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COIIIIECTIVITY 0n DET,mnD PRODUCTS Otr' T0P0I0GICAL COUPIJFS

by

JACK V{NINSTETN

g.I!3lgdgg4gg, A nonvoid topologlcal space 7' te satd to

be nondegenerate, i f  i t  is not & slngleton; i t  ls saJ.d to. be

l inearly ordered., l f  l ts topology ls the interval topology

defined by e linear order on the urrderlying set. fhe deleted

product of 7'  ls the subsPace

R ( z )  =  { t r ^ , z r ) e z , x l ,  l z n  *  u z }

of ?"X7,.  Qbviously,o n(Z) is nonvoid i f  end only t f  7"  1g non-

degenerate, For Z ltne.p,rly orclered., define tbe rtupper.-lef,rt

t r iangl*n

ta(z) = {{un rrz) * .7.>< 2, |  ,o.  rzt

end the ft lower-right triengle"

Ea$ ' )  =  { t un , z r )€  zxz  l  r ^b rz l .

$ h e n  R ( Z ) =  I < Q ) U T > ( Z )  a n d ,  l  J i . ) n T > ( ? , ) - O ,  f n  [ t ] ,

El lenberg proved t lre fol lowi.ng result :

Theorem 0. l ret  7 '  be ei  cCInnected, nondegenerete sp&ce. lhen:

(a )  i f  Z  l s  no t  l lnear ly  o rdered. r  R(Z)  l s  connected ;

(b) i f  Z is l inear ly ord.*red.,  R(Z) has two components which

a.re juet I1(?' ) ancL f >( Z ) .

in th is peper we u$e SLienbergrs resul t  to der ive e 8eneraLl ,*

zat lon for  the deleted product of  en ord.ered, couple of  spaces

with c losed intersec' i ; l -on,  The work ls mot ivated by l ts appl lca-

t ions  to  the  inves t iga t icn  o f  Ce le ted  produc ts  o f  pcr i3 "hr rd ra .



H ? , u

L",St.qt eggn3. of the Gepgr*]..:Lgs){.Jbgg:gg' 3or any set A o let

#(n)  denote l ts  card lna l  number '  I f  S Ls a topolog l 'ca l  space '

le t  4<S) denoto the set  o f  t '1 is  connccted c .omponente;  thus '

#(6(5)) ie the nunber of components of S. Fo' any subsp;ne'e

t of ,5r clr f  denotes tho closure of T ln S'

I f  C 1s a nondegen,srate, l in.early ordored' spece, denote by

in f (C)  the least  e lement  o f  C ( i f  th is  ex is ts) ;  s lmi l "ar ly '

denote by sup(C)  the greatest  e lemen* of  C '

Let (Xry) be an ordered. couple of nonvoLd speses. The d'eLe-

ted prod.uc.t  of (XrY) is the rubspace

R ( x , Y )  -  { ( " , Y ) e x x Y l x  f  v }

of  N xY.  0bv ious l$ ,  R(X,Y)  *  X xY l f  and only  i f  x  AY = 6 ;

R(X'Y) a p l f  and' only i f  f ,  '*  ]  ' "  a st46leton'

,  $uppose now that ?, * xnY is cloeed ln both x and. Y.

Sor  each Ce$ Q) def lne the connected subspace

xc '  c ueJ {xe$ (x*z) I  c Ac1*A + 6i  ;

i f  n ln add. i t ion,  C is nondegenerate and l inear ly ordere' l r  def lne

xr'  * q,p {a e46-zl I  c ocl.*A * { inr(c)}}

and

xA = \J {on €o&^n)  lc r \c }*A = {sup(c) } }

Obvlousl-y,  X;U:: f  cx,  n c and * inxf  *  O. $ l rn i lar lv ,  def ine

the subspaces Yc, .Yf  ,  Y;  "  & part l t icn

&tnl  s,  4 otn.u 4I(z )  v € i t r" t

is deter'mlned by the f ol"l"owlng def initions I

(+)  CE Si tZ l  i . f  and only  i . f  C ls  nondegenerete,  l inear ly

e,rdered, end 
"rt  

= Xc - Cr vf * x* * c;

( - )  Ce{o;Q, t  i f  and only  l f  C ts  nond 'egenerate,  } inear ly

ordereri.r &iidr tJ * XC C' li "' V* C"

lTe nrove the fol lowing general izat ion of  Theorem 0:
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gegggJ. I,et (XnY) be an ordered couple of nonvold eonnec*

ted speces wlth Z o Xn Y closed ln both X and, Y, Suppose that

€(x*z) ,  f1u*z) ,  ar rc l  Atz)  are f in l te  sets .  The fo l lo lv lng ho l . r t r -

( a )  i f  n  l s  &  s l n g l e t o n  a n d . ' Y  =  ? ' ,  t l i e n  € t f t t x , Y ) )  : s  { * x Z  I

e e ' € ( x * z ) l  a n d  # ( 6 ( R ( x , Y ) ) )  *  4 F ( € & * z ) ) i

(b )  i f  n  l s  a  s lng le ton  and  X  =  Z t  then  € (n tX ,v ) )  a  {axn  I

B e  6  (v *21 ]  and  # (€  (R(x ,y )  )  )  * ;  # (E  1 r *z  )  )  i

(e )  l f  7,  is  ccnnected, nondegonerater &r ld.  l inear ly owdered,

y e 'z, t  and x * n * x lvx/" , ,  then €(n(x,v))  6 { tx;x z)u r<(2,} ,

s> (z lu ( x f xa ) ]  and  # (€ (n " r . x ,Y ) ) )  r  2 i

(d) l f  n le conneotedr. nondegeneraten end l ineerly orderedt

J[  *  z ,  end y  -  z  =  x . fvx l ,  then €orx ,y)1  = { r . (  %)vexu; ) ,
( z x y ; ) u  r > ( z ) ]  a n d .  # ( € ( n ( r n Y )  )  )  ' ,  z i

( e )  i r  4 , l x - z )  * Q ,  4 $ * z )  + @ e  & ! 1 d  4 i t z ) V 4 ; { 2 , )  * @ ,

then €tntx,y))  a { t , , f i )  I  c  
"€" i (z) }u{r . (c)  

|  c  e€i t i l l  u

{n t x , v )  -  u { r , ( c )  [ ce6 [ tn l \  -  t - r t r . ( c )  [ c  "€ ; ( z ) J ]  
and

# ( 4 ( R ( x o y ) ) )  =  # ( € l t z l )  + # ( € ; ( a ) )  +  a i

( f  )  ln  a l l  o ther  cases '  n("X 'Y)  is  connected""

3.Mgge^{g}l_Aeg"JhepJgu. T}re proof wj-1"1 be sp1lt

i n to  two  pa r t s  ( fheo rems  2 .10 ,  Z , t l  end  fheorems  3 . ,L2 ,  2 .18 ) .

fhese exhaust sl ]  nontr ivia] c&ses. We f irst prove some techntrcatr

prelinii.narles ,

Iret .  (XrY) be sn arbltrery orr1sred couple of sp&ces"

Le!ry!q!-2.1." I f  AcX, BcY' and AnB * Q , then

.  
" I R ( X r t ; ( A x n ;  

: F  R ( c l U A , c 1 . r B ) .

? r o o f .  A s  A x B c " R ( X ' Y ) '  v d e  h a v e

- r  / r s r T r \  ^ ' t  l r r r v O \ / \ ; , i - f f  1 / \  -
U L r l v  . t r \ \ l t n  I l i  F  t a X X Y \ l t / \ t ) l t  t  r L \ n 9 + , ,

{ 1  \ J \ r  I , f

! '  ( c 1 " 4  X  c l y B ) n R ( X r Y , 1  *  I i ( c 1 r A r c 1 . * B ) .

L.eqqa ?rjl. ff AcX anc 3cY &re el-osed. eutrspaces* thext
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R ( A r B )  i e  c l o s e d  l n  R ( X ' Y ) ,

Proof. I t  is euff l"cient to note that

R ( A , B )  : G  ( R  x  g )  n  n ( x , Y )

a n d  t h a t  A X B  i s  c l o s o d  i n  X X Y .

I,eqmg"_ad" f f  a nondegenerate subspace CcXOY is closed

tn  bo th  X  and .  Y ,  then  R(C 'C)  i s  c losed  in  R(X 'Y ) .  Moreover ,

J.f  C ts connected, l tnearly ord.ered, then t4(C) end t>(C)

-  
a re  E r l so  c losed  ' l n  R(X 'Y ) .

B{ggf, The first part follows from lemma 2o2, For the socond

par tn  observe that ,  by Theorenn 0 (b) r  T. (C)  and f>(C)  ere

o h ; s c 3  i r r  R ( C r C ) .

I ,et ncw 7. = X/. lY be connected and closed in both X end Yo

For Z nondegenerate, l lnearly ord.eredo deflne:

and

€oor tx*n)  s  {de4r$*z) z Acl"A ' "  { tnt (s)}  }

€u,.n(x*z; - {t e€tx-z) Z  A c l " A  =  { s u p { z ) } } ;

stnl lar lyo define €rn (y-Z) and €uon(x-z),  Obviot isly,
/

" i  
* u{a *€rnr(x*z)}

e,nd" '

oi  *  u tAs€sup(x-s) l  i
sfmJ.tar relations hold. for Y; and X;, Further, define

V . ( X ' V )  F  T ^ 7 . )  V

\ . / r , r {axz  t  te4(x -21  -  €uvn(x -z l } ,
t :u tzxB Ine6(v -z ;  -  €  r r r r (v -z lJ  u
v u t a  x B  I  ( A , B )  e 4 ( x * z ) x 4 ( y - z )  -

enil

v  r " r  v \  *  r n  ( v .  l ' . tv > \ { \ t 4 l  * > \ s ,  v

a r h( ^  t - r  t y t v  ( ^  l v - - , r t l- S i , t i ) \ r \ * L . t  ' \  -  j . n f  r ^ - ' a l J

\ J t r i t  x  z  i  ae  €T*n l  - ' 6 r r r r ( x -Z ) ]  u
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u w{zxB I  s  e6(y -z )  -  €* r ,n  (y -T" l }  t

t , l  L T t E X B  I  ( A , B ) e 4 $ - z ) x  € $ - ? , )  -

4 rn lu-z,) x €sup fY*z ) l .
+

Note that

R ( X n Y )  *  Y 4 ( X n Y )  ! J  V > ( X , Y )

and. that  V<() i ,Y) n v>(x,Y) *  Q i f  and oaly t f
A  / )  ' 6  

$ - T , ) x C  / v  ? \' 6$ - z ) x6 (Y -z )  -  ' * ' t r n  , i r r f ( x -? " )

'  Qrn {x-z) * €urrn $-z) * O

& *B*g" For each .  (A,B) e 4(x*z) >< 4(Y-u )  ,  the subcpace$

( t x z ) u ( A x B ) ,  ( Z x l ) u ( A x B ) ,  a n d  ( a x z ) u ( z x 3 ) u ( A x n )  a r e

connected.

Procf.  Fron temna 2.1 we get

( A X Z ) O c l o , * , y ) ( A x n )  =  A X ( z n c t r B )  *  @

and.

( z  x B )  n c t * ( x , y ) ( A x  B )  *  ( Z  O c l * A )  x  B  *  @  c

I t  f o } l o v , ' s  t h a t  ( A X Z ) U ( A X B )  e n d  ( Z X n ) U ( A X B )  & r e  c o $ $ € c -

t e d ;  t h e r e f o r * ,  ( A X  Z )  U ( Z  X S )  U ( A X n )  t e  a l s o  c o n n e e t e d

egq*g--a*:.. $uppose n is nondegenerate, not linearly cr'dersd"

fhen:

( a )  R ( 2 , 7 , ) U  ( A X  3 )  i s  c o n n e c t e d "  f o r  e a e h  A  e g ( x - u  ) ;

( b )  R ( 2 , ? )  u  ( r  X B )  i s  s o n n e c t e d  f o r  e a c h  B  e 6 ( Y - Z ) ;

( c )  R ( Z , Z ) U ( A X Z ) V ( n X B ) \ l ( R X n )  i s  c o n n e c t e d  f o r  e a c h  ( a ' n l e

4$*r ,1x  $ tv-z) .

?roof  .  Par t  (n )  fo l lows f rom the  fac t  + ;ha t ,  fo r  Ae €(X-Z) ,

R ( z r Z ) n c ' l - . , T  : i . . ( n x  z )  =  R ( ? " n c l . .  ^  z \  ' t  r hI ' L ' - t R ( X r ] - ' !  \ J l  t \ i l " . a r \ t s ' r u a - { s t e /  T  Y  '

Part  (b)  ls der iyed in ihe/ f r i lnfr€f  .  Sart  (c)  fo l"Lowe from (a)

cr (b) end, I remma. 2.4.
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Then:

" . *  
( * n )  T 4 ( U  ) U ( A x Z )  i s  c o n n e c t e d  f o r  e a c h  l e # e ' ^ 7 , )  -  g u , r p ( X - n ) ;

( * a ) n > ( Z ) v ( a , x n ) : i " s c o n n o c t e d f o r e a c h A e g ( x * z )

( b { )  t 4 ( Z )  U  ( Z  x  S )  i e  c o r e n s c t e d  f o r  e a c h  B  e q ( Y - Z )  -  € r n  ( Y - U  ) ;

( t l p )  f  > (Z )  u  (U  x  B )  i s  con :nec ted .  fo r  each  n  e€ (Y-Z )  -  $  *un$- i l ;

( c n )  T < ( r ) u ( A x z )  ( n  E )  l s  s o n n e e t e d  f o r  e a c h  ( a ' l ) e

c6tx-z) I *uni.x*'r ') ) x 6(r-?") ;
( c r )  \ > (Z )  u  (A  x  z )L /  (A  xB )  i s  connec ted  f o r  each  (n ,n )  e

(  6 tx-z l  *  €  rnr (x-z  ) )  Y g(Y-z)  ;
( d r  )  y < ( 2 " )  U ( U  X  B )  U  ( A  X  B )  l s  e o n n e o t e d  f o r  e a c h  ( * , n )  e

%rx-? ' tx(6(Y-z)  -  Ern {u-z)) t
( d a )  T > ( r )  u ( z  x B ) u  ( l x B )  l s  c o n n e c r e d  f o - r  e a c h  ( a , n )  e

$tx-z)  K (  6fy-z)  *  € nnn(Y*z)  ) .

Proof, For each ae€(x*z) -  4r,^n(x*z'1 ,  zf tc}*A, contairrs
-  

a t  Least  'one point  zu€,7"  d i f ferent  f rom sup(Z) ;  thusr  w€ can

chcose a polnt zre Z rvl th %L/- %2. This irupl ies that

t 4 ( ? , ) A c l n E x , y ) ( l x z ;  =  t 4 ( : " ) n R ( z A c l * A ' Z )  +  o .

Therefore,  p t* r t  (ao )  ls  proved.  Par ts  (ar ) ,  ( i i4  ) ,  (b2)  &r€ de-

r lved ln  the ss.me ra&r l r ls ro  Parbs (co ) ,  (c2) ,  ( *o  )  r  (ar )  ro l low

fron (au) ,  (a2) ,  (br )  n  (b2)  r '  renpect fve ly ,  and.  f rom l . ,emma 2.4.

LgBr:re fuj,. If 'L is nclndogenerate and linearly ordei:ed,

thon:

( a o )  T 4 ( 3 , )  u ( A x z )  i s .  c l o s e d  i n  R ( x , Y )  f o r  e e c h  a  e € r r r r ( x * ' d ) i

( a o )  T > ( z )  u  ( a  x  z )  1 s  c l o s e d  i n  R ( X r Y )  f o r  e a c h  * e " 6 u r r p ( x - Z ) ;

( b 4 ) ' T . ( U ) U ( Z X n )  t s  c l o s e d  i n  R ( X ' Y )  f o r  e a c h  B *  % * 1 * n ( Y - Z ) ;

(bp )  T>(A)  U  ( -?  XE)  t s  c foeed  in  R(X ,y )  fo : '  eae l t  O  *  € r r r r (Y - l i  i  I

( c l )  t ^ t | J U ( A X g ) u ( Z x n ) U ( A X B )  l s  c l o s e d  l n  R ( X , Y )  f o r

each  (A ,g )  e  € * r r t i x *u  )  *  %"*o  (Y*2 , \  i

( c n )  T > ( u  )  u  ( l r x  z )  u ( z x B ) u  ( a x  n )  i s  c i o e e c l  i n  R ( X , Y )  f c r
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/ t  ' O ^  r v  ? leach (A, t r )  ev  su^o(x-z)  *  *1r r r \x -a) ,

IESI .  To prove par t  ( *a  ) ,  note that ,  for  Ae €Lnf  (X-z  )  '

R ( c l r A , ? , )  o  n ( { r n f ( n ) l  , 7 ' ) v ( x x z )  c -  T 4 ( z ) u  ( A x  z ) ;

then, app)-ying lemmas 2.1 and' 2.3, we get

o l R ( x , y ) ( Y < ( n )  u  ( A  x  z )  )  g

! F  T < ( n ) u R ( e } * A r Z )  C r 4 ( ? ' ) L r ( A X 7 ' ) .  .

parts (ar) ,  (bn),  (b2) are der ived. in the $&aie m&.n.xer.  To prove

pe r t  ( cd ) ,  no te  t ha t ,  f o r  (A ,B )e€ rn t ( x ' z ) x€sup (Y -z ) ,

R(c l*A,c t rB)  -  n( t tnr (z)1  ,  t * , rp(Z)1)U (Ax {sup(z)J  )  U

\ r  ( t tnr (z)3  x  ts )  u  (axn)  c

c ,  T 4 (  z ) u ( L x  z )  v ( z  x B )  t / ( . a x  s )  ;

t l ren,  &gain apply ing l ,earmas 2' l  and 2"3,  !?e Eet

r l R ( x , y ) ( T 4 ( z ) v  ( A x  z )  u ( z x B )  u  ( * x B ) )  a  ! i

'=  r4? . ,1u  R(c l "A ,  Z  )  U  R. (Z ,o1r3)U R(" }xA ,  c l rB)  c

c ,  T 4 ( Z ) u  ( *  x z )  u  ( a  x B )  U  ( A  x B ) .

For part (cr) o a sirni l -ar reasoning appi ies"

&**u e"_q. suppose ' / .  i .s nondegeneraten not l inearly ordered'

Then  R(XrY  )  i s  connec ted '

Progl.  \Yri te R(X,Y ) as

R ( X ' Y )  =  R ( U , Z )  \ J

\ JqJ {n t z ,u  )  u  t l xu  . f ' . 4  e€G 'z ) i  '

v q J { s f  z , n ) v ( z x n )  I 3 e € t Y * z ) }  v

vqJ tR (  T , , n )  v (AYz )u (3  xB )u  ( s :<n )  [

( A , t r ) € € $ - n ) x g ( Y - z ) ]

ancl  apply thooren 0 (a) and I 'ersma 2"5 (a 'obrc) '

I . e n p g ? o - 3 . , S u p p o e e 7 ' i " s n c u d e g e n e r a t e ' l i n e a r l y o r d e r e d '

T h e n t h , e s u b s p a c e s . v { - ( X , Y ) a n d v - ' ( X , Y ) o f R ( X ' Y ) a r s

connec ied .



s t t *

Igggf' First note that

€tx*z> x €tv-z> € *un(x-l ') x VLnt(Y-z) =

a (6cx-n> * €run(x*z) ) x 4$*z) \r

v,4$-n) x( 4$^z) -  Sror(Y*z))

anfl

4$-i l  x € (v*z) * €rn (x-z)x6sup(Y-z; -

, .*  : :  *  . ( (  ( : i *u )  *  € rn (x:z ))  x 4$-z) r l
n  A  -  

-  
. n

w $(x -u )  x  (  4$*n )  *  4  *on (y -z ) ) .
l {r i te V4(X'Y) as

V< (X ,Y )  =  T< (  Z )  v

u u t r . t z ) u ( e x z )  { n  e 4 $ . - z l  -  € u r r n ( x * ? ' r }  u

v " \ . - ' { ' i . (u)  u(u xB) I  n e $ty-n) -  €rrrr ty-z)J u

v l * l i , l . ( z )  u  (n  xz )  v (AX B)  [
' (A,ts) c (g $-z) - €"*n $-z) ) x€(v- 'z ' t ]  u , , i .s

vur { r . {z }  u  (z  x  B}  v  (A  v -n)  [

(*,r)  e€ :u-n) x (  €tv-z> - 4 ,nr$-z) ) ]

and gpply  Theorem 0 (b)  and }enma 2.6 (aa,  b^ ,  c{ ,  ar ) ;  s i rn i -

1ar3"yn wr i to  V>(X'Y)  as

v r (X ,Y)  =  [> (  7 , )  v

\ lu { r r (z )u ( r rxz )  la  e '€ (x " -7 , )  -  Vrnr (x*z ) }  v

t lu t r> (z )  u (z  xn)  t  n . f l$ -z )  -  €u . rn  $ -z )J  t " r

v  v { r r (z )  u (A xz)  u ( * '  x  n )  I
(A ,B)e  (4 (x -z )  -  Vr , r * (x -z ) )x4(v -z )1  u

vL l t r  > ( z )  u (u  xB )  u (nx  s )  I
(A ,n)e4(x ,z )  x (  4 {v -z )  -  4  uun(Y-z) ) }

end apply f ]reorem 0 (b) end leni lna 2"6 (a2, b'u co, dr)"

$-h,egfep. €r"tQ. Lot (N,7')  be an ordered couple of nonvoid.,  '

COnnCctcd. si)aces, rrr i th 7'CX a^rd. Z closeC. Suppose that

("tx-z) ts f lni te'  [he . fol lowlng hold:

(a)  : . r  ? ,  is  & e ing) .e ton,  then € tnCx,p) )  *  {AX z  I  de €(x-z [

a n d  # ( V ( R ( x , z ) ) )  s  # ( 6 ( x - z ) ) ;
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(b) i f  7, ls noud.egenerate, l lnear1y orcLered., and 6G-f;)  =

:s  6rn  tx*a)u G*, ,n(x-z) ,  then €Gf t ,z ) )  *  { r . (z ) \ rv { . txz  I
t  e4rnr (x-z)J ,  r>(z)v  u{axz \  o  s  €sup(x*z) lJ  and
#  ( f i ( R ( x ,  z ) )  )  r s  z i

(c )  in  a l l  o ther  cases ,  R(N,Z)  fs  conneeted .  
'

Proof ,  F l rs t  no te  tha t

n(x,z)  = R( n, r , )vu{ax z tae '6tx-z)1.
I f  ? '  l s a s i n g l e t o n r t h e n  R ( 7 , r 2 )  ! €  Q  a n d  n ( X , Z ) = L J t { a X Z {

L e 6 ( x - z ) J ;  t h e  s u b s p a c e s  A x Z ,  l e 4 ( x - 2 1 ,  a r e  c o n n e c b e d ,

c losed ln  R(X'Z) ,  and pai rwtse c l is jo in t .  $uppose now that  ? ,  ts

nondegenerate'  r f  7" is not l inearly ordered, then, bY Irernma Z.B,

R(XrU )  is  connected, .  I f  ?"  ls  l inear ly  ordered,  then

L(x ,z )  r  g4?) \ rq j ta*z  lA  ua(x -z )  -  €u , rn (x -z ) ]

ancl

v>(x, z ) * T>(z ) u \"r{A x. r, I a e grx-z) € rortx*z )} .
By Tremnra 2,9,  both V4(X'Y)  and,  V>(X,Y)  ere eonnected.  I f  -  , - .

6 r x * z l  - 6 r n $ - 7 , )  * & * u n ( x - z )  + @ n  t h e n  v 4 ( x , Z , ) n v > ( x , z )  * o
and. th is lmpl les that  R(X,U )  Ls uonnected" f f  E(X-Z) *

9 r n $ , - ? , ) u € s u p ( x - z ' t ,  t h e n  v . ( x , z ) A v > ( x , z )  s  O . 0 n  t l r e  o t h e r

hand,  ln  th is  ee$e

v<(x ,z )  =  Ta(u  )u  qJ {axz  I  A  .6 * t ( x *z )J

and.

v>(x ,z )  s  r> (? , )u  u t t  xu  t  A  *€uon(x*z ) i ;
Lemma 2. ' l  (ao,ar)  and the f l .nLteness of  €fX*Z) impi.y that

b o t h  V 4 ( X i Z )  a n d  V > ( X r Z )  & r e  c l o s e d .  i n  n ( X , Z ) .  f t  f o l L o w s

that Y.(X'  3 )  end V>(Xn z )  e.re the two components of  R(X, Z )  .

The fol iot 'J-ng theoren Ceser j .bes e conpletely s iur l - Iar  sr l tua-

t j "on end wj. l l  be stated wlthcut proof.



Sheorem e. l l . "  I . ret  (ZrY) be an ordered couple of  nonvoidt

eonnected speces, vl i . th nC-y and 7, closed. $uppose that

4 $-n) is f  ini te '  The f ol lowlng hold I

( e . )  t f  f r  t s  e  s i n g l e t o n ,  t h e n  € t n t U , Y ) ) . .  { Z x n  l g e € t Y * Z > }

and +f  (6  (R(  z  oY )  )  )  =  #(4$-n) )  t

(n) *f  f ,  *s nrrnd.egenenate, l inearly orderedr and' 4$*Z) *

s e€u,rn(Y-z)J,  f f>(?,  )ut" l t r r .B \  B u$tn (Y-z) ] i  and

# ( 4 ( R ( u o Y ) ) )  e  2 i

( c )  l n  a l l  o t h e r  c e s e s ,  f i ( ? , r Y )  l s  c o n n e c t e d '

Now we proceed, tcl the case wlren the ccrnplenents of 7' ln

' boi;h X and Y are nonvoi.cl ' .

Theorem 4"1?,  Let  (XrY)  be an ordered couple of  nonvoLd' '

connected specesu wl th  n  = XnY nonvoidr  connectedo and c losed '

ln  both.X and Y.  Suppose that  4$-Z)  e ,nd '€G-Z)  are both

nonvoirt  gnd f i .ni to" fhe fol lowing hold: , '

(a) | f  i t  ls nonclegeneratei l lnearly ordered, end' Q(X-Z) -

sr €*rrr ix-r) ,  €lx*zt *  4uon(i f - t r) ,  then

R ( x , Y )  -  r > ( z ) i  a n d  # ( 6 ( R ( x , Y ) ) )  F  2 i

(b) i f  n j .s nondegenerateu l lnear ly ordered, and. $(X-Z) =

F %r r rn (xoy ) ,  ' € (x -n )  *  € r * r (Y - r ) ,  t i r eu  6 tn tx ,y ) )  -  { t - , z ) ,

r r (x ,y)  *  r<(z)1 and.  * (€  (R(X,Y)  )  )  & i  ? ;

( c )  i n  a lL  o the r  eases ,  R(X 'Y )  l s  connec ted .

Proof. First note that*  

O O , r ,  E  R ( U n Z )  U

u  q J  t ( r r x  z ) u  ( Z  x s )  u  ( A . X B )  |  ( A , s )  Q g ( x - z  ) x € ( Y ' z ) J .

I f  n  Ls  &  s ing ie ton ,  then R(Z 'Z)  sg  A and '

4,,nrxnY) 1 *  {rr?),

where

R(X-Y) *  ur{n* I  s e €tu*zi \  "



s l I *

R B  o  t * { t a x z ) v ( u  x B ) u ( a x B )  l . E *  € t x - z l ! ,
for  each ne$(Y-Z) ,  By lemna 2.4,  RB is  connected for  each

seB(y -z ) .  As  & "x r ' cRg  fo r  each  (A ,g1e€ tx - - z ) xe (y - z ) , 11

fo l fows that  R(X'Y)  ls  a lso eonnected.  Suppose now that  ? ,  is

nondegenerate. rf 7' Ls not lJ-nearly ord.sred, rremma 2.8 shows

that R(xrY) : .s connected,. r f  r ,  is r lnearly ordered.n then

R(x 'Y)  -  Y<(x,Y)uvr( : ( ry)  and,  by r . ,emma z,g,  the subspaces

V4(X'Y) and V>(X'Y) &re connected," fn the ce,s€ when
'€<x*z) xgft*z) Gror(x-z) x €sup(y-z ) -

ts i  €*on (x*z)  xg. ,nf(y-z)  *  O ,
i t  is  easi ly  seen that  V4(X,y)nV>(X,y)  + e ;  th is imp1S.es that
R(XIY)  l s  connectnd"  I f  ,  on  the  cont ra ry ,

4$-z)x6$-z )  =  € r r r r {x -z )x€u, rn (y -u)  u  r
' s;;; (x-2, x €;;; (u-2,1 ,

then elther

4(x-z) * Sror(x-z) and. 4$-n) * 6oun(y-z),
or

4(x-z) = €run$*z) anci €ft-z) = €ror(y-z).
When the f i rst si tuatton arlses, we bave €rrr{X-U ) * , .€,(X-Z) 

* €

and €*uo(Y-Z)  = Qty-Z)  + O anC vre sen wr l te

v<(x ,y)  )=  qJ{ r . (  r , )v  taxz)  v  (zxB)  u  (a  x  B)  |
(A,n  )  e '6(x-z)  xg(x*z) ]  ;

temma 2,7 (c ]  and.  the f in i teness of  E$-z)  and 4$-Z)

lmply  that  V4(X'Y)  ls  c losed in  R(X,y) .  0n the other  hand,

v> (x , r )  5 :  ! ( z ) ;
b y  T h e o r e m  0  ( b ) ,  V > ( X , Y )  l s  a l s o  s l o s e d  i n  n ( X r y ) .  W e  n o r v  s e e

tha t  V<(X 'Y) f \V>(X,Y)  s  e  end th is  shows tha t  V4(X,y )  and

f>Q, )  a re  the  two cc lnpononts  o f  R(X 'Y) .  When ihe  second s i tua-

t ion  ar ises ,  a  s imi la r  reason l .ng  app l ies ;  i t  fo l lows tha t  T /Z)

a n d  V > ( X ' Y )  a r e  t h e  t v . ' o  c o m p c n e n b s  o f  R ( X ; Y ) .



We now remove tho condLtlon on

e gensrel lzet ion of the Preceding

l-enmas. Iret 3, st l l l  bo closed ln

tha t  'G(x*z ) ,  €$-z t ,  and 4 tz ' l

7' t+ be connected and Prove

result  "  Wo st l l l  need a few

both X and. Y and assume

&re nonvol-d and finite.

X and the subsPace

?rscl f  '  Note that

Y..,

1 f

a}"A c. A U ( Z-C ) . 0n the other hand'

The

and

of

R(xnYe.) and

Bxggt. thls is &n i.mnedj"ate eonsequenoe of Lemma 2,L3.

C e4$) ,  the subspaces XC-O anr l

then, bJ Ireruma 2'13' C ls both open

contrad.iets the connected'ness of X.

that  YC-C tO o

a  a ,€ (7 , ) ,  t he  subspa .ce  R(xc rYc )  t s

Iremma 2.13. For each C e$( f r ) ,  the subspace XC ls  open in

is  open in  Y.

Ae€$ . *z )  an .d .  C f \ c1 "4  *  € ,  t hen

therefore XC ls open

ls  open  ln  X .

frer,rin* 2,L4. For each A e(o(?') , the subspaces

R(x ' ,Y )  e re  open  i n  R (xnY) .

*ePe -& +5.. 3or eaoh

Y^*0 are nonvoid"

SggS€, Assrr*lo XC * C;

and closed. j"n X' but thls

In the same way it follows

Ireuma 2.15. For each

x - xc = q,,ta * €$-n) t c fie)."A = @J u (z-c).

f in i teness of  $ tZ)  funpl1es that  7 ' *C Ls c loeed Ln Z

th is  impl leo thet  Z-C is  c losed ln  X;  by the f ln i teness

€tx-z) wo have

c l * (X*xc)cu{ae 4 $ * z )  t c n c l r A  * @ J  v  ( z - c )  *  x  -  x c  '

in X. A similar a.rgument sho*ts that YC

*  ^ - . , ^  {  A
llwll v v"L \^ |



R(Xc ,Y)  *  r4 (C)J .

* 1 3

3rgof .  Assume R(XC,Y' )  =  Q;  then XC = yC :s  a ,  s lng le ton.  As

A * Q , thls lmpl ies XC ' .  C * YC and eontrad,lcte lemma 2,:J:5.

Ir .emm,a 2..113. let c eqz). fhe fo11ow1n6 hold;

(a )  i f  c  e  g+&) ,  then R(X,yC)uR(xc ,y )  l s  connected . ;
(b )  i r  ceg te ) ,  then
n ( x c , Y )  -  r r ( c ) ] ;
( c  )  i f  c  e ( " ;Q ' ) ,  t hen

Gtn tx , yc ) \ - f  R (x ' * y ) )  *  { t r ( c ) ,  R (x , yc )u

€(n (x ,yc )un(x ' , y ) )  *  { r . ( c ) ,  R (x ,yc )  u

Sroq!. Sirst note that

X A Y C  s  C  =  X C A Y

ar id  that  c  ls  c losed ln  both xc and yc,  r f  c  e€Lf t ) ,  thenn

by  fheorem Z ,LZ  (c ) ,  bo th  R( .X ryC) " r  and

By Lenma 2.16,

R(XCrY)  &re connected. .

R ( x , Y c ) n R ( X c , Y )  =  R ( X g , Y c )  +  Q  ,

fhere fore ,  R(x ,yc)  uR(xcry )  ts  connected .  suppose now c  €  €  $ tn l  .
By  fheorem Z .LZ  (a ) ,

€(n (x ,Yc ) )  =  { r> (c ) ,  R(x ,yc )  -  r> (c )J

€ tn tx *Y) )  =  { , t r ( c ) ,  R (Nc ,y )  *  r r ( c )J ;

( R ( X , v c )  -  T r ( c ) ) n ( R ( x c , y )  :  s > ( c ) )  3  f 4 ( c ) '
l t  f o l l ows  t l ra t  R (X 'YC)  UR(Xgoy)  - .  n> (C)  i s  connec ted .  0n  the

other  hand,  by Lemma 2"3,  T>(C)  i .s  e losed.  in  R(Xry) ,  and by

Theorem Z.Lz (a)  and.  r . ,emma 2,14,  f>(c)  is  open i .n  R(xry) .  r t

turns out  that  T>(C)  and R(X,YC) U R(XCny)  -  T>(C)  are the t . . r io

components of,

c  Q ( o ; Q , ) .

anC

R(N,YC)UR(Xc,Y) .  A s imi lar  ergunent  eppl tes for



Thggg,em 2,}9" I.,et (X,y) be an ordered coupl.e of nonvoid'

connected" $paces, wlth z * xnY nonvold and oloeed ln both x

an{  y .  $uppose that  4$*Z) ,  f l$*n) ,  and $t f " )  are nonvoid '

end ftni te. tho fol lcwlng holdl

( a )  i r  4 ' f  t z l v$ ;$ )  +  Q  ,  t hen

l o a  o  f o r  c * € o { ? ) ,

v c *  {  u c * r > ( c ) n  r o r  c e € l ( z ) ,

L  u .  -  r< (c  ) ,  ro r  c  e€ i tz )  ,

I { o t e  t } e a t ,  f o r  0 ,  c t € € ( n } ,  c  f  c o ,  w e  h a ve

€(n tx ,v ) )  =  t s r (c )  I  ce '6 i tn l ]

u{ r . (c )  [c  ,4 ; (z ) ]u {n(x ,Y)  -  \ r t r r (c )  [  c *e ; (z ) ]  -  q r {n . tc l  I

c  e4 ; (n ) ]$  axa  #(6(n(x ,Y)  )  )  *  "#  (6 r&) ' )  +  # (  e ;$ ) )  +  t ;

( b )  i n  a l l  o t h a r  c a i $ e e ,  R ( X ' Y )  I s  c o n n e c t e d '

r {ggg.  Fi rst  note t } rat ,  { f  c  e$$(u ) ,  then T>(C) ts c losed

and .  open  in  R(X ,Y) ;  t he re fo re , ' f t (C )  1s  a  oomponen t  o f  n (X 'Y ) '

S ln i l a r l y ,  f o r ' i ; h  C  e€ l7 ) ,  T4 (C)  l s  a .  ccmponen t  o f  R (X ,Y)  '

She f ini tone;s oi €t$) then tmplies thqt

v  *  R ( x n Y )  - L $ t t = t c ) l c  * 6 r t z ) J  - E " p { u " ( c ) l  c e $ i t z l }

is  a leo open and. c loeed ln R( i rY).  I l .  s t1 l1 remains to show t i rat

U ls con-r iected" Denote

U C  a  R ( X , Y C )  U R ( x C ; t )

f or each c e (oQ) and

U C f t  U C .  ) ( X C  X Y C  !  )  U ( X C ' X  Y C )

e.rrd

t l c n R ( C ' n C ' )  *  @ .

t t r o r e f o r e i n  V c n V C o  *  U C f t U C ,  * Q ,  f o r  e a c h ( c , c  , 1 e  4 ( 7 , ) X g Q )

wi.th c f 0' , 0n the $*]rer handu the sene argunent sh.owe that

v *  v {u*  l  c  eg(u) }  *  u{ r r (c )  l  r  e€ i (z )J
-  q t i r<(c)  i  c  *e ; (z) l  =

-" QbJtu, I  c e'€(z)1.



n L 5 . d

By leuna 2'L7 t  6ach vn ,  c eg2,),  ls connected. r t  fol lows that

:*"". V ls elso connected.

{

t ,

i

t. Sllenb€rg, $amuel - Ordered.-topologlcRl $paggg, Amer'.J.M&th.

6 i  (1941) ,  39-40.
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