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§1. Introduction

Let L be a system of linear equations with coefficients
in the field 9 of rational numbers. Then L has solutions in some
field K of characteristic zero iff it has rational solutions. This
is a property of linear saturation for ¢. In the'aigebraic case,
a system of polynomial equations with complex coefficients has a
solution in some extension K of C iff it has a solﬁtion in the
field € of complex numbérs. This means a property of algebraic sa- -
turation for €. These types of saturation properties are very stronc
because they are reffering to each extension of the base field.
It is also interesting to investigate weaker saturatioﬁ properties

relatively to a given extension. For instance the pure extensions




in the linear case [iG],ami algebraically pure extensions in the
algebraic case [21] .

In the algebraic case, there are kqown noetherian local
rings A which have algebraic saturation property with respect to
their completions A (see [1], [20], [15]). These rings are so called
AP-rings, i.e. rings with the approximation property. More preci-
Sely, a noetherian complete local ring (A,m) is called an AP-ring,
if every " formal " solution (in ﬁ) of an arbitrary finite system
Qf polynomial equations over A can be well approximated by " algebk
braiec " solutiohs (in A) with respect to the mﬁ—adic topology
of g. ’In fact, A is an AP-ring iff the morphism A—~>g
-is algebraically pure , using the terminology from 1’_21] .

In [15] , Chap.V aﬁd'EZO] therenare'investigated some
properties which are preserved from A to Q if A .is--an AP-ring.
These properties can be expressed in the considered context by the
compatibility of some systems of polynomial equations. For instan-
ce, A is reduced, respectively integral domain iff g is so. Ho-
-wever, this cannot be done for arbitrary algebraically pure mor-
phiéms. As an example, the morphism m--»mﬁkﬁ/(xz) is algebraically
pure but does not preserve the property of being reduced. The
reason is that the proofs from [15] and {2@1 use the possibility
to approximate well the solutions from g,of an arbitrary system
of polynomial equations over A by solutions from A. This is not
possible for arbitrary algebraically pure morphisms. However, the
corollary 2.6 in [élI shows fhat if A is a noetherian complete lo-
cal ring and B is a Cohen A-algebra such that the residue field
of B is an ultrapower of the residue field of A, then the solutions
from B of an arbitrary system of pélynomial equations over A can
be " well approximated " by solutions from A. In particular, A is

reduced, respectively integral domain iff B is so {}I] Proposition
210



Trying to define’more precisely the afaere mentioned
" good approximation " we remark that we must consider not ohly
finite systems of polynomial equations, but more complex fomulas
containing quantifiers. Thus it seems convenient to use for this
purpose some model-theoretic concepts and methods. It is well-

known that the model-theoretic methods are very useful in analy-

sing algebraic questions about certain-classes of rings, for ins-.

tance henselian valued rings [2), [11] , [14], (28], Bol, [3].
In tﬁé present work, which is an extended version'of.

[15}, we define some types of "good approximations using the
model-theoretic concept of existential completeneés in adequate
formal languages extending -the first order langﬁage«of_ringsk
(Section 4). Then we apply the general theory given in Section: 4
to the case of AP-rings (Section 5). As a consequence, we extend
the remark (2.18)iv) from [2ﬂ»showing that for a formally smooth -

morphism u:A—s B between noetherian complete local rings, u is

élgebraically pure iff the residue field extension is algebrai-

cally pure (5.7). The reader interesting in pure algebraic proofs of some

results of this work, can see 19 .

§ 2. Algebraically and analytically pure morphisms

Algebraically and analytically nure morphisms were in-
troduced in [21] in connection with the study of rings which
have certain approximation properties. These concepts generalize

the linear case of pure module morphisms (161 .

(2.1) Let (A,m) be a noetherian local ring and A the
completion of A with respect to the m-adic topology. Let.us con-
sider the foliowing properties: |

(AP) For every system of polynomials F=(Fl,...,Fm)€A[Y]




: | A
T = (Yl,...,Yn),'for every " formal " solution yeA n

of F and
fpr every natural number c, there exists a solution yéAn ofR.F
such that ys§ mod @?2. |

(SAP) For every system of polynomials F=(Fl,...,Fm)eA[ﬁT
¥ =(Y1,...,Ynl; there exists a function 7 : W—>N with the
following property: |

" For every natural number c, for every §éAn, if P(y)=0--
mod gg(c) then there gxisté yeAn such that F(y)=0 and y=y mod gcﬂ

It was established in [20] (see also [15], ch.IT for an |
improved prooﬁ)that (AP) and (SAP) are equivalent for a noethe-

rian local ring A. A noetherian local ring A is called an AP-

ring (i.e. a ring with approximation property) if A satisfies

the equivalent conditions (AP) and (SAP).

(2.2) Definition. Let A and B be commutative rings

with identity. A ring morphism is called algebraically pure, or

A is algebraically pure in B, if every finite system of polyno-
mials F=CF1,.,.,Fm) with coefficients in A, in an arbitrary
number of variables Y=(Yl,....,Yn) has a solution in A iff it

has a solution in B.

(2.3) Properties and examples. i) If A 1is a locél noe-

therian fing, then the completion morphism A~—>X is algebraica-
11y pure iff A is an AP-ring. Moreover, if A is an integral do-
main then A is too and the fraction field extension Q(A)L_;Q(ﬁ)
is algebraicaily pure. |

ii) The class of algebraically pure morphiéms‘is stable
under composition and base change. In addition, if veu is alge-
braically purej then u is 0.

iii) If u: A—>B is a finite presentation morphism, then

u is algebraically pure iff 'u has an A-algebra retract. In par-



ticuiar, if XK is a field, and B a finite type K-algebra, the
structure morphism K-—aB;is algebraically pure iff Spec (B) has
a closed K-rational point. If B is an integral domain and KB
is algebraically pufe, then K is algebraically closed in B.

iv) More generally, an arbitrary ring morphism"u:A~9B
is algebraically pure iff B is a filtered inductive 1limit of
algebraically pure A-Algebras or a filtered inductive limit of. .
A-algebras such that their structure morphism have retracts.

The afore result furnishes some examples of algebralca-

1ly pure morphisms.

v) If K is an algebraically closed field, and B an BrRE

bitrary K-algebra then the structure morphism KesB is algebrai=-
célly pure.

vi) If K is an infinite field and X a variable, then

the morphism Ke—K(X) is algebraically pure. More generally, any.

pure transcendeﬁtal extension of an infinite field is algebrai-
célly pure. |

vii) Any algebraically pure field extension of a finife
field is trivial.

viii) The algebraically pure morphisms are not in gene-
ral flat. For instance, A—> A[X]] can be not flat (nonnoetherian
case}, but if is.algebraically pure (having a retract).

All these properties and examples‘are given in [21].

In the case of complete rings, the concept of algebrai-

cally pure morphism is extended as follows:

(2.4) Definition. A local morphism of noetherian comple-

te local rings u:A—»B is called analytically pure if every sys-

tem F=(Fy,...,F;) of formal power series im A[[Z] [Y] , where

Z=(Zl,...,Ze), Y= Yl""’* ) are variables, has a solution (z,y)

in A iff it has a solution (z,Vy)




7'in‘B. (Obviously, the components of z,z belong to the correspon-
ding maximal ideals of A and B).

(2.4.1) Note that for e=0, we recover the algebraic
case of (2.1). Also in the case of artinian local rings, both
definitions coincide, Moreover, both defintions coincide if the
maximal ideal of A generates the maximal ideal of B. To show
this we need the following result.

(2.5) Theorem (Pfister-Popescu theorem). Let (A,m) be s
noetherian complete local ring F:(FI,,..,Fm)a system of formal
power series in.A[[Zﬂfﬁ]where z=(zl,...,ze), Y=(Y1,...,Yn) are
variables. Then there exists a function 7 : N—»N with the follo-
wing property: | |

" For every natural number c, for every'EegAe and for
every yeA", if F(z,¥)=0 mod,ga(c) then there exist zegAe and
ye A" such that F(z,y)=0 and zsZ, y=y mod gc".

For the proof of this tﬁeofem see[?d]Theorem 2.5 or
[15], ch.IT, Theorem 1.4. Another proof, involving ultrapower,
wae given recently by Denef and Lipshitz in{9]. A nonstandard
form of (2.5) was proved by Popescu in 1], Theorem 2.5 and Coro-
llary 2.6. In Section 3 we shall give a nonstandard equivalent
of (2.5), which may be seen &s a more general form of the non-
standard equivalent considered in [21].‘

(2.6) Propositon. ket u: A——aB;ee£;1gebraically pure

;"’\
morphism of noetherian local rings. Assume that the maximal ideal

m of A generates the maximal ideal n of B (it is enough to ask
for mBto be a n-primary ideal). Then the induced morphism

A ; : V
G: 3——58 is analytically pure. In particular, if A and B are com-

plete then u is algebraically pure iff u is analytically pure.



Proof. Let F be a system of formal power series in
~ . DI T :
A[z][Y] which has a solution in B. By (2.5), there exists a
natural number c such that F has a solutlon in A iff it has a

solution in A/ . However the system F has a solution in

cA
A m-A
B/ . -B/’CA and thus it has one in A/' 3 V4 ~ because the in-
m-B mB m A m
duced morphism of artinian local rings A/ c_-—»1-3/ o 1s analyti-
m'B

cally pure by (2.3) ii) and’ (2.4.1).
Q.E.D.

(2.7) Let us remark that no relation between the solu-
tion (Z,y) of ¥ in B and the solution (z,y) of F in A is consi-
dered in Definition (2.4). Thus, the foIlowing‘question arises:
if F has a solution (z,y) in'B and it is known that P has 'solu<-
tions in A, one can find in A a solution. (z,y) which is "near"
to (z,y) in B? For this, it is necessary to consider a suitable-
-concept of "nearness" between the solutions (z,y) and (z,y). One.
of the possible.ways to introduce such a concept is the following
ohe:

~ Suppose thaﬁ the solution (Z,y¥) in B satisfies the con-
dition: ord Gf(E i)zc., j=l,...,p, briefly ord G(z,y)=c, where
G= (Gl,...,G ) are in A[[Zﬂ[Yj, G= (cl,..f,cD) are natural numbers

C.+1

and ord Gj(z,y)zc means G (z,y)en J\ n J y where n denotes the

J
maximal ideai of B. |
In the above notation, we shall say'that the solution
(z,y) in A is G-near to the solution (Z,y) in B if ord G(z,y)=
=ord G(z,¥)=c. |
So, we can specializé the definition (2.4) asking for

the lifting of any solution (z,y) of F in B to a solution (.3}

in A, which is G-near in the above sense. We shall see in Section

4 that this type of lifting is strongly related to an adequatg
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model-theoretic concept of existentially - completeness.

(2.7.1) Definition, Let u:A—>B be a local ring mor-

phism. We say that u 1lifts well algebraically if for every finite

system of polynomials‘Ft(Fi,...,Fm)eA[Y]m, G=(G1,...,Gs)€A [Y]s,
Y=(Yl,...,Ym}, and for every s-tuple c=(c1,...,cs) of natural
numbers, the existence of a solution beB™ of F such that

-ordB'G(b):c implies the existence of a solution acA of F such

‘that ordA G(a)=c,

(2.7.2} Definition.let u: A—>B be a local ring

morphism between noetherian complete local rings. We say that u

lifts well analytically if u satisfies the condition derived from

(2.7.1) by replacing polynomials with formal power series in

INIRA 54

§ 3. Background from Logic. Nonstandard eguivalents

of some approximation properties

The aim of this section is to prepare the reader for the
1ast-two sections of the paper, giving some model-theoretic pre-
liminaries and some nonstandard forms of certain approximation
properties. These nonstandard equivalents seem to be interesting
in themself and also are useful in the proof of some results from
Section 5. | »
(3.1) The first order lamguage L in this paper will be
the customary language forbring‘theory with constant symbols O
and l,‘binary function symbols + and .,and a unary symbol - (for
addltlve inverse). This 1anguage may be extended through the 1n-

troductlon of a distinguished set of constant symbols and rela-

tion symbols at various times.’



Svge

The terms of the language L are built up from constants
0 and 1 and variables x,y,...(which range over ring elements)

using the function symbols +, -, . . Atomic formulas are of the

form "t1=t2" whei*e't1 and t2 are terms Formulas are built up
from atomic formulas using logical connectives A (and), V(or),
T (not), J(there 1s),ﬁf(for a1l). The formulas ¥ —>% and L%
b 7are used as abbreviations (e.g.‘ﬂ%* stands for +’V'7¢)
It should be clear 'what is meant by saying "f holds in A" or

"A satisfies y¢", abbreviated A=Y, where¥ is a sentence in L

(i.e. a formula without free variables) and A is a ring.

- Usually we denote by T the theory of commutative rings .

with identity, i.e. the set of "'those~sentences-in-L whiehaérejkf{ﬂ~w

satisfied by each commutative ring with identity. Observe that
every atomic formula is equivalent modulo T with a polynomial~

equation with integer coefficients.

(3.2) Now let (A,m) be a noetherien local ring. Consiaér

an arbitrary elementary extension " of A, i.e. a ring A with

the property that for each formula ¢(xy,...,¥;) in L, where

are the variables occuring freely in ¢, and for each -

Xl’.'.l’xn—

I’l-—tuple 82(81,-'-., n)EA 9

In particular A is identified with a subring of *A. For instance,.

we can take ‘A to be an ultrapower AI/D, where T is an infinite

set and D is an ultrafilter on T. It follows easily that *pis a

: : : i i
local ring too with its maximal ideal say *m, and ¥*m (1 A=m~ for

i
ieN. Slnce A is noetherian, we have *m.‘mlﬁa for i€, and the

residue ring extensions A/ l‘_;A/*m, for ie N are elementary em-

beddings. In particular, the residue field extension k ~A/ c»k
=*A/*m is an elementary embedding.
- 4

Denote by *m® the ideal éng@» in *A, by A the factor

A satisfies ¥(a) 1iff *) satisfies ¥(a).



A -

ring *A/* o , and by p: A—ﬂ+A the canonical surJectlon. Since A

is noetherlan, ilN m =(O) and hence the composite morphism

A~—>A-E—+A is injective. Thus we may 1dent1fy A with a subring

of A. A is a local ring with its maximal ideal p =.m/¥mm, pﬂA—m,
s ' f 7 sijroalns s
A is separate with respect to the m-adic topology, and *A/*m1=§é1

for ie¢N. In particular, the re81due field of A is k. o —

Now, let us assume that ™A satisfies the. }(-saturatlon

Efogerty, i.e. for each countable system of formulas (%i(x))iém
in the language L extended with individual constants naming the
elements of *A, where the variable X is free, the whole system

has a solutlon im *A whenever every flnlte subsystem admits a so-

lution inm ¥A. For instance we can take *A= AI/D, where T is an

infinite set and D is a J - incomplete ultrafilter on I (i.e. the-

re exists a sequence Fi¢D, ielN ,such that 1 F;¢D) [17] Theorem 1.6 .4

In particular, we can take I =W and D a nonprincipal ultrafil-

ter on IN. Then it follows easily that X = 11m A/ 1 and thus A
ieN i

'is a complete local ring.

With these preparations we can give a non-standard charac-

terization of the AP-rings.
(3.2.1) Proposition. Let (A,m) be a noetherian local

ring. Denote by *\ an elementary extension of A and assume that
*A is }{;; saturated. Then A is an AP-ring iff the following con-
dition (+) is satisfied: " For every system of polynomials
F=(F1,...,Fh)€A[$Im, where Y=(¥7,..+,¥.), for every natural num-
. n} if F(p(¥))=0 then there exists ye*An

ber ¢, and for every ye*A

Cu

such that F(y)=0 and ysy mod *m

Proof. Assume that (A,m) is an AP-ring and the condition

(+) is not fulfilled, i.e., there exist a system of polynomials



o e

F=(Fyyee«,F e AY]", ¥Y=(¥y,...,¥,), & natural number c, and so-
me Sre'*An such that F(p(¥))=0 and for every ye*An, NEA nod *gic

if F(y)=0. Since A is an AP-ring, A satisfies (SAP) and hence

there is a function 3: W —>N attached to F with the corresponding

property (see (2.1)). Let d=v(e¢) and denote by < the sentence in.
the language I extended with individual constants naming the
elements of A, abbreviated as follows:

& Y)F(¥)=0 mod nd —5(3Y)F(¥)=0nY=F mod m°

" Since *p is an elementary extension of A, it follows
that ¢ is-true om *A. Thus there exists ye™™ such that F(y)=0"

and y=zy mod m?. Contradiction!-

Tet us remark tggi phe' , — saturation property of A
is not necessary for the prbaf of the previous implication.

Conversely, suppose that the condition (+) is fulfilled
and A does not satisfy (SAP), i.e. there exist F=(Fl,...,F£eA[Ylm,
Y= (Yy,000,Y), and a natural number c, such that for every na-
tural ﬂumber i, there exists §eAn such that F(y)=0 mod m? and for
every yeA™, y#y mod mc if F(y)=0. Let us consider the countable
system of formulas in the language L extended with individual
constants naming the elements of A, abbreviated as follows:

9. (X):= "F(X)=0 mod m*A(#Y)F(¥)=0—> Y£X mod m°"

Since AR(IX)¥;(X) for every natural number i, the.consi-
dered countable system is finitely satisfiable on A, and hence
e : . " %
enn *A, because A is an elementary extension of A. Since AT L8

. n
.}é— saturated it follows that there exists x¢™ such that

e i

D
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»F(x)e*gf, i.e. F(p(x))=0 and x#y mod*;qc for ‘each solution

yé*An of F. Contradiction!
Q.E.D.

(3.%) Since the first order predicate calculus seems
to be not adequate enough for the workiwith formél power series,
- we shall use for this purpose the methods of nonstandard analy-
sis or, as we should rather say in our case, of nonstandard arit-
" hmetic, developed? by A.Robinson [24] ,[éS] . Thegﬁincipal fact
we shall use is the existence of nonstandard models with good
saturation‘properties of an arbitrary mathematical structure,
for a higher order language. The reader who is not yet acquainted
with nonstandanﬂarguments.may.consult'f?d] , or [lf], or[?él. He-
re we shall explain only somé basic facts directly related to
the concrete context of the present paper. Let us remark that
another framework whichlseems to be adequate too fér our purpose
is the so called topological model theory (see 22]).

(3.4) First let us give some preliminaries concerning
the higher order nonstandard models. Following A.Robinson, the
higher-order structures and higher—order'languages may be founded
on the notion of a type.

The class T of types is defined inductively as follows:

i) 0 is a type. |

ii) It tyseee,ty, kol are types, then (tl,...,tk) is a
type. | V

i#i) T is the smallest class satisfying i) and ii).

Let X be a non-empty set. To the elements of X we assign

the type 0, and then we introduce the admissible relations in X

and at the same time assign to them types by the following rule.

If t=(¢1,~-~,tk) is a type, k21, and M is a set of k-tuples
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(Ml,...,Mk), whefe M; is of the type ti(i=1,...?k), then M is

a relation of type t. For example, a subset of X is of type (0),
a.subset of XxX is of type (0,0); aﬁd the set P(XxX) of subsets.;;//
of XxX is of type ((0,0)). Observe that the_emﬁty set has all ~
types;fo} For every teT we denote by X the set of éll relations
of type t built up from X. Thus %yéX, X(b)=P(X), and Xy is itself

a relation of type (t).

A higher-order structure or simply a structure

M=M(Mt:t€T) is a family of sets indexed by T such‘that for some

nonempty set X, every My is a subset of Xy subject to:
M X=X, and for every t#C, t=(ty,...,ty), k21, if AeMy and
(Al,...,Ak)éA, then AieMt. for iil,...,k; The elements of M are

1

called the entities of M. The entities of M of type O are called

the individuals of M. A structure M is said to be full whenever

Mt=Xt for all t€T, . where X=M is the set of the individuals of M
and Xy is the set of all relations of type t based in X. _ 4
Denote by L=L(M) the formal language:of higher order pre-
dicate calculus over the structure M. This language contains names
for the individuals of M,as well for all entities of higher type
in M. Starting from these constants of the'language and from a lar-
ge enough supply of variables, the formulas of the language L are
built up in finitely many steps, according to the rules of predi-
cate calculus, with the help of the logical connectives and quan- -
tifiers. Quantification is permitted not only with respect to in-=
dividuals but alsoc with respect to entities of any given type.

A higher-order nonstandard model of the structure

M=M(Mt;t€T) is a structure fyz*m(*Mt:téT) satisfying the following

principle of permanence: Every mathematical statement f about M,

. . ' . *
expressed in the language L, has an interpretation *¢ in M,»and
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X is true in *M iff q.is true in M.

This interpretation is made according to the following

i) The interpretation of the logical'connectives is the
usual one.

ii) To every entity a in M of type t there corresponds
an entity *a in *g;of the same type t.

iii) " there exists x of type t" is interﬁreted in *¥.
as " there exist xe*Mt ", and similarly for " for all x of type t"

The mapping at—>"a of the entities of M into the entities
of *% is easily seen to be one to one and defines an embedding of
M into f;; The entities a of M;ére freqﬁently identified with

the corresponding entities *a of *M, and we writeMtc:*Mt (teT),

if no confusion is possible.

A nonstandard model *M of -M need not be full even if M
‘ of_(‘X)t\fMt where (*X_)t denotes the set of all relations of type
t based on *X:*Mo, are called external. An entity a of *M which
belongs to M, i.e. a="b for some entity b in M, is called a stan-

dard entity of *M,

For the concrete purposes of the present work the higher-
order noﬁstandard models afore defined are not comprehensive
enough. We need an additional saturation property. This property
is concerned with internal binary relations in a nonstandard model
Y of y. |

Let R be a binary relation in a higher-order structure N.
Let a be an entity in N. If there exists b in N such that R(a,b)
holds in N, then a is said to be in the domain of R. The relation

R is said to be concurrent or finitely satisfiable on a subset A
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of the domain of R if fof arbitrary finitely many elements
Byyeeery in A there exists b in N such that the relatioms R(ai,b)
hold simulteneously in N for l¢ick.’ :

The higher-order structure N is called's*;—saturéted'if
for every admissiﬁleAbinary relation R in N, whiéh is concurrent
on a countable subset A of the domain of R, there exists én enti-
ty b in N such that R(x,b) holds in N for all xelA. Observe that
the relation R is réquiredtto be an entity of N. However the sub-
set A on which R is required to be concurrent is not neceésarily
an entity of N; the only restriction is concerned with the car-
dinality of A. '

A‘natural way to obtain higher-order nonstandard models
of a structure M, which are 5<.- satureted is by means of ultra-
powers. | ‘

Thus, if I is an infinite set and D is an ultrafilter on
I,}the strﬁcture *Mz*m(ﬁmt: 1eT}, where*Mt= M%/D, is, by Los’theo-
rem QTJ, I.%., a higher-order nonstandard model of M. If,.in addi-
tion, the sct'Mb of the individuals of M‘is‘infinite and the‘ulfra-
filter D is d - incomplete, then *M is a proper Bﬂg—saturated ex-
temsion of M [17] Theorem 1.6.4. On the other hand; for every in-
finite subset A of M of & certain type, tﬂe standard set *A of‘*¥ 
satisfies fA\AﬁQ énd A NA is external [if] Theorem 1.4;1.
| (3.5) Now let us apply the general theory afore sketched
to a more concrete problem. Let (A,m) be a noetherian complete lo-
cal ring and k=A/m,its residue field. By struéture theorem of noe- -
therian complete local.rings we have A=R [X]| /g where R is either
the field k or a complete discrete valuation riﬁg oflcharacteristic
0, wi@h the residue field k, and X=(X;,...,Xg). Let us denote by

M’=M(Mt:téT) the full higher-order structure having as set of in-

aa

s s i e e R
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dividuals M, the disjoint union RtHN;

Thus the set N of natural nﬁmbers, the ring Z of in-
tegers, the field @ of rationals, the ring R and its ideals,
the ring REX] and its ideals, the elements of R [X]] , etc. are

entities of certain types of the structure M. Since the factor

'ring 4 = RXJ /_ is completely determined by the ideal a, we

may also consider the ring A and its ideals, as well as the
rings of formal power-series A [Y][Z], where Y=(Y1,...,Yn),

Z=(Zl,...,Ze), etc as entities of M. The evaluation function

& [YI[Z]x ma™ x A°—a: (£,y,2)—> £ (y,2)

may be also considered an entity of the structure M.

' Denote by *szM(¥Mt: teT) a proper.fQ— saturated
nonstandard model of %.

Let *w, *z, ¥R, *k, ¥A , and *m be the standard entities

of ﬁg'attached to N, Z, R, k, A and m. It follows easily -that

*R is either a valuation ring with ¥7Z as value: group or *k, *n
ié»a local ring with *m its maximal ideal and with the residue
field *k. ¥R may be identified with an unramified extension of R
in the sense that the maximal ideal of *R is generated by the lo--
cal pérameter, say 9, of R. Denote by ()" the ideal iC}QJ ﬂJ*R
(if R=k then N =0 and hence (ﬂfaz (0)), by § the factor ring
*R/(H[” and by pQ:*R,—aﬁ thé canonical surjection (if R=k,then
R =*R=4k; and p,=1 *k)‘ It R%k; then ﬁ,is a discrete valuation
ring with the local parameter fmod (%) and the residue field “k.
The composite morphism R—FR . Posp s injective and hence R
may be identified with an‘unramified extension of R. Moreovér,

since *R is .}g_ saturated, it follows easily that RS lim R/ T
i R
lelN



A ~ .
Thus, if R#k, we conclude that R is a complete discrete valuation

ring and hence ﬁ is the Cohen R-algebra with the residue field *k;

the separability of the residue field éxtension kdk. follows easily
from the fact that the embedding ek is elementéry.

Similarly, A may be identified with a proper subring of *Aa,
and *ﬁtnA:T. Since A is noetherian we conclude that ?mi=Ti*A for

all i€N. Denote by *m* the ideal {}Nmi of A, by A the factor
¥ e € b . ' :

' ~ ~N
ring *A *m* , and by p: *A —5A the canonical surjection. A is a

local ring with its maximal ideal m<m s and the residue field Tk

Since A is noetherian, N mi =(0) and hence the composite morphism.
i€lN

-~

A-—~*+*A-——9~A is injectivé. Thus we may identify A with a subring

of X; -~ . p is a local morphism of A-algebras.

(3.6) Proposition. A is a Cohen A-algebra, i.e. A is a flat,

noetherian complete local A-algebra and A/mx is a separable field

£

extension of k=A/g.

Proof. Since @£=ﬁ,‘we have A/mA=%k and hence the separability
condition is satisfied. On the other hand, since A=R[[Xi§/q, where

~ 5 7
X=(X .,XS), and R is the Cohen R-algebra with the residue field

17"

*k we conclude that the Cohen A-algebra with the residue field

* .
k is isomorphic to the factor ring R [Xﬁ /a R{IXM Since

1
RH?XI[)/ MR [T )+ (LR =R EXB /aR[LXB where (%, X) = {XN(ﬂ’X).

Le

and R Exﬂ = (Rl[XlI)/(ﬂ.xf° , it remains to show that R KX] =§ Ixq .

N‘ 4 = . «
Since R [xXJ) is §<;—saturated, we have R [Xﬁ\;%éﬁ *(R ﬂXII)/”zx)i

1S

However the last rlnq is isomorphic to lim MR/ (R, X)lfR[X]

ieM
% 3 L X]/ H;X)iﬁ[x]:R'&Xﬂ . Observe that we identified the ring

of polynomials ;LIX} K%Zh a,proper subring of the internal rlnq of




e

internal power series “(R[XT). Inaeed'the embedding R(X] ¢ R X]]
is naturally extended to an internal embedding {R[X]) < ™R [X] ),
and, on the other hand, the ring *R{X] may be natﬁrally embedded
in the ring *(R[XjY of internal polynomials in % wiﬁh ébéfficients
in the internal ring *R.
Q.E.D.
‘Now let us show that the following statement may be seen as

"the nonstandard equivaient of Theorem 2.5.

F=(F .,Fm) be a system of formal power series in the rina

17"
A [z] EXT where Z;(Zl,...,ze), Y=(Y1{:..,f;). Let *Fz(*Fl,...,*Fm)
be the system of internal mower series in the internal ring
*(A(IZI [Y]) attached to F. Then, for every natural number c3l, for
every Eeg*Ae and for every ?e{An, if F(p(2), p(¥))=0 then there
exist z¢ @’%e and v ¢ *A™ such that *F(z,y)=0 and z=Z, y=y mod
EC*A. | |

Let us show that the statement of Theorem 2.5 implies the
statement of Theorem 3.¥. Assume the contrary, i.e. there exist a
‘natural number c2l, Zem 2% and v ¢ ", such that F(p(Z), n(¥))=0
and-for every z€m *2® and for every yeEA", (z;y)#(2,§) mod gc'¥A
ig *F(z,y)=0,‘0n the other hand, according to the statement of
: Theorgm 2.5, there exists a natural number d=q(c) such that the

following sentence ¥ is true in the structure M:

§ :=(¥7 cm®) (¥ Te AMF(Z,9)=0 mod nt  ——> ’

(F z2e ma®) (3 Y ea™F(2,¥)=0A(z,V)=(Z,¥) mod m°.

Since F(p(Z), p(¥))=0 implies "F(z,y)=0 mod mé*A, it follows by the
permanence principle that there exist zem er, v e*An such that
*F(z,y)=0 and (z,y)=(Z,y) mod m® A, which aives a contradiction.

Thus we showed that the statement of Theorem 2.5 implies the state- .



ment of Theorem 3.7.

Conversely, let assume that the statement of Theorem 2.5 is

false, i.e. there exists a natural number c?»l, such that for every
natural number i, there exist Ee‘@Ae and §e:An subject to:

o o i - = n = = e
F(z,y)=0 mod m” and for every ze¢ mA~ and y¢ A, (z,y)#(z,y) mod m~
if F(z,y)=0. By D{E—saturation of *M, we conclude that there

exist Zem *A% and v &£A" such that *F(z,7)=0 mod m® *A for every

-

natural number i»l and for every ze g”Ae and yefAn, (2, VIELZ,T)
mod gC*A-if *F(z,y)=0. However *Fki,§)=0 mod E} ”A for all i€l
implies F(p(z), n(y))=0, and, by the‘statement of Theorem 3.7, we
conclude thét there exist ze’g*Ae, v e*a” subject to *F(z,y)=0 and

(z,y)=(Z,y) mod m?fA, i.e. a contradiction.

(3.7.1) Corollarv. LetlA, m, k, M, F, *Mi *F, A and p as
above. Then for every Eezgge and. fow every Ye A, if F(Z,¥)=0 then
there exist z e m*A® and yé “Am such thét *F(z,y)=0 and p(z)=2,
p(y)=y.

This corollary is equivalent with Theorem (3.7). Indeed, let
Z,¥ be in *A such that p(Z)=z, p(§)=§. By (3.7), every finite

subsystem of the following countable system of equations and

congruences

(S) F(Y,Z)=0, 7=%, v=¥ mod m® is compatible in *A. Thus S is
compatible in ~*A (¥¥ being TﬁanaEurated) and a solution of it
satisfies our conditions..

The Theorem 3.7 may be seen as the nonstandard equivalent of
Pfister-Popescu theorem. A special case,-where fM is given by an

ultrapower indexed by the set N of natural numbers with respect

to a nonprincioal ultrafilter, is considered by Popescu in [2U .




$4, Existentially complete morphisms

A basic concept of model theory is the.existential completeness
This section is devoted to apply this concept and some general re-

lated results to the concrete framework of ring theory.

(4.1) Preliminaries. Let L be an arbitrary first order lan-

guage. The L-structures are setsAequip§ed with certain interpre-
tations of the constant symbols, function symbols and relation
s?mbols. A morphism u:A—>B between two L-structures is an injective
map which preserves the corresponding interpretations of éonstant,
function and relation symbols of the language L. A special mention
for the preservation of relation symbols: if R is a relation

symbol~ with n vlaces and a=(a1f...,an)e An, then A EFR(a) iff

B ER(u(a)). If T is a theory in the langquage L, then the category

of models of T is a catedgory whose objects are the L-structures
which are models of T and whose morphisms are L-structure morphisms.

A morphism u:A——»B of L-structures is called existentially

comglete (we can also say that A is existentially complete in B)

if whenever % (x ..,xn) is an existential formula in L, al,..,a

1"

are elements in A, and B satisfies %(al,...,an), then A satisfies

n

w(al,...,an) too.

A primitive formula is a formula in prenex form whose prefix

contains oply existential quantifiers and Whose matrix is a con-
junction of atomic formulas and negated atoﬁic formulasf Every
existential formula is logically equivalent to.a disjunction of
primitive formulas. Consequently, existential formulas could be
replaced by primitive formulas in the preceding definitiOh of
existential completeness. |

A very useful result concerning existential completeness

is Scott’s lemma (see [6], lemma 8.1.3 and corollary 9.3.11):



(4.1.1) Lemma. A morphism of ‘L-structures, u:A.—»B is e
'existentially complete if there exists a morphism of L-structures
v from B into an ultrapower *A=AI/D such that i="vu, where i denotes

the canonical embedding cf A into *A.

(4.2) Let L be the first order language of rings. In the
theory of rings, each primitive formula is equivalent to one of
the form

(3 x) ‘/f\ £, (x,y)=0 A /S\ 9 (x,y)#0
i=1 j=1

where fi(x,y5 for i=1,...,e and gj(x,y)-for j=1,...,s, are poly-
nomials in variables x=(x1,...,xn) and y=(y1,...,ym) with integer
coefficients.

Consequently, avring mdrphism u:A —>B is.existentially
complete if for arbitrary finite systems.F=(F1,...,Fe) and G=(Gy..,GS)

of polyhomials in A[X], where X=(Xl,...,Xn) are variables, the

system of equalities and inequalities

Fl(x)="':Fe(X)=0' Gl(x)#o,...,Gs(x)¢O
has a solution in A iff it has one in B.

(4.2.1) Remark. If the fihg morphism uiAﬂ—~9B is existentially
complete then the following hold:
i) u is algebraically pure.

ii) A is an integral domain iff ﬁ is so, and in this case the
field of quotients Q(A) of A is existentiélly complete in the field
of quotients Q(B) of B.

iii) A is a reduced ring iff B is so.

iv) A finitely generated ideal a in A is generated by m elements

1FF aD 44 ~AarAarat+tzAAd Les m ATl AmAanmt~ lAa




(4.2.2) Remark. Let u:A—>B he an existentially complete Ting

~

‘hmrphism and € an A-algebra which is free as A-modul (in particular

C: can be a polynomial A-algebra);bThen the induced morphism u*C—#BXAC

: éLwL~;m~;'is existentially complete. Indeed, by (4.1.1) there exist

an elementary extension i:A-———»*AEAI/D and an injective ring

- morphism v:B —> *A such that i=vu. Let %’={ei} be a base of €

ieI

over A and i':C-————-?*C:=CI/D the canonical elementary morphism.

Clearly, i’ maps € on a system *a-linearly independent of *C and

so the morphism v':B Q%C s°C given by Zbi ® e, -~>Zv(bi)i’ (ei)

is an injective one and satisfies i’=v’u’. By (4.1.1), u’ is

existentially complete.

(4.3) Let us consider the particular case of field extensions.
In the theory of fields, each primitive formula is equivalent to

one of the form

e

@x) /\ £, (x,y)=0
. i
i=1
where each fi(x,y) is a polynomial in variables X=(Xl'°"xn) and

y=(yl,...,ym) with integer coefficients. Indeed, the inequality

z#0 is equivalent in the theory of fields with the formuia
(3x)xz—1¥0. Consequently, a field K is existentially complete in

a field extension L iff K is algebraically pure in L. According to
[29] Theorem 2.1., a field K is existentially complete in a field
extension L iff the extension L/K is regular (i.e. K is algebraically
closed in L and.L/K is separable) and each absolutely irreduéible

variety over K which has an L-rational point has-a K-rational point.

(4.4) Now let us consider the special case where L is a fini-
‘tely generated field extension of K. Denote bv S=ERL/K) the sét of

those places of L which are trivial on K. We call S the Riemann



§E§gg'of L/K. The sef g is ﬁon—empty; for instancé, the identity
1, of L belongs to § . If P is a member of S, then the residue
~field L.P is a field extension of the base field K./ 3Tfse-d8 a

subset of L, let us denote by SX the subéet 6f 5 consisting of
those places Pe¢ S for which the elements of x are‘holomorphic at P,
i.e. x is .contained in the valuation ring 0; attached to P. We have
1, @ $* for all subsets x of L. The Riemann—space S of L/K admits

a Zariski topology with a ba51s of open sets given by the family

(S ), where x ranges over the set of all finite subsets of L. Denote
by 3= S(L/K) the subset of S consisting of those places P ¢S viidon

are rational over K, i.e. L.P=K. We call S the K-Riemann space of

L/K. Let $%="S N s* where x is a subset of L.

(4.4.1) Proposition. Let L/K be a finitely generated field . ... ..

extension. Then the following assertions are equivalent:

a) K is existentially complete in L.

n

2 ; . % . L g
b) $ is dense in S, i.e. S° is non-empty for every finite ..

subset x of L.

Proof. a) implies b): Assume that K is existentially complete .

in L, and let x be a finite subset of L. If § X’_is non-empty for
some finite subset x’ of L, extending x, then clearly s¥ is non-
empty. So we may enlarge x, if convenient, by adding finitely many
- elements of L. Therefore we may assume that x=(xl;..u,xn) is a
system of generators of L/K, i.e. L=K(x). Denote by V the affine
model of L/K, whose generic pbint éver.K is x. wa we envisage V
as being defined by a finite system of polynomial equations over K:

fi(X)=O for A=l o vy Ty Where X={X% ..,Xn) and fié.K[X]. Since x is

1"

a generic point of V over K, x is a simple point on V, and hence

there exists a minor hé¢ K{X] of order n-dim(V) of the Jacobian
of .

_matrix ( 1)141 - ’such that h(x)#0.
J l<j\n '



Thus the following existential sentence in the language L

extended with constants which are names for the‘elements of K:

r
P =@ A £, (X)=0 A h(X)#0
i=

is true on L. Since, by hypothesis K is existential complete in L,
we conclude that ¢ is true on K too, i.e. there exists beEKn,
subject to: £, (b)=0 for i=l,...,r and h(b)#0. It follows that b
is a K-rational simple point on V. By a well known reéuit of the
algebraic geometry (see, for instance [13] corollary A3) the spe-
cialization x —> b can be extended to a K-rational place P of L.
So we obtained a ?lace P belonging to the set §X.

b) implies a). Assume that ,?X is non-empty for every finite
subset x of te We have. to show that K is existentially complete
in L, or equivalently, L ié algébraically pure over K. Since

L= (J K[x], where x ranges over the set of all finite subsets of
X

L, it suffices, by (2.2) iv), to show that the canonical morphism
K —> K[x], where x is an arbitrary finite subset of'L, admits a
retract. Since §X is non-empty, there exists a place P of L/K
subject to:iKEdc:@P and L.P=K. Then the restriction of P to K[x]

is a retract of the structure morphism K——> K[X].

QLE.D.

(4.4.2) Corollary. Let L/k be a proper finitely generated

field extension. If K is existentialécomplet in L then the sets

¥

SX are infinite for all finite subsets x of L.

o~

Proof. Suppose that S$¥ is finite for some finite subset

x=(xy,...,%)) of L. By (4.4.1), the set S is non-empty. Let
Pl,...,Pe(e>1) be the members of §X. Since L is a proper extension
of K, there exist Yyre+e1¥g € L such that yiPi=<” for 1=, 6 res

Let x’ denote the set {xl,...,xn, yl,...,ye}. We conclude that



~ o
the set. 8* is empty, contradicting (4.4.1).

Q.E.D.

The following result is of the same type with (4.4.1).

(4.4.3) Proposition. Let V be an affine variety defined over

K. Denote by x=(xl,...,xn) a géneric point of V over K, by K [x]
its coordinate ring and by L=K(x) the field of rational functioﬁs
on V over K. Let V(K) be the set of K-rational points of V. Assume
that {xl,...,xs}, s=dim V¢n, is a.basis of transcendency of L/K._
Then the following assertions‘are‘equivalent:

i) V(KR) is dense in ¥, 1.8. for every fé K[x], £#£0, there
exists aeV(K) such ﬁhat f(a)#0.

ii) For every féK[xl,...,xS], £f#0, there exists aeV(K) such
that f£(a)#0.

jii) K is existentially complete in-L.

Proof. The implication i) —>ii) is trivial.

i) and iii) are equivalent. Indeed, since L=k}K[X]f , where.
f ranges over the set K[x]\{o}, we conclude by EET?iI;) that K-is
existentially complete in L iff the finite éresentation morphism
K-—a%K[x]f has a retract for all feaK[x]\{O}. However the last
condition is equivalent with the statement i).

It remains to show that ii) implies i). Let f£eR [x) Mo} -
Since L is algebraic over K(xl,...,xs), thére is a minimal degree
equation over K(Xl,...,xé} satiﬁiéd by £, say g£ft+...+go=0, where
t>1, and 9,€ K[xl,...,xs] for i¥0,l,...,t. Observe that gb#o,
because otherwise the equation satisfied by f is not of minimal
degree. Applying the hypothesis 1ii) to éo, we conclude that there
exists a ¢V(K) such that go(a)#O, and hence f(a)#0.

Q.E.D.




s

(4.4.4) Corollary. Let V be a one-dimensional affine variety
defined over K and L be its field of functions. Then K is existen-

tially complet in L iff the set V(K) is infinite.

(4.4.5) Examples. a) Let R be the field of real numbers.
Then R is existentially complete in Q(R[X,Y]/(Y2_X35), but R 1is

not existentially complete in Q(R[X,Y]/(X2+Y2)).

b) The field Q of rationals is not existentially completé in

Q(Q{X,Y]/(X4_2Y2_l7)). Indeed the elliptic curve 2Y2=X4—17 has not

rational points (see Lind’'s argument, rediscovered by Mordell,

reproduced in 8]).

(4.4.6) Remarks. a) A field K is algebraically closed iff
K is existentially complete in each (finitely generated) field

extension of K.

b) A field K is pseudo-algebraically closed iff K is existen-
tially complete in every totally transcendental field extension
([29] Theorem 2.2).

c) A field K is separable closed iff K is existentially
compiete in each separable field extension of K. Indeed assume
‘that K is separable closed, and let L be a finitely generated
separable field extension of K. Then L=K(x) (y), where X=(Xl""’xn)
is a basis of transcendency of L/K and y is a separable element
over K(X) . Since K is existentially complete in K(x) there is
an embedding of K(x)/K into an elementary field extension *K of
K. Consider the field diagram

| *R et ¥R "R y)

Pl
L=K(x)(y)

K(x)se—"7
K



Since y is separable over K(x) it follows *hat y is separable

e

over K too. Since K is separable closed and,*K/K is elementary
we conclude that *K is separable closed too énd gé;ce y € K and L
is a subextension of *K/K. Therefore K is existentially complete
in L. ‘

d) A formally real field K is real closed iff K is existen-
tially complete in each formally real field extension of K. Indeed,
let K be a real closed field, and L a formally real field extension -

of K. Let SL be an ordering of L. Since K is uniquely orderable,

(L, < L) is an ordered field extension of (K,S;K). Denote by (L,éSi)

the real closure of (L,¢ ). By Robinson’s theorem [27] Theorem 17.3,

z

the extension (L, € )/(K,éK) is elementary and hence K is existen-

L

tially complete in L.

-e) A similar situation>o¢curs when K is a formally p-adic
field in Kochen-Roquette’sense [13]. Indeed, let K be a field
equipped with a place p and the correspéndinq valuation v subject
to the conditions: ' | , -'

1) The residue field KV is finite, say with g elements.

2) The value group'v(K) admits a sﬁallest positive élement,
say v() with X €XK; thus Z can be identified with an isolated
subgroup of v(K).

A field extension F of K is called formally p-adic if there

exists a valuation w of F such that w extends v, v. (R) remains the
smallest positive element in w(F), and'Fw=Kv= Fq. F is called

p-adically closed if F is formally p-adic and does not admit proper

algebraic formally p-adic field extensions. This is equivalent to
the fact that F has a valuation w which makes F formally p-adic
and satisfies the supplementary conditions: the ﬁaluation fing
Cjw is henselian and thenvalue group w(F) is a Z-group, i.e.

w(F)/Z is divisible. Moreover the valuation w is uniquely



determined [13].

Now assume that the base field K satisfies the additional
conditions: the value v(p) of the residue charactefistic p is a
multiple of v(®t), say v(?)ﬁe v(l) with e a positivé inéeéer. In
other words, the absolute ramification index of (K,v) is finite > 1.

In particular K is of .characteristic zero. Then K is p-adically

closed iff K is existentially complete in each formallylp—adic

" field extension of K. This fact is a consequence of the model-

completeness of the theory of p-adically closed fields with finite
absolute ramification index [2], [11], tl{], [28] , Eﬂﬂ,. [B].
f) A similar situation holds when K is a formally p-adic

field in a more general sense as defined in [4].

(4.5) Now we shall introduce another concept of existential
completeness for rings which is stronger then the concept consi-
dered in (4.2), and seems to be more adequate for the purposes
of the present work. For this we shall extend in a convenient way
the language L of rings by adding certain new relation symbols.
Denote by L’ the extended language. Then we shall extend thé
theory T of commutative rings with identity to a theory T’ in the
language L’ such that each ring has an unique expansioh to a model
df T’, and hence T’ is a non-essential extension of T, in the
senée that no new theorems in the language L of rings are derivable
in T'. However, the morphisms in the category of models of T’ are
ring morphisms with supplementary prbperties.

For every positive integer n, we add to the language L a new
relation symbol Pn with n(n+1) places. Denote by L’ the extended
language and by T’ the theory in L’ obtained by adding to the
axioms of commutative rings with identity the following family

of new axioms:



(xy)<———~>(32)/\ Zyl =X,
e g [ W«
i=1 j=1
where x=(xl,...,xn), yz(yij)léi, e F z=(?1,;..,zn).

The models of T’ are the commutative rings with identity,
and the new relation symbols Pn have canonical interpretation on

-any ring A: Let a=(al,...,an)€ A and b=(b a-matrix with

13)1<lr j<n
entries in A. Then A satisfies Pn(a,b) iff a belongs to the submodule

of a" generated by b, —(b ,...,b ) for i=l,issil

(4.5.1) A morphism u:A —>B in the category of models of T’
is an injective ring morphism satisfying the condition: every

n

system of linear equations illalJYj:ai ;o i=l, 0. m (aij" aieA) with

a solution in B" has a . solution in A"; i.e. B is a pure A—modulel
[16] .7 |

\We shall call the morphisms of the category of models of T'
pure morphisms. (In particular, a faithfully flat morphism is a

pure morphism) .

(4.5.2) In this extended theory, each primitive formula is

equivalent to one of the form

ax)/\f(xx)o/\/\1p (Fy (xx),G(xx)) ’

i=1 7 i=1
where x=(xl,...,xm), x'=(xi,...,x&) are variables, fiéz?@WY]'
n .
- 7 —
Fi—(Fil,... Fln)éi Z[x,x‘] and G, (Gi;j,k)lSj,hsn are matrices

with entries in Z[x,x'].
Consequently, a ring morphism u:A ——> B is existentially

complete with respect to the extended theory T' (we say that u is

T’-existentially complete) iff for arbitrary figA[X],

— . n ’ —; : : & 1 0
Fi—(Fil,...,Fin)éA[X] ; Gi—(Gi;j,k)léj,kén matrices with entries



in A[XJ, where i=1l,...,e and X=(X1,...,Xm) are variables, if there
exists bé?Bm such that the following conditions are satisfied:
' i) fi(b)=0 for i=l,...,e ,

ii) Fi(b) does not belong to the ;ubmodule of B" generated

by (Gi

LR BY L6 YYE BT k=L, oL n)y for i=lji.oyep then
7 7 4 4 H

fhefe‘exisgéméé’Am éﬁéh thaﬁuthe'condiéibﬂswae;iVéd-ffqm the: pre-
vious conditions i) and ii) by replacing b, respectively B, by a,
respectively A, are satisfied. In particular, u is an algebraically
pure morphism.

According to (4.1.1), a ring morphism u:A-—>B is T’-existen-
tially complete iff there- exists a ring morphism - -v-from B into an
ultrapower *A=AI/D , such-that v is a pure morphism-and i=vy . , where

i is the canonical embedding of A into N

‘(4.5.3) Remarks. i) For field eXtensions, existential com-
pleteness coincides with T'-existential completeness.
ii) The class of T’—existentially complete ring morohisms
is stablevunder cbmposition.
iiji) If f:A—>B and g:B—>C are ring morphisms, such that g

is a pure morphism and gf" is T'-existentially complete then f is

T'-existentially complete too.

(4.5.4) Proposition.: Let L/K be a field extension and A be

a K-algebra of finite type. If K is algebraically pure in L then

A is T'-existentially complete in L & KA.

Proof. Let A=KEX]/a where X=(Xl,...,Xn) are variables and
g s an ideai in K[X]. Sappose that K 'is élqebraigally pure in L,
or, equivalently, K is existentially complete in L. By (4.1.1) there
"exists an embedding over K of L into an ultrapower KI/D. Let M

denote the higher order structure based on the disjoint union KUN

s AT My

|
VAN P ST 17 g, W Wt 0|
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and *M be either MI/D , if the ultrafilter D is 5.—incomplete,"

or (MI/D)[N/E , where E is a nonprincipal ultrafilter on IN. Thus

*M is a proper '}<;—saturated npnstandard model of the structure
M. Let g *(K[k]), fg, ®A be the standard entities in *M
attached respectively to N, K, K[X], a and A.

Since K[X] is noetherian, a is finitely generated, and hence
*f=i *(k[x]) and *AZ*CK[le/a’%K[X])l On the other hand the ring
of polynomials *K[X] can b; identified in a canonical way with
a proper subriné of ’YK[X]f. The field extensions KeL <*K induce”

the sequence of ring morphisms:
n=kfE]/ —>LIXY/ [Xl..._-:K (%} / 2ty i KB e = B

Since the composite morphism A—"A is an elementary embedding, it
suffices by (4.1.1) to show that the composite morphism
B=L[XJ/aL[KI——~>*A is a pure morphism..Mdreoyer, we shall show that
the above morphism is faithfully flat. Indeed, the morphism

5 ‘ . .
L[X]/gL[XS———é K[X]/éfK[XI is falthfully £flat by‘base change,

and the morvhism *K(X]/ ———>KCKEX])/ax(K{XK) is,also faith-

a "K[X]

fully flat according to [10] p.130. We conclude that the morphism
B~e——>xA is faithfully flat and hence A is T'-existentially complete
in B.
0L E«D.
(4.6) The T’-existentially complete ring morphisms have good
preservation properties. In the following we shall mention some

of them.

(4.6}1) Proposition. Let u:A—— B be a T'-existentially

complete ring mbrphism. Then the following assertions hold:
i) Let a be a finitely generated ideal in A, E=(Fl,...,FH?

and G=(G --1G) be finite systems of polynomials in A[X], where

s



X=(X,,...sX) . If the systen Fl(x)=...=Fm(x)=o,-Gl(x)aéo',_..,Gm,(x);éo
has a finite number of solutions inwa_lAn then no other solﬁtions
exist inian, |

ii) If C is an A-algebra which is finite presentation as
A-modul, then C is. T'-existentially complete in B 3>AC.

iii) If p is a finitely generated prime ideal in A then pB
is a prime ideal in B.

iv) If p is a finitely generated primé'ideal‘iﬁ A, then the

canonical field extension Q(A/p)'——e>Q(B/pB) is algebraically pure.'

Proof. i) is immediate from definitions. Moreovér TS sutfices:
to assume that u is an existentially complete rianmorphism..

ii) Let a be a finitely generated ideal in A. Since A is
T’-existentially complete in B, there exists a ring pure morphism
v:B-——-———>*A=AI/D such that i=vu,, whére i denotes the canonical
embedding A—>A. Since i is an elementary embedding and+C -is
finite presentation, A-modul it follows that thé composite'morphism
C—>B @ ,C —S R ACg A ® ‘AC)E c is an elementary embedding.

As B QJAC ——Q*A @>AC is a pure morphism (base change preserve pure

morphisms), it results that C is T’-existentially complete in B ® AC.

1) if p s a Finitely génerated prime ideal in A, it follows
by ii) that A/p is existentially complete in B/pB. Since A/p is an
integral domain we conclude that B/pB is an integrai domain too
and hence pB is a prime ideal in B.

iv) By ii) and iii) the problem is reduced to show that
Q(a) 1is algebraiéally pure in Q(B), where'A and B are integral
domains and A is existentially complete in B what it is immediate.

Q.E.D:

e —
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(4.6.2),Corollarz. Let A be a noetherian ring and u:A— B
a T'-existentially complete ring morphism. Then thé following hold:
i) u is a faithfully flat morphism.
ii) If g is a p-primary ideal in A then qé is a pB-primary
ideal in B. |
iidy If 3=qlﬂ...ﬂqs is a reduced primary decomposition of the
ideal a in A, and p; are the associated prime ideals of a; then
§B=qan...nqSB is a reduced primary decomposition of the ideal aB

and piB are the associated prime ideals of qu, and + aB= JéB.

££9é£' i) follows easily from the fact that there exists an
A-algebra morphism V:B_———e*A, wherev *A is an elementary extension
of A and v is a pure mofphism. (If.L is a linear equation with
coefficients in A, then the A-module S of the-solutions of L in A
is finitely generated. We get easily that S generates the
*A-module of the solutions of L in *A. So *A is an A-flat module.
The assertions ii) and iii) are immediate consequences of i) and
of (4.6.1) iii) according to [18] , Theorem 13 ,page 60.

Q:E.D.

(4.6.3) Corollary. Let A and B be noetherian rings, and u:A—B
be a T’'-existentially complete ring morphism. Then the following
hold:

i) Every saturated priﬁe chain in A remains a saturated prime
chain by extension to B.

ii) The height of an ideal a in A is preserved by extension

to B, i.e. ht(§B)=ht(§).

Proof. i) By base change, we reduce to the case when A, B
are integral domains and (0)< q is a saturated prime chain in A
(see (4.6.1) iii)). As ht(g)=1 we get that qB'is a nonzero ideal with

height one according to (18] y- Theorem-19 page 79 (B is a flat module



by (4.6.2)i)). Thus the .prime chain (0)< QQ is 'saturated.
- ii) By (4.6.2) iii), we reduce to the case when a is a prime

ideal. Using {18} theorem 19, we get immediately ht(aB)=ht(a).

(4.6.4) Corollary. Let u:A->B be as above.
i) Let a be an ideal in A and p a be a prime ideal in A.
Then gAp can be generated in Ab by m elements iff ngé can be

generated in B by m elements.

pB :
ii) p € Reg(A) iff pB ¢ Reg(B), where Reg(A) denotes the set

of prime ideals p of A such that Ap is regular.

Proof. i) The diagram A-—E;>B-—X__¢A, where *A=AI/D and v is

a pure morphism, induces,. by (4.6.1)iii), the diagram of injective

local morphisms Ap.__;;B R %ﬁAO): If the ideal a B , is

pB jo) B

generated in BD by m elements then clearly a*ADxA=xkiAhﬁ is gene-

B

rated also by m elements. Since the ring morphism AD—;waﬂpr) is

an elementary embedding, we conclude that the ideal aA_ is genera-

p
ted in Ap by m elements.
i1} is a consequence of i) and of (4.6.3)ii}).

Q.E.Dy

(4.6.5) Corollary. Let A and B be noetherian integral
domains and u:A-—B a T'’-existentially complete ring morphism. Then

A is a facectorial ring if B. is so.

. Proof. Let p be a prime ideal in A with height one. By (4.6.1)
Lfh) amd g5y
ii), pB is a prime ideal with height one and hence pB is principal.
Since A is existentiaily complete in B, we conclude that p is
principal too ((4.2)1v).
(@] e D)
(4.6.6) Remark. If u is a faithfully flat morphism but not

T'-existentially complete then the above corollary is false. For




instance, if u:A:#R[[X,Yﬂ /(X2¢{2_1)*——e>c HX,YB /(X2+Y2Lf:B S

"the canonical inclusion, then B is a factorial ring but A not.

(4.6.7) Proposition. Let u:A—>B be a T'’-existentially

complete ring morphism. Suppose that A and B are integral domains.
i) A is dintegrally closed in Q(A) 1ff B is integrally closed
3m 0B,

ii) A is a Priifer ring iff B is .a Prufer ring.

Proof. i) We have Q(A)\ B=A, because u is in particular a
pure morphism. Thus, A is integrally closed in Q(A) if B is
integrally closed in Q(B). Conversely, if B is not integrally closed

1

in Q(B), there éxists be Q(B) N B such that bn+a1bn— +...+an=0 with

n2l, aieB. Thﬁs there exist al,...,an,c,de;B subject to»d#0, c
does not belong to the ideal in B generated by 4, and cn+alcn-1d+...
..+andn=0. Since A is T’'-existentially complete in B we conclude

that there exiStAa .,an,c,d in A subject to the same conditions

17"
in A. It follows that A is not integrally closed in Q(A).

ii) Acording to [7],VII, § 2, Ex.12, an integral domain A is
a Priifer ring iff A is integrally closed in Q(A), and for every
z#0 in Q(A) there exist x,y €A, such that z=x+y22

Assume that A is a Priifer ring. Then by 1}, B is integrally
closed in Q(B). If B is not a Priifer ring, B satisfies the following
existential sentence in the language L’: "there exist z#0, z"#0
such that zz’ does not belong to Lhe ideal generated by 22 andvz’z-".
Since A is T’'-existentially complete in B, the same sentence is
true in A and hence A is not a Priifer ring, which gives a contra-

diction. The inverse implication follows in a similar way.

Q=E. D%



(4.6.8) Proposition. Let u:A—>B be a T'-existentially

complete ring morphism. Then the following assertions hold:

1) A-is a field iff B is so.
41) ‘A isa-local ring iff B is so.
jii) If A is a local ring and its maximal ideal m is finitely
generated then mB is the maximal ideal of the local ring B.

iv) A is a valuation ring iff B is'a valuation-ring.

Proof. i) The ring A is not a field iff the following exis-
tential sentence in L’ is true-on A: "thére exists x#0 such that
il dbes not belong to the ideal generated by X%,

ii) The ring A is notla local ring iff the following exis-—
tential sentence in L’ is_valid on A: "there exist x and y such
that 1 does not belong to the idealé agenerated by x and by y and
belongs to the ideal generated by §+y". |

iii) Assume that A is a local ring and its maximal ideal m is
finitely generated. Then, by (4.6.1) ii), the residue field A/m
is T'-existentially complete in B/mB. By i), B/mB is a field and
hence mB is the maximal ideal of B.

‘ iv) An integral domain A is not a valuation ring iff the
following existential sentence in L' is satisfied by A: "there
exist two elements x#0 and y#0 such that x does not belong to the
ideai generated by y.and y does not belong to the idealiqénerated
by x".

Q.E.D.

\

(4.7) Now wevshall define another type of existential com-
pleteness for rings which is stronger than the concept considered
in (4.5). We proceed in the same way as in (4.5) by adding to the
language L of rings certain new relation éymbols.

For every finite system G=(ql,...,qe) of -polynomials in




Z[X,Y], where X=(Xl,...,Xn)_and Y=(Y1,...,Ym) are variables, we

add to the language L a new relation symbol Q

s with n places.

Denote by L" the extended language and by T" the theory in L"
obtained by adding to the axioms of commutative rings with identity
the family of new axioms:

e

Q (¥) & (3v) /\ gi(x,y)='0

i=1
where G ranges over the set of all finite systems of polynomials
in-2e v, X=(X1,...,Xn), Y=(Yl,...,Ym), e,n and m arbitrary
natural numbers.

The models of T" are the commutative. rings with identity

and the new relation symbols Q. have canonicalainterpreﬁation on
any ring A: if:a=(a1,...,an)e;An, then A FQé(a),iff the system of

polynomial equations with coefficients. in As,
gl(a,Y)=...=ge(a,Y)=O

has a solution in R
Thus the morphisms in the category of models of T" are
exactly the algebraically pure ring morphisms. In this extended

theory T", each primitive formula is equivélent to one of the

form
» e e
(+) G A Bl =0 SN
; 1 . G.
i=1 i=1 i
where x:(xl,...,xn), x'=(xi,...,xé;) are variables, fié Zle, %21 =i
Z Sraeye 5 -
Gi—(gil,...,qie)é Z e 2’ iv] =, where'y (yl,...,ym) are variables.

The formula (+) is equivalent modulo T" with the following formula

in the language L:



g

e e e
@x) (My) A £ (x,x)=0 A I\ Vg5 (6x"5y) 70
Fi=y i=1 =1 3 .

Consequently, a ring morphism u:A~—>B is gxistengi?lly
complete with respéct to the extended theory T" (we say that u is

T"-existentially complete) iff for arbitrary f=(fl,.../fe)guACX]e,

G=(g,.) a matrix with entries in abeyl. Where X=(Xl""'xn) , i

1jilel;jece
and Y=(Y1,...,Ym) are variables, if there exists bg;Bn such_that
the following conditidns are satisfied:

i) fl(b)=...=fe(b)=0,

o

A iy R A WS e o -

ii) Every system gil(b,Y)=...=qie(b,Y)=0, (=T ani el hds o
solution in Bmf‘then there exists ae.An suc¢h that the conditions
derived from the previousgdnes by replacing b, respectively B, by e

a, respectively A, are satisfied too. In particular u is an alge-

o e R

braically pure morphism.
According to (4.1.1), a ring morphism u:A-—»B is T"-existen-

tially complete iff there exists an algebraically pure morphism

o o S O A AN

v from B into an ultrapower *A=AI/D , such that i=veu, where i is

the canonical embedding of A inteo *A.

(4.7.1) Remarks. i) For field extensions, T"-existential
completeness coincides with I -completeness. More precisely, a
field extension L/K is T"-existentially comnlete iff for each
sentence in the language L extended with constants which are
names for the elements of K, having the form %’=(32)(Vy)f(x,y),
where x=(xl,...,xn), y=(yl,...,ym) afe vériables, and ff(x,y) is
quantifier—free,‘? is satisfied by K 4ff P is satisfied by L.

This is a consequence of the fact that a field extension is existen-
tially ceompletesdiff 4t is algebraically pure.
ii) The class of T"-existentially complete ring morphisms is

stable under composition.



#f4) L gef is T"-existentially complete and g is algebrai-

~cally pure then f is T"-existentially complete.

Since T"—existentiél completeness implies T'-existential
completeness; all preservation properties of T'-existentially
complete ring morphisms given in (4.6) are also satisfied by T"—A
existentially complete ring.morphism. We add to these properties

the following one.

(4.7.2). Proposition. Let A and B be noetherian local integral
domains, and u:A—>B a T"-existentially complete rina morphism. Then

A is factorial iff B is so.

Proof. If B is factorial then A is factorial by (4.6.5):
Conversely, assume that B:is not féctorial, i.e. there exists an
ireducible element xe¢B which is not prime. In other words x cannot
be write as a product x’'x" with x',x" in the maximal ideal of.B,
and there are two elements y,ze B such that yze xB and y¢ B, z¢ 2B.

Denote by g“the maximal ideal in A, and let al,...,an be some
geﬁerators of m. By (4.6.8)iii), mB is the maximal ideal of B..Thus

4

there exists a solution (x,y,z,z’)g B® of the equation XZ'-YZ=0

such that each of the following three equations:

n
xU-y=0, xU'-z=0, a;a

.Tin—x=0
1,59=1

J J

where Uik, Tl;""Tn’_Ti""'Tﬂ are variables, have no solution
in B. Since A is T"-existentially complete in B, we conclude that
the same situation occurs on A, i.e. there exists an.irreducible
element in A.which iigt.-nok peime.. In other words, A ds.-not a fac—
torial ring.

Q.E.D.

(4.8) In the case of complete rings, the concepts of existen-

tial completeness considered in this section are extended as follows.



(4.8.1) Definition. A local morphism of noetherian complete

local rings u:A —>B is called analytically existentially complete.
if for arbitrary finite systems F=(F1,...,Fe) and G=(G1,...,GS)
of formal power series in A[[ZI][X], where Z=(Zl,...,Zn),

Y=(Y1,...,Ym) are variables, the system
Fl(z,y)=5..=Fe(z,y)=0, Gl(z,y)#O,-.-,GS(z,y)#O

has a solution in A iff it has one in B (The components of z belong
to the corresponding maximal ideals of A and B).
Note that for n=0, we recover the algebraic case of - (4.2) .

Also in the case of artinian local rings, both definitions coincide.

(4;8.2) A local morphism of noethérian complete local rings

u:A—B is called analytically T'-existentially complete if for
dv T s - S
arbitrary £,€ A[[Z] v Fi=(Fil,...,Fis)e'A[[Z£ v,

Gi=(G.

1;j,k)léj,k<s matrices with entries in A [[2J [Y} , where

A=l . e, and Z=(Zl,...,Zn), Y=(Y1'f'f’Ym) are variables, the
existence of some (b,bt) e méBn X Bm(gB denotes the maximal ideal
of B) subject ko conditions:

i) fi(bpb’)=0 for  i=1,.x<¢Ey

ii)'?i(b,b') does not belong to the submodule of B generated

by (Gy,; 1 (Bsb")sieesGyilg y

(B, B")) e BE k=1, . 5008), for #=1, it e,
implies the existence of some (a,a’)é(gAn x AT (m denotes the maxi-
mal ideal in A) satisfying the conditions obtained from the previous
ones by replacing b,b’, B respectively by a, ad on

Note that for n=0, we recover ﬁhe algebraic case of (4ab.i2):-

Also in the case of artinian local rings, pboth definitions coincide.

(4.8.3) A local morphism of neotherian complete local rings

U:A —>»B is called T"-existentially complete if for arbitrary




) ‘ a matrix with entries

B ; e N
f—(fl,...,fe)€Af[Zﬂ [ il sce

ij
in Az] [¥, U], where Z=(Z seee/2 )y Y=(¥y,eees¥), U=(U), 0.0 U
are variables, if there exists (b,b") € @BBn X Bm such that the
following conditions are satisfied:

i) fl(b,b’)=...=fe(b,b’)=0,

ii) Every system gilﬂb,b’,U)=...=gie(b,b',U)=0,-(i=1,...,e)

Do n subject

has no solution ianm, then there exists (a,a’) mA
to the conditions derived from the preceding ones by -replacing

b,b’,B respectively by a,a’, A.

$5. Existential completeness for AP-rings

The main goal of this section is to apply the general theory
of Section 4 to the special case of ring morphisms between AP-rings.
The first result gives a characterization of AP-rings in

terms of existential completeness.

(5.1) Proposition. Let A be a noetherian local ring, m its

maximal ideal, and 3 its completion in the m-adic topology. Then

the following assertions are equivalent:
i) A is-‘an AP-ring.

ii) A is existentially complete in g.

: n
iii) A is T'-existentially complete in A.

A
iv) A is T"-existentially complete in A.

Proof. We have to show that i) implies iv) . Let

s e e = =
f—(fl,...,fe)E'A [x]~ and G_(Gl"'ffGe)’ where Gi—(gil,...,qie)e

A[X,Y]e for i=l,...,e, X=(X;s.-:/X, ), Y=(¥,,...,Y ). Denote by

¢ (X) the formula:



e e e : :
FY) A £.(X)=0A A V g,.(X,¥Y)#0
el i=1 j=1 *J

Assume that the sentence (3X)Q(x) is true on'%. We have to
show that the same sentence is true on- A. Let bé¢ A" pe such that
ﬁ satisfies P (b) . Since % is an AP-ring it follows that there
.exists a natural number c such that for every natural number s >¢C,

r e . _
¢ (b mod m°A) is true on A/msﬁ=A/ms ., As A is an AP-ring there

exists aé:An sugh that fl(a)=...=fe(a)=0 and a=b mod_gcﬂ. We conclude

that ¥(a) is true on A.
Q«E.D.

(5.1.1) Remark. Using (5.1), (4.6) and (4.7.2) we get some
properties which ére preserved from A to ﬁ, if A is an AP~ring
(see [15], chap.V).

The next step is to characterize the T'-existentially complete
ring morphisms u:A—B, where A is an AP;ring-and B a noetherian
ring. If u is T’'-existentially complete it follows by (4.6.2Y31)%
(4.6.8)ii), iii), (4.6.1)ii), that B is a local ring with the
maximal ideal genérated by the maximal ideal m of A, u is fadthfully
flat, and the residue field extension A/WC—%B/mB is aléebraically

T

pure. Moreover, the converse is also true:

(5.2) Theorem. Let A be an AP~ring, g'its maximal'ideal, B
a noetherian local ring, and u:A-—>B a local morphism such - that
mB is the maximal ideal of B, and u is flat. Then the foilowing
assertions are equivalent: |
.i) u is T'-existentially complete.
1i) @ lifts well algebraically.
iii) u is existentially complete.

iv) u is algebraically pure.




v) The residue field extension A/m-4>B/ is algebraically

mB

e o

pure.

. Proof. The implications i) —s ii)—»iii)—=iv)—s v) are
trivial. To prove the implication v) ., i), let us consider the
commutative diagram in the category of models of T’ (observe that

all morphisms are faithfully flat):

To conclude that u is T’-existentially complete it suffices to
show that the composite morphism aoiA=iBuu~is T'-existentially
complete. Since A is an AP-ring, iA is T'-existentially complete ' -
by (5.1). Thus, it remains to show that 7 is T'-existentially

complete if the hypothesis v) is fulfilled. This implication is

the object of the following theorem.

(5.3) Theorem. Let A be noetherian complete local ring and
B a Cohen A-aldebra (i.e. a. flat, noetherian, complete local
A-algebra such that K=B/mB is a separable field extension of the

residue field k=A/m of A). Then the following assertions are
equivalent:
i) The structure morphism u:A-—> B is analytically T’-exis-

tentially complete.

i w i T'-existentially complete.



ii) u lifts well analytically.
ii’) u lifts well algebraically.
iii) u is analytically existentially complete.
{1ii’) u is existentially complete.
iv)»u is analytically pure.
1v’) u is algebraically ?ure.

v) The residue extension'K/k‘is algebraically pure.

Proof. The implications

e R TR

oA =

10y —>ii’ )} —2iii’) —siv'} —> V)

are trivial. It remains to show that v) implies 1i).

Suppose that k is algebraically bure in K, and hénce, by
(4:3), kis existentially.complete in K. Accordinq.to (AT 1)k
~can be embedded over k into an ultrapower kI'/D .

On the other hand, by structure theorem of noetherian complete
local rings, we have A;R[[X:H /g, where R is either the field k or
a complete discrete Valuation ring of characteristic zero, with
residue field k, and X are variables. Denote byRM the higher order

structure based on RUN and take *M to be either the structure MI/D
if the ultrafilter D'is<¥—incomplete, or the structure (MI/D)[N/E ;

where E is a nonprincipal ultrafilter on N, on the contrary. Thus

M is an >%145aturated nonstandard model -of the structure M. Denote

By B tm

m, k, N, etc.

k, N, etc.,- the standard entities in *M attached to A,

Thus we have the field extensions ks Kok, By LlZS,III, 0,

proposition 10, 3, 1 there exist a noetherian complete local ring C,

i S e SO




with n its maximal ideal, and a local morphism w:B——> C such that

w is flat, n=mC and C/nZ *k. It follows that w-u:A—=C is the

structure morphism of a Cohen A-algebra with residue fiedd Tk,
According to (3.6), the Cohen A-algebra C is isomorphic to X=¥AA.

Thus we get the commutative diagram of faithfully flat morphisms

|-

‘ [ad
A

Bt s

So, it remains to show that the canonical embedding 1sA—>1 is
analytically T'—existéntiglly complete to conclude that u is
analytically T’—existentiélly complete. However, the fact that i
is analytically T'-existentially complete is a consequence of the

following stronger result.

(5.4) Proposition. Let i:A—sA be the canonical embedding

afore considered. Then i is analytically T*-existentially complete.

e :
Proof. Let f=(f1,...,fe)€.AﬂfZE [¥l® ana G=(G1,...,Ge), where
e -
_Gi=(gi1,...,gie)6A[[zj] [y, u] ® for i=1,...,e, 2=(Z ,.-.+2 ),
Y=(Ylf...,Ym),.U:(Ul,..-,US). Assume that there exist (b,b’kzm”An X

x *A™ such that the following conditions are satisfied.

i) fi(p(b),p(b’))=0 for i=l,...,e ;

ii) The systems gil(p(b),p(b’),U)=...=gie(p(b),p(b’),U)=Q
for i=1,...,e have no solutions in [ . :

Since A is a noetherian complete local ring,~and hence an
AP-ring, it follows that thére exists a natural number c such that:
for each natural number dyc (b mod gdgA, b’mod @d*A) satisfies the 

previous conditions i) and. ii) over R/deZkA/md*A . On the other

hand, by (3:.7)  there exists (a,ark‘m*An x "AlM such that ffi(a,al):o



for i=1,...,e, and (a,a’)=(b,b’)mod m°*A. It follows that the

systems:

*gil(a,a’,U)=...=*gie(a,a’,U)=0 i=1%...,e

have no solutions on ¥A. By permanence principle we conclude that
- there exists (E,E')e;gAn x A™ such that fi(E,E')=0 for i=l,.}.,e,

and the systems gil(g,é’,U)=...=g.

le(5,5',U)=0, i=1 ;¢ o gy have no

solutions in AS.
Q.E.D.

Moreover we have the following more general result.

(5.5) Theorem. Let A be a‘noetherién complete local ring,
g.its maximal ideal, and B a Coﬁen A-algebra. Then the following
assertions are equivalent:

i) The structure morphism u:A —> B is analytically T"-exis-
tentially complete.

ii) u is T"-existentially complete.

' iii) The residue extension k=A/mL—>K=B/mB is T+ -complete.

Proof. The implication i)— ii) is trivial.

i9)cesdd i), IFf u is T=existentially completé then there
exists an A-algebra morphism v:B —C such that v is algebraically
pure and.C is an elementary extension of A. By base change, we obtain

the commutative diagram of field extensions




where 1 is an elementary embedding and v is existentially complete.

We conclude that u is J# -complete,

iii)—>1i) Assume that the residue extension_K/k is 3+ -comple-
- te. Then K can be embeddéd over k into an ultrapower kI/D such that
K is exisﬁentially complete in kI/D

Then we proceed as in (5.3) and consider thé higher order
structure M and an 5“(l—saturated nonstandard ﬁodel‘*ﬂ of M. Thus
we have the field extensions ke—»Kc——gfky~where K is existentially
complete in XK. This diagram induces in the same'way as . 1ow {5:3)

a commutative diagram of (faithfully)flat'local morphisms:

’.‘
ple——
A < . -

Since K is existentially complete in " it follows that A is a
Cohen B-algebra with residue field Xk . Moreover, By (5a2) v
is algebraically pure. On the other hand, by (5.4),»i is ana-
litically T"-existentially complete and hence u is analytically
T"-existentially complete too. 0.E.D.

(5.6) Corollary. LetIA be an AP-ring, m_its maximal ideai,
B a noetherian local ring, and w=A—5B'a ‘1éeql morphism suchvthat
mB is the max1mal ideal of B, and u is -flat. Then a necessary and
sufficient condition for u to be T"—ex1stent1ally complete is that

the residue field extension k=A/m——~>K= /mB is J ¥ -complete.

Proof. The necessary part follows as in (5:5),1d)—s 414i),
Conversely, suppose that the field extension K/k is. 34 —-complete,

Let us consider the commutative diagram



L]

B
2

o5 : ;
where u is the completion morphism of u.

v

e
e
w :

By (5.2) all morphisms are algebraically pure.vSince, by

(5 1) .and (5.5); 1. &and {d are T"-existentially complete, we conclude

A

that u is T".existentially complete too.
: Q.E.D.
(5.6.1)‘Remark. Using (5.6), (4.6) and (4.7.2) we gét some
properties, which are preserved from A to 2 (cf.. 3.5).-S50 we get
as corollaries some results'from_[Zi}, i.e. Proposition 2.10,
Remark 2.11, Proposition 2.12. l
Now we consider another case of preservation of T’-existen-

tial completeness by base change (see (4.5.4) and (4,61 1))

(5.7) Proposition. Let (A,m) be an AP-ring and u:A——>B be

" a T'-existentially complete ring morphism of noetherian local rings.

Then the induced ring morphism u’:A[Xl(n“X)———_>B[X}(m,x) is

T'-existentially complete, x=(xl,...,xn) being some indeterminates.

Proof. The 1nduced field morphism k-—A/ «_m%>B/ is exis-
tentlally complete. So as in (5.3) there exist a noeégerlan com-
plete local ring C and a local morphism w:B——>C such that w-is
flat, n=mC' k’=C/ is an.ﬁéi—saturated nonstahdard model of k; and
the composite re51due field extensions kc__’B/mB<*‘%k’ induced by
u and w is an elementary extension. By (5.5) v:=w u is T"—ex1s—
tentially complete morphism. As the induced morphism B[X](m,JO

C[X](m,x) is faithfully flat (base chqhge), dtede enoudﬁ to

show that v induces a T’-existentially complete morphism

v’ :A[X] e el g
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Now, by (4.1.1) there exist an elementary extension
i:A—————9*A;AI/D and an algebraic pure morphism j:C———~§A such

that i=jv. Consider the composite morphism h

3 ¥ » I
c[x] (m’x_).———aA[X] ()™ (a[x] (m, %) ) = (A[X] (,;n,»x’ /D

where j’ is induced by j. Clearly hv’ is an elementary morphism
and thus it is enough to show that h is a pure morphism. Let

® o . . : :
p: (A[X](m X))————4>A1IXB be the surjective map defined in (3.5)

o~ =l ~

and h:C [X]]—>A [X] the canonical extension of ph to CIx] . As
h and j induce the some map on the residue fields we deduce that
~ ) g . )
h is T"-existentially complete (5.5). So h is a pure morphism

because ph is so.

(5.7:1) Corollary. Let (A,m) be an AP-ring and u:A——>B
be a T'-existentially complete ring morphism of noetherian local
rings. Let (C,n) be a local A-algebra essentially of finite type
such that its structure morphism induces on the residue fields the
identity automorphism of A/m. Then n’:=n(B @%C) is a prime ideal
in B<2>AC and the morphism C —> (B ®>Ac)n, induced by u is

T’-existentially complete.

The proof is a consequence of (5.7) and (4.6.1)ii).

In the rest of this section we shall apply the previous
results to the case when the morphism u:A——B is a local fqrmally

smooth morphism.

(5.8) Theorem. Let u:A—>B be a local formally smooth
morphism between noetherian complete local rings with residue
fields k respectively K. Then the following assertions are

equivalent:
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i) u is analytically pure

ii) u is algebraically pdre :
iii) The residue field extension K/k is algebraicaily pure. |
Proof The implication i)—ii) is trivial. On the other
haﬁd, B is of the type B=Aﬁxﬂ where A' is a Cohen A-algebra with
residue field k and x=(xl,..,,xn) are variables (see [12],IV,O,
theorem 19,7,2).Thus u admits the following decomposition '
i A Ix]-8 |

Since u" admits the A'-retract Xi#—»o,u“ is analytically pure.

L] "
u' oA u

A -

SE A

ii)—>iii). If u is algebraically pure then clearly u' is
algebraically pure too. By base change (2,3) ii), the residue field
extension k=A/mc—5K=A"/mA’ induced by u' is algebraically pure,. |
iii)——>i) If k is algebraically pure in K, then by (5.3) u’

is analytically pure. Since u" is analytically pure, we conclude

that the composite morphism u=u®u’ is‘analytically pure too.
Q.E.D.

R

(5.9) Remé}k. Let u:A—>B be as in (5.8). If the resi-
due extension K/k is algebraically pure, but B is.not a Cohen
A-algebra, it follows by (4.6.2) i) and (4.6.8)'111) that u is not
T'—existentiélly complete. Moréover. if B is not a Cohen A-algebra
the morphism u is not in general existentially complete. For inse :
stance,-the morphism ke—k[X],where k is a finite field, is not
existentially complete. Let us give another example. Consider the
formally smooth local morphism u:@———->QETB,wheré T is a variable
The ring morphism is not existentially complete. Indeed let o
denote the fféllowing"éxistenfiél sentence

@x) (Hy) (3z) x3+y3=z3 A xyz#0. ‘ .
It is well known that & is not true on Q. However ¢ is satisfied
by Qﬁfﬂ. Indeed, let us take x=T}y=1; By Hensel's lemma the

polyndmial 23—(1+T3) has a solution z(T)e Q[T]l such that z(0)=1s



o

(5.10) Theorem Let K be a field and T a variable. The
following statements are équivalent:
i) The field extension K<—=K{((T)) is algebraically pure.
ii) The field extension K<—+Q(K{T>) is algebraically pure
(K{T> denotes the ring of algebraic power series with coefficients
in K). |
1ii) For each AP-ring A with residue field K, the mofphism
A —>A[T]l has a weaker forh of T'-existential completeness: the
only modificafion is fhat the matrices G, from (4.5.2) have en=
tries in A.
iv) For each ring A as above, the morphism A ——=A[T] is
existentially complete.
Proof Clearly i) implies ii), and the implicafion ii)~;9i)'
is a consequence of (2.3) i),ii) and of tﬁe fact that K{T> is,
‘according to {1 ,an AP-ring. The implicatianiii)——a:iv) is trivial
i)—iii) Let A be an AP-ring, m:its maximal ideal, and “
A/m = K. Denote by B the locallzatlon AﬂTﬂm ALTD Clearly B satis-
fies the hypothesis of (5.2). Since, .hy.i). K is algebralcally*ﬂu 
pure in K((T)), the residue field of B, we conclude by (5.2) tﬁat
the morphism A——B is T'-existentially complete.
et fie A[X], Fy=(F 1. .0 F )€ A[i(]n. (G1 L eigs izn
matrices with entries in A, where i=1,...,e and X=(Xl....,xm) are
. variables. Shppose that bé?A[TBm _satisfies,the'éonditions:
1) fl(b)—...—f (b)=0
2) Fi(b) does not belong to the submodule of A[Tﬂ genera-
ted by (Gy.1 yree:Gi.n 1) e A" Ek=l; Jossnds s forded e 0%
Since A is T'-existentially complete in B, it suffices to
show that 2) remains valid on B. Let ¢i:An_~¥—>An be thelmap
associated to the matrix (Gi;j,kjj,k=i,.. ne Using [18], Theorem

12, page 58, we get ~
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ASSA(ITI](COker L(’ ® A(ITI}) {pA[IT]}‘peAss Coker @, }
Thus the prime ideals associated to Coker ¢, & AKIE does not inter-
sect the multiplicative system S:=AET]\QA[TI and so the Im(%i®;AEfﬂ)
-is S-saturated as a sub-AfT]j-modul of AJTI". Consequently, if

: (F 1(b),.... i'n(b)) is contained in Im(¢ AB) then -
dié Im(; @ B)N A{['Tﬂn=Im(C{>i®A([T]1)", which contradicts 2).

iv)—> i) Applying iv) to the particular case A=K, it follows

that K[Tﬂ'can be embedded over K into an elementary extension PR o FK
Therefore K((T)) can be identified with an intermediate fleld bet=
ween K and®K, i.e. K is existentially complete in K((T)).

| QE.D,

(5.11) Corollary Let u:A—>B be a local formally smooth

““morphism between noetherian complete local ningsqwith residue fields

k respectively K. Suppose that K is algebraically pure in KECTY)
where T is a variable. Then the following asserfions are equivalent:

i) u has the weaker form of T'-existeﬁtial.completeness from
(5.10) iii). ‘

ii) u is existentially cémplete.

iii) The residue field extension K/k is algebraically pure.
Proof " By (5.8) we have the implications i)—>ii)——>iii).
iii)—>i). With the notations from (5.8), u' is T'-existen-

tially complete by (5.3), and u"” satisfie§ the condition from. (5.10)
iii)using (5.10) applled n-times succesively
Q. E D.

(5.12) Corollary Let A be an AP-ring, k its residue field,
and u:Au—~»B- a local formally smooth morphism into a nothefian
local ring B with residue field K. Assume that K ié algebraically
pure in K((T)), where T is a variable and k is algebraically pure
in K. Then u has the weaker form of T'-existential completeness
fion (5 10) ). o

Proof By [12],1V,O;Proposition 19,3,6 ,the induced morphism

5 b oA BN 3 45

L e AN KA A
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u:A—>B is still formally smooth. Let us consider the commutative

B
Lla & S
G a

o > B

u

-
dl

By {5.1), i, is T'-existentially complete, and by (5.11), u has the

weak form of T'-existential completeness from (5 10) 444}, end

~ hence the composite morphism uiA=iBu has the same property. We

conclude that u has the desired property. el BEE e
0.E:D,

(5.13) Remark If we leave lhe case of formélly smooth mofu+lf:
phisms, then the last results are not generally true. For instance
the morphism C[XH—————?CHXHY](X Y)/(Y =X ),_1s not algebralcally ’
pu;-w/} we change the base from Gﬁkﬂ to mUXﬂ/(X) C it becomes so.

(5.14) Examples when the condition i) from (5.10) is fulfil-
led: .

i) if K is separable closed, by (4.4.6) c).

ii) if K is pseudo-algebraically élosed, by (4.4.6) b).
fi4 ) 2F K is‘real closed, by (4.4.6) d), because.K((T)X is for-
mally real having a valuation with a formally real residue:field.
iv) if K is a p-adically closed field (see (4.4.6) e) with
finite absolute ramification index. Indeed K((T)) is a formally
p-adic field extension of K.

v) more generally, if K is a p-adically closed field in the
sense of [4); for instance we can take K the field of Puiseaux
series with coefficients in the field Qp of p;adic numbers, or in
the field R of reals, or in a pseudo-algebraically closed field k.
of characteristic zero with bounded corank (i.e. k has only finite-
ly many algebraic extensions L subject to [L:@=n for each positive
integer n).

(5.15) Remark Inthe particular case when A and B are comple

te discrete valuation rings of . characteristic zero and u:A——>8
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is an unfamified valuation ring morphism, (5.3) and (5.5) are imme-

diate consequences of more general results of the model theory of
henselian valued fields (see [2] ,{11] - [14] . [28] ? {30] ; [3] ) Moreover,

in this case, u is an elementary émbeddihg iff the residueAfield 3
extension is an elementary embedding.

For its particular interest, we end the preseﬁt paper with a
purely algebréic proof of (5.3) in the case of complete discrete
valuation ring of characteristic zero. |

(5.16) Theorem Let u:A—>B be an unramified extension of
cdmplete discrete valuation rings of characteristic zero. Then the
following stafements are equivalent:

i) u is analytically T'-existentially complete.

"~ ii) The residue extension .is algebraically pure.

Proof Let f.€A[[ZJ}[Y],Fi=(f-;il....,F..)‘}eA[[Z][Y]e,G%(VGi:j.k)lgjkée ,

matrices with entries in A[ZY , where i=1,...,e and Z=(Zl,...,Z Ik

Y=(Y Y ) are variables. Assume that there exists b, b )eﬂB x8™

yreeer
( f denotes the local parameter of A) such that the following
_conditions are fulfilled: ‘
1) fi(b,b')=0 for =, 3 /e
2) The linear systems
(S4) ZGljx(bb)U—F (b,b');j=l,....e‘
- have no solutions in B°
We have to show that there exists (a,a )c:‘ﬁA xA" subject to
the same conditions on A, if the r§§§%%€$t8§7nA<;—~>K—B/ﬂ8 is alge-
braically pure. First we show that the incompatibility of each
linear system.(Si) is equivalent to the existénce of a solution of
some finite system of equations, which can be added to 1).
Let us fix an index i and let r be the rank of the matrix
“G k(b b)]|, and A(b,b') a non-zero rXr—minor~ of minimal valua-
tion. This situation can be described by writing that all (r+l)x(r+L

-minors of “G o k(b b’ )ﬂ are zero (if r<e) 5 and that the equations
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Al B )= yGT1=O (where t is- the valuation of Atbib' ) ), l 2—1 =0,
A'(b,b* )—.ﬂ T'=0 for each other rxr- minor A'(b,b*) have solutions,

where T T', etc are new varlables

1' 72
There ex1st two kinds of incompatibility for (S ) :

a) (S ) is incompatible in the fraction field of B. This happens

when there exists a non-zero (r+l)x(r+1)-m1nor H(b,b*) of the matrix

“G £54, k(b b* ), (b 5 % )H. Let s=ord(H(b,b*)). This fact can be des-
>cr1bed by equatlons as above: H(Z,Y)- RSW=O, WW;-1=0.

b) (s.y is compatible in the fraction’field of B, but not iﬁ B
Clearly (S ) is equ1valent with a system of the form:

(£) Alb,b’ JUg+ 22 13 (b.b')q*=F (B.b) '\ Je=l,Ji.,r

{=r+l
where AJ&,F €A[ZIY] . Remark that ord (A(b,b* ))< ord (Ajoc(b b))
since A(b b') has the minimal valuation, and thus (+ +) is incompati-
ble iff there exists j é{,...,rf such that ord (A(b,b')) S-
ord (FJ bbby ) Let s ord(FJ (b b')). Then we add the equations
J (z, Y)- (AT 0, W'-1=0 where V. and V' are new variables.

Thus we succeded in replacing the situation described by 1)
and 2) with the compatibiiity of a finite system of equations of -
type 1). Then it sufflces to prove that u is analytically pure,which
is equivalent by (2.6) with the fact that u is algebraically pure.
So we have to show that u is algebraically pure if the residue .
extension K/k is algebraically pure. Let F=(F1,....Fm) be a system

-of polynomials in A[Y],Y:(Yl,,...Yn) and b éBn be such that F(b)=0.
Let g be the kernel of the A-morphism A[}3~¥%B :Y——=b and denote
r=ht(q). Adding some polynomials te F we may suepose that F genera-
tes q. Since A is of characteristic zero, the field extension
Q(A)~—>0Q(B) 1is separable. By [18] Theorem 64 ,and Remark 2,

p 219-221, there exist hl,...,hre g subject to:
s (hyeeeeihp) AlYIg=q AY1

2h
ii) The jacobian matrix ( i)l<i{r has an rxr-minor M, which
SYJ 1<jen O



“EE-

is not in q. Clearly we can choose the ‘polynomials hl""‘hr from
the system F, because F generates q. Thus we may assume that hi=F
for i=1,...,rs Since M(b)#0, we may suppose according to Néron's
p-desingularization (see[{[ or [21}) that M(b) is invertible in B.
Remark that b induces a solution of the system v

_ F(Y)=O M(Y)u=1 |
in K. The extension ke K -being algebralcally pure, it follows that
there exists 2 ¢ A" such that F(2)=z0 modft and M(a)#O mod3it , By the
implicit function theorem, there exists a ¢ A" such that Fl(a)=...
»=Fr(a)=0 and a = a mod J . | |

It remains to show that a is a solution of the whole system F.

Let Jﬁ%l,...,F )= (\ qi be the reduced prlmary decomposition of

JYF;TTjTT——S in A{Y] P ERERRLT are prime 1deals. Since q=(F) >
(Fl,...,F ), q contains some gy, Say qlgql. vie have (Fl,....F )Rfﬂ
c quEYJ c*qRLY] . since (Fy.....Fp YRTY] -quy] we conclude that
G=0y . 1ft= l then clearly a 1s a solution for the whoie system F. If
t >1, then M¢ JHIE' where a—’j qi Indeed if boq+a is a prime ideal
which does not contain gj‘ihin"C:=(A[Y]/(Fl,..,,Fr))b is not an

integral dohain. Let us show that C must be an integral domain.

Suppose M= det (2F1) . Then the morphism RIY_ .,...,Y J——>C
S O LS O i e i

ijs etale. As the normality is going up by etale morphisms (see [23],
VII;;§2,pr6position 29, it results that C is a normal ring and in
particulér an integral domain bec;usé C is local, Cbntrédiction!
Thus there exists an integer d 21 such that Md-M1 5 lé;q, Myc a.
As F(a):F(g)so modX and M(a)=M(a)#0 modi it results Mz(a)%o; Conse-
quently F(a):q(a)éo because M,q c#(Fl;...;Fr).

O_.E.D.
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