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THE EXT GROUPS OF THE C' -ALGEBRAS
ASSOCTATED WITH TRRATIONAL ROTATIONS
by

Sorin Popa and Marc A. Rieffel

Let 6 Dbe an irrational number, and let Ae denote. the
crossed product C"-algebra [9] for the dotion ef +the group of
integers, Z, on the algebra of continuous functions on the

¢circle by powers of the rotation of rangle 27@. It is impor-

tant fow this note that Ae' is isomorphic to the C”-algebra

generated by any two unitaries U and V.. which sdtisfy
' 2116
e :

VU = AUV where This can be seen by associating

“torosuch W . and oY e unitaries - u. and v S corre-

sponding respectively to rotation by 276 and to the "identity!
function which embeds the eircle as the upit -eipale in the
complex plane. The purpose of this note is to calculate the

Ext groups [3. 1716f the A and of the nxn matrix algebras

6
over the Ae. For related considerations see [14].
It is known that the Ae are simple [7, 151. Forthep-

more, they are strongly amenable, hence nuclear (171, so0 that
their Ext semigroups are, in fact, grbups [6,17. In addition.

the Ae are quasi-diagonal. This follows from results an-

Y,
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nounced by Hadwin, and also from the stronger fact obtained
in [13] that the A can be embedded in AF algebras. This
quasi-diagonality is -important to us Since it enables us to
use fhe homotopy results from [12].

Let L/K(H) denote the Calkin algebra for a separable

- Hilbewt spaee ' Hy and ot ExtS(Ae) and Extw(Ae) denote

the strong and weak Ext groups of A whose elements con-

e)

sist of equivalence classes of unital *~-monomorphisms (called

extensions) of Ae e ST G Observe that ‘there is a

bijection between extensions and the pairs (U, V) of unitaries

in . LiAkeR) satisfying VU = A0V, Dbsepus also that if ind‘
denotes the index function on unitaries in LAKCH) ,- and if

W 1s a unitary in Ae, then ind(Tw)) depends only on the
claiss,y. ftl, dn ExtS(Ae) of the extension 1. It follows

easily that the map ¢ from Exts(Ae) to Z xZ - defined by

¢Clr D) = (EndCrlu)), Sndlr(v)))

1s a well-defined group homomorphism.

THEOREM. The map ¢ defined above is an isomorphism.
Furthermore, weak equivalence classes are strong equivalence
classes ,. so that ExtS(Ae) and Extw(Ae) coincide. The
Ext-group fopology.on ExtS(AO)‘ and Eth(Ae) 18 _the diec

crete topology.

Let Mn denote the algebra of nxn matrices, so that

b%ﬁ)Ae is the algebra of 'nxn matrices. over Ae. An easy



vdet S be the unilateral shift on H defined by Sen = e

application of (8], Proposition 2.2 or (11 , Pronosition 4 then yields:
COROLLARY. Ext (M ®A. ) = 72 x77 %77 where 7 is

S1RER 0 n n
the cyclic group of order N while Extw(MnCLAe) = UxE

It follows that feon figed B the Mn(g)Ae are non-
1Lsomerphidic. This also follows from theovem 8 of [16].
Froof of the theorem: To see that IR surjecfiye,

et ol be o Hilbert space with orthonormal basis {en}n>0
Ly

ekl
foralld: n . &5 joy M. be the multiplication Operdtor de-

fined by Men = Anen Eomaal g e, MS = XSM, so that
we can define an extension, T, by setting B0 = mlS) . s
)= H(M),. where. 7 is “the quotient map from the aigebra
of bounded operators to the Calkin alpebra.. Ifis iolem that
gl s (i,O). Similarly‘we can define an extension g by
gl = ﬂ(M*) and o(v) = 7(8), 80 that ¢€lc]) = (B %,

The hard part of the Proof is to show that ¢ is in-
Jeebive. ! Sines ExtS(Ae) 18 = Eroup,. 1t suffiecsfa ~hom
that if T -l8.an extension With Indlalu)) = 0= ind(rlv))
then. 1+ dis tpivial Lets, o be such an extension. Since
T(V)T(U)T(V)* = Alu) it follows that the Spectrum of t(y)
18 lnverdant under multiplication by X, and so et bo the
entire unit circle since g is irrational. Thus by the
Weyl~vonNeumann—Berg theorem [2] we can find a uhitary, U,

G B aheR a)ie vl and U is .a bilateral ahift

Of infinite multiplicity, Ghigt vis, U de of the form BQDIL



-for'a decomposition H = K®L where L is infinite dimensional

and: K . has & basisg: {f . €. 7Z ) such that Bf = ¢ for
: n : n ntl

all m.: -Define Wooom- H by W= W'®IL where W'fn = Anfn
fow Ll ., “so that- Wl =2 AUW, Let: N' be any unitary on
L whose spectrum is the entive circle, and Jet N = IK@N', so
that U and N commute ana have as joint spectrum the torus
SlXSlf Then AU and NW -determine a trivial extension, f05
of Ae. By a theorem of Voiculescu [18, 17, C)TO is then
equivalent to 1, so that it suffices to show that the ex-
tension f C)TO is trivial. Let V be any unitary on H
sueh that-m(V) = T(V); and nete that = C)TO is determined
by m(U ®U) and 7(V ® NW).

Note now that the two unitaries U @® U and VW* ® N
(= (V C)NW)(W*<$ W*)), clearly commute modulo compact oper-
ators on H ® H and have as joint essential Speetrum all-of

Slxsl. Thus they define an extension of C(SlXSl), the al-

lel. But any extension

gebra of continuous functions on S
of this algebra for which the two genérating unitaries have
index zero is triviali as.indicated in §2 of [5] (and®also 2.4
of [3].) Thus we can find commuting unitaries QO and XO
on H/C)H which are compact perturbations of U ® U and
W G I soilows that mU®U) and m(X,(W® W) deter-
mine an extension equivalent to 1 C)TO, and thét it suffices
for us to show that this new extension is trivial.

- Since XO commutes with UO’ we can find'a self-
adjoint -operator - T on .H® H: such that exé(iT) = Ao end



'T  commutés with U Then explitl) will commute with

0 .
U®U modulo compact operators for every. e AT e T

follews: that for every € € [0.1] an extension G. ©f A

is determined by setting

(U ® U)

ot(u)

~Ot(v) T(exp(itT))T(W ® W).

Note that o0; ' is equivalent to T C)TO, while 9,

Vikal. It ds casy to see that ot .= Ot(a) is norm continuous

TS bR

e ll HeE A Ehat-As.' o depends continuously on t

e t

in the point-norm topology. Since A6 is quasi-diagonal, it
follows from the strong homotopy-invariance property proved
in Proposition 5.7(ii) and Theorem 5.12 of [12] that g, 1is

equivalent to o Thus 1 ® T is trivial as desired.

9

Note-next that if ' & is any extension of Ae, then
ind(t(u)) and ind(t(v)) are unchanged under conjugation by
any unitary in the Calkin algebra. Since we have just shown
that these indices de?ermine the stroﬁg equivalence class of
the extension, it follows that strong equivalehce classes
coincide with weak equivalence classes.

The Ext-group topology is defined, among other places,
shortly before Lemma 1 of [10]}., If {Ti} is a net of ex-
tensions of Ae which converges to the extenslon 1. in that
topology; then it follows immediately from the definition that

eventually ind(Ti(u)) and ind(ri(v)) must equal ind(zCu))

and ind(t(v)). TFrom what we have seen above it follows that



the topology is discrete. ONEDS

Proof of the Corollary: Because of the fact shown above
that strong equivalence classes are weak equivalence classes,
it follows imediately by [8], Proposition 2.2 or by foil
Proposition 4, that Ext (M ® A s ik isomorphic to Z x Z x Z .
The isomorphism is obtained by sendlng an extension 1 of

Mn X Ae to
(ind(ro(u)), ind(ro(v)), [Tl])

where o is the restriction of t to I ® Ae, Ty is the restrlctlon
ef T to M @ I and where we use the isomorphism of Ext (M )
with Zn. and the fact that Ext(Aekz Z x 7Z is torsion free.

The second part of the Corollary follows by the general
fact (see for instance [111, Proposition 4) that given an
arbitrary separable unital Cx—algebra A, Extw(Mn(E A) is
naturaly isomorphic wi?h Extw(A). Anyway the preceding results
and the fact that Extw(Mn)={0} givévan egﬁiicit isomorphism of

Extw(Mn‘® Ae) with Z x Z . This isomorphism sends the

extension 1 to

(ind(r.O () )z, ind(ro(V) )i
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