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About the equelity be-tiryqep-lbe p*S.qg-ilg*clg-!be p-gepq-qi.!v*1S R"
' - ; . * r * - , & d

t * * * # * ; ; * * a  * * s s * S ; ; ; ; * + F *

. bY Fetru Camuan

In thi.s papes'w# establlsh that

( 1 ) &1of  *  caPo(? 'Ss1S1)  r

capo? 
l 

caPo(Zr ff isn B1) fu

wbe:ro $ is aq open set in the enclidean n*s5ece 8,Dr$$r$rcRtr aro 2 sete

su&. that d(Sos$t))O and Seiir)D e E16Z$ (ei]ffitbe bsr,m$ary of S) eatisf*.es

sc.me Edditional con*itionsrlsf(Dr$on$r) ls tbe farpily of the arcs Aoini:lg

S6 and .${ in DrXdrlr ie the p*mod,rf e of tr and eapp (}1 S s e S1 ) ie th

p*csFaoiw of Sor$t relative te S,In ord,er te be able to do thiaswe ress a

very r+eent result estabtiehed by us io LgJ about the coupletfon of tbe

class of aarsiskiible functi.onc involved in tire def inltion of f,to rnhe n they

ars ouppo ae d to be bo unded in RB , co nt inuorn ih D and O fn the co nplemm t

ep of p.In *"ry of the ca$es sonelclered abovertbo reletlon etii l, hoLde i.*

$rge arxl 111 are assuuled ts be aon"bniffid i-n th ons point ssmpactifieatics'

F. of RE"In the pertic*la.r case neZowe obtsila that
4r '+n

( e) MpZ



-?r

where M"Z f,,s tho tr)*Eodule @f a topol,06iceL cylXader witb re6?eat to

the euclid,ean netr$,o"$hfe resr:lt represents a' generaliaatios of the

oaso of (a) for topologlcal ayJ.i.uders with reepoet to th,e re]'atlvs

metrLe.

As an appl1.cation'we show tbet a centain oxceptlonaL set Eo of

the unft sphere $(correspondlng to a qmsi"couforsl napping f of, ths

rmit ball B) l.s of eonfornal capacity O.

Sowrlet us preciso the concepts contai.ned ln th*s 3{ote t '

I*et X be a fsnrlty Ef, contf:*ua 1 exrA 3(X) ths cJ ass of adsiesi"-

ble funetioss p sharacterlaed by tbe feLlewlng coadlt{ouolp$ fui RI

is &srel measwable and so ttmt Jpd{-il {y(X ({*rtfor everytr)lwbere Et
r r : 4 - , * : "

i.s ths Saisdox'ff lines Beasule*Shee ths p1gg&49 of X is glven as

I5p1 * _*qf . Jpndm s
,' p€ll'tx)

wbsce $m 
ts ths voluw elemoat wlth respect to L,ebsgtls n*SinwsLessl

tesgsuffs r.xr"d *ire i-ntegration *s teksn even tbe urtrsl"e space H"tlf,

F(glmouthem m*X;*rw,h*!e f-f 
rygrthns 

rerryO'1n the partieuLar e&se F*Br
, * . :  i ' , t  a  '

we write $SnlM encl caLl *'t ths .$9$"*]9..

$e*#brlet, us rsm*md sevesaL equiveient deftnltions of Strs

E-en]:11\*{tv +f ? e.lqsed set$a ecrc6$ Erd th.nilolot uE give e 8eneraiiza-,er rsJ'q $* 'c,

tlan of these 4efinitions.

t'ho s*ggpg^g*H-gg a g}gpggSegg C6es6"'15 ff,pJ#.ti-v.g,sr S-,GgF,aJ#"
' " ' 1 ' L  

a F
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J"e def,*ned. as

cspp(Dn0oo0r)  -  : ln f*  .^ l  lsulPde - ,
r _ .  . ' -  ^  D * ( C i u C r ) '  

'

Y  , - " ,

where Vo(,-ffiee'corffit J-s tbe *radient of u end the infimtm ie
.  - Q 4

takon sven a[l urwhi.ch ele contl"suous iB Du$oSCro]"ocal"Iy Sfpechf*

tz*an te D-(ooucl) 8Ed &ssuse tbe boundary valuus 0 on c6 end 'l

O";.Tf, S l"s conteined ia.a. f,lged . ballr'l;hen a&p*cep* *'s sa$"d
!

be tbe sgefqreej,--ge&gq"j-ttr

A functj"os ugD ,+ R l,a eaid to be s"0rr (abso.3'Ppgly "€pti4\lgirg-ffi
a n ' t "

+lnc$) in 
i 

i-r Jf 
ftxr"o:"':p' ltr '.oo'"]);r"T 

(i '*'T?)'6 tu Aq,
' ' ' :

(airsoLutoly continuous in tbe eLassieal sen*e) oR &ce* (aluost ewery)

Liee segment perallel te the c+ordlnate ages*wbteh &6sns tbet *'f,

a q * l

Asru{}$$x€;ag*sr} j-e a fece ef I sgHl S ia the sot s points 6cKr awrh
.1I" ? r

ths* g J.s net A0 en the eegment J**{xOW*g*Au}s${A:pt**t}'then

@s*1&0owhere **,n lg ths (n*{)*d j-Wensi.o*S} Ineks$tp Bessur* '-

. t

t{ewrwti ebtai:i e otber definiii"ons of ssPn(SrGor0r} S.f we ehamge

the ccsdttton on u of, beiag uT *(*nUSt ) loce}Iy &*pneh,*trla*eby

be j31g AS,g* affi of slass 04 (contiauo usly dl*ierentieble ) , respo etive ly,

ffhs egu:i.valenc6 of the Lsst 3 deffnitions $"e establtsltsd by us i-s

[yJ(]euma 10)nlfeace and sinee tbs eouditi.o,u tbat n i.s iccet]y
1 . . . .

Ir*pssht'caian rn fJ*(0c,UCl) irs strcnger thcb betng AeI' and' \ry*skar
I  ' ,  " . t  :  

' i

thst u(Cr1lt foltows th,et al"so ths- f,lret defintti"om e:lf cePn(PrQouQ)

D

@n

to
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le equdvalemt ts the other 2.

Sewalet ue renrlnd

' Froposition '1 
" ff, Co u 0,r CD ege 2 d igio tnt tcLoF"eL, set.s aEd u $g

* E i ; i i ; 3 s * = ; = s * - d " = '  w ' - t  f f i  r y

s}.d&:Lss&L9*jhp cape(Dr$or0r)r$bqq.gu($),o0 &"lh'&e CoUCr €9-.!EBS 4

.  

f f '  *

n*cc{t"qu)lwloa* 
* 

dtvulPdm 
I

,  . . : ' . , . '

" 
.sld.-thsn

_ cepf 
: i ' :o,0r] ; **o_qdA,,cr)lvol"u* : W$l?u1n6'

r Y l  .

(see proposi"S*ou 2 Ef our paper [?j rtho proof i.s siniJ.ar as lrl
._. f

. al:.hrineb paper t4trj rleaira ]).

- Ar$*leg as Ln Geh-rlng"g ssper t{{.1 ,we obtaln

: &eeqg-j"Sn* ' u 3g "6'cll &
; - . , . - " . .

D.

Hnom, tlre precedins pvoposltion antl lesnarwe deduce tho foLlowlng

Sggg**ggf .9e *9,3t* rR-.S qg cap u(Do C o o Qr ) (c s' 0 r iD glps,eS di eio iSF
f - ' rf,

i  . . , . . .-eepq,), q$. pqp,*vSlpst qgpbrt#e'.3.7

(3) capr(Dlssncr) 
T 

s.ef$!$rlodm ,

-@ u *'laiqsibi* g_q G&Fn(Dr0nrSr) arq__6jflp;CIqq*_gg
r y %

,sA A0dr 3& D'S,g$.--pnl"y Qg S-(esu$1)"

t -
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:- -. t)+tn.-*.*.:lpq&$!Spg*?"I$. P ilg.-Ug,W*eg.0orc@ ene a dl@'
- c f ,

, t  t  4 . L  t . . \  . t  /

. then

oFFp (Dr0or$ r) ,t  iqf J ^ lWlod* '- : _

. 4 , . * ,

i  #A IJ-(Cg G1 )  ;

pFe.rp*tbq-$g€*gnp. J.s. ,tsEen. ovgr pl+ otr.{, e$g witb. ,b.pu$dgeg*gg}qsS o gg

0s -gg! 1 gB" Ot(orrr paper t'{lrlepna 
'10).

Followtag tbo genoral lr.es ef the arguumt ef, the precedi"ng

pxopositionrwe have

&e"We--?.p8 conerd -gg p di,gigHFr.c,rSgg4_ egtpj,tile.n (3) helg€e@*ggg5:...-*-- *-T-.

: , . . . . .  , t . Q s n ( x ) $ - 1 - - - - - * g D  ^ & : '

t4e.. tqr"rii'Hel*s t-a4-ep gj'e;l.s* u€cl) en4".vr.ilt&. kgll$€.apv*W"lg?lg$ o pq 0o s&{
I

' l  en 01"

If we denote the new i:rf*nue by cepff(Dr0or0r)rthensev*demtren

account of, tho preeedims corollerye

cflFe(oaCorf ir) s carff(srocr0r) e
'  ' . - a  

"

In orden ta obtain ths epposfto iaegrmlf.tyef.t ls onough to prove that

(4) 
"ff i{n,oo,cr) s 

$hlaIrest

Sr adui"ssfble fm eapp(Dn$orCl).Given su.ch & u,rsle mily &ssuub tbat

. . "  '  
* i  

. r  i

f gu fdf, o(D) ( i. e"f lVu. i naO *, f or citirerwise there *e nothtng to provs o'
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sex,fi ,f*.w oaa<$ r and let

f 0 tf u(x)
I

- t ffi-do *f, du(x) s l*a ,
, l

L 1 i-f u(x) ) 4-a r

$) v(m)

tbs oet $*atxrasu(x)S'l-a) 5's & subset of, }rcLosed relatltrely

end }1e*'** a aistanee b f,ron OsUClnr,ot ui*i 'sbsa(e o'cl)J
u '  F

e w b e n & v t o b o o n a b * a e i g b b o u r h o o d s o ( b ) o f , s o & s f , 1 o n a
'  r t  -  - s  n \' 

{*%tu &{ - #*'&%#tttt$*- f tsH$frffi ;Bd ro til=1 " # u* ::' "o r ) ; e; ona
. :

6(x)*mtnflrdlxe?s-(ouurcl)) ] etherwfse'sy Inssns Ef 6']-et u'e deij'no 
."

y*B+6s(s) c6a$(riswhere $te) ls a bal"I of radtus e eentred at o"

| ,.,

s,rr a fixed Es;r EeP$ se lntE h(cotF1)'$bo function

w(x*e; * fu,{-."[x+[6(x)Jdn ,,s :  .s{ :eJ , ,  f

vthere ruo fs the vslume ef the usit ball;' 't's clearly contisuous is

0cWtrtnk*ng beusdesy values O on Ss enu'1 on C1'Bo Bse tt I 's

continuous tn S*(esUfia) toool"et rsrx'€ n*(CsUCt)rthen sjJxee

*l
ffiv(xlsl h PF-!e)ti0r(c] em* srsuins

pnopos$.tion, tt f,eX"Lows thst

t o D

sd

,', *01r, r*t J v(x+Y)ds
'u.'$L a"'it-=': 

B[ xl*x. e6{x} l,rpi o6(s) j
+

1

uJ esfxfl)l %[*
v(x+f)dn*J

'oril, 
CIS(x' )l-SL e6(x)J

r  ' -  '  t "  I  ' '  r
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Sor lx-wl* | ena&} enou6b.

Sram irbaverv ia bsundedrcontinuoue end AS& ie $Wo(e)qrur(e)ree that

esbend now !$q' $s SLOo(e)uSr(s)-by
GJI

f f i - i
S*t I * \  *v / * . \

-Tfry if 1tf esi-sts r
0 st&e:mlsE e

lsd nEwn lv'o [eee(n) J"ppli*eerby.,,(9) , tbat h;* lOo(D) o$hen sser every ecmpact
. : '

, set 
Tt'nr 

xffuaer ineqsal*&y'vd haw

dtwldm s ($twt;*elglry,)ff ,
af

lue* lVvf end thee vv tm {oee $*$aka tgiilstheeres tPsp"S} sM g €gtr$$tr
rllr (Aw

g.g tr%! snd ffi ** integreble sven evesff wmpaed-set FcP'

F*aaLtyuar6ufa6 as i.u ths preeed*n$ psoBeottlonewe .eoselude tlre*
. .  t

* Js"ru r* CIae'&te)twl fvv ldw ,
l

hencoeaSp }.yihg ]dinko"wskt"s fme qual$,tye
,!

t{ b*C*, c} i ic,a(x) J {'*fi"*{i-,{" b*[ * $o(x)J dw(x) ]pdn(x) )Y
f ^ l  D  i  ' " r r a  

* :  - D  E ( E )  - "  r  :  . r r
\ v ,  

f  4_  d \  
_g  . : :  -  - .  . . . .

-trs:l*- .J. i.f ltvl x+ Uo (x) J 1 nrlrn( x) ]Pe *( il ,f i l a s s  E ( e J  * J  , t  - ; i  , i r -

whese wo deneted-ds(x) and-8n(€) for dn in order $o polnt ouf ths verJ.w.



s-"** hlB Sf LntegratJ"on"&ut, ft,is

constent 1'benco;'for'

: - '
'eesy to 

'seo'tbst 6 l's ltpscbltzta&

i.nsganee t ,t '' .ll. ' i. , '- +:- - l:--i ',

'- r3s(.d**st-x3)1. 1?Ixlt3l-$dl1 ='tra 1*l$"t--- l" I ".,2Xr " r I

with lltp

,f9s(h2 r 
'

i 4r"" i' + *-j,r.r:-'r-i ,.', 
t ' -f liya | .

161_ l)siq$i'"'{ =i- 1(i+e)<-{6* '

'1 'hsR@

lwtq6o(x)l l<

es, thet*ffffi(e) '

4

$Nvt I eo(x) J 1 ara<aq'h$ Mv(x) I e

t ' '

whfehrtekine ascsunt of (6). ese

f,or cnp$(P, oop sr ) eyselds

ee*#(Pre ore n1 s

f, fVw(xu e) iP
g

reqfudlwl"a* '

ffiemce

iV*.[oA*, , ]a,"

thab s(xr e) 1e adsieelbLsef the faet

, 4(@twloe*

' ' a

I 
pdm(s) Jpamqgl .lP *

- "- f . l r  n

*oTfT'*one rI



-9-

eedr lett$ng e -+ o. arncl then e -+ 0pwe obtals (a)ree doelred.
-*-:'' 

Frem tbts leuns end the preeedrng cororraryDwe troduoe

sorori.gqx;l.S,k 3 W F-ggpgsflffi*ssnn (Docorcr) rshq$g
t n 4 . t r , 6 . . l

,..._ fiorcre5 aqg a
1 r

;$ DrAC$,eg -*ege Cr gqd 1qcaLls,

&n&s*s.*&'ulqq.**"pp*F.*ro].e.qqu"-gsB&sq]*pt" .@ *.ea roo*os]est__tp, the

Asr.,r-g$.*g&eeg Cl"

r(eeucr).
*hj's coroLrarJr sugestgus the felSowing gemral*o"*uo* of tir,e precedLri6

def initious e

os,

flhe Wa se$e soesr

erd d(Se,Sr)>Ort"a defieed sl '

relstive to q*kgglle Drwhene E6effi6c5+ - . _ _ _ _ _ . , _ _ _ F

raken ever .iof,lrH1# *- uonrr.nusus

*n D and &,ssuffi ths 'beundery 
values 0

*s. $u% u& a

& 6 e M q s f f i

Hs obk *s ths other p geaenalisatl"ons of qepp (s, ss , st ) d.f e *xsteed os
. t _ n

l*** 
Soearty L$-pschi-*aies fu srtl,my ase "&0& and of clmsr 0{ oreepect$.velyn

thsre a

R e m a f * l < p l ; ^ 4 ^ f f i c . r : y r ' l v  i v r f - ' l ^ n  F a * & * ^ , - ' r ^ E  r ,  n
d;!::r:;:-;:dr: h6 *vy t iLa.. sa{Ei }r*J_ r, J.u*rl{.L- (ieilF s Ln utJlJ. cs, .teb g e,t gra e jased 

u

the precedlng x!sw' $ definiti-ona como ts the *osreruloadtmg prevJ"*us *31r*s.
.

? ttln t..- .1 J--d'ei!'tr 'i;au EG suppoxi*si"s"Ube iest 5 def:Lni.tJ.ons thct. u ls A0l,rJ.ecelJf

l*rs*-def JnLttons

**:$?'non&) 
T ryr$lvul'c* e

Nherb ths Snf *ausc Ls

Loca$y &1pseh,$.tsisn

t.|rdt 6
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. .  ; , .  : ;  i . .  

.

" l.li.pscbitsien or @f clses Cl. it D end not i^n -i .-': ,t , ., ; ..;:':,.'*'J t

f,(Ifo(&l) s.lnce tho propertiss of, being A0l'rlocql.ty llpscbitrl"su or of ]
' .  

. f

olase Ot &re gteanfmgl.ees je S-(&Wr) Lf, tbAs set is not opeec0f, coursq l

* *t *s pose*ble t6 t&f to erbend the csrresponding conceptls for usore

goneral *letelbut wo prefeprod thts way.

$LWe hsd 'to lntroduee ths conditi$a d(Eor$,r))o elbce u is

autr6)sssd to be contilnuous in DWgEet and to hsve bountiary valws O en
l

Be ed. 1 on S1 and tbsris F*nBd3#rst sucb potntelu has to be at the
'  r F  c f

se@ t5"ma eqwl to O end to 1$vi courserit would be enougb to ,asstlnn

onSy thst d(&0r*r$r/!$))0rbut the &or.? reetr*cblvo condittnn is ne eessa*

* ry tn tbe prwf of the eguivalence of tlro last 3 new def jniti0nser

'
argutnsrexactly es in tbe preeeding lemarwo obtain, - G

' \

Ssgg&Ie&'J:e.Sf r* ' s-ffi $.t& d(Eo n& ))on$s--sgg se& (DesepE.r ) ,'s***-*- -
;  

. f

" 
,,k (7) * u'

r
,-#gg$#s*Jn*Sbs$s aelu&ogftL&m.,.&.qpss,h4$.?i-*qq

",''

e,n, o{ g,}=+g.A-S1. H D.

$rom each of the e,bovo dcfi"rr$"blores,fm the p*cetrlacftlrrwe

obtaa;is Sbe sipsree&)uuding def jnitisu fer ths mmform"q& eepacgtf J.f, we

take p*n eS s$ppos6 thet $ *.s contalnod J"n a fi"xed bafl"
.  r F

Snother gpnorel$-Esttcn miy be obuained J"f, vre got r*d ef tbe -

G**.rAf-t*CIn Tlo;U"scS*In the pe:rtteuJ-a:: ees6 ia whi.& 8s,$CS9 er E"gS&@*
r i  ' r '  . r " '

ss comsf der n an it Ls &at,waI' eap, (D, 8e, 8.1)*0 be cat:rye , Jn the f irst

c&ser*'h.fl $rxn$ui"*n u..,strdr .tbat u;nu*oi0 erd ol*r:* Ls adsl"esible owhlle
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' t - r -

J"n tho second ca*srths funoti.on u Etl,eh thsb ol otu,r*{ $nd oluoT0 J.o

adeisslble too and theul , in the?casee r lW I lp*0"t * ^

[et rrs mentl,on a ].sst gemralf-aation by oupponing that

only @B6e.trn tbis eassrufis prec$.se thstuLf thsno ars componeatm So

Soffir*prit {o eneugs to constrder oery adufspib}e funetioas u such
r f  .  . .

tbs eeetrlotlon $11^sr0 esd 5"f thels qre osepolseato D1 su& tlrat Sq'&Ss*ffi
t : o '  ;  ' r . i '

thenr$.! is eusugb tE ceneiden only edefsssbtrs f,unct*ons suoh tbet *,'ri *l
t : '  '

T.B this 2 cesesrTtl - svu.- =Orso thatr;!.f we eLlsisate froe the open met
lFo' l$t "

D &Lt the e@sponente of theeo a bisds r the va Iw eS eapo (Du Ho * Sr )rew 1m e

unchanged'

&egs"q-J"S$.-.eR"-w,sp-"ffi3 s 4p, a -\ffiLpg *eq $p"ffijr{s-g$"*&*6sgg

h(ybk)u(VD$)u(Un&),Sffiq, DS eeg p& -are-eg-3&s*9ffi. & ,sr Sn$gegss"qg
" .  - 8 , .  * ! 1  , '  - . { {  . -

SboE,SEq&g SkfiEse5r*{i$r#fr (k='l r 2r. n' ) r@1
t f l '  r f  '

elspp(DoSorSr)  *
c . - .  l j

SeE-a.rkoFsos tldd.s 3"emas lt f olJ-ows tbet i"t does uet wetter ,-,"f
t@

I d.*f,ferent components eS $ he\re ssmesn heundery pe$nts end i"f ssw CIf

tb ae csr&{son boundary pCIf.nte bel.ons te ffi6 Sa t@ Sr .

. A erue$.a3, role *e tbs genere,l*.eat5"o$a ef fii"esetr's relahieln('lli

*s piayed by

ffiEgSlS$93=}.Eg I &*s"*gepets. p}ts- htr(seso'st) is*!S*

€ee$*zueM a M G6pssc?Dr$w

D i.s

w*tb

that

F capo(DuoE6eS1)  .
. . .  !B- ,
r " ! . -



Celwer *
. -  ' " . F  #

Wffi u*D6r) ge:u*s.q;,esp-e$. tp,-eqs3.,$ry{b}p f-weq&qs ea!r) g-ry
'  

' t ;  
i ' / {

$g e*rc$p!+pqp,pp-$q D ryg[ O Jq CD(see @u:nI{ote t $J )c,
i . -

.&rgufng es irt ths trreoed*'mg proped'tton,we hnw alm

kpgg*g. 4gJhe,. brrwtrp oee sf,. ttrs meq-e-dlne-3ropo€t

epls e@ (e) SS!*LFolSs'-

&g$gg*E, rIF l) .@ -gn. gpqn,sep,Itfitr(Drsoc$r)wFegq" d(80'ft ))O .ffil-
4 . ,

- =  . . 3  .
rr*i(Ao go, s,r ) ,3hg,g /F&"(Eeufr'. t ,W-

(9)-  Mpf a MpFr r
*

i

If $b en s1 f.e contaixsd in tffi.or {f tbse le pe c@HpsRent of D

:  
r l

whoss ol.osuro csntsis siau1teseoollr poiats of, So and of Eletirenpflrfr
^ ' r

i  * ^ - ^  * - ' t  d  q  t r t a

eN, (g) holds tsiv*nllyueo tha*rwltbouf,eny loss of 6eneral*qyrwe Bay

F*poss that these exi.sts a donaiin D6cD sueJr thaL S6p$erutr,Sor@uHe&ce

nffi slnoe d(Sor$r))6u 1t fel,lows tbet Da*Go13S i# ed' g*ggg*.&g!,
,  , " r1,  r t ,  .

Ao$*(SCIv$,s) {P,
t . .  . . - \ . 1  \ 7

lsag$ n o1e arly e F.$cFr se thet r {sn &G6sunt af, the enep 4 ia S'uggede " s

pepes liilj '
)-

(to) MpIr S $[pf '

p;i*p.s}tys1, i.s wfn$rix,e,l by 
$r 

l*€.Sy fF-, rtnele eXiets s Yf\s$eh

thet yFy : "Firt 
then o&y' trugleds',rs thoorew qlroiied ubove rlsols{uft tvil}tcb

'1 -,

D L s



t47Y
.  

. J

tngether wi&, (10) uyields (9) r as d,egfu,ed.
* |

IlencersnC taking iato eccount S,ugflede's theoren quotod above

aa{r tho pnecediag propos$.t$.on1we deduEo the ,.:: .;;.,.;;..r.,:1

Soro[[eSS.
: * = =

uor 
T *ior,

,f.A$e*'seQt 2 d$.l:s$:gJ*l&". glg,sed, eegp Co €r:* e,r u whwg

MpX S  sapn(R" rCso0 t ) .  ,
' . - .

the p:oof , oeo W,Zl"euer [tr"3j ,len*ra 5,1.)

Iilowrwe rom.Snd, that the fanil.J.es S,

if ,the:m ercist d[ngoj,nt Sorel" sets

Y6I'& tqply H{ (V*&)*O.

$Sgggg**3'H n i#-eeeerso,sr,SHg a M d(sorst)>o

.gS+,.9S 'e eF'..Sa De .gS U ,q,$B:f 5s,r$s#p(**0rt)r€sr i*O SS tu1,
r f '

$E,EeSsflSgr
I

( ' i t )  l im ia f , ,Ht ig( .Sge:g l .  *  O ,, , , , , .  r m * f i  y  ;  .
:rcD,

ffi;e=-t**-tattxw-m-maea-*ssx--+ y*y{sr, x},Lsis.{*s :r,qr1
dsing ttua rr*l;arrrurns iiS Lsuurs. Fgfu (!,n*)r,il,rnilu'( 

"Dl)

Sgqesel$$gg=$..s*x &" @g
Ca j&s am,su&lr*. bo @

(Fqn

!y*r t r l . " )  ese eal ted

SH (m1331 . . . )  sucb  tha t

E* ,*s &ffie
eiid , ete eri;rp
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;

EnrSo, & ) rfS*p(D$rSor Sr ) ef[=f(D!rso' E1 ) (kr"t 
T4

tUls#IS's
*- Eride,*1J &1,6 eetrnrato eo tJratrog. agcount of leuuua 2'1(c) of, J'I

'n

pep$r Rq '

ftrr-F g *.[ofr+S{*F$+Srffr I* p l
' . , h . -  

" B '  
" q ,

wbere $* (Urs)rJ(v'rg)U (:qr&) esd Sgwf[ap yield.lns Her*ruefnoo (tnt snl v8;'.
^ '' i4 '- 71'E 

'' ' 'tt 4 '"'

".).6ct 
tpemetahi.ng into sccsrnt lemroa 5, tt f,sltows thst we tsay

__a; 
sq$pocenwithout loss of senssel"ityrthet j itaeu' ls. s dlomaln3slnoe

othossi.serws o&B eskhltsb (1'1) f,or eacb cq'"eponest ef It seInnatel'y"

She J^aeqralttY

(1e)  Hpf  S QePp(SeSorSt)

nay be Fro'+.ed b,y. the s&&s argumems as tha'b n*eed by w*zJ"e** lff1 fe*

ths Erroced{ng psopod.t*CIn sjnce ths addibional condi'tlong n$sl0't
al

closed md s6 conta*sejs$ the oomptrenmt of a baltar 6ns not Jnvel'sed

*:e th,E prmf ,v*hi.Lo tl,ro use of F fnstead of, S'rather oiryli$f,ee

*h$ngn "

l{em,tr $,n ordar to prove a}so tb osposlts tnoqwltty, tt ls

suffi.esent *o establl*gh, thst

'  
cepp(S1Esesi1) 5 JPPdn o



vlhere , on ecoount of tbe

-'l 6-

preeedi.us esrq"Llaryrp may be oqlpossd

r A

belong to tr'oo(fr) rwith
.,^ *

l,,ln u(x) =
xd
x(-D

Now, assuus tbalb (11) holde
I

and f l r f f  Arsor&r).

f,or sfu aad Yq{pslet

AFD-($&I&)
.  t .  {  . , " . f "  

' + f t

u(x) "' inf ,*J ,,PdHl. ,,  y YLxioexl

where tbe inf j-unum ie taken over a$ FY(&orx) So5'ntng x and Ss i.u
a

D[&6tJ$l.s$tencl E b bs O gnd 7 la bbe eosponsato ef, S6 gsd Stt

rsspsctively.whi.lh. afe dtsieint of, S.Shoa'cle&r}"y u,'* A'1'Nextr sinoe
.  

' * * t o *  s e  v ' F c  

n r  
[ . I r g

A

p€F:a(rt)rit rs easy te see that u has ths boundary value s em ssftE"
'"r

rndeed, if g*se{ ena -t$"r (x)ff*rthen ' bv (11) r

S*n!*{,*)Pds1 t 
#ffqt*!o{,*,uu1 

uLie
x"+B
x*P

tbet [L 1p *0.
l * '0

&lpec,h*tz$.an is S;

s J
t 1

pd$Ii+JpdH,r

M l lw : igf ut;v(i loox)J * O
X ' o E { r z
s€fl

fetlsws

IoeaS"ly

'In6oedri:f 
6srurs(x6rrlcDie a ephertcaf nei6hbourheod ef q"r

x13ss (,U oYt is"en &sc join{ng $6

L*ne sogs#rxt ioinimg,s* €Sd xseth*n

ir(rde)

and taki-sg u(:c)*0 also :['or x4Eo*fir it
r l "

lIJe have also to show thet n is

and. x1 in niJ#or,wb"lle l[ i.s ths



u(xa)s +$J paulfedHl, 6 u(x1)+sJdHl = E(q)+Mlx1-rsl i
t t i t  " . J L  

! -  .  t [  
. F  *  r

i

,[ogaltr_y,
- but th*n, Iu(xt)*u(sa) l#S lx.6*xs I r X*s,*;u ls ;Iripsehitsfsn in ]1ab des$.red,..

UexUyfet * n*u* tbat

(1f i  lw($) l  s ie* l
. ?

auei *,n &F$xwf ,we o'sservo that u J.s dlffereotinrhrc &o€ciil D apd,at a

po*:at of Ci,Sferemtteb*.1ltyt

(14) lqr(x) l * *gr tfr$l ,

where

&(d=r*ff i'o & t t+o-

Ls th.s directi"omal dertvatirre of B.Slearly,

ufmrto*l^ c .fp*ruL:fi o*].. '
v

whem fy(Eoax)(f,ron ebo\ro)rwb$ie ?\, fs tbe i.iffi segmemt Joi"nin6 x,and



s+te-.Thts tne qualttY Yields

u(x+te^) s ipt ,*J ,pdHlJ pclil * u(x)+"[ pds1"
t

benee,io th""case l,:ll:l;lr-";,k *; 
' h

ru(x*te*)-"(")l - Wsfu paun ,lffl T*-----.6-@%"Lt *

e.d then, in tbe tvto cases t

lryi -tr[pdl ,
wbence

lgpgdl = ,r*11!l.i-*)-.)=)f , 1i*f pqul- = p(x)
lAs |  ^  t .oOl t i  I  t -O"\  '  ,

Bo@'efu}, Arsince p'is swposed to bo cor:,ttnuous i-u A end the pojnts sf

contlnulty are lrebeegr:e poLuts iuplylng the last part of t'he precef,lry

reletlonrvfid&.rtaktng aceount of ({4) ry$e}"ds (13)e as de*'ired'

arxd nCIwrwe remsrk that 
Tlfil.(x)e'l.*** 

* consid,er ttu

trurcation
b  f o r  u ( x ) > n t

rS(*) a t , \:  ,  - u ( s )  f o r 0 S u ( x ) g u
' 

,"${/ *\

ie adnieslble fcrr casp($r$0151).'I 'ndeed'r ffix-f*eSf r

er
r r * 1

$nd S r m =1 i",'e eaugo o fra"'a the
.!.r l"ij,€

is the truncation of u at the

/Lf,, .=/ ,y'/ . r) 6.(

*tr
and obsorvrs tbat fr

,${
$* , *  cO u ince  [ l l i l ^=0
13 .  i  l t g_  r - - v .

u(x)* dx€Iiq and rtr

n(r*te*)-u(x) |I *(mte*)-u(x) A ̂
l =#s ; f  p , : i i 1  .

rL-

Eutpsrgui.ng as abovelwe get also

u(x) * Ttr,m.,{nt*") o*i:tedlll

eo thstrfor u(x*te")Su(x)rwe ded,uce

s u(x+te*)+f edHt
'  - "  . tLb

def kiltion of, ht

tovol  h"Butrs inee t l
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{ocsL}Y -/
J.dldrfpsbitaian Jn D wlt&. }fpachltr constent M (as [t wss proyed above),

,,x ' foQaily'
*tt 'ls 

oaey to eeo th,st #! J.s'lipschLtzLan tn D too wLttr lfpsehlta
. i  , . .

f E f r' eonbtaot ff" Indeedp if xry6so*{x@$a(x)<b}rtten lcloarlyl
. i t

lry - -uryr)t * illu(x)-u(y)l e fflx-$l r

ir ssy€Dtr?,tneu r#(xl1#!$;b, so thtrb

t q x ) - W l  = o s $ t r y y t  r

crnr{ i€ v,f-'T} *(..DffCS*, th6nKs & aulgd 
JJ-

lqa)*$Pt * t$d -rt s tW-Wt *#ts*rt ,

Seewrlet us verLfy aleo thst (

(iF) tv#(x)l * *,*p13ffn); s p(x), , 1  
,  

g * r " r ) f

et eny pe*nt ef d{fferentiiabiJ$.ty of u%, l"euaos*in D.Indeedrsugryr**e m is

ffirds a point of dffferonttebili.ty. rf x€h o them , evident ,



-4q-
r . s  i . .  , _ . r

p u t r q x ; 1 * ' V o ( * l l  . ,

t3*(d;o {s and th,en , lVoS(*) f *o.$ow, i$ a6ae'4n, tJren'  l ? s  
A  |  , ,

henco 67,fC*i !slro(*)

If n€OI[rrnrf or t euf f ietently s&a1l, uxl:r+teu)*uff(x)*b, yie]dlng

+r"-sz--r , lrff1x+te*)-utr(x)l lunqxrte^)-u(x) | lu(x+jeu)-u(x) 1*lryl :*sl# I :*sl*#{ t$ t-r

+Pl '

8c €..*S D andr on , account of (1il ,,, ,.,

(46)  pu* (x ) l  s  p ( * )

&ro+ jJ i  A.

I{erb, stace p€}'u4(ft ) o it foLlows that p,n ̂ =O and tben, g-{g-#g-}gg,i,
"  |  

-  
l "er ,

plE*tffirTp!GerySe)fiu;O"fn order ts shcvd th'at lfo*C"> f sp(*) &.s' *& D' 't
: l  r f  * a r  r F

remeLns to prove that l?o*(*) leo *o €o *.F (E6UE1FtD.gut t# t"e contisuou.s
' l f  t | *

in CIUEoU$leand thenp3n 3:erticuiarn;in'Srffio ad *.u if,,Erueo that us;* *O
^ " '  r r  l s O ,n r ,  t t

Affd [#, * *'1 iurplH Bc ' 4'{ - rsr}&ottve].v.Asd now. sinca , 
o

I pr . 
*"1?*r,O=O sS *'l3tu.,q'l rrespective ly.And nowr since u*

ts diff erentiable a"eo in DrV# *x*-sde * ** *s D nnd, then S*S,qrFSLggg a*so

' is{r,frl,za'!.4rrr,vrhich arb' measurable net4no thst afnoet alJ -lifi ';: 'poinbe

&rs af }inear denseiby :i-n ths dj.eect$.on ef the coondinate axes(eee

S. $akp t.t$l p.398) , *rrply$x6 th.at fTux(x) l=0 a.e. in Fn ni';at*{ F*n:rn*o**
f ' ' 1 "

iyu"(x)|;o1e!+) 81 s. iil q.,ryr inn,whi& ,'bo sethor wlffr (1d) , a3J- ows us to



conclude that (15) ho].ds.

r:' T[e rentnd that xo€&a fu sald to be a polnt of
:

the dLrection of the coordinate axos ff

Linear denstty tn

. where by (Sgxd r ri'r ,xt*l'rx*+.1-r o,. rxE) was denoted tbe lntereectlon

*with 
tlre axls *l *U B1 is the finear I'ebesgue Eeasurer

3'lnallyr"fo"* S t* sduissiblra for capp(DrEerSr) with hA1

* takLng aeeount of ('lg)rwe obtain

o f S

and

l j 1 , .

-2Q.

t

,  ^  4 ,
cap;(s'$o'Fr) € #{l;u"lpdn s Ff,pno* € Jppan' . u

*; 
"io** 

p i* uo arbitrar;- function of lloA(fr)rtaking the infiuun over

all such pr** deoue.o that

| 4sa'\\  rEl caFp(DxE61S1) S ur$fs = ivipf ,
' *

vthioh tr:goi:hor with (fi,yields ('l) i"f (11) holos for

Sil*en S4 satlsfies eondi'bion (11)rwe repeat the

f,or &i i":rstead of mo and constdor fi.naLly the func"biou

sdniss ible for eeFp (n,l$s, St) .

,

hsve a boundecl simply connected dorng:in D with

Ho'  "

above ergunen t
,.ss

v=1- fi r whi ch i.s

show that it is possi-nle ro

2 disjoint counpact seus S6,



i

:21*
d

Sr@ sucb that *t t* points of E6tlE , y-,.
" l (

hre accsssible by rectifiabls arcsrbut

tbey do not veri-fy condition (11). i' lx

Indeedrlet &cfr'a be a square with the Q"'

slde 1=2e1et E61trl1c0D be e closed seg-

u.ents of l*ngth 'l rparellet to a slde

of D,such tbat E6 has the endpoints (ara') are S1 ths endpoints (brh:),

as ln f ig,'1 ,anci let t*n], tpo) b* 2 ,scquCInces of seguents paraIlet- to Je,

$r and wifi: the endpoints as and. bu convergins to a and brrespectiveJ;y"

fhen all the points of SeVE.lare acceesJ}le by rectifiable aros*but for

eacu  o f  t he i : r , excep t  a 'and  b t r ( ' l l )  does  no t  ho ld .

3{owrlet D be a bounded'doma jn.For aq)r 2 polnts xry6Drwe sha}}

define tlra .gglg!&-{i$}ance a'(x, f) to be i;he gr:eatest lov,ie r bound af

tfre l..en€;ths of al"I polygonal ilnes joining x to y in D"'It is clear that

dp(xry) is tr ic and tbat d'(xry)Rlrylrvl i t i r  equal i ty Lff  xey l ie ir l

soao conves subset of D"ff x(D anC 6el0rr,vr define dp(xr6)"bo be the in*

finurn of llmdo(:rrq*) on all sequencss {*"} tending to Erwi'i lr q*ri$ (m1,
B-sq* . ^

3 s " * o ) "

$SS?**gg{=X'rg o ,ip,*-tggg,r}($6pil*)>o -*S ffin lq,4id+ Ssnssdp (i=or1)

{qg i*0 gp is1 ,{r6€,)}sflHssJ-lmdr. ( €u x)*O (fu"*
- -r*;f /kx'+s

SSSS,iARp_t*g Yr-*!l]-gesae . c

Flg.'l

ls3e-.*s-Hitt -s.uLe,9:l,-..F;; ?Dsn&1) *



_?fl,-

Frorn the ineggaS.lty (1p and takrne into aocount Fugledens ECJ

thserem 1 quoted aboverwe deduce

ge{s.}}sp;-3.,,Tf x *e .}1.e, ".set gS pS ."eqq!gelp*3s Rn F}t+$ iu!,qgsgerF .!he
U ; 6 * * - -

;l '

-.." bgsh Sersq 'gbgq d(sors1))o,&@-

MpX * capr(Rf1SseEtr) .

(1?r )  Mf  E  cap(S 'Sq1S1)  n

ldewrJ.a order to eetabli.sh. (1) inill '*rae gBneral hypotbe$€Eilet us

pmve soao properties of the p*capacittrr.

&egue-F,S.bq p--g-epag,LW. cs.pp (Drsorsr) rghggg D.HF LC .4, dgSa W .44*

"*e#-g5 ffi*i? .9,,
rruffili"lirM d(sou$r))o'qq!"1-s€ies s

(J . )  caPp(Dr0r .S4)=0"
. P

{f*) ssc$fl *2 (t$i"mplles't) cspp(frHoosr)Scspp(Dn]$;'s1).

m B
(  i i i )  S6ar- 'n$ =7 capp(Dr$sr& )EircaFp(Dn$6r&t )

( i i . )  cap*(boss,S)*0.  
'

( i i ' i  m+'ei t  *> caFF( l ] rSorE"s)Scap*(D,Hors;) .

(it i.") urc;irrt 
:> 

etr B($rse,ffr)solu*arp(srssrs$),

Sondttios (g) ts tri"vlal si.&r,s u;'l 
'Is 

an nelmissf-ble fenction"It fl,p



easy to see that also ( i.i) boLds ei'nao ff, &<si und f ttt are ths e

ootrespondi"ngclaeseq of adnlsalble funotlons'then f , 'u'erf{rhence

oaln!f  rs6pE1) = 
t :$lru1n6* 

- 
#t$lVoloa* 

=

In order to establido (iil)tlst be thc cLass of adsisstbls ' ":

funet ione for  .up: lDr$erEt)  (Yt1 " 'n1g) and tet  u(x)*ui 'n[ur  (x) t ' 'o t

4 ,

un(x)] ,wboro urt ' i l5 (tt r '  '  '  r 8)'Clearly'05u(x)51n ul*s*o ard o 
lEr=n'

I{ewrlet us ptove tbat u tos ls }oea1ly lipscbltrian ln D'

Indeedr6iven a point xiDe}et YE be a neighbourheed of x where rrs ts
.  l '

&ipschitaian and tet us show tbab u is r'ipschltrian in any noigbbour-

L-^r ,,,-.R. r, ,For thisrLet Xt$.Sincg tlg la l, ipssb.ltglan (let ua
B.oe(r 

"*t,, 
tl ,

preciu*roitU lipschltz coustant Ms) i:l s|.,it followe'i-n trnrticulart

that lus(x)-u.u(r) l l**l*-y| (X;f 
" 

c'! ,  q),beace'i f  for instanse u(x)Sdy)

tbenrsincerby defini.tienrtbere ls an integer k*:(1uq) such thst

u(x)*us!"), lt follows tbat

' ' ' .

[u(x)-u(tr) l* lus(x)*u(r) ls[ *six)iu5(r) l#al*vl# f x'-r I r

whsre$=. ; ,?ssnskra . ] ;ow ingu"s tsconc ludetha t t rys iDt thereex is tsa
^ xsi"€e ;-' t r f

netgpbourhood 
'!1t* of xrwhsre the prccoding lnequality Srolds'l*eou is

tocally &ipscbiruzJ-an 5.u Dra]Jowi,ng us to c*nclude thst u*i1-L,trhicb

geens that u is adxrJ.esible fov capn(DrS6eS1)'

3{exbo}.et us sirew thet

-?s,

cePp (?r Si, S1 ) .

lin
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: d(1s) Jyu(x) lP e J, Fn:!"1 t

&et us consi&sr

tbat

a uni.t vectotr o" of dlrectlou s anf, Bl4rpose finet

(30) u(x)

shon, J..f us(x)*rglgoq (x)1u(x) rwe have

" 
lu(x)-u(x+ laxle$)1., u_. lun(*)-u(x+ lA"l%[ D*r loo("):ul(T lFlu*j i , iL*r5;T-j ;1 1auffi-j

. i u;(x)-ur.(n+ I Axl eu) | ",pr  j .
d

S E
hs'13

Sutrsince''ur and p.s ar@ Iripschituian WiUt lrtpschita'codstant M in a

squdiubnsLonall n*f.ggrbourhood Wr* oS xr*bn they are Irlpsobltrian also

io * linear neigbbor:rl'.ood of, x soniained in tbe axis X* Faesins

througla s a3d havlng tho disectlon sl so that u and us (b'l p o .o 1Q)

directional(coneidered as flmctlons of a real vartabls ) ]mve a

derivative -$ and *,ff u.o.i.n lffsffi"uAssufte tbsb tfts point x fronn- a i

above is sne.h a point"lllh*nrlettJsg l&(l *r 0 in tbe precedlns

ineqwl$.tyrwe obte{n 
L

rLq$d ! ;- r.i* r,I:gg ! $'i*s) Ir ps ffi | fi rlgil+#I^"&Ij'r a s ' . ; a " j * o t '  i a r r l  : * 1 a x l - * i l {  l a x l
,.\



- Seatroince u and ue (kol1..oee) are Lri.pschitzlan fu W*rthey ars dtf,reren* {

tiabls oc€. J.s Wo,let us supp""u **n x J.s euch e point where u and u.s (Wf it

" . ! r e) are d i$f erent iable and. tbn , who ro the relatien (14 ) holds. Sut then ,

atbo preceding ine quaLi.ty yields

tvn(x) liT*sn tqpt'ssseb$, f#d.ti*S,ryp ['*#d ti : *$, Fo:!"r ln ,

t[h,usrwe established 
!,Ul 

:i"n tho bypothesls ($S,).

Nowracrsrlne that tbe opposite inequelity holdsein€" that u(x))u(*llmlej

then, o o:l* laale*)1*$l$nuli* l*le");u(x+ laxle"),we haw

"  
f  u(x)*u(w lax le*)  l . ,  r  , .  lu(x)*u,r ( r+ lax leu)  l . ,F_.  lus(x)-uu(*  lax leu)1,  F _u:-fffi* _-_-j *u 1 *u *

d , !u*(*)*uk(r.+ [ax[e^) l .  us u ? r l  :

eed erguieg as.above, fn the hypotheeie (S0) rwe obla 1n (1S) a].so *n this

€&Se r

F$.nellyofmu (13)rsi.sce *€Lfrwa deduce thst

r r i r? !  1n-T : - - -e - \  s  f l l * r r l i rdm s  S fo i t r r r -  $Fr tnav q y p \ # r k o r * t . r  *  
$ , v G i - ' * ;  

*  
n # * l 5 t "  

* 3  6 - * *  t



q?6-
'  

.  ' , .  i ' ' .
A I

hencorsXaoo 6ech 1rs w88 88 arbl,trafy funotton of 
'LL*

aepp (Drso rE l )  E , -$ . c&Pp(Drs6 rs1 ) ,
k6t

aE d,esired.
.:( r,

$he ssms e5$rrent et iJ.l bolds f sr ( i*&') , &ut wlta u(x)*ma x[ q (x) r
' , 1

c c'd'1 un (x) 
] "

(fri.) ts tnivial elnse rr'CI ls an aduisslbls fr.ucttontargulng aB

(1t)rwe establieh. also (t i ' ) .

Rgg$gE.f-a srder to bo ablo to obkis tb zubadditi.vity of tbe

p-eapcity ln 'bhs.. lcaso ( lfi) and (lif i ) ( {. e" th.o comespoading

lneqr.eliti"es witb, q=d rwe ba've rfor i-nstaace to eupposs thet all uk

\\r1" " * 1e) are loeally ilpschltaian with a f ixed l.ripsc'hltz conetant

K(co3or et leaet that the sot CIf'qll these copstants ls bouxded (.ltj"e

ls equf,v*lent).

: y)* & b'e the gp4gl":3qaL d't,stqFe€-i&F*{S.e.B x&et nl*n" .fffiTrfrxri;Fln- 
gpher"tqal' dr"{

end y*If lfue$a &rs e sstsrth#n- q(&,&a)* 4{ q.(torf)o
" x€&1

Y{.Sa

Euq p g q ;!l p$-. 5 " Egs-sggb-p> 0 s p* sI$ w-t**s3 s r x-"bq,ppF I { e,r pye. .{E *
: - * * : *  - * ; - - - :

ggg$&Silghlg"(r.vf isfl$3 [ tLl ,the eires ?'])

Shin pxupositeon Reans that 1f Ts i.s tb fdmily of al.J. bounded

cusvssrrirhi"ch are not rectlf lnble rthea &floF6r0"

Tbegfpp-A".if F :p *pqgr&,.rlE -q:ls- .suchjhaS S(&o; Fr)>CI (h*,fSg.
* : : : ; ] : = ; : * #  

* *  * t . g * a '  v '  c  w
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' oBe .g,f- tbe. F-eq$- HorE,l DH gf D

*: slth $snps4i(is0r{) rirg,6pui1&r (wherp ns te. }h9., h,oq$dqASet) '-ei'*,beg
t 

--

(11) iq, qglgeg.kg-gg 5 is npt gcqgq.p*.i'e, S"Tgn 16 py rSSti$i"shl$ aLc;sr

then (1)  hoLds.
ry

gr&pose that &6. is boundednAs we abserved, i^n th'*'proaf of tire

pr,eceding theorenrv,'e ffiay assume*without loss of generalityrthat $ ie

a dorna j:r ad Es{ffi1gon$f9.$erbrlet us wriue SR$o'S'U&ot ,vt)re::e S'n is

the set of the points or ni64rp inaccessible;..; p by rectifral:le
- , /

arcs.$inco s6 - and then -aJprsiggi fi '- is $uppose.i to be boundecl,

then also g'(r) wili be so,wbere S(r) irl si4rposed fio be ths open set

of points(of Rn)rvrhictr l ie withi:r a distance r fmn SoThenofor

t

r(d (ao, se) ,  clearl ; ' ,  T.t=rf  DR$' (r)  ,  $",  S'1r).1<f (Dr E'r Ed) oruhere ,  evidentr.

D-nS'(r)ci4'(r)  is bounded"iSrlb then rtheoreni 1 of Fuglede's paper [10] '

sonbined vrith the greceding proposition yielcls

Fr(D$3"r$g) $ l#FrI .D'r is ' ( r )  u$"so("r)J :

and

$ilef(Da Eolr $r )#{pE-(U$ }.1e,ltr.e) Sltpf (nr }x' , sr )+&t*S(Oo s*'r:T6)=MBf(D, B*" I$,e ) t

hence

(21)  i i { ^ f (nFEe"x .E)  =  } I - f f ( -Dr  E t 'o&)



*aB*
f f i . r " ' * ' ' ' ' " ' ' r ' l  

' ' ' "  
- " ' : ' r  

'  : ' - ' ' ' . : '

Ne:rtrlet us show that

( e e )  c a p ' ( n r g ' r 8 l ) s o .

,**. S' i-rstr let ue denote S(rr1r2)={x(Rrrr1(d(nrx)<ra} aff i  p(rtro)=

{xt-A*td(8, x))rn }"Agaia, on account of the preoedins p$opositionrwe have

(Z i l  Mpx[D,1n ' ( ra) rs ' rgn(r r r ra) ]  =  o  .

But, all the po ints f, *J[pnli'(FC ] nn'(161ra) veriff a condition of the

form (11)  I  i ,  CI .

Lin $ff $:,{yt&'(rtrra),"JI 
T 

o
x+E

xeDrlE'(ra)

slnco,6iven 6 etDns'(re) lnn'(16 rrs)cs'(rrrre) revery x5Dns'(ra) 
s '

stf l f f ic ient ly cloee to 6 wi l l  belon6 to S'(rtr te)(whi& is an opon set)

e@. that suclx an x ney be joined to E'(rtrra) by an arc of lengtb z€Ior

f h u s , w e a r 9 i n t h e h y p i , , t b e s e s 0 f t h e t r n e c e d 1 n g t h e o r e n , w h i c h @

aceount  o f  (7 i l ,y ie lds

- ,
cape lDREf  ( re ) , s ' rEn ( r r r ra ) ]  =  to ip r tDnE] ( ra )  rE ' rn i ( r t r ra ) ] .  =  o  c

I{ence

cspel De &' r ]t' (rgoo) J * i6f$ l,ru l o,r"= ruf(,f i  
capBlD"r&" (re), E', E'6"* r lr11 = o " 

DflE'(ra)

If we denote by l{(nrHeo$q) tbs aLsss of, admissi}Ie functions for

caFp(DrXers l s ) , t hen , fo r  r x (d (so ,&) ,  s inco  n tcn ' ( r ree ) ,ev iden t ,

t / ,{nrser$o(rtr*).Jc 'Ll(YrI["nJ$l) 
rw]rencerbking r.nto account ( i l ' )  of the *

p.receding lcnua and (e?)rv,,e ol.rtain tha$

.  / r . -  i i t  ta \  { -  f  r r  n l  - r#,saFet#r i i  r j , i r j  E  cap*L i i r i j , * , *  ( r1oar ) ]  =  C !



, l

. :  i

:2Q-
4 t

;*-* inplying (AA)

.6nd norur**m the Bou**aiog fu** uod *"U,r** ** 
"Ou* 

t* tn*

D-lll0dul-e .we d rad rro-o

cepp(D' Dotr $i )scaro(D, s6r f i6)6cape(s, E', $6)+caFB(D, srr, E6)acspe (D, s'rss1) r

so that

/ .  A f  \

\ '2b ) capp(D, $631trx) r capu(D, Sns Sl ) .

I{owrtheoren 1 sssure us tbat i.,.

t r

capp(D, s"r &i) * I$X(Dr:b,!, E{ ) r

urhidr toge.blrer witi: (af) ad (eyn yields

capu(Dpss1s1) *  capr(Drs ' t rsr)  *  Mer{D1s*3ss) *  MpF(DrsErsr)  ,

.  &s deei red.

9sgg*lgg&J "sl D *q*qpe,s, &n&*9, s(Dn&61lnr\)>o e.€*-g.g, i

nS oq thp .ri.recSg:eg
thgJ:r€m ar,e, satis-{i"e{,t!.en (1 ) hp}.f,S.

sgryiigrg=g.ig il -ie-.ves$, iDri& *g b9y1rqq.*e s6frE1=p, d(ii6rfi r nrriDx.
an$ EsnlD 5g'ifies the mMced:i-:rq 

Mr)re

hol, ls e



:,o*

At1{ nowrln order to obtatn (1) in EoBIe ottrer hypotbesestlet us

renind first some concepts and prel'J-nlnary resrrl'te'

'' 
A domln scw ls satd to be m-g9*pe-q!"q.{, g*r.}opn$ary pp.er:t.E{aD lf

t -

a Is the least lnteger for whicb tbsre ls an arbttrary snall' nelgfrbour*

"-* hood u" of [, such tbat urf]D conslsts of n components'
I r g

1lJe shalr say that a ao'mu*n b Ls p-smooth g!,,,q,tpgrc1agy pq**! gi'fp i's

ne ispbourhmd uflg 0f g

disJotni connected, sets

flFsaooth at each Point of

property tFt urffi consists of & couponents Atr... r-&.ad tf v* is 8ny

neig$hourhoocl of 6 contained fu O*rthere Xs a

so tb.at Mf(V"nArrStr$a)Elto ,wheuever X11S7 ,8'r€
. - l t

( i= l rG iern) rwh idr  meet  bo tb  V*  and U; ' t *  D  is

a set EclDr it ls said to be rr-g99;![-lg E'

&gg$!.The above Aefinttion of the B*suloothness is a nsdtfied

version of J.Ilesse's ctefinitionrwhere D ls not snpposed ts be u'-conrecb

ed*Sut th.enrth n*snoothsens te no aore I cbaracterlstic of the'bounda-

ry point I s1g oependn on the ne $.g$bourhoo d Ua considesed*Shusrf or
b

instenCIsrin fi$.2r8 is 'l*sulooth accondlns ts our definition and 1-,

bt.?*,ana 4rsmooth at th 64re tisn

acccrding ta llesse"s definf,tion,

dopondin$ on the fast tt'at ths

se1.este,l neighoourhmU Ug of hls
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def in it ion ls U.s &' U s ox U4.

1,et  Sg1:&d;T bs 2 sets wl th d(Sor$r)>0'For r€(Or1)r let
rli ! .,::

ul 
!t): t*elr" E a (x, $ 1) * li*: 

0,'1 ) o if p €1[ t!o' so, sr ) J "" 
t i, ( e' r)] ape{eanl,

where the fufinun Se tsken over al-l tocally reetifi.eble

y6ItD,So(r) rpt(r)J.It i"s easy to verify that ff ir 'rsrz# implies &(p1rs)
' . ?

Sf,(p rrd ,  ,  . [ben,]"et us deflne {fotto'si.ng Hesse) I(p)-i j l$(pnr).

f . ;

Pmpqeilr_et*6.r 'et xdF bqle doll laln a l p€I' [ f(Dr,EerE{) J ..
- * - * - - F 4 -

r l " r f

ry,r,(p)El"i{g. <1 ]fg-sst*1" .r$lj) +*o Sksp exist.ee 6s6(e)€(Or{)

sueh that *-Apn{fl D, nu(r) , $r (r) l } .fqr qlt 0(r$6 (d. }Iessel 15i the orem
. ; - : d * f f i  

- l - l _  

. ,  ? ,  ?

4 ; 1 6 )  "

gigioin"t, ngF*ennetX sg,bs in T

D tq,'F !gg:g_ig ?6-rn aS r SSp,pep$-

and supcose t,. . --,= ".-..=::*.be!*e-t eg"]. po-i,!t- p{ ($Ur),,rB

- n
a.&S3 r1r(Dr Eo s) -#S. ( | o={F'$ esi p€s(F)n}n(nn)mth for soneD , S  r

@ eC(

s(x)

Then Ir

Sor

and

i.n

eg
n
v ,

F

,p)

I
I

li

lf l"l ts e '

5-f l"l S e .

e$se [15] , 'bhe oren 4" a7).

&gpgg&,In our opintonrthe proof contains ssne i*raccuracles.

i .nstancerthe author asserts that i rsinco for al t  i t {r21.,"rf ,  pd.s(P

since ptse8 for somo e((Orl)rit fo[ows thet a]J. ths curve*lj* 1.r.

sofie fixeci clcsed euclltlean bsll ani they &re ail rectifLa?.oJ-e.lt



'i

' * 9 A

s W - '

Howeverrthe precedlng e inequatl"tiss aay glve

s s(nt)ef, ds s .[ oeds d f, Pds ( 2 )

"* where lxrl=*?&, l*lnsutrsi$oe frc${rft ts posslble ts trave x1r6 for all
4  " . S * - * , 4  r  .  1 i  1 t ' 1 ! '  -  { .  . * , , .  . r  l '

I  or for sbre of tbsn,or,qt l*ast,to have 
t*1"11 :srcontfadictlng 

the

beund,edness and qven tlrc rectJ-f icabtl"tty of "tbe surves' yl.thenra$ a oo:*

. segl;euce of thie nlstakerhe dcrcs not consJ.der the case F *{oo}rwhich is

^ r t ^ ^  . . - -  ^ " F  J - Lcoapattbre with. the hypotbeses of, the theoreu,rbecause his ertonou's

"*. @nel.a;ion 1;het all y1 Lte in a cJ.osod bal"t implies the lnpossibili-ty of

such a ibse.We shaii.l.establish the pcecedtn6'prcposLtion t" Rl changing

use sOre Parts of the Proof of tir'e

-- -preaeding propositionrbutrfor the conBtetngss se}rir r since (according to

CIu11 knowtelXge ) ttre nentioned proof is not publlshed ad it ts to 'oe f orufr

onLy in authoros Ph.9u (79?e) * ws sha].l give a completo proof *

1,et u; clencte f j.rst lrr (p, r)=egff,pd"H1 ,whorc the tnf i,nun ie taken
- l y 1 '

over alL yt l tDrEo(r)r$t l  af f l  I , r (O)*f f i r (p 'r) .

A.rgl;ing as in pmposition 6,we hat'e
' .:

I,eg'$c*7"{S }l- 6 1g *,$q.pnjp- -eno p6trlf(Drso,st)J'!!9.*, I*1 (p)il *gS
; 4 . * d d * e

, . '  .  .  " r l l *  
*

rre€lOr t ) thsre--e*plw s o( e)q(af ) qwir .!rrs!- fr6n1r1D,$Kr) , prJlfos*aLl

Otr;ii$(e) "' ivh.gqg un{r)* {xelf:io(xr so)(r }.

HggpSg}!$g**$.k!. ar{x;rrf l" l:" a }gS s1 ' 'ii*ca bs a #fu:.to iq} . spt-s. .,\e

tiglt eef&splp.f:e s(r) (r6<n{rs) .gpntE iS a! }.pefi,! gne lfg.Rt, gf*?e.-cb Er(iF1,



*ty

: Z).Sbgtt'

\

' * ) 1  
n

utrlA*lnrffirl,$tosai a frro$1 ,
' |  

a

w&esp. Ae 3€-3-ss.g-ts*!.,.4-eeeq9-+pe qnlx.-9g--f&s*,034e*s3$l n ('T"ffiislils
_. ,n.

IgeJ theoren ].9 or our uonograph []] prCIpoeit ian l lrchap*Srpaft I).
? ? '

M D,qS m'.gqogl,.Sg sonp #-SSre. e.gk* r,ite>m

qee a;'+&s(r)nn"(n") ; p(x)Emi1)o sFeR* go,gla c!)' 1

Assuns first that Eo*t€i.'Ihenysuppcn,*e,to prove it is falserthet
: " G t

_ \  L1(q)<1"tr ' tx and ssgr;*nce t l t ) r-nr€(O' l )  ( f= ' lpZs".*)  so tbat 
,$ 'nnt l* :

\ " ' : '  
' - -

Sjnce p€Irnrthe absolute contijruity of the lntegraL allows rre"to ehaose

a etric'bly d.ecreaslng sequence rt€(Or1) su& ttlat }lnrn*O'and,
f .+os l,

( Z f i  * , . - J  . F e d m <  t r t n n  ( i =  1 r 2 , o " o ' )  !
B ( { , 1 r 1 )

1{o uay assume also ao!r1)nur:{.*u observe that so(rl):ulB,"}}'!ili'

21."o) .Choose a sequeace of  loca l ty  rect i f iab le  a- rcs y*eTtDr f iE(4)rs t ]s t
' ! t r

tbat

l

J  pdH1 ,  (  Le ( f i o r s )+ t i r  ( 1  =  1n2n . " * )  r
Y r  

' r  
L

$incerqi*lTrwe bave
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It

f  pdnl '  . l  p0t l1 (  I r(p,r1)+Ul S lr(p)+qr

f* 
r '  Yt' * '

'  ' ' : '
' snd slnce p is supposed to be boundod awsy from zess on mryract sets

and the closure f1 of yt (obtained by add{ng to yr tts endpotnt's) is

. conpaot,we obta in O<4 fil Gr)gf pAiil(2,henc,i II1 Gr)<#-<*, ln6, yr Is

bre nsjnce ooutl*- 
'- 

*X*noints lies * 
"d;r"31-- 

"* 
u*"orr*

pose yr  tnto yr .=sf , .  e i ,Xrrwhere crdlB(€r] r , -  r )  r3(E,rr1)  rS(Brr1*1)J r
'  ' r ,  

.  
I  t t  . i  I  r  .  

;  
-  t +

e$A-tts(B,ra-i ) , $1E,rx*1) , s(6,*1*o)J ' xleltD, s!€,,r1-e),srj" rf g1 ts the

. 
endpci"nt of yr conta jned Ln t!"1) rthm,clearlr,**E*:6.Assume E€eD.

Since p"'ls supposcd'to bc n*snooth at E for scas erlet 
\be 

the

neig[hourb.ocd of E,iavolved ln the deflnltion of tb snootbness.fhen,

lt f oll ows that UERf'$,,ra*. W" my assurne ( eventuerly cho csi-ng a sub- i':o

ssquence)thet all 5* are contatned, {n one of ths Aprlet us denote 1t

by &"the E*smoothness of D at 6 lnptlea the exist$nce. of a a;nstan*

Ao)O such that

qa; i )  M{r [B(€ ' rE*r) ,4ars i , f f i ] ]  a  roqi  * ' t r t rn.n)  c
r r

Xf Benrthenrthe prec.rding inequallty stJJl holds on account of the

p.r*cec,ing proposition (eventuarly chooning a zubsoguence of {yr}). 
'

I{oxb, since (ffi) yields

r 
"a\ 

f r--0-*\ *ri n
!tu' s(€,*r-r)tffir 

o* 
: l'6 '



-75-
I

.  |  "_ . . . . . . . . ; . ,  . " ,  ,_, [  -  , .

tt foLLows ffon (?P that tbere is a rectif,lable arc Fl
b

oonnecting S and &*t so tha'b
t t

(as1 f pdHi

ro

s*nco otherwLse'#; e tsl6,rl-a),wi,Afq and 
!4) 

woul"d csnsfr,ad,$.or

(af).$he a.rc @r.si contains a subarc fiI joiniag an endpoiut of Fr+r
4,

with an ondpoint of p 
I 

(iTgo4, . .o ) . But tben ,

' ,  
l l  l .  l ! r ' .  u  ' i  r -  j

Jn S(6, rrj a)'

f..pd$]*lt(prr1.- e) € t
€6'l l

'\ 61.6[i'

honce

p dul+J pdllt =f pdIl l ( Ir(p3:r1)+q1 ,
l x r  , ' Y r  : '  ; ' ' :

iiot JPdHI
E ; '

I;efine a locally rectif iable arc

where €a-t is a subarc of yn-1 joinins an endpoint of gn wifir s1,trye

b.ave tJrat eefl*(DrSorE,l) ana

5  l r r (p ; r1 ) - l . e (p r r1 * . , s )+ !1  ( t  =  7 t4 to .o )  .

t

l  s S p * i I r  s
( f r " ,- r y

wlrere

.E. f ,  od i { l+-E-+f  Er t * f+ f ,  pd l l l  (k  *  3r4roo")  ,r=xrt1' : x=o$*" :-' ?*u- :
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., J pdHf, S .[ pPH.l s lrr(prrru-1)+Brr-.r .(k = 7r4r..,) .
Ga-t Tp.r .

Sencertaklng into aecount ($) and (S)rwe Set

0 9 6 r s

"* 1 5{ pdlllsr},-[ r,r -( p r rr )-r, r ( p, x r- e ) J n, !*nrn,!,_rt ** e+!t (p, 15- 1)+ r?s.- r,o g  .  
r = . 5 '  :  r . . t = t s  l ,  i = & - :  -  

.
"

whonco

1* 
$*o*d 

s I*(p)1t l t lo)*trr(p,r*-r) ]*ar*Lrnl (1r 
:  E,,q,. . . )  .

'

For Largp*krthe last*part of ths preceding Snec*rrality {,s strictly }ess

thsn 1rv&iclr tg absurdo.

: _ _ sowrlet us considor i;he generaL case ss @!01.,c^et in RF: (ad th€n

bounded).rrgt p{n; and suppose againrto prove it is farsee bhst I, t(p)(1.8y.

]................................ema 
?rthere exists an 

1e(or1)ra 
strictly decreesing sequencc {"1{]

*1f !o '1) !111&1nn.)  wt tb 
} l f f1 

*  o ard a sequsnce of  looat ty recr i f iable

are s ys,(fl Dr 3)6(11) , sr] so 
"thst

. r

( 1 1 )  J  p d H l  (  1 * s  ( t  *  1 r 1 r . . o )  .
- V r"''a .

Henco'and nince p is bounded awey from zom on conpect.setsrwo deduco., .:  ,. '

,(srgr:'ins; 
.?s'abova) that pIl r6"a,f,e.. rectlf ieble "Nexb; sinco each endpolnt

g  F ,  n ' f l  v - ' l i o c :  J n  T r  f n  \  . . * A  T ; r  . t ^- tr5. 'J.:r 
Ei-L;=;i  ,r.u i : 'e\ i t l  erno j, l ig i"$ CcinipaCt,iry COnsicierin6 e SUbSeqUCnCOrwe

**, *u*uire .tha, 
lg€r=BovEo and,b ttre saue ,argir4ent s.s in the f irst parb*-CGr

' \ \
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of the proof and taking; into accormt e,a) ,vte obtain a& in a

contradlcti on I as desired.

Sg9pgcillgg-?.kg r Fo t.q$
1 f + f

p4 (1 , *) p+d -.s+s ug MprK * le!.ft $*tpfr(r) I p
.  , ' '  

, .  , l

os-" cgu:pact setF .qI{ P(,r,F}.'r}po (L$ ia.e sory}p*ls*freq1ly '{ffi ffipr

(,I . I losso l15J ,}eu;i ia 4.40).

*gggg=9 .T.t*i Dciis b.g _a dpmq,rfuF=f,(D, Eo, S. ) r y.Ferg

ulur'Iir))orntn{cop (1, e) -egg_f6

p6F( rhr, P ls.:sf.,e$_ .*r

?ero on compact  sets

f,o{ Muf.

SJ, qattinuous *I*&=n* Gou3r ) r bo-r*n,i,,.eA.atraxrfq?S

tr'et and O ln

IndeeorJ-f pff(p) is supposed only to be bounded ln R*,

continuous in A ad O in UErthenron account of the comlla:ry of
'  ! l '

Iem,na $rthe comespondinel subfanily of S,(fi) is corqploso (that ls

yields the sale value for Mer);nexbr*irr* Ltrs(oorslrppo$e fto,n endr

arguing as irr tho preceding prcpositionr{e)Orl,wt us csnsLden ff*p*uqr,

where S(x)F**l**.clearlyn? ** bcundedl **u" fron zerc on conSnct
" ' l + l x l * $ t  

woJ  * " * . ,

sots ifi Rs and ttre* a fortiori j$ I"By Minkswsk{ furegralf.ty,

Uffo*lt*i J(p* a$) nanlS"s6f,peam){+ a(S<gecntt* C.,i.rnd.rc)4n* (nsr*rf{ -,g:&s. 0 ( 1 + r

r f

re)S = Ct'ppdm)$+e(ilrun;Sa* < 6 i
I
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F€clii. re

is the

[f inf
i '  d "$
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area of the

t*pa* {:}ran
t  E t -  u u r  v ^ p H

+lt Y

unit sphere in Rr.Hen ce St*p and then

vflrere rfron above , stT,p, and letting u 
I 

o, we obta fu $mf,po p being

an arbitrary adniseibLri function for rudh*nnrrrtakins th'e infinurn over

al-l such hdeissible Prwe .a$e allowed. to eoncludertaking j,:ato account

also the corol"larg of, lemna Srtbsb &HI{$Af=&[uP andrsincerevidentrMsilarr

also that,M=Mul1a.s desired. L

' 
I'inaltyr1et us consider lihe function

P e(x)

CIe arly t

,'T'for X/rA t
'r !'

otlrs rwise.

Jpo(x)aHt = JPCt:dIlt E 1
Y  

' :  r Y  
'

'  
: .

I

sinco eacb open axc Y€fq6ril61il6) ls csntain*d in 6'
\ t

*gggg*x9.If**3qgq:iJ}*! ip m*egsg-!h. qI ? fr 6*:}Dr!&q]}l$!L
'  - r . .  

.  . .  A A

r( Lnr*i,g:egde5ffi Ao>O gpd-..s .Se.*#LoFIFqe.d u* vEgB t4p. p,s-opsrtx

tlra!- Uo OD cilnsislg ,of n c{1gngngnjs, A{r"..,As eng*lg V* }p giiy--gp}Sh:'
e -

6

hs34q-o--g--qs 6 -e-E!sjse$*s1 u*,$herc--*s-@ u#.yg stlsll

ehg!. ffipr(vrflai",s.e,.$s)frfu,:sgs-R E4ssa f;g9. t 4isig14:F,,ennqc.!'ss selgib
ia



a1ghlp,lt *.nqi. Loijl 2v* and ? vl.- ' E

Lst U, be ths ne igirbourhood involved fn th6 d*f initlon of tbo
tD

fs*Brroothness of D at E and suppose that UgSg.If M:f(V6M1tAr1}i1)*mr-*n,

then q*fgl$j..ffi"+ Mef(VrnAlr$q'$a)&tt*for anil lw>O.If Mpf(V/Ap Ft,s6)(mr r
:c

thenrargui":rg as in bhe precediag l"emmarp may be assumed to bo bounded

away frou o on compact sets o* 
Yg 

anc o on 
%.tr'or 

such. fl pr since U, is

coapaetrwe have

paan+f..oPen*e,3 J d*n
ilt ug*,

4,

E sfi I{f '(Ve AsrEs,Ea)
. 5

where E!={xEud,oln p(:') s1 }, nf*{xtu$^lt p(x)>r 
} 

ana 
%r:t 

t i* 
%J 

, tb.en

ej ?r,6Eh6.faklng the infinuu :'$n (n) over aLL aOrnr-ssi8le Frwe 5l*"io
ur

tdlt

S{Bf(VrnArr El sa) B gI Ao ,
l r '  U*g

so that rwe pay dcnoto &p=4 ho.

r in J.omma *r"I*--count of the preceding lemn&rwe deducoArgujng as

I 'e.wa-t1. rn*!lr:*. h;gg!l lg,s"ga*?9,,"*'T,r ( p)ex sp(tin= {pi,F(r), 'rr,F t p -*$

hpgndqs*gwqHil{o$*g,grg lqn q.g.qpact=-gqls ip lru }, g!g:g--p<;[n, o) .

*gggg=lg"It* the,-!-r:potlrce-gq q{ leq+a 8,s, p€(1 ,*) gnd. se {p,".gqgpea-fi"
; . ^ ^ , ,  r '

(3t)

pPdm=f,
'  " -rrl

.&g
:

pod&
ol

{..FBdrntsc: J p"dn+f,,p*dur *
lrl ,,€x,' "$i

a d  & s  ,
v *s

**{ol

*$..[ J
t'"6
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Sbsg,rr (P)&1 spt[t$'

We have only to show that each pa=$.$ bolongs to &!(Rn).Indeedrlot

g'*{x{al p(x)S1}rn"*{:ka; p(x)>1}.then, i f  p€(l ,n),from tho condlt ion
f r  '  r t i  t  4 '  r f

p€IlFr lt fol'lows that

e ) Jpta* 1{ ppon =J.-po u*$*,podn E lmn r

hence

.fp"dn * f,psd.n = f, _p*dP*{*O"a* 6 
"f,PPdrn+f'{sn$tr 

( oo. r
'  

U  
'  

F n  " .  E o  
' * t n

-; where M=sup p(x).

t*:fi;,i"f pm,the conclusion of the lenna rouows on acconnt of

the precediag }effia.

€fgggSjl**9,,19.$ip.Bgggjbss n }g-sp"'oaeu ss!.' thq.q Es1 E1 grs

g$ejgiq.! t*m&*Sorlliuog +n D anfl.;!kq,F f=f(D, Es,sr) r l"*r{D, Ee(r) ,sr(4
. A

T.heq ffih*$ffif" (S''cehring an<i J.Sdis$Ldt [1]l ,lemra ,,4)
. a a 5

Argrrtng. as in the preceding proposition and taking into account
.  : .

the preceoi"ng lenua combined witlr leuma Trwe obtain

*gggg*1J'$*ru,rceJh*. & ls a qe}'re 1s-, co ppaq!,,F9 S4qt d(&,&)c

D tr a.$g.geln rr$,ggru isonlD Sgf--ggme- nrf=F(01$s1s1) Fnq

n ' . - r d - n .  n - / r . \  - i l - ' l  ^ i f h a n* r - *L  - t  * ( ,  \ -  /  r  - l J  - .= - : ; : -
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I  e r  \  I\Jrl *Ipf = {.*EMrfi .
' 4 1

SSgpSS*!Lgl=11"[99 S1)Es].. o gpd &iFs?.. . bS $igipigt ,ppq]enc,gs _ot
^ 

rug9.qppy--ggepact,,se odF.1,oq r* A-n"
.ot 

rinr ' tb t

tr= f1 F-"rlhen
E E t

$t)  **r*gCD,&,F.)  ;  
capp(D,&r1), , .

(tr 'or the proof ,see J.Hesae [16] otheoren V"7)

/+rguing as in the preeeding propositionrwe obtain

I 'egqg*1*.&et E"ElEe)o..  elg Sf$sa.n. bg a

@ @

SI-SESIS_gf, a dopaig DC3" such. tlr_;ig g=dlHk*g,n=fiEE+g an<L d(fir,I' '1)>0"

- - 
Tlien (ji;) bol,Qsj-

$!ggggg:.Jg D -rq "opgg,Eor$r -Bqe. 2 p"s!,q*qtl@*-!baq d(se'ft))o qp,q-

gasll .qgpog&*+:, De g€ n B;Jl& Ssa$l#9(i*0n1) r{qt *=o gg j-l ,iS u}*€goq-!h
I t

gn*tllq . sej Ji:*nuu ot..flst6. }xnss. : g.p_.W.inpg c.g,SgeA (1 ) Sg]gg.

As we observod i$ tne'iroof of the precedi::g theoremrwe nay suppose -

witho*t loss of gensrallty:- tirat D is a domain lbaulooth on ?D,rEs f,or

$ore n. l lexbriet us denote Oo*Soi l5 anci c,rnstcler t i re seqlpnce C6(r1)]}

Co(ra) ) . " "ewhere Co(r )  i .s  ths open set  o f  po ln i ;s  wi t t r j .n  a  d is tance r  o f

GI'  Cs, l imrysor, ' - !co(ru)=co and c, [srrCo(rr*)  j )o.c lear lyr{6( :Lco(r tshi l i ,  .  .  )
k.*rt lF t

l i t  ins I i t{v[co(rn),.sj] = 0
x'+g | -
x tlJ

( k  =  1 r 2 r .  . .  )  t
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wrr\ere tho lnfinum [s takon ov€r *tr the arcs y[co(rr)rxj Jotntn6co(rro)
F

a n d x i n s r s i n c e i J 6 € 0 0 ( r p f f i 1 a n y x € D s u f f t c t e n t t y c l o s e t o g b e l o n € F
r f '

-bo co(r rJ and then , may b joined to co(r r) by an arc of Length zeso

yielding

lg f  Hr tVtCo(rhry j )  =  o  ( l t  =  1r2rn. . )  i
T .

. r.!- - r *.1ra,.ry.rern "1 , nl I owing us t0 COnClUdg
Buf thenrwe are iJr the hytrrotheses sf tb'eoren lnal'Iowing us to

that

Mef [D r0o ( r r ) n f f t J  *  caPp lD ros ( r ] i ) , 8 r1  ( k  =  1 ' 2 "  " )  '

Mpf(Dr $r/T, n.r ) =lgvtort D, c o(r y), ur 
J :}.*gaPp[ 

D, c u (r r) I srJ *cap p (1' so{' Et
r f

FjnaLLyrexbending aL1 the adm.issibte funct ions for casp(D,n.f lSrSr) to
. f

be o on x[-5 and arguing as in lenuia 5r]lTe obtain that

nfipr(srEoff i ,Er) '- f f ipf(D1E6pE1) ,
:1 "

whonce we deduce thet

MBf(Dr$6131)  =  Mef (DrSsf l } , i l 1 )  =  capp(D 'por ib rEr )  *  cagF(P 'Eot$1)  '
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ag desired.

,..'.1-:: !eWe.-1!.I{ S -fs-q-Qgmgte atd Er (i.=Or1) #f,S. a E9tg*Su4*p,,hg!
= = = - = = = =  

Q *  

,  

- . -

T-:ji ; for st- &),:vg hgvg son&s'UB1'gbgfe {genl
i r .

l iu  rgf  i l t [y(e ' rx)J = 0
: r + [ l r '
xrr:D

ard, O i,q n-spqgph-o.F Es,o,rD Sgg.-ggre nrglgrg Etrfl;)D eq-So.Fpgc,$,r$lieq

(7F)Mef(D,Eo,Er)  =  l im&Ief [D,E 'US"(rx)  rSr  j  .
ts_{p n .

Incleed, on account of lemna B, ff l, i (p;rs)=ilif.fpdH1 ,'wtren€ .the
li.rf inun is talcen over a1ly;3[ 1), [ 'o(rr) ,I]rl tfref 

s r

* J ,
f  t  (p)=1 .* l ;  (p,r 'n)H1.Cleariy, i f  l r(prr*)=iBfJS114 ,where the inf inum

-  k '+.c  I  
Y

Ls taken over a l l  y t f l "Drs*Ust t ( r r . ) ,  Er l ' I [Drsr t ( r r ) ,  ] l r j  uf (DoE'rEq),
- "

then Lr (p)= l i . rd ,1(pr r r )a : t  ,s inco a l l  the addi t ional  arcs y* f (B 'H*rEr)
,  . H @

uif tn 
"*"pu".:- to 

which the inf inunr in 11(prrr*) is tuken sat isfy the

condit ion Jpdl{tHl r  so th.at l - i*} ;(p,rr.)Al iaipl ies &r(p,rs)At r&r}t
i .- k-roo

argu3ng; as in lesna 1),we obtain () i l  1as desired.

!b.eg{ep**.^Ig n .iq- epsn,d(Eo,sr))o,lofi$ lp. ,hpgg{eq- ,apsi $,oe,-.gqe$Jg; : l ; * i :=*= : i l  - * '  

r f
. , .  r | . ^

. gpsppgg]:t Or" 9*- B r-vil& Dr(1ur#9 (i*0'1) '!Ig-$g! ?DHlrSa gg["-.hg
. t _

vr.q$!Sg *ss. ?tlk0sei:,'nv &ttu$i'j n Hhgtig s' rgt*
ad.,

l"emmq..$lri.B D*Dr"),'r*1--3!g*Jgiptp*o{, S"'.ggg*sg$-g-Qggstihfp $Sgg Dh-h

re-ctl#-bQle aIcs,$pen (1 ) ho.l,4s.

this theorcp j-s a consequence of the lreceding leuina ancl t lreo*em

1.
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And now, tn order to generaltze some of the above roeults ln F,lot

us dofine the p*6€rpacitlr ln th:ls c&se. 

lr iF

tho p-Sp,gglff-g$ a ppte 80,II1eFgl!& a(Ho'$r))o LeJ.atiYq-*;tp.a

d.omain Dcfld is

capp(D,Ho,Es)* t f i td f fo l  "a* '

wbere t-he lnftnaun i"e taksn over alt u rodr:ich aro c*ntinuous in DUFoUE{ r

Iocall y S.ipschitz ian 3n D-{col *U ol Ur:0, dlUr:,

A.rgulng as for the p*capij city in Ra nwe have

- 
n the byp ot$F-grs of lemna 6, the p-Sgpg":r,tg.,-ig F&eprs"a_$' ..l"q ,t&g_gy!!!k-$_es-.of lenna 6,!hg p-ggpgg,jJ&s*n Ra

g = 5 = - = =
r l " F

,$gtlqgleq !he-S-q,Fal-t.1,og,s. (i) (iii) ano (i') (tii').

SSSS{SS=1'nS$' 
pifr! i-q " op.es 1s6 ; Effr'E Ltgh thjs, q.(Es, Fr ) )o, so {s

'  '  r i " r '  
,  q . i  =g ,  l ) t  

t r  "

hoggs-e.$ a;sl. sDr o,$ $ Si.$L Tkn:ilr dp ii[(']DsnEo, (11) Si--yeJ:*€Sd..w]e#e

tr,[s t ire- thp*:in*ae*Ikssaer{f--w qs-s#. Ht le-ds$S.gd F.-..ppsnp ,-p.{-!}e

mben3g$l*glsj*ess, q(xr y) , lhqn (1 ) hql"4s..

$S,nttggg;1.H X {s*!bs.-ss"} qg aU sp*}igil" ,b Es ttra'u nreg!. so,El
a ' . , t p t " d t | A  

' t f ' '

wrne q(so,lL ))0,},kg 
:

MpX* capo(Es,  $6181)  .
' '  t  ,  t F

$S#g=$ery; 3"Wf ".[}E PFe.ceoinr.i Lh:i9r€s, (1 s) ho1,4g.

Ttr.?Sgx;f..E D':IF,}g -q*q?sq sL, e(}o, Ei ))0, E0 i*--he',ugeg epc
" ' - f

E6flilD*X'UUt'r ly,letg #ge iC* , (11) *@;F evet,y.So j,ii!,.q.{ tt,, lg-
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inaecess iblo frp-n D brrg$tuiqble__e{gprgEg (1) bg}.d,9.

l {owrret us renind } definlt lons of a toporogical cyrlnderl

2 of then w{th restrpct to the euclidean metric and the third wit}r

respect to the relative retric.

I .A tr iple ( iLrBa,B1),whsre UcI{p i .s a donaj-n and B"rBrcir2 1s

tboro exists a bomeouorphis qrf i# such thab e(3fl)*Bx(k*gr1),wirero

z6=dxi (x]-) 2+ , ,o*(lca*l-) u<l ro<*'ir ) is the unit cylinder and x$ (k=or 1) it,s

basesnsor3r are the lgges of ths topologieal cyl i .n<rer.

II.A triple (ZrBe rBr) (as above ) is a jg-pgtye{..eg} cy}Xndqg

ryllh ffppSq$ t,p,*!pe.gp91i,ge{ gll$ c j-f .thore ls a honesurorphism

Q tzrt"']3$tJB8*ZtiBslrSl such t Er(i3g)*Irk (k*011), r^.

11t.O 
tr iple (Z, Be , Br ) i-t  said to be a

tt*ltl -{g€qgct to.-!.ire'-Jg}g*tiye--.uelqlc if ti:ere exist$ a bijection

StzoUBBuiS.!*zuSouBr so that,given e)o and a point xotzo';B8trts$rthore is a

6=6(erxe)>O such 'bhat  x€?,  w i t r  l : c *xq l {6  iup ly  a r [4 r (xo) rQ(x)J (o"
F \

&ggg$gn1. Clearly, the b5.je ctton g of ths prececiing

def ini t ion is a homeosorphisn (vr l th renpect to the eucl j ,Sean retr ie) of

Z6UB8lJ3g onto ZilBcutsr;hence a tc.rpolr:gica} cyiinor:r rii itr r€flpeci; to ths
rela-b j"ve r*ctrrie is aLso a topological cu..lincier vridr rostrpct to ttre
eus:Lidean reSrie accoroing to def j . : r i t i* i" i  t r f  ,but notr in breral laccording

to def in i t ion I .

4 . .&11 the po ints  o f  the bases SorFr  o f  a  topolog ica l

cyli-:rCer witr .r€rjpcct to the relative uetric &re accessibie frun Z, W

reeti f iable &rqsr

ca]*led a 3elro."lqpJpa1*qyAigg-g. with -tp the euclidean rnetric if
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She p-nodul-e MnZ oS a topologtcal cyl lnder (ZrSorBr)(accordtng to the

def intt ione I, I f  r  mI) is given ty MpZ*MnfZ, where f .O=I(Z, Bo, Br ) .

$  our  note tg l , *u  estab l ished

Sgggggt!1gg-13.I9 z=(z,B*,8.1) lq..g !*relps+geL s..yl*gep-J1.1'.4- r-einlee!

!e*ihs"-gsl*3-@ (2) tt.ol9#.

In tho prcof of t i t is proposit ion,we established that {EeBorl imu(x)*0.
)r"g
xa'A i

It seems to us that lt li'ould be suitable to prove thls a,ssertion &ore in

detai l . In order to do i t , i t  is enough to nhow that l iunu(xs)=O for any
h.+€

*.sequsnce txn] with xy?fr and xs -r $486 for k { orlndeddrl,et ;rn=S*l(xr)

( ir :"1 e?1...)  and $*Fr(O€Brrwlrere Qr is the bouneomorphisn lnvolvecl in the
..

def ini t ion of Z.$jrace glZsUS$UBqdZ'lBs,JBr is a honeomorphisnrfron xs .+ {r

i t  e-olIows that Is + t l rhenee d(yxor?).-+ O as k.* prarxl  since S is

oontinuous witir res-pect to the relative metric in Z'UBBUBq and thenrin

- part icular 'rat {e88' i t  fol lows 'bhat d,r(xuE) .+ 0 as k + o1 loe. i .E other

words L*$i?r,{il r!*y il I ;lglu !*:' €)=c,}re nee

l lg t?t IIt[y(x6,Bo)J * ** Tt "tty(x*,6)J 
= o ,

and since this relation holds for any seqwnce t**) witr xu& and xx .+ E. )

we have 'bhat condi'i ian (11) iq satisf ied fcr any 6(8o tmplying (1) in

th ie  case, that  i -s  (2) .

And nc'wrl\,e esf.g'b,lish 'i. i iat, i i t le particuler cgse 'n=ZrreLetion (?) is

true also for a topoio6ical cylincler wifir res;nct tc,tlre euclj.dean
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netr icl  io6. for tupologlcal quadrl leterals.

lhe pres*}.Iq ' nc&t is-.S*pg pgl p,itsgl*q qg qn.I,lp -t-pqal" W,lll}*r,g' pq q,t

gp*:ue*9-Eg]. r an$ r1) ,3h9s (2)

ho lds .

I.ret us show fi"rst that {Ie)O there exists an r)0 sueh that S

pF3"z(r) rwe have fteffz(r") rwhere r.r'tr and 4=f[z,Bo(r) rBrJ.r,et So

lre the basis Bs without its endpointsr(g$bs and yo(f an arc ioining{,6

and 81 ,.  DZ-bo is a closed set i let r(d(6oraie-ho). '35u circunp

ference O(Eo,r) is d: i .ejolnt af 
'bZ-b6 

and neet* $s i .n at Lesst 2

pointsrhencerthere is a clrcular subarc yr of C(&,srl) of leuqtb- t(mr

jotning. i;h.e f irsl; point x6 of the in'i;ersection yoffC(€orr) (takon

a

along yg frou 81 toward B.*) and B. in Z.Sjnce p5[\{ }n gatit follows

thet J' p*r*S{mr(e fcr r<fo.-But tbenry$=y"rffi - where{ is the subarc
Yr

of yo joini:rls Bt and xs * belon6s to F so that

1 € J,.paul s f, pds+J pdltr ,( ,J @I{l+e '
Y; Yx y; y;

wnencs

(t(,) J dlll
/ '

Y 1 '  t  ' '

$j.r:ce eny arc joi.n:n$ & and C({orr) may be considered as 8, subarc

of an arc iolning Br and Bora.nd then belong5.ng to f i , t f  we consider
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cloeed subarc Sscbsrwe Bay take r6rnln[d(g0 ral-bo&,d(BorBr)J ad

lrit

oS= ssigl be adnissible for aII tl.re arcs of f;^ ioini:eg Bo(ro) and ur:
* " -  1 -e  r o

, 
* Nowrlet us consider e point [€so-so ard'the clrcunfesence c(6rrEl

If rs$d.( 6, &'*,0) with 0( 6, r0)n (AZ*nu)*9,'tb n, arguing as above I aW arc

Jolning Br and c(6rro) wilt  satisfy ( ' fr wittr 
T"*.Ftna11yr.*-f

re41(f1 1)Z-Bs) rthenrone sf 
' the 

subarcs of c(gor6) conta jsed fu Z wjl l

join )z-(Brunr; and tso,betonging to the boundary of a stnply

cdnnected sl$domain of Zrwbose boundary contafuns also f,.3ut thentall

the a,rcs Te joining ft ed f witl ososs this &rcrArguing as above rws

obtais (M) also i l :  ihis case,and thenrlft€f"z0C,* tLrat,argulng as

tn proposit ion 10,v,ro Set {73),

Nexb, since T[ Z, Bo(r) , BrJ satlsf ie s

account of tneorem lrthat

re la t i cn  (11 )  r i t  f o l l owsron

* l { z '36 ! r ) ' u r j  
;  

caPp lz ,so ( " ) ' ] r J  * :  30  ,

In part icularrt irs preceding relation; is ver{-f ied for a seqwnce tts}

with 
"y : 

O es h 
1 

m'13u'b then ,from, (0 and lenua 14'we deduce that

Sfifp (2, Bo, Br )

gs ctesirecl.

As & con$eqirence of theorem 4rrve ]rave

*'bpgqep*S" II fictirn !,; S -'Uolioj.oi:;ipqi_,S;*1*,qgi_jif,h j.sply q_t-. !i,. lliq

ggqll$gan-gRw,1g(*Lf l*$;jgr r or rr)a.pcl l3o on dBr BaJ bq--wpi.!-Lon ,as

Jbe,, $r.rpn,5di;s*"tul"(ul-Ht-Jhg  ),"uheg (2)

f f i t rr l  
z,sn(rs) o Brl 

:  **-auplzrsoitol lBl lscap r("fr , Ie,fr)

holds*



:by

RegeIE .. ,For the flrst tlmerJ.Hersebtlf ] eetablf,shed, (1) for
. t

the hoFebrrj.c oapa,city of a ring in Re esd (e) fon the ltars,oni'e

oapaciff of a donatn DcRt boneonaorphtc to a ba[l end with 2 distln-

t
guished continua SorSic:}Drwhene ho defines the lnn'rrouia. capaclty by

tbe relation

cap(D,Bs'81) 
: tr*.($u,mr) i* l*a* e

l )  t t

wner.e ffi is the norsal derivative of the admiesible f'unction ur.

&"tr'u**edo fi$: eshbti.$h{r,i mtsetb:lng sinj-lar' to (1) tn i;he par:t$.ct*ar

caas pa! for tb.e slessJ.ea} ha:"sonic capecity saPi(DrKr#)rwhem F is

tbs fanil.y of thE arcs ioiningrfua th unbpunded domain Dtthe point ai;

lnfinfty of fi,a wi'hh the oon:pact set KoI'.Gehrj.ng L12J c'bhined (1) for

the conformal oepaeitry of a ring (ascording to e"T'oewnsris
f

def inJ.*ion by &e&ns of $i*ichlet integrel" sld used also in tbi.s mPeSJ

Easby tei sh#ses i;hat canffo*orcri;*ffrGe,ct)owherw csr01 &r& dis*

$otnt eontrnet sets,fl*Ziorer *tr$*cated i" [4Pl how to verlfy ('l) iii l

ths case psil if, P{I{e ie a boundes dor:iain fiS CorS4'S *re d:[oio$':rt

Lf or Crau Oq{'1)

eJ-osed setc und, esserbed thst this result i"s altri Safim'"is certajs

oonditJ"ons ara iinposed on the bngential- behsvl6s of, &&1(Col,r0r)l$&

I alt] rue es&bli$h&,] capp qr?onsqe01)1]Jpx([lsucorfr t) uwhere 0o oonta ins

tb.o complen*nt of a i:all end g i.s the fanil;r of all continus ioining

Cs qnd Cfyancl i-n te"$iiotis equnLity"Detwsen the p-moduJ'e (1gp<s) of
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tbo faually of a}l contlnua that Jotn a Suslin set D to ths po8nt

at inftntty apd tihe p*capecity of, Srwhene tire inf,i-nuu lnvolrred in

Its deftnttion I"e taksn sver all u "[0$ in Rn-Srnlfl and with
l - "

eonlnot supportti:l the easo pmrths eryPort'of eacb u J'e required

to lle in so&e fixed bsII cont,glnisg S enf, tbB eorres$onding

f,anaily of continua is sugposed to ioln S b ths couplement of *hat

balliltrnVo$rlvov t1+l egl Y.lf.Aseev ['1] trled te prove ,("1] for p=n
r ? t ? '

affi L{oMoReiresn t19] (e) for p)1rbut the i.r proofs cnntaj.n sone J.n-
F .

accuracies (fur ssne co*eeuts about this;$€o CIur pepers ['f lt$J).

&1so A. Vo $y'Xev,oo' l.g.(l proof f or (1 )iwlrebe p=il=]e D Le a r{ng and 4,
. | : ^ ' '

S1(b are 2 siuply munected sets of the 2 bcunaary conoponents of &

respect$.vc16r - J"e nclt cogectlire claimd tbarr gtrea pe$'(f)rthsnt

nascording to Gehnlng [1f] rtbe. funetion u(x)=nin('l,rpfdpds)- where
* F

F -ie en erbi.trary ourve iolnlng x end So-ls adplsslble for

oap(Dr&s,$t)ilnbut $ydev dis not observe tbst bf.e h;prli;i:cses ars

di.fferent. Indeed,ps'o Gehring t 
,l}] conslderod tbe more p::ti cu.Lar l

/

asse ira shich $srEt a,re not nnsy eubsets of the bor:atrary eon'-' , ,

Bonents of the ring Drhut co lnclde to the# so that e,rly recti"fiable

aro F gein$ng Se and Sr * no mat|sr i.f Pc-D or not - satlsfies tbe

condition Jpcisgl lip€F(f) eiaes each such B conta ins a subarq pFD
p

and Jotning its bomdqry componenb ghowerrer, i'L is easy to seo that

tllis'i"s no uoro. trw In 6e*era,1 Lf Se o:: Sr or boitt sf i;hes er:e

snl# subeets of the com:esponciing boun'dsrry epuipon€ntrand ttren rwo

ato n0 nCIre Bur6 tba'b ol*r*tineverl;hele,psr'uht"g lnascuraey may be
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- .  . . - -  a .  -

eastry correated l$ we suppose ad,di"tlonally that ths srss invol.ved ln

Sy[evne &efinition of u bave to be contatned iJl O.Butrthere ts ai.so

soulsthing elselSyEuo uses tn his definttion of u the e4presslon

iBfJpdsnwhere €I'(1r) is ss,sunned to bounded onlry on conpact subsets of
l r F

D and satiefias the condition llgp(x)(co $g€AD-(SoUEl)rinstead of the 
:X.}E

expression lpf{eAs (nsed by Gehring in his def lnl"tion) 'wbene

S(x)*6$$f(:r+f)an(y) is bounded apd,.aontinuous is &nyso tbat it is i

easy to see thatrin the c&se eonsidered by $y'tlevrit ls poesJble not

to have u1p =O.this seoond nis&ke le of the same kind as in th€
I . l . ' o '

papels of V;Y.Krivcv L1?JrHoM.Reimann 1191 and lI.Y.Aseev [' l i (for

uiore detai led connnentsls€€.,- ,ou.F papers [7r9]). In our tr)ape] [ f ! .p,we

establi.sirecl (2) for topological cylinders *rrh resperb to th;

reLative netrio if p6f(f)'datisfies the addittonal condibion JpdF'r' 'n

for:.evory rectlf iable TeB,.'but,according to proposi'bion 7 CIf thj-s

paper (establrslred in l9l ) , it follows that tbe valte of MrZ is not

inf luenced by this condit iou.Final lyelet us reutton the exbension of

the eqmtity betu;een the p-m,ocule and tb p*capaciQr i-d F consid,ered

by J .Hesse ( [16. ]  , theorern 5"5)  in  the case S61E1CD are cont rnct ,
F

dlsjoiut lnon*empty sets.In his PhoD.L15i 'hs provee also that

MeI'(ns,s0rE1)=caPp(HnrJ$srs1) rwlreru sqr$1cF are supppsed to be
. - a r . f  "  

. + 1 .  r F < F

disjohtrconpact and nCIn*enpty.IIe asserted alm tha'b (18) holds i"f

,*1, *U Serltp$ are disioint, compact,non*enphr sets an{ G i-s M

m-snooth on (E' i , iE{)<.?D for some nnihoweverr th is resui i t  is  based on i i is
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t h e o r e n ' 4 , { / ( q u o t e d i n t h i s p a p e r a s p r 0 p o s i t 1 o n ? ) , u I h i c h l s n o t

# csrreot (see our conrnent of proposit ion 7) '

N o w , I o t u s u e n t i o n t } g t w e e s t a b 1 i s h e d ( 1 8 . ) i $ [ B ] ' b u t t h e
?

#;_ 
comesponding proof contains a mleteke.Indeedlwe had to establlsh

tbe re}ation

$T llg s*pJ p{dnl- = ulp l'.i{ ptd}Il ,
' :  c ? e .  ' "  t r  

l T * *  
:

where

(  q  i - f  P ( x ) e q ,
pgt-x)"= t p(s) 1r i-1 < P(x) ( Q r
' " {. i-r i-f p(x) s i.1

ls the truncati.on of pe*-(f).fn order to do itrwe used the folLowing

ninimax theoremr"Jg tf n) iji, jt.,FsHl*gr,gaqipri,rs-e-qgFgg..g,f-Ae-al:Yalue-s

VppSit,,qsileicgntlqqggS {,tlgc*Ftp"f}i} gn p .po-SA,ac,,} F9! A',!}9n

,  Q\> l " in max fo(x)  E n9x |1m fo(x) ' r .
p,*OOrA A P. ' !OO n

(For ths proof rsee V.Sarbu and T.Srecupanu [3.[  ,chap.2tthsoIer0 ] '4rp'

1ry1 ,) BuUrfi.rstrwe had to meke sose changes i.n order tb.at the

hypotheses of the precedlng nininax theoreun be satisfied.Shus;we

" 1denoted  xe=*  (q= ' l  ,21  . . .  )  rk to lUt " t rxar . . .  )  and

J p $ a u l  f f  x * x q
fn(x) = t ' f t

J p g d H t "  i . f  r ( = O
y p
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If rfor an lnf inity of indtces qrthe sequonces {fe(xc) } are non-

- decreasfungrthenri t  ie easy to prove di-rect ly that (7r l)  hoJ"ds.I fr for an

' :  lnf ini ty of,  lndi.ces q' t fe(xq)] ** notr-Lncreasing,then,on account of

the trneceding filLninax theoren, r(ll) holdsrv*hich i"s colrect.Howeverrwe

I

it is easy to see that

"*P lilJ pf,dut. s }i* *TpJ pgdnl. ,q rAp ' p-rm q 
ip

I{erbr sinco Vp$T'lthe nuneri.cal sequenceb{fn(xq) 
I 

** non-decreasingrwe

have fe (o):T*" 
!x);sirro(xo)=**pJ 

p$dill,Lcnce
* Y p

f*$ "tt{oo[un1 ; ]1* 
re(o) 

: *# lf,* rp(x) .

'

o* the otben siderthe numeri.car sequences {}gen("r) i  &re non-

decreasing too'so tha. t  r  i$n (x1 )s l i$r(xa)su Jost imfe(o)=mad. i f f io(x) ,
F " * a o - .  p . + o o - "  p + o o ] "  

" g p . + m . ^
butrwe are not al lowed io 

"oo*lucle*that 
A

l tn  l in  fo (xe)  c  sup l im fo (xq)  =  3 . in  fo (o)  E  nax  L in  fo (x )  Gq-*crp-*oo g p-.'oc , p-ns - 
A p-{0

. , \

It is easy to construct cosni;erexaqplos showing:,tira.ty,in gsneralrthe

funplication i"s wrnng.fhusrfcn jnstanse, J_f

1  r f  p s e r
fo (xo) = t'  

0  i i i  p >  q  ,
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*-_ rhen 4rqcu, llsr(xq)1o,hence 
-tn*grr(xo);0, uunt:* IIpeN, 

%pt"(xo)='l'

hence linnsuPfn (xq) =1 .
P'+o q

njnallyrlet us 6ive ths alplicatlon (rentionod at tlre beginning

T-* of thie papsr) of theorem '1 tn the theor5r of gtn siconforrul uapp ings'

But fj-rstrwe renind somo concepts and prelimjna'ry results'

iJ
A honeo norpbism f t mxF te sa id to be K-.quq Ff c-o nf oq lql (1S{<o)

f f r su fe {$1r

$f of Dlwhere f$=f (f).

let f lkDx'bo a quasiconformsl mappi.ug ( i ,e.a K-ci lasiconforFaL

uappixg wlfir Boil*specified K) and sa the exceptional set of tbo potuts

of $ such that the image f(y) of any endcut y of B from an arbitrary

- - . : ! ^

peiint ,5€E; ls unrectijiable (we reni;d t'bat an endcut Y of B fron {g$

i.s en open arc yr--ts wi"'blr en endpoint at B and the oth'er one at a polnt

o f  B ) ,

Sggggg*$igg. lJ" f f i ro is- ! lp,{qe}} l lq{ ! ,he..-* .s 'gss#Rn${{tp*ss
' & :  

t  ' '

e gEg"lgq-i*i*"q$]{$ -tq so,}b$. !ff6*0 (our paper [6] 'lenra t) '

Nowrlet us prove that the conformal capari-ty of so is ze3pr

Slggggl3=f ' caPno=o'

Cle arl';ro

(33) caplpn,Oso(s) ,so]  A capso f  caplRnrcB(R)rsoj
' r ' '  f  "  

^ r
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r,:, where B(a) fu a flxed harr sufficlen'biry largo mntatnlng $o(r)rsince

..l]: tbe elass of adnnissibLe f*nctlons fm cap[pnr0$o(r)"Soi is contatned
. . t

sition implies Mf"#for0 {ir>orhencertr (i3) and taking into account ci

corCIItary 2 af, theoren lrwe sbtain

ap$o S capfgarC$a(r)rEo] * tr{Fr $ Mfs :a O I

as des i red.
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