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In this paper,we establish that

() M,D = e (D Be By)

where D is én open.set in the euclidean n~gpace R;,E@,E1c35 are 2 sets
such tﬁat d(Eg, Eq)>0 and EeD ar EqpeD (2D= the boundary of D) satisfies
i oo coiiﬁi‘tion&,?:r(DgEME@)uis.tbe family of the arcs joining
Eq and liy in.b,mér ig the pugoéule of I and capﬁ(D,Eg,Eﬁ) ig the
pncapaci%y Of.Eg;Eq rélative to D.In order to be‘éble to do this,we use &
very rﬁcént resulﬁ established bg.us in | 9] about the completion of thé
.class of admissible funcblonz involved in the definition of M, ,when they
are suppoéed to be bounded in R®,continuous in D and 0 in the complement
~CD of b.In moma of the cases considered above,the rel&tlon still holds if
D>Eg au;dﬁ1 are asqumed to be containmed in tbe one point caapactlﬁlcat1C%
R of Rﬁ In the particular case nmP we obtaln that |

«!”"

(2) MpZ = cappd = capp(ZyBgyByq) (o> A0



where MPZ ig the p-module ef a topological cylinder with respect to
the euclidean metric.This result represents a generalizaticnm of the

case ef (2) for topological cylinders with respect to the relative

metric.

 As an applicatlan,we show that a certaln excepbional set E° of

g

: the unit sphers S(correspondlng to a quasicenformal napping £ of the

wnit ball B) ia of conformal capacity Oe

Hew,let us precise the concepts contained in this Note.
L@t x‘be a family of contiuua vy and “(k, the clazs of admissi-
ble functions p characterized by the follewiag ceﬁdltioﬁszpac in RB
,M_'is Rorel measurable and so that jpdﬂﬁaﬂ ¥yéx (4%“£or every“),where R1

‘&s the Hausdoxﬁf linear measure.Thexn tnﬁ p~module of x is glven as

Cﬂ&x}

where da is the velu& element with respect to Lebesgae nwﬁlmaa$1aaal

.....

Be asULe eod the 1mteqration is taken ever the whole space R If

F(X)MO then %pymmgwhila if xw@,th@n Mpxro Iﬁ tha particular case p=n,

#

we write mmmm and call it the madul&.

'Eegm,let us remind several equivalent definitions of The

e s ok e ad - A - T i - - 3 2
prcapacity ef 2 closed sets Cg.CcD ard than.lst us give a generailza-—

o8

'tien of these definitionse.

The p-copacity of 2 closed sets Ca,C4<h rpelative to a domain.

wE
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D is defined a8

capp(DyCos04q) = inf DulPdn
i

s -~

wbsre‘vumﬁggw,eo;,@%&) is the gradient ef . and the infinmum 13
taken over all u,whxch are contlrmuous in DUCOUC1glocally'Lipschi~
tzlan in Dw(OouG ) and assume the boundary valuua O on CQ @nd 1 on
Giflf D is conﬁamnad jn a fized. ' . . ball,then cay..capa is samd to

& 4

be the conformel capaciby. o

A function aen -+ R 1a said to be ACL (absa?utelv cogttnuous on

'l;mes) in D If ¥ &aiﬁ§a£<xi<ﬁi (iﬂﬁ,eaega)},lran (iae.Iaﬁ) w is AC
A(aosalutely contlnuoas in the classical semsa) on a.e@(alm@st e%arw}

11ne segment paraellel ﬁa the coordinate axesywhich ueans that 4L

Ii {Y%X@i “iwmi} iz a face of I and E is the set of peints géii sich

\!‘

.th&t f is not AC om the sag@eat J m{ag g%heigﬁfkési—ai},thﬁm

&&,¢E¢0ﬁxhere m3”1 is ‘the (“~1)maiﬂen31anal Labeague REASULE .-
Reagwe obtain 2 other defxn&t&ahs of capp(D,Gosc ) if we @h@ngﬁ
the c&ndltien on u of being iﬂ zh(cggcq) localLy'Lxg aaitziaﬂgby

being APL aﬁd of class 64(00mﬁiEU@&$ly éi»lﬂrentmable),reﬂyﬁctlveld;

The eau;vmlenca ef the lasu 2 definitions 1s established by us in

[7j(laﬁma ﬁO)eE@nce'and since the comditiom that u is leocally
L&pucu vzlan dn n~§F~JC } la stromger tha“ being AQL ana weaker

that uﬁc1 it tellewa that almo tha first dafinitmam @f eapp{D Gggug



g

in equivalent to the other 2.

Newplet us remind

" Propogition_1.If 0@901@ are 2 digjoint,closed sets and u is

e e T A I SR A

adm:msible :3;“03:: cap@(D,%,m),thm u(z)=0 gﬁe; in CgvC4 so that

7 Pam = [lwu Pam
D"(C@b@1)l l_ vng g

capy(DsCsCq) = ipf gu[rdn = iﬁf J’[vup’dm

(see propositicn 2 ¢f our paper [?j‘,the' proof is similar as in

-

“h:cings paper ["{j lemna 3)e.

Argziizg as in Gehring’s paper [m we obtain

m-\-mc--mm

Lemm& ’i In the hypothaﬁea of the m.ecedm;r propositiean, u is aCL in

mm«wwm-»—w—
S i o S b S

&e‘ta) e @qu,;.vcalezv" defmmmn by

(3) capp(DyCeyCq) = InL PlTulPdn ,
wneare the functions u ad migsible Toe c‘ﬁp(ﬁ,cmsq) are surpesed Lo

be ACL in D,not only in D=(CoUGq)e



B cotlpsointsl vl Lmmihelmmiind en iy g
pesiatemnendiponpospamas b

ql'

Ga}?p(DéQqu) = inf g [va|Pdn ,
- inm :0»(00 ) _
where the infimum is- t@ken over all uﬁﬂ’Kamd w1th b@umdary values O on

Cg end 1 on G1(eur paper [Vj,lemma 10).
Followmng the general liﬁe of the argument of the preceding
pxopesxtlon,we have

gggggwggif UQ,Vﬁﬁv ere 2 disjoint, c¢ased sets,then (53 holds,where
....... AOBu(x)s1 e D

the ;nfl@um is tah@ﬂ over all ugbﬁ‘dnd with bounfary valtes O on C, gnd
1 .ﬁg 019
If We denote the new infimum by caﬁ%{Dgcogag)gﬁhengevid@mtgoﬁ

account of the preceding corollary,

capy(Ds ca,cq) = capp(DyC0sCq) »

S

In erder to obtain the eppdaite'iaeqmality,it is enough to prove that
()  capn(D;8qCe) = iggvz;tipdm

¥u aduissible for capp(DsCosCq).Given such a u,we may assuws that .

e n

!vu¢éL9(D)(i«a@%}ﬁu@ﬂda<mo for otherwise there is nothing to provee

-y



e

— Nexb,fix 0Ca<3,and let

o it u(z) < a s
() - v = {HEE e () 5 1-a

1 if u(x) > 1=a .

The seb Ew{x;a*wu(x)'*’w‘?-a} is a sub..»et of D,closed relatively to D

amd lies a‘s a distence b from G@%&at a<m[4 b a(co, 1)] axd

embend v to be O on & %n@ighbaurhood € (’b) of Gy and 1 on a

AR SN

‘(vhere b: oD we mea -he _boundary. of. st
( ielﬁﬂ%gc %5 hebe%,.&et )‘c“a(x)*’l . (;1)-(69%1) Q end

e

6(3’) »mm{’l ,d[:ﬂg vD—(G@U%)]} etnerwiseoBy me ans ef 5y Il.et us da.;ine

ywxn«seg&\w 9Z’LB(53 Whem B(s) is a ball of radws e centred at O.

T?a:c a fixed ggy maps E, inte D”_’(GoUCo‘)oTb@ function

e

W(Iﬁ”s@)

L ¢ y[xezs(x)]da
: f‘%.,., [ o 9
wﬁg: .@z@) [ - Ee o

where e% ts the volume &f the unib bell,is clearly combtinuous in
Ggm@,"ca}xiﬁg ‘E}@uﬂda@y values O en (3@ e;md 1 on qu% see it 1is
comtimmuw in I}u(%ﬁiw) too,let x,x ‘¢ I %(C@’Gq),then since

@fv(}r)"*ﬂ in ’1}1:,@\3}950@(@21 and arguing as in Lhe preceding

pmmwi'i:mm it follows thab

b e ~< .‘ o» Yem \ : ‘1 o 1 A ‘
;'ﬂ{:j". ) ‘J( el i ‘Em oalE ] - R ) L I - V(X«%y)dm
; : r Sl
q « . .‘ .
o J v(x«v‘\dm

wm[fﬁéxﬁ >] @Lx =%, 86 (% ,4-‘1»[,&;6(}5/1

ehe
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':‘ ey

"-a:.;

i - :

-TTﬁgfung stk ,wvcx»y)amé;g, I gorken
A B[sé(x)l"l%{x -xpe;&»(x)] 4 “’ﬂﬂ"‘ (3@ )]” @a[é:ﬁsx)g‘

I g

e 5 4 ; ;-V : .‘ 4 .' . “‘ : o 1 dne e 5 7 > : “ ~‘_ . ; :
gty Luh J‘ Rk ;gdggrrw&l‘ EBQX}] Lo Foase ‘r Lk dmg

wmli%(-’ﬂ >1 I%[:s, 1 =Bles(®)] 1T - B[ ed(%)] =Bl % ~xye5(z")]

i

xemﬁichg en accowmt of Raéen—ﬂykedmfs tkze@re&;:becme-s arbitrarily szell
£oxr [x»:{] small enough,
Fron above,v is b@uxzdadgcomtin&oua and ACL inm nwe(s)w%(@,m that

= v exista ‘@eeein D%g(e)wq(a)one*s us emend now in nw@(@ucq(a) by

@tﬁ;@mme o

...A%l { "ag"g‘%)‘ iz &) ?fv exists ,

And now, [vule M’(D) i&plies,by (;) that M[(LF’CD) e‘}?hen ,ﬁ@r every cocmpacht

, set Fe:D ¢ DY Hé&de% mequalé.tyma have

S ™

| g
Jlvvion = <§s%i§aaa>§z<maiﬁ.,,
S Ll et nr

4

leee [Vv]| and thea vv teo (@% SeSaks &N..j g“‘o}zaerem liggpa%) and g fortio

ri 5?’”5 and imﬂs:; are mtagrmble over every c}arﬁpéwt set FcD,

s

Flmall yyarguing as in the preceding pmp@sitiamwe conclude thab

o | = 35?,;75;%5 [wvjaa

3

hencegapplying *?m&wm’&i 8 imequaliby,

(] kewiz, ©) Pant >r~;§;@f-w‘m§%tr(é) lyel = 5000 Jam(x) JPan(x))® 3
. e o : L i
: xrES(x pan x) @dm z
waer gl PITLHEEII ( Jram(m)

whare we denoted-dm(x) ami dm(&) :Eor dm in mrder te peint out the varia-



weDle oFf imtegxatiém:@uﬁ it 3s éasy to see ’chat & 13 Lipschitzian with Lip

schi’cz commnb 1,henceyfor inskance, v a

D6 o gos ERH(X 2 'Y“ aﬂaﬁya) 3§1+F oz
(b'@’[» «%—a 6(3;;; g B 8 ( )L!&_I Q gy __,L _‘L_}ll

: ‘ LR iall
@wg%l_% %EQ?CQ‘ ?VCv)l{%léq)sl ( l'(%.s)(..,r...

FaEps L]
;..

1*‘ »?'\4,,:

"hence

= lmmgsmm L

86 that,VEcB(e),

. - e ‘ o
I‘gmvgm;@(ﬁ:}gmmwig)m{xg I%Ef{f%&)(é 37 g\jul%@n 9

e t >

which,teking account ef (6) end of the fact that w(x,e) 18 adumissible

Zox cop(DyCosCq)syields

----- capa(D,CosC 1) S ,
e) |Pa [Jlpal= P =
%gywcm )g cm“ &) 2T ,m&&j&jww g ,5,)5%5 zl ém?x}é;@mgé)}»

|Pdm ,

(=Y TC=ar g |7
; e 5 : o . o ;

whence

"')«E,{Z\‘@GQQG%) < L{ C,) Qéwé’,@q}j@?gﬁuipd&



e

P

e
and, lettimg e = 0, amd then 2= Q,we obtain (4),&3 degired.
Fraa ﬁhis lemma and the precedlng coxellary,wa deduce

Corellaxy deTha 3 definitions of the p-capacity capp(D 00901)9wh@ra

o e o il vt s ve

. GQ,CqCD are o diagelnt,cle sed gets and the admissible functloma u_inveolved

e

im the dpﬁinxtloﬁs are supposed to be in DzACL,@f class 01 and locally

gi@wchmuzlan respectxvely,are aquivalent and alae wquivalent to the

corresnending definitlonsgwhere the prcnerties of being ACL,of elass 0’ ox

locallv'Lmrschl zian are suhpaq@d to hold only in Dn(G@&C,)

Thla cerollarv sugestsas the ¢llowing generalizatiam of the preceding

definltlgﬂss

The Prcapacity of 2 sets E09E1 relative to a domain D,wh@n@ Eﬂ,giap
and d(E@,E1)>Q,1&; defined by | s

'

(7 capgén,ﬂogng) lﬁfg uléém i

i ' ' fOsu(x)s1 |
Where the infimum 1s teken ever all uywhich are continugus in. I}t,%u&,g

l@cally Lipschitzian in D and assure the beundary values O on By axd 1 on
Bye ” d ' ~
“ We obtaan the other 2 gemeralizations of @g@P(ngﬂggsﬁ) if,instead of
”be:m g locally I;lpscm"czian in D y ey are ACL “ad of clags C1yrespectively,
ﬁhare@ * h

Rewa vks. 4 ”?aarlr in the partviculsr camse in which Bys By are closed,
the preceding new 3 definitions come to the carreunomdimgupr@viuus @ﬁeéa

2eWe had bo suppose, in the last 3 definitlons that u is ACL,lecally



¢ e

=10
I.ipbchlwian er m‘.‘ class C‘ in D R Vok s 1 SR el
D_(LQUE1) since tm prepez-mes of bemg AGL lccally Lipschitziam or of

class 01 are meanmgleas in D—(B@kﬁa) i:ﬁ thé.s set is not open.Of course

- it is possible t¢ try to extend the coxry espond.mg concepts for more

general sets,but we preferred this way.
3,We had to introduce the conditivm d(By,E4)>0 since u is

supposed to be comtinuous in DVEQWQ and te have beuﬁéary values O en

¥

E@ aod 1 on Ey and then,if E@g\E‘;ﬁD#@,at such peints,u bhaa to be abt the

L1 >4f'

- Bawe twe equ:z\l to O and to 1.Uf course, it would bs enough to assum

only that é(.ﬂm ,yhmnbo but the mors restrictive conditien is necessaf

ry in the Qroof off e equivalence of the last % new definitionsge

“Arguing,e“v:actly as in the preceding lemma,we obtain

..Goro“JmY 2o lf F%QF%:D with dCBQ,E1)>O then feor cap, (D EQ,E1)

S S T s e e s s O

; %E
Ain (‘7) i }’v'avm the. m%*‘a valm no natter if the &dnl&asﬂﬁl@ fanctie.hs U,
. ”

~dnvelved in th@d@ﬁlll}i’tl@ﬂ are suppoged to e ACL, 100&1,1.? Lz.psom'itzifm

LaY

or of class G" in D.

E"KPOE} each of *ohp above dof :nx.:i‘aiums,fm? the p-capacity,we
e@bta;,?;a.the corresponding definition for the conformel capacity if we

take p n &nﬁ suppose that D is ccntained in a fixed balle

or

“Another gsneralization may be obvained if we get rid of the

condl ;i:f'a Bos Backi.Tn the particulsr case :m which B,aCD=¢ or Emf‘m@g

.r; ; S

we Qomsidez:,as 1,1': is ma‘i;uml,capg (D,m@,m)mo b cauge,in the first

cane, t’;hﬁ ﬂmt:mc:m i such that u

A

gl)m, =0 and wé.-. =1 18 admissible,while



Mo

In this 2 cases,va __ =Vu _ =0,80 that,il we eli&amam £rom the open set

sl
In the second cage,the function u such thet =1 and W, =0 is
|Dtﬁhh |Bo
admigsible too and then,in the?caseu,{‘?uli =0,
Let us wenbion a last generalmatlon by :supp@sing thet D is
enly espem.ln thig case,we precise that,if there are components D@ Wi‘&h
mmwg,w is emugh to ooxasidez: only adwissible functioms u such that

i #

the restriction uiD =0 end if there are c@@;gomema D,, wdz that "ﬁm&?w%

T u["

then,it is emough w congider only admissible functlons such that um 2

-t

D all the c@mp@nenm of ‘me&a 2 kmds, the valus ef capPCDMME., )remms
: tmcbﬁnged»
ggﬁgu;je _j an_open set D is a wnion ef domaims of the form

'DE(UDE)U(L‘BO)U(L,@ )gwbex-e DS and :DQ are of ths type Dg })1 intreduced

above,;wmla kaggvkmﬁ@ (k_“i 2““) then

w e

; b&@p(D EQ,E%) =] % ca}gp(BmEmE1) e

Remark,From this lemmayit follows that it does not matber if
e di.;*‘:ierem campemm:s of D have common boundary peints end if some ef

the ge cowmon boundary p@in‘tﬁ beleng te By or te By.

A crucial role in the generalization eof Ziemer’s relation(i)

Pabs

g played by

m..‘.._..,...o-”......—.-.—w.mm.»

fapily ef “ahe arca. ;mm:u:zg 2 disjoint geis Bg,BqcD,then



(8)%1" wl’r mf: fpPdm
e 00 s p&EO (r)

* 4 i S

vhere F° (r) ig the class ef the aﬂai%&ible fnnctiaﬂs péF(P) bounded

i

iﬂ R“,c@mﬁmmu@us in D gzd O in OD(sae our Note [%j)e

Arguing as in the preaeaimg prapesitieﬁ,we have also

L@mm& %.lm tﬁe hynotheges of the preceding pr@posiﬁion,where D is

-—-—--—-wo-

T el aa open seti, then (8) et111 holds.

ﬁm«.....‘...\ =S

Lemza §°T$ D ig an open set, r”r(DgEQgﬁq)ﬁL_m_ @(30931)>0 axd

qur(&sEo,Ea),fhare Apr(Ee@E1) then

it

(9)- M,D = Mply .

o

Ik I@ ex Eq is centained in uﬁ or if there is no campegent of D

«r

whosge elosure contain al&ultaneesly points of By and of E19thunr%rim@'

P

and (9\ holds trivially,se thsb,withoufany loss of genoralxuy,we ey

suppose thab thaga aylgts a domain DocD such that Egﬁbo,hqﬂ’o%@aﬂeﬁce

qf’

and axmce @(Fo,mq)>091t f@llews that Dg (E ﬁhq)ﬁg and g fortieri

N

QWQW(E@U51)¢@e -

e
N@vt clearly,T'qclyso thab,on account ef the@rem 1 in Fualeée 8

paper [10},

(10) M Ty s M,T .

“ B3 &Liysy ia’mimmxime& by'ggi«aaﬁyngg,thsre exlis

s we T sueh
Y£T, suck

-y
e

that Yo oBut then,by ?uaiade g theerem aquoted abeve,M, ISl T'4,which



[T

=15

together with (10),yialds (9>9as desired.

Hence,and taking into account Fuglede’'s theorenm quoted above

™y

v A ade

~and the preceding proposition,we deduce the . . R

b oo tborie

- M,T = MBp, .

Ta »”~

ngg@ﬁagéon 4.If v 35 the set of all continua in RB that

A

intersect 2 dl“}ﬁlnt Cl@u@d sets Cg and C4,where G, is aﬁauma& 50 _ba

contained in the complemmut of a ball,then

Mpx = cap,(R2,Cg,Cy) .

(Far the procf,see W.Ziemer Lip;,lemma 2oilla)

Now, we xemAnd that the families T, (mwﬁ 2,»»9) are called

P

sepgrat 1f uhen@ ezmst ﬁlaaeint Barel seta E (mm1 a,...) sudb that

YTy iumply H1 (Y“'Em )"Oa

gggggggzgexf D is @ﬁ@ﬂ,B@,B1 are 2 selis such thab d(ngM1)>O

and fc“'aach cowsnﬂen& Dk of D with 9kn¢;w9(1wo ﬂ) for i=0 er i=1,
- ‘. & L % 2 2

ax 2
V&%tx)kﬁzﬁg, -
(1)  lim inf B[ y(Ey, )] = 0 ,

Xed
%pgre the infimum is taken ever all ¥=y(Bsyx) Jjeining x ard B, -in Qﬁﬁgm
Ji)hQ.Ld‘ : e e ahomsten s

E;}»(VEQ) and , cls ariy,
o

usxgg bhi¢ novasLoas of lemua. ggﬁgg%“

K‘
BC



Al
‘bhﬁ arc fa&ilies I‘Kr-‘I!(DkgEmE«;),I""I‘(D yEo’E")yP&wr(D ,EQ,E.,)(k,m,q-.:'ﬁ

— 2,%e4) are separate 80 ’chat,an account of 1ema 2.1(0) 9:& J .Vétiséfl& 8

peper [13% )
oS i

—  where I‘"(UI‘gg)U(\zI“’)d(\JI‘ ) axd TS xﬂ:@ayielding kigl%ﬁpmw_(ﬁs@z’*“?zr‘f
.o).xmt thmsmmmg mte accwm lemua 3,1t follows that we may

tmpp@se,wrbhsut loss ef gemerality,that U itsell is a domm,smce

otherwise,we cen establish (11) for each mzﬁponent of D separately.

The Iinequality

(12) My S capp(ﬂmmm)

may be proved by the sams argusent as that used by WeZiemer (23] fex
the preceding propesition simce the additional conditiona “05,0,,
closed snd Gq mn‘aai&mg the complem@:at of a ball“ are :act mvelvea

-

in the preof,while the use of I' instead of & r&*chez:' simplifies

things.

Next,in order to prove also ths opposite inequality, it is

sufficient to establish that

G&?p D:«-@mE-s) = ,fﬂpdm 3



where , 01 aowunt of the preceding cem-llary,p may be supposad'to

beleng to F"&(I‘-;) with A.»Dv(EM‘E.,) and Ih,.. I‘(A,BM}E‘.‘,)

Tar

Now,asoume that (’21) holds for Eo and 5!3:«:;?3,181:

F

a(z) = da2 [ paH',

wher:e the infimum is taken over all ymy(l‘ﬁ}o,x) jeinin'g x and Eg in
D,‘@@uEplﬁxtend uto be O and 1 in the componem't;s of B, and By,

r%pecmvaly which are disjoint of D.Then,cleariy um g/i.Next since

“f .

pf‘E° (1?‘5) it is easy to see that u has the boundary value O on EQﬁD. :

wp

» Indeed, if guE@r{D and suna@(g)-vmmg‘chen » Dy (’M)s
e : y : e ﬁR »

ZLim u(x:) lia :mf [ _pdHY = llﬁMmf J GE'g.

k. - p Y, Y{E@,x) © ZmE (me) .

%! XC: : =D

M lim :mf H‘?[y(hmx)] = 0
- xeE ¢
2:6

and tal»me; u.(:a:) =0 alse for wmgw,l),:afc follows thab Ll;@,

ar

&Je have also to show tb.at u is locelly Lipschitzian in Do
Indeed, 1 g £D, Us E(,,:Mr)cl)'is a spherical neighbourheod ef g’y
xﬁxg cU.  ,yq is-an arc joining L and x4 in DiE;,while A 1s the

line segment joinimg x, and Xg,then

u(xz) S pc‘II‘%deH't /
¥ A :



and taking the Infimum ever all the arcs joining x4 and Eo in DUE,,we
ebtain

[T

u(xg)s :g?ifj pdg%{@dﬁl =3 u(x@a-%ﬁ{dﬁf e u€x1?t¥_|xqfx2| :
g A lcca,!.ly
- but than,lv( 1)-12(%)lwﬁ[xqwxzhieeau is Lipschltuian in D,as desired.

Nextylet us prove that |

(1%) |7 | = p(x)

o < -

&ege in J{ﬁ‘wmr t,we obgerve that u is d:iferen“bm%le aseoin D ana at a

point of dli’f@reﬁ%m&bﬁi‘ty,

-

(14) [vu{z:)[ p%‘g—gﬂli,

where

oulx) . ';ma%%f}%%)
% -

iz the diraectional derivative of uw.Clearly,

u(‘mt@ ) s jgahwj p&m s

V

where ’Y’"‘Y\ mm)(fzz*om gbove ),while 2\.*_ is the 1ine seguent joining x and



' t:cmzcation

il e

-

xn-te «This imequality yields : . _ -

A u(xate ) s f de1+ de* = u(x)+ édﬁ1vs
- (E{,x) “:{b coy ”“{t -

hence,in the case u(x)éu(x+te ) ywie ha‘}e

‘n(x—e—te Y= u(x)‘ u(xw:.a- )—u(")
G

{tpdﬂ" '
lut,argumg as above,we get also

Wx) S inf 14§ pdit = u(xet aut
u(x) 1,9 Y(Eg,éi-te )de +{t9 S u(w e )+{Cp _

so that,for u(mte )511(::) we deduce

W(zrte )= c)-ulxet
‘QFXT 83) u(X) = u(,X) ué:w eg) ”W{Lpdﬂ"

and then,in the two cases,

u(x+te )-u(x)
e . Tl

whemce

4 te )=ub
l?.ﬁi..l 1151‘&(% - u,’x) lm%{bpdﬁ" & p(x)

. 50 L
aoeom L\.,smce p is suyposed to be continuousg in A and the points of

convinuity are Lebesgus points implylog the last part of the preceding
relation,which,taking account of ('M)Jiel&s (13),as degired.

A:ad now,we rema:ck that h,-,mfu(x)a’l&;et us consmar the
- Bq

B ohs.e.fdbs Youbmdinihig
wi(x) = { ,
S IR o R 0 suwx)sh

H
‘and observe that g~ is admissible far capp(ﬁ bogﬁq)mladaad,Qﬁ T2,

3 e

U g -
E“‘fgzzu since um‘ ﬁu and = QE{

i - o
i

[y P o " T
pecauss,from ©

)

definition ok b,

u(x}gh Fxthq and W ig the truncabion of u at the level h.But,since u

By AP pil



ropmas <

\lnecally

is 4L1pah1taian in D with Lipschitz constant M (as it was proved above),
o ~locakly-
-3t ig easy to see that K' is/ Llpschitzian in D too with Lipschitz

constant Ee Indeed, if x,yéﬂhu{xcma(xkh},than claarly,l

ﬁ!
R L O lgy)_l = g lu(x)~u(y)| 5 Bl=F]

if x,y€DACD, , then WF(x)=u™(y)=h,s0 that °

e S
n(x 2 M
[ - B - o s Rt

ond if =D, F€DACD, ; then

Hewy,let us verify also that
(15) FV@%(X)E supgw%gx’! s p(x)

at any p@mt of differentiability of u™ i,@ea,eain I}elﬁdﬁﬁﬁgﬁi.}?g@“m X

sudh a point of d.znffammtmbllityelf z@h,than evident,

3 (%) 'hzz.‘:(wm )mu"‘( c) s a(x«weﬂ)»u(x)
> 1 z

2
- s ‘1(.?) Mz
‘t..,

G, it Dy it - B

T 4
S-SR A i
| o M) w
o AF GRS

. [
e e
#

B n
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h:r <x> | = avucxu

if xéGTlEnD,rfor t sufficiently small u (x+‘be ) w (x)mh,ylelding

m =0 ¥3 and th.en, 7w (x; &.l\?ow,x.f xg&’? ;’\D then
/

5 Llﬁg(x-'s»te Yo () E(xrte Yeulx) u(x+te )=u(x)
Fﬂ—ﬁﬁlfnllm 5 SR Y A TV 2
e -0 -0 ,
?}agxz ‘
| ==

hence W (Jc)!-»[mz(x)[ gee.in D and,on account of ('1 )

- (16) [y (:»)a p(x)

amfa;l ill A.

Next,gince ptFeA(r@)g¢b follows thab pac =0 end then,a fortiori,

!La‘JZ»a E@QU%)@?O“IB order to show that §7’&‘§X)§§p§:¥) 8.8, in ?,iﬁ
remains to prove thab [7u®(2) |=0 acesin (BUE,INDBut u¥ is continuous
in D\}E@ymgand then , in pamicular,infmjﬁg aod in InEq,s0 that u™

" S

=0
| Eo”

and u* | B¢ =1 luply u & L‘ (")‘“G and u* l%ﬂﬁu’f,respeetivelyo’m now, since e

- -
is @ifferentiable aecein D,v{i exists a. e.in §) an& then a fortiori a.e.

m’“»‘) 4'1- ghy,which . ave measurable setsso that almost all 17 points

are c-f linear density i.n the direction ef the coordinate axes(see

S.8eks [ ] p.298), luplying tbgt r]u‘*u *sc)]..O &e €. in r«"‘L*&HcﬁD hence

§t7u (x)ﬁ O..,pm) 8 €odn (Lgmn)f!ﬂ,whjdl tx;ggeuaa.;. with (w)mlu.ews us o

ol o



e ' =20=

conclude that (15) holds.

We remind that x@CR& is said to be a point of linear den51ty in

v

the direction of the coordinate axes if

iz %wgmqﬂl%(xmr nn_ma,;é.,xw,mum,xm @ Aieoe)
where by (E;x@,eo.,xh’?,x§+f9°o.,xg) was denoted the intersection of B
" with the axis X; and mq is the linear Lebesgue measure.
2 % :
Finally,51nce E~ ls adwmissible for cap,(D,Ee,B¢) with hz1 and
: taklng account of (15) we obtain

capg(B,Eo,Eq) §'%§£r¥dﬁjpdm s %ﬁ{p?dm §-Ippdm 9

and since g~is an. arbitrary function of F°A(r1),taking the infimum over

all such p,we deduce that

(12)  capy(D,Be,By) = UZAD, = H,T ,

wéich tégéthag ﬁith (12);yields‘(1} if (54) halds far By

When B, satisfies condition (f%);wa repeat the abo?é srgunent
far E1 ingtead of Ty and consider fiﬁally-the function 'xdw ﬁf,whidh is
admissible for capy (D; Lm,n1 v |

RamaQEQWe shall provide an example to show that it is possible %o

have a bounded simply connected domain D with 2 disjoint compa ¢t sels Eg,



o e fa’]“ . é..' : €4 (;:
EhCD such that all the points of EJJE, il Dl Pavic.
are accassmble by~rectiflable arcs,but :
the; do not verlfy condition (11). “k“ r“”wk“‘.‘ ' D
| Indeed let Bﬁﬁa e a square with thv .Qﬁ . €, @
aide l~2 let E@,EqL &D be 2 clooed seg~
ments of length 1 ,parallel to a side | , Fige1

of D,uuCh that Eg has the end901nts (a,a ) and B, the endpornts (bgb ),
as in flg,1 and let’ {&k}sxﬁx} bewxa sequyncas of segments parallel to Ty
E1 and with the endpoints ay and bk oonverglnn to a and D respectlvely.

Then all the points of Egy E1are accessible by rectifiable arcs,but for

~ each of thew,except a? and b» , (11) dees not held.

Now,let D be a bounded- domain. For any 2 noznts x,ygD,we shall

define thb relative dlstance dD(z,y) to be the. greatest lower bound of
the lwnbths of all polygonal iines joining x to ¥ in DIt is clear that
D(x;y) is a mebric and that dD(m,y)ﬁix—y[,w1tn eauallty iff x,y lie dn
some conveﬁ subset of D.If x4D and gebD we deflne dD(x,g) to be the in-
f;mum of limdD(x,xk) on all sequences {Xﬁ} tending to g,w1&1 XﬁtD (m_ﬁ

2,9@0)

peonimasniponadratsbomipooniimiporeienivsssiraint

for i=0 or 1=1,VEQDE By ,llmd k(g,w) =0 (13 2o the relative metric is
= : .. XE

continuous with respect to D on the corresponding set ADpNBy) o



e

theoren 1 quoted above,we deduce

-l

From the imequality (1) amd taking into account Fuglede’s D)

m«««—.m‘mw-m oo wdom
T s g Wit ) (R Wk i A AR S

Mmseta z&,Eﬁ,ggggg A(EgyE4)>0,Then

ity T

/B‘@glﬁie‘ J.gn 31‘5:3”

Mpx = capp(R?‘,Ee,E.;) °

Oorollary J,In the hypotheges of tho preceding theorem,

MM—.M‘—'”M“*-—W

i .

»

(12)  MD = cap(DygyEq) o

prove sdme}prap@rties of the p-capacity.

New, in order to establish (1) inthore gemeral hypotheses,let us

ey iy

MQCh that d(Eg,Eq))O,ﬁ&bl%flcﬁ the f@llawxmg conditions:

(i) cap;;(Da@ f’@

(11) BeCEg w> (”lmpll&&") cep@( h@,Eq)wcap@(Q LQ,
8 e © ~m

(1&1) ﬂ@&é m> cayp(D E@,E1)@ z 0399(D L§9E1).

\lia,') Ga%p(ﬂ E@¢g)~ao'

(;l.i J fa{jw‘ag ....> C&Pg(u F@,E@)“‘CQPQCD 'fa@,L‘a)o

ipgid .

™ N Y.

(i.a.:’i. ) szg;. x,/ uog -—> GS@»\D By, By)= 3 - :

|

~ Condition (1) is trivial since u=1 is an admigsible fu



wed
easy o see that also (ii) holds since if EyCEg and Pl(,% are the 2

corresponding classes of admissible fmactions then " A ¢ 1 yhence
capp(DsBoyEq) = infgltfulpdm = infgmulpdm = capp(DsBosBq) -

In order to establish (113.) let le be the class of admissible .
functions for capp(D BoyEq) (k..'l,...,q) and let u(x)mmmLu.,(x),...,
uq(x)],wh@re uke (k k.-’l,...,q) Clearly,Osu(x)s1, I =0 ard u)p = =1,
Now,let us prove that u too is loceally Llpschitzlan in D.
Inéeed,glven a point x-:D,let Vk e a neighbourhoed of x whs:te vy is
Llpschltﬁﬁn and let us show that u is Llpschitman in any nfalghbeur—
heod WQ{&: Vk.For this,let y\,W.Smce uk is L:.pschitzian (let us
precise mlth Lipschitz constar‘c Mk) in W,it follows,in partlcular,

that Aluk(x)-uk(y)ﬁﬁk]x«yl (k.. ,.,.,q) hence,:..f for instance u.(x)suLy)

+then,since,by definition,there is an _:S.nteger kS(1,q) such that

u(x)=u,(x),it £ollows that
fu(x)-w(y) |= |ug(z-u(y) =] e (E)=uy(y) | Dy | ==y | M| =7 |

where M= imm Mk,allawmg ug to conclude that,¥x& ,th,e:ce emstm a
b2

o e

me:x.glbourhood W, of x,where the preceding ine qu,alz.ty holds,i.e.u is
locally Lipschiczien in D,allowing us %o cbnclude that ug ", which

geens that u is admisgible for capp(}) EO,E1)

Hexbt,let us show t‘m*



Sﬂé)_ _lm@;b < étm%gx)'; :

s
»

‘Let us congider a unit vector L of direction 5 and suppose first

’cha’c

(A0)  u(x) £ ul(z+|ax|ey).

Phen, if w(x)= min w (x)=u(x),we have
= § astoaniedsdL

|ti(x)’-u(x«f |axie )|, &, |ag(x)=ulx+ |ax]e ) | p_ lug(X)4uk(K+.lA>¢}§s) -gs
I o iEEEL s

r a r I

iuk\:X)““uk.(X'.i' IAXIQS) I}P ¢
{ax]

P

=i ¢

Bumsmce u and u;g are Llpschltz.lan with Lipschitz corgtant M in &

£

n«»émencsiunal neigabourhood W, of x,then they are Lz.pschitaian also
ip a linear neilghbourkood o:ﬁ‘ x coniained in the axis X.S passing
through x ard having the direction s,so that u and uy (k=1,se045Q)

(cnns::,demd as functions of a real variable) have a directional

U ? U

d@rivativa 5 and =% @e€ein Wmm{ oAssume that the point x from

a’bwei is such a point. ’l‘h;:,lettmg IMI - O in the preceding

inequlity,we obtain i

e .é ik [infv)»u(x«rlmie a) o T !_2 !uk(x)‘-uk( +Mx|e )5 »

l /
i3 | - "= T (8] s
i 28 l&}tlw@‘a IAXB el ‘&xlo@ K.:’} “""““l ? ,

o : - - -

‘ii\




_2)..

- ? i;r‘l, : ) - < }
§'§. Tim [ = ]p - g‘; I?';;‘l‘hg’x‘)'l" - s
..k,—.;_‘ll I:QCI"hO l »[ T ket 8 G

ﬁex‘b,smce u and uk (k_.‘l,...,q) are Lipsch:.”cz:Lan in Wx,they are difleren- <
tiable a.e.in Wx.Let us suppoese that x is such a pemt where u oand W, (k:_'%
'..-,q) are dmfierentiable and then ,where the relation (14) holds.But then,

the preceding inequality y:xelds

lexH%w%ﬁ@l"ﬁSgp lmi ,;% rup [ o §tvuk<x>l*’

a8

Thus,we eshabl::.shed (18) in the hypotbesis (39)
Now,assume that the opposite mequalitv hol ds, ise. that u(x))u(xﬂzxz:;%,

e 2 sy ) g o 1 Do ) v

uCx)=uCer |ax]e )| p [a(@)=ug(ae|sxle,)| , |ap@=uy(as|az]e)] ,

[] L L e
| q s%(x)e-uk(:%g&xgegﬂ_ »
e kf’:;., = Tax]

r

and arguing as gbove,in the hypbthesis (A0),we obtain (18) also in this
¢ase.

Finally,from (13),since u&’/,we deduce that

: - q :
ca.?p(DeEQ»E»;) = ig%vuipdﬁ = §‘5§§;



s

5 ”
=26
% FIL

hence,since each uy was an arbitrary function of /)—Lk,,

capp (DyEBos Bq) = kg"ca;pp(l),}}‘%,ﬁq) ’

as d,esi‘fed. | ,
The sane _érgumﬂt étill holds for (ii;');bg“b with u(x)=wmax u.; (x)“‘,h
oeisy uq(x)] . ‘ | -
(:. ) is trivial since LLO is an admissible function;argumg as
(11),we establish also (i:. e

Remaz:k In order to be able to obtain the mbaddltlvn.'ty of the

p-cepacity in the-cese (iii) amd (iiif) (:L.e. the corresponding

inequalities with q=@),'éze have,for inctance %o su?pos& that all uk

(E=Tyee0y0) axe locallv ulpschitzian with a fixed Ln.pschitz cons‘cant

- L3

K(oagor at least that the set of all these constants is bounded (m

ia equiv'wlent) .

! V!
FETRTR T
and y@m BqsB2 are 2 sets,then q(By,Bz)= inf o(x,3).

yéEg

Tet qj_?’g}’)w— be the gpherical distance between X

E2REE

U &D

ition S.For each p>09p«-a1mo st every bounded curve is

e

; ﬁ"d

rectificble (J VER s&l& [c:mj the orem 2«5%

G

 This pxapesmtlon weans that if Dy is the family of all bounded

curves,which are not rectifiable,then M I'¢=0.

;Bg)>0 (hence

i panss unmpm st Y
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one of the sets EQ,E1 is bounded) and for each component Dk gg D

with DkﬂLiﬁg{lmO 1) Vg@gmkmﬁi (where Ei is the bounded set),elther

(11) is satisfied or g is not accesgible Erom nk by rectifiable arcsj

Suppose that Eg is bounded As we observed in the proof of the
preceding theorem,we my assume,thhout loss of generallty,that D 1¢‘
a douain end L’gﬂD Lmz);ﬁszs Next,let us write Dﬁua-};‘ UE" ,where 5’ 'i’s

the set of the points of E@n\D inaccessible Erom D by rectifiable

arcs.Since Eg -~ and thon a foxtlorx B’ -~ is supposed to be bounded,
theﬁ also E'¢r) will be so,where E(r5 is supposed.bo be the opeﬁ set
éf poioﬁﬁ(of RQ) which lie within a’distanoe.r from Eomben;for
r(d(ﬁe,n@) clearly,. 1MI{Dﬁ“ (r), 0, & (r)J(P(D B ,E@),whexe,ev1dant,ﬁ
DﬁE'(r)aﬁ'(r) is bounded.Bit thon,theorom 1 of Fuglede’s paper [10],

combined with the preceding propogition yields

MpT(D,E ,Bq) = M,I{DAE"(x),B",&8 ()] =
and

M&I%CDQ E”ghq)fjgl (Dgsld@g ,{Jag)gu@}?(m hf g‘bﬁ)"%i‘ XAI‘(DQX\“’I&%)?}L{E&P(DQ E”siﬁ%) 9

hence

4 (2'1) i‘unr’rp@u@elnﬁ) - 1‘;;“{:{‘{)2 EiQQELA‘) ®



smreAm—~

Next‘let us éhow that

(22) capp(D, ,E,) =

o2 Flrat.let us denote E(r,,rz) {x(R‘,r1<d(E,x)<ra} and E(r,,aD,
{xeR&;d(E,x)>r1} Agaln on account of the precedlng propositloﬁ“we have
(25) M,I{Dnn (rz) o ,b (r,,ra)} =0. |

g Buxgail the 901nts géW[Dam (Ea)]ﬂﬁ (rigra) verxy a condition of the

form (11),1.@.

= lim i§f H‘{?[E (rq,rz),xﬁ}

XbDﬂEq%rz)

since, glven g & pag’ (rg)]ﬁb (ra;rg)cu (r1;ra);every chﬁE (ra)
- sufficiently close to ¥ will belong to B (rq,ra)(whldh is an opeﬁ snt)
g0 that such an X way ba Jo1ned to B gr1,ra) by en arc of length zero.

Thus,we ars in the hypotheses df the precedlng thedrem,whldh on

aceount of (25),yields

Capp[DﬁE(;'z);} ,E (l‘ml’z)] = Mpr[D% (ra> E 9 £ (I‘wrz)] °
Hence

Japﬁ[Dgh ' B (rqﬁmbj Lﬁff]JulPdmwlax I [7ajren =
(2l * : Dﬁﬁ (r2) :

cappLDﬂL (rgﬁ,E ,m (L%,Tz)l =
If we denote by'r/(D L@,Eq) the clasgs of admissible functions for
cap@(DgE@,u@) then,for r1<d( ﬁ,bq),o¢nce E1cm (rq,ag,ev1dent,
fM{D,b@,h (r1,mﬁjg 1(D,‘ ,L1),whencc taking into account (ii’) of the
precedlng lemma and (22),we obtain thab

-~

Ca

o

e = e N P il ’I‘
Cdy§\ng § g J pL‘,ﬁ ¢ LI g,aQJ = 0.

[P 2 -~

‘d
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dmplying (22).
And now,from the preceding lemna and arguing as above for the
P-module ,we deduce

cép»(D; E"y By)Scapy (D, Bo, By )scap, (D, E’,Eﬁ)-:-capﬁ(p,mv*,m,',)zcapp(D,E",E;,)i,

so theat

(2%) capp(Dy Boy fiq) = capp (D, B, Hy) .

Now,theorem 1 ggsure us that
éapp(DsEgiaﬁ*t) = TV%F(D;.E",E,;) 5

Whidi.ﬁagethef with (25) anmd (21),yields

E&,Ee') = Mﬁr(D,E“gEog) =

C&PP(D,E@,Eﬁ) = C&PP(Dg = MPP(DQI“;g}Ecg) 9

as desired.

PO et o vt o e ot e e 4wy

............. AL D is open,TgNEy=@, a(DrEg, DnEg)>0 and for i

corresponding to the »ounded set ?Daly, the conditions of the preceding

theorem are satisfied,fhen (1) holds.

is open, 5D(Ee is ﬁDHﬂd@d,E@ﬁE@=g,d(Egﬁ§,E%fzbﬁ
and EondD verifies the conditions of t

he preceding theorem,then )
holds. ' | |

PO e 1 o b o e i e s




—_— ,f' . _50*
And now,in order to obtain (1) in some other hypotheses,let us
remlnd first some conceptu anﬁ prelimlnary results‘

A domaln DCRP is said to be m-connected at a boundarv p01vt gst i

n is the least inteuer for which there is an arbltrary small nelghbouxr-
hood Ug of g such that UéﬁD consists of n oomponents.

We shall say that a domain D is mesmooth at a boundary‘n01nt gifD is

]

= m»cannected at £ aead thera exists hg>0 end a nelghbourhood U§ with the
4 property‘that Uéﬂj congists of i} componbntu Ag,...,én and 12 V§ ls any

nelghbourhood of & contained in T ,thera is a neighbourhood Vé £ of &

so that Mr(vénA%,E1,Eg)§A@ ,whemever I4,E, are disjoint comnected sets
(i::fl,ee‘;,m},which meet both V and Vglf D is w-smooth at each point of
a set BcdD,it is said to be wesmooth on E.

"""""" Em,mhe above definition of the m-smoothness is a modified
version of J.Hesse's definition;whére D 1s ﬁot_supposed to be m-commect
édaBut t&en;the mvémoothness ig né moré a charactéristic of the hounda=
r& poiﬁt /4 ani aepands on the neighbourhood Ug consideéaénmhus;foé
instance ; in fig,E;g is T=smooth according to our definition and 1=,
2»,3féénu,4ssmoo£h.at the same time
accordlng to Hesse's defiﬁition,
dependxng on the fact that the

gele cbed neighpourhood Ué'of hig




=5
definition is Ugq,Up,Us Or Uge

Let EQ,.E«»;CD -b':‘ 2 sets with d(BQ,Eo;))OoFOI‘ I‘E(O ']) let

L%

~

: where the 1nf1mum ig taken over all 1ocally ractlxlable
ygT{D,u@(r) ﬂq(r)j It is easy to verify that Osr 1&2251 implies L(p,1§>
§L(9,:4) . «Then,let us define (follow1ng Hesse) L(p)u%ﬂgL(p,r)

Proposition_ Q‘Let DCT§ be a domain and pc@{r(D,m@,E1)]

¢ amar

Then L(p)zﬂ “"(:‘"1& and only if®) ¥e>0 there egibus a &= 6(3)({0 1)

Y ~

such that TﬂmrF{P[D,B@(r) E1\r)]} Soralk O<rﬁ6 (J HEsse[ﬂS]theorem

4416) .

e R e
poss oviptoupidsctimipioassiuanemipanianepencpees)

et

- disjoint non-empty uats inel) und suppose that at each p01nt of (Eu .@

7

D is m-gsmooth for soume m.Let PUP(D E,F) and (7g~{p+a§,ka(P}ﬁ n(R’*)

and g((o 1)§5Jnerg

: ,1 : - >

Mx) =

ol

it x| 2 e .

Then L(@)aﬁ Xp u@(J Hesse [15];theoﬁem.4.27).

Bomark.ln our oPlnlon the proof contains some inaccuracies.
For instance,the author asserts that “since for all i~1 2,...,! pdS(P
and since péa@ for some s(ﬁO 1), it follows that all the curve;Y;i 1?@

in some fixed closed euclidean ball and they are all rec tif_ Dle M

-y



-
However,the preceding 2 inequalities may gilve

S

gt ol ol b Sh '
e 3 = 3] ds = ds € 2
Taglioefs = *eef fe S J o %" .

" where lXilmsq% |xl,But since Yicbvﬁa it is possible to have xi~a:for all

1 or for some of them,or,ab 1:ast, %o have llmlxi[ w,contradlctlng the
boundedness and even the rectificability of the curves Yf.Thﬁn,aS a con-
sequence of this mistaké,he doce not consider the case F4={m},which is

‘compatiblé.with'tﬁe hypotheses of the theorem,becaﬁse hisiéﬁgonous
.conclusion that all yl lie in a closed ball implies the impossibility of
such a case.We shall establish the precedlng prnpogltxon in Rn chanvlng
sliéhtly the.hypotﬁeses and we shall use some parts of the proof ofAﬁue

***precedmna prOp051tlon but,for the com.ple’cnesn sake = since (according to

our knowledge) the mentioned proof is not published and 1t is to be founﬂ
cnly in aubhor g PheDo 972) - we shall glve a complete proof.

Let us dennbe first Lq(p,r; 1§ffpdﬁ1,wheru the infimum is taken

over all ?éI{D Lo(l‘)sEiJ ard Im(p%%_@gh(p,r)

Ar-«and as in proposition & we have
P

prondibeddichra i et
e Wat v e st e

B Y

%e(o 1) there efédsm a &(e) (Oaﬁﬂ) such ’Ghdt WQ-JI‘{I‘[D F{{r) E1]}for all

O(x»&(w)ﬁwhere mﬁ(r) {xgn d(x,mo)<r}

.

Propogition A.Let Aw{wgr1<!x|<ra}aui Eq,ﬁél&h@ 2 diuJOint sets so

'mn_

that each sphare 5(r)(r¢<r<ra) contain at least one point of each B, (1=1,



anstsa

2) « The Ny

MI‘[A"" (E1Uﬁxa) ,i‘;-g,l;a] % """"‘1Og‘ﬂ“"’z

whem Ae is a conk,‘cant depending only on the dimension n (J. Vﬁls%l:’i"

[22] 'cheorem 3.9 or our monograph [5] Pmpouitz.on 11 chapé,part I)

Lemma 9.Let D be a _dowain, mg,mgcj:)dia with d(];s@,}ﬂ.%))O E, compact comact

fooadiemchumiemponpeanioad

- - h3 i

and ,,,meose 't?hat D is m-gmooth on EQMD for some m.Then L‘i(g)@

He

"'I@{-( @wﬁ»&uﬂ FML“(R“)W(X)@MW IJ“C’{% com@ t}

Assume first t;hat 1&@ {gga’i‘mn suppoge,to prove it is false, “bhat

2 Ilog(p)(/! le and $3Q”(’ﬂ% {ni},niw(o ’l) (l-.-q Zg@ae) 80 't}:lat 2 in<ege

Since pQL" the absolme continuity of the Integral allows us to choose
a strxc't:ly decreasing sequenoe r{{(o 1) such that limr O and

(26) h;ﬁ;dm, < NA (i = 1;2;.”.)

We may assume also thab b@(ri)ﬁﬁ«amg We observe that Ea(x'i)ug(g,rﬁ(i;ﬁ .
2,..0) Choose a sequence of 1ocally rectifisble arcs Yx%rﬁﬁ }’3@(1%) h%]qo
that

J. p»dll'i < L%(ﬁ}_;rg‘)ﬁ*ni (i = '1,2,009) .
?i / - ; % R " , 1

Since,¥igN,we have



[esT—-

§ pamt = £ pdn1 < Lg(p,r1)+n1 = 31(9)+n1 el
%‘x ” i "

» a:ad since p is supposed to be bou:aded away from Zepo on oompac'b sets

and the closure ¥y of Y3 (obtamed by add:mg to y,' its endpomts) is

%I

ccmpact we obtain OKgf H? G},_),_J de1<2 hence H“ (71)<-—---<m, 1,6 y,_ is
o Yi. '- T
Y3 i
rectn.fiablewmce one Of the endpoints lies in B(g,r,},we can decom-

pose vy into Yv%*%s.exg.»‘"he‘?"’ %1(P[B(§sr1~1) B(é» 0 B(ésrx—-i)]:

;&a(I{B(§,r$a )i S(g,rg_q),u(g,rt_a)J,xfar{D s(g,ri.g) E,J.If £ is the

endpomt of y3 contained in g(ri),then,clearlv,llmgiza.Assume gea:o.

Since D*"—"is stpposcd to be m~smooth at E for scas u,let U, .be the

&
nelghhourhmd of \.,,involved in the definition of the smoothne...s.'l’hen,

= 4f fOllQ‘Ho that Ugmk U Akawﬂ zray asswm(evnntua.,.ly chms.mg a sub-

sequenoe)that all };& are contained in one of the Ak,*ot us denote it

_bv A.Tb@ m-smoothness of D at § implies the ems’wnoe oﬁ a ccnstant

A@>O itk s

e

(27D M{I[B(Es Ty 1) A c:,pcz;_.@]} S 7‘6(1 = 2’“”)

If EED,then,the preceding imequaliby still holds on account of the
praceding proposition (eventually choosing a subsequénce of {ys})
Next,since (25) yields

‘“' : i -.-Q.......\ dm < ?"c:
SRR LR



(30) folHY S Ta(p,my)Talpymadeny (L= Bhyens) o

~35~ - :

e ) ! ok . i ;,’ S :

it follows feom (27) that there is a rectifiable arc 31 in B(g,r&ma)j

connecting % and eg.4 S0 that |
¢ .

(23) é pAH? < 1y.p
[} EE

Srimmnigrditn

‘since otherwise,-»@'amG[B(g,r,‘“z),a{,eﬂ" J and (23) would c@nﬁrad;ict

1
(2*),%@ arc &sn&i. contains a subarc ¢f joining am endpom‘b of 3“.1

e

with an endpo;mt of B,_ (1..3,4,..0) But then,

§ de?+L1(9,r$“@) =J o dH*+j pdﬂf =] de1 < Lﬁ(p,ri)+ni ’
_ <%0w1 RS £ _.

i

hence

:

Define a locally rectifiable arc
O = coo (@@&. *3453,@.%) 6(&29 Bi,) LS (gﬁé‘ ﬁkv)""ﬁkﬂ? 9

vvhare ‘ak_,.g 1~> a subarc of Yﬁﬁ*‘i gcmmg an endpoint of ;3,@ with By.We

have that G&PCDQEQ,}}-“') and

© " ks

15 f oMt 5 Z [ oduty 5,:: f pdEt]  pdH1 (k= 3,4,...)
125 , <

9% saireliafs v lEtRe Tt * ‘

-~

where



=36~

J pdHt =  pdHY S La(pyTpq)4npey (K = 3,4,...)

Ted . Yeet

mHence,taking into account (23) and (3D),we get

_ ,‘155 pdmﬁ 2 [31(9’1'1)"1'1(9:1‘1-2)]* E m‘!' E nz~a+1'1(9»rx-1)*nk~1. ’

—

£

k.,

whence

‘1 = J QdF‘! = L1(p)+[L1(p)“‘Iﬂ1(p, x.,a)]"!’z z f)i (k = 3,%"005)
k :
For largwk the last _part of the precedi.ng ineomllty is str.wtly less

than 1,which ia gbsurde.

Now,let us consider the general case Eg compact in R® (amd then

-

bounded). Let pfag and - suppose again,to prove it is :f:‘alue, that L1(p)<’l By
1ema 7 there e:zastg an e((O 1)sa strictly decreasing sequence {ru,
x:,_(»(o 1)(1_1,.;,,“.) wi.th lmr,_ =0 and g sequence of locally rectifiable
arcs Y&@I‘[D,u@(l i),iﬁq] S0 'Ehat

G2 T pAH1 < 1-g (1 = 1,2,4.0) .

Hen ce and since p is bounded away from zero on oompact .sets,we deduce’. -,
(arp:m.au,us abc)\m) Tthat -all 7,, ax:‘* rectiflabl ,Next:,smce each endpoint
};i of y;lies in Eg{ﬂ) and Hg is compact,by considering a bllDuGQLnCHVG we

may assume .that %im@,‘zg@&;ﬁ@ and,by the same argument as in the first part
: -0 |



wonse o

=5~
of the proof and taking into account (2]) ywe obtain again a

contradiction,as desired.

o e (b e S S TR, R
”www—.wmm-«u‘..‘._—.

-N"M'"

pé(‘i,ae) and assume Mpz‘(m.Leta"—{p&F(r) p is "oounded away £rom zern

on com*nact sets_and p¢ LF} Then a” 15 a complete family for H, T
(J.Hesse [‘15] ylemna 4,40).

Lg__!?.gg 9. Let :Dc‘l‘{a be a domaln,r'..r(l) ho,E ),Where

4(Be5£4)>0, mpmw;'p't%,m) and *[(’P t4le Pinilyar sAihinkbloithac fians

pt-W(l‘)nLP ‘hounded in R&.conulnuous in &-D-G@bm) bounded away from

P P

zero on compact sets FrA and O in CQOTbnn QA is & complete J.amlly

«r ~F

29_:2 MPI‘.
Indc,a,d i p(»E‘(I‘) is suppused only to be bounded -in R®,

con*cwuous in A amd O in b&, then,on account of the corollary of
EENE

Lemna 5 the oor:s:‘-espondin subfanily of .E(I‘) is COmplGBUG («,hat is

I

y:ualds the same value for Mpr),next since n, Rm,@umo e m(J‘aP and ,

argumg as in the preced:.ng pI‘Op()ul”blon -¥“5>O 1@% us congider Qmmcd;,_

v
whe re ¢(x)¢. g .,(le.eawv.‘il.;;r,J is ‘boanded away from zers on compact

: el
sets in R® J ‘Lhenv a fortiori in A;By Minkowski ine quality,

e

\'14-:1.‘” i

(ﬁ§dm3%$[f(@W$ )pdm]%é(iﬁpdm)%;g(ﬁépdm)%g m)ﬁ4§(nmﬁfigwm"qd§yﬁﬂ&

P VO "’@”"11 18=14gr T e i 1dr £ ~ A
=(pPdm) Pre(nw, )R] { o e =71 P=( {pPdm) §+m(nm )'ﬁ" fd:m-

n-‘idr 3 3* 3
erE) ! )P (Fpﬁdm)”&@\uma)ﬁ 2P Coown ol




B

o

-~

where nw, is the area of the unit spherc in R*.Hence PELP and then
T eq).If M= inf [PPam,then
A = wd (0

o~

ud 5 (J“’é’@dm)ﬁ [Icmw)vdmﬁ < u‘ppam)%y@vdmﬁ

rar

~ where,froun above,cpgfLP,aﬁd letting ¢ - 0,we obtain ivLS_ijdm and p being
—  an arbitrary adnllissﬁiblé function f-cﬁrnhfx;’AI‘szr,taking the infimum ovex:
all such aduissible p,we abe all owed té cénclude?taking into account
alsﬁ the corollery of lemmna 5,%that h@ﬂ;’ﬁl‘;mpl‘ ,and,since-,eviden‘c,ma.wﬁpr,

also that M=M,I'yas desired. _ il

Finally,let us congider the function

B(x) for  XEB

: (X = . «F
Pe» - { 0 othervvlse.
Clearly,

Spo(x)ai? = Jp(x)ant 51,

since each open arc %I‘(A.%,EQ) is contained in A.

o

irnipataipmiipeaiimmpetap e ipan

10.If a domain D is m—gmooth at a point g« &ﬂ),bhen,fox‘

. A

péhn,m) t}:lgre exists Ap>0 and a nelghbourhood Ug with the property

that U nZD consists of mw components Aqsese Ay and if Vlf, is any neigh-

buurﬁc»ad of ¥ contained in Ué,@@m is a ne :Lﬁhbmrhood VeV, such

E L

. are 2 digjoint connected gets In

i

e w.

E@}ﬁ?_ Mﬂ I'_(vg «”Ai 9 Eq 3 «12 7 :’L}\p’ where Iy s



i

Ai,Whldh meet both PV, and 2V

e b
Let U§ be the nelghbourhood 1nvolved in the d= flnition of the

then a fortiori Mpr(vénAi,EQ,Ez)EA@for any Am>0 If Mpr(vghAi,Eq,ﬁz)<aul

m-gmoothness of D at § and suppose that V

then,argulng as in the preceding lemma,p may be assumed,to be bounded
away from O on compact sets of ﬁg and O on dﬁg.For such a p,since ﬁg is

compact,we have

-

ﬁ,{ demﬁf ppdm+f dema@P f dut [ p&dm?gP g g”dm+{ p2dm =
.& . i

24y
e g

>

(30

“ﬁg§

J‘A ptdn 2 %HMI‘(Vé AigEg,Eg) £ Q% A.e 5
i |

; =
where Ei—{X(U“AAiap(")sﬁ},ﬁ ~{x¢U§ﬁA1;p(x)>ﬂ} and &% <14if qﬁ 21, the“_
%% Ag=hegeTaking the infimum ‘in (51) over all adm1551§16 p,We gbtaxn

o
that

My T(Vehdys B1pBp) 2 %;g Ao

so that,we may denote Ap=o® Age
3 g

Arguing as in lemma 8,oﬁaaccount of the preceding lemma,we deduce

prisfusirimn snuticadiswaeran

§i

Lemna_11.In the hypotheses of lemma 8,L1(p)§ﬂ-Qp{@@c{p(FCP)WLP;p is

,,,,,

bounded awdj'irom ZEXo on compact sets_in R*},where Pe[Nnye0) e

Lemna 12.In the h»ootho es of lema 8,3if pe(1,0) and Ee is compact.

pravhongiodpmodimarsedpitaioen




40~
then L1 (p)=1 Vpe0p :
o We have only to show that each Q(GA belongs to L“(R‘) Indeed,let

E':{XGZ (x)gﬂ} EV= {m;A,p(x)>1}.Ehen if p€(1 n),from the condition

£l
3

-~

peLP, it follows that

Gia

G L T R R s
, -a e }-'E” -

s enear. 2 . . ™

«

hence

ewsamaan.

fp™du = fphdm = [ pndume { prdn 5 [ ppdmmﬁ" < w
bk pe N
- A Ed E .- 5 E N .~ %

-

— where M=sup p(x).
SR BIC R® .

Finally, if pgm,the concluulon of the lemma follows on accoont of

the pracedinv lemma.

Proposition 10.Supposec tiiav D is an open set, thab Ee,hq are

i e AP A 7
B e Mﬂ“-—-ww—’wmw‘wmm“

dlc';]omt bo»::x ﬂé continua in D and that I‘..I‘(D EQ,I}.,),,.I,WI‘[D,J:.O(r) E1(z§

P

Then Mrm%ngr (FoGehring and J.Vislld [13} lemna 3e4).

N

Arguing as in the preceding prOpOgltlon and taking 1nto account
the'precedinv lemma combined with lemma 7,we obtaln

Lemma 1§.mqpoose that By 1ls a set,Be is compact 50 that d(h@ Eq »C

bosdbctidpiniunstiamsibmaimasisnd

4t g a6




i

FEgpTY

) MpD

Proposition 11.Let E4>E,>e.. and B Fo7. .. be disjoint sequences of

e R e i i e P O S e i

e e - -
nonempty coupact sets in the closure of a domain DR® . Let &,/”‘\%Em,
P L B

(2]
E’-’-‘ m quThen
(34) lincap(D, By Pg) = capp (D, E,F).
: B=00 e 2 5 =t (o HE

(For the proof,see J.Hesse [16],theorem 3.3)

Arguing as in the preceding proposition,we obta in

s oo o o it et i TAZ

closure of a domain DCR® such that EzﬂEfff%Fzg\;Fﬁg and 4(Hy;F4)>0.

T Mhen (34) holds.

e e At ot s Ao vt o

Theorem 3.If D is open,Eq,E; are 2 sets such that d(Ey,B4)>0 and

each component D, of D with DyNE;#@(i=0,1),for i=0 or i=1,is w-smooth

M »

on_the set JDENE;pnvhere Deng, i

A

As we observed in the proof of the preceding theorem,we may sSuppose -
without loss of generality - that D is a domain m«amcofb on dDpEe Lor
some w.Nexb,let us denote GO:EM’fﬁ.and consider the sequence Cqo(ry)>
Ce(ra):)-..gwhere Co(xr) is thf; opez; set of points within a distance r of

o o o5 i
09 9 l‘j;mrkmo,k:\‘§09<r k):Co and d[ Eog ;Co(rk)_l)Oo le’ﬁarly ,%(}{Co(rk)ﬂl}j S

L MR B T S 2 et = Ggeleieliah 5
: X.,bé Y foeht { . 2 . ; Fhs s :
XD



=42-

[

where the infimum is taken over all the arcs Y[Co(Ty)sX) joiningCo(xy)

and x in D,since if §€Go(rk)h5,any_ieD sufficiently close tofbelongs

2

%o Co(ry) and then,may be joined to Co(ry) by an arc of length zero

yielding

1

¢

that

. hence and taking into account the preceding 2 lemmas,

Mpr(DF Eﬂﬂﬁ’ E‘l):i}ﬁipm D} O O(rk) 9 Eq}”—«'iﬁ?@(ﬁapp[ D, Co(rk) ,E.,]:Capp(l), EOAT')’E'l)

Finally,extending all the adwissible fonctions for cap,(D,EefD,E,) to -

be O on E,~D and arguing as in lemma 5,we obtain that
MpI(D, BofiDy Bqy) = MpT(Dy By Be)
whence we deduce that

MpI(Dy By Eq) = MoI'(Dy BofiD, £4) = capp (D BofiDy By) = capy (D Bos 84)

" Bub then,we are in the hypotheses of theorem 1,allowing us to conclude



as desired.

Lemna 15.1f B is a domain and Ei (1~O 1) are 2 gets such that

frosibeaibatmsgemdpieot-ried

'for at least one of them (say for Eg),we have honD:E UE"where 3@”&,

-y

lim ipf H‘[Y(L ,x)j = 0
X-E Y
%D

and D is m-smooth on E¥naD for some m,where E*n2D is compact,then

(35)M, (D, Egy Bq) = %ingP[D,EQ)E“(rk),E1j .

Indeed,on account of lemmag 8,if L{(p,rk)~i$fjpdﬂ1gwheﬁe,ﬁhe
igfimun is taken over ally¢l| D,E"®(ry),Eq] then

: d1(p) l ml1(p,1k)2ﬂ Clearly,if L1(p,rk),1m§&dﬁ1,wnere the infimum

Y
is taken over all y&TLD, E(jE"(rk) Eq]»P[D E“(rk) 11U;(D B, T s

then Lq(p)= %ig? 1(psT )21 ,since all the additional arcs yzIND, o slia)

with respect to which the infiwmum in L4 (p,r,) is taken satlsfy the

condition [pdH'21,s0 that %imL;(p,rk)gﬂ lmplies L4(g,ryp)zl1,and
.{ : }“ ‘ —m
arguing as in lemma 1%,we obtain (55),35 desired.

Theorem 4.If D is open, d(EQ,b1)>O EenD is bounded snd for every

SRR
~

com@onéﬁt Dk gg D with DkﬁEi¢¢ (=01, the set‘abkmbg may be

written as aDkAmgmut)ﬁ“U‘“ ,where B’ P“ are _as in the preceding
3 ‘w/ s ;
lemma (wlun D~Dk) ‘all _the pointg of E"are not accessible from Dy by

rectifiable arcs,tnen_(1) holds.

This theorecm is a2 conseaquence of the preceding lemna and theoren

36
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P % sl

And now,in order to generalize some of the above results in RP let

us deiine the p~capacity in this case.
The p-capacity of 2 sets Hg,E.cR® with q(D@,E1)>O relative to a

Capp(D:EG:Eé)#iﬁf%Wul Pdnm ,

" where the infimum is taken over all u which are continuous in DUEUEj,
locally lipschitzian in D~{w} and u‘ﬂ =0, u‘\ =1, :

Arguing as for the pwcap301ty in R®,we have
.In the hypotheses of lemma 6,the p-capacity.in R®

g

Sl (iii').

Lemna 6"
/

aatlsfles ‘the conditions (1) - (111) and (1

oIf DCR® is open,By,E4R® such that q(E@,E1)>O Ep is

. *\Theoren’1°
ot ‘(l 13 f))
bounaea and «Dk of D with Dkﬁﬁ"ﬁz Vg(aDKGEo,(ﬂﬂ) is verified,where

,,,,,,,,

this time the linear Hausdorff measure H? is defined by means of thu

spherical distance q(x,y),then (1) holds.
of all continua in R® that mee et

Ll

BoyBqs

oo .
0 i e e s i

Corpdlary 1.If
)

a&)i

where q(Eg,E

o

Corollary 2.Iin the hypotheses of the preceding theorewm,(18) hold

TN s
q(Ee5E51>0,E, is 5]

bz

o 4

‘“#' i, ! e )
> TR DR <8 Hda a domai
S R o KA o M ikala deia

o 1R
P
"

EgN D= U‘“ where VE¢H (1) 18 venitisa, WnLAG every point of E® is

S



e

——— inaccessible from D by rectifiable arcs,then (1) holds.

s

v

Now,let us remind 3 definitions of a topological cylinder:
2 of them with respect to the euclidean metric and the third with

respect to the relative metric.

I.A triple (Z,Bq,Bq),where Z<R® is a domain and By ,B.C0% is

called a topological cylinder with respect to the euclidean metric if

there exists a homeomorphis ¢iZg#Z such that ¢(BR)=B,(k=0,1),where

R e o

Zoz{x;(x?}2+..o*(xn“?)?<1;0<x‘<1} is the unit cylinder and BQ(k=0,1)its
bases.Bg,Bq are the bases of the topological cylinder.

II.A triple (Z,By,B4)(as above) is a topological cylinder

with respect to the euclidean wmetric if there is a nomeomorphism

$ $ZoUBRUB=ZUBUB, such that ¢(BR)=B, (k=0,1).

III.A triple (Z,Bg,B4) is said to be a topological cylinder

with respect to the relative wetric if there exists a bijection

¢ 3ZoUBQUBYRZUBUB, so that,given >0 and a point Xo LB uBY, there is a
6=5(r,%¢)>0 such that x€Zgy with |x-xq|<6 imply dz[¢(x9),¢(x)]<g.
Remarks.1.Clearly,the bijection ¢ of the preceding
definition is a homeomorphism (with respect to the euclidean wetric) of
ZoUBJUBY onto ZUBGUB4i;hence a topological cilinder with respect to the
relative uetric is also a topological cylinder with respect to the
euclidean medric according to definition II,but not,in gereral,according

to definition I.

2.A11 the points-of the bases ByyBq 0f a topological

‘cylinder with respsct to the relative wshtric are accessible from Z by

rectifiable arcse.



=l

The p-module M,Z of a topological cylinder (Z,Bg,B4)(according to the
Mgefinitions PRy ITE) ig%given “by M,Z:Mprk,whére rz:r(Z,Bo,B1).

In our noté té];ﬁé established - st als

Proposgition gg (Z BosB4) is a topological cylider with repspect

fesrctoniraipomnipiiniivssipiesioiiiiipionpisg ey ocd

to thc relatlve mptrlc then (2) holds

In the proof of this proposition,we eéstablished that UgeBa,llmu(x) (Ol
X«?ﬁ
Xed

'mit seems to us that it would be suitable to prove this gSSertion more in .
éetail,In order to do it,it is enough to show that lizg(xk)zO for any

wsequencé lxh} with xx€Z and xy - By for k = m.Indeed let yp=¢~ 1(X»)
(k=1,2y000) and n=¢~* §)(Bg,wnere ¢ is the h;meomorphlsm involved in the
definition of Z;Sinca ¢=ZQUB30BQ:ZJBOUB1 is a homeomorphism,from X = &

fmit rollows that Vi ».n,ﬁence d(yk;n)va»O as k -» cweand since ¢ is .
continuous with réséect to themrelati;e metrichin ZOUBSUBQ and then,in

u~particular,at',neﬁﬁ,it follows that dz(xk,gj -+ 0 as k = o;iseein other

o v 3 ,t - ; . s ':.‘; T % N g -
words iiﬁl?iﬁwLysxF’Q>3Tﬁi§925‘3’§>73’h?n~“
lim ipf H By)] = lim inf H1 2
e s i

and since this relation holds for any sequence {x,} with x,€7 and x, - §
we have that conditiom (11) is satisfied far any E€By implying (1) in
thig case,that is (2).

And now,we

W
34

or

i

ablish that,in the particular case n=2,relation (2) is

e

trus also for a topological cylinder with respect %o the euclidean



-

metric,i.e. for topological quadrilaterals.

Theoren 5 e ZCR2 is_a topological quadrilateral with respect

prospciiuadivimpiasspiasnd

to the euclldean-metrlc (according to definitions I and II),then (2)

. Let us show first that ¥g>0 there exists an r>0 such that ¥
p6F°Z(P) we have ~Q~EF°Z(P ) where ruré and I wf[é Bo(r) B j Let B,
be the basis Ea without its endpomnts,ggeBo and yg(r an arc joininggg
ad e azmﬁo is a closed setjlet r<d(g0,@z~Bg) The circum-
férence‘c(go,r) is disjoint of 52-30 and meetsg Bo in at laast 2
points,hence,there is a circular subarc T of C(gg,r) of length 1l<mr
aoxnlng the first point x, of the intersection Yo\C(Egsr) (taken

along yo from Bq toward Bg) and ﬁo in Z.Since pail in R2,it follows

_ that § péusiinr<e far.r<%~,But then,y;:yruy; - wherev; is the subarc

Vo
of ye joining B1 and xg = belongs to I' so that

S § p@H! 5 [ ploef pdHt <.f plitee |
it - 3 : =

whence
(%6) [ o8t > 1-g .
Y : ;

Since any arc joining Be and C(¥,,r) may be considered as a subauc

of an arc joining By and Eg,ant then belonging to r;,if we congider a



b n——

&

e
cloged subarc BccBQLwe may take re_min[d(fm,a&—hokﬁm,d(Bo,B1)] and
Wﬁw will be admissible for all the. arcs of rr joining Bo(re) and Bq,
Now,let us congider a point QCBO~%0 and the circumference C(g,rol
If roSd( &, Bg-Be) with C(g,r@)ﬂ(DZ~Bg)z¢,then,argulng as above,any arc
joiniﬂqu1 and C(g,re).will sétisfy»(55) with rer.Finally{if
rgaﬁ(g,.é~30) thenyone of the subarcs of C(g,rg) contained in 2 will
join éZn(BQUB1) and Bg,belonging to the boundary of a simply
connected subdomain of Z,whose boundary'contalns also f.But then,all
the arcs ye¢ joiring By and ¥ will cross this arc.Arguing as above ywe
Obfaiﬁ_(ﬁﬁ) also in this case,and then,4§EéF9Z(r;3;so that, arguing as
in propésition 10,we get (Z3). .

Next,since I[Z,Bo(r)sB4] satisfies relatien (11),it follows,on

account of theorem 1,that

MPI{Z Bgar) P1J = cap [Z Bo(r), j ¥r < Tg o

-~

In particular,the preceding relation ia verified for a sequence {rk}

with rk - O as k -» oo But then ,from (5;) and lvmna (R we deduce that

as desired.
As a consequence of theorem 4,we have

:;%.i

e el e

B 1 ¢ is a4 vopological ¢y
£ ix

>

by TS By PRIre s Uy TS oA
orenm i1inder with regpec

"v

B =
GO Bhe

}ci-

o

euclidecan wmetr (d

1ition I or II)and 32, or 9B, may be written as

the union B yEMYE” (with the same meaning &s in theorem 4),then (2)
h01.6.86 2 : :
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Remark o' .For the first time J.Hersch[’l‘f] established (1) for
the bartionic . capacity of a ring in R* and (2) for the }mrmom.a
capacity of a domain ZD‘C‘?.E{’_‘~ homeomorphlc %o a ball and with 2 distin-
gulghe d oontinﬁa BO,B;c:bD,where he defines the harmonia capacity by

the relation

D,B ,B ) =
b < i D—(£00B1) o

|Edm :

)
o

is the normal derivative of the admissible function e

l

where o

<

Eeﬁ‘ugleda [,55] established something similar te (’i) in the pam:.mular
case p..a for the classical harmonic c:xpaclty capl(D K,o),whers I' is
the famlly of the arcs joining,in the unbmunded domam D,the point at
: infinitv of R"' with the cérz‘.pact set Kofé".Gehring UQ] btained (1) for
the conformal capacity oi‘ a ring (accordmg to C Loewnsr' s

de:‘?mmion by weans of Dirichlet mtegral and used also in this pa;ger)
Bagby [Zj showed that cap l\ ,bg,G > (Rﬂ Cg,CGq),where Co,C4 are dis~

qr" - w7 1

joint compact sebs.WeZiemer u‘i%i ca‘ced in [2;,] how to vemfy ('l) in

=

the case ;p»_n it Du?%” is a baundﬁ:i domain and uo,Gqf.D are élsaomt
for Cg s G 4« D

closed se e and as.aezfted that this result is also valu?rlf cortain

copditions are imposed on the tangential behavior. of UDJ\(GOL;C«‘) in

[Q‘Ii] he established Cd’i@p R ,ue,Gq)mme(}.i“sC@, 1),?@"@51‘& Ce¢ contains

the complemen®t of a bal.t and x is the family of all continua joining

Cg and Gﬁ,and in [ 243}, the equality between the p-module (1=_p<n) ef
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the family of all continua that join a Suslin set E To the point
at infinity and the p-capacity of E,wheiﬁ the infimum involved in
its definition is takesn over all u AOL in Ra-E, l E._’l and with
c@mpact supporb;vn the case pzn,the supyort of each u is required
to lie in gsome fixed ball containing E and the cerrespondlng
family of continua is étzpposed te join B to the complement of Lhat
ballsV.V.Erivov [’l'%-] and V.VeAseev L’l] tried to prove (1) for p=n
and H.MoReimann [’l?] (2) for p>’l,but the ir proofs conta:x.;l some in=-
accuracie‘s (for somé .‘comen’cs about this,see our papers ['}“’-,8])';‘
A.lso A.V,.Sygev-’s“ [:%/j proof for (1)7whei=e p=n=3,D is a ring ade E@s
E,GED are 2 simply comacched sets”of th; 2 b;ux;dafy components of D
respect‘v vd;y is not correct;ne claimed that given pJB‘(E) then ,
“accc:cding to Gehring [’im} v }a.v function u(x)wmm("l @f%pds)- whe re
B is an arbitrary curve joining x ond Ba=1ig admissi‘ble for
cap(D, EggEq)";but Sycev dl(l not obgerve 'bhat his hypobm fes are

..... ~

differen“a.lndeed,&&ehmng [12] considered the more particular
case in which Bgs B4 are not My...‘ms,%asets of the boundary com- ... .
ponents of the ring D,but .co'incide_ to them so that- aay rectifiable
arc. B Joining Eg and E1 v 1o matter if gD or not -~ satisfies the
condition géds;z’l ?Jé&F(I‘) gince each such 3 contains a subarc Bg=D
and joining i‘bs‘ bounci;.ry compénents éhowever,iﬁ 18 easy to see thét

this is no wore true In gemeral if E; or B, or both of Them are

enly subgsets of the corresponding boundzry component,and then ,we

are nQ more sure thab m!Eqm’i sneverthelegs,this inaccuracy may be

-~
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‘easily corrected if we suppose additionally that the arcs involved in

Sycev’'s @efinition of u have to be contained in D.But, there is also
something elseiSygev uses in his definition of u the expression
igfépds,@here pQF(P) is sssumed to bounded only on compact subsets of

D and satisfies the condition llmp(x)<m~¥§ng»(EQUE ), insteaé of the
e - :

_eypre331on 1@f§gds (used by Gehrlng in hlS definition),where

g(x) aggp(y+y)dm(y) is bounded and .continuous in R®,so that it 15
easy to see that,in the case considered by Sylev,it is possible not
to have uIE =0.This second mistake is of the gaﬁe kind as in the
papers of V,V.Krivoy [17] HoM.Reimann [19] and V.V.Aseev [ﬂj (Eor
nore detallec comments,see.our papers [7, 93) In our paper [71,we
established (2) for topological cylinders with respect to the

relative metriec if pGF(r)'aatisfies the additional condibion Ipdﬂ*’ﬂ

for. every~“ectlxlable y(PA,but according to yrop081blon 5 of thls

paper (esta“lluhed in [9]) it follows that the value of M 2 is not

influenced by this condltlon.Flnally,let us mention the extension of

the equality bebween the p-mocqule and the p-capacity in R considered

wFa?

by J.Hesse ([16],theorem 5.5) in the case Ep,E,CD are coumpact,

disjoint,nonwempty setse.ln hig PhaD.L45j he proves also that

PN o

dluaount compant and non-empty.He asserted also that (18) holds if

DCRE, and BeyB4<D are disjoint,compact,non~eupty sets and G is M

o o

m-smooth on (Eqlifiq)<2D for some mihowever,this resuvlit is based on iils
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thecrem‘4.27 (qﬁoted in this papef as proposition 7),which is not
correct (see our comunent of propogltlon 7 %

Now,let us mentlon that we establlshed (18) in [8] but the
corresponding proof contains a mistake .Indeed,we had to establish

the relation

(3P lzm aupj pgaH? = sup limf pdH? ,
v, Yp . e Q- P-DOQYP " 3

where

: g At oople) =
PRt = { p(®) & T™"'< p(x) < 4
F oy =3 4 plasin?

is the truncation of pei(l).In order to do it,we used the following

mininax theorems"If {fp} is a non-increasing sequence of real-valued

upper senicontinuous functions on a compact set A,then

(37) lim mx £ (x) = hax Lin £500".
P=00f A ‘ A P00 :

"

(For the proof,see VeBarbu and T.Precupanu [3],chap.2,theorem Z.4,D.
141.) But,first,we had to meke some changes in order that the
hypotheses of the preceding minimax theorem be satisfied.Thus,we

denoted xqz% (q;ﬂ,a,.a.),A:{O}Q{xg,xa,...} and
J' pfat  if x = X
i‘p(){) = ‘ip ; . (P = 1;2;5&:) =
j‘ pYaEY 1 x =0 3

-

i}
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If yfor an infinity of indices q,the sequences {£p(xg)} are npn—l
decreaéing,then,it is easy to prove directly thath(575 holdg.If,for an
infinity of indices gy ffp(xe) are non~increasing,éhen,dn accéunt of.
thelpreceding minimax thé;réﬁp(57) holds,which is correct.However,we

deduced in [8] that this relation 1mplleu (5#9 which ig wrong.Indeed

it is easy to see that

=~D5=

sup limf pgdH1 s lim supj pgad? .
LY

p

have f (O) ma xf (X) squ (zq) supj p§AI?,hence’
A : ;

lim sup dd1
p=0 g -{ppg

Onr the other side,the numerical s

decreasing too,so that l:mxp(x1)sllmf (Xa)saoemllmf (O)=maxlimf p(X),
. A Perco .

P-doo

£ <

\‘Yp

=i P 0 - mee T
. peod ‘9(_),p~mmi p\

sequences {limf
P00

but,we are not allowed to conclude that

1lim lim £ (xq) = uup 11m.fp(x§) = llm £ (O) = WX lim Fola)

G-oR p—-wo

o

It is easy to construct cenﬂterexamples showing thaetyin general,the

~

iwplication is wrong.Thus,for instance,if

£y (xq) = {

1

X) e

- Next,since ¥pdl,the numerical sequences{fp(xq)} are non-dscreasing,we

p(xq); are non=-

oo SRS

A

-

!



hence llmaupf (xq) =
-m

o 1o

then Vq@N,limfp(xq)zO,hence suplinf,(xq)=0,while ¥p€'N,Stépfp(xq)=1,
i qQ pad .. - i E i

~

inally,let us give the application (mentloned at the beginnlng
of thig paper) of_theorem 1 in the theoxy of quaslconformal mapp ings .«

But flrst we remind some concepts and preliminary results.

A homeomorphisn £iDaD™ is said to be K—gpaSLCOnfarmal (1§K<uu 1L

M
pr & MIF 2 Kil

¥r of D,where P§=f(P)

Let £ D@D be a quasiconformal mepping (ieeoa K—qwaulconfo“mal

: mapplng with non~gpuch*ed K} and B°® the excaptlonal set of the points

of_S such that the image f£(y) of any endcut y of B from an arbitrary

point Fém is unrectifiable (we remind that an endcut y of B from ZeB

-

is en open arc y<B with an endpoint at £ and the otber»one at a point

of B)o

“””Mwwwwwmu.ﬂwwm

endp@iﬁt'belonéiag to E°,tben MP =0 (our paper [6],lema 3).

Now,let us prove that the conformal capacity of BE° is zero.

i e o v oo o Mo D
resfiaiambapaneasgni-

Gle ax.‘ly ’

(38)  cap[R®,CE°(x),B°] & capE® # cap[R®,CB(R),E°] ,

5 ” J ; P
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whe re B(R) is a fixed ball sufficiently large containing E°(r) since
the class of admissible functions for cap| R®, OE°(r) E°] is contained
in that of capE° Neyt let I P[R“ E° CE°(£)] and T, the arc family of
the preceding proposition,then, ev1dent,r cPQ and the preceding propo-
gition implies Mrréﬂrg=0 ¥r>0,hence,by (Z3) and taking into account c:

corollary 2 of theoren 1,We obtain

fiA

capE® = cap[R®,CE°(x),B°] = MD,, € MI'g =0,

as desgired.
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