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ALGEBRAIC ASPECTS OF A COMBINATORIAL DECOMPOSITION

THEOREM

- by
Serban BARCANESCU
2

INTRODUCTION

s

Under thé name of "Combinatorial Decomposition"
Garsia and Baclawski ([2]) pfoved a certain almost canonical
decomposition for the elements of a noetherian, connected
graded: algebra over a field.
In fact, althoﬁgh not stated in the same form,
"""" : - such a decomposition, reflecting the connection between the
depth and the Krull dimension of the ring, was long ago fa-
miliar to algebraists (see, for instance, Ser?e[ﬁ], ch IV,
94, pp.14-16) and finer results are kno&n, using the local
cohomology description of the depth (see A.Grothendieck,
D).
s Thet gim of this note is.to give an.algebraic proof
ftQ this decomposition theorem and to show its connection
5 with the structure of the Hilbert series of a noetherian gra-
ded algebra (Th.7 and Cor.8,§ 2).
For the sake of completeness,‘we included, in%l,
some classical result on rational formal power series.
Using % 1, one can easily translate the results on
the Hilbert series in terms of the Hilbert function.

The main result of the paper and some comment are contained

in %:L The numbering of the results is sequential.



1. RATIONAL FORMAL POWER SERIES

o _ Let 30 be the set of all the integer-valued sequen-

ces: s = (rn)ne'zz, such that rn=0, forund (... The algebrasstruc-

; ture of ZE:tB is transfered onf? by the: converse of the

"generating series" operator (f f“ﬁﬁ'zi&n, Cf ( (rn) = %Ornt
With this structure on.., becomes a Z - algebra isomorphism,

identifying the subrii;qq§={( )é’g&r =0t for n??]O} of f)a witﬁ
the polynomial subrlng = [t] on&tB If- Z () andZ([t.D
denote the quotlent flelds of /[t1 andzg:tﬂ respectively,
then Z(t) is a subfield of G:t:?} . The elements of the
Subring@L:=Z(t)nZ§.{tH of
Z(Et?; will be called "rational" formal. power series.
Tl';e subrinvgci:ﬂf_l(@.) consists of the usual linear reccurent
'sequences. aC may ble directly defined by

OC ={(rn)€-§{(3) e>»0, h»0 and agre-- 18, €EZ (not all

: zero) ; such that: aorn+alr i seaka e =0,

=i e n-e
for nzh}.

For ény c&l[t] , the multiplication by c:mc:Z{t’D-—%ZEc_ﬂ
invariates (R, and, if cel+tZ [ t], c—lGZ\}:tjﬂ and m_-1 also
.1nvar ates Q. Thenv —(() (m) and ¢ --u\: l) (for

c€l + tZ [t]) are '/, - automorphisms of L . The V s and the

G"'c's commute in Aut, (£) and generate a subgroup @, wath the

Z
property thatoC is the G-orbit of the unit secquence-
u={( bom) 0 (Kronecker delta). V’C and (S"C are sometimes called

"umbral® operators. In case c=1-t, they are the usual opera-

tors of the finite differences calculus.
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Lek {0 besthel ficld of the rational numbers. A simple

linear algebra argument shows that, if gj==2 ; rjntnEQ [ﬁ“,
Tz 0 '
j=1,...,e are Q-linear dependent, then, for anv sequence

Ognlgnzs...sne the determinant det(rj must vanish.

ni)lsi,jge
Comversely, ‘the vanishing of all theSe ‘deferminants implies

the 0 (resp. 7 )-lincar dependence of Tyr9grecer9g- The non-

degenerate case is obtained when we suppose that there are

(e-1) between Iyreeer19gr which are Q (resp.“Z )-linear inde-
pendent.

Now, a direct computation shows that a series erﬁ:E belonags
to G{;iff there aré integers ey0, hz0 such that, for n;h; the
series: t—n—j(f—T Yoo =00, ... ;0 ane 0 rece - 77 )-linear
dependent (where T% denotes the (£+1)st partial sum £ 1240.)

GMe minimal degree~denominator,  for f is obtained in the non-

- degenerate situation).

Combining these two arquménts,one gets the following charac-

@y
terization of Gl(resp.&):f = ﬁ;b rntn belongs tc»Gl(resp.
)

s=(rn)n belongs toc£ )i EE Ehel dnfinite ¥mamine: (ri+j i

has finite rank. This means that all the Hankel determinants
vanish, from a certain order on.

By further extending the scalars from Q to @ (the
field of the complex numbers), the denominator of any f=]oc_[-l
splits into linear factoxzs. If qel + tZ [t], then

S m. , =
q =rﬂ:l(l—dit) l, with szl,c(iEQ:, miEfJ and f=pqg 1 may be
developed into simple fractions Q)QZJ}}). The binomial for-

mula gives:

i+n-1

S war
(¥ ma0, n=Z:j=lZi=l Fji =1 °Lj+)§1’

where £ =§%i0rntn’f%ji’¥5 eng, andﬁfnfo for n$>0.

in chce t—d4is the only reot of a r, is a polynomial in n,



for n large and it is a polynomial for nz0 (ii.e. the perktur= :
bationsq{‘n disappear) if the degree of £ as a rational func-

tion (i.e. deg p-deg q) is negative.

2. NOEHTERIAN GRADED ALGEBRAS OVER A FIELD

By k we shall denote a‘fixed field. A "gradation"

~on k is a constant functiong K —r 7, (sometimes extended

to k by g(0)=—09) A =g(k*), we shall denote by k(s) the pair
(k,g) and by k the gradation k(0). A l{_—module’ is a k-vector
space V, together with a % - decomposition V=(:9he7‘Vn, where V
are k-vector subspaces of V.A }_i_—homomorphism FSiea s elne ae
application: f:V Z@n Vo U=€})n U, such that £(V, )eU,,
for all n € Z'and a "homogeneous" lg—homomorphism (of degree s)
is a k-homomorphism V—> U®k(s), s €Z.

&

_Phe category so—o.b’-c_ained is denoted by Mod (}i) . Let }{,
be the sull subeateqory whose objects ave:

V=@né2zvné-;Mod (k) such that dim V, <00, &) neZ. For V=8V . ,

the function hV:'Z’.. —> Z , given by h_(n)=dim VvV, 1is called

r.})\. cast

"the Hilbert function" of V and the generating series of

s e n o : i 5
(hv(?))n .Hv(t) némhv(n)t thtD is called "the Hilbert
series" of V.

s

For V(U €Y we have the formulas: HV@U=H%=’+H°§J' and

HV ®%~ U=HV J HU 5 .
- An object V& ¥®is called "positively araded" if V =0
Lo n<o. "
vV =@ Vv, is a k-algebra, we call it a "k-algebra" if
g ' 3] c

veMod (k) and, when V D Voo V Vi Vn+m for any n,m&Z. An
jdeal of V is called "homogeneous" if it 1is generated by
elenentsiof ) V.

: n N

A V-module M is a "graded" mcdule if MeMod (k) and,

-‘ = C [y Lty
if =@ M, then V. MEM (Hn,me%.

If V=@ Vs we call the elements of Vn(ne'ZZa),



"homogeneous of degree n".

From now on; we shall denote by R a commutative,
unitary,positively agraded k-algebra, such that

(E)" R ds connected, i.e, RO=k

(II) R is mectlorian, 1.e. R Ic finitely qene?ated
over k oOr; equiValenﬁly, the ideal R+:=<§10Rn has (homoge-
neous) finite basis in R.

In-this case, R e M énd; more, any graded, finite-
ly generated R-module belongs to 3@ + It is elassical ([}3,_
ehgiles b ) fhat, for a noetherian, graded R-module M,

1

do o
=) s wdith

: : e
HM(t) is rational and HM(t)=p(thEl(l-t
dysete0d s € >0 and peZft]. Wherj;_lp(l)#o, e=dim M= the order
of the pole (t=1) in He b 4
We shall give below a more precise expression of
HR in lowest terms,showing its relevance to the algebraic
Invariantssofi:R,
We begin with the most important of them, the :
(Krull) dimension of R. Parallely, we shall treat the depth
of R:
As kcR, dim R=tr.degR. Let X be the algebraic clo-
sures et kiR Thenqg is a graded subalgepra off R.
As a homogeneous element of R is glgebraic over k. 1Fff it iS
nilpotent, it follows tﬁa£‘¥=k£9r(RJ, whefe rAR) iskthe nil=
radht i or B -
- In general, afis not noetherian.'z is noetherian iff
it is artinian and, ih this ease it da g finitely dimensional
k-vector space. Thué, R is artinian iff Rgﬁ and we see that

the aptinian k-algebras are characterized by the fact that

their Hilbert series is a polynomial (with non-negative inte-



grai coefficients).
Thus, let us suppose n=dim R>0. Then R has an homogeneous
element xeRd, dy0, transcendentél ovgr k: this means that
ktk] (with the induced gradation) is g—isomorphic 15(0) k[f},
where T is a variable of deqree'd, over k.

When x is not a sérodivisor in R, we say that x is
"Eggg"tranScendental over k. The reason for this naﬁe comes

from the following:

Propesition.l

Let xeRd, d»0 be a homogeneous non-zerodivisor in

r—

R. Then there is a canonical E—isomorphism:

R = X{8y My

~ where k[k} has the induced gradation and R/XR the quotient

)

one. -

“Proof.
For any n30, the descending sequence of k-vector

spaces
5 .
Rn"D XR _4DX Rn—2d3"' 0]

gives the isomorphism of k-vector spaces:

r 3l :
- X Rp-ig /A, itl : : .
(a) Rn_g)i=0 /& Rn—(i+l)d , where r is the
residuc of n modulo d.
A : i
Tf % does not divide 0, in R; °x Rn—id/ e o

n-(i+1)d

= for any N and L:O,i,...,*’._

&= n-id/ )

s (iend



deg T

‘However, this last isomorphism of k—Vector spaces is not

compatible with the gradations; tensorizing over k the right-
hand side of it by kx, then replacinq in (a), we get the

conclusion.

Corollary 2

qif & 17X } is a homogeneous R-sequence in R+,

Incpanticular:

then R;gﬁ'k[kl,.~-,x']' R/(xl,...,x ¥R
di = ' :
im ‘R P i R/< R andg
p ;
e
H -H i Lodegxa, =1
e n T e
Proof
; e =
ka'x e e S
!. Nt Rl p_i j:l
geesd,
Renad:

If.{xl,...,xpgcR is a homogeneous R-sequence, then

k[%l,...,xp], with the induced gradation, is k-isomorphic

! : Y .
to k[&l,...,TpJ, where.Tl,...,Tp are variables over k and

j: degR Xj’ =il D

The condition dim R»0, as we saw above, @nsuyes
only  thefexiistence ot some transcedental homogeneous element
xeR. In general, however, x is not pure transcendental.

The. algebraic object measuring the “purity" of the

transcedental element in R is the classical local cohomology

- homcgeneous ideal:



Fesimn o

i

= n
I (rR) \anlAnnR(R¥).

For the sake of completenesé, we reprove here the fun-
damental property of *(R), under the following rude formv(See

also E3], exp. LI, Exemple TII=1, 1010k Ahit)E S

' PropOSition 4

R has a pure transcendental, homogeneous element in

R s DRIEO).

Proof,

IS R has no non-zerodivisors (ip R+), then R, is
associated with zero: this means there is some nonzero, X€R,,
homogeneous, and R =Annp (xR = T (R)#(0). i

Convérsely,]ﬂ(R)#Ozgpdepth R=0; cf.t%], forJcity

i.e. R has no non-zerodivisor in R _ ..

Proposition 5

In the above notations and hypotheses:

(1) RzM(RIP R/p ) as k-modules

(ii) dim R =dim R/P(R) and depth deepth R/r(R)'

Proof
() eiphris propertyvholds for any homogeneous ideal of R, in
?articular For I (R)s
(ii) Indeed, for any x&l(R), Rx is a finitely dimensional
k-vector space andfn(R) has a finite basis, R beine necthe=
rian. Thus[‘(R)E:r(R) and the equality'for the dimensions

holds.



g

The strict inequality for the depths holds when [ (R)=0,

by Proposition 4 above.

g.e.d.

Corollary 6

HP( )(t) is a polynomial with non-negative integral

coefflclents and H H[VR) + HR/P(R)

Now, we are in measure to prove the

Ehieorem. 7

Let R be a noetherian, connected, graded algebra:

- oyer k. Ohen there is an isomorphismiof kK-medules:

»

v P f
w)R:E@G@ngﬁ“. ]m]O (9m®é”y'”

'.OIIT ]
1nl Th1 Rmh
where h is an integer, hy0 and:
r‘ ‘ﬂ sie _q are R-modules, which are graded in de-

grees» 1, and dimkpj'-im, j¥l, B

They ‘are allyzexro 1£ h=0.

(2)f"h is+an artinian‘gradéd R-algebra

(L 3] Ny,Ny,...,N, are positive integers, such that

n +n +. h—dlm R and nl—depth R when‘ﬂ

(4)%11;3 f4icn : are indeterminates over k and deg Tijvo

l<j<nl+n2+ +ni

for any lg¢i<h and 1§j5nl+ 0L i LR L
R '

S5

Proof

We take r;=r}R) then we use inductivelyv the Propo-



 (for =0

sition 5 and the Corollary 2, until we get rid of dim R,

which is finite, R being noetherian.

g.e.d.
Corollary 8
In ke abéve notations and hy?otheses:
Myt i)
(#%) Hp t)—2: y (t) . MT sl
; " Woe =

Yhere 1re- $£ f5t4§f£1,0 h&l + tZ [E] and nj,dji are po
sitive lntegers for j= O,l,...,h and 1=l,2,...,n1+;..+nj,

b [v]
nl+...+nj means 0 and "TT;" means l.'Zi+denotes

the non-negative integers).

Proof
We pass to the Hilbert series in the Xk -isomorphism
(x) e

g.e.d.
We shall make, now, some comment on the above results.

(l) T4 (x), 1t follows that each term‘ﬂ @QkP

g =0y 1
(where Po=k and szk[%l""' lnl,...,ijjJ Ffor 70 1isa

Cohen-Macaulay k-module. Then we obtain:

Corollary 3
R is Cohen-Macaulay k-algebra PER ()

This corollary is eguivalent to the statement that



= 1@7_
the decomposition (%) of R reduces to its last term, i.e.
Rekyhébﬁg{fll,...,Tlnl;...;Thl,...)Thnél abin which case the
artinian algebra[‘h must be a factor-ring of R,modulo some
homogeneous ideal, generated by a system of parameters which
is an R-sequence.
For R Cohen-Macaulay, it'follows, then, that:

dimR

Hp (£)=p(t). i oe o0

i=1

SRR g e
’ S et R

and pel + tZZSﬁ] (see also [5], Corodiliatizadi- 11) .

Thisii siéa necessary lcondifion forsthe Macaulayness
of a noetherian algebra R, iin terms iof iitsyHilbert series.
(2) For the sake of completenéss, let us'remind the crite-
rium for the Gorensteinness of a Macaulay, noethcrian algebra
. R, in terms of its Hilbert series ((é]):

PR poutis o8 A.CMR: d : S e Ko Al e

R is Corensteini 4ff Hp ;TTj:l(l—t Jy is a reciproci-

Qal polinomial in 1 + t?;[ﬂl.

This criterium is valid with the éaution that R must
be a domain.
(3) The decomposition (%x)of HR(t), as given ‘in the Corollary
8 above, is relevant for the algebraic structure of R only
wi£h respect to dim R and depth R (and, as is easily seen,
to yJR)'(the multiplicity of R), which is p(l), p»(t) being

the numerator in HR, after we write it as a rational func-

tion; more, in case R is Cohen-Macaulay, the usual "type"

n

of the Cohen-Macaulay R-module R is given by the greatest

degree coefficient in the numerator of HR).



However,

- l?_..

-

(%%x) does not reveal more of the structure of R

Rl

because of the following reasons:

(a) the decomp051tlon (E)oof R although unique,

takes place only in Mod(k), not.dinisMod (R) .

- Indeed, with respect to the multiplication of R,

we see'that: firsk, the terms | . é@kPj in (%)

may have various p051tlons betwgen themselves,
the only restriction being that eachr‘j must
annihilate great powers of the irrelevant ideal
of @® P @) 5 (thus, one can put the trivial
multzéllcaulon on the decom@osition (%), preser-
Vinglﬁhe Hilbert series); secondly, as_is easy
toc see,.on each finitely dimensional k-vector
spacer1 there are, in general, various non-iso-

morphlc multlollcatlve structures, with the same

Hilbert series forr'j

(b) for a given rational series H(t)= —?izl~—af
| - : T b))
: i=1
with p&l+t2ﬁ[t] and e, dl""'dé70’ one has va-
rious decom@ositions of the type (%=).
: : 2.3 .
For instance, let H(t) = li3%§E—2~ (by (1) above,

we directly see that H can not represent a Cohen-Macaulay

noetherian grzded a]gebra) Then H has the decompositions:

(i) H=t2 o li% , corresponding to R= k[% Y} (with degeX=
(x iy
= deg Y =1), with the (%} - decomposition:

R kX (;-) (k+kX) & k¥ |

..1
Il



1+t2

= 5, 2
(i) = St E Yt T

, corresponding to:

‘ k[X11X27Y11Y2]

ge s 2 7
(X7 /XXy X Yy, X Y50 Y X, , Y], Y Y, Y5 )

(with deg Xl=deg X2=l and deg Yl=deg Y2=2), having the fol-

lowing (x)—decbmposition:
Rg_li(kxl+le)@ (k+ky,) @ k.[le

Thus, we see that the result in Theorem 7 mav be interpreted

only as a "closure" theorem, saying that the class of the

connected, noetherian graded k-algebras is recovered from

the class of artinian E—alqebras and the class of the homo-

. geneous polynomial k-algebras,by finitely o?erating with

(craded) direct sums and tensor products.
With*respectistos the aelevance of the Hilbert series to the
algebraic sltmueturegsall we can positively say is that the

expression (%*) of H when written as a«rational funetion,

R

must hawe the property:

(P) all the terms with positive coefficients, in the numerator

of H must "precede" the terms with negative coefficients.

e R’

In order to make more precise this statement, we give the

following exampie.

2
l:EiEE Then H does not have a (%x%x)- de-
(d=it) w o owm
composition, because the term "-t" precedes the term t~ .

Let H(t)=

Indeed, we find that H is the Hilbert series of the folliowing

non-noetherian k-algebra:

T DD n
R = kixl,xq,x3,...,x“,...]
L & 3 11

which is graded with the induced gradation by the envelopping algebra
k[%l,xé,...,xn,...j},'where; XpreeorXsee. is a nurerable family of

indeterminates over k, all of degree +l.
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