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6 1.  Introduct ion

82 ,  A1gebra i ca l l y  and  ana ly t i ca t l y  pu re  morph isms .

t3 .  Backg round  f rom Log ic .  Nons tandard  equ iva len ts  o f

approx imat ion proper t ies .

.  1 4 .  E x i s t e n t i a l l y  c o m p l e t e  n o r p h i s m s .

t5 .  Lx i s ten t i a l  comp le teness  fo r  AP- r i ngs .

!  t . fn t roduct ion

Le t  L  be  a  sys tem o f  l i nea r  equa tJ -ons  w i th  coe f f i c i en ts '

in  the f ie ld  Q of  ra t j .onal  numbers.  then L has so lut ions in  some

f ie ld  K of  character is t ic  zero i f f  i t  has rat ional  so lut i_ons.  This

is  a proper ty  of  l inear  saturat ion for  Q.  In  the a lgebra ic  
" . " . ,

a  system of  po lynorn ia l  equat ions .wi th  complex coef f ic ients  has a

solut ion in  sone extension K of  C i f f  i t  has a so lut ion in  the

f ie ld  C of  complex numbers.  This  means a proper ty  of  a lgebra i -c  sd:

tu ra t i on  fo r  E .  These  t ypes  o f  sa tu ra t i on  p rope r t i es  a re  ve ry  s t ronc

because they are ref fer ing bo each extension of  the base f ie ld .

I t  1s a lso in terest ing to  invest igate weaker  saturat ion proper t ies

re lat ive ly  to  a g iven extension.  For  j -nstance the pure extensions
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in the l inear case F6],.rra ala,ebraicalfy pure extensions in the
' r

a lgeb ra i c  case  [2U  .

In  the a lgebra ic  case,  there are knovrn noether ian local

.  r ings A vrh ich have a lgebra ic  saturat ion proper ty  wi th  respect  to

thei r  complet ion"  t  (see [ r ]  ,  Ao) ,  [ rs ]  )  .  These r ings ,are so car led

AP-r ings,  i .e .  r ings wi th  the approx i rnat ion proper ty .  l , {ore prec i -

se l y ,  a  noe the r ian  comp le te  l oca l  r i ng  (A rg )  i s  ca l l ed  an  Ap- r i ng ,

i f  eve ry  "  f o r rna l  "  so lu t i on  t i n  t l  o f  an  a rb i t ra ry  f i n i t e  sys tem

of polynomi-al equations dVef A can be well appfbxi inated by , '  algel:

b ra i c  "  so lu t i ons  ( i n  A )  w i th  respec t  t o  t he  # -aa i c  topo logy
A

o f  A . In  fact ,  A is  an AP-r ing i f f  the morphism A. .+A

is algebraically pure , using the terrninoloqy frcxn 
'ptj 

.

r n  [ r sJ  ,  chap .v  and  [ zo ]  t he re  a re ' i nves t i ga ted  some

proper t ies which are prese: :ved f ronr .  A ao A i f  A. is  .an Ap-r ing.

These proper t ies can be expressed in  the ccnsidered aontext  by the

contpat ib i l i ty  o f  some systems of  po lynomia l  equat ions.  For  instan-

c€ ,  A  i s  reduced ,  respec t i ve l y  i n teg ra l  do r . ra in  i f f  A  i s  so .  I i o -

'  wever ,  th is  cannot  be done for  arb i t rary  a lgebra ica l ly  pure mor-

ph i sms .  As  an  examp le r  t he  morph ism R- -+n [xn / t x2 l  i s  a lgeb ra i ca l l y

pure but  does not  preserve the proper ty  of  be ing reduced.  The

reason is  that  the proofs  f rom [ tS l  and [ZO) use the poss ib i l i ty

to  approx imate wel l  the so lut ions f rom A of  an arb i t rary  system.

--o- f -po lynomia l  equat ions over  A by so lut ions f rom A.  This  is  not

poss ib le  fo r  a rb i t ra ry  a lgeb ra i ca l l y  pu re  morph isms .  However ,  t he

coro l lary  2.6 in  [ r t t  shows that  i f  A is  a  noether ian cornplete Io-

ca l  r ing and ts  is  a  Cohen A-a lgebra such that  the res idue f ie ld

o f  B  i s  an  u l t rapower  o f  t he , res idue  f i e l c l  o f  A ,  t hen  the  so lu t i ons

f rom B of  an arb i t rary  system of  po lynomia l  equat ions over  A can

be  "  we l l  app rox ima ted  "  by  so lu t i ons  f rom A .  rn  pa r t i cu la r ,  A  i s

reduced,  respect ive ly  in tegra l  c lomain i f f  B is  so [Zf l  proposi t ion

2 . r 0 .
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Try ing to  def ine more prec ise ly  the afore ment ioned

"  good approx i rnat ion "  we remark that  we must  consider  not  on ly

f in i te  systems of  po lynomia l  equat ions,  but  more complex fomulas

conta in ing quant i f iers .  Thus i t  seems convenient  to  use for  th is

purpose some model - theoret ic  concepts and methods.  I t  is  wel l -

known that the mod.el-theoretic n'.ethods are very useful in analy-

s ing  a lgeb ra i c  ques t i ons  abou t  ce r ta in -c lasses  o f  r i ngs r ,  f o r  i ns - .

tance henserian valued^ rinss [z], [rt] , [ral , [zg] , [:d, [rJ .

I n  t he  p resen t  work ,  wh ich  i s  an  ex tended  ve rs ion 'o f

[ fg ] ,  we def ine sone types of  "good approx imat ions "  us ing the

rnodel - theoret ic  concept  of  ex is tent ia l  completeness in  adequate

formal ' Ianguages extendiag '* the f i rs t .  order  language. 'o f  r ings ' '  . , .  , :  .

(sect ion 4)  .  I 'hen we apply  the genera l= theory g iven in  Sect ion '  4

to  the  case  o f  AP- r i ngs  (Sec t i on  5 )  .  As  a  consequence ,  we  ex tend

the  remark  (2 .18 ) i v )  f rom [ z f ' l  s f row ing  tha t  f o r  a  fo rma l l y  smoo th -

n o r p h i s m  u : A - - > B  b e t w e e n  n o e t h e r i a n  c o m o l e t e  1 o c a 1  r i n g s ,  u  i s

a l g e b r a i c a l l y  p u r e  i f f  t h e  r e s i d u e  f i e l d  e x t e n s i o n  i s  a l g e b r a i -

ca1]y,Ot"a (5.7). Thre reader ilteresting in nure algebraic proofs of some

results of this work, can see 19

$  2 .  A l g e b r a i c a l l y  a n d  a n a l y t i c a l l y  D u r e  n o r o h i s r n s

A lgebra ica l l y  and ana ly t i ca l l y  Dure  morph isms were  in -

t roduced in  L2 \  in  connect ion  w i th  the  s tudy  o f  r ings  wh ich

h a v e  c e r t a i n  a p p r o x i r n a t i o n  p r o o e r t i e s .  T h e s e  c o n c e D t s  g e n e r a l i z e

the  l inear  case o f  pure  modu le  norph isms [ fO l  .

( 2 . r )  t e t  ( A , r n )  b e  a  n o e t h e r i a n  r . o e a r  r i n g  a n d  f  t r , *

c o m p l e t i o n  o f  A  w i t h  r e s p e c t  t o  t h e  g - a d i c  t o p o l o g y .  L e t  u s  c o n -

s i d e r  t h e  f o l l o w i n g  p r o p e r t i e s :

( A p )  F o r  e v e r y  s y s t e m  o f  p o r y n o m i a l s  F =  ( F t ,  .  . .  , F n ) e  +  t v ]  
t ,
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Y  =  ( Y 1 , .

fg r  every

such that

.  .  rYn)  ,  fo r  every

natural  number c

y-- f mod g"i.

"  formal  "  so lu t io .  Jef ;  
t  o f  F and

,  there ex is ts  s  so lu t ion YeAn of  F

(SAp)  For  every system of  po ly l tomia ls  F=(Fl r . . .  'Fm)€A tqT

Y  = ( Y I ! . . . , f n ) ,  t h e r e  e x i s t s  a  f u n c t i o n  A '  N - + t N  w i t h  t h e

fo l low ing  proper tY i
'  :  t r  For  e \ re ry  na tura l  number  c ,  fo r  every  }a t t ,  i f  r (y )=O

modo 'O(" )  an" r ,  there  ex is ts  ycAn such tha t  r - (y ) .=g .qnd y= f  mod mc ' ,1

F ^  \  F - - J

f t  was  es tab l - i shed i ra  f2g l  (see  a lso  t15 ]  ch . f l  fo r  an

improved p"oo f )  tha t  (AP)  and (S lp )  a re  equ iva len t  fo r  a  noethe-

r i a n  l o c a 1  r i n g  A .  A  n o e t h e r i a n  l o e a l  r i n g  A  i s  c a l l e d  a n  A P -

r i n g  ( i . e .  a  I i n g  w i t h  a p p r o x i n a t i o n  p r o p e r t f , - )  i f  A  s a t j - s f i e s

t h e  e q u i v a l e n t  c o n d i t i o n s  , ( A P )  a n d  ( S A P ) .

( 2 . 2 )  D e f i n i t i o n .  L e t  A  a n d  B  b e  c o m r n u t a t i v e  r i n g s

w i t h  i d e n t i t y .  A  r i - n g  m o r p h i s n  i s  c a l l e d  a l g e b f a i c a l l - y  n u r e r  o I

A  i s  a l g e b r a i c a l l y  p u r e  i n  B ,  i f  e v e r y  f i n i t e  s y s t e m  o f  p o l y n o -

n i a l s  F = C F 1 y . " . , F * )  w i t h  c o e f f i . c i e n t s  i n  A r  i n  a n  a r b i t r a r y

n u m b e r  o f  v a r i . a b l e s  Y = ( Y 1 r . . . . r Y n )  h a s  a  s o l u t i o n  i n  A  i f f  i t .

h a s  a  s o l u t i o n  i n  B .

( 2 , 5 )  P r o p e r t i e s  a n d  e x a m n l e s '  i )  r f  A  i s  a  l - o c a l  n o e -

t h e r i a n  r i n g ,  t h e n  t h e  c o m p l e t i o n  n o r p h i s m  A - - + f  i "  a l g e b r a i c a -

l l y  pure  i f f  A  i s  an  AP- r ing .  I \ lo reover ,  i f  A  i s  an . in tegra l -  do-

main  then f  i s  too  and the  f rac t ion  f ie ld  ex tens ion  QG) . - -+q t f , l

i s  a l g e b r a i c a l l y  p u r e

i i )  The c lass  o f  a lg :ebra ica l l y  pure  morph isms ' is  s tab le

u n d e r  c o m p o s i t i o n  a n d  b a s e  c h a n g e .  I n  a d d i t i o n ,  i f  v o l r  i s  a l g e -

b r a i c a l l y  p u r e l  t h e n  u  i . s  s o .

i i i )  I f  u :  A - - - + B  i s  a  f i n i t e  p r e s e n t a t i o n  m o r p h i s m ,  t h e n

u  i s  a l g e b r a i c a l l y  p u r e  i f f  u  h a s  a n  A - a l g e b r a  r e t r a c t .  I n  p a r -
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t i c u l a r ,  i f  K  i s  a  f i e l d n  a n d  B  a  f i n i t e  t y p e  K - a l g e b r a ,  t h e

s t ruc ture  norph ism K- - - ;8 .  i s  a lgebra ica l l y  pure  i f f ,  Spec  (B)  has

a c losed K- ra t iona l  po in t .  r f  B  i s  an  in tegra l  domain  and K. - -+B

i s  a l g e b r a i c a l l y  D u r e ,  t h e n  I (  i b  a l g e b r a i c a l l y  c l o s e d  i n  B .

iv )  More  genera l l y ,  an  arb i t ra ry  r ing  norph ism u :A->B

is  a l -gebra ica l l y  pure  i f f  B  i s  a  f i l te red  induc t ive  l im i t  o f

a l g e b r a i c a l l y  D u r e  A - A l g e b r a s  o r  a  f i l t e r e d  i n d u c t i v e  l i m i t  o f

A-a lgebras  such tha t  the i r :  s t ruc tu re  morph isu : -  have re t rac ts .

The uro t "  resu l t  fu rn ishes  some examples  o f  a lgebra ica-

l ly  pure morphisms.

v )  I f  K  i s  a n  a l g e b r a i c a l l y  c l - o s e d  f i e l d ,  a n d  B  a n  a r -

b i t ra ry  K-a lgebra  then the  s t ruc tu re  morph ism K" - ->B is  a lgebra i -

c a I l y  p u r e .

v i )  I . f  K  i s  a n  i n f i n i t e  f i e l d  a n d  x  a  v a r i a b l e ,  t h e n

the  norph ism K" -+K(X)  i s  a lgebra ica l l y  pure .  More  genera l l y ,  .any

p u r e  t r a n s c e n d e n t a l  e x t e n s i o n  o f  a n  i n f i n i t e  f i e l d  i s  a l g e b r a i -

c a l 1 y  p u r e .

v i i )  A n y  a l g e b r a i c a l l y  p u r e  f i e l d  e x t e n s i o n  o f  a  f i n i t e

t r i v i  a l  .

v i i i )  The a lgebra ica l l y  pure  morph isms are  no t  in  gene-

raL  f la t .  For .  ins tance,  A- )A IXS can be  no t  f la t  (nonnoether ian

c a s e ) ,  b u t  i t  i s  a l g e b r a i c a l l y  p u r e  ( h a v i n g . a  r e t , r a c t ) .

A 1 1  t h e s e  p r o p e r t i e s  a n d  e x a m p l e s  a r e  g i v e n  i n  [ z i J .

rn  the  case o f  comp] -e te  r ings ,  the  concept  o f  a lgebra i -

ca11y  pure  roorph ism is  ex tended as  fo l lows:

( 2 . 4 )  D e f i n i t i o n .  4  l o c a l  m o r p h i s m  o f  n o e t h e r i a n  b o m p l e -

te  loca l  r ings  u :A->B is  ca l l -ed  ?na ly t . i car l . y  pure  i r  every  sys-

t e m  F = ( F 1 , . . . , F m )  o f  f o r m a l  D o w e r  s e r i e s  i n  I  [ z ]  t v ]  , .  w h e r e

7 = ( Z I r . . . r Z . ) ,  ' ' r = ( I 1 , ' . . . r Y n )  a r e  v a r i a b l e s ,  h a s  a  s o l - u t i o n  ( z r y )

in  A  i f  f  i t  has  a  so lu t ion  (Z , f )

f i e l d  i s
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i n  B .  ( O b r r i o u s 1 y ,  t h e  e o n p o n e n t s  o f  z r d  b e l o n g  t o  t h e  e o r r e s p o n -

d i n g  n a x i m a l  i d e a ' l s  o f  A ,  a n d  B ) .

( 2 , 4 . I ,  N o t e  t h a t  f o r  @ = O r  w e  r e e o v e r  t h e  a l g e b r a i e

c a s e  o f  ( 2 . 1 ) .  A l s o  i n  t h e  c a s e  o f  a r t i n i a n  l _ o c a l  r i n g s ,  b o t h

d e f i n i t i o n s  c ' o i n c i d e .  M o r e o v e r ,  b o t h  d e f i n t i o n s  c o i n c i d e  i f  t h e

m a x i m a l  i d e a l  o f  A  g e n e r a t e s  t h e  n a x i m a l  i d e a l  o f  B .  T o  s h o w

t h i s  w e  n e e d  t h e  f o l l o w i n g  r e s u l t .

(2 .5 )  tneo rem (P f i s te r -Popescu t h e o r e n ) .  L e t  ( A r m )  b e  a

n o e t h e r i a n  c o m p l - e t e  l o c a l  r i n g  F = ( F ' I ,  t . . , F * ) a  s y s t e m  o f  f o r m a l -

p o w e r  s e r i e s  i n A [ f Z ] t r ] w h e r e  7 = ( Z I r . . . , Z " J ,  y = ( y 1  , . . . , y r )  a r i e

v a r i a b l e s .  T h e n  t h e r e  e x i s t s  a  f u n c t i o n  4 ;  [ f - + l N  w i t h  t h e  f o l l o -

w ing  proper ty :

"  For  every  na tura l  number  c ,  fo r  every  lenAe and fo r

e \ re ry  leA* ,  i f  F  (z  ,y )  =o  nod go(o  )  th*n  there  ex is t  ,upa"  and

y € A n  s u c h  t h a t  F ( z r y ) = g  a n d  z = V ,  y = f  m o d  g t , , .

F o r  t h e  p r o o f  o f  t h i s  t h e o r e m  s e e  [ Z O ] T h e o r e m  2 . 5  o r

F t ,  c h . f f ,  T h e o r e m  1 . 4 . .  A n o t h e r  p r o o f  ,  i n v o l v i n g  u l t r a p o w e r ,

was g iven recent ly  by  Denef  and L ipsh i tz  in  [9 ]  .  a  nons tandard

f o r m  o f  ( 2 . 5 )  w a s  p r o v e d  b y  P o p e s c u  i n  p 1 ] ,  T h e o r e m  2 . 5  a n d  C o r o -

1 l a r y  2 . 6 .  f n  S e c t i o n  5 , w e  s h a l 1  g i v e  a  n o n s t a n d a r d  e q u i v a l e n t

o f  (2 .5  )  ;  wh ich  nay  b-e  seen es  a  more  genera l  f  o rm o ' f  the  non-

v a l - e n t  c o n s i d e r e d  i n  L ? f J .s tandard  equ i
Y Y

(2  .6  )  p ropos i lon .  Eet  u :  A  - tBbe ara lgeh ' ra i  ca l l y  pure

morph ism o f  noether ian  loea l -  r ings .  Assume tha t  the  oax ima l  idea l

g  o f  A  g e n e r a t e s  t h e  m a x i n a l  i d e a l  n  o f  B  C i t  i s  e n o u g h  t o  a s k

f o r  m B  t o  b e  a  S , - p r i m a r y  i d e a l ) .  T h e n  t h e  i n d u c e d  m o r p h i s n
n A n
u :  A - > B  i s  a n a l y t i c a l l y  p u r e .  I n  p a r t i - c u l a r ,  i f  A  a n d  B  a r e  c o m -

p l e t e  t h e n  u  i s  a l g e b r a i c a l l y  p u r e  i f f  u  i s  a n a l y t i c a l l y  D u r e .
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Proof .  Le t  F  be  a  sys tem o f fo rna l  power  ser ies  in

f  6 z n l r ;  w h i c h  h a s  a  s o r u t i o n  l n  t .  B y  ( z . i ) ,  t h e r e  e x i s t s  a

natural number c such that F has a solut ion ir ,  f ;  i rr  i t  has a

solut ion i "  i , t  nA.  However  the system l ,  nas a so lu t ion in
- A  n " A

B/ o_*  n /  nn " f rd" th , r *  
i t  has one in i f  .nE A/  ^  because the in-

_  EB 4"8  s "a  m '
duced norph isn  o f  a r t in ian  foca l  r ings- ' -A /  e+B/  n_  is  ana ly t i -

e a l l y  p u r e  b y  ( 2 . 5 )  i i )  a n d  ( 2 . 4 . 1 ) .  
* "  + " 8

Q . E . D .

(2 .7 j  I . , . t  us  remark  tha t  no  re la t ion  be tween the  
"o lu l

t i o n  ( Z r V )  o f  p  i n  B  a n d  t h e  s o l u t i o n  ( z r y )  o f  E  i n  A  i s  c o n s i -

d e r e d  i n  D e f i n i t i o n  ( 2 . 4 \ .  T h u s ,  t h e  f o l l o w i n g  q u e s t i o n  a r i s e s :

i f  F  h a s  a ' s o l u t i o n  C Z r j )  
' i n ' B  

a n d  i t , ' i s ' k n o w n  t h a t  p ' h a s , s o } u + : -  ;

t i o n s  i n  A 1  o r l €  c a n  f i n d  i n  A  a  s o l u t i o n . ( z r y )  w h i c h  i s  " n e a r ' ,

t o  ( t  r i )  i n  B ?  r ' o r  t h i s ,  i t  i s  n e c e s s a r y  t o ' c o n s i d e r  a  s u i t a b l e

c o n c e p t  o f  " n e a r n e s s ' ,  b e t w e e n  t h e  s o l u t i o n s  ( Z r f l  a n d  ( z r y ) .  O n e

o f  t h e  p o s s i b l e  w a y s  t o  i n t r o d u c e  s u c h  a  c o n c e p t  i s ' u h e  f o l l o w i n g

o n e :

,  Suppose tha t  the  so lu t ion  (2  r l y )  in  B  sa t is f ies  the  con-

d i t i o n :  o r d  G j  ( Z  , t )  = c  j  ,  j = f  ,  .  .  .  1 p ,  b r i e f  1 y  o r d  G ( z , f )  * ,  w h e r e

? ! : r n  n  )  a r e  i n  A  i l z ] ] i Y j  n  c = ( c t , . . . , c p  )  a r e  
' n a t u r a l  

n u m b e r s, r - t t r l l r e  . 1 \ - r O /  d 1 ' u  r I I  A  U Z J  
C l  C . + 1

a n d  o r d  G i G , ! ) = " j  r n e a n s  c  j T , y ) e n  
' . 1  J  ,  w h e r e  n  d e n o t e s  t h e

m a x i n a l  i d e a l  o f  B .

J n  t h e  a b o v e  n o t a t i o n ,  w e  s h a l l  s a y  t h a t  t h e  s o l u t i o n

( z r y )  i n  A  i s  G - n e a r  t o  t h e  s o l u t i o n  ( Z r V )  i n  B  i f  o r d  G ( z r y ) =

= o r d  G ( z r f ) = c .

S o ,  w e  c a n  s p e c i a l i z e  t h e  d e f i n i l j : . o n  ( 2  , 4 )  a s k i n g .  f  o r

t h e  l i f t i n g  o f  a n y  s o l u t i o n  ( z r y )  o f  F  i n  B  t o  a  s o l u t i o n  ( z r y )

i n  A ,  w h i c h  i s  G - n e a r  i n  t h e  a b o v e  s e n s e .  W e  s h a l l  s e e  i n  S e c t i o n

4  t h a t  t h i s  t y p e  o f  l i f t i n g  i s  s t r o n g l y  r e l a t e d  t o  a n  a d e q u a t e
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m o d e l - - t h e o r e t i c  c o n e e p t  o f  e x i s t e n t i a l l y  -  c o m p l e t e n e s s .

(2 .7 . I )  l € iq i t i on .  Le t  u :A -+B be  a  l -oca l  r i ng  mor -

ph ism.  We say  tha t . .u  l i f t s  we l l .  a lgeb la iea l l y  i f  fo r  every  f in i te

s y s t e m  o f  p o L y n o n i a l s  F = ( F 1 r .  o . , F n ) € a [ y ] m ,  G = ( G a  , . . .  r c s ) € A  I y J  " ,

" = ( Y 1 r . . . r Y * ) ,  
a n d  f o r  e v e r y  s - t u p l e  c = ( c l r . . . r c s )  o f  n a t u r a l -

numbers ,  the  ex is tence o f  a  so lu t ion  beBn o f  F  such tha t

ord ,  C(b)=c  imp l ies  the  ex is tence o f  a  so fu t ion  aeAt r  o f  F  such

t h a t  o r d O  G ( a ) = e .

( 2 . 7 . . 2 ,  D e f i n i t i o n . L e t  u :  A - - - > B  b e  a  l o c a l  r i n g

norph isn  be tween noether ian  comple te  loca l  r ings .  We say  the t  u

l i f t s  w e l l  a n a l y t i c a l l y  i f  u  s a t i s f i e s  t h e  c o n d i t i o n  d e r i v e d  f r o m

(2 .7 . I )  by  rep lac ing  pb lynomia ls  w i th  fo rna l  power  ser ies  in

a tlzlfvi .

$ 1 .  Background f ro rn  Log ic .  l t lons tandard  ecu iva len ts

n f  o t . i  n n  n F n n o r . t  
'

\ , , r  Some approx ina t ion  oro f ;e r t ies

T h e  a i n  o f  t h i s  s e c t i o n  i s  t o  p r e p a r e  t h e  r e a d e r  f o r  t h e

l a s t  t w o  s e c t i o n s  o f  t h e  p a p e r ,  B i v i n g  s o m e  m o d e l - t h e o r e t i c  p r e -

l in inar ies  and some nons tandard  fo rms o f  cer ta in  aporox imat ion

p r o p e r t i e s .  T h e s e  n o n s t a n d a r d  e q u i v a l e n t s  s e e m  t o  b e  i - n t e r e s t i n g

in  themse l f  and a lso  are  use fu l  in  the  proo f  o f  some resu i ts  f ron

S e c t i o n  5 .

( 5 . I )  t h e  f i r s t  o r d e r  l a n g u a g e  L  i n  t h i s  p a D e r  w i l l  b e

the custonary language for r ing theory wi th constant synbols 0

and l - ,  b inary  func t ion  syn ibo ls  +  and . rand a  unary  symbol  ( fo r

add i t i ve  inverse) .  Th is  language may be  ex tenc ied  th rough the  in - .

t r o d u c t i o n  o f  a  d i s t i n g u i s h e d  s e t  o f  e o n s i a n t  s y m b o l s  a n d  r e l a -

t i o n  s y n b o l s  a t  v a r i o u s  t i m e s . '
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The te rms o f  the  language L  are  bu i l t  up  f rom cons tan ts

0  a n d  1  a n d  v a r i a b l e s  X r J r

using the funct ion synobols

. . .  ( w h i c h  r a n g e  o v e r  r i n g  e l e n e n t s )

, .  : ,  .  o  A tomie  fo rmulas  are  o f  the

fo fm " t . .= t^"  where t ,  and t - ,  a fe terms FOrmUlaS afe bUi l t  Up
f , 4  L . -

f r o m  a t o m i c  f o r m u l a s  u s i n g  l o g i e a l  c o n n e c t i v e s  A ( a n d ) r  V ( o r l t

J ( n o t ) ,  J ( t h _ e r e ,  i s ) r # ( f o r  a l l ) .  T h e  f o r n u l a s  ' f - > +  a n d  ! + * *
- = -  -  

a r e  u s e d  a s  a b b r e r i a t i o n s  ( e ' g '  { - - ' *  s r - a n d s  r o r  f  v  1 ( ) '

I t  shou ld  be  c lear 'what  i s  meant  by  say ing  "  f  ho lds  in  A"  o r

' A  s a t i s f i e s  { " ,  a b b r e v i a t e d  A  t s ( . f  ,  w h e r e  {  i s  a  s e n t e n g e ' i n  L

( i . e . a f o r m u 1 a w i t h o u t f r e e v a r i a b 1 e s ) a n d ; i s a r i n g

usual ly we d.enote by T the theory of  commutat j -ve r ingg

with id-ent i ty,  i  .  e ,  the .set '  of  ' tho'se--sentenees. iEI* 'L whie h,1Qf Q ' ,1*

sa t is f ied  by ' "each commuta t ive  r ing  w i th  ident i t y .  0bserve  tha t '

every  a ton ic  fo rmula  is  equ iva len t  modu lo  t  w i th  a  po lynomia l

e q u a t i o n  w i t h  i n t e g e r  c o e f f i c i e n t s .

( 3 . 2 )  i , l o w  l e t  c A , & )  b e  a  n o e t h e r i a n  1 o c a 1  r i n g .  C o n s i d e r

a n  a r b i t r a r y  e l e m e n t a r y e x t e n s i o n  t  o f  A ,  i . e .  a  r i n g  
* A  w i t h

t h e  p r o p e r t y  t h a t  f o r  e a e h  f o r m u l a  c g ( x f  r . . .  r * r r )  i n  L ,  w h e r e

* 1 r . . . . , x n  a r e  t h e  v a r i a b L e s  o c c u r i n g  f r e e l y  i n  V ,  a n d  f o r  e a c h

n - t u p l e  a = ( a 1 , . , . .  r s r r ) e A n ,  A  s a t i s f i e s  { ( a )  i f f  ' f A  s a t i s f i e s  ' f  ( a )

I n  p a r t i c u l a r  A  i s  i d e n t i f i e d  w i t h  a  s u b r i n g  o f  n A '  F o r  i n s t a n e e t '

we can take  Ia  to  be  an  u l t rapot ' ver  o t / r ,  where  I  i s  an  in f in i te

e e t  a n d  D  i s  a n  u l t r a f i l - t e r  o n  f  .  I t  f o l L o w s  e a s i l y  t h a t  + A  i s  a
i i

1oca l  r ing  too  w i th  i t s  max imal  idea l  say  l rpn  and *g '0A=91 fo r

ie  DI .  S ince  A is  noether ian ,  we have * * i=* ih  fo r  ie [ i l '  and  the

residue r ing extensions A/mi;X7n*i  for  ie [ r f  are elementary €Ir I -

bedd ings .  In  par t i cu la r , th : '  res idue '  f ie ld  ex tens ion  k  =a7 ' ; " - l t  =

=*A/*q  i "  an  e leFentary  embedd ing '

Denote  by  *q . *  the  idea l

+

ie 0[
- ' l t Nn m ^  i n  * A ,  b y  A  t h e  f a c t o r
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ring *A/r*** ,  and by p, *A----of i  the canonical surject ion. Since A

is  noe the r ian ,  d \ ,  m i1 (o )  and  hence  the  compos i te  morph ism
+! gt.

A-trA *p rI  is inject ive. Thus we nay identi fy A with a subring

(1/ rV

of  A.  A is  a  loca l  r ing wi th  i ts  rnax imal  ideal  f i  = |m/*m-,  f inA=t '

i  iu  separate wi th  respect  to  the m-adic  topology,  and * l / * r i l4 l

q n r i n r r l 0 F  + l  : l d  
" i  

i  i s - l t - .f o r  i e tN .  In  pa r t i cu la r ,  t he  res idue  f i e ld  o f  A  I s - ,  t ______- -

Now,  Ie t  us assume that  *A sat is f ies  tn . ,  H-saturat ionJ - e U  L t o  d D D L l u  - - - -  

^  ^

p r o p e r t y ,  i . e .  f o r .  e a c h  c o u n t a b l e  s y s t e m  o f  f o r m u l a s  ( Y 1 ( x ) ) i . W

in  the  language L  ex tended w i th  ind iv idua l -  cons tan ts  naming the

e lements  o f  *A ,  where  the  var iab le  x  i s  f ree ,  the  who le  sysr 'em

has a  so lu t ion  in  *A  whenev.er  ev 'e ry  f in i te  subsys tem admi ts  a  so-

. , r
l u t ion  in  vA.  For  ins tance we can take  *A= A ' /O,  where  I  i s  an

i n f i n i t e  s e t  a n d  D  i s  a  X -  i n e o m r ; l e t e  u l t r a f i l t e r  o n  I  ( i ' e ' t h e -

re  ex is ts  a  sequence p1e D,  i€SI  ,  such tha t  f t f t /n l  [17 ]  Theorem 1 '6  '4

In  par t i cu la r ,  we can take  I  =  ($  and D a  nonpr inc ipa l  u l t ra f i l - -

=.+

ter  on RI .  Then i t  fo l lows eas i ly  that  i  I

i s  a  comp le te  1oca1  r i ng .

With  these prepara t ions  we can g ive  a  non-s tandard  eharac-

te r iza t io re  o f  the  AP- r ings .

(  3  . 2  . l )  P l e p o s r t i  o n '  L e t  ( A  , m ;  b e  a  n o e t h e r i a n  l o c a l

r ing .  Denote  by  *A an 'e lementary  ex t -ens ion  o f  A  and assume tha t

t f*A iu  X, -  saLurated.  Then A is  an AP-r ing i f f  the fo l lowing con-
J

d i t i on  (+ )  i s  sa t i s f i ed :  "  Fo r  eve ry  sys tem o f  po l ynomia ls

F = ( F 1 r . . i r r ' m ) € A I Y J t ,  w h e r e  Y = ( Y ] r " " Y r r ) ,  f o r  e v e r y  n a t u r a l  n u m ;

ber  c ,  and  fo r  eve ry  i ean ,  i f  F (p ( f ) )=0  then  the re  ex i s t s  y€*An

sueh that  f  (y)=O and y=!  mod r tooe" '

P r o o f .  A s s u m et h a t  ( A , m 1  i s  a R

i . € . ,  t h e r e  e x i s t

x t /  i  and  thus  A-- '  t€m

AP-r ing  and the  cond i t ion

a system of PolYnornials

l .1m
<_
ieB,I

( + )  i s  n o t  f u l f i l l e d '
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r = ( F I r . . . r F * ) e  n [ y J m ,  Y = ( Y x r . , . r Y n ) ,  a  n a t u r a ]  n u m b e r  c ,  a n d  s o -

ne  ' € tn  such  tha t  f (p (v ) )=O 'and  fo r  eve ry  yeanr  . y / f  nod  *_T"

i f  f ( y )=O.  S ince  A  i s  an  Ap- r i ng ,  A  sa t i s f i es  (Sep)  and  hence

there is  a  funct ion i ;  0 f -+0[  a t tached to  F wi th  the corresoonding

p r o p e r t y  ( s e e  ( 2 . 1 ) ) .  L e t  d = { ( e )  a n d  d e n o t e  b y  {  t h e  s e n t e n c s - ] i 6

the language L extended wi th  ind iv i fua l  constants  na* i r rg  the

e lemen ts  o f  A ,  abb rev ia ted  as  fo l l ows :

OilrCi l=0 rnoe ryd -t(sy)r(y),=oAy=i nod 4"

tha t  f

and y;!

S ince  *A is  an  e lementary  ex+-ens ion  o f  A ,  i t  fo l lows

i s . t r u e  o n  o A .  T h u s  t h e r e  e x i s t s  - y e * A n  s u c h  t h a t  f  ( y ) - : O '

saturat ion property of  *A

p r e v i o u s  i n p l i c a t i o n .

c o n d i t i o n  ( + )  i s  f u l f i l l e d

i s  n o t

F

n o d  m - .  C o n t r a d i c t i o n ! r
t t ,r l ,et  us remark that  the F|1 -

necessary  fo r  the  proo f  o f  the

Converse l ; r r ,  supDose tha t  the

a n d  A  d o e s  n o t  s a t i s f y  ( S A p ) ,  i . e .  t h e r e  e x i s t  F = ( F 1 r . . . r f J e A [ Y ] * ,

I  =  G l r . . . r Y n ) ,  a n d  a  n a t u r a l  n u n b e r  e r ,  s u c h  t h a t  f o r  e v e r y  n a -

tu ra l  number  i ,  there  ex is ts  ]eAn such tha t  F( t )=O mod mi  and fo r

e v e r y  y € A n ,  f f v  m o d  + "  i f  F ( y ) = o .  L e t  u s  c o n s i d e r ' t h e  c o u n t a b l e

sys tem o f  . fo rmulas  in  the  language.  L  ex tended w i th  ind iv idua l

c o n s t a n t s  n a m i n g ' t h e  e l e m e n t s  o f  A ,  a b b r e v i a t e d  a s  f o L l o w s :

Y1 (X) : = "F (x) =O mod girtt+r)f (Y) =O + YfX rood qe"

Since AF( fX)91 (X)  fo r  every  na tura l  number  i - ,  the '  cons i -

d e r e d  c o u n t a b l e  s y s t e m  i s  f i n i t e l y  s a t i s f i a b } e  o n  A ,  a n d  h e n c e

o n  * A ,  b € e a u s e  a  i s  a n  e l e m € n t a r y  e x t e n s i o n  o f  A .  S i n c e  t r A  i s

t / '  . . r,

X r -  s a t u r a t e d  i t  f o l l o w s  t h a t  t h e r e  e x i s t s  x € t A n  s u c h  t h a t



r (x) .* f ,
y €*An of

t y p e .

i . € . f (p (x ) )' =O and xfy mod *nc f or 'each soluti on

F .  C o n t r a d i c t i o n !

t 2 -

ass ign  to  them types  by  the  fo l low ing  ru le '

a  t y p e ,  k ) 1 ,  a n d  M  i s  a  s e t  o f  k - t u P l e s

Q . E . D .

( 7 , 3 1  S i n c e  t h e  f i r s t  o r d e r  p r e d i c a t e  c a l - c t i l u s  s e e m s

'- t^-o be not adequate enough for the rpork;wi th formaL power ser ies,

we shan use fo r  th is  purpose the  rne thods  o f  nons tandard  ana ly -

s is  o r r  as  we shou ld  ra ther  say  in  our  case,  i f  nons tandard  ar i t -

hmet ic ,  deve loped i  by  A .Rob inson (241 ,  [Z l l  .  Theor inq lps l  fae t

w e  s h a l l  u s e  i s  t h e  e x i s t e n c e  o f  n o n s t a n d a r d  m o d e l s  w i t h  g o o d

satura t ion  proper t ies  o f  an  arb i t ra ry  mathenat ica l -  s t ruc tu re ,

fo r  a  h igher  o rder  language.  The reader  who is  no t  ye t  acqua in ted

with nonstant iarCarguments may consuft '  [Zq] r  or  [ fZJ ,  or  [ZO] .  I {e-

r e  w e  s h a l l  e x p l a i n  o n l y  s o m e  b a s i c  f a c t s  d i r e c t l y  r e l a t e d  t o

the  concre te  contex t  o f  the  present  paper .  Le t  us  remark  tha t

another f rarnework which seems to be adequate too for our purpose

i s  t h e  s o  c a l l e d  t o p o l o g i c a l -  n o d e l  t h e o r y  ( s e e  f Z e ]  ) .

( 3 . 4 )  F i r s t  l e t  u s  g i v e  s o m e  p r e l i . n i n a r i e s  c o n c e r n i n g

the  h igher  o rder  nons tandard  mode ls .  Fo l low ing  A.Rob insonn the

h igher -order  s t ruc tu res  and h igher -order  languages may be  founded

on the  no t ion  o f  a  type .

T h e  c l a s s . T  o f  t y p e s  i s  d e f i n e d  i n d u c t i v e l y  a s  f o l - l o w s :

i ) 0 i s a t y p e .

i i )  I f  t 1 r . . . , t k r k > ] ,  a r e  t y o e s ,  t h e n  ( t l r . . . 1 t t r )  i s  a

i i - i )  T  i s  t h e  s m a l l e s t  c l a s s  s a t i s f y i n g  i )  a n d  i i ) .

Le t  X  be  a  non-empty  se t .  To  the  e lements  o f  X  we ass ign

the type 0,  and then

and at  the sane t ime

I f  t = ( t 1 r . . . , t g )  j - s

w e  i n t r o d u c e  t h e  a d m i s s i b l e  r e l a t i o n s  i n  X
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a  r e l a t i o n  o f  t y p e  t .  F o r

a .  s u b s e t  o f  X x X  i s  o f  t y p e

o f  X * X  i s  o f  t Y P e  (  ( 0 , O )  ) .

t ypes  I  O.  For  every  teT we

of  type  t  bu i l t  up  f rom X.

a  r e l a t i o n  o f  t y p e  ( t ) .

$_=M(M1: I€T)  i s  a  fan i l y  o f  se ts  indexed by  T  sueh tha t  fo r  some

noneropty  set  X,  every LIU is  a  subset  o f  Xa subject  to :

Mo=Xo=X' ,  and f  or  every t l } ,  t=  ( t l ,  .  .  .  ,  tk )  ,  k ) l ,  i f  AeL{1 and

of l{ are

a r e  c a 1 l e d

whenever

( M 1 r . . . , M t r ) ,  w h e r e  M i  i s  o f  t h e  t y p e  t i ( i = 1 , " ' r k ) 1  t h e n  M  i s

e x a m p l e ,  a  s u b s e t  o f  X  i s  o f  t Y P e  ( 0 ) ,

( 0 , 0 ) ,  a n d  t h e  s e t  P ( X * X )  o f  s u b s e t s

Observe  tha t  the  emPtY se t  has  a l l

d e n o t e  U V  X t  t h e  s e t  o f  a l l  r e l a t i o n s

T h u s  % . = X '  
X  

{ o ) = P ( X ) ,  
a n d  X t  i s  i t s e l f

A higher-order strueture or s i loply a s t ructure

( A 1 r . . . 1 A p ) e A ,  t h e n  A ; e M * .  f o r  i = l r . . . 1 k .  T h e  e l e m e n t s
r  , " i

ca11ed the  en t j - t ies  o f  M.  The en t i t ies  o f  Id  o f  type  0

the  ind iv idua ls  o f  l I .  A  s t ruc tu re  M is  sa id  to .  be  fu1 ]

Ma=X*  fo r  a lL  t€Tr  where  X=Mo is  the  se t  o f  the  ind iv idua ls  o f  M

and Xa is  the  se t  o f  a l - l  re la t ions  o f  t ' ype  t  based in  X

Denote  by  L=L(14)  the  fo rmal  language:o f  h igher  o rder  p re-

d ica te  ca lcu lus  over  the  s t ruc tu r€  l , { .  Th is  language conta ins  names

f o r  t h e  i n d i v i d u a l s  o f  M , a s  w e l l  f o r  a l - ]  e n t i t i e s  o f  h i g h e r  t y p e

i . ,  U .  S tar t ing  f rom these cons tan ts  o f  the  language and f rom a  Ia r -

ge enough supp. ly of  var iables,  the fonmulas of  the language T, are

bu i l t  up  i -n  f in i te ly  many s tepsr .  sccord ing  to  the  ru les  o f  p red i -

c a t e . c a l c u l u s ,  r v i t h  t h e  h e l p  o f  t h e  l o g i c a l  c o n n e c t i V e s  a n d  q u a n -

t i f i e r s .  Q u a n t i f i c a t i o n  i s  p e r n i t t e d  n o t  o n l y  w i t h  r e s p e c t  t o  i n -

d i v i d u a l s  b u t  a l s o  w i t h  r e s p e e t  t o  e n t i t i e s  o f  a n y  g i v e n  t y p e .

A h igher -order  nons ' la4rdard  mode l  o f  the  s t ruc tu re

l { { (Mt : t€T)  is  a  s t ructure 
*y=*y(* lv lq : teT)  sat is fy ing the fo l lowing

n r i n e i n " l e  o f  p e r m a n e n c e :  E v e r y  m a t h e m a t i c a l  s t a t e m e n l  Y a o o u u  I \ i rv ^ 4 - - v + v * v  p e r m a n e n c e :  E v e r y  m a t h e m a t i c a l  s t a t e m e n t  I  a b o u t  I [ ,

e x D r e s s e d  i n  t h e  l a n g u a g e  L ,  h a s  a n  i n t e r p r e t a t i o n  
# f  i n ' * M '  a n d
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* f  i "  t rue  i n  *M i f f  Y  i s  t rue  i n  M-

fh is  in terpretat ion is  made accord ing to  the fo l lowing

- -  r .u les:

i )  T h e  i n t e r p r e t a t i o n  o f  t h e  l o g i e a l  c o n n e c t i v e s  i s  t h e

usua l  one .

i i )

an ent i ty  *a

To every ent i ty  a  in  l (  o f  type t  there corresponds

in n l f  o f  the sane type t .

"  t he re  ex i s t s  x  o f  t ype  t "  i s  i n te rp re ted  in  *M
1 1 L )

as "  there  ex is t  *e*Mt  " ,  and s in i la r l y  fo r  "  fo r  a l l -  x  o f  t ype  t "

The mapping a F-+'b of  the ent i t ies of  U- into the ent i t ies

o f  *M is  eas i l y  seen to  be  one to  one and de f ines  an  embedd ing  o f

M  i n t o  " M .  T h e  e n t i t i e s  a  o f  M . a r e  f r e q u e n t l y  i d e n t i f i e d  w i t h
* 1

the  eor respond ing  en t i t ies  ' *a  o f  *S ,  and we wr i te  .Mt . "Mt  ( teT)  r

i f  n o  c o n f u s i o n  i s  p o s s i b l e .

A nonstandard nodel  *Y of  ry= need not be ful l  even i f  M

e n t i t i e s  o f  {  i - n t e r n a }  a n d  t h e  r e f  a t i  o n sis  fu l l .  The en t i t ies  o f  (M are  ca l - led  j -n te rna l  and

o f  C x ) r $ u * .  w h e r e  { t x ) a  d e n o t e s  t h e  s e t  o f  a l l  r e l a t i o n s  o f  t y p e

t  based on  {X=t l ' i ^ r  a re  ca l1ed ex terna l .  An  en t i t y  a  o f  xM wh ich

b e l o n g s  t o  l I ,  i . e c  o = ' b  f o r  s o m e  e n t i t y  b  i n  M ,  i s  c a l l e d  a  s t a r y

dard  en t i l y  o f  {1 , { .

For  the  conere te  purpose.s  o f  the  present 'work  the  h igher -

order  nons tandard  mode ls  a fo re  de f ined are  no t  con ip rehens ive

enough.  We need an  add i t iona ]  sa tura t ion  proper ty .  Th is  p roper ty

is  concerned w i th  in te rna l -  b inary  re la t ions  in  a  nons tandard  modeL

*U of ryt.
Let  R be a b inary  re la t i .on in  a  h igher-order  s t ructure N.

L e t  a  b e  a n  e n t i t y  i n  N . ' f f  t h e r e  e x i s t r  b  i n  N  s u c h  t h a t  R ( a , b )

h o ] d s  i n  N r  t h e n  a  i s  s a i d  t o  b e  i n  t h e  9 g + u i +  o f  R .  T h e  r e l a t i o n

R i s  sa id  to  be  concur ren t  o r  f i n i t e l y  sa t i s f i ab le  on  a  subse t  A
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of  the  domain  o f  R i f  fo r  a rb i t ra ry  f in i te ly  many e lements

" 1 , . . . l o p  
i n  A  t h e r e  e x i s t s  b  i n  N -  s u c h  t h a t  t h e  r e l a t i o n s  n ( a 1 , b )

h o l d  s i r n u l t a n e o u s l y  i n  N  f o r  1 < i < k . '

The h igher -order  s t ruc tu re  N is  caL lec l  I ( -sa tura ted  i f
t

fo r  every  admiss ib le .b inary  re la t ion  R in  N. ,  wh ich  is  eoncur ren t

on  a  countab le  subset  A  o f  the  dona in  o {  R,  there  ex is fs  an  en t , i -

t y  b  i n  N .  s u e h  t h a t  n ( x , b )  h o l d s  i n  N  f o r  a l l  x € A .  O b s e r v e  t h a t

the  re la t ion  R is  requ i red : to  be  an  en t i t y  o f  , - l I .  However  
lh r  

sub-

se t  A  ora  wh ich  R is  regu i red  to  be  concur ren t  i s  no t  necessar i l y

an  en t i t . y  o f  N ;  the  on ly  res t r i c t ion  is  concerned w i th  the  car -

d ina l i t y  o f  A .

A natural  way

of a structure I1, which

powers .  < \
I
\ tn , t " ,  i f  I  is

to  ob ta in  h igher -order  nons tandard  mode ls
i l

are  a  -  sa tura ted  is  by  means o f  u l t ra -

an  in f in i te  se t  and D is  an  u l t ra f i l te r  on

f  ,  the structur .  * \ {=fuf  fur t  ter)  ,  where*Ma= t t /o,  is ,  by Los' theo-

r e *  [ f Z J ,  I . 5 n ,  a  h i g h e r - o r d e r  n o n s t a n d a r d  m o d e ]  o f  1 4 .  I f  ,  i n  a d d i -

t i o n ,  t h e  s e t . M o  o f  t h e  i n d i v i d u a l s  o f  y .  i s  i n f i n i t e  a n d  t h e  u l t r a -

f i l t e r  D  i s  J -  i n c o m p l e t e ,  t h e n  * p , , t  i u  a  p r o p e r  
{ - " " t , r r a t e d  e x -

tens ion  o f  D l  t fZ l  Theorem 1 .6 .4 .  0n  the  o ther  hand,  fo r  every  in -

f i r d t e  s u b s e t  A  o f  M  o f  a  c e r t a i n  t y p e ,  t h e  s t a n d a r d  s e t  x A  o f  x M

sat is f ies  14r61pf  and *A rA  is  ex te rna l  f1? ]  Theorem 1 .4 . f  .

( 7 . 5 )  N o w  l e t  u s  a p p l y  t h e  g e n e r a l  t h e o r y  a f o r e  s k e t c h e d

t o  a  m o r e  c o n c r e t e  p r o b l e m .  L e t  ( A , g t )  b e  a  n o e t h e r i a n  c o m p l - e t e  ] o -

e a l  r i n g  a n d  k = A , / * , i t s  r e s i d u e  f i e l d .  B y  s t r u c t u r e  t h e o r e m  o f  n o e - '

ther ian  comple te  loca l  r ings  we have *n  [x ] t  , /u ,  where  R is 'e i ther

t h e  f i e l - d  k  o r  a  c o m p l e t e  d i s e r e t e  v a l u a t i o n  r i n g  o f  c h a r a c t e r i s t i c

O ,  w i t h  t h e  r e q i d u e  f i e l d  k ,  a n d  X = ( X 1 r . . .  r X " ) .  L e t  u s  d e n o t e  b y

{  
=M(M1: teT) .  the  fu l l  h igher -order  s t ruc tu re  hav ing  as  se t  o f  in -
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dis jo in t  un ion R UIN-

set  lN of  natura l  numbers,  the r ing T of  in-

A  o f  ra t i ona lsn  the  r i ng  R  and  i t s ' i dea lsn

the  r i ng  R [ f ] [  ana  i t s  i dea ls ,  t he  e lemen ts  o f  n  [ x ]  ,  e te .  a re

ent i t j .es  of  cer ta in  types o, f  the s t ructu""  Y ' .  S ince the factor

r ing A = n IXI /a is completely deterurined by the ideal a.,  we

i o * f ' t n "  r i n g  A  a n d  i t s  i d e a l s ,  8 s  w e f l  u u  f n "

r i .ngs of  formal  power-ser ies a [y j l [Z ] ,  whe: :e  y=(y1 , . . .  ryo) ,

Z= , (21 r . .  .  rZu )  t  e t c  as  en t i t i es  o f  f / 1 .  The  eva lua t ion  fune t ion

a f iyffzj* TAt x Ae--+A: (f ty tz)r--+ f (y,z)

nay be  a lso  cons idered an  en t i t y  o f  the  s t ruc tu re  M.

Denote by *M={M(+Mt:  teT} a proper ry-  saturated

nonstandard  mode l  o f  
. y .

Le t  x0{ ,  *2 ,  nR,  *k ,  rA  
,  and +m be the  s tandard  en t i t ies

o f  *S  a t tached to  aL ,  z ,  R ,  k ,  A  and g .1 ,  fo l lows eas i l y  - tha t

* R  i "  e i t h e r  a  v a l u a t i o n  r i n g  w i t h  t z  a "  v a l u e , g r o u p  o "  
* k , ,  * A

i s  a  1 o c a 1  r i n g  w i t h  n m  i t s  m a x i m a l  i d e a l  a n d  w i t h  t h e  r e s i d u e

f ie ld \ .  {R may be ident i f ied wi th an unramif ied extension of  R

i n  t h e  s e n s e  t h a t  t h e  m a x i m a l  i d e a l  o f  * R  i s  g e n e r a t e d  b y  t h e  1 o - .

ca1 parameter ,  say  nr  o f  R .  Denote  by  (? r ) *  the  idea l  
l f  O,  

-Z i *n

( i f  n = k  t h e n  J t = 0  a n d  h e n c e  ( n ) * =  ( O ) ) ,  b y  i  t h e  f a c t o r  r i n g
tR/1n1*  and by  Por  

*R- - - - f i  the  canon ica1 sur jec t ion  ( i f  n= t< , then
^ r ! J P

R  = * R = - k ;  a n d  P o = l  { k ) .  t r f  R / k ,  t h e n  R  i s  a  d i s e r e t e  v a l u a t i o n

r ing  w i th  the  loca l  parameter  T t  mod (n ) -  and the  res idue ? ie fa  
-k .

The composi te morphism R - jp - I " - r f r  is  in ject ive and hence fr

m a y  b e  i d e n t i f i e d  w i t h  a n  u n r a m i f i e d  e x t e n s i o n  o f  R .  U l o r e o v e r ,

s ince  *R is  1 -  sarura ted ,  i t . fo l lows eas i ry  . tha t  f i :  + ie  f r /  ;  - .
iE frl 

tt* R
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and

a l l

Thus,  i f  R lk ,  we conclude that  f f  i=  a complete d iscrete va luat ion

ring and henc" f i .  i"  the Cohen R-algebra with the residue f ield *k;

the separabi l i ty  o f  the res idue f ie . ld  extension lkL fo l lows easi lv

from the fact that the embedding k''---:xk' is elementary'

s imi lar ly ,  A malz be ident i f ied wi th  a proper  subr inq of '  fA,

i
xs1 f lA=m. s ince A is  noether ian we conclude that  *ma=ma*A for

{ - - L ' l

i€0{. Denote by *t* the ideal 
I . f i t t  

of *A, by A the factor

sur jec t j -on .  I  i s  a

the  res idue f ie ld  
*k .

the composite morr:hiFm,

,(- ^'
t r - ->"A-- -+ i ,  i "  in ject ive.  Thus we may ident i fy  A wi th  a subr ing

of  f i ;  -  p  is  a  local  morphism of  A-a lgebras ' '

. x - /
r l -ng A /*^

I Laa

1ocal  r ing

S ince  A  i s

l\,

e , and by p: *A -4A the canonical

with its maximal ideal t$/,c*- and

noether ian ,  O t t  =  (0 )  and hence

fe ff,f-

( 3 . 6 )  p r b p o s i t i o n .  X  i =  a  C o h e n  A - a l g e b r a ,  i . e .  i  i s  a

noether ian complete local  A-a lgebra and A/* ;  is  a  separable

extension of  k=A/m-

proof . since T,o=ir w€ have iZ$=f,k and hence the seDarabil i t lz

condi t ion is  sat is f ied.  On the other  hand,  s ince a=R I f  XJ]  /9 . ,  where

x = ( X t , . . . , X = ) ,  a n a  i  i s  t h e  C o h e n  R - a l q e b r a  w i t h  t h e  r e s i d u e  f i e l d

*  k ,  we conclude that  the Cohen A-a lqebra wi th  the res idue f ie ld

*k is isomorphic to the factor r ins. i  tJxn / .  i . [x l l  '  s ince

* l -  
3*E- l  / rn?x* 

'where 
(3r ,x)-  = 

f^(n,x)  
i

and R'6xn 3*(n[xn ) /1n,xf  ,  i t  remains to shew that  f t " l  =f i '  [xn '

\  f  r f , -  i i - . , f l  r  r

since *tn 1txiJ I is X, -=..urated, v/e have n fxf =]ff i *(n fixn l/,tr*,i

i somorphic  ro  
H 

*n[xJ /  (o ,x) i *R[x ]  
z

. E 1 - e
I  I c L  L  I

r  ] .eao-

However  the last  { i .g  is

o

= l im  R
4-
ie0{

( w 1  /  i -  - g { [ x nL^r / (ir,; X) 
'R 

[X]
.  Observe that  we ident i f ied the r ing

of polynomials 
i f f t f r  

*Xb\a.p,-oper subrins of the internal r inq of
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in re rna l  pov /e r  se r i es  
* (n  

I xT  ) .  r ndeed  the  embedd ing  R [xJc  n [x ] ]

is natural ly extended to an j-nternal embedding {n txJ ) c x(R 
[xI L

and,  o i r  the other  hand,  the r ing *n[X]  mav be natura l ly  embedded

in the r inq " tngXl) '  o f  in ternal  po lynomia ls  in  X wi th  coef f ic ients

in  the  i n te rna l  r i ng  iR .

A .  E . D

.Now let us show that the fol- lorvinq statement may be seen as

' t he  nons tandard  equ iva len t  o f  Theorem 2 .5 .

( 3 . 7 )  T h e o r e m "  L e t  A ,  I ,  k ,  l 1  a n d  a I 4  b e  a s  a b o v e - .  L e t

F = ( F r r . . . r F m )  b e  a  s y s t e m  o f  f o r m a l  p o w e r  s e r i e s  i n  t h e  r i n c r

A [ z X  [ y ] ,  w h e r e  z = ( r L t . . . , 2 " ) ,  Y = ( " r , r . . r Y . ) .  L e t  x F = ( * u r , . . . , * F * )

.be the system of  in ternal  "power ser ies in  the - in ternal  r ing

* (O [Z ]  
tY j  )  a t t ached  to  F .  Then ,  f o r  eve ry  na tu ra l  number  c ]L ,  f o r

e v e r y  Z e m x A e  a n d  f o r  e v e r v  I  e  a t ,  i . f  F ( p ( Z ) ,  p ( y )  ) = O  t h e n  t h e r e

ex j - s t  , 6  ^ .oAe  and  y  € {An  such  tha t  x t ( z ry )=0  and  z=8 ,  y=y  mod

P"*o
Let  us show that  the s tatement  of  Theorem 2 .5  i -mpl ies the

s ta temen t  o f  Theorem 3 .+ .  Assume the  con t ra ry ,  i . e .  t he re  ex i s t  a

n a t u r a l  n u m b e r  c l r r  Z e  q  { a ' e  a n d  V  6  A n ,  s u c h  t h a t  r ( p ( Z )  ,  n ( f ) ) = 0

a n d  f o r  e v e r y  z  6  m  * A  a n d  f o r  e v e r y  y J a t  ,  ( z , y ) # ( Z , V )  m o d  f "  
* A

i f  xy (z ry )=0 ,  on  the  o the r  hand ,  acco rd ing  to  the  s ta temen t  o f

'Theorem 2 .5 ,  t he re  ex i s t s  a  na tu ra l  number  d=d (c )  such  tha - t  t he

fol lowing sentence I is true in the structure 1.1:

. f  :  = ( i f  Z e *e") ($ y € An) r '  (Z,V) =0 mod nrd

( ' 1  z e  m a e )  ( g v : € A n ) E ( z , Y ) = 0  A ( z , Y ) = ( Z , f )  m o d '  m c .

S i n c e  f  ( p ( Z ) ,  p ( f )  ) = 0  i m p l i e s  " f , ( Z , i ) = 0  * o d  * d ^ A ,  i t  f o l l o w s  b y  t h e

permanence pr inc ip le  that  there ex j -s t  z€11r  *A" ,  
] ,  € f ,An such that

.. l t i  *r  f '  ( z  ,  y )  =0  and  ( z  , y )  =  (2  , i )  mod  mc  
*A ,  

wh ich  q i ves  a  con t rad i c t i on .

Thus  we  showed  tha t  t he  s ta temen t  o f  Theorem 2 .5 . imp l i es  the  s ta te -
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men t  o f  Theorem 3 .7 .

'  
Conversely ,  le t  assume that  the s tatement  of  Theorem 2.5 is

fa l se ,  i . e .  t he re  ex i s t s  a  na tu ra l  number  c \ .L ,  such  tha t  f o r  eve ry

natura l  number j - ,  there ex is t  U E * l 'e  and y€ An subject  to :

F ( 2 , ! ; ) = 0  m o d  m i  a n d  f o f  e v e r y  z e  g A e  a n d  y €  A n ,  ( z , y ) i \ , i )  m o d  m c

i f  r  ( z , y )=0 .  By  X r -sa tu ra t j - on  o f  * I ,  we  conc lude  tha t  t he re

exist 2 , y {Ae and } 6ran such that r t  (2,--y) =0 mod mi xA for every

na tu ra l  number  L ) . r  and  fo r  eve r l z  
"e  

m*A€  and  y€hn ,  k , y )# (z , y )

m o d  _ T c x a  i f  { F ( z , y ) = O .  H o w e v e r  x v ( 2 , 9 ) = 0  m o d  r f  x a  f o r  a l l  i € 0 {

i m p l i e s  r ( p ( 7 ) ,  p ( f )  ) : 0 ,  a n d ,  b y  t h e ' . s t a t e r n e n t  o f  T h e o r e m  3 . 7 ,  v l e

conc lude  tha t  t he re  ex i s t  
"e  I l *A  ,  y  < *A t  sub jec t  t o  EF(z ,y )  =0  and

( z r y ) = ( i , j 1  m o d  m c * A ,  i . e .  a  c o n t r a d i c t i o n .

( 3  . 7  . l )  C o r o l l - a r r z .

above.  Then for  every 2 e
' - . 4

there ex is t  z  e m?- and

- _ -
P  ( y )  = y .

Let  A ,  m,  k ,  11 , ,  F ,  * \ r ,  *F ,  i  and  p  as  -

T " "  a n d  f o r  e v e r y  i e  I t ,  i f  F ( ? , i ) = o  t h e n

y €  t A n  s u c h  t h a t  r 1 ( z , y ) = 0  a n d  p  ( z ) = i ,

Th is  co ro l l a rv  i s  equ iva len t  w i th  Theorem (3 .7 ) .  f ndeed ,  I e t

2 , j  b e  i n  * A . s u c h  t h a t  p ( 2 ) = 2 ,  p ( y ) = i .  B y  ( 3 . 7 ) ,  e v e r v  f i n i t e

subsystem of  the fo l - lowing countable system of  equat ions and

COngirUenCeS

( S )  F ( Y ,  Z ) = 0 ,  Z = t ,  V = f  m o d  m c  i s  c o m o a t i b l e  i n  { A .  T h u s  S  i s

compat ib le in {A (  l . f  Ueing Yr-="turated) and a'  solut ion of  i t

sa t i s f ies  our  cond i t ions . .

The Theorem 3.7 may be seen as the nonstandard equiva lent  o f

P f i s te r -Popescu  theo rem.  A  spec ia l  case ,  where  ' I  i "  a i ven  by  an

ul t rapower indexed'by the set  lN of  natura l  numbers wi th  respect

to  a nonpr inc ioa l  u l t ra f i l ter ,  is  considered by Popescu in  LZt l  .
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5  4 .  Ex i s ten t i a l l y  comp le te  morph isms

A basic  concept  of  model  theory is  the ex is tent ia l  completeness

This  sect ion is  devoted.  to  apply  th is  concept  and some genera l  re-

la ted resul ts  to  the concrete f famework of  r ing theoiy .

( 4 . 1 )  p r g l i m i n a r i e s .  L e t  L  b e  a n  a r b i t r a r y  f i r s t  o r d e r  l a n -

guage.  The L-st ructures are sets  equinped wi th  cer ta in  in terpre-

ta t ions of  the constant  symbols,  funct ion symbols and re la t ion

symbols.  A morphism u:A-*5I l  between two L-st ructures is  an in ject ive

map which oreserves the correspond. ing in terpretat ions of  constant ,

funct ion and re la t ion svmbols of  the lanquaqe L.  A specia l  ment ion

for  the preservat ion of  re la t ion symbols j  i f  R is  a  re la t ion

s y m b o l  w i t h  n  p l a c e s  a n d  a = ( a l r . . .  r t . )  €  A n ,  t h e n  A  F R ( a )  i f f

B  FR(u (a ) ) .  t {  t  i s  a  theo ry  i n  t he  l anguage  L ,  t hen  the  ca tego ry

of  models  of  T is  a  category whose objects  are the L-st ructures

which are models  of  T and whose morphisms are L-st ructure morphisms.

A  morph ism u :A - - - -+B  o f  L -s t ruc tu res  i s  ca1 led  ex i s ten t i a l l y

complete (we can a lso say that  A is  ex j -s tent ia l ly  complete in  B)

j - f  w h e n e v e r  . f  t x r r . . .  r X n )  i s  a n  e x i s t e n t i a l  f o r m u l a  i n  L ,  d I r . .  r a n

a r e  e l e m e n t s  i n  A ,  a n d  B  s a t i s f i e s  { ( a f  , . . . , . . r ) ,  t h e n  A  s a t j - s f i e s

. P ( a r r . . . r d n )  t o o .

A pr imi t ive formula is  a  formula in  T: renex form whose pref ix

conta ins only  ex j -s tent ia l  quant i f iers  and whose matr ix  is  a  con-

junct ion of  a tomic formulas and negated atomic formulas.  Everv

exis tent ia l  formula is  Iog ica l ly  equiva lent  to  a d is junct ion of

pr imi t ive formulas.  Consequent ly ,  ex is tent ia l  formulas could be

replaced by pr imi t ive formulas in  the precedinq def in i t ion of

ex j -s tent ia l  completeness

A ver lz  usefu l  resul t  concern ing ex is tent ia l  completeness

i s  S c o t t ' s  l e m m a  ( s e e  [ O J ,  l e m m a  8 . 1 . 3  a n d  c o r o l l a r y  9 . 3 . 1 1 ) :
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(4 .1 .1 )  Lemma.  A  morph ism o f ' L -s t ruc tu res ,  u :A . - - -+B  l s  -1 ,

ex is tent ia l ly  complete i f  there ex is ts  a -morphism of  L-s t ructur-es

v f rom B in to an u l t rapower *a=Ar/o 
such that  i - -vu,  where i  denotes

the canonica l  embedding c f  A in to *A.
' . 1

(4 .2 )  Le t  L  be  the  f i r s t  o rde r  l anquage  o f  r i ngs .  rn  the

theory of  r ings,  each pr imi t j -ve formula is  equivarent  to  ohe of

the form

e s
(Jx )  A  f  . ,  ( x , y )  =0  A  n  g+  (x  , y )  *0

i = l  
+  

j = I  J

w h e r e  f r ( x r y )  f o r  i = I r . . . r e  a n d  g .  ( x r y )  f o r  j = I  , . . . 7 s ,  a r e  1 ? o l . y -

n o m i a l s  i n  v a r i a b l e s  * = ( x I r . . . r X n )  a n d  1 z = ( y t r . . . , y m )  w i t h  i n t e s e r

coef f ic ients

consequen t l y ,  a  r i nq  morph ism u :A  ->B  i s  ex i s ten t i a l - I v

complete i f  for  arb i t rary  f in i te  systems F= (Fr ,  .  .  .  ,Fe)  and G= (G1,  . .  rG=)

o f  p o l y n o m i a l s  i n  a [ x ] ,  w h e r e  * = ( X t r . . . , X n )  a r e  v a r i a b l e s ,  t h e

system of  equal i t ies and inequal i t ies

,  
F t ( x ) = . , . = F u ( x ) = 9 ,  G l ( x ) 1 0 , . . . , G " ( x ) 1 0

has  a  so lu t i on  i n  A  i f f  i t  has  one  i n  B .

(4 .2 .L \  Rema5k .  f f  t he  r i ng  morph ism u :A - - -+B  i s  ex i s ten t i a l l v

.  complete then the fo l lowinq hold:

i )  u  i s  a lgeb ra i ca l l y  pu re .

i i )  A is  an j -n tegra l  domain i f f  B j -s  sor  and in  th is  case the

f i e ld  o f  quo t i en ts  O  (A )  o f  A  i s  ex i s ten t i a l l y  comp le te  i n  t he  f i e ld

o f  q u o t i e n t s  0 ( B )  o f  B

i i i )  A  i s  a  r e d u c e d  r i n q  i f f  B  i s  s o .

iv)  A f in i te ly  generated ideal  a  in  A is  generated by m e lements

i  4 1  s l )  . i  ^  a ^ * ^ - r J . ^ J  l - . .  -  ^  1  ^ * ^ - ! -  & ^ ^
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(4 .2 .2 )  Remark .  Le t  u :A -+B  h re  an  ex i s ten t i a l l y  comp le te  r i ng

\ -;1rorphism 
and C an A-algebra which is free as A-modul ( in part icular

S: can be a polynornial A-algebra) . Then the induced morphism u':C--rff i1C

4 : , * ; j - -+  i s  ex i s ten t i a l l y  comn le te .  f ndeed ,  bY  (4 .1 .1 )  t he re  ex i s t

an e lementary extension i :A >xataI /O and an in ject ive r ing

morph ism v :e - - - -+h  such  tha t  i =vu .  Le t  8  = { " i 1  
i € I  

be  a  base  o f  C

over  A and i - t :C - - -+*C r=Ca/^  the canonica l  e lementary morphism.
' L )

CIear Iy ,  i '  maps E on a system {A- l inear ly  independent  of  *C and

s o  t h e  m o r p h i s m  v ' : B  @ , C  - - - - > * C  q i v e n  b y  Z b , 8  . i  * > Z v ( b i ) i ' ( e r )- ! - - -___--  -  -A r -

i s  a n  i n j e c t i v e  o n e  a n d  s a t i s f i e s  i ' = v ' : u ' -  B y  ( 4 . 1 . I ) ,  u '  i s

ex is tent ia l ly  comPlete.

(4 .3 )  Le t  us  cons ide r  t he  pa r t i cu la r  case  o f  f i e l d  ex tens ions .

In  the theory of  f ie lds,  each pr imi t ive formula is  equiva lent  to

one of the form

e
6 x )  A .  t t  

(x ,  Y)  =o
l-= r

where  each  f r . ( x r y )  i s  a  po l ynomia l  i n  va r i ab les  *= (x l ,  " .  r xn )  and

y = ( y l r . . . r y * )  w i t h  i n t e g e r  c o e f f i c i e n t s .  I n d e e d ,  t h e  i n e q u a l i t y

z*0 is  equiva lent  in  the theory of  f ie lds wi th  the formula

Fx )xz -1=0 .  Consequen t l y ,  a  f i e ld  K  i s  ex i s ten t i a l l y  comp le te  i n

a  f i e ld  ex tens ion  L  i f f  K  i s  a lgeb ra i ca l l y  pu re  i n .L .  Acco rd inq  to

lZg I  Theorem 2 . I . ,  a  f i e ld  K  i s  ex i s ten t i a l l y  comp le te  i n  a  f i e ld

ex tens ion  L  i f f  t he  ex tens ion  L /K  i s  requ la r  ( i . e .  K  i s  a lgeb ra i ca l l y

c losed in  L and f , / f  is  separable)  and each absolute ly  i r reducib le

var ie ty  over  K which has an L-rat ional  po int  has a K-rat ional  po int -

(4 .4 )  Now le t  us  cons ide r  t he  spec i -a l  case  where  L  i s  a  f i n i -

t e l y  genera ted  f i e ld  ex tens ion  o f  K .  Deno te  bv  S=S( i , / x )  t he  se t  o f

those p laces of  L  which are t r iv i -a l  on K.  We cal l  5  the Riemann
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- - f - -space o f  L /K .  The se t  S  is  non-emoty ;  fo r  ins tance '  the  j -dent i t y

1,  of  L belongs to S r f  P is a member of  S ,  then the residue
L

. f i e l d  L .P  i s  a  f i e ld  ex tens i -on  o f  t he  base  f i e ld  K .  f f  x  i s  a

subset  of  L  r .  1et  us denote by 5 ix  the subset  o f  5 '  
-consi -s t ing 

of

those p laces P€5 for  which the e lements of  x  are holomorphic  at  P,

j - .e .  x  is  conta ined in  the va luat ion r ing tn  at tached to P.  We have

1,  € S* for  a l l  subsets x  of  L .  The Riemann space S of  l l fx  admi ts
t ,

a  Zar isk i  topoloqy wi th  a bas is  of  open sets  g iven hy the fami ly

(Sx) , where x rangies over the set of al ' l  . f  inite subsets of L. Denote

by ! -= 3t l / r )  the subset  o f  5  consis t ing of  those p laces P e S which

a re  ra t i ona l  ove r  K ,  i . e .  L .P=K.  We.ca I I  3  t f r "  K -R j -emann  space  o f

-  a ' L

L /K .  Le t  3 *=  S  n  5x  where  x  i s  a  subse t  o f  L .

(4 .4 .1 )  p ropos i t i on .  Le t  f , /X  be  a ,  . f i n i t e l y  genera ted  f i e ld  - . .  , -

extens ion.  Then t t re  fo l lowing asser t ions are equiva lent :

a )  K  i s  ex i s ten t i a l l y  comp le te  i n ' "L  ' ' : " .  " '
N

b)  5  i=  dense in  S ,  i .e .  3*  i s  non-empty  fo r  ever lz  f in i te . .

subset  x  o f  L .

Proof .  a)  impl ies b) :  Assume that  K is  ex is tent ia l lv  compl-ete

subse t  o f  L .  T f  
' 3  * ' .  

i =  non -emnty  fo r

ex tend ing  x ,  t hen  c lea r l y  5x  i s  non -

i f  convenient ,  by adding f in i te l l r  many

m a y  a s s u m e  t h a t  x = ( x l r . . .  r * r r )  i s  a

i . e .  L = K ( x ) .  D e n o t e  b Y  V  t h e  a f f i n e

point  over  K is  x .  Now we envj -sage V

system of  po lynomia l  equat ions over

x=  (X ' ,  .  .  .  ,X r , )  and  f  i €  K  [ x ]  .  S ince  x

x is  a  s imple poj -nt  on V,  and hence

o f  o rde r  n -d im(V)  o f  t he  Jacob ian

h  ( x )  1 0 .

i n  L ,  and  l e t  x  be  a  f i n i t e

some f i n i t e  subse t  x '  o f  L ,

empty.  So we may enlarge x ,

e lements of  L .  Therefore we

s l r s tem o f  genera to rs  o f  L l x ,

mode l  o f  n f x ,  whose  gener i c

as being def ined by a f in i te

f  ,  ( X )  = 0  f o r  i = r ,  .  .  .  1 t ,  w h e r e
l_

a gener ic  po in t  o f  V  over  K ,

t h e r e  e x i s t s  a  m i n o r  h e  K [ X l

v .

I J

a f .
,  I .

m a . r f x  ( ? x -  I  t s i < r
J  r ( j _ < n

such that



a =

' : '

Ehus the fo l l -owing ex is tent ia l  sentence in  the languaqe L

extended with constants whi-ch are names for the elements of K:

r
q  : = ( l X ) l r t r ( x ) = o  n  h ( x ) l o

i s  t rue on L.  S j -nce,  bY hyoothesis  K is  ex is tent ia l  complete in  L,

we  conc lude  tha t  q  i s  t r : ue  on  K  too ,  i . e .  t he re  ex j - s t s  b€Kn ,

s u b j e c t  t o :  f r ( b ) = 0  f o r  i = I r . . . 1 t  a n d  h ( b ) 1 0 .  f t  f o l l o w s  t h a t  b

is  a K-rat ional  s imple point  on V.  By a weI I  known resul t  o f  the

algebra ic  aeometry  (see,  for  instance [ tg l  Coro l lary  A3)  t f re  spe-

c ia l izat j -on x  -> b can be extended to a K-rat ional  p lace P of  L .

So we obta ined a p lace P belonglng to  the set  9" .

b)  impl ies a)  .  Assume that  ,3"  is  non-empty for  every f in i te

subset  x  of  L .  We have to  show that  K is  ex is tent ia l ly  complete

in L r  oT equiva lent ly ,  L  is  a lgebra ica l ly  Dure over  K.  S ince

L-  U X5"3,  where x  ranges over  the set  o f  a l l  f i -n i te .  subsets of
x

L ,  i t  su f f i ces ,  by  (2 .2 )  i v ) ,  t o  show tha t  t he  canon ica l  morph i - sm '

K  +  f  [ x ] ,  where  x  i s  an  a rb i t ra ry  f i n i t e  subse t  o f  L ,  admi t s  a

ret ract .  S ince 3"  is  non-emptyr  there ex is ts  a t r lace P of  t ' fX

sub jec t  t o :  K [x ] .0 ,  and  L .P=K.  Then  the  res t r i c t i on  o f  P  to  K [x ]

i s  a  re t rac t  o f  t he  s t ruc tu re  morph ism K-+K [xJ .

0 .  E . D .

( 4 ; 4 . 2 )  C o r o l l a n .

f i e ld  ex tens ion .  I f  K  i s

g^  a re  i n f i n i t e  f o r  a l l

Let  L /k  ne a proper  f in i te ly  generated

exis tent iaK complet  in  L then the sets
d

f i n i t e  subse ts  x  o f  L .

a- *.

Broof .  Suopose that  S^ is  f in i te  for  some f in i te  subset

v : r v  v  )  o f  L .  B y  ( 4 . 4 . I ) ,  t h e  s e t  ! x  i s  n o n - e m p t y .  L e t^ - t ^ l t . . . l ^ n l  v !  u .  \ r . ! ' * / t

- ! x
. . . r P e ( e > f )  b e  t h e  m e m b e r s  o f  5 ^ .  S i n c e  L  i s  a  p r o p e r  e x t e n s i o nP r  " '

o f

Let

K ,  t h e r e  e x i s t  Y l  r .  .  .  , Y "  €  L  s u c h  t h a t  Y i P i =  *  f o r  i = 1 ,  .  . .  , e .

1 -
x '  d e n o t e  t h e  s e t  { * r , . . .  r x n ,  Y r  , .  - - , y . 1 .  w e  c o n c l u d e  t h a t
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the  se t ' is  empty,  contradict inq

The fol lowing result is of the

( 4 . 4 . r ) .

Q .  E .  D .

'  - - i  . - r
s a m e  t y p e  w i t h  ( 4 . 4 .  f )  .

3* '

(4 .4 .3 )  P ropos i t i on .  Le t  v  be  an  a f f i ne  va r ie t y  de f i ned  ove r

K .  D e n o t e  b y  x = ( x l , . . . r * r )  a  g e n e r i c  p o i n t  o f  V  o v e r  K ,  b y  x [ x ]

i ts  coord inate r ing and by L=K(x)  the f ie ld  of  ra t ional  funct ions

on V over  K.  Let  V(K)  be the set  o f  K ' - ra t ional  po ints  of  V '  Assume

'  (  
x  7 ,  s=d im V(n ,  i s  a  bas j - s  o f  t r anscendency  o f  f ' /X '

t h a t  t  * t ,  . . .  r - - s J .  v &

Then the fol lowing assert j 'ons are equivalent:

i ) v ( K ) i s d e n s e i n V , i . e . r o r e v e r y f € K [ x ] l f f \ , t h e r e

e x i s t s  a e V ( K )  s u c h  t h a t  f  J a ) 1 0 '

i i )  Fo r  eve rv  fe  K  [ x ,  ,  "  ' , x=1  ,  f #0  r  t he re  ex i s t s  aev (K)  such

that  f  (a)  l0 .

i i i )  K '  i s 'ex is ten t ia l l y  cornp le te  in " t '

Proo f  .  The  imp l i ca t i on  i 1 -1  i i )  i s  t r i v i a l '

i )  and i i i )  are equi -va1ent .  Indeed,  s ince L=UX-[x ]  f  ,  where
. . . L _ * , . - . " - - - - .

f  r anges  ove r  t he  se t  K i x ] r {O} ,  we  conc lude  by  Q '2 )Lv )  t ha t  K  i s

exj-stential l lz complete in L i f f  the f inife presentation morphism

K >x [ t ] ,  has  a  re t rac t  f o r  a l l  f  €K fx l - [ o ]  '  However  the  l as t

c o n d i t i o n i s e q u i v a l e n t w i t h t h e s t a t e m e n t i ) .
t 1

I t  r ema ins  to  show tha t  i i )  imp l i es  i ) .  Le t  f €K [x l  \ i o l  '

s i n c e  t  i s  a l g e t r a i c  o v e r  x ( x t , . . . , x = ) ,  t h e r e  i s  a  m i n i m a l  d e g r e e

e q u a t i o n  o v e r  K f x ' r . . . , x r f  s a t i f f i e d  b y  f  ,  s a y  g a f t + "  ' * g o = 0 '  w h e r e

t 2 r l  a n d  9 t 6  r [ x r r . " r x s l  f o r  i = 0 r l ' " " t '  o b s e r v e  t h a t  g o # 0 '

b e c a u s e o t h e r w i s e t h e e q u a t i o n s a t i s f i e d b y f i s n o t o f m i n i m a l

d e g r e e . A p p l y i n g t h e h y o o t h e s i s i i ) t o g o r W € c o n c l u d e t h a t t h e r d

e x i s t s  a  € V ( K )  s u c h  t h a t  9 o ( a ) 1 0 '  a n d '  h e n c e  f ( a ) 1 0 '

Q .  E .  D .
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( 4 . 4 . 4 )  C o r o l l a r Y .  L e t

defined over K and L be its

t ia l Iy  complet  in  L i f f  the

V be a one-d imensional  a f f ine var ie ty

f  ie1.d of  funct ions.  Then K is  ex is ten-

s e t  V ( K )  i s  i n f i n i t e .

( 4 . 4 . 5 )  E x a m p l e s .  a )  L e t  R  b e  t h e  f i e l d  o f  r e a l  n u m b e r s .

Then  R  i . s  ex i s ten t i a l l y  comp le te  i n  Q(n [x ,Y f  /  ( y2 -x3 )  ) ,  bu t  R '  i s

no t  ex i s ten t i a l l y  comp le te  i n  Q(R [x ,Y7  /  ( x2 *y2 ) )  .

b)  The f ie ld  { )  o f  ra t ionals  is  not  ex is tent ia l ly  complete in

a (0  fX  , y7  /  (XA-ZyZ- rZy )  .  Tndeed  the  e l l i p t i c  cu rve  2v2=x4- I7  has  no t

rat ional  po ints  (see L ind 's  arqument ,  red iscovered by Mordel l ,

r ep roduced  in  tA ]  l .

( 4 . 4 . 6 )  B e m a r k s .  a )  A  f i e l d  K  i s  a l g e b r a i c a t l y  c l o s e d  i f f

K is  ex is tent ia l ly  complete in ,each ( f in i te l lz  generated)  f ie ld

ex tens ion  o f  K .

b )  A  f i e ld  K  i s  pseudo-a lgeb ra i ca l l y  c losed  i f f  K  i s  ex i s ten -

t ia l ly  complete in  every to ta l ly  t ranscendenta l  f ie ld  extension

t l z g l  r h e o r e m  2 . 2 ) .

c )  A  f i e ld  K  i s  sepa rab le  c losed  i f f  K  i s  ex i s ten t i a l l y

complete in  each separable f ie ld  extension of  K.  Indeed assume

' tha t  K  i s  sepa rab le  c losed ,  and  l e t  L  be  a  f i n i t e l y  genera ted

separab le  f i e ld  ex tens ion  o f  K .  Then  t=K  (x )  ( y ) ,  where  x=  ( x I  ,  "  r * r )

is  a  bas is  of  t ranscendency of  f , /X and y is  a  separable e lement

over  K(x)  .  S ince K is  ex is tent ia l ly  complete in  K(x)  there is

an embedding of  K (x) /  X in to an e lementary f ie ld  extension *K of

K.  Consj -der  the f ie ld  d iagram

*K 
"----nKL= 

xx(y)

f tI r|  1=x (x)  (y)
K (x) '---->
h
I
I
I
K
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Since y  i s  separab le  over  x (x ) i t  f ,o I lows lhat  v  is  separabLe

over  *K too.  S ince K is  separable c losed and *X/X is  e lementary

2 )

s a y  v ( n )

subgroup

. A

e x i s t s  a

h/e conclude that *K is ser:arable closed too and hence y 6 K and L

is  a subextension of  *x /x .  Therefore K is  ex is tent ia l ly  complete

i n L

d )  A  fo rma l l y  rea l  f i e l d  K  i s  rea l  c l osed  i f f  K  i s  ex j - s ten -

t ia l1y complete in  each formal ly  rea l  f ie ld  extension of  K.  Indeed,

1et  K be d ' * re ia l '  C losed f ie1d,  and L d formal ly  rea l  f ie ld  extension

o f  K .  Le t  ( "  be  an  o rde r ing  o f  L .  S ince  K  i s  un ique ly  o rde rab le ,

(L ,  <  
r )  

i s  an  o rd .e red  f i e ld  ex tens ion  o f  (K ,  (  
x ) .  Deno te  by  ( i ,  <  

i )

t he  rea l  c l osu re  o f  (L , ( r , ) .  By  Rob inson ' s  t heoqem tZ lT  Theorem 17 .3 ,

the  ex tens ion  ( i , ' =  
7 ) /  l x ,< * )  i s  e lemen ta ry  and  hence  K  i s  ex i s ten -

t i a l l y  comp le te  i n  L .

-e)  A s imi lar  s j - tuat ion occurs urhen K is  a formal ly  p-adic

f i e ld  i n  'Kochen-Roque t te ' sense  f I 3 ]  .  I ndebd ,  l e t  K  be  a  f i e ld

equipped wi th  a o lace p and the correspondinq va luat ion v  subject

to  the condi t ions:

I )  The  res idue  f i e ld  K '  i s  f i n i t e ,  saY  w i th  q  e lemen ts .

The va lue group v (K)  admi ts  a smal lest  oos i t j -ve e lement ,

wi th  sL € K;  thus Z can be ident i f ied wi th  an iso lated

o f  v ( K ) .

f ie ld  extension F of  K is  ca l led for rnal lv  r r - :ad ic  i f  there
.i___

valuat ion w of  F such that  w extends v  1 v  ( f t )  remains the

sma l les t  pos i t i ve  e lemen t  i n  w (F ) ,  and  F*=K , r=  Fo .  F  i s  ca l l ed

p-adica l lv  c losed i f  F  is  formal ly  p-adic  and does not  admi t  proper

a lgeb ra i c  f o rma l l y  p -ad . i c  f  i e l d  ex tens ions .  Th i s  i s  equ l - va len t  t o

the fact  that  F has a va luat ion w which makes F formal ly  p-adic

and  sa t i s f i es  the  supo lemen ta r l z  cond i t i ons :  t he  va lua t i on  r i ng

F l  -  - , r  r r - -  - - ^ 1 - -  - - l n \  . i ^  n  C f - n * s t, *  i =  hense l i an  and  the .  va lue  g roup  w(F )  i s  a  K -g rouo '  i . € .

w (E)  /Z  i s  d i v i s i b le .  l 4o reove r  the  va lua t i on  w  i s  un ique ly
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r-d e t e r m i n e d  [ 1 3 J .

Now assume that  the base f ie ld  K sat is f ies the addi t ional

condi t ions:  the va lue v  (p)  o f  the res idue character is t ic  p  is  a

mu l t i p le  o f  v ( x ) ,  say  v (p ) :e  v ( t t )  w i th  e  a  pos i t i ve  i " i " q . t .  r n

o the r  words ,  t he  abso lu te  ram i f i ca t i on  i ndex  o f  (K rv )  i s  f i n i t e  )  I -

f n  pa r t i cu la r  K  i s  o f . cha rac te r i s t i c  ze ro .  Then  K  i s  o -ad i ca l l y

c losed i f f  K is  ex is tent ia l ly  complete in  each formal ly  p-adic

f ie ld  extension of  K.  This  fact  is  a  consequence of  the model -

completeness of  the theory of  p-adica l ly  c losed f ie lds wi th  f in i te

absolute rami f icat ion index [zJ ,  [1r ]  ,  [ ra ]  ,  [zq ,  [ :o ]  ,  I - : : .

f )  A s imi lar  s i tuat ion holds when K is  a formal ly  p-adic

f ie ld  in  a more genera l  sense as def ined in  t4 l  .

(4 .5)  Nor^r  we sha1l  in t roduce another  concept  of  ex is tent ia l -

completeness for  r ings which is  s t ronger  then the conceot  consi -

de red  i n  (4 .2 ) ,  and  seems  to  be  more  adequa te  fo r  t he  pu rposes

of  the present  work.  For  th is  we shaI l  extend in  a convenient  way

the language L of  r ings by addinq cer ta in  new re l -a t ion symbols.

Denote by L '  the extended languaqe.  Then we sha1l  extend th ;

theory T of  commutat ive r ings wi th  ident i ty  to  a theory T '  in  the

language L '  such that  each r ing has an unique expansion to  a model

o f  T ' ,  and  hence  T '  i s  a  non -essen t i a l  ex tens ion  o f  T ,  i n  t he

sense that  no new theorems in  the lancruaqe L of  r ings are 
.d .er ivable

in  T ' .  However ,  the morphisms j -n  the category of  models  of  T '  are

r ing morphisms wiLh supplementary proper t ies.

For  every pos i t ive in teger  n,  we add to the languaqe L a new

re la t i on  symbo l  P r .  w i th  n (n+ I )  p laces .  Deno te  by  L '  t he  ex tended

Ianguage and by T '  the theory in  L '  obta ined by adding to  the

axioms of  commutat ive r ings wi th  ident i ty  the fo l lowing fami lv

of  new ax ioms:



nr, (x, y) <--+ E z)
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n n
n z
i = l  j = I

Y i j ' j = * i

w h e r e  x = ( x l  r . . . , x r r ) ,  y = ( y i j ) r - a i ,  j ( n  r  z = ( z r t ; " , ' n )

The models  of  T '  are the commutat ive r inqs wi th  ident i ty '

and the new relation symbols Pr. have canonical interpretation on

a n y  r i n g  A :  L e t  a = ( a l r . . . r . r )  €  A n  a n d  b = ( b i j ) r ( i ,  j . . r ,  u  * t t r j - x  w i t h

en t r i es  i n  A .  Then  A  sa t i s f i es  e r r (a rb )  i f f  a  be longs  to  the  submodu le

o f  A n  g e n e r a t e d  b y  b r =  ( b t i , .  . .  , b r i )  f o r  i = r ,  "  '  ' n

( 4 . 5 . 1 ) A m o r p h i s m u : A - - - > B i n t h e c a t e g o r y o f m o d e l s o f T '

is  an in ject ive r ing morphism sat is fy ing the condi t ion:  every
n

sys tem o f  l i hea r ' equa t i ons  Z  u r iY - i=a i  ;  i : l 7  " ' '  7 I I l  ( a i j  '  a ' eA)  w ihh
j = t L J J L

a  so lu t i on  i n  Bn  has  a .so lu t i on  i n  An ;  i ' e '  B  i s  a  pu re  A -modu le

[r o] -,"
i " .  sha1l  ca l . l  the morphisms of  the category of  models  of  r '

purQ morphj -sms.  ( In  par t icu lar ,  a  fa i th fu l l lz  f fa t  morphj -sm is  a

pu re  morPh ism) .

(4 .5 .2 )  rn  th i s  ex tdnded  theo ry ,  each  p r im i t i ve  fo rmu la  i s

equivalent to one of the form

w h e r e  x = ( x l  , . - . , x * ) ,  * ' = ( * i , " ' t x f i )  a r e  v a r i a b l e s '  f  i € Z [ x ' y 7  '

F . = ( F r t , . . . , u i r )  a  z l x , * ' l  
t  a n d  G t = ( c i ;  j , k )  t <  j  r h < n  

a r e  m a t r l c e s

w i t h  e n t r i e s  i n  7 l x , x ' f  '

C o n s e q u e n t l y r a r i n g m o r p h i s m u : A - - - - ) B i s e x i s t e n t i a l l y

complete with respect to the extend'ed theory T' (we say that u is

T'-existent ia l ly  complete) i f  f  for  arb j - t rary f  i6 A [X] '

F r =  ( F i i ,  . .  . , F i r ) € A [ x ] t ,  G i =  ( G i ;  j , r )  r < , j , k ( n  
m a t r ' i c e s  w i t h  e n t r i e s '

e
Fx )  A

i = 1



m
ex is t s  b€8" ' such  tha t  t he  fo l l ow inq  cond i t i ons  a re  sa t i s f i ed :

3 0

i n  a [ x ] ,  w h e r e  i = 1 , . . . r e  a n d  x = ( x r r . . . , X * )  a r e  v a r i a b l e s ,  i f  t h e r e

i )  f r ( b ) = 0  f o r  i = l r , . . 7 €  ,

i i )  F i  (b)  does not  be long to  the submodule of  Bn generated

b y  ( G i ; l r k ( b )  , . . . t G i r . r r k ( b ) ) €  g n  ( k = 1 r . . . r n )  ,  f o r  i = l r . . . r e ,  t h e n

-h"r" 

"*i" l"-a 
€ Am ;;h that the condit ions derived from the pre- -

v ious  cond j - t i ons  i )  and  i i )  by  rep lac ing  b ,  respec t i ve l y  B ,  by  a l

respec t i ve l y  A ,  a re  sa t i s f i ed .  rn  pa r t i cu la r ,  u  i s  an  a lgeb ra i ca l l y

pure morphism

A c c o r d i n g  t o  ( 4 . I . 1 ) ,  a  r i n g  m o r p h i s m  u : A - : + B  i s  T ' - e x j - s t e n -

t ia l ly  complete i f f  there-  ex is ts  a r ing morphism v - f rom B in to an

'u l t rapo re r  *A=A l f ^  
,  such  tha t  v  i s  a  Dure  mor r :h i sm,and  i=vu  ,  where  ' . , : . - : , *

. D

i  is  the canonica l  embed.d ing of  A in to *A.

p le teness  co inc j - {es  w i th  T ' -ex i s ten t i a l  comp le teness .

i i )  The  c lass  o f  T ' -ex i s ten t i a l l y  comp le te  r J -ng  moroh isms

is  s table under  composi t ion.

i i i )  I f  f . :A - -+B  and  g :B - - -+C a re  r i ng  moroh isms ,  such  tha t  g

is  a pure morphism and gf '  is  T ' -ex j -s tent ia l ly  complete then f  j -s

T ' -ex i s ten t i a l l y  comp le te  too .

( 4 . 5 . 4 )  P r o p o s i t i o n .  L e t  L r l K  b e  a  f i e l d  e x t e n s i o n  a n d  A  b e

a K-a lgebra of  f in i te  type.  f f  K is  a lgebra ica l ly  pure in  L then

A i s  T ' -ex i s ten t i a l l y  comp le te  i n  L  @ nO.

f rp r o o f .  L e t  e = X L X J / .  w h e r e  X = ( X r , . . . r X n )  a r e  v a r i a b l e s  a n d

3  i s  an  i dea l  i n  x [ x - ]  .  Supoose  tha t  K . i s  a lgeb ra i ca l l y  pu re  j -n  L ,

o r r  equ iva len t l y ,  K  i s  ex j - s ten t i a l l y  comp le te  i n  L .  B ) t  (4 .1 . r )  t he re

exists an er,nbedding over K of L into an ultrapohrer *I /  o. 
Let M

denote the h igher  order  s t ructure based on the d is jo in t  un j -on KUII I
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and ' (M be e i ther  , r r /o  ,  i f  the u l t ra f i l ter  D is  f ,  - i r r .o*p1ete,

or  (MI /o)N/e ,  where E is  a  nonpr inc ipa l  u l t ra f i l ter  on D[ .  Thus

dM i= a proper  { -=raurated nonstandard model  o f  the s t ructure

M.  Le t  {n { ,  *K ,  * f * [ * J l ,  * -1 ,  *A  b .  t he  s tandard  en t i t i es  i n  "M

a t tached  respec t i ve l y  t o " lN ,  K ,  x [ x j ,  a  and  A .

Since K[x]  is  noether ian,  -e  is  f in i te ly  generated,  and hence

*3=1 
" (x [x l  )  and *A= *(K[x ]  

) /u  x1xfx l  )  
.  on the other  hand the r ing

of  po lynomia ls  tx  
[x ]  can be ident i f  ied in  a canonica l  way r ' . r i th

a proper  subr ing of  i tx  
[x ]  )  .  The f ie ld  extensions K<L <xK induce 

'

the sequence of  r ing morphisms:

an e lementary embedding,  i t

composite morphism

e=xfxJ / l.-*-r [x]/ar [xJir [x] /U*of*J,."----+*(xtxl I /U *(r< fxl ) 
= h

Since the composite morphism A--+*A is

s u f f i c e s  b y  ( 4 . 1 . 1 )  t o  s h o w  t h a t  t h e

g=L[xJ/S" [q ->{A is  a  pure morphism..  } {oreoyer ,  we shal l  show that

the above morphism is fa i thful ly f lat .  Indeed, the morphism

l [xJ /.g1, txJ 
--> "r [x] /g .o 

fXl 
is f aithf ully f lat b1z base chanse,

and the mornhism *KlLxI /g*x[xJ

fu t l y  f la t  accord in5J  to  [ tO j  p .130.  We conc lude tha t  the  morph ism

B -  >*A i "  fa i th fu l l v  f la t  and hence A i -s  T ' -ex is ten t ia l l v  eomple te

i n B

Q . E . D .

(4.6)  fhe t j -ex is tent ia l l lz  complete r i -nq morphisms have qood

preservat ion proner t ies.  In  the fo l lowins we shal l  ment ion some

o f  t hem.

( 4 . 6 . 1 )  P r o p o s i t i o n .  L e t  u : A  - - >  B  b e  a  T ' - e x i s t e n t i a l l y

complete r j -ng morphism. Then the fo l lowinq asser t ions hold:

i )  Le t  3  be  a  f i n i t e l y  qenera ted  i dea l  i n  A ,  F= (F l ,  "  ' t * )

and  G=(G l , . . . ,G r r f )  be  f i n i t e  sys tems  o f  po l ynomia l s  i n  a [ xJ  '  v rhe re
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X = ( x . ,  , . . . 1 x - ) .  r f  t h e  s y s t e m  r . ,  ( x ) 3 . . o = F * ( x ) = 0 ,  G r ( x ) l 0 r " r G * r ( x ) 1 0' - - I ' -  -  '  
n '  r l l  r

has a f inite number of solutions in 
"gan 

then no other solutions

exist in -aBn

i i )  I f  C is  an A-a lqebra which is  f in i te  presentat ion as

A-modu l ,  t hen  C  Ls .  T ' -ex i s ten t i a l l y  comp le te  i n  B  &  eC '

i i i )  I f  p  is  a  f in i te ly  c tenerated pr ime ideal  in  A then pB

is  a pr ime ideal  in  B

iv)  I f  p  is  a  f in i te ly  qenerated.  nr ime ideal  in  A,  then the.

canon ica f  f t e tA  ex tens ion  Q(A /p )  Q(n /o "1  i s  a lgeb ra i ca l l l z  pu re .

I

proof .  i )  is  immediate f rom def in i t ions.  Moreover  i t  suf f ices-

to'assume that u is an ex-i 'stential ly complete r i-nt l :rrtorphi-sm' i

i i )  Let  a  be a f in i te ly  generated ideal  in  .A.  s ince A is

T t -ex i s ten t i a l l y  comp le te  i n  B ,  t he re .ex i s t s  a  r i nq  pu re  morph ism 
'

. . 7

V:B -+*A=A' /D such that  i=r rU. ,  where i  denotes the canonica l

embedding a-f,a. Since i is an elementary embedding and C is

f in i te  presentat ion,  A-modu1 i t  fo l lows that  the composi te  morphism

C--+ B 6 Ac 
--- ia E ac* 

*(a 
6 Ac)g 

t is an ele$entary embeddinq'

-:
As B @ eC 

-2{g & eC is a pure morphism (base change preserve pure

morph isms) ,  i t  r esu l t s  t ha t  C  i s  T ' -ex i s ten t i a l l y  comp le te  i n  B  @ aC.

i i i )  I f  p  i s  a  f i n i t e l y  genera ted  p r ime  idea l  i n  A ,  i t  f o l l ows

by i i )  that  A/p is  ex is tent ia l ly  comolete in  B/pB.  Since.  A, /p  is  an

integra l  domain we conclude that  e /pB is  an in tegra l  domain too

and hence pB is  a pr ime ideal  in  B

)  By i i )  and i i i )  the problem is  reduced.  to  show that

Q(A)  i s  a lgeb ra i ca l l y  pu re  i n  Q(B) ,  where  A  and  B  a re  i n teq ra l

domains and A is  ex j -s tent ia l ly  complete in  B what  i t  is  immediate.  
'

O . E . D

. l
:
I
I
!

.  . . ;
;, t

. , 1
: l
r l

i
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'  ( 4 . 6 . 2 )  C o r o l l a r v .  L e t  A  b e  a  n o e t h e r i a n  r i n g

a T ' -ex is tent ia l ly  complete r ing morphism. Then the

i )  u  is  a  fa i th fu l ly  f la t  morphism.

.  i i )  I f  q  i s  a  p -p r imary  i dea l  i n  A  then  eB  i s

ideal  in  B

and u:A ----> B

fo l lowinq hold:

a pB-primary

i i i )  f f  a=qr f l . . .1 tes is  a  reduced pr imary decomposi - t ion of  the

ideal  S ln  A,  and p1 are the associaLed,  pr ime ideals  of  q i  ,  then

gB=qrBf l . . .69=8 is  a reduced pr imary decomposi t ion of  the ideal  eB

and prB are the associated prime ideals of qrBr and 1|!, .B= {aB.

l roo5.  i )  fo l lows easi ly  f rom the fac- t .  that  there ex is ts  an

A-algebra morphism v:8.-----+*A, where *A 
.1.g an elementary extension

of A and v is a pure morphi-sm. (If  L is a l-r.ne4,f equation with

coeff icients irr a, then the A-module S of the^.solutions of L in A

is  f in i te ly  generated.  We get  eas i ly  that  S generates the

*A-modu le  o f  t L re  so lu t i ons  o f  L  i n  *A .  So  {A  i s  an  A - f l a t  modu le .

The asser t i ,ons i i )  and i i i )  are immedi .a te consequences of  i )  and

o f  ( 4 . 6 : 1 )  i i i )  a c c o r d i n g  t o  [ t e ]  ,  T h e o r e n  1 3 , p a g e  6 0 .

Q .  E .  D .

(4 .6 .3 )  Coro l l a ry .  Le t  A  and  B  be  noe the r ian  r i ngs ,  and  u :A ->R

be a T ' -ex is tent ia l ly  complete r ing morphism. Then the fo l lowing

ho ld :

i )  Every saturated pr ime chain in  A remains a saLurated pr ime

chain by extension to  B.

i i )  The height  o f  an ideal  a  in  A is  preserved by extension

t o  B ,  i . e .  h t ( a . n 1 = 6 1 1 _ . 1  .

Proof .  i )  By base changer  w€ reduce to the case when

are in tegra l  domains and (0)  < q is  a  saturated pr ime chain

( s e e  ( 4 . 6 . 1 )  i j - i ) ) .  A s  h t ( q ) = 1  w e  g e t  t h a t  q B  i s  a  n o n z e r o

height  one accord ing to  [ rg ]  ,  Theorem 19 page 79 (e is  a

A , B

l-n A

ideal  wi th

f la t  module
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c h a i n  ( 0 ) <  q B  i s ' s a t u r a t e d -

reduce to the case when a is a Prime

w e  g e t  i m m e d i a t e l y  h t ( a B ) = h t ( a ) .

( 4 . 6 . 4 )  C o r o l l g : y .  L e t  u : A - - ) B  b e  a s  a b o v e .

i )  Let  3  be an ideal  in  A and p a be a pr ime ideal  in  A.

Then aA- can be qenerated in .F.; by m elements i f f  -aB-o can be- " " "  ;^^p y.  I r t t

generated in  B*-  by m e lementsprJ

j . i )  p € R e g ( A )  i f f  p a 6 R e g ( B ) r  w h e r e  R e g ( a )  d e n o t e s  t h e  s e t

r l

of  pr ime ideals  p of  A such that  Ao is  regular

P roo f .  i ) The diagram A -u > e v Ja, where xA=ar/o and v is

a  pu re  morph ism,  i nduces , - .bV  (4 .6 .1 )  i i i ) .  ,  t he  d i . a .q1 ,4m o f  i n jec t i ve

local morphism" op ----)en"-*Jan*ofta.l) rf  the ideal a BpB is

generated i *  Bpe by m e lements then c lear ly  g*op^A= 
*(aAO')  

is  gene-

rated a lso by m e lements. .s ince the r ing morphisrn A-p-- - - " { (Ap)  is

an elementary embeddj-ng, we conclude that the ideal aAO is qenera-

ted.  in  Op by m e lements.

i i )  i s  a  c o n s e q u e n c e  o f  i )  a n d  o f  ( 4 - 6 - 3 ) i i ) .

o . E .  D .

(4 .6 .5 )  Coro l l a rv .  Le t  A  and  B  be  noe the r ian  i n teg ra l

domains and u:A*+B *  T ' -ex is tent ia l ly  complete r ing morphism. Then

A i s  a  fac to r i a l  r i ng  i f  B  i s  so .

, . . i r  ,  P roo f .  Le t  p  be  a  p r ime  idea l  i n  A  w i th  he igh t  one .  By  (4 .6 . r )

{Y ?Y. c4'6' 3)
l i i i  ,  

-pg 
i=  a pr j -me ideal  wi th  height  one and hence pB is  pr inc ina l ;

S ince A is  ex j -s tent ia l ly  complete in  Br  w€ conclude that  p  is

p r i nc ipa l  t oo  (  (4  "2 )  i v )  .

b y  ( 4 . 6 . 2 ) i )  ) .  T h u s  t h e ' o r i m e

i i )  B Y  ( 4 . 6 . 2 )  i i i ) ,  w e

ideal .  Usins [ te]  theorem L9,

( 4  . 6 . 6 )  R e m a r k .  I f  u  i s  a

Tt-ex is tent ia l lv  comr: le te then

Q . E .  D .

fa i th fu l ly  f la t  morPhism but  not

the 'above  co ro l l a rY  i s  f a l se .  Fo r

I

: i
: i .

. I

.:
I

I
. l

, ]
. l

:
t
i

t

;
' j

i
i
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insrance,  i f  u:A:=n [x ,y \  /  (x2+y 2_r l  T c [ f  x , t ]J  /  f i2*r .3t l=,u is

Propos i t i on .  Le t  r . t 'R * -+3  f s  a  T t -ex i sEen t ia l l y

morphism. Suppose that A and B ai:e integral domains.

in tegra l -1y c losed in  Q (A)  i f f  B is  in tesra l ly  c losed

a Pr i i fer  r ing i f f  B is  .a  Pr i i fer  r inq.

the canonica l  j -nc lus ion,  then B is  a  factor ia l  r ing but A not

(  4 . 6 . 7 )

complete r ing

i ) A i s

i n  Q ( B ) .

"  i i ) A i s

P r o o f .  i ) We  have  A (A) f l  e=A ,  because  u  i s  i n  pa r t i cu la r  a

pure morphj -sm. Thus,  A j -s  in teqra l ly  c losed in  Q(A)  i f  B is

in tegra l ly  c losed in  Q (B)  .  Converselyr  i f  B is  not  in tecra l ly  c losed
.  n  n - ]

i n Q ( B ) , t h e r e . e x i s t s b € 0 ( B ) \ B s u . c h t h a t b , , + a , b , . . + . . . * a , ' = 0 w i - t h

n ) . I ,  a * € B .  T h u s  t h e r e  e x i s t  d l r . . . r a n r c r d € B  s u b j e c t  t o z  d l O ,  e
' l

does  no t  be long r  t o " the  i dea l  i n  B  qenera ted  b1z  d ,  and  cn+a t " t  
1d* . . .

. . +a - ,dn=0 .  S ince  A  i s  T ' -ex i sLen t j -a l l y  co rnn le te  i n  B  we  conc lude
n

t h a t  t h e r e  e x i s t  d l r . . . r a n , c , d  i n  A  s u b j e c t  t o  t h e  s a m e  c o n d i t i o n s

in  A .  f t  f o l l ows  tha t  A  i s  no t  i n teq ra l l y  c losed  i n  Q  (A )  .

i i )  A c o r d i n q  t o  [ Z ] , V f f  , 4  2 ,  8 x . 1 2 ,  a n  i n t e g r a l  d o m a i n  A  i s

a Pr i i fer  r ing i f  f  A is  in teqra l ly  c losed in  Q (A)  ,  and for  every

)
z l O  i n  Q ( A )  t h e r e  e x i s t  x , y  e  A ,  s u c h  t h a t  z = x + Y t " .

Assume that  A is  a  pr i l fer  r inq.  Then,  by i )  ,  B is  in teora l ly

c l o s e d  i n  Q ( B ) .  I f  B  i s  n o t  a  p r i i f e r  r i n c l ,  B  s a t i s f i e s  t h e  f o l l o w i n g

ex i s ten t i a l  sen tence  i n  the  l anguage  L ' :  " t he re  ex i s t  z t \ ,  z ' l o

such  tha t  zz '  does  no t  be lonq  to  the  i dea l  genera ted  by  ,2  and  ' ' 2  u  '

S j . nce  A  i s  T t -ex i s ten t i a l l y  comp le te  i n  B ,  t he  same sen tence  i s

t rue in  A and hence A is  not  a  Pr i i fer  r ing,  which g ives a contra-

d ic t ion.  The inverse impl j -cat ion fo l lows in  a s imi lar .  way.

j . - i ' h

Q .  E . D .
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. ' - -eo. -4plqte 
r inq morphism. Then the fo l lowing asser t ions hold:

i ) - A  i s - a  f i 9 1 d  i f f  B  i s  s o .

i i )  A  i s  a  l oca l  r i - ng  i f f  B  i s  so .

i i i )  I f  A is  a  loca]  r ing and i ts  maximal  ideal  m is  f in i te ly

generated then *B is  the maximal  ideal  o f  the local  r inq B.

' . :  iv )  A is  a  va luat ion r ing i f f  B is  a  va luat ion r ing.

P roo f .  i )  The  r i nq  A  i s  no t  a  f i e ld  i f f  t he  fo l l ow ing  ex i s -

tent ia l  sentenie in  L '  is  t rue on A:  " there ex is ts  x+0 such that

I  does  no t  be long . to  the  iCea l  genera ted  by  x " .

i i )  The r ing A is  not  a  local  r ing i f f  th"e fo l lowinq ex is-  * :  .  J ,

tent ia l  sentence in  L '  is - "v ,a l id  on A:  " there -ex iS- t  x  and y such

that I does not belong to the ideals crenerated by x and by v and 
i

belongs to the ideal genei--------------,d*ted by x*y".

i i i )  Assume that  A is  a  local  r ing and i ts  maxinal  ideal -  T i=

f i n i t e l y  qenera ted .  Then ,  by  (4 . .6 .1 )  i i ) ,  t he  res idue  f i e ld  A , / -m

is  T ' -ex i s ten t i a l l y  como le te  i n  B /mB.  By  i ) ,  B ITB  iS "  a  f i e ld  and

hence mB is the maximal ideal of B

iv)  An in tegra l  domain A is  not  a  va luat ion r j -ng i f f  the

fo l l ow ing  ex i - s ten t i a l  sen tence  i n  L '  i s  sa t i s f i ed  by  A :  " t he re

exis t  two e lements x+O and y lO such that  x  does not  be long to  the

ideal  generated by y  and v does not  be long to  the ideal  generated

by x"

I  Q . E . D .

(4 .7J Now rve shal l  def ine another  type of  ex is tent ia l  com-

pleteness for  r ings which 1s s t ronqer  than the 'concept  considered

in  (4 .5 ) .  We  p roceed  in  the  sa$e  wa lz  as  i n  (4 .5 )  by  add inq  to  the

language L of  r ings cer ta j -n  new re lat ion s lzmbols  '

Fo r  eve ry  f i n i t e  sys tem a -  (g r ,  .  .  .  , 9 " )  o f .oo l ynomia l s  i n
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Z  I X , U I  ,  w h e r e  X = ( X r r . . .  r X n )  a n d  Y = ( Y l r . . .  r Y * )  a r e  v a r i a b l e s r  w €

.  add to  the languaqe L a new re lat ion symbol  QC wi th  n p laces.

Denote by L"  the extended languacte and by T"  the theory in  L"

obtained. by add.inq to the axioms of commutatj-ve r ings with identity

the familv of new axioms:t t D .  
. :

Q,. (x)
( r  

i = l -  
t

where G ranges over the set of al l  f inite slrstems of oolynomials

' i n  t f x , Y ) ,  x = ( X t , . . . t x r r ) ,  Y = ( Y t , - - - , Y * ) ,  e r n '  a n d  m  a r b i t r a r l r

natural numbers

' 
The models of T" are the gomqutat-1.,ve;;! t lncs- with id.entity - . i  - . . , .r

and the new relation slzmbols Q" have cangniggl. interpretation on

a n l z  r i n g  A :  i f  a = ( a I ,  . . , . r )  € A n ,  t h e n  A  F Q r = ( a )  i f f  t h e  s y s t e m  o f

polynomia l  equat ions wi th  coef f ic ients  $4,F, r . '  . . . i -  .  . :  - , , - . ,  .1* ,

.  g ,  ( a r Y )  r ' ' ' = 9 "  ( a ' Y )  = 0

has a so lut ion in  Am.

Thus ' the morphisms in  the cateqory of  models  of  T"  are

exact ly  the a lgebra ica l ly  pure r inct  morphisms.  In  th is  extended

theory T" ,  each pr imi t ive formula is  equiva lent  to  one of  the

form

( + )  ( 3  x ) A  f . , ( x , x ' ) = 0  A  - l  
Q " . ( x , x ' )  ,

i= l  
r -  i= l  " i  

.

w h e r e  * = ( x r , . . . ' * r r ) ,  * ' = ( * i r - . . r x l r )  a r e  v a r i a b l e s r  f r €  Z [ x ' x ' J  '

G i = ( 9 i r r . . . , g 1 " )  €  w l x r x ' ; y J e ,  w h e r e  y = ( y r r . . . r Y * )  a r e  v a r i a b l e s '

The formula (+) is equivalent modulo T" vr i th the fo l lowinq forrnula

in the language L:
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f r ( x r x ' ) = 0  A

consequent ly ,  a  r inq morphism u:A-)B is  gx is tent ia l ly

complete with respect to the extended theory T" (we say that u is

T , , - e x i s t e n t i a l l l /  c o m p l e t e )  i f f  f o r  a r b i t r a r y  f = ( f  t r . . .  r ' f " )  g  a [ X ] e ,

" = ( 9 i j )  r " i ,  j < e  a  m a t r i x  w i t h  e n t r i e s  i n  A f x r v ] ,  w h e r e  x = ( X t "  " ' X r r )

a n d  Y = ( Y , r . . . r Y - )  a r e  v a r i a b l e s ,  i f  t h e r e  e x i s t s  b € B n  s u c h  t h a t
l '  '  m '

the fo l lowing condi t ions are sat is f ied:

i )  f '  ( b ) 3 . . . = f " ( b ) = 0 ,- l

i i )  E v e r y  
' s y s t e m  

9 i r  ( b r Y )  = .  .  . = 9 i "  ( b r Y 1 = 9 ,  ( i = I  '  '  ' '  ' e )  h a s  n o

solution in emf then there exists q € An suih tha-t , the' condit ions

l- i"t t".U ,to* the previor:s-,ones by replacing b, resp.ectively B' by

a ,  respec t i ve l y  A ,  a re  sa t j s f i ed  too .  I n  pa r t i cu la r  u  i s  an  a lge -

bra ica l ly  pure morPhj -sm"

A c c o r d i n g  t o  ( 4 . 1 . 1 )  ,  a  r i n g  m o r p h i s m  u : A - > 8 .  i s  T " - e x i s t e n -

t ia l ly  complete i f f  there ex is ts  an a lgebra ica l ly  pure morphism

- T
v from B into an ultrapower '(A=At/D , such that i=V"u, where i is

the canonical embedding of A j-nto {A.

( 4 . 7 . L )  R e m a r k s .  i )  F o r  f i e l d  e x t e n s i o n s ,  T " - e x i s t e n t i a l

completeness co inc ides wi th  3#-completeness.  l ' lo re prec i -se ly ,  a

f ie ld  extension f , /X is  T"-ex is tent ia l ly  comr:1ete i f f  for  each

sentence in the language L extended lvith constants whj 'ch are

names for  the e l -ements of  K,  hav ing the form t f  =(3x)  ( ' t 'y ) f (xry) ,

w h e r e  x = ( x r , . . - r X r r ) ,  y = ( Y t r " ' r Y * )  a r e  v a r i a b l e s '  a n d  * ( * ' y )  i s
I

guan t i f i e r - f ree ,  t ?  i s  sa t i s f i ed  by  K  i f f  tP  i s  sa t i s f i ed  by  L '

This  is  a  consequence of  the fact  that  a  f ie ld  extension is  ex is ten-

t ia1 ly  complete Lf f  i t  is  a lgebra ica l ly  pure

i i )  The c lass of  T"-ex is tent ia l ly  complete r inq morphisms is

stable under  comPosi t ion.

( l x )  ( V y ) g i  j  ( *  , x '  ; Y ) * o
e e

N V
i = l  j = t

e

i= l
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' i '

' i i i )  
I f  g " f  i s  T " -ex i s ten t i a l l y  comp le te  and  g  i s  a lgeb ra i -

c a 1 1 y p u r e t h e n f i s T ' ' - e x i s t e n t i a l 1 y c o m r l 1 e t e .

Since T"-ex is tent ia l  complete.ness impl ies Tt : -ex i -s tent ia l

completeness,  a l l  preservat ion proper t ies of  T ' -ex is tent ia l ly

comp le te  r i ng  morph isms  g i ven  i n  (4 .6 )  a re  a l so  sa t i s f i ed  by  T " -

existential ly compl.ete r j-nq morphism. We add to these propert ies

the fol lowing one

n'1'=

( 4 . 7 . 2 ) .  p r o p o s i t i o n .  L e t  A  a n d  B  b e  n o e t h e r i a n  l o c a 1  i n t e g r a l

domains,  and u:A-->B a T"-ex is tent ia l ly  comolete r inq morphism. Then

A i s  f ac to r i a l  i f f  B  i s  so .

p r o o f .  I f  B  i s  f a c t o r i a l  t h e n  A  i s  f a c t o r i a l  b y  ( 4 " 6 . 5 ) .

Conversely ,  assume that  B is  not  factor ia l ,  i .e .  there ex is ts  an

ireducible element xeB which is not orime-. In other words x canno!.

be wr i te  as a product  x 'x"  wi th  x"x"  in  the maximal  ideal  o f  B,

and  the re  a re  two  e t remen ts  y rz€  B  such  tha t  yzExB and  y {  *9 ,  z (  xB .

Deno te  by  L the  max lma l  i d ' ea l  i n  A ,  and  l e t  d l r " ' r a '  be  some

g e n e r a t o r s  o f  * .  B y  ( 4 . 6 . 8 ) i i i ) ,  g B  i s  t h e  m a x i r n a l  i d e a l  o f  B .  T h u s

A

t he re  ex i s t s  a  so lu t i on  ( x ry ,  z , z ' )€  B4  o f  t he  equa t i -on  XZ t -yZ=O

. Such that  each of  the fo l lowing three equat ions:

n
xU-y=Q, xU'-z=0,  

n=: . . i t j t i * j -x=0

w h e r e  U r U ' ,  T l  , . . . , T r r ,  T ' r , - . . r T t  a r e  v a r i a b l e s ,  h a v e  n o  s o l u t i o n

in B.  s ince A is  T"-ex is tent ia l ly  complete-  in  Br  w€ conclude that

the sanie s i tuat ion occurs on A,  i .e .  there ex is ts  an i r reducib le

e lement  in  A which is  not  pr ime.  fn  other  words,  A is  not  a  fac-

tor ia l  r ing

Q . E .  D .

(4 .8 )  I n  t he  case  o f  comp le te  r i ngs ,  t he  concep ts  o f  ex i s ten -

t ia l  completeness considered in  th is  sect ion are extended as fo l lows '
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( 4 . 8 . r ) D e f i n i t i o n . A l o c a l m o r p h i s m o f n o e t h e r i a n c o m p l e t e

Iocal  r j -ngs u:A.- - )B is  ca l led analv t ica l ly  ex is tent ia l lv  complete

i f  f o r  a r b i t r a r y  f i n i t e  s y s t e m s  F = ( F l " " ' F " )  a n d  G = ( G l " " ' G = )

o f  f o r m a l  p o w e r  s e r i e s  i n  A [ z J  [ v J '  w h e r e  z = ( z l t "  
" Z n )  

'

Y= (Yt ,  .  .  .  ,Ym) are var iab les,  the system

F ,  ( z  r y )  = .  -  . = F .  ( z , Y ) = 0 , G r k , Y )  * 0  '  .  q  .  t G "  ( z  , Y )  * 0

has a solution in A if , f  i t  has one

to the corresponding maximal ideals

Note that for n=Or w€ recover

Also in  the case of  ar t in ian local

i )  f  i  
( b , - b ' )  = 0  f o r  i = l ,  '  "

i i )  f i  ( b r b ' )  d o e s  n o t  b e l o n g

b y  ( c i ; r  
r k ( b ' b ' )  

r '  . ' " .  r G i ; s r g ( b r b ' 1

in B (The comPonents of

o f  A  a n d  B ) .

the a lgebra ic  case of

r ings r  both def  j -n i t ions

z belong

( 4 . 2 )  .

co inc ide .

(4 .8 .2 )  A  l oca l  morph ism o f  noe the r ian  comp le te  l oca l  r i ngs

u:A- ,+B is  ca l led analy t j -ca l lv  T ' -ex is tent ia l ly  complete i f  for

a r b i t r a r y  f i €  A  f  z n  l v i  ,  F i = ( F i r , . . . , F i s )  €  A  [ z I  l v l  
=  

,

Gr=(Gr;  j ,k )  l ( j , t  <= 
matr ices wi th  ent r ies in  A f izn [vJ  ,  where

i = I r . . . 1 € ,  a n d  z = ( z l r . . .  , z n )  ,  y = ( Y l r . . .  r Y m )  a r e  v a r i a b l e s ,  t h e

exis tence of  some (brb ' )€  m"en x Bm(m" denotes the maximal  ideal

o f  B )  sub jec t  t o  cond i t i ons :

r Q  r

to the submodule of Bn generated

)  €  e "  ( k = I r . . .  r s )  ,  f o r  i = 1 ,  -  -  -  1 e - 1

imp l i es  the  ex i s tence  o f  some (a ra ' )gSOt  x  Am (m deno tes  the  max i -

mal  ideal  in  A)  sat is fy ing the condi t ions obta ined f rom the prev ious

ones  by  rep lac ing  b rb ' ,  B  respec t i ve l y  by  a  '  d '  '  A '

No te  tha t  f o r  n=0 ,  we  recove r  the  a lgeb ra ig  case  o f  (4 '5 ' 2 ) '

A l so  i n  t he  case  o f  a r t i n ian  l oca l  r i ngs ,  bo th  de f i n i t i ons  co inc ide '

(4 .8 .3 )  A  l oca l  morph ism o f  neo the r ian  comp le te  l oca l  r i ngs

u:A - - -+B is  ca l led T"-ex is tbnt ia l ly  complete i f  for .  arb i t rary
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f = ( f l  , . . . , f e )  €  e L I z n  [ v ] t  ,  G = ( v r r ) r 4 i ,  j ( e  a  m a t r i x  w i t h  e n t r i e s

i n  A  t r z X  [ " ,  u ]  ,  w h e r e  i = ( 1 - 1 ,  - .  . , ' \ r ) ,  
- Y = ( Y 1 ,  

"  ' , Y * ) ,  u = ( u 1 "  "  ' u " )

are  va r iab les ,  i f  t he re  ex i s t s  (b rb ' )€  T "An  x  Bm such  tha t  t he

fo l lowing condi t ions are sat is f ied:

-  t a  r  t  t  E  t L
i )  t I  ( b r b ' ) = .  .  . = f "  ( b r b ' )  = 0

i i )  E v e r y  s y s t e m  9 i r . ( b , b ' , u ) = -  
- . = 9 i e ( b r b '  

r u ) = 0 ,  ( i = I "  " ' € )

. ! . "  no solut ion in-  Bm' then there 
"* i=t"  

(a,a ' )  $An x Am subject

to the Condit ions der ived from the precedinE ones by"replacing

b r b ' r B  r e s p e c t i v e l Y  b Y  a r a ' ,  A .

$S.  Exis tent ia l  compieteness for  AP-r inqs

The main goal  o f  th is  sect ion is  to .  aoply  the genera l  theory

of  Sect ion 4 to  the specla l  case of  r ing morphisms between AP-r i -ngs.

The f i rs t  resul t  g ives a character izat ion of  AP-r ings in

terms of  ex is tent ia l  completeness.

(5 . r1  P ropos i t i on .  Le t  A  be  a  noe the r ian  l oca l  r i ng ,  m  i t s

maximal  ideal ,  and A i t "  comr: le t ion in  the m-adic  topology.  Then

the fo l lowing asser t ions are equiva lent :

)  A  i s ' a n  A P - r i n g .

i i )  A is  ex j -s tent ia l ly  complete in  A

h

i i i )  A  i s  T ' -ex i s ten t i a l l y  comp le te  i n  A

1 r r )  
A  i s  T " -ex i s ten t i a l l y  comp le te  i n  t '

Proof . InIe have to show that i) implies iv) '  Let

f = ( f t , . . . , f e )  €  a  [ x ] t  a n d  G = ( G t r " ' . : " " ) ,  w h e r e  c r = ( 9 i 1 "  ;  
" 9 i " )  €

a [ x r v J "  f o r  i = l r . . . 7 € ,  X = ( X 1 r . ' : r X r r ) ,  Y = ( Y r , " " Y * ) '  D e n o t e  b y

Y (x) the formula:
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e e e
(vy) nrr i  (x)  =o n 

,1,  iyrnr:  
(x,y)  lo

.  

Assume that the sentence gx)cP(x) is t rue on'A'  we have to

show that the same sentence is true on'A. Let b€ 6't nt such that

A, sat isf  ies ' t  (b)  .  Since i  l= an AP-r ing i t  fo l - lows that there

.exists a natural  number c such that for  every natural  number s) .c '

'  ^ ring there- q

I tU mod msA) is true on A/*s6E4/*" ' As A is an AP-

ex is ts  a€An such tha t  f l  (J= . . .= i " (a )=o  and a=b mod mcf , '  We conc lude

that {(a} is t rue on A.

O . E . D

. ( s . t . r ) R e m a r k . U s i n q ( 5 . 1 ) , ( 4 . 6 ) a n d ( 4 . 7 . 2 ) w e g e t s o m e , ] ' . . ' >

propert j_es which are preserved from a to t,  i f  A is an AP-rinq

( see  [ r s ] ,  chap .v )  "

The next  s tep is  to  character ize the T ' -ex is tent ia l ly  complete

r ing morphisms u:A-+B,  where A is  an AP-r ing and.  B a noether ian

r i n g .  I f  u  i s  T ' - e x i s t e n t i a l l y  c o m n l e t e  i t  f o l l o w s  b y  ( 4 ' 6 ' 2 ) i )  '

( 4 . 6 . 8 ) i i ) ' i i i ) , ( 4 . 6 . r ) i i ) ' t h a t B i s a l o c a l r i n g w i t h t h e

maximal  ideal  generated by the maximal  ideal  m.  of  A,  u  is  fa i th fu l ly

f la t ,  and the res idue f ie ld  extension A/m*B/mg is  a lgebra ica l ly

pure.  Moreover ,  the converse is  a lso t rue:

( 5 . 2 ) T h e o r e m . L e t A b e a n A P - r i r g r l I i t s m a x i m a l i d e a ] ' B

a noether ian ' local  r ing,  and i1 ; t r - ;B a tocal  morphism such that

sB is  the maximal  ideal  o f  B,  and u j -s  f la t .  Then the fo i lowing

asse r t i ons  a re  equ iva len t :

i )  u  j - s  T ' -ex j - s ten t i a l l y  comp le te '

i i )  u  l i f t s  we l l  a lgeb ra i ca l lY

i i i )  u  i s  ex i s ten t i a l lY  comPle te

iv)  u  is  a lgebre i ica l lY Pure



4 3

v)  The res idue f ie ld  extension O/**B/*e is  a lgebra ica l lv

pure

'  Proof  .  The impl icat ions i )  -o

t r iv ia l .  To prove the impl icat ion v)

commutative diagram in the cateqory

a l l  morph isms  a re  fa i t h fu l l y  f l a t ) :

i i )  - -+ i i i )  ->  iv) -+ v)  are

p i - )  ,  le t  us consider  the

of  models  of  T '  (observe that

io

( 5 . 3 )  T h e o r e m .  L e t  A

B  a  Cohen  A-a lEebra  ( i . e .

A-algebra such that *-e/mB

residue f ield k-A/T or ai.

equiva lent :

t r "

I
I

I
I
l t t

/'t 'l'
u a

*  ) t '
:

A

I
j.
i

To conclude that  u  is  T ' -ex is tenLia l ly  comnlete i t  suf f ices to

show tha t  t he  compos i te  morph i= *  6 " iA= iB"u  i s . .T r -ex i s ten t i a l l y

complete.  s j -nc 'e  A is  an Ap-r ing,  ia  is  T, -ex ls tent iar ly  comolete

by  (5 .1 ) .  Thus ,  i t  r ema ins  to  show tha t  d  i *  T ' -ex j - s ten t i a l l y

compleLe i f  the hypothesis  v)  is  fu l f i l led.  This  impl icat ion is

the object of the fol lowing theorem.

be noether ian complete 1oca1 r ing and

a  f l a t ,  noe the r ian ,  comp le te  l oca }

is  a separable f ie ld  extension of  the

Then the fo l l -owinq asser t ions are

B  i s  ana ly t i ca l l y  T ' -ex i s -i )  The st ructure morphism u:A- : - ->

tent  j -a l Iy  complete.

J )  u  i s  T ' -ex i s ten t i a l l y  comp le te .
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i i )  u  l i f ts  wel l  analYt ica l lY

i i ' )  u  l i f t s  we l l  a lgeb ra i ca l lY

i i i )  u  is  analy t ica l ly  ex is tent ia l ly  co inplete '

i i i ' . )  u  is  ex is tent ia l ly  complete

i v )  u  i s  ana ly t i ca l lY  Pu re .

i v ' )  u  . i s  a lgeb ra i ca l lY  Pu re .

v)  The res idue extension X/ :< is  a lgebra i -ca l ly  pure.

Proof .  The impl icat ions

i) --+ i i)  -->i i i)  ---viY1

l t l t
i ' ) - > i i , ) - - - r i i i r )  _ - _ - b i v ' ) - - + v )  .  l

a re  t r i v i a l .  I t  r ema ins  to  show tha t  v )  imp l i es  i ) '

suppose that  k  is  a lgebra ica l ly  pure in  K,  and hence,  by

14 .3 ) ,  k  i s  ex i s ten t i a l l y  comp l -e te  i n  K .  Acco rd , i ng  to  (4 .1 .1 ) ,  K  

'  

, -  - : . . . .

- can be embedded over k into an uf trapower '-t / o

On the other hand, by structure theorem of noetherian complete

local  r ingsr  w€ have 6gR I IXJJ /1 ,  where R is  e i ther  the f ie ld  k  or

a complete d iscrete va luat ion r ing of  character is t ic  zero '  wi th

.  res idue f ie ld  k ,  and X are var iab les.  Denote by _Y the h iqher  order

structure based on R U 0{ and tak'e tM to be either the structure MI /.  , . D

i f  the u l t ra f i l ter  D j -s , f  - incomplete,  or  the s t ructure (prT/o)N/"

where E is  a  nonpr inc ipa l  u l t ra f i l ter  on IN,  on the contrary-  Thus

* y  t "  rn  { - "aturated 
nonstandard.  model  o f  the s t ructure }11.  Denote

by  *A ,  *1 ,  * k ,  x (N ,  e t c . ,  t he  s tandard .  en t i t i es  i n  r l ' l  a t t ached  to  A ,
:

.T ,  k ,  [N,  e tc

Thus we have the f ie ld  extens ions k . - -+X--J t .  By LtZ l  , I I I '  O,

propos i t i on  10 ,  3 ,  I  t he re  ex i s t  a  noe the r ian  comp le te  l oca l  r i ng  C ,
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wi th  n .  i t s  max ima l . i dea l ;  and  a  l oca l  morph lsm w :B-_>C such  tha t

w is  f1at ,  
1=TC 

and C/n3 
*k .  

I t  fo l lows that  w.u:A.- ->C is  the

st ructure morphism of  a  Cohen A-a lgebra wi th  res idue f ie ld  {k .

Accord ing to  (3.6) ,  the Cohen A-a lgebra C is  isomorphic  to  t={A/** - .

Thus we get the commutative diagram of faithfu.l ly f tat morphj-sms

- uA --+

So,  i t  remains to  show that  the canonica l  embedding i :a-> i  is

analy t ica l ly  T ' -ex is tent ia l ly  complete t .o  conclude that  u  is  !

analy t ica l ly  T ' -ex is tent ia l ly  complete.  However ,  the fact  that  i

is  analy t ica l ly  T ' -ex is tent ia l ly  complete is  a  conseguenae of  the

fo l lowing s t ronger  resul t

(5 .  a1  P ropos i t i on .  Le t  i : a - ; i  be  the  .  eanon ica l  embedd inq

a fo re  cons ide red .  Then  i  i s  ana ly t i ca l l y  T ' -ex i s ten t i a l l y  comp le te .

B
\
I
l "
I
.l/

;

P r o g f .  L e t  f = ( f r , . . . , f

G i = ( 9 i r  , . . . , s i e )  €  A E z J ]  [ v ,

e [ z n  [ v ] "  a n d  G = ( G r , . . . , G " ) ,  w h e r e

f o r  i = l r . . .  r . e ,  Z = ( Z t r . . . , Z n ) ,

) €e -

u ] "

T. / \ '

Y = ( Y L r r . . . r Y * ) ,  . U = ( U l r . . .  r U = ) .  A s s u m e  t h a t  t h e r e  e x i s t  ( b r b ' ) € m ' € A n  x

*  *^d!  such that  the fo l lowing condi t ions are sat is f ied.

i )  f i ( p ( b ) , p ( b ' ) 1 = g  f o r  i = I  , . . . . 1 €  i

i f  )  T h e  s y s t e m s  v r ,  ( n ( b )  , p ( b ' )  , u ) = . . . = 9 i e ( p ( b )  , p ( b ' )  , u ) = 0

f o r  i = I r . . . r e  h a v e  n o  s o l u t i o n s  i n  i s

s ince i ,  is  a  noether ian complete local  r ing,  and hence an

AP-r ing,  i t  fo l lo ls  that  there ex is ts  a natura l  number c  such that

for  each natura l  number d)rc{b 'mod gd"O,  b 'mod Td*O) sat is f  ies the

prev ious condi t ions i )  and i i )  over  i / *d f r=-A/*d*O .  On the other

h a n d ,  b y  ( 3 . 7 )  t h e r e  e x i s t s  ( a , a , 1 6  m n a ;  ;  * A m  
s u c h  t h a t  

* f ,  
{ . , a r ) = 0
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f o r  i = I r . . .  y € r  a n d  ( a r a ' ) = ( b r b ' ) m o d  T t * a '  r t  f o i l o w s  t h a t  t h e

sys tems :

* n r ,  ( a r a '  r u ) = .  .  . 3 * n r *  ( a r a '  r u )  = o i = l i . . . r e

have no solutions on f,A. By permanence princj-ple we conclude that

'  t h e r e  e x i s t s  ( E r E ' )  € 9 A " .  - -  - -  r

a n d  t h e  s y s t e m s  g i f  ( 5 r e ' r U ) 3 . . . = 9 i " ( a r e ' r U ) = 0 ,  i = l  1 .  . . . 1 e . 1  
h a v e  n o

solut ions in  As

O ' E ' D  '

Moreover we have the fol lowing more general result.

(5 .5)  Theorem. Let  A be a noether i in  complete local  r inq,

g i ts maximal ideal, and B a Cohen A-a1gebra. Then the fol lowingt

asser t ions are equiva lent :

i )  The st ructure morphism u:A,- - - - )  B is  analy t ica l ly  T"-ex is-

tent ia l ly  complete.

i i )  u  i s  T " -ex i s ten t i a l l y  comp le te .

i i i )  The res idue extension k=A/* '  >K=B/mB is  J# -complete.

'  P roo f  .  The  imp l i ca t i on  l ) - -+  i i )  i s  t r i v i a l .

i i )  > i i i ) .  I f  u  i s  T " -ex i s ten t i a l l y  comr : l e te  then  the re

exis ts  an A-a lgebra mbrphism v: .8- {  such that  v  is  a lgebra ica l ly

pure and C is  an e lementary extension of  A.  By base changer  w€ obta in

the commutative diaqram of f ield extensions

iii
IT
; i
i i

I

I
i

k ' u >

L

K
I

I
t ,
l vv
t =c/Ec
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where T is  an e lementary embedding and T is  ex j -s tent ia l ly  complete.

We conclude that  E is  J f  -completer

i i i ) -+ i )  Assume that  the j  res idue extension x /k  is  Jd-comple-

rer  kr /o  such that

T
K is  ex is tent ia l ly  complete in  k* /O

Then we proceed as in  (5. : )  and consj -der  the h igher  order

t ./'

st ructure M and an Xr-saturated nonstandard model  x l t  o f  M.  Thus

we have the f leld extensions kc-'-+K .-*i :<-, 'where K is lxist lnt iaf fV

complete j -n  xk.  This  d iagram induces in  the same way as in  (5.3)

a commutat ive d iagram of  ( fa i th fu l ly ) f la t  local  morphisns:

e -*-3->e

\ ' l
i \ 1 "

\ J

Since K is  ex is tent ia l ly  complete in  xk i t  fo l lows that  i  i=  a

Cohen  B-a lgeb ra  w i th  res idue  f i e ld  { k .  Moreove r ,  bY  $ .2 )  ,  v

i s  a lgeb ra i ca l l y  pu re .  On  the  o the r  hand ,  bY  (5 .4 ) ,  i  i s  ana -

l i t i ca l l y  T " -ex j - s ten t i a l l y  comp le te  and  hence  u  1s  ana ly t i ca l l y

T ' - e x i s t e n t i a l l y  c o m p l e t e  t o o .  e . E . D .

.  (5 .6 )  Coro l - l a r r ' .  Le t  A  be  an  AP- r i ng ,  y  i t s  max ima l  i dea l ,

B a.noether ian local  r ing,  and u:A-- - - ->B a local  morphism such that

mB is  the maxj -mal  ideal  o f  B,  and u is  f ta t .  Then a necessary and

suf f ic i -ent  condi t ion for  u  to  b.u T"-ex is tent ia l ly  cofnplete i3  that

the residue f ield extension k=A/*----+6=8/*" i-s 3 V -complete

p roo f  .  The  necessa ry  pa r t  f o l l ows  as  i n  (5 .5 )  , i i ) - - -+  i i i )  .

conve rse l y ,  suppose  tha t  t he  f i e ld  ex tens ion  K / :<  i s  l 'H  - comp le te .

Let us consider the commutative diagram

A



ie

where t  i "  the complet ion morphism of  u '

By  (5 .2 )  a l l  morph isms  a re  a lgeb ra i ca l l y  pu re .  S ince ,  b -v '

( 5 . r )  a n d .  ( 5 . 5 ) ,  i A  a n d  t  a r e  T " - e x i s t e n t i a r l y  c o m p l e t e r  w €  c o n c l u d e

that  u  is  T"*ex is tent ia l ly  complete too '

Q . E . D .

( 5 . 6 . 1 )  R e m a r k .  U s i n g  ( 5 . 6 )  ,  ( 4 . 6 )  a n d  ( 4 . 7 . 2 )  w e  g e t  s o m e

proper t i es ,  wh ich  a re  p rese rved  f rom a  to  i '  ( c t .  3 .5 ) .  So  we  ge t

as boro l la t |es some resul ts  f rom [Zf ]  ,  i t€ '  P ' roposi t ion 2 ' l -O '

p rese rva t i on  o f  T t -ex i s ten -

( 4 . 5 . 4 )  a n d  ( 4 . 6 . 1 ) i i )  ) .

( 5 .7 )  P ropos i t i on .  Le t  (A ,g1 )  be  an  AP- r i ng  and  u :A - -+B  be

a Tr-ex is tent ia l ly  complete r ing morphism of  noether ian l -ocal  r ings '

Then the induced r ing morphism u '  :AtXl  (1 ,X.) -  e [x ]  (m,X)  is

T r - e x i s t e n t i a l l y  c o m p l e t e ,  x =  ( x r r . .  . , & t  b e i n g  s o m e  i n d e t e r m i n a t e s .

proof . The induced. f ield morphism k:=A/*c-----> 
"/t" 

j-s exis-

ten t i a l ] y  comp le te .  so  as  i n  (5 .3 )  t he re  ex i s t  a  noe the r ian  com-

plete local  r ing c  and a loca1 morphism w:B tc  Such that  w is

f la t r  D=rnC ,  k '=C/n is  . r ,  { r -saturated nonstandard model  o f  k ,  and

the composite residue f ield extensions k.----+B/*e:--ok' induced by

u  and  w  i s  an  e lemen ta ry  ex tens ion .  Ry  (5 .5 )  t r ' = t  
"  

i s  T " -ex i s -

tent ia l ly  complete morphism. As the induced morphism e[Xl  (m, :X)

c f vJ  i s  f a i t h fu l l y  f t a t  (base  change) ,  i t .  i s  
"noo f r  

t ov  L^J  (m,  x )

show that  v  induces a T ' -ex is tent ia l ly  complete morphism

v '  :A[* l , * ,X )  *  c  lx l  (m,x)

R e m a r k  2 . l I '  P r o P o s i t i o n  2 - L 2 .

Now we consider  another  case of

t ia l  completeness by base change (see
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Now,  by  (4 .1 .1 )  there  ex is t  an  e lementary  ex tens ion

i:A--.-->'a:ar/o and an algebraic pure morphism j:c---Je such

that i= jv.  Consider the composi te morphism h

c[x]  (ml:)  
) '  ,a lx l  (m,x)+tta[x1 (m,x) )  g (a[x]  

t*  , ,*) t / ,

where j '  is  induced by j .  C lear ly  hv '  is  an e lementary morphism

and thus it  is enough to show that h is a pure morphism. Let

.  - X r - f . , . 1  .  a r r - - * ,p : * ( A [ x ] ( $ , X ) ) - - o [ t * ]  b e  t h e  s u r j e c t i v e  m a r :  d e f i n e d  i n  ( 3 . 5 )

A r e

ana i :c l [x[-* i  f lxn the canonical extension of ph to C l [x] .  As

t  ana j induce the some map on the.residue-., {19.1ds we deduce that

f i  i "  T " -ex i s ten t i a l l y  comp le te  (5 .5 ) .  So  h  i s  a  pu re  morph ism

because ph is  so.

(S .7 .1 )  Coro l - l a f f .  Le t  (A ' Jp )  be  an  AP- r i ns  and  u :A - -+B

be a T ' -ex is tent ia l ly  complete r inq morphism of  noether ian local

r i ngs .  Le t  (C ,n )  be  a  l oca l  A -a lgeb ra  essen t i a l l y  o f  f i n i t e  t ype

such that  i ts  s t ructure morphism induces on the res idue f ie lds the

ident i ty  automorphism of  A/p.  Then l ' r= l (B A9AC) is  a  pr ime ideal

in B @ aC 
and the morphism C ,--- '-> (B @ aC) rr, 

induced by u is

T '  -ex i s ten t i a l l y  comp le te

'  
T h e  p r o o f  i s  a  c o n s e q u e n c e  o f  ( 5 - 7 )  a n d  ( 4 - 6 . 1 )  i i )  .

resul ts  to  the case when the morphism u:A-- - - ' rB is  a  local  formal lv

.smooth 
morphi-sm

(5.8)  Theoregr .  Let  . r tA-+B be a local  formal ly  smooth

morphism between noether ian comple le Ioca1 rJ-ngs wi th  res idue

f ie lds k  respect j -ve ly  K.  Then the fo l lowinq asser t ions are

equ iva len t :
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I  ) )  u  l s  ana ly t  i ca  l IY  Pu re

1 1 )  u  l s  a l g e b r a l c a l l Y  P u r e

1 1 1 )  T h e  r e s l d u e  f i e l d  e x t e n s i o n

P r o o f  T h e  l m P l i c a t l o n  i ) - + i 1 )

K / k  l s  a l g e b r a l c a l l y  P u r e .

i s  t r l v i a l .  o n  t h e  o t h e r

h a n d ,  B ' i s  o f  t h e  t y p e  e = d [ X ] l  w h e r e  A '  l s  a  C o h e n  A - a l g e b r a  w l t h

r e s i d u e  f  i e L d  k  a n d  X = ( X l r . . . , X n )  a r e  v a r l a b l e s  ( s e e  [ f Z ] , T V , O ,
: '

t h e o r e m  L g , 7 , 2 ) . T h u s  u  a d m i t s  t h e  f  o 1 3 - o w i n g  d e c o m p o s i t i o n

A - 
' '  > A'--g---+ n'[x] =g

S l n c e  u "  a d m i t s  t h e  A ' - F € t r a c t  X i P O , U "  t s  a n a l y ' t ' i c a 1 l y  p u r e '

t l ) - + 1 1 1 ) .  I f  u  i s  a 1 g e b r a l c a l l y  P u r e  t h e n  c l e a r l y  u '  1 s

a l g e b r a l c a l l y  p u r e  t o o .  B y  b a s e  c h a n g e  ( 2 , 3 )  l i ) ,  t h e  r e s l d u e  f i e l d

e x t e n s l o n  U = A / ! - € K = A '  / n A '  i n d u c e d  b y  u '  i s  a l g e b r a i c a l l y  P u r e  '

1 f l ) - - - + 1 )  I f  k  l s  a l g e b r a , l c a l l y  p u r e  1 n  K ,  t h e n  b y  ( 5 ' 3 )  u '

l s  a n a l y t l c a l l y  p u r e .  S i n c e  u '  l s  a n a l y t i c a l l y  p u r e ,  w €  c o n c f u d e

t h a t  t h e  c o m p o s i t e  m o r p h i s m  u = u ' u '  i s  a n a l y t i c a l l y  p u r e  t o o '

Q . E . D .

( 5 . g )  R e m a r k .  L e t  u : A - ) B  b e  a s  i n  ( 5 . 8 ) .  I f  t h e  r e s l -

d u e  e x t e n s l o n  K / k  l s  a l g e b r a i c a l l y  p u r e ,  b u t  B  i s  n o t  a  c o h e n

A - a l g e b r a ,  1 t  f  o l l o w s  b y  ( 4 . 6 . 2 ) "  i )  a n d  ( 4 . 6 . 8  )  i i i  )  t h a t  u  i s  n o t

T ' - e x i s t e n t i a l l y  c o m p l e t e '  M o r e o v e r ,  i f  B '  i s  n o t  a  C o h e n  A - a l g e b r a

t h e  m o r p h i s m  u  i s  n o t  l n  g e n e r a l  e x l s t e n t i a l l y  c o m p L e t e ' .  F o r  t n g - ' r

s t a n c e ,  t h e  m o r p h i s m  k " - r t  [ X n , w h e r e  k  i s  a  f  i n i t e  f  j ' e l d ,  i s  n o t

e x l s t e n t i a l l y  c o m p l e t e .  L e t  u s  g i v e  a n o t h e r  e x a m p l e  '  C . o n s i d e r  t h e

f  o r m a l l y  s m o o t h  l o c a l  m o r p h i s m  u : Q  - - - - - > q [ f ] l  , w h e r e  T  l s  a  v a r i a b l e

T h e  r i n g  m o r p h i s m  l s  n o t  e x l s t e n t l a l l y  c o m p l e t e .  I n d e e d  l e t  Y

d e n o t e  t h e '  f o l l o w l n g ' e x i s t e n i t a l  s e n t e n c e

I t

by

( I x ) ' ( E V )  ( l z 1  * 3 * y 3 = = 3  / \  x Y z l o

i s  we l l  known tha t  t?  i s  no t  t rue  on  Q '  Howeve i l I i s  s a t l s f i e d

i
I
i

A t r T n .  r n d e e d ,  l e t  u s  t a k e  X = T i ' Y = r '  B y  H e n s e l ' s  l e m m a  t h e

p o r y n o m i a l  z 3 - ( 1 * t 3 1 h a s  a  s o l u t l o n  z ( T ) €  A t r T n  s u c h  t h a t  z ( o 1 = 1 '
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( 5 . 1 O ) )  T h e o r e m  L e t  K  b e  a  f i e l d  a n d  T  a  v a r l a b l e .  T h e  :

f o L l o w l n g  s t a t e m e n t s  a r e  e q u l v a l e n t :

1 )  T h e  f  i e l d  e x t e n s i . o n  K c - + K (  ( T )  )  i s  a l g e b r a i c a l l y  p u r e .

1 1 )  T h e  f  l e l d  e x t e n s i o n  K ( + , Q ( K < T >  )  l s  a l g e b r a l c a l l y  p u r e

( f ( f )  d e n o t e s  t h e  r t n g  o f  a l g e b r a i c  p o w e r  s e r i e s  w l t h  c o e f f l c i e n t s

l n  K ) .

1 1 1 )  F o r  e a c h  A P - r l n g  A  w i t h  r e e l d u e  f t e l d  K ,  t h e  m o r p h i s m

A  - - + A t r T n  h a s  a  w e a k e r  f o r m  o f  T ' - e x l s t e n t l a L  c o m p L e t e n e s s :  t h e

o n l y  m o d l f  l c a t i o n  l s  t h a t  t h e  m a t r l c e s  G f  f  r o m  ( 4 . 5 . ? )  h a v . e  e n . ' - r '

t r i e s  l n  A .  .

l v )  For  each r ing  A as  above,  the  morph lsm A- - - - - -?e [ fJ I  f s

e x l s t e n t  l a l l y  c o m p l e t e  .  .  - .  , r - , . : r  :  : r :

P r o o - f  C l e a r I y  1 )  i m p l i e s  1 1 ) ,  a n { . , . t h e  i m p l i c a t l o n  i i ) - + i )

i s  a  c o n s e g u e n c e  o f  ( 2 . 3 ) ' 1 ) . i l )  a n d  o f  t h e  f a c t  t h a t  K ( T >  i s , .

accord ing  to  ' f I j  ,an  AP- r ing .  The imp l i ; cq t i ,gn , . i i i 1 - - - - ' - - ' .>  i v )  i s  , f t J * , .

1 ) r l i l ) . L e t  A  b e  a n  A P - r l n g ,  m : i t s  m a x i m a i  i d e a l ,  a n d

A / g  =  K .  o e n o t e  b y  B  t h e  l o c a l - j . z a t i o n  o [ t d * - A [ T ] . C l e a r l y  B  s a t i s -

f  l e s  t h e  h y p o t h e s i s  o f  (  5 , 2  )  .  S i n c e ,  . b y , " . i , ) , , .  K  i s  a l g e b r a l c a t t Y . , -  -  ,

p u r e  f r i  K ( ( T ) ) ,  t h e  r e s l d u e  f i e t d  o f  B ,  w e  c o n c l u d e  b y  ( 5 . 2 )  t h a t

t h e  m o r p h i s m  A  5 8  i S  T ' - e x i s t e n t l a l l y  c o m p l e t e . .

L e t  f  i €  A f x ] ,  F i = ( F i I , . . . , F i n ) €  n [ x ]  n :  G i T ( t t ,  j , k ) r 4  j , k <  n

m a t r i c e s  w i t h  e n ! r i e s  i n  A ,  w h e r e  1 = 1 , : . . r "  a n d  X = ( X l , " " X m )  a r e

v a r 1 a b l e s .  S u p p o s e  t h a t  b  €  M f X t  s a t i s f  l e s .  t h e  c o n d l t  j - o n s :

1 )  f 1 ( b ) = . . . = f u ( b ) = o

2 )  F i ( b )  d o e s  n o t  b e l o n g  t o  t h e  s u b m o d u l e  o f  n r f l l n  g e n e r a -

t e d  b y  ( G i , l , k , . . . , G i ; o , p )  e  n n  ( k = 1 , " " h ) '  f o r  i = l " " 1 e '  '

' S l n c e  A  i s  T ' - e x i s t e n t l a l l y  c o m p l e t e  l n  B , _ i t  s u f f l e e s  t o

s h o w  t h a t  Z )  r e m a l n s  v a l i d  o n  B .  L e t  V r : A n - - - + A n  b e  t h e  m a p

a s s o c i a t e d  t o  t h e  m a t r i x  ( G i ; J , k ) j , k = r , . . . , f l .  u s i n g  [ r g ] '  T h e o r e m

L 2 ,  p a g e  5 8 ,  w e  g e t
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o""o[r1(coke.  9r  eoe[rJ l={na[rn lo a ot"ocoke'  ?r ] '

T h u s  t h e  p r i m e  l d e a l s  a s s o c i a t e d  t o  C o k e ,  ' ? f & O a [ f J i  d o e s  n o t  i n t e r -

s e c t  t h e  m u l t l p l l c a t l v e  s y s t e m  5 , = n l [ f ] r  m a [ T $  a n d  s o  t h e  f t ( t P i A  n [ { 1

l s  S - s a t u r a t e d  a s  a  s u b - A [ T i - m o d u l  o f  A I T I n .  C o n s e q u e n t l y ,  i f

d l r = ( F i , l ( b ) . . . . , t r , n ( b ) ) i  i s  c o n t a l n e d  i n  I m ( {  A B )  t h e n  ' i  ' .

d r €  I m ( f  , e , B ) n  
A I T J t r = r m ( f r a A [ T t r ) ,  w h i c h  c o n t r a d i c t s  2 \ .

1 v ) ' - +  1 )  A p p l - y i n g  f v )  t o  t h e  p a r t i c u l a r  c a s e  A = K ,  l t  f o l l o w s

t h a t  r [ r J ]  c a n  b e  e m b e d d e d  o v e r  K  i n t o  a n  e l e m e n t a r y  e x t e n s l o n { K  o f  K

T h e r e f o r e  K ( ( T ) )  c a n  b e  l d e n t l f i e d  w i t h  a n  l n t e r m e d i a t e  f i e L d  b e t *

.  w e e n  K  a n d t K ,  i . e .  K - i s  e x i s t e n t l a l l y  c o m p L e t e  i n  l ( ( ( T ) ) f '

Q . E . D .

( 5 . 1 1 )  C o r o l l g r y  L e t  u : A - ) B  b e  a  l o c a l  f o r m a l l y  s m o o t h

, , , r ' f i l o l p h i s m  b e t w e e n  n o ' e t h e r i a n  c o m p l e t e  l o c a l  r i - l ' n g s ' " w i t h  r e s i d u e  f  i e l d s

k  r e s p e c t i v e l y  K .  S u p p o s e .  t h a t  K  i s  a l g e b r a l c a l l y  p u r e  i n  K ( ( T ) ) ,

w h e r e  T  i s  a  v a r i a b l e .  T h e n  t h e  f  o l l o w l n g  a s s e r t i o n s  a r e  e q u i v a l e n t  i  ,  ; , ,

-  i )  u  h a s  t h e  w e a k e r  f o r m  o f  T ' - e x i s t e n , t . i a , l .  c o m p l e t e n e s s  f  r o m  . . ! {  * 1 { - r i
?

( 5 . 1 0 )  i 1 1 ) .

f l )  u  i s  e x l s t e n t i a l l Y  c o m p I e t e .

l i i )  T h e  r e s i d u e  f l e l d  e x t e n s i o n  K / k  i s ,  a l g , e b r : a i c a I I y  p u r e .  , .  : . ' l

p r o o f  ' B y  ( 5 . 8 )  w e  h a v e  t h e  l m p l i c a t l o n s  i ) - > 1 i ) - - - > i i i ) i .

l l f  ) - f  i ) i .  W i t h  t h e  n o t a t i o n s  f  r o m  ( 5 . 8 ) ,  u '  1 s  T ' - e x l s t e n -

t i a l l y  c o m p l e t e  b y  ( 5 . 3 ) ,  a n d  u "  s a t i s f i e s  t h e . c o n d i t i o n  f r o m  ( 5 . 1 0 )

1 1 1 )  u s i n g  ( 5 . I O )  a . p p l l e d  n - t l m e s  s u c c e s l v e l y .

Q . E . D .

(  5 . 1 2  )  g o r o l r l a  r y  L e t  A  b e  a n  A P - r i n g  ,  k  l t s  r e s i d u e  f  i e 1 d ,

a n d  u : A . - - + B  a  l o c a I  f  o r m a l l y  s m o o t h  m o r p h i s m  i n t o  a  n o t h e r i a n

l o c a l  r l n g  B  w i t h  r e s l d u e  f i e l d  K .  A s s u m e  t h a t  K  1 s  a l g e b r a l c a l l y

p u r e  i n  K (  ( f  ) \ ) ,  w h e r e  T  i s  a  v a r i a b l e  a n d  k  i s  a l g e b r a i c a l l y  p u r b

l n  K .  T h e n  u  h a s  t h e  w e a k e r  f o r m  o f  T ' - e x i s t e n t i a l  c o m p l e t e n e s s

i i ) .f  r om  ' u r l l ] r . t r ,  

L t zJ ,  r v , o ;p . r opos i t i on  r e ,  s , 6  ,  t he  i nduced  morph l sm
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l s  s t i l l  f o r m a l l y ' s m o o t h . u s  c o n s i d e r  t h e  c o m m u t a t i v ea ^

u lA ----)

d i a g r a m :

L e t

BA
1

l e l
. v

i
I'.
Br

T ' - e x l s t e n t l a l l y  c o m p l e . t e ,  a n d

- e x i s t e n t l a l  c o m F l e t e n e s s  f r o m

u

B y  (  5 . 1 )  ,

w e a k  f o r m

le ls

o f  T '

b y  ( s . 1 1 1 ,
( s . 1 0 )  i r l )

u  h a e  t h e

,  a n d

o[x! to atr In /U)=c, j - !  becomes so.

c o n d i t i o n  i )  f r o m  ( 5 . I O )  i s  f u l f i l -

I n t h e  p a r t i c u l a r . c a s e  w h e n  A  a n d  B

r i n g s  o f  c h a r a c t e r i s t i c  z e r a  a n d

a r e  c o m p l +

u:A,-**)  B

h e n c e  t h e  c o m p o s i t e  m o r p h l s m  u l o = i u u  h a s  t h e  s a m e  p r o p e r t y '  w e

c o n c l u d e  t h a t  u  h a s  t h e  d e s i r e d  p r o p q r t y .

( 5 . 1 3 )

Q . E . D .

R e m a r k  I f  w e  l e a v e  t h e  C a s e  o f  f O r m a l l y  s m o o t h  f l o F ' r ' r . i ' l  '

p h i s m s ,  t h e n  t h e  l a s t  r e s u l t g  a r e  n b t  9 . 9 n e r a l I y  t  r u e .  F o r  i n s t 9 l " e

t he. mo rphism a ['xJf'--+c [xJ)[vJ ( x, y,,/ (v2 .,X:.' I i s  n o t  a l g e b r a i c a l I Y
. b u  t .

pur i l f f  we change the  base f  rom

( 5 . 1 4 )  E x a r n p l e s  w h e n  t h e

l e d :

t )  l f  K  l s  s e p a r a b l e  c l o s e d ,  b y  ( 4 . 4 . 6 ) t  c )  '

1 1 )  i f  K  i s  p s e u d o - a l g e b r a i c a l l y  c l o s e d ,  b y  ( 4 . 4 . 6 )  b ) .

i i i )  1 f  K  l s  r e a l  c l o s e d ,  b y  ( 4 . 4 . 6 )  d ) , ^ b e c a u s e  r < ( ( r ) )  l s  f o r -

m a l L y  r e a l  h a v i n g  a  v a l u a t i o n  w i t h  a  f o r m a l l y  r e a l  r e s l d u e  f  i e l d .

i v )  l f  t <  i s  a  p - a d i c a l l y  c l o s e d  f i e l d  ( s e e  ( 4 . 4 . 6 )  b )  w i t h

f i n l t e  a b s o l u t e  r a m l f i c a t i o n  i n d e x .  I n d e e d  K ( ( T ) )  1 s  a  f o r m a l l y

p - a d l c , f . i e l d  e x t e n s i o n  o f  K .

v )  m o r e  g e n e r a l l y ,  1 f  K  i s  a  p - a d i c a l l y  c l o s e d  f i e l d  i n  t h e

s e n s e  o f  [ + ] ;  f o r  i n s t a n c e  w e  c a n  t a k e  K  t h e  f i e l d  o f  P u i s e a u x

s e r l e s  w i t h  c o e f f l c l e n t s  i n  t h e  f i e l d  Q p  o f  p - a d i c  n u m b e r s ,  o r  j - n

t h e  f i e l d  R  o f  r e a 1 s ,  o F  l n  a  p s e u d o - a l g e b r a i c a l l y  c l o s e d  f i e l d  k

o . f  c h a r a c t e r i s t i c  z e r o  w i t h  b o u n d e d  c o r a n k  ( i . e .  k  h a s  o n l y  f  l n l t e -

I y .  m a n y  a l g e b r a l c  e x t e n s i o n s  L  s u b j e c t  t o  [ t - , 1 3 = t ' t  f o r  e a c h  p o s i t i v e

l n t e g e r  n ) .

( 5 . 1 5 )  R e m a r k

t e  d i s c r e t e  v a l u a t i o n
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l s  a n  u n r a m l f l e d  v a l u a t i o n  r l n g  m o r p h i s m ,  ( 5 . 3 )  a n d  ( 5 ' 5 )  a r e  i m m e -

d L a t e  c o n s e q u e n c e s  o f  m o r e  g e n e r a l  r e s u l t s  o f  t h e  m o d e l  t h e o r y  o f

h e n s e t i a n  v a l u e d  f  i e l d s ' ( s e e  [ z ]  , [ r r J  ,  [ r + ]  , L r e 7 ,  [ s o ]  ,  [ s l )  '  M o r e o v e r '

L n  t h i s  c a s e ,  u  i s  a n  e l e m e n t a r y  e m b e d d l n g  r f f  t h e  r e s i d u e  f i e l d

e x t e n s l o n  i s  a n  e l e m e n t a r y  e m b e d d i n g  '

F o r  i t s  p a r t l c u l a r  l n t e r e s t ,  w €  e n d  t h e  p r e s e n t  p a p e r  w i t h  a

p u r e l y  a 1 g e b r 6 1 c  p r o o f  o f  ( 5 . 3 )  l n  t h e  c a s e  o f  c o m p l e t e  d i s c r e t e

v a l u a t i o n  r i n g  o f  c h a r a c t ' e r i ' s t i c  z e r o  '

(  5 ,15  )  Theo rem Let  u  :A  - - - -+B be an  un  rami f  ied  ex tens  lon  o  f

c o m p l e t e  d i s c r e t e  v a l u a t i o n  r i n g s  o f  c h a r a c t e r i s t i c  z e r o '  T h e n  t h e  t

f o l l o w i n g  s t a t e m e n t s  a r e  e q u i v a l e n t  :

t ) u i s a n a l y t l c a l l y T ' - e x i s t e n t i a l l y c o m p l e t e .

7  ,  . '  i l )  T h e  r e s i d u e ,  e x t e n s i o n  . i s  a l g e b r a l c a l l y  p u C - e - .

gg l  Le t  f  i €  A [4 ] [ v ]  , r1= (F i r ,  .  .  .  ,F i " ) i  e  e [z ] [ v l  " ,G=(G i , J  , k ) Ig [ k<e

m a t r i c e s  w i t h  e n t r i e s  i n  A [ Z n t Y ]  ,  w h e r e  i . = 1 , . . . 1 €  , a n d  Z = ( L L "  "  ' 7 n )  '

' .  r , r  - ^  A  * ! ' a *  + | . ' o r a  a v J r  
- f l X B m

y = ( y l ' . .  "  ' Y , n )  a r e  v a r l a b l e s .  A s s u m e  t h a t  t h e r e  e x l s t s  ( b , b ' ) e  j 1 B

(  t t  d e n o t e s  t h e  l o c a 1  p a F a t $ e t e r  o f  A )  s u c h  t h a t  t h e  f o l l o w i n g  
'

c o n d l t i o n s  a r e  f u l f i l l e d :

1 )  f f ( b , b ' ) = 0  f o r  i = 1 ' o r o 1 €

2 )  T h e  l i n e a r  s Y s t e m s
e

( s r )  f - c i ,  i  . . t ( b , b '  )  u * = F i , J  ( b , b ' )  ;  J = 1 ,  '  o  o  1 €
-  r  

d = l  
' t J t ^  - ' !

'  have  no  
" l r ra  

i -ons  i -n  Be '

W e  . h a v e  t o  s h o w  t h a t  t h e r e  e x l s t s  ( a , a '  ; 6  f t A n x A m  s u b j e c t  t o

the same condi t lons on A,  l f  the l . *8$fr3?t l t 'nA-K=B/$(B ls a lge-

b r a l c a l l y  p u r e .  F i r s t  w e  s h o w  t h a t  t h e  i n c o m p a t i b t l l t y  o f  e a c h

l i n e a r  s y s t e m  ( S i )  l s  e q u l v a l e n t  t o  t h e  e x i s t e n c e  o f  a  s o l u t i o n  o f '

s o m e  f l n i t e  s y s t e m  o f  e q u a t i , o n s ,  w h l c h  c a n  b e  a d d e d  t o  1 ) '

L e t  u s  f i x  a n  i n d e x  i  a n d  l e t  r  b e  t h e  r a n k  o f  t h e  m a t r i x

l l G i ; J , k ( b , b ' ) l l ,  a n d  A ( b ' b i )  a  n o n - z e r o  : x r - m i n o r ;  
o f  m l n i m a l  v a r u a -

t l o n .  T h j , s  s i t u a t t o n  c a n  b e  d e s c r t b e d  b y  * r i t i n g  t h a t  a l l  (  r + 1 ) x (  r + l )  '

- m ' . n o r s  o f  l l C r . j , k ( b , b ' ) l |  a r e  z e r o  ( l f  r ( e )  r  a n d  t h a t  t h e  e q u a t i o r r s
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i

a ( b , b ' ) -  f , r ' T l = o  ( w h e r e  t  i s .  t h e  v a l u a r i o n  o f  4 ( b , b , ) ) ,  T l T a _ l = o ,

a ' ( b r b ' ) -  f i t  T ' = o  f o r  e a c h  o t h e r  r x r - m i n o r  - d .  ( b , b ,  )  h a v e  s o l u t i o n s ,
w h e r e  T l  , T 2 , T '  ,  e t c  a r e  n e v ,  v a r i a b f  

" " .
T h e r e  e x i s t  t r v o  k i n d s  o f  l n c o m p a t f b i l t t y  f o r  ( s i )

)  ( s i )  i s  t n c o m p a t l b l e  1 n  t h e  f r a c t i o n  f l e r d  o f  B .
w h e h  t h e r e  e x l s t s  a  n o n - z e r o  ( r + 1 ) x ( r + r ) - m i . n o r  H ( b , b .  )

r l

l l t t , J , k ( b , b '  l l t r , j ( b , u '  ) l l .  L e t  s = o r d ( H ( b , b .  ) ) .  T h i s  f a c t

T h i s  h a p p e n s

o t  t h e  m a t r i l

can  be  de ' s -

o f  B ,  b u t  n o t  i n  B .

f o r m :

J = l r . '  . . r r

c r i b e d  b y  e q u a t l o n s  a s  a b o v e  z  H ( Z , y ) _  . n s w = O ,  l 4 l i / .  _ 1 = O .

b )  ( S r ) :  i s  c o m p a t i b l e  i n  t h e  f  r a c t l o n  r , f  : i C I d

C l e a r l y  ( S r )  i s  e q u i v a l e n t  w l t h  a .  s y s t e m  o f  t h e

( * )  d ( b , o '  ) u j . , r _ i . ,  A r o . ( b , b ,  ) u " . = F J ( b , b ,  ) ,J  { = F + I  J  
:

w h g r e  A . , . r x  
*  + P -  

a n a s ] ,  . r ^ A -  ^ - )  , . , l- "  - ' "  
J o C , F J  € A l [ z W J .  R e m a r k  t h a t  o r d  ( A ( b , b . ) ) (  o r d  ( A J o . ( b , b , ) )

s l n c e  a ( b , b ' )  h a s  t h e  m l n i m a l  v a l u a t i o n ,  a n d  t h u s  ( * )  i s  i n c o m p a t i ;
b l e  x f  f  t h e r e  e x i s t s  J o  € F , . . . , r 1  s u c h  t h a t  o r d  ( A ( b , b , ) )  ) -  

- . -

o r d  ( F i  ( b , b ' ) ) .  L e t  s = o r d ( r T  ( b , b , ) ) .  T h e n  w e  a d d  t h e  e q u a t i o n sJ O  
1  

J O '  
'  '  r ' v r '  ' r v  q v v

F r ^ ( z , Y ) -  r t s v = o ,  V V ' - 1 = o  w h e r e  v  a n d  v ,  a r e  n e w  v a r i a b r e s .r r O

T h u s  w e  s u c c e d e d  i n  r e p l a c i n g  t h e  s i t u a t i o n  d e s c r i b e d  b y  r )
a n d  2 \  w l t h  t h e  c o m p a t i b i l i t y  o f  a  f l n i t e  s y s t e m  o f  e q u a t l o n s  o f
t y p e  1 ) '  T h e n  i t  s u f f j - c e s  t o .  p r o v e  t h a t  u  i s  a n a l y t i c a r r y  p u r e , w h i d r
l s  e q u l v a l e n t  b y  ( 2 . 6 )  w i t h  t h e  f a c t  t h a t  u  i s  ? l g e b r a i c a l l y  p u r e .
s o  w e  h a v e  t o  s h o w  t h a t  u  i s  a l g e b r a i c a r l y  p u r e  i f  t h e  r e s l d u e  .
e x t e n s l o n  K / k  i s  a r g e b r a i c a l l y  p u r e .  L e t  F = ( F r , . . . , F r )  b e  a  s y s t e m

' o f  p o l y n o m l a l s  l n  A [ v i , y = ( y r ,  r . . , y n )  a n d  b  e B n  b e  s u c h  t h a t  F ( b ; = g .
L e t  q  b e  t h e  k e r n e l  o f  t h e  A - m o r p h i s m  n [ v i - - - + a  : y  F - - + b  a n d  d e n o t e
r = h t ( q ) .  A d d i n g  s o m e  p o l y n o m i a l s  a o  F  w e  m a y  s u p p o s e  t h a t  F  g e n e r a -
t e s  q .  S i n c e  A  i s  o f  c h a r a c t e r l s t l c  z e r o ,  t h e  f i e l d  e x t e n s i o n

a ( A )

p  2 I 9 - 2 2 I ,  t h e r e  e x i s t  h I  , . . . . h . e  g  s u b j e c t  t o :

i )  ( h I , . . . , h r )  e [ v ] q = q  A [ y ] q .

1 1 )  T h e  j a c o b i a n  m a t r i x  ( 3 - h i ) 1 s a . ,  h " s  a n  r x r - m i n o r  M ,  w h i c h' J  
l < j <  n
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l s  n o t  l n  q .  c l e a r l y  w e  c a n  c h o o s e  t  h e  p o l y n o r n l a l s  h l ,  '  '  '  '  h ] .  f  r o m

r - ^ - - . . ^ -  E  ^ ^ ^ 6 F a + a a  ^  T h  i g m e  t h a t  h . = F .
t h e  s y s t e m  F ,  b e c a u s e  F  g e n e r a t e s  q '  T h u s  w e  m a y  a s s - " .  I  i  ?

f o r  1 = I , . . . 2 f .  S i n c e  M ( b ) / O ,  w €  m a y  s u p p o s e  a c c o r d i n g  t o  N 6 r o n ' s
D

p - d e s l n g u l a r i z a t t o n  l s e e [ {  o r  [ t t ]  I  t h a t  M ( b )  i s  l n v e r t i b l e  i n

R e m a r k  t h a t  b  i n d u c e s  a  e o l u t l o n  o f  t h e  s y s t e m

F ( Y ) = O ,  M ( Y ) U = 1

l n  K .  T h e  e x t e n s l o n  k c K  b e l n g  a l g e b r a l c a l l y  p u r e ,  l t  f o l l o w s  t h a t

t h e r e  e x l s t s  5  e  A n  s u c h  t h a t  F ( ! ) = O  m o d t t  a n d  M  G l t O  m o d i t  '  B y  t h e

t m p l i c t t  f u n c t j . o n  t h e o r e m ,  t h e r e  e x l s t s  a  € A n  s u c h  t h a t  F t ( a ) = ' '

= F . ( a ) = O a n d  a  = E  m o d i l .

I t  r e m a i n s  t o  s h o w  t h a f  a  i s  a  s o l u t l o n

( F l ,
t

,F r )= l ro t b e  t h e  r e d u c e d  P r i m a r Y

o f  t h e  w h o l e  s Y s t e m  F .

d e c o m P o s i t i o n  o f
L e t

@ , ; . . , r J ,  i n  n [ v J ;  e 1 , . . . 1 Q 1a r e  p r i m e  i d e a l s .  S l n c e  q = ( F )  c

( F I , . . . , F 1 ) , . Q  c o n t a l n s  s o m e  9 1 '  s a y  q ? a t ' W e  h a v e  ( F l " " ' F t ) n [ v J O

c :  q r R L y J q c q h t [ v ] q .  s l n c e  ( F r , . . ' , F r ) R [ Y l q = q R f V ] q '  w e  c o n c l u d e  t h a t

e = Q l .  f f  t = l  t h d n  c l e a r l y  a  i s  a  s o l u t l o n  f o r  t h e  w h o l e  s y s t e m  F '  I f
t

t  > 1 ,  t h e n  m e  f f i  , w h e - E  9 = J l _ 0 r . .  I n d e e d  l f  b : q + a  i s  a  p r i r n e  i d e a l

w h i c h  d o e s  n o t  c o n t a i n  t i l  l ; 3 " t . r , = 1 a  [ v J  / ( F t ' . . .  ' F r )  ) u  i s  n o t  a n

t n t e g r a l  d o m a i n .  L e t  u s  s h o w  t h a t  C  m u s t  b e  a n  i n t e g r a l  d o m a i n '

S u p p o s e  M = d e t t l - F f  l .  ,  .  T h e n  t h e  m o r p h i s m  R [ Y r * I , . . . , Y n ] - - + C
n Y J  1 , J = l , . . . , F

i s  e t a l e .  A s  t h e  n o r m a l i t y  i s  g o i n g  u p  b y  e t a l e  m o r p h i s m s  ( s e e  l Z i l '

V I I ,  S Z , p r o p o s i t l o n  ? \ ,  i t  r e s u l t s  t h a t  C  l s  a  n o r m a l  r i n g  a n d  i n

p a r t i c u l a r  a n  l n t e g r a l  d o m a l n  b e c a u s e  C  i s  1 o c a 1 .  C o n t r a d i c t i o n l

T h u s  t h e r e  e x l s t s  a n  i n t e g e r  d  ) l  s u c h  t h a t  M d = M r + M 2 ,  M 1 € Q ,  M Z e g '

A s  F ( a ) = r ( 5 ) s O  m o d X  a n d  M ( a ) = M ( i l . * O  m o d J l  l t  r e s u l t s  M r ( a ) / O .  C o n s e -

q u e n t l y  F ( a ) = 9 ( a ) = O  b e c a u s e  m r e  < { ( ' F 1 t " ' , F r ) '

Q , E . 0 .
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