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CONNECTIVITY OF DELETED PRODUCTS OF TOPOLOGICAL COUPLES

by
JACK WEINSTEIN

O.Introduction. A nonvoid topological space 2 is said to

be nondegenerate, if it is not a singleton; it dis said to be
linearly ordered, if its topoiogy is the interval topology
defined by & linear order on the underlying set. The deleted
product of Z is the subspace

R(Z) = {(z,,2,0€2%x2 |2, 4 2,] ,
of ZXZ. Obviously, R(Z) is nonvoid if end only if Z 1s non-
degenerate. For Z linegrly ordered, define the "upper-lefit
triangle"

m(a) = ﬂ%,%)SZXZ[%<@2}
and the "lower-right triangle“
T,.(2) = {(z,,2,)€ ZXZ | 2, pz, ).
Then R(Z) = T,(Z)UT,(2) and T,.(2)N15(2) = ¢. In [1],

Eilenberg proved the following result:

Theorem O. Let Z be a connected, nondegeneraie space. Then:
(a) if 2 4is not linearly ordered, R(Z) is connected;
(b) if 2 ‘is linearly ordered, R(Z) has iwo components which

are just T.(Z) and T.(Z),

In this paper we use Eilenberg's result to derive a generali-
- gation for the deleted product of an ordered couple of spaces
with closed intersection. The work is motivated by its applica-

to the inv igation of deleted products of polyhedra.

(6]
e}
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1.Statement of the Generalized Theorem. For any set E; let

#(E) denote its cardinal number. If S is a topological space,
let %g(S) denote the set of iis connected components; thus,
#(6(3)) is the number of components of S; For any subspace
T of i cl.T denotes the closure of T in S.

If C is a nondegenerate, linearly ordered Qpace, denote by
inf(C) the least element of C (if this exists); similarly,
denote by sup(C) the greatest element of C.

. Let (X,Y) Ee an ordered couple of nonvoid spaces. The dele-
$ed product of (X,¥) is the subspace
R(X,Y) = {(x,y)eXxY|x ¢y}
of Y »Y. Obviously, R(X,¥) = X xY if and only if IXNY = D3
R{X,Y) =2.¢ “if'end’only if X= Y.= a siﬁgleton.
. Suppose now that 2 = XNY 1is closed in beth X ‘end Y.
For each Ce$(Z) define the connected subspace
- Xy = cuu{ae6(x-2) | cNelyh ¢ b

if, in addition, C is nondegenerate and linearly ordered, define

x5 = U{hed(x-2) [ cneigh = {inf(O)}]
and '
XZ = &i{Ae&%Z(X~Z)l CNclyd = {sup(C)}l.

Obviously, C&J}’ < Xy - C and Ké
>

the subspaces Y,. Y« § YC . A partition
- B(2) = €4<z>u€;('z)u~€§(z)

nxg = @ . similarly, define

is determined by the following definitions:

(+)(}6‘@Z(Z) if and only if C 4is nondegenerate, linearly

% = = e G

ordaered, end XC = XC €5 YC XC O
(=) Cé&%@E(Z) if and only if C is nondegenerate, linearly

oFaerea), ana Xg wiollipg b Yo = Yo = 0o

¥e prove the following generalization of Theorem O:



Theorem 1. Let (X,Y) be an ordered couple of nonvoid connec~
ted spaces with Z = XNY closed in both X and Y. Suppose that
%g(X~Z), e (¥=z), - and 6(z) are finita.sets. The following hold:
(a) if 2 is e singleton and 'Y = Z, then GR(X,Y)) = {axz |
AeG(x-2)] eand #(G(RLY))) = #(G(x-2));

(b) if Z is a singleton and X = Z, then ‘Q(R(X,Y)) = {ZXBI
BeG(¥-2)} eand #(G(R(X,Y))) = #(6(Y-2));

el df 7 13 connected, nondegenerate, and llnearly opdered,
T=1, oip mel - X;UX,, then ‘€(R(X ) - {(X xzyu e, (), |
T>(Z)U(X;><Z)} and = #(B(R(X,Y))) =

(d) if Z 1is connected, nondegenerate, and linearly ordered,
X=2, end Y-2=Y0Y, then BREY)) = {r.(2)0@xY;),
(BXY;)VT,(2)} and #(G(R(Z,Y))) = |
(o) if Bux-2) + @, B(¥-2) + P, end @“”(zw“@ = (a)ie D,
then BR(XK,Y)) = {2,(0) | cedhtmuirc)lced] (z)-} U
R, ~u{r.(C) | cedim)] - u{rc)|ce 6] (z)}}
ECOREIN) = # (G IT + 820G + 45
() tu all other cases, R(X,Y) is connected.

2.Proof of the Generslized Theorem. The proof will be split

into %wo parts (Theorems 2.10, 2.11 and Theorems 2.12, 2.18).
These exhaust sll nontrivial cases. We first prove some technical

preliminaries.

- Let . (X,Y) be an a”bit” ry ordered couple of spaces.

Lemma 2.1. If LAcX,.BCY, and-ANAP = @ 7 then

clR(X,Y)(AXB) - R(ClXA’CIYB).

Proof. As AXBC R(X,Y), we have

o [ A ~r N = lavn\r\:u‘v v
CL - ﬁ.l\B/ = ul NAL S D g8V A\ g &/
RiGk XY :

= (chAxGl‘YB)('\R(X.}Y) = R'{_M.XA,o}.YB).

L@mma 2. If AcX &and B<Y are closed subspsces, then



R
R(A,B) is closed in R(X,Y).

Proof. It is sufficient to note that
R(A,B) = (AXB)NR(X,Y)

-and that AXB is closed in X XY,

Lemma 2.3. If a nondegenerate subspace CCXNY is closed
dn both X arid. ¥, then R(E,C) 18 closed in R(X,Y). Moreover,
if @ ie conmected, linearly ordered, then T _{(C) and ZT_(C)

are also closed -in R(X,Y).

Proof. The first part follows from Lemma 2.2. For the second
part, observe that, by Theorem O (b), T, (C) and T,(C) are

closed in R{C,C).

Let now Z = XMY be connected and closed in both X and Y.
For Z nondegenerate, linearly ordered, define:
CippX-2) = {8e G(x-2) [ ZNelph = {inr(D)}]
end '
‘ﬁsup(xmz‘) = {AeG(x-2) | 2Nnclyh = {sup(2)}};
- similarly, define 6, p(¥-2) and ‘QSHP(Y-Z). Obviously,
9 .
X, = Y{reB, .(x-2)]
and
> . :
R Aecefsup
simil&‘ relations hold for Y;’ and ng IMurther, define

X (X-2)}

V (X,Y) = T (Z) VU
vw{axz|rebx-z) - G
VU{zxBlBe G(Y-2) - B, (¥-2)] U
JW(axB | (4,B) e B(x-2)X G(Y-2) -

sup(X'Zj}(J

and
V(XY = 10200
- v . U % vz s ,...' P 2
Ve {axzire G(x-2) - 0 (5-2)] Y



“ Bia
Uu{zxB|Be 6(¥-2) - G  (¥-2)} U
VULAXB | (4,B)e B (Z-2)% B(¥=2) -~
_ ﬁinf(xuz) x‘(gsup(\Y"Z)}, !
_Note that
CR(X,Y) = V(X Y) U VL(X,Y)
and that “VIEX, Ve VOER) Spaoe i and only if
G(x-2) X B(Y=~7) - ‘@Sup(xmzyx %@inf(s;x-Z) 2
: ‘@inf(x-m X ‘@SHP(Y—Z) X

Lemma 2.4. For each (A,B) 6‘@(X~Z)X“@(Y-Z), the subspaces
(AXZ)U(AXB), (ZXB)U(AXB), and (AXZ)U(ZXB)U(AXB) are

connected.

?rocf. From Lemma 2.1 we get :
(AXZ)ﬂclR(ny)(AXB} = AX(ZﬂclYB) + O
and
-(Zf‘xchA)xB + @ .
It follows that (AXZ)U(AXB) and (ZXB)YU(AXB) are connec-

i

(Z XB) mClR(X,Y)(AX B)

ted; therefore, (AXZ)U(ZXB)U(AXB) is also connected

Lemma 2.5. Suppose Z is nondegenerate, not linearly ordered.
Then: !
(a) R(2,2)U(AXZ) is connected for each A 6“@(X~Z);
(b) R(Z,Z)U(ZXB) is connected for each B &‘B(Y-2); |
(c) R(Z,2)V(AXZ)V(ZXB)U(AXB) is connected for each (A,B)€
G(x-2) X B(¥-2). '

Proof. Part (a) follbws from the fact that, for Ae ‘@(X-—Z),
R(Z,8)Nelp g v, (AXE) = REZ tvelsili, Z) ¢ (©@x
L Dy L/ Seme 255

Part (b) is derived in the’ manner. Part (c) follows from {(a)

cr (b) and Lemma 2.4.



Procof. For each Ae"@(XmZ) - ‘é

~at least one point
chcose a point 2,6 A

<£Z)(\01R(X v

'Z{é Z different from

with

Lemma_2.6. Sﬁppose Z 1is nondegenerate, 1inear1y ordered.
Then:
(a,) T,(2)U(AXZ) is comnected for each A& B(X-Z) ~ QXS5
(&) T(Z)VU(AxZ) is connected for each A€ G(X=2) ~ fginf(X~Z);
v-(bi) 7.(Z)V(ZXB) is connected for each_iBGﬁ@(YwZ) - %ginf(Y-Z);
; (bg) T>(Z)k1(z><B) is connecﬁed for each Be B(Y-Z) - 1gsﬁp(Y~Z);
(c,) Tc(Z)L)(A><Z) (A B) is connected for each (A,B)e
(G(x-2) - B, (X-2)) % G(I-1);
(c2) T(Z2) U(AXLZ)U(AXB) is connected for each (A,B) e
C(8E) - 8, (x-0)) X B(¥-2);
(di) TL(Z)\J(Z><B)L)(A><B) is connected for each (A,B)e
C G(R-2) X (G (¥-2) - Gy L (¥-2));
(ﬁg) T}(Z)\J(Z><B)\J(A><B) is connecved for each (4A,B)¢&
G(x-2)% (G(¥-2) - €, (¥-2)).

gup(X Z), ZNAclyA contains

sup(Z); thus, we can

Z, < Lo This implies that

)(AX Z2) = T¢(z)nn(zncl BT D,

Therefore, purt (w ) is nrovea. Parts (a2), (b, ) (b ) are de-

rived in the same manner. Parts (04), (02), (ud), (d2) follow

from (&4)’ (az), (bi),

(bz); regpectively, and from Lemma 2.4.

Lgmma AT nondegenerate and linearly ordered,

‘ then:

(a,) T, (2)V(A%XZ) is closed in R(X,Y) for each Ae‘éinf(x-m;
(ap) T, (é)k)(A><Z) is closed in R(X,Y) for each Aetﬁzsup(X—Z);
(b, ) TJZ)U{ZXB) is closed in R(X,Y) for each Be *égup(zmz,,
(b,) T,(2)V{ZxB) is closed in R(X,Y) for each Be & .(Y-Z)
(c,) TL(Z)V(AXZ)VU(ZXB)U(AXB) ds closed in R(X,Y) for
each (A4,B)€ ©,p(X-2) xgg@(:@);

(cp) TL(4) VU (AX Z)V(ZX B)N(AXB) 48 cloded in RIEY) ~Lor



=
each (4,B)€ ‘@Sup(X-Z)x ‘éinf(Y»Z).

Procf. To prove part (&4)’ note that, for Aei%ginf(X—Z),
R(clyh,2) = R({inf(2)},2) V(A% 2) © T (2)V (A% 2);
then, applying Lemmas 2.1 and 2.3, ws gel
= TQ(Z)UR(chA,Z) < T (Z)V(AXT).
Parts (a2), (b,l)9 (bz) are derived in the same mapner. To prove
part (c,), note that, for (A,B)€ %ihf(xfzm‘ésnp(ymm,
R(clyh,clyB) = R({inf(2)}, {oup(Z)})V (A X {sup(2)}) U
U({inf(2)] XB)U(AXE) &
< 7,(2)U(AX Z)U(ZXB)U(AXB);
""" then, agsin applying Lemmas 2.1 and 2.3, we get |
= 'I.‘L(Z)U R(chA,Z)U R(Z,QIYB)UR((:].XA,OJ.YB) (e
e : c T (Z)V(AXZ)VU(ZXB)U(AXB).

For part (cz), s similar reasoning applies.

- Lemms, 2.8. Suppose Z 1is nondesenerate, not linearly ordered.

Then R(X,Y) is connected.

Proof. Write R(X,Y) as
R(X,Y) = R(Z,Z) U
UW{R(Z,2)U(AxZ) [AE G (x-2)} Y
- UU{R(Z,Z)U(ZXB) | Be B (y-2)} V
V&J[R(Z,2) V(AR Z)U(Z XB)U (A%B) |
(4,B) € G (x-2) X B(¥-2)}

- and apply Theorem O (a) end Lemma 2.5 (2,b.c)e

Temma 2.9. Suppose Z i3 ncndegenerate, linearly ordered.
Then the subspaces. V,(X,Y) eand V>(X,Y) oft i RN &) @&xe

connected.



Proof. First note that
G <) - €Sup(xm~z)x Gy (Y-2)
S (iICen) = ‘gsup(X«Z))'x G(y-2) U

NG RLEINC BT~ ‘éinf(m) )

i

and

it

G(x-2) % B(L-2) - *@inf(x-z')xkésup(Y-Z)
w»(‘@(}:mz) - @inf(}:?z))X@(Y“Z) 7
U G(x-2) X (G (¥=2) ~ ‘@SMPCY-—»Z)').
Write V_.(X,Y) as
VG S e= T4 (2). .
V{2 uax2) [Ae8x-2) - B (X2} Y
U {e,(2)U(ZXB) | Be B(Y-2) - €. (Y-2)}V
NP (ZYV(AKZ) V(AXB) |
(4,8) € (6 (x-2) - € (x-2)) xB(-2} U
UNT(2)U(ZXB) I (A%B)|
- (4,B) 6B (X-2) X (B(¥-2) - G, (Y-2))}
and apply Theorem O (b) and Lemma 2.6 (a{, Daia 045 d4); gimi-
larly, write V_(X,Y) as
V(L) = 1,(2) U
U {r (Z2)Uax2) | AeG(X-2) - G, (X-2)}V
Uw{T,(2)U(zxB) | BeB(Y-2) - G (Y-2)} U
VLT, (2)U(Ax2Z)U(AXB) | i
(4,B)e (B(X-2) - B, ,(X-2)) X G(¥-2)} U
V{1, (2) V(2 %xB)U(AXB)|
(4,B)e B(x,2) X (B(¥-2) - G (Y-2))}

sup
and apply Theorem O (b) end Lemma 2,6 (a2; Doy Cns ds)e

Theorem 2.10. Let (X,2) be an ordered couple of nonvoid,

connected gpaces, with ZcX snd Z closed. Suppose that

€ (x-2) 1is finite. The following hold:

(a) it % 1is a singleton, then G (R(X,2)) = {ax2z|Ae € (X-2)}
and #(G(R(X,2))) = #(G(X-2)); '



e

(b) if Z 419 nondegenerate, linearly ordered, and @(X—Z) =
= © i p(E-DVC | (X-2), then ‘B(R(X,2)) = {n.(2)vu{axsz|
AcG,  (X-2)}, 1(2)VV{axz\ae @, (X-2)]] end
#(B(R(X,2))) = 2;

(¢) in all other cases, R(X,Z) is connected.

Proof. First note that
R(X,2) = R(Z,2)VU{aXx 2 |AcB(x-2)}.
If % is & singleton, then R(Z,Z) = ¢ and R(X,2) = U{AXZ|
o Ae ‘@(X-Z)}; the subspaces A XZ, Ae*@(X«sZ), are connected, '
closed in R(X,Z), and pairwiée disjoint. Suppose ncocw that Z 1is
nondegenerateo If Z is not linearly ordered, then, by Lemma 2.8,
e R(X,Z) 4is connected. If Z is linearly ordered, then
V(%,2) = T,(2)VV{axz | Ae B(X-2) - G gup (X-20}
and :
Vo(X,2) = 2(2)UV{ax 2| Ae B (X-2) - B, _.(X-2)}.
By Lemma 2.9, both" V,(X,Y) and V>(X,Y) are connected. If
B(x-2) - Gy (1-2) - B (57) # P, then V,(X,2)NV,(X,2) ¢0
______ eand this implies that R(X,Z) is connected. If B(X-Z) =
G ins(T-8)V B (X-2), then YV (L,Z)NTV,(X,Z) = D . On the other
hand, in this case
V (X,2) = T.(2) 0V {Axz| AeB, .(X-2)}

and

H

3 \ ; 5
Vo, 2) = 2 (2)OV{axg | s %“@wp'\x“z’l;
Lemma 2.7 (&4’&?) and the finiteness of %g(X~Z) imply that
beth V_(X,2) and V_(X,Z) .are closed in R(X,Z). It follows

that V,(X,2) end V,(%,Z2) are the two components of R(X,Z).

L)

The following thecrem describes & completely similar aitua-

tion end will be stated withcut proof,



Theorem 2.11. Let (Z,Y) be an ordered couple of nonvoid,

connected speces, with ZCY and Z closed. Suppose that

@ (Y-7) is finite. The following hold:
. (a) if 2 1is a singleton, then BG(R(Z,Y)) = {ZXB \BE‘Q(YnZ)}
and  #(G(R(Z,Y))) = #(G(Y-2));
(p) if Z is nondegenerate, linearly ordered, and C(L-Z) =
= ‘@inf(y.WZ)q‘ésup(yu-Z), $hen %(R(z,y)q = {1, (2)vU{zxB|
Be®y,,(Y-2)} ?_(2)VU{zxB|Be®, .(Y-2)}} end
#(GR(Z,Y))) = 2; :

(¢) in all other cases, R(Z,Y) 1is connected.

 Now we proceed to the case when the complements of Zyndin

~ both X eand Y are nonvoid.

Theorem 2.12. Let (X,Y) Dbe an ordered couple of nonvoid,

connected gpaces, with Z = ZNY nonvoid, connected, and closed
~in both: -X .and. Y. Suppose that %g(X~Z) gnd ‘B(Y-Z) are both
nonvoid and finite. The following hold:

(a) if 2 ~is nondegenerate, linearly ordered, and G(X-2) =

= Gpne(X-23, G(1-2) = €, (1-2), then GR(LY)) = {1,(2),
R(X,Y) - T.(2)} and #(G(R(X,Y))) = 2;

(b)) it 74 nondegenerate, linearly ordered, and fg(an) =

= 6 0T, G(Y-2) = €, -(¥-2), then B(R(X,Y)) = {T.(2),
R(X,Y) - T,(2)} and #(G(R(X,Y))) = 2;

(¢) in all other cases, R(X,Y) is connected.

Proof. First note that
R(Z,Y) = R(2,0) U
UL {(AX2)U (ZXB)V(AXB) | (4,B) € B (X-2)x B (¥-2)}.
It Z is a singleton, then R(Z,Z) = @ and
R(X,Y) = W {R; | BeG(y-2)], '

where



rnrreaes

w 11 -
Ry = W {(AX2)V(3XB)U(AXB) | e B(x-2)},
for each Bes%g(Y»Z). By Lemma 2.4, RB is connected for each
BeG(¥-2). As AXZC Ry for each (4,B)e B(X-2)X B(Y-2), 1t
follows that R(X,Y) is also counnected. Suppose now that 2 is

nondegencrate. If 2 41is not linearly ordered, Lemma 2.8 shows

that R(X,Y) is connected. If Z is linearly ordered, then

'R(X,Y) = Vé(X,Y)kJV>(X,Y) and, by Lemma 2.9, the subspaces

V. (X,Y) and V_(X,Y) are connected. In the case when
R X ) - ‘@inf(x-z)x‘ésupw-z) -
. ‘ésup(x-»z) X@, o(Y-2) + @,

- it is easily seen that V<ﬂX,Y)(\V>(X5Y) # @ ; thie implies that

R(X,Y) 4is connected. If, on the contrary, |
L) g - ‘éinf(x-z)x‘ésup(y-z) U
e
; - %sup(x'z) i gimf‘(Y"Z) :
then either

G (X-7) (raz) snd Braz) =0 Tl

inf sup

|2

155
#

or
G (x-2) Chaalts2) .
g (X-2) = ‘@(X-2) ¢+ ¢
and %gsup(Y”Z) = G(Y-2) + ® and we can write '
V (X,¥))=W{T(2)U(AXZ)U(ZXB)U(AXB) |
(4,B) € 6(x-2) X B(¥-2)};

Lemma 2.7‘(c4) and the finiteness of %g(X«Z) end ‘2 (Y-2)

H
1

Coup(X-8) and €(¥-2)

When the first situation arises, we have B

imply that V_,(X,Y) 4is closed in R(X,Y). On the other hand,

Vo (X,Y) = T (2);
by Theorem O (b), V (X,Y) is also closed in R(X,Y). We now see
that VC(X,Y)f\V>(X,Y) = @ and this shows that Vé(X,Y)F and

T,(Z) are the two components of R(X,Y). When the second situa-

‘tion arises, a similar reasoning applies; it follows that P02

and V. (X,Y) are the two components of R(X,Y).



We now remove the condition on 2 to be connected and prove
a generalization of the preceding result. We still need a few
lemmas. Let 2 still be closed in both X énd Y and assume

Thet  Clx-2), G6(1-2), 'and @(7) are nonvoid and finite.

Lemma 2.13. For each C e‘@(Z), the subspace XC is open in

X and the subspace YC ig open in Y.

Proof. Note that if AeG(X-Z) and CMNclyd = ¢, then

olyh © AU(Z=C). On the other hand,

X - Xy = W{a & 6(x-2) | ¢ Nelys = PF U (2-0).
The finiteness of 6(Z) implies that 2Z-C is closed in 2
gnd this implies that 2Z-C 1is closed in X; by the finiteness
of B(x-2) we have ‘

ol (X-X ) u{ae B(x-2)| CNclyh =@}V (2-C) = X - X;
therefore X is open in X. A similer argument shows that Y,

is open in X.

Leuma 2.14. For each € €'%(Z), the subspeces R(X,YG) and

R(XC,Y)' are open in R(X,Y).
Proof. This is en immediate consequence of Lemma 2:13.

Lemma 2.15. For each C e%Z(z), the subspaces. XC~C and

YGwG are nonvoeid.

Proof. Assume XC = (¢; then, by Lemma 2,13, C is both open
and closed in X, but this contradicts the connectedness of =k

In the same way it follows that Y,~C + O .

Lemma 2.16. For each €& %(Z), the subspace R(XC,YC) is

ﬁﬁﬁﬁﬁﬁ




BN i i o

-

-‘913...

Proof. Assume R(XC’YC) =@ ; then XO = Yc'z a singleton. As

C + ¥, this implies XC = C = YC and contradicts Lemma 2.15.

Lemma 2.17. Let € €'8(Z). The following hold:

(a) if 6 ezﬁgi(z),.then R(X,Yc)k)R(XC,Y) is connected;
(b) if €eG}(2), then G (R(X, Y )V R(Xy,Y))
R(X5,Y) ~ 2,(C)};

(c) if Ce@(2), then © (R(X,Y5) U R(Xy,Y))

i

2,00}, B(T, ¥ )4y

i

{TQ(C),. R(X,Y )V
R(Xg,¥) ~ T,(C)].

Proof. First note that
X(\Yc = O o= XCIWY
end that C is closed in both X, and Yoo IE Ge 't (7)), ther
by Theorem 2.12 (c), both R(X,YC),,and R(XC,Y) are connected.
By Lemma 2.16,

R(E,YG) NR(X,,Y) = R(X,Y,) # Do

' mhcrﬂforu, R(X, Yo )UR(X Y) is connected. Suppose now CG‘@E(Z)._

By Theorem 2.12 (a),
‘G(R(X,Y,)) = {1 (©), R(x, %g) ~ Sul00)

EREZLY)) = Lagte), R(Xy,Y) - T(C)};
as

(RCE, X)) =0 (C))(\(R(“C L) =8 (8)) 2 T,(C),
it follows that R(X,YC)L)R(XC,Y) - T>(C) is connected. On the
other hand, by Lemma 2.3, T.(C) is closed in R(X,Y), and by
Theorem 2.12 (a) end Lemma 2.14, T.(C) is open in R(X,Y). It
turns out that T.(C) and R(X,YC)LJR(XC,Y)’~ T>(C) are the two
components of R(X,YC)kJR(XC,Y)‘ A similar argument applies for

cedr S



Theorem 2.18. Let (X,Y) be an ordered couple of nonvoid,

connected spaces, with 2 = XNX 'nonvoid and closed in both X
end Y. Suppose that G(x-2), G(I-2), and 1g(Z) are nonvoid

 and finite. The following hold: ,

(a) 1t :@g(z)u‘@g(m + @, then BREY)) = {1.(0) | cedi@)]
O{r, (0) | ¢ e B V{R(E,Y) - V{1,(0) [cedya)] - Wir ()]
ce@3(D)}} and #(BRE,Y)) = #(GL(2)) + #(GL(2)) + 1

(b) in all other cases, R(X,Y) 1is connected.

Proof. First note that, if C€G3(2), then T,(C) is closed

and open in R(X,Y); thereforey T,(C) 1is a component OFE Rl K, Y )

 Similerly, for each c«;%ﬁ;(z), T.(C) is a component of REY, Y ).

The finiteness of 6(2) then implies that

.v d -+ o

v - R(%,Y) c0{r(0)| ceGim)} - {n ()| ceB(n)}
is also open and closed in R(X,Y). It still remeins to show that

V 1g connected. Denote

= R(XgYC)UR(XdQY)

C
for each Ce“%(Z) and
: fUC ; for Ce B,(2),
Vg = Uy - T5(0), for Ce&Gy(2),
11'10“@,\(0), 165 C € Coke).
Fote that, for C, cre i), © ¢ 0", we have
U

MUy, DXy XY, ) YI(Xg X Yg)

¢ c!

and
Ug NR(CT,C') = D .
Therefore, VCIWVC, = UCl\UC. + @, TorTesaeh (c,c')e;%g(Z)><%8(Z)
with € ¢ C'. On the other hand, the same argument shows that
v=wly, lced@] ~v{r, ) cedya)y -
~W{T(C){ ceBs(z)} =

=wu{v, | ceGin].
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By Lemme 2.17, each VC y C 6%8(2), is connected. It follows that

S V is also connected.
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