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ALGEBRATC ASPECTS OI'  A COMBINATORIAL DECOPIPOSTTION

THEOREM

by

serban sincExescu
,

TNTRODUCTTON

Under the name of  ,Combinator ia l  Decomposi t ion, ,

Gars ia  and  Bac lawsk i  t [ z ] l  p roved  a  ce r ta in  a lmos t  canon ica l

decomposi t ion for  the.e lemen*. .s  of  a  noether ian,  connectec l

graded a lgebra over  a f ie ld

In fact ,  a l though not  s tated in  the same form,

such a decomposi t ion,  re f lect ing the connect ion between the

depth and the Kru l r  d j -mension of  the r inq,  was lonq aqo fa-

m i l i a r  t o  a l g e b r a i s t s  ( s e e ,  f o r  i n s t a n c e ,  s e r r e f 4 ] ,  c h . r V ,

8 4 ,  p o . 1 4 - 1 6 )  a n d  f i n e r  r e s u l t s  a r e  k n o w n ,  u s i n q  t h e  l o c a l

cohomology descr ip t ion of  the depth (see A.Grothendieck,
e l

L 3 J ) .

The a i -m of  th is  note is  to  g ive an.  a lqebra i -c  proof

to  th is  decomposi t ion theoren and to show i ts  connect ion

wi th the s t ructure of  the Hi lber t  ser ies of  a  noether ian qra-

d e d  a l q e b r a  ( T h . 7  a n d  C o r  . 8 , 5  2 )  .

Fo r  t he  sake  o f  comp le teness r  w€  inc ludec l ,  i n  $  1 ,

.  some c lass i ca l  resu l t  on  ra t j - ona r  f o rma l  power  se r ies .

Us ing  I  I ,  one  can  eas i l y  t rans la te  the  resu l t s  on

the  H i l be r t  se r i es  i n  t e rms  o f  t he  H i l be r t  f unc t i on .

The rnain result of the paper and some comment are co::tairred

in  5  2 .  The  number ing  o f  t he  resu l t s  i s  sequen t ia l
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I. RATTONAL FORMAL POWER SERIES

tet  t  ae the set of  a l r  the integer-valued sequen-

c e s :  s  =  ( r n ) n e ' ,  s u c h  t h a t  t r r = O ,  f o r  n 4 0 . ' T h e  a l g e b r a  s t r u c -

ture 
" t  

Z[a]  j -s t ransfered on f  Uy the converse of  the
f

"genera t ing  ser ies"  opera to t , f  , { *Z [ - } ,  T  ( ( r r r ) r , )  ,=  Lg 'n tn  '

Wi th  th is  s t ruc tu re  on f  ,  {  becomes a / -  a lqebra  i -somorph ism,

ident i fy ing the srrur inq?=i t t r r le{ l t r ,=o for ' , r>oJ of  {  wi th

t he .po l ynom ia l  sub r i ns  Z - l t J  " f t t \ .  
r f  Z r c )  and  Z ( t b

denore rhe quotient f ields "tZ*7 
ana/i l . . l  respectively,

rhen f l " fO is  a subf  ietd ot  ZG )  The el  ements of  the

.  ^ l

! ' " rcS[ t : l  e )0 ,  hzo

zero) , such

ro, ,zhJ.

a n d  a o ,

* h r # .  r

. . . , a " € 7 L ( n o t

t r r *u r t r r - f+ '  '  '+a

a l l

r  = 0 ,
e  n -e

For any c aTLl t )  ,  the mult ip l icat ion

n
invariates (K and , if IGL+LZ f al , c

by c:mc,VWXIZW}
-reZ[t{ 

a"a *.-1 also

invar :a t " "  6L .  Then V. ,={ t  , * . )  and g.  t  =T.  t  ( *  - r - )  ( for

c€I + tZl{ )  are 7L - automorphisms ot & .  The V '"  and the

C","  commute in  aut , ( { )  and qenerate a subgroup G,  wi th  the

proper ty  that  d  i=  the G-orb i t  o f  the uni t  seouence'

*= ( bo,..") 
rrr-0 

(Kronecker delta) . Vc and <f 
" 

are sometimes called

' ,umbral "  Cperatcrs .  In  case c=l - t ,  the1,  are the u-sUal  Opera-

to rs  o f  t he  f i n i t e  d i f f e rences  ca l cu lus

subrlnq G,= Zru nZ [t  I  or

7L&\  w i l l  be  ca l led  " fa t iona l "  fo rmal .  r rower  ser ies .

The subr j - r 'gd ,= t -1 tQ l  cons j -s ts  o f  the  usua l  l inear  reccurent

sequences.  { "  m. iy  be d i rect ly  t le f ined by
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Let  Q be the f le ld  of  the rat ional  number:s .  A s imple

l inear  a lgebra arsument  shows that ,  i f  g i=L^r . , , ' tn€O [a] ,

) = r , . .  . , e  a r e  Q - l i n e a r  d e p e n d e n t ,  t h e n ,  ; . r " : : o ' ' I " n r " r , " "

0<n rs  nZS . .  . 3  ne  the  de te rm inan t  de t  ( r i . .  )  I l  i  ,  jSe  mus t  van i sh  .

Conversely ,  the vanish ing of  .a11 these determinants i -mpl ies

t h e  Q ( r e s p . ' 7 -  ) - l i n e a r  d e p e n d e n c e  o f  g 1 r g 2 r . . . r g u .  T h e  n o n -

degenerate case is  obta ined when we suppose that  there are

( e - 1 )  b e t w e e n  9 L , . . .  t g e '  w h i c h  a r e  0  ( r e s p .  V .  )  - l i n e a r  i n d e -

pendent

Now, ard i rect  computatJ-on shows that  a  ser ies t€71fr ]nefono" '

to  G- '  i f  f  there are in tegers e?0,  hzO such that  ,  for  nr - r  the

s e r i e s :  t - n - j  ( f - T n + j - 1 ) ,  j = 0 , 1 , . . . , €  a r e  e  G e s p .  Z  ) - l i n e a r

dependent  (where 
\  

denotes the (0+f  )s t  par l - - ia l  sum f  ,  i>-0) .

ll

\The n in imal  Cesree ' .denominator . for  f  is  obta ined in  the non-

Cegenc ra te  s i t ua t i on )  .

Combin ing these two arqumentsrone gets  the fo l lowing charac-

t e r i z a t i o n  o t  G . ( r e s p . t ) , r  = L ^  r  t n  b e l o n q s  t o  @  ( r e s p .
n z o  - n "  -  \ '

lr

"=  
( rn ) , ,  be longs  to  cL  )  i f  f  t he  i n f i n i t e  ma t r i x t  ( r i + j  )  r ,  j *O

has f in i te  rank.  This  means that  a l l  the Hankel  determinants

o f  ( t r r )nZO van ish ,  f rom a  ce r ta in  o rde r  on .

By fur ther  cxtending the scalars  f rom Q to 6 ( the

f ie ld  of  the complex numbers)  r .  the denominator  o f  any f=pq- l

sp l i t s  i n to  l i nea r  f ac to rs .  I f  qg t  +  tV , l t J ,  t hen
S M

n  = T r { t - d r t )  i ,  w i t h  s Z l ,  o ( r e C ,  m - e } J  a n d  f = p q  I  m a y  b e

deve loped in to  s imp le  f rac t ions  (peZ[ t ]1 .  The b inomia l  fo r -

mu la  g ives :

s . 9  F  
^ j

(V)  n?0,  r . , -=L- r= tk i= .1

where i =T;.,-orrtt, 
lb :i,Fi e C, and f,,r=0 f or n>)0.

I n  case  t= - ] '  i s  t he  on l y  roo t  o f  q ,  rn  i s  a  po l ynomia l  i n  n ,

f i+n- 1l
a l l n

Pi t tr-i Jct:i+1""'
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bations,rfr.

t i o n  ( i  .  e .

anr l  i t  is  a  polynomia l  for  nzO ( i 'e '  the per tur -

d isappear)  i f  the degree of  f  as a rat ional  func-

deg  p -deq  q )  i s  neqa t i ve '

2. NOEHTERIAN. GRADED ALGEBRAS OVER A FIELD

B y k w e s h a l l d e n o t e a f i x e d f i e l d . A ' ' g r a d a t i o n ' '

on k  is  a  constant  funct ion 8 ' { - * '  % (somet j -mes extended

?  ( -  r .  a - - ^ ^ r  ^  r ^ - -  1 -  l "

t o  k  u v  5  ( 0 ) = - o ; .  r f  s  = 5 ( k * ) ,  w e  s h a l l  d e n o t e  b y  ! ( s )  t h e  p a i r

( : . , t )  and  by  k  the  g rada t i on  k (0 )  '  A  k -modu le  i s  a  k -vec to r

space V, together with a 7L. - decomposit ion V=@n*tVrr '  where Vrt

a r e k - v e c t o r s u b s p a c e s o f . V . A S - h o m o m o r p h i s m i s a k - l i n e a r

appl icat j -on:  f  :V =#.)n Vn.-*  U=@r,  Un'  such that  f  (V. ) !Unr

for  a1 i  n  Q/{ ; ; ;and '  a  "homoqeneous"  k-homomorphism (of  deqree s)

is a k-homomorphism v-+ uQk (s) ,  s EF'
g

The catec{ory so-obta ined is .  denoted b1r

ba tke i*[f 
- 

i[;{t;) wfto se ob je&t
ib;#iau"a (E) 

lucr: 
that dimuv,,4'oo I ({) nQ'Z'

Mod

F o r

1t'r,

For  VrU €}( ,  we have the formulast  HVSU=H' fH*,  and

An object ve 
' l t i s  

ca l led  "pos i t i ve ly  q raded"  i f  Vr r :O

i s  a  k -a1gebra ,  we  ca l l  i t  a  " k -a lqeb ra "  i f

and, when v = @ vn, vrrV*€ vrr+* fot any n 'm€W'' An

V  i s  ca l l ed  "homogeneous"  i f  i t '  i s  ge t re ra ted  by

of Ll,"vrr.

A v-module l {  is  a "graded" mcdule i f  Meitr rod(!)  and'

i f  t4= S Mr, ,  then Vnt{#Mr,+m, (Y)n,m e,Z'  '

t i  V=@ Vn,  we ca l l  the  e le lnent "  .o , {  
Vr r (n€%)  '

the function huzZL --+ Z , given by hw(n) =dimovr.

" the l i i lber t  funct ion"  of

(h"(n)  )  r ,
: Hu, (t) =Er, h

EW
se r i . es  "  o f  V .

V and t t re  qenerat ing ser ies of

n (n ) tn€V t { tb  
i s  ca l l ed  " the  H i l be r t

(b) . r,et. tL

Y= 6) Vn ,.

i s  c a l 1 e d

"u *o u=Hv'Hu'

{ o t  , . < g .

c49e v =S vn

veMod (E)

i d e a l  o f

e lements
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"homogeneous of  degree n"

From now on,  we shal l  denote by R a commutat ive,

unj - tary ,  pos i t ive ly  qraded.  k-a1gebra,  such that

( I )  R  i s  c o n n e c t e d ,  i . e .  R o = k

( I I )  R  i s  n o e t h e r i - a n ,  i . e .  R  i s  f i n i t e l y  q e n e r a t e d

over  k  or ,  equiva lent ly ,  the ideal  R+r= €)  
ORr,  has (homoge-

n e o u s )  f i n i t e  b a s i s  i n  R .

fn  th i s  case ,  R  €  T t  and ,  more ,  &ny  g raded ,  f i n i - t e -

11 r  genera t€d  R-modu le  be longs  to  f r , .  r t  i s  c lass i ca l  (F l ,

c h . 1 1 ,  T h . 1 1 . 1 )  t h a t ,  f o r  a  n o e t h e r i a n ,  s r a d e d  R - m o d u l e  M ,

HM ( t )  i s  ra r i ona l  and  HM ( t ;  =p  ( t f i T "  ( t - t d i )  
-1 ,  

w i th
i = 1

d l r . ; . , d . ,  e  ) O  a n a  p € ' Z $ 1 .  W h e n  p ( 1 ) f 0 ,  e = d i m  M =  t h e  o r d . e r

o f  t h e  p o l e  ( t = 1 )  i n  H ^ n ( t ) .

we shal l  g ive bel .ow a more prec ise express ion of

r iR in  lowest  termsrshowing i ts  rerevance to the a lqebra ic

inva r ian ts  o f  R .
t

We beqin wi th  the most  impor tant  o f  them, the

(Kru1 l )  d imens ion  o f  R .  pa ra l I e l y ,  we  sha l l  t r ea t  t he  dep th

o f  R .

As  kcR,  d im  R= t r .degOR.  Le t  ?  n "  t he  a lgeb ra i c  c lo -

sure of  k  in  R.  Then ? i=  a qraded subalgebra of  R.

As a homogeneous e lement  of  R is  a lgebra ic  over  k  i f f  i t  i .s

n i l p o t e n t ,  i t  f o l l o w s  t h a t  ? = k @ r ( R ) ,  w h e r e  r ( R )  i s  t h e  n i l -

rad i - ca l  o f  R .

rn  genera l ,  ?  i "  no t  noe the r ian .  ?  i "  noe the r ian  i f f

i t  i s  a r t i n ian  and ,  i n  t h i s  case ,  i t  j - s  a  f i n i t e l y  d imens iona l

k -vec to r  space .  Thus ,  R

the  a r t i n ian  k -a lgeb ras

the i r  H i l be r t  se r i es  i s

is  ar t in ian i f f  R# and we see that

are cha-ra-cter ized by the fact  that

a oolynomia l  (wi th  non-neqat ive in te-
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g r a l  c o e f f i c i e n t s ) .

Thus,  le t  us suppose n=dim R>0'  l t rbn R has an homogeneous

element  x€Rd,  d)0r  t ranscendenta l  over  k :  th is  means that

O["J  (wi rh rhe induced qradat ion)  j -s  k- isomorphj 'c  to  n[4,

where .  T  i s  a  va r iab le  o f  deg ree  d ,  ove r  k '

when  x  i s  no t  a  zd rod i v i so r  i n  R r  w€  say  tha t  x  i s

, 'pgrgt l t ranscendenta l  orzer  k .  The reason for  th is  name comes

from the fo l lowing:

Propos i t ion  I

L-et  x€RUr dzO be a homogeneous-non-zerodiv isor in

R. Then there is  a  canon' i  ca l  k- isomorphig.m:

n =, kfx]8o R/xR,

rhgfg k["] has the induc@ R/*n the. clgotient

P r o o f .

For  any n20,  the descending sequence of  k-vector

spaces

)
*r? 

.**r-6) 
x'Rrr- 2d)- . .) 

( o )

gives the i -somorphism of  k-vector  spaces:

o n e .

(a) *," ,=Srlo xtn' ' - la/*t*t*rr-( i+1)d ,  where r is the

rcq,'i dlv-' of n rnodr,rl o c1 .
I  g J 4 V q v

.i

I f  x  does  no t  . d i v ide  0 ,  i n  R ,  x -R , r y
n- id /  i +1 -

x  ^ n -  ( i + L )  d

#, Rn-ra/*oi,lr1a ry n- o-^J i = o, r,"',r' '"



However ,  th is  last

compatible with the

hand  s ide  o f  i t  by

conc lus ion .

( x n ,

C.o-qollafy 2

r r { x r , . . . , " n }  i "  a

+  d i m  R / ,.  ( x 1 r .  .  .

rfrr €
. . . r x ^ ) R ' l l * - . ,

Y  J - J -

homogeneous R-sequence in  R*r

i -

isomorph-t.sm of k-vector spaces is not

gradat ions;  tensor iz ing over  k  the r ight -

. ikx^ ,  t hen  rep lac ing  i n  (a )  ,  we  ge t  t he

o  "  e . d .

= p

then R

dim R

HR=HR/

.  .  .  @i.k["J" ]  of" r . , .  .  . , *p]

t )=T t " , r - . u "e " j ) - 1  .
j = 1

1"il*y
. , * n ]  '

r. f"i.leOr.

"o lur' ' '

r r  { x ,  , . . :  , x f r cn*  i s  a

u[",  ,  .  . .  ,*n] ,  with the induced

t "  r [ h r  , . . . , t n ] ,  w h e r e  1 1 , . . . , r

d e g  T r =  d e g *  x i ,  j = 1 , 2 ,  .  .  . , p .

o[" , ,  .  .  . , "n1*b *r ,*r ,  .  .  .  txo)  R.  rn parr i -cular :

,xn)  n  andi

( l - rdeqx j  )  
- r .

Proof

and

q .  e . d .

Remark 3

homogeneous R-secfuence, then

gradat ion ,  i s  k - i somorph ic

p are var iables over k and

The condi t ion d im R?0,  as we saw above,  e$g$yg$

only  the ex is tence of  some t ranscedenta l  homoqeneous e iement

x€R.  fn  genera l ,  however ,  x  i s  no t  pu re  t ranscenden ta l .

The .a lgeb ra i c  ob jec t  measur ing  the  "pu r i t v "  o f  t he .

t ranscedenta l  e lement ,  in  R is  b .he c lass ica l  local  cohomologlz

homogenecus ldeal :
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damental

ar"" fr]

F tnl  = U'atA.n* (n|)

F o r t h e s a k e o f c o m p l e t e n e s s , W € r e p r o v e h e r e t h e f u n -

proper ty  or  In  (n)  ,  under  the fo l lowinq rude form (see

,  € x p . I I I ,  E x e m P l e  I I I - 1 ,  P P ' 1 1 ) :

P ropos i t i on  4
I

R ,  i f f'r

R has a Pure transcenagrtlef-r homo eneous e lement  in

J a  t n l = ( o ) .

Proof

Tf  R h; -s  nc non-zerodiv isors ( in  R*)  ,  then R'*  is

associated wi th  ' 'zer) :  th is  means there is  some ncnzerg. . 'x€R+'

homogeneous , and R*:Arrn* (xi,): :) Jl (R)+ { O ) '

c c n v b r s e r y ,  I a ( R ) f 0 $ d e p t t r  R = 0  i  c f ' f 5 ]  '  1 o c ' c i t '  '

i . e .  R  has  no  non -ze rcd i v i so r  j - n  R+  '

q . e . d .

P ropos i t i on  5

In the above nota.t ions an-d hypotheses-:

( i )  n :P tn)s  n /p1n)  as  k - r -nodu les

( i i )  d im R =dim R/f  (n)  and depth Rgggpt!  * / f  (*) '

Proo f

( i )  Th is  proper ty  ho lds for  any homogeneous idea]  o f  R,  in

par t icu lar  for  la  (R)  .

( i r - )  I ndeed . -  f , o r :  dn '  x€ f (R ) ,  RX  i s  a  f i n i t e i y  d imens iona l

k -vec to r  space  ana f  iA )  has  a  f i n i t e  bas i s ,  R  be ing  noe the -

r i an .  Thus l l  t n lg  r (R )  and  the  equa l i t y  f o r  t he  d imens ions

r ^ - 1 J
I l ( J ru : )
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The st r j -c t  inequal i ty  for  the depths holds when [ t  (R)  =0,

by Proposi t ion 4 above

q . e . d .

Coro l larv  6- - - - -  
J  

-

Hnror  ( t )  iF  ?  po lynomia l  w i th '
l  \ ^ /

c g e f f i c i e n t s  a n d  
" * = " f ( * )  

*  
" * / n ( * ) .

Now, we are in  measure to  prove the

Theorem 7

.  Le t  R  be  a  noe the r ian ,  connecLed ,  q raded  a lgeb ra

overj.  Then there i-s an isomorphism.-c^{_h-modulgg:

where  h  i s  an  i n tege r ,  hZO and :

. F I F r t
( 1 )  |  

' ^ , 1  . , , . . . , l ; _ r  a r e  R - m o d u l e s ,  w h i c h  a r e  g r a d e d  i n  d e -
( J J -

g r e e s Z l ,  a n d  d . i m o l a , 4 F ,  j = I , .  .  .  r h - 1 .

Thqy  are  q l l  zero  i f  h=0.

( 2 ) l ' h  i

'  ( 3 )  t l r t 2  t . . .  t n h  a r e  p o s i t j - v e  i n t e q e r s ,  s u c h  t h a t

t"l

n l+n2+ .  .  . +nn=d im R  and  n r=dep th  R ,  when  I  o=  
(0 )  .

r 1
f  a l l r r r !  I { i (h  are indeterminate_s,over  k  and Ceg r i j )0

1 ( j { n 1 + n 2 + . ,

f o r  a n y  1 ( i t h  a n d  l f j g n r +  * 2 * . . . * . i .

Proof

We take [=f t* l  then we use induct ivql l r  the Propo-
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s i t i on  5  and  the  Coro l l a ry  2 ,  un t i l  we  ge t  r i d  o f  d im  R ,

wh ich  i s  f i n i t e ,  R  be ing  noe the r ian '

(  q . e . d .

Corol lary ! .

In the above notat j -ons and hypotheses:

o rL{t"'+rl,

( xx )  HR( t )  = { ; ! r ( t )  .T . '  t r l t d j i ) -1 ,
_  j = . u  " _ -  r - - r  -

where f, l ,  .  .  . , f ,1r- fr\fr\,
19 -  g ' l
o h"*

+ LZ,+!L] ana .  are
1

po-

( f o r  j = 0 ,  t 1 * . . . * t j  m e a n s  0  a n d

the  non -nega t i ve  i n tege rs )  .

s i t i v e  i . n t b g e r s  f o r  j = 0 , 1 , a n d  i = 1 , 2 , . . .  r . 1 * . . . * f l :  I

" fi; " means 1

Proof

Il le pass to  the Hi lber t  ser ies in the k - i-somorPhism

( * )  .

q .  e -  d .

r e s u l t s .We shall  make' now, sorne commenE

( 1 )  r n  ( * )  , ' i t  f o l l o w s  t h a t  e a c h

- r .
( w h e r e  P ^ = k  a n d  P - , = k l T .  r . .  m
r " - - - - -  o  I  L  r '  " ' l t '

Cohen-Macaulay k-module.  Then we

gorg4gg_ e

k -a lgeb ra  i f f ,  i n  ( * )  '

W ' t|- ar,rJ

. ' Z
+

denotes

,  i = o r . " r . h

o r  j z O  i s  a

on the above

a  B F - '

te rm I  
' - ,@' -P*

t J \ t

. r  - ' l  +"  "  L  j t ' j J

ob ta in :

R is  Cohen-MacaulaY

( o  = o

This coro l larY is  equiva lent to the statement that



the decomposi t ion

- 1 3 -

(x )  
.o f  

R  reduces  to  i t s  las t  te rm,  i .e .
. 1

T r -  i . . .  i T r .  , . . .  r T h -  I  ,  i n  w h i c h  c a s e  t h e
- . ^  

1  
. r  

1  
^ , ,  ̂ h "

n  mus t .be  a  fac to r - r i ng  o f  R rmodu lo  some

qenerated by a system of  parameters which

-^. r-1 a 0, L
r w L t  l " \ ( ) / L r u l  L 1 1 1 . . .  t

L + !

. r i iniul  algebra P

homogeneous i -deal ,

i s  an  R-sequence .

Fo r  R  Cohen-Macau lay ,  i t  f o l l ows ,  t hen ,  t ha t :

-4'' 'R di -r
H R ( t ) = p ( t ) .  l , l  

.  
( 1 - t  - )  - ,  w h e r e  d I ,

L = I

A  > n' * d i m  R

)  i s  a  rec ip roc i -

a n d  p ( l  +  I Z V T  ( s e e  a l s o  [ u l '  c o r o r l a r v .  3 . 1 1 ) .- +

This is  a  necessary condi t ion for  the Macaul -ayness

o f  a  noe the r ian  a lgeb ra  R ,  i n  t e rms  o f  i t s  H i l be r t  se r i es .

(2 )  Fo r  t he  sake  o f  comp le ten 'e "s ,  l e t  us , rem ind  the  c r i t e -

r ium for  the Gorenste inne. ;s  of  a  l4acaulay,  noeLhcr ian a lgebra

R ,  i n  t e r m s  o f  i t s  H i l b e r t  s e r i e s  t [ t ] 1 ,
L J

d*tnfl' A

R j  s Gorer istein i f  f  u* rTlr=l  ( l - t* j

cal  pol inomial  in 1 .  .4[ ;1.

This cr i ter ium is  va l id  wi th  the caut ion t "hat  R must

be a domain.  ;

(3 )  The  decompos i t i on  ( x * )o f  Hn ( ! )  '  as  g i ven  i n  the  Coro l l a ry

8.  above,  is  re levant  for  the a lgebra ic  s t ructure of  R only

wi th  respect  to  d im R and crepth R (and,  as is  eas i ly  seen,

t o  [ l ( R )  ( t h e  m u l t i p l - i c i t y  o f  R ) ,  w h i c h  i s  p ( 1 ) ,  p ( t )  b e i n s
I

the nutnerator  in  HUr af ter  we wr i te  i i  aS a rat lonal  func-

t ion;  more,  in  case R is  cohen-- .1 ' lacaulay,  the usual  " type"

of  ihe Cohen-Macauiay R- i r roc iu le  R is  E iven by thc grcatest

degree coef f j -c ient  in  the t lu4erator  o f  Hn)  .
t



' l 2 !  -L E

\

H o w e v e r r ( * * ) d o e s n o t r e v e a l m o r e o f t h e s t r u c t u r e o f R

because of  ah:  fo l lowinq reasons:

( a ) t h e d e c o m p o s i t i o n ( x ) o f R , a l t h o u g h u n i q u e ,

takes p lace only  in  uod ( ! )  ,  not  in  Mod (B)  '

. I n d ' e e d , w i t h r e s p e c t t o t h e m u l t i p l i c a t i o n o f R ,

l '  w d ' s e e ' t h a t i  f i r s t ,  t h e  t e r m s F j @ o n j  i n  ( x )

m a y h a v e v a r i o u s p o s i t i o n s b e t r . v q e n t h e m s e l v e s ,

the only  rest r ic t ion being that  each la*  must
J

annih i la te great  powers of  the i r re ler , :1 i r t  ideal

of  @.[ t r8  oe,  
( thus '  one can put  the t r iv ia l

i> j
muf t i f f icat ion on the decomposi t ion (* )  '  preser-

y i n g  t h e  H . i l b e r t  s e r i e s ) ;  s e c o n d l y ,  a s . i s  e a s y

.  
to  see,  on each f  i - r , i te ly  d imensional  k-vector

"pace  
F*  the re  a re r  i n  ge l l e ra l ,  va r i ous  non - i so -

'  )  
q t r r rn t t t r es ,  w i th  the  samemorphic  mul t ip l icat ive s t ructures '  ! ' i

H i l b e r t  s e r i e s  f o r  [ a * .
J

n  ( t )
(b)  f .o ,  a  g iven rat ional  ser ies H( t )=, , f f i1  ,

i =1

wi th  pe l+LZ,+ f t l  and  e ,  d l  , . . .  rde70,  one has  va-

r ious ' lecomposi t io. .s of  the type (xx) '

1  r + - L +  "  - + '

For instance , let H (t) = fqff (bv ( 1) above '

I

we dj - rect lY

noether ian

)
( i  )  H= t "  +

=  deg  Y  =1 )

S e e t h a t H c a n f l O t r e i r r e s e n t a C o h e n . l 4 a c a u l a y

; : : Jed  a l . geb ra ) .  Then  H  has  the  decompos i t l ons :

.r +r- k fx, y] /_,.i r_r.
++ ' corresponding to R= rS (wr-tn deg X=- 

t-t ,x'Y)

,  w i th  the  i * ) '  -  decomPos i t i on :

a
D 4,  l rVatG
r \  Zi '  L^/ \  \S/

*

r 1
, K r L  f
K  L J

, .  .  - - r - -( K + K X )  w



( i i )  H = ( t  + t 2 )  +

r S _

1 * t 2i* ,  corresPondinq to:
I - E

: . f * r  ,x2 iY r , "  r )R _

tx l  ,  x rx ,  ,  x lY '  xLY 2;  YrX2 ,v l ,u  ru  , , "2 ,  )

(w i th  deg  X r=deg  Xr= l  and .deg  Y r=deg  Y2=2) ,  hav inq  the  fo l -

lowing (* )  -decomposi t j -on :

Rg k 
(kxl+kYl)@ (r<+i<y 

)  @ k o["rl

Thus,  w€ see that  the resul t  in  Theorem .7 mav be in terpretec

on ly  as  a  " c losu re "  t heo rem,  say ing  tha t  t he  c lass  o f  t he

connec ted r ' noe the r ian  g raded  k -a lgeb ras  i s  recove red  f rom

the c lass of  ar t in ian \ -a lgebras and the c lass of  t .he, . , i$omo-

geneous polynomia l  E-a lgebrasrby f in i te ly  operat j -ng wi th

(graded)  Ci rect  sums and tensor  products  ;
:i

With respect  to  the re levance of  the Hi lber t  ser ies to  the

a lgeb rb i c  s t ruc tu re ,  a l l  we  can  pos i t i ve l y  say  i s  t ha t  t he

exp ress lon  ( * * )  o f  H* ,  when  wr i t t en  as  a  ra t i ona l  f unc t i on ,

must  have the proper ty :

(P )  a l l  t he  te rms  w i th  pos i t l ve  coe f f i c i en ts ,  i n  t he  numera tq r

o f  H - ,  mus t  "p recede"  the  te rms  w i th  nega t i ve  coe f f i c i en ts ,r ( '

In  onder  to  make more prec ise th is  s tatement ,  we g ive the

fo l lowing example.
.  . . . 2

Le t  H  ( t )=  r - c+ ! ' 5

( 1 - t ) '
composi t ion,  because the

Indeeor  w€ f ind that  H is

non-noether ian k-a lqebra :

n = k i lx ,  , *? ,*?  - 'n  1
L  r -  .  3 t " " ^ n t " ' J

which i-s graded wlth th9 induced gradation by the envelopping algebra

r - 1
k l x . , x 2 r . . . r \ ' . . . J ,  w h e r e .  * 1 r . . . , \ i . . .  i s  h  m : n e r a b l e  f a r n i l y  o t "

L *  
t  t t

indetesn-inates over k, all of degree *1.

.  Then H does not  have a (xx)-  de-
r l  2 t r

term r r - t r r  nrecedes the term L '

the Hi lber t  ser i -es of  the fo l rowinq
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