
i t y .  t l i s  resea r -ch  was  pa r t i a l l y  suppon ted  by  Na t iona l  Sc iences
F o u n d a t i o n  g r a n t  M C S  7 7 _ I 3 0 7 0



nounced  by  Hadw in ,  and  a rso  f rom the  s t rongen  fac t  ob ta ined
in  t r3 l  t ha t  t he  Ao  can  be  e rnbedded  in  AF  a lgebnas .  Th i s
quas i -d iagonar i t y  i s  impor tan t  t o  us  s i ' ce  i t  enab les  us  to
u s e  t h e  h o m o t o p y  r e s u ] t s  f r o m  i 1 z l .  i i

L e t  L / K ( H )  d e n o t e  t h e  c a r k i n  a r g e b r a  f o n  a  s e p a r a b r e
'  H i l b e n t  s p a c e  H ,  a n d  r e t  E x t u ( A ' )  a n d  E x t " ( A u )  d e n o t e

the  s t rong  and  weak  Ex t  gnoups  o f  A0 ,  whose  e lemen ts  con_
s i s t  o f  equ iva lence  c lasses  o f  un i ta r_  , ! -monomo: :ph i sms  (ca t red
e x t e n s i o n s )  o f  A g  .  i n t o  L / K ( H ) .  o b s e n v e  t h a t  . t h e n e  

i s  a
b i j ec t i on  be tween  ex tens ions  and  the  pa i i r s  (u ,  v )  o f  un i ta r i es
i n  L / l ( ( H )  s a t i s f y i n g  v u  =  t r u v .  o b s e r v e  a l s o  t h a t  i f  i n d
d e n o t e s  t h e  i n d e x  f u n c t i o n  o n  u n i t a r i e s  i n  L / K ( H ) ,  a n d  i f
w  i s  a  u n i t a r y  i n  A 0 ,  t h e n  i n d ( r ( w ) )  d e p e n d s  o n l y  o n  t h e
c l a s s ,  [ t J ,  i n  E x t "  ( A u  )  o f  t h e  e x t e n s i o n  r .  r t .  f o 1 1 0 w s
e a s i l y  t h a t  t h e  m a p  Q  f r o m  E x t r ( A U )  t o

O ( [ t ] )  =  ( i n d ( r ( u ) ) . ,  i n d ( t ( v ) ) )

i s  a  we l - l - -de f ined group homomorph ism.

THEOREM.  The  rnap  Q  de f i ned  above  i s  an  i somorph ism.
a

Fun the rmore  r  weak  equ iva lence  c r_asses  a- y * 4  v  q a s r r . , y  u r - c l s s e s  a n e  s t * n o n g  e q u i v a l e n c e

c 1 a s s e s ,  s o  t h a t  E x t  ( A ^  )s  u .  a n d  E x t " ( A ,  )  c o i n c i d e .  T h e
Ex t -g roup  topo logy  on  Ex t  (A^  )  and  t r .

c re te  topo logy  "  
t ^0  /  and  Ex to , ,  (A '  )  i s  t he  d i s -

' i l  xZ  de f i ned  by

a lgeb ra  o f  nxn  ma t r i ces  r  so  tha t

n x n  m a t r i c e s _  o v e n  A 0 .  A n  e a s y

Le t

Mr,@Ao is

deno te  t -he

algebna o. f

M
n
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application or" [B],

C O R O L L A R Y .

the  cyc l i c  g roup

Proposition 2.2 or tt{

Ex t " (Mn@Ao )  :  n

o f  o n d e r  n ,  w h i l e

, Proposition 4 then yields:

, , ' 7 7  Dn u "  ^ t o n  W n e n e

E* t , ^ ,  (M^€ )A^  )
v v  r r  U

T" is
n

z i z , .

f t  f o l l ows  tha t  f o r  f i xec i  0  1:he M,., @AO ar.e .non-i s o m o n p h i c .  T h i s  a l s o  f o l l o w s  f n o m  t h e o n e m  3  o f  t 1 6 1 .

1  ,  - : " " o t  

o f  t h e  t h e o r e m :  T g  s e e  t h a t  o  i s  s u r j e c t i v e ,
r -e t  H  be  a  H i l be r t  space  w i t ^  o r thonormar -  bas i s  f e  ]
l e t  S  b e  t h e  u n i r a t e n a l  s h i f t  o n  H  d e f i n e d  b y  , " " ' : t : t

n  - n + 1
fon  a l l  n '  and  r -e t  l ' 1  be  the  mu l t i p l i ca t i on  ope ra ton  de_
f ined by I ' Ier ,  -  lnen fon aI r  n .  Then L{s = , " r " r3n l ' {S = ASM r  so that
w e  c a n  d e f i n e  a n  e x t e n s i o n ,  r ,  b y  s e t t i n g  r ( u )  =  n ( S )  a n d
t ( v )  =  n ( M ) ,  w h e n e  r  i s  t h e  q u o t i e n t  m a p  f r , o m  t h e  a l g e b r a

" : . 0 : : " d e d  o p e r a t o r s  t o  t h e  C a l k i n  a l g e b r a .  f t  i s  c t e a n  t h a t
q ' ( L r J )  =  ( 1 r 0 ) -  S i r n i r - a r l y . w e  c a n  d e f i n e  a n  e x t e n s i o n  o  b y
o ( u )  =  n ( 1 " 1 " )  a n d  o ( v )  =  r ( S ) ,  s o  t h a t  0 ( t o l )  =  ( 0 r 1 ) .

The hardr  pan, t  o f  the proof  is  to  show that  0  is  in_j e c t i v e '  s i n c e  E x t " ( A u )  i s  a  g r o u p ,  i t  s u f f i c e s  t o  s h o w
t h a t

t h e n  r  i s  t r i v i a l .  L e t  r  b e  s u c h  a n  e x t e n s i o n .  S i n c e
t ( v ) t ( u ) t ( v ) ' t  =  l ' r ( u ) ,  i t  f o r r o w s  t h a t  t h e  s p e c t r u m  o f  t ( u )
i s  i nvan ian t  under  mu l - r i p l i ca t i on  by  l ,  and  so  mus t  be  the
en t i ne  un i t  c i r c l _e  s ince  0  i s  i r ra t i ona l .  Thus  by  the

: : t t : " " : t : : ' " i ' , " -Beng 

- rheonem 
t2 l  r^re can f ind a uni tary ,  u ,

o n  H  s u c h  t h a t  n ( u )  =  r ( u )  a n d  u  i s  a  b i l a . t e n a l  s h i f t
o f  i n f i n i t e  m u l t i p l i c i t y ,  t h a t  i " ,  u  i s  o f  t h e  f o n m  B @ r ,

L



f o r  a  decompos i t i on  I l  =  K@L where  L  i s  i n f i n i t e  d i rnens iona l

a n d  K  h a s  a  b a s i s  { f r . , : n  e  Z }  s u c h  t h a t  B f r ,  =  f n + l _  f o r

a l l  n .  De f i ne  W on  H  by  I , , l  =  14 |E IL  where  Wt f r ,  =  t rn fn

fon  a l l  n ,  so  tha t  wU =  ) ,uw .  Le t  N t  be  any  un i tany  on

L  w h o s e  s p e c t n u m  i s  t h e  e n t i n e  c i r c l e ,  a n d  l e t N  =  I O B N T T  s o

t ha t  I J  and  N  commute  and  have  as  j o in t  spec tnum the  to rus
. ] l

s r * s a . '  T h e n  u  a n d  N W  . d e t e n m i n e  a  t r i v i a l  e x t e n s i o n ,  , , 0 ,

o f  A a .  B y  a  t h e o r e m  o f  V o i c u r - e s c u  [ r g ,  r ] ,  r  @  t ^  i s  t h e nu - - 0

equ iva len t  t o  r ,  so  tha t  i t  su f f i ces  to  show tha t  t he  ex -

t e n s i o n  t  @  r 0  i "  t r i v i a r .  L e t  v  b e  a n y  u n i t a r y  o n  H

s u c h  t h a t  n ( V )  =  . r ( v ) ,  a n d  n o t e  t h a t r  @ t0  i s  de te rm ined

b y  ? T ( U  O  U )  a n d  n ( V  O  N W ) .

No te  now tha t  t he  two  un i ta r i es  .U  @ U and  VW"  O N

( =  ( V  O  N W ) ( W " ' @  W ' * ) ) ,  c l e a r l y  c o m m u t e  m o d u l o  c o m p a c r  o p e r . -

a to rs  on  H  O H  and  have  as  j o in t  essen t i a l  spec t rum a l l  o f
^ l  ^ 1  ' r  rS * x S * .  T h u s  t h e y  d e f i n e  a n  e x t e n s i o n  o f  C ( S r * S t ) ,  t h e  a l -

geb ra  o f  con t i nugus  func t i ons  on  51*S1 .  Bu t  anv  ex tens ion

o f  t h i s  a lgeb ra  fo r  wh ich  the  two  genera t i ng  un i tan ies  have
j -

i n d e x  L e r o  i s  t r i v i a l r  d s  i n d i c a t e c l  i n  9 2  o f  t S l  ( a n c j , a l s o  2 . 4

o f  t 3 l . )  T h u s  w e  c a n  f i n d  c o m m u t i n g  u n i t a r i e s  u ^  a n d  x ^
U U

on  H  O t t  wh ich  a re  compac t  pe r tu rba t i ons  o f  U  @ U and

V W  O  N .  I t  f o l t - o w s  t h a t  n ( U  O  U )  a n d  r ( X O ( W  @  W ) )  d e t e r _

m i n e  a n  e x t e n s i o n  e q u i v a l e n t  t o  t  @  t . , ,  a n d  t h a t  i t  s u f  f  i c e s
U

f o r  u s  t o  s h o w  t h a t  t h i s  n e w  e x t e n s i o n  i s  t r i v i a l .

s i n c e  X o  c o m m u t e s  w i t h  u 0 ,  w e  c a n  f i n d  a  s e l f -

a d j o i n t  - o p e r a t o r  -  T  o n  H  O  H  s u c h  t h a t  e x p ( i T )  =  X 0  a n d



T commute  s  w i th  u0  .  Then  exp (  i tT )  w i l l -  commute  w i th

U  O  U  m o d u l o  c o m p a c t  o p e r a t o r s  f o r  e v e r y  t  €  [ 0 , 1 ] .  f t

f o l l o w s  t h a t  f o r  e v e n y  t  €  [ 0 , 1 ]  a n  e x t e n s i o n  o *  o f  A
L

i s  de te rm ined  by  se t t i ng

r ( U  O  U )

n ( e x p ( i t r )  ) n ( W  O  W l  .

Note  tha t  o l  i s  equ iva len t  to  ' r  @ r . , ,  wh i re  o^  i s  tn i -u '  - 0

v i a l .  I t  i s  e a s y  t o  s e e  t h a t  t

f o n  a l l  a  €  A 0 ,  t h a t  i s ,  o t  d e p e n d s  c o n t i n u o u s l y  o n  t
' t ' n  

t h e  n c r i  n f  - n n n -  ' l - n n n l  n ^ ,-L r r  L r r s  pu r - r r  L - r l u r -  r . *  LUpurugy  .  s i nce  Ao  i s  quas  i -d iagona l  ,  i t

f o l l ows  fnom the  s t rong  homotopy_ inva r iance  p rope r t y  pnoved

i n  p r o p o s i t i o n  S . 7 ( i i )  a n d  T h e o r e m  5 . 1 2  o f  t f z t  t h a t  o 1  i s

e q u i v a l e n t  t o  o o .  T h u s  t  o  t 0  i r  t r i v i a l  a s  d e s i n e d .

No te  nex t  t ha t  i f  i s  any  ex tens ion  o f  A r , ,  t hen

i n d ( t ( u ) )  a n d  i n d ( t ( v ) )  a r e  u n c h a n g e d  u n d e r  c o n j , - , g , ; t i o n  u y

any  un i tany  i n  t he  ca l k in  a lgeb ra .  s ince  we  have  j us t  shown

tha t  t hese  i nd i ces  de te r -m ine  the  s t rong  equ iva lence  c lass  o f

t h e  e x t e n s i o n ,  i t  f o l r o w s  t h a t  s t r o n g  e q u i v a l e n c e  c l a s s e s

c o i n c i d e  w i t h  w e a k  e q u i v a l e n c e  c l a s s e s .

T h e  E x t - g r o u p  t o p o l o g y  i s  d e f  i n e d ,  a m o n g  o t h e r  p l a . c e s  ,

s h o r t l y  b e f o n e  l . e m m a  I  o f  t l 0 l .  I f  { r r }  i s  a  n e t  o f  e x -

tens ions  o f  AA  wh ich  conve rges  to  the  ex . tens ion  r  i n  t ha t

topo logy ,  t hen  i t  f o l l o r , vs  i r n rned ia te l y  f rom the  de f i n i t i on  tha t

e v e n t u a l l y  i n d ( r r ( u )  )  a n d  i n d (  r .  ( v )  )  m u s t .  e q u a l  i n d ( t ( u )  )

a n d  : - n o ( f  ( v ) ) .  - F r o m  
w h a t  w e  h a v e  s e e n  a b o v e  i t  f o l l o w s  t h a t

o a ( u )

o a ( v )



t he  topo logy  i s  d i sc re . te .  e .E .n .

Proof  o f  the cororrary :  Because of  the fact  shown above
that  s t rong equi -va lence c lasses are weak eguivarence c lasses,
i t  f o t l ows  imed ia re l y  by  I t ] ,  p ropos i t i on  2 .2  o r  by  [ r r ]  ,
P ropos i t i on  4 ,  t ha t  Ex t= (Mn  @ A0)  i s  i somorph i - c  t o  n  x  % x  nn .
The isomorphism is  obta ined by sendi -ng an extension r  o f
Mr, * Ao to

( i nd  ( ro  (u )  )  ,  l nd  ( ro  ( v )  )  ,  [  .  r l  )

where r  _  j -s  the rest r ic t i_on of  r  to  f  6  Ao r  r . ,  is  the rest r ic t ion. , e r

of r to M' E f and where we use the isomorphism of Ext (U )s ' n -
wi th  %n and the fact  that  Ext (A,  )= Z x  Z j_s tors ion f ree.

The second part of the Corollary fol lows by the general

fap t  ( see  fo r  i ns tance  I  f f 1 ,  p ropos i t i on  4 )  t ha t  g i ven  an
arb i t rary  seoarable uni ta l  C*_algebra A,  Ext r (Mn g A)  is
naturaly i lomornf ic with Extw (A) . An5zway the preceding resur.ts

.  : l : . ,

and the fact  that  Extr( Iarr)={0} give an expl ic i t  isomorphism or
Extr (Mn @ A0 ) with z x z This isomorr:hism sends the
extension r  Lo

( i n d  ( r o  ( u )  )  ,  i n d  ( r o  ( v )  )  .

Q . . 8 .  D .
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