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L. In3qoL*g.t*gn. Zolezzl t l l  $r&s interested !n t i re

fo lLowing problem l  l {ow to  per turbe the coef f ic rents  o f  a  p iant

ln  oroer  to  the cc l r responding so iur [ ions cor ] .verge to  the so]u i ion

of the ini ' i ial  problem. I{e sol,veri  this probLem and gave many

character izat ions((A)  ( f1  in  our  paper) .  Some of  ' r ,h is  charac-

ter izat ions &re given in terms of convergence of sets and

fu lc t ions in  the sense of  f t losco,  or  G-convergence.  Xf ter

t lual L,ucchett i  and Mlgnanego [2] and Bennati ,  t3] ! !ere l-nterested

5 . n g e n e r a L L z t n g t h e r e s u l t s o f ? " o L . L e z z 5 , . S o , l t r c c h e t t 1 a n d

Mignanego obte lned that  (C)  ( :=)  (D)  for  s t rongJ,y  smooth E-spaces
P ^

and  F (x ,y )  =  ( l l x l l '  +  / l y i l u j  / p :  p7L  ( l ns tead  o f  p  s  2  as  i n  f t 1  ) r

whl le Bennatl  ehov*ed .$one eqnlvarences from [ i l  renrain va] id,

ln  Hl lber t  spaces,  for  a  larger  cJ-aes of  funct ions,  In  th is

paper  i t  is  shown that  a t1  the equi .va lences estab l ished by

'ZoLezzL remaln val id for more general sp€r,ces and f unct lons. ( Iur

resu l t s  do : ,  no t  cove r  the  ones  in  [Z l  ( see  a ]so  l t emar l c  4 ) ,  bu t

ehow that  the essent ia) . Iy  new i rnp l icat ions proved by Eennat i

are va l id  ia  a  nore genera l  ccntc : i t .  \Te a lso Ei l "e  a  character ' i -

zat ion of.  i ; i re conver:gence of sete i .n the sense of lv ioeco urhicir

IN



2 ^

is Just Theorem t J-n tql  for l { l }bert spaces and al.so genera). izes

the one of  Sonntag [5 ]  "

2, {gMflfl:--Eggliin+gg]qv, -Ses!r],t e.

Throughont this paper X, Y deno,l ;e real Eanach spaces, X*, f"

are the l - r  topolog5"ca l  dual -s ,  L(X 'Y)  is  the Banach space of  con-

t i * ruons l lnear  operators  f , rom ) i  in to  Y;  t f  T"eT,{yr ry) ,  l rdenotes

the  adJo in t  o f  L  and  gph  L  deno tes  the  g ra .ph  o f  l ,  i . e . rgph  L  -

*  { . ( * , 1  x ) € x x Y  r  x € x f  .  r r  { e *x and  x  e  X  then  (x rx r )

denotes x*(x) .  -+  and -L Cenote the s t rong anc l  r , leak convergenoee

re$pect lveJ-y ,  l . ie  ehal l  a lso nse the fo l^ Ic l ' r lng notat j -ons :  S(xr r )  =

'  { r e x :  f l y * x l l  <  r l  ,  F ( x , r )  =  f y e x ,  i \  y - * i l <  4 t  s x =  { x e x  r
l lx t l  = 1"1 : Thu, Banach space X is stJiqt[ '  cgFvex iff  V*rye S5r

x  t  v  l '  [ x '+v l l  < .? r ' x  le  igcq l l@ i f f  / xes*

Ve > o JEz 0 fye s3, f iy-xrl  z,t  r  l t  y*xlt  €a(l-E), x isg*. ig-Q.gsrx
i l  - - *  . ,

_g  nyeS  i f f  F t>  0  J t r . ?  0  l * , , n  sx ,  l l  y - x f i 77L : , i  y+x l l  <z (a -X1 ,
ir is gsqg-!} if /x e s* lxte s** unlque s < x ,rf |* L ((s) the

norm o f  x  i s  Ga teaux  d i f f e ren t iabLe  on  x rw  {oJ l ,  and  x  i s

-q-t.no-pg1v-g$q"g-lli iff the norm of X is Frdchet diff erentiabLe on

Xn  t c ; }  *  v rhe re  M" ,N  s  { xeM ,  
" r f  

H i  .  X  has  p .ggpgry ty . (h l  i {

xo* xr t i : : rr l t  *)  l tx l l  then xs-) x1 and X ls an I t*Fp"?,Se i f  X ls

ref l"exi-rre, str ict l ) '  convex and has property (h).  A,,  R+, fr '*

denote lhe . i 'ea is ,  
' the 

nonnegat ive rea l .s  and n*u l  "o? respect i -

very, whl l-e N and t{ ' ts denote the nonnegative and posit ive

Lnt egers ,  re$peo t iveJ.y.

I , e t f  r X 4 n l r { * J  . T h e c l o m a i n o f  f  i s d o m f  =

:  f  (x }<o"J  ,  the  ep ig fgph o f  f  i s  ihe  ee t  ep l  f  -  t (x rx )  a  xx  R ' ,

f (x) 4i.3 e f ls pj lgl)gr l f  dorn f # + tf - thre ernpt;r sret). fhe

proper furrc i ; iuu i is convex if

f ( , t x  + ( r - L ) y )  <  z - f ( x ) + ( r - 1 . ) r ( y )  t ' * , r & i j o m  f  ?  r  #  y , { i - € l O , L f  ,

{ x e x  l



and t is

rep laced

a t  f  e d o m

J r ( g l  =

a =  {
Note that

Let

func t ion!

such that

r G # ) <  * t t x )  *
f  is  uni forrnLy convex i f

3 *

p_trlqt1n qcrgyg[ if in the above

by

f  i s  the  se t

inequal i ty  (  is

the c0nvex funofi-on

i , fe x+ r

whiLe  to r  F$dom f  , ' l f ( r )  *#  .  r t  i s  known (s * "  l g l  )  t np tI

d rG)  rs  *  , f r *croeed convex subset  o f  xr  which is  nonempty
and  t f  - compac t  i f  f  i s  con t inuous  and  f i n i t e  a t  F .  The 'con . iu -
gg!"g of  the proper  f  unct ion f  I  X-+ nV/-J  is

f  ,  x * - )  n u l * J ,  f * ( x * )  =  s u p  { - . * , f > -  f ( x )  t  x e x : , .

I f  f  r  X-> nv{"oJ is  a  proper  f l rnct j -on then f **  =

Iower  semicon t innons  (1 .s *c . )  convex  func t ion ,  The

o f  the  se t  UC X  i s  the  func t i on  IU  I  X  ->  nuJ*J

l f  xe l J  and  IU(x )  =  so  i f  , ,  {  U .  iU  iS  J .ns .o ,  and

U ls  c ] -osed and convex.  
-

Iet f r R* 4 
'Fn 

i f io rlgq 4.tgfrga,eing j.f rt,t2 € Rur
tO g tZ +Y( t [ )  s  Y( te)  and y  iu  increas ing i f -  t '  tz  *  donf  ,
t a . t z  = )  f ( to l  < f { t r ) .  Fo r  a  nondecreas ing  func t ion  : y  I  R*

, ;R* 
w* put Y*t*)  = 

* i l*  f  
(z),  Y (r)  = 

* i .* ' f l ( r)  
and y]ot *  0.

f i f f t i s a

ind  lca to  r
@

,  I , , ( x )  *  g
' U i .

conYex i f f

s
\ h

d :  P , * - *  R n  I  J  i s  n o n d e c r e a e i n g ,  [ ( t )  =  O = r t  =  o T .

if t ' e A and t{tul -> o uren tk+ o:
novs f  r r  X * )  RUl"oJ be a proper ,  lcs ,co co l rvex

f i .s uniformly convex at f  e don f i f  there exist* Se A

f  f  ( x )

t L ^ * ^
u l ' l ( ; l .  \ t

-  i ' t  rw-1t l ) ,  {  *  €dorn r  ,

exis ts  5e A $ueh tha, [

r (qu)< $  rC* l  *  $  * tu t  - [urx-yu){ * , r €  d o m  f  )
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a,nd f io uti{rrrr l}Y g-onrlex on the cl inyex-Fg! UCX if f '  + IU:Ls

unif o rnt).Y co nvex " ,

I , e t Y l f t * * > E * a n o n d e c r e i r * : | n g f u n . c t i o n s u c h t h a t

a  =  rop  { x  *  Y  ( * } " *1

lVe associal;e to f  i :he fol lovl;Lng mappi-n'gs !
. r x

r p r  R * * )  R +  ,  f ( x )  * \  Y ( t )  d t ,  ( 2 )
l f - r " 0

6  i '  ' : f r  ,  f ( x )  =  p ( l l x n ) ,  ( 3 )
I  i  J t - ? I t +  

,  
\ t t * t t / r

L  x ' r  1 , .  t  } t - - - q a  ) t

f r X - ) 2 n  ' f ( x ) = ' l  t r e x  3  { x ' x ) =

11xl l  l l  x# l l ,  Y( ' tx l l )s lxa{  . fJ  \ to l \ )  ?. ( 4 )

as$

. ; *
Y

_ _ l

I t  ie  known {see tT]  }  that  Y *s a }os. f ;*  convex f  unct iot t r  f l

i s  i r r o reae ing  i f f  Y ( t )  
=  0 /F> t  *  q ( (= ) f t t )  =  Q  = )  f ,  5  O ) ;

therefore f  i **r ;$"co convex funct ion.  + is  the dqa*,* t ,v*qA[P]*$

ociated to Y .  The conjugat"  o{  Y.  iu 
] t '  

Rn.-)  E* ' ,

( x ) = s u p { * * * Y ( t ) r t e R o t .  ,
Concerning the abo.re napplngs we have the fol - ) -owing

v+e shal l "  need in the sequel .
T

ghgg-Lge3. l,e't X be a Banach space and Y'V, f , ? a$
r l

[ ] h o n
- I I V } A  '

( i )  the r ight hand sicle derlva' t ive of Y/ is given by
I

resu t t$

above.

$ r * j t t i  =  m a x  l t t r o ;  f - ( r )  I  t J ;
l - r

( i i )  ty i t )  ;  0  (=>t  I  o l  c=+[ tpt t l  F o : ]1;  o oJ <F>

vf(o)  = o i
l &  . e t  i l

( r i i )  r im
t 4 o r t ,  t *  t - ) o o

<e> domY'= Lr  i

t i v )  
t f  ;u  inereas ioe ,€)Y l ' i s  con t lnuous  i

( v )  1 r ( x ) ;  f i o t  f x e x  i
( vi) ,fl i,,*) a i"( ii*rtl ) d r, *e x* i

( "v i , i . )  f  ls  Gateau.x  d i f ferent i .n .h l te  on ln t (dorn f  )  =  S(ora)4=>

S i *  s in i l l e -va lued  on  ,5 (o re i )6 )
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\ n  .  r  r
Y is  cont inuous on lora l  and X is  smoot in(=>

( i { , X  i s  r e f l e x i v e )

Y lu  cont inuous  on  Loru l  and f  t s  s t r i c t ) -y  convex ;

I f  X is  refJ-exive and one of  the above condi t ions is  ver i - f ied

then

xnn  x  € t i ( o ra ) ,  xn -+  x  : >  
F ( *n )  

j  
f  C *1 ,

so  t ha t ,  i f  X r  i s . an  E -space  t hen  +  l s  con t i nuous  on  S (o ra ) .

(v i i l )  g  i s  s t r i c t l y  convex(=)

Y tu str ic t ly  convex and X is  st r ic t ly  convex(s)

Y f"  i r lcreasing and X is  st r lc t ly  convex;

( i x )  6  i *  on to  A>  l i n  Y ( t )  =@ and  X  l s  r e f  l e x i ve  ;'  
*-roo 

!

( x )  f  i s  u .n i fo rmJ-y  convex  a t  any  xe$ (o ,a )G)

Y t*  J-ncyeasing ar rd X.  is  Ioca l ly  un i formly  cor lvex;

( x f )  f  i s  u n i f o r m l y  c o n v e x  o n  s ( o , L { ) ,  V W e  l o r a [ ( = )

Y f *  increas lng and X is  un l formly  convex;

.  (x i l )  euppose f  r  H*  *> Rn is  increas ing wi th  
t11\ ( t )  

=

=A ;  then

+ 
- t  

is  s ing le-vaLued and uni formly  cont j -nuous cn

bounded  se ts  ( s )

X is uniformly convex.

(xi l i )  let g r X -) Rvlo€J be uniform).y convex on the

convex se*  
'U.C 

X;  then there ex ie ts  En A such that

r . ; )  7 t  r (x)  +  ry-* ,1> *  f , t  t ty -x f i )  dxyye u,  {e}  f  (x ) ,

For the proof of #Lris theorem see I al  .

Cons ide r  no$r  X rY  Banach  spaces ,  l €J , (X rY) ,  P  r  X  )<  Y  -+

9 RU t  "o t  a  l rsooo cof tvex f  r rnct ions and the fo l lowing opt i rn iza-

t ion p iob lems i

( P )  m i n  F ( x r L  x )  ,
x€ x e.' r ) nte:{ -r'*( l*y'o, -..r") ,i't't 
d'rJ"
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ca l - Ied  the  pr ima}  and dua l  p robJ .erar  respeet ive ly .  Denote  the

va$uo o f  p rob lenr  (P)  by  in f  Pr  and,  when i t  j - s  a t ta i -nedt  by

m j - n  P "  A n a l o g o u s l Y  f o r  ( n )  "

gegggsgl-g, Suppose for some xo€ Xn (*o, I xo) e dom 3' and

F(xo ,  . )  i s  con 'h inuous  a t  L  *o .  Then

i n f  P :  m a x  O .

l {oreover ,  E is  & so lu t lon for  (p)  anc l  y*  is  t ' } .  so lu l ; ion f  or  (D)

i f f

( r fv"o  - -y* )  e  I  i r ( f r ,L  x) . ( 6 )

30d

( 5 )

I n  t h o  c a s e  F ( x r y )  ; '  f  ( x )  *  g ( y )  r  f  , S  b e i n g  L . s . c '  c o n v e x

f  u "nc t i ons  (  t he re fo re  F* (x * ryo )  *  f  ( * * )  *  g * (y * )  ) ,  i f  t he re  ex i s t s

Xo €dom f  such that  g  is  f in i 'be and cont inu-cus at  t r  *o ,  then

(5)  j .s  va l ld  and f ,  is  so lu t ion for  (1 ' )  and f r  is  soJ-ut ion for

( D )  i f f

For the proof rree Lgl ,  e.ven ln a more general sett ing.

f le  r .emember that  f  (x)  €  f  (x)  Vr .  X ( :>  Oe-) f  (X^) .

Iet no$, sncXr n€Ni yre say thal,(*" )n* 
N* 

qog"gl$.gg i+

the garise,-qJ--Sc.[ !c at $o, vrr i t ten *sn-g-] So, i f

t  , l  , t
d x e $ o  f  n e l i l ^  J x r r e s o  !  x n - > x )  ( a )

and 
.

,  I f  f o  r  X - = - r  n u t ' o ]  r  n € N '  w e  m y  t h a t  ( f  )-n 'oe 
t f l

S:1yg{ggg__1,n. the sens,e-*of I'{osco at fo' vrritten

. $  M  .  *  . :  f  
I ' 1  ' r  

-  r r r h i  < r  n n e  * r r r ^ n s l  t n  h e  e l* l l . -_-- . -or  s* epl  f  
, ,  

- I i *p i fo.  ' Ih ls One t t l rns to be equivalent to

{ ;he f r :J.)" t iwings !

f ue  do in  f  o  doe  f  J *oe  don  f o  r  f  n ( xo )  - 7  f o ( x ) ,  ( 10 )
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xn.6  dom fo .  ,  x ' ,  *  x  => + . f *  t3 f  fn ,  ( *o  )  7  fo (x ) .  (11)
ttk '*k 

"l( -:K --+ oo '*l( '-k

We say that ( fn)naNFis g:Spj lYgf&gn! at fo, wri t ten fo -$ f , : ,

i f

i n f ( f o  o  ( . r f > ) *  i n f ( f o  +  1 . r { }  )

3or these def in i t ions see t t l  6 '

l*on * (Lz)

3. SS"sq,l !S" fhroughout thi-e eect lon (I ,n) -<- ] ,(X,Y?
"  n  € N

is  a seqrenae sat is fY ing
I  

( r 3 )[r,n ll

Yt I  R*4 E+ irs an increasing furnct ion sl l .ch that fr-(au) 
=sd,

r . r yhe re  & t  =  sup (domf l ) ,  and  YZ :  Ro  - *  Ro  i s  a  nondec reas ing

funct ion. In estabLishlng the results t le shal-I  al-so T"" 
o' l ; Ier

assunp t ions  on  XrY ,  Y l ,  Y : ,  wh ich ' "w i l l  be  nade  la te r r  To  Y t

and  Ye* " ' o : - g . i a te  YyYy  
f i . 1J *  f "  and  r z  r  Y - - *  f t * ,

4 n  r  x  *  2 x  a n d  * t  r  Y ' - >  2 \  ,  d e f i n e d  b v  ( 2 ) ,  ( 3 ) ,  ( 4 )

respec ' l ; i ve lyo  f ,e t  de f  ine  fo r  every  ( i r i l  eX x  Y

l . ' i r$  =  F  r  x  x  Y-+  E* ,  F(x ,y )  !s  r * (x* * )  +  r r ( r -$ ) ,  ( r+ )

and

I o r S r $  =  I o  I  X  * - n  F + ,  I o ( x )  =  3 ' ( x ,  l n x ) .  ( 1 5 )

For the pair ( t '$i  \se cdrndj-der thg problemo

( r;i) 
[f_ 

:o(x) ;

(Dn)  max  -Jn (yo )  I
vtt'

vihere

;o(v*) = F*(of, r*,-yP) := :fi(r,[ vr) * rf (-f) + <rof-.f, fa (re 1

$uppose X is  s t r i c t l y  convex  and rd f lex ive ;  then (P* )  he ,s  aR

unl-que so1.ut io i t  f -  *  i i -n( f  ,#)  l lh ich is character iacd by

o G  4 r ( r *  f i + ' f 4 r ( t r o * , r - $ l  .  . ( t r )



B *

(For t l r is one talce into account ' that Eo is

0  6 l l o (3o )  and  the  ru les  fo r  t he  caLcu lue

€ 1

ln LgJ e I'ron 'Iheorem B v're knorry ttrat (Dn)

6 -  .  , / !

t l on .  I f  f  i s  * t r i c t l y  co r l vex  and  Ye  iu

so lu t i on  i f f

o f  su rbd i f f e ren t ia l s

has at teast one sol"n-

cont inuot" rs  (so that

un ique eolnt ion

( ra)
Sf - o[ (f,]t siven bY

y ; . - { n ( h o r n * } ) .

Wi. tn  the  above no ta t ions  cons ider  the  fo l ) -owing  poss i 'n ) -e  cond l -

t i ons  upon  6 rn )n€N  and  ( r r r ) se Id

(Ai  sph to& sph Lo i

(B) trnx --?I,ox #x eX and *o* x -) lnxn * lo* ;

(c) Lox -) Lo" #xex .and 1,f, r*-+ { v* * fe vo ;
I  |  . . r  z r .(D) fn :-) ?o V ti,?l ;

(n) :u -E+ ro *,{,?l f

(r) ro(xo) - min ro *) 0 *) xn -+ U" V(*,!: t

(c) } '(xorfrr) min lrr-) 0, Yn ' lo*o* 0 =) xn-+Eo

(H) ,o -S ro ancl ro(x) --r ro(x ) ix €x, d,f  ,?,

( r ) r n $ r *  a n d  r n ( f o ) + r o ( f . o l  d t i , f l  i

y i  i s  s t r i c t l y  convex )  then  (Dn)  has  an

( K ) fo n l,.f,r* tro?o and lin

g min
I(r) 'x* yr , f ts,fl ;

a.^
(i,T) Io -)> Io r Lox -> Lox

(N) nin Io*) ni  n Io, lon

For  t l , ? l  f  i xed  we  deno te

;  A  ^ \  - .
F o ( x r Y ) "  J t n a l c g o r $ l Y

ul , h n \v ( x r Y J  i

,

(J) r im inf  .  min ro7, min Io,  l inn sup rn(4) € Io(Fo) ,  t ' t i ' ,? l  ,

v --s

) 'F r t l r. n O \ x  r  J  /

sup min  I , ^  €

# , n  A \
l o ,  v l x r j /  i

e . t . r

by

6 . - * ^

#** x' #rf,i, ;
I

^:{ t* e x.d ({,} l
c r r

f  n t  \  ' i . h o  c n n d i t i o n
\  !  I  V L L V  v V  r { v

/ r - r r  \  / a T i

c o i l . ( j l - T " ] . o n s  t i : '  I  \ N '



( * , $ lbe i .ng  the  same in  a t l  t hese  cond i t i ons .

Be fo ro  see i .ng  the  ve r ious  imp t i ca t i ons  be tween  cond i t i ons

(1S) ,  Ie t  us g ive a charac 'Ler izat ion of  the convergence of( A )

s e t s i -n the sense of  lJ loeco "

Ihg_Agg-[. Let SnC' X, n

suppose X and Xr  are l l -spaceo"

are equiva lent  :

( i )  sn -g>  $o
' l

( i i )  P o ( x )  - +  P o ( x )  [ x  e  x  ,

( i r i )  d i s t ( x ,  S o ) *  c l i s t ( x r $ o )  V x e x ,

where nn(x)  e  $r ,  is  the e lement  o f  beet  approx innat j -on for  x  by

e lements of  So (wl r ieh ex ls ts  and is  nn ique in  our  case)  a l rd

d i s t ( x r  $ o )  =  l l x  -  n n ( x ) l i  .

.8lggg.. Consider + the oual l i ty mapplng coruesponding'

to  \ f (  j i  s  t .  By Thebrern A,  in  the pr . 'esent  condi t ions,  {
r  

- J

and t  a re  s i .ng) -e -va lued and cont inuous .  [hen fo r  x  €X,  fo (x )

is  charac ter ized  bY

<nn(x)  v ,  { (x  Po(x)  )>  >r  0  Hv e s , r '  (ag)

( i i )  =)  ( i )  "  Take x  €$o;  then So ? n"(x)  - -+  Fo(x)  F x .  Therefore

(B)  is  ver j - f  ied,  Let  norn $r rUu *ou -  xo.  T l ien,  f rom (19) ,

eN be c losed coruvex sets  and

fhen the fo l " lowing condi t ions

tsut xo no,r(*o) -> xo

- * {  t *o

p " ,  ( x ^ ) ) >  7 t
r rk v

tha t  Q(*o

*r nr(:ro) *

o '  d l ' .

P.  ( * ^ )  )  ' +
' *k  v

x0.  Therefore

c

< no(xo)  *o ,  { t *o  po(xo)  )>  '3  - [ i xo-Fo(xo) \ \  7 t  o

v,r6ich shol , rs that  xo = Uo(xo) € So an., l  (9)  j -s ver i f ied" '
. +

(Note  $e  uced or l ; r  tha t  X  is  s t r i c t l ; r  convex  and X"  i t l  an

$ * S P & C e  J  .



( l )  s . >  ( i l i ) .  L e t  x

*  d i s t ( x r  $ o ) r  n € N "  F r o m

'bhat Vn 4 xo. Theref ore

d i*: t  (x rSo ) = l i rn {Yo-x f i  >,

Take 1 l  x^  x  l t  -+  A;  we can
^*k

*\ y * X? s0 that

. A = I i m  { x ^  * U t ,
r r 1 .

T h e r e f o r e  d i e t ( x '  $ o i

(Note  v le  L rsed on lY  the

(  i i i )  : )  (  i i )  "

Th+re fo* *  'V*  6  sc  i l ne

L 0 d

eX and  take  xne  Spr . l t xn  -  x t l

(S )  the re  ex i s t  go€  $o r  n  eN such

t i i a  sup  {xo -x l t  =  l im  sup  d i s t ( x r  So ) '

suppo$e *or;*\ y c so " 
'Ihen 

"ou 
- x"\

I t y  *  x B  > 7  d i s t ( x r  $ o ) .

r e f l e x i v i t y  o f  X ) .

a . )  x  6  $ o  ;  t h e n  S o  )  F n ( x )  - - +  x  =  P o ( x ) '

r f l J " n € $ o  i  x n * x o

b)  Take *  f  so.  l i 'o"  Fo(x)  e  so there ex is t

x*€ Sor o O t l* '  ,  such that xfr Po(x) '  then, talct 'ng into account

(eg)  r  w€ have

(x-xn,  $  t * *p- (* l ) j  > ,  { * -po(x) t l  
2  = td is t (xr$  o ' i ) ' '  

' { ^eNdr '

'  r '  (x ) ) -+ ** .  fhen,  tak ing the l iml t  in  the abo ' reT a k e  9 ( * - P ok
inequa l i t i es r  l " {e  ge t

( x . -  F o ( x ) , f f i r > - - l t x - n o ( x ) l l  
' ,  ( 2 c )

>ther hand ftffi <sCI  tha t  UfU 7  i l *  -  no(x ) l t  j  on  the  (

g r.im inf tl Stf ;P^#))ll = lim inf 1lx oon(x) l\ =

?i  [x  *  no(x) l ]  r  so thaf -  l l  * * { t  =  f lx  -  no(x) l l  '  Hence,  i t i  (2o)

we have just  ec luaLi ty .  Therefore tJ*  = 
f  t *  -  

.po(x) )  and

f  C*  -  to (x )  )  * * f (x  *  Ro(x)  ) .  $ lnce  d{  t *  '  pn( . )  ) l l :
, r t .  -  r  r r r r  : b t a i , + t h e t  f t r * p , . , ( x ) ) - + f t *  R o ( x ) ) .i [  Q ( *  P o ( x ) . ] t l  w e  t  i , . , .  r n \ -  "

B u t  
+ - l -  

i e .  c o n t i n u o u s ,  $ o  t h . a t  x  P o ( x )  - >  x  P o ( x ) ,  i " e ' t

. .  f  v \  - - - .u  n  (x)  ^  V i*eX .
y I : . ' -  L  

C )  
!

Remrer l '  t ,  I f  X is  a  Hi lber t  spacet  Theorem t  is  jus t



[+ , fheorem t] . 3or x and xr uni-formly aonvex the eqniva*

lence  o f  ( i )  and  ( i i )  i s  p roved  tn  t5 l  "  R .  l ucche t t i  commun i -

cated me that zoLezzr had shown l ih,e i-mpricai: ion ( i i i )  : )  ( i i )

i f  x  (anc l  therc fore xF )  is  a  s t rongl ,y  smooth.  H-space"

Le t  us  s tudy  the  va r ioue  imp l l ca t i ons  be tween  (A )  (N) .

that  ue always have I  ( I ' { t  )  :>(Nt

Theorgm 2"  $uppose  XrY  a re ref lexive and
*

X has proper ty

( h ) .  T h e n  ( l  )  ( = >  ( B )  e >  ( c ) .

Eqq.g j .  (n)  . :>  (B) .  l ,e t  x  cx;

ther :eex is ts  (xo)  C X such that  (xou

Ther.eforc xn*)x and lo*o-+ Lo*r so

( 13 ) , Io* -+ Lox, J,et now xn-A x ; bhen

by ( t3 ) ,  (  lnxo) is bo und ed . Talce' Lo*

L , .  (  x ,  ) )  ̂  ( x r y )  r  s o  t h a t  ( x r y ) . g
, "k r .k

Therefore Lnxn--"s lox,

(B) :) (c) " 
yre must ehow i,[.ri-+ t;rf for y*€ f :

We have <xar,[ r*) E (Lox, # -r dr,ux, f> s < u, { y*> f or

every :< € x. llherefore tf,-yF--r ltu* , since x* is refftexive

there exist *o € $y,
. t F

*  ( I n x n r  y )  !  T a k e
u - * '  * : '

'1  ] ,nk y l i  +4;  vJe can

I,, xn -\ I^x, so that fiIrY,.k ,^k v ,^k

= (lo. xn, , l i> *>/ ,4 o {lo*,r^k ,.k

l s  w ^  I " s n e +  n e  h a v e  l i m  i n f
t l  *  F t ,  u  - f  * r l

i l ln  Y l l  -+  11l ro Y[ l  .  l j r i ru*)

proper t y  (h )  i t  f o l l ows  tha t

tr ' j -rstIy we have.
'  

Remarlc ?^ I t  ls  obvious

(x ,  lox)e gph t ro  s0 that

l.,oxo) (x, Io*) " "..
that ,  tak ing in to  account

(xn )  i s  bounded  so  tha tu

(- 
"oJ 

*.  y ;  hence ( *orro

g p h  l o 1  l o e . y  ) r  *  l o t  .

n€ N such that ilL; fil ;: 4 xn, tr yF> =

A s Lim sup tt : : f  f  U and (*oo) such that

suppose xn .  o  x  €  S(o  r t )  *  By  f rypo ihes is, .k

y*ll * a xnk, ,fn r* , *

f > * t t

It rf ;-Flt
L

T t  - - f  \-n
* *  *
!- ;r- -9

o; f'r
V IIL:
tl r"

* lt- .tf,
! c Y

. Si"nce 'hhe norm

. E , r

y- l !  .  There fore
&

and X h.eis
i l  o ^  * , *y y  e  r o



(C )  *>  ( * t ) .  I . , e t  ( xn

-+  ( xn lox ) .  l , e t  now ( *oou

Ir^ xn -*s Y' Th-en for Y*e
t"k '*k

arrro *oon y*> * a*on

Therefore nou *nr i  lo",  r lo

f he  p roo f  i s  comp le te

l [ggge*. 3" ,Suppoee X is an E-spaoe '

(  i )  ( B )  - )  ( D )  ,  ( $ )  r  ( H )  ( K )  ,  ( l ' i )  ,  ( N )  '

( i i )  ( K t  )  - >  l n t  ) ,  .

con t inuouso  then  (B )  :>  ( I ' )  "
p r o , r f  ,  ( : i )  ( l t )  : )  ( D ) .  F i x  ( i , $ 1 .  r t

eph  lo  ;  t hen  gPh  ln> (x ,  Lox )

)  - r  ( x r Y )  1  i . € . 1  * r r , . *  x t

+(f i ,  4Y*> ='  4rrox, f  
" '

=  t r o * ,  i o e " r  ( * r y l e  g P h  L o "

Lox) e

I r ^  Xn
, r1 -  ! .1 r

i ! a
.tf-

Y .

Yo(16*  -  * t :  *Ya ( i i r nxn  *  $ t i )  4 f r  ( l l x

+ fz{ 
llT,o:( $nl lx e x'

*
|  ! " ,

that y

ttsy >

( f i i )  Fur thermore,  i f  Y€"  is  an S-opace and YZ is

xl!

ie obvious that

+

so that

yr(lr;n * *rt l  * Yr(l l tnin 
- $ul sfr{ l \ l$

There fo re  (Tn ) . i *  bounded '  Le t  En :  xo "  th ln r

Ooo  to r * - -  Lo*oo  $ ince  f I ,  f ,  a re  uJ  ' L "s ' c ' e

r in t f t  in  (2 [ )  for  n  = f lkn k  +eo r  w€ 8et

Yr(r*o**il) 
n f zQ r,o"o*$fi) sf4 (11***n)

s0 that  *o  *  f r j "  Therefcre F*^  io  and

(?1)  for  x  = For  v{e } rave

fr( ttxo** gy 4 yL(6*o**1) +ya( l1r,,rfo-Stt) -

that ,  tak ing the upper  l imi t r  wCI  get

$Li.n {.tn ( itf ,--i l i  ) S V (tt =^-irtl *''f/o(tl i,^f^
a 1  ( , ,  l L  v

E 
Yr( 

l lx '- t  l i )  "

(  2L )

- inl  i  (zz)

f r o m  ( B )  r

taking the lo i {er

tli,ox-$ [) t'x e x,

I,E^ . iurit ingo o

,f 2( fllnrn-f )ll n

4 . . .  . e .  t  ' t -  A , , t

- rr l l  J - Yr (. l l  j rnx 
n-y tV

.

+ fz(
T , v - l-n'^n

y*( ttin-ii l ) = Y*( t i:o** il) , " But Yr is

$ o

l-'i-itt

fh i tu vte obtalned l im



l C  -e , a

inoreaeing and continuousr 6o that 1|Fn**[ -+ l l f-o-tt l  ,  whlch

together f6-t *a Eo** imply Go * 3o *

(B) .=) (N) r (I{) .  lVe j ust obtaineci fo + $ '  vrhich

impl ies Ln*n -+ Lofor  s0 that  by the cont inui ty of  f*  and t !2r

v\re have min In ---+ min Io

fn the sane l r r&yr i f  i le replace I*  by Io o 4"r  : f )  ,  *%OT

! ! e  o b t a i n  t h a t  r n i n ( I n  +  ( . r  f ) )  * *  m i n ( I o  { -  ( , . r  
" * >  

) ,  i . q u
n

In  S Io ,  so ne have (B)  '=)  ( lJ I ) ,  Thus,  ta lc ing ln to  account .

Remark 2,  vrb mrst  on ly  shovu (B)  : )  (L l ) .  $oo }et  x  6  X;  then

(x ,  t ox )  -+  ( x rJ . ,ox ) ,  so .  t ha t rby  the  con t inu i ' t y  o f  f  ? . ,  I n (x )  - - *

* Io(x) .  le t  novJ xn; i  x ;  then tnr r*ou-  lo* ,  eo that

I im  in f  I , . , .  ( "n .  )  , r ' "  rn (x )  "  There fo re  to  -$  ron
r.k t .k v

(  i i )  ( r '  )  . l=)  (D'  )  "  Since fo* ?o, LoEo * lofo I  w8 have

l inr inf rn(;n) = i- im infd !/1(l lro*itt l  o Yz( l l tnfn-' t t  ) )

) tim inf Y l(f fo-tu ) + lim inr f ,( 6lnE'n+\ )

bf{ lif,c-* li) + f ,( tll,oxo4it ) = ro ( ro ) .

But ,  by hypothesesn l im sLrP In(Fn)

rn(fn) :> 1o(% ) . 'rheref ore, l in inf Yt( [rn-f [) '= Yn(|t %-tl l )

anct t im inf Y Z( UloE'o4Ul E 
fa( 

f ii,oXo-$ it) * 0n the o ther hand

t im sup yt( n f *-* [) = lirn uop I rr (I,n) Sr( [r"ofo-$ ll) ] *

= ro (Fo l * Yr( tl r,oEo*$ ll) * YL( llro-* ll ) ,

so that Yr( lfu-$ tt l yr( I l io*? n ) r erd r &$ above , Q 
*+ q.

( i f i )  Suppose  Yr  l s  an  1 l *spaoe  an< i  Y2  i s  cou t inuoqs .

Thenr  &s noted at  the beginn lng of  the sect ion,  (Dn)  has .an

unique sorut ion $ff= -  
#r(r ,nfo 

-  $)" But xo + f ,o,  sc'  that

I rJ 'n + lo3o. Since y* i"  an S-spaosir by Theorem A, 4A i"

con't inuous. Tirer 'e f  ore

; t -
J g 1  - * r & o r , , * $ t *  f e ( t o r o



peg"Lqg;|" $uPPose X

( J ' )  * )  ( n ' ) ;  ( n ' )  : = 7  ( I r t ) .

and  YU l s  con t lnuo t l s ,  t hon

' 8 . g p S J "  ( s ' ) : )  ( n ' ) .

' Iaking i-nto account (22) and

L4

!s unifornlY

Furthermore t

(B) "4 ( G') '

L e t  ( H ' )  b e  v e r i f i e d  f o r  ( i , f ) .

(13) vie have that f t (r lxn- i t t l  t

c o n v e x '  T h e n  ( E t  )  = ) ( D t

i f  Y* is an S-space

\ .
t ,

(  23 )

(24 )

"  <  M,  for  some l f r , )  0"  Therefore,  there ex is ts  M > 0 such that
: - 1 -  ' L

tl rn-t \\ I I'lt 1*i- fln etr .

s j -nce  lo  J [>  Io ,  t ] :e re  ex is ts  (xn)cx ,  *o*4  s l tch  tha t

ro (xo)  4  Io (%) ,  v rh j -ch  i rnpJ . ies  t im sup In (q)  E  Io (4) .  1 ' fe

can suppo$e (xn) a-Lso sat is f ies (23).  Let  now Fo'> xoi  then

l- lm inf  rno(?rrn)  7 ro(xu) 7 ro(go).  Therefore xo = Eor Eo* Fo

and In ( rn ) " - *  
o lu (%) .  

s ince  x  j "s  un l f  o rmly  convex ,  { t  l s

unifofirr ly corl ' iex on 5(orl,{) s0 that Jn, ne'1{ are equi-unifornly

convex on $1{, iu l ) .  therefore there exists E-e A such that

lo(xo) 7a 1n(fn) * \ '  t nxn-Folt) yn € lrl '

But ).trn T,r(oo) = Lim Io(fo) = Ic(X'b)'  so that )tt t"o*fotl) -"

which' implles xo-f, -+ 0. $ ince *n4 fo i t  f  ol lorvs Q + ?n n

(Ht  )  : )  (F ' ) "  \ 'Je saw abcve thr r t  fn- ,  To an ' i  In( fn)  ->

I ' ( f ' o ) "  $ i n c e  I n ( x r . )  I n ( f n )  O r  r t  f o t l o w s ' b h a t  l o ( x n ) - >

1* ( fo ) .  There exists l , ' t  e lo ,  ut l  such that

t\fn-S\\ ( lo{, tlxn-tti <. l'{" fo *ul ,

Thr'su for $ome \e A we ha-v"e (24), ' Iherefore xo-fr.  -+ 0

whlch toget"her i 'ui th ?o * fru imply i lo4 q'

( J ' )  : j  ( l t ' )  o  $ i n c e  I n ( ? n )  t  I n ( x ; ) ,  i t  f o L l o w s '

f rom tho  hypo theses ,  tha t  I n (En)  +  Io ( fo )  and  fo (?o )  - - z  Io (Fo ) "

As ebcrre * i"tr $011,!s E'* A we have

r / f \ - _ T { A \ r
n . \ x o 1  v  r n \ n n /  f

which implicfl T,. -) f,r",. .
l l u

f , ( i l io - .Fo l r )o  t rn€ N,



that f ls an l l*space and Y z 
j.s

From Theorem 3 we ho.ve fr ,*+To and y[* y;".  I t  is o.bvioue that

( In ( fn ) )  i s  bounded  wh ich  lmp l ies  ( ! ' ( 1 , vn ) )  l s  soc  Bn t

Y t ( t t xo -& t t )  
*  p (xn ,yo )e  so  ' t l i a ' h  the re  ex i s t s  t {€ lo ra6 [ r

that

' fhen,  
tak ing in to  account  theorern A (x i i i ) ,  there ex is ts  [e  A

such that

f r (xo*{ )  7  tu( fo** )  +  ( *n

"  ' g ince ,  b i r . t heo rem B ,  L ;  Y f

since -q 6 1 rr( loXr,:$) ,

$uppose ,  fu r the rmore t

cont inuous,  and show (13)  =)

(un ique)  so lu t i on  o f  (Pn )  and

U s

such

(G). .  F ix (* , f l  and take fo the

r[  t t t *  (  nnlque) soln ' t ion of  (Dn).

-{f i  -s.- x n . ,  r ' n  Y n )  + 5 ( [ x o - f o t r ) , * o e } { ,

e  d f  
t ( fn- r i ) .  0n the othe: :  l :and,

we have

' r  3  - F  s
4Sn !o*,rr -)ro 7 "

- ^ J .
t 3 s r

r z(yn-$) >/ ra(inf n-$) *

Idd ing  the  above ineo.ua l i t ies r  v {e

l '(xn, yo) >/ rn(f o) + ( rroxo-fpr q > + $'( [xo-i'r.l l ) ,

taking into ac co unt that J,ox,r-V^ r O ? Uf, * yft

- In(fn) -+ 0 vre obtaj-nr &s abover xrr ' -+?o" fhe p

c o m p l e t e r
x-

i""e_oryp"_2. (i) $uppose x is strictty convexl f is an

S*space, y has prcperty (h)  o Y* ls  uni formly convex,  Ye,  YA

are  cont i -nuous ,  +q*  Yr ( t )  *  *  anc l  t {n ( t )  =  0  4 '=>  t  F  0"
t+c* 

' u

T h e n  ( D )  = )  ( C ) -
x-

( i i )  Suppose 'X  i s  un i fo rm ly  convex ,  X  has  p roper t y
*  lvex,  r f  o* t  o )  -  o,  Y,( h ) ;  Y  j - s  f l n  E - s p a c e , Y "  i s  s t r l c t l - y  c o t

i  s  i  nc reas ing  and l im f t ( 'u  )  =oo o  T i ren  ( i i  :>  (0  )  .'  
t - + e  l c  

1  T'  
:ru-eg, ( i) Note tha't ' in our conrl j . t ions ?lr ?e u,re

t ,  * ,
f (  xn ,  Ys )

roof  is

1 - ! -
h -  i s  n n n t - i n u o u g  o n  d o m  € ^ :' r 4
i  I  

-  
- :s ing le*va lued mapPings, S (,o r ut ) ,,r-



nnd  on to  and

snbse ts  o f  Y

have

Iret u$ show

$rc rn-ft I

that

* n  
i s  o n t

( ses 'Iheorem
o a.nd uni-fornly continuous on bounded

I ) .  $ o ,  b y  ( t ? ) ,  f o r  q  =  x n ( i , i ) ,  w e

.* rI **( i,nFn*$) t o. Q 5 )

(26)

that

( 2 7  )

( 3 o )

t+ .A rrt'n Ta \ "rt

$ j-nce x,^-+ x^ and 6. is
f r  o  t ' r

" f T  
A ,

Lotz( l ,nxn-yJ =

x*v) ** t: #r(r,ox+v) #x e x, v € Y.

con t inuous ,  f ron  (25 ) ,  i t  f o l ] -ov rs

- 0ot;o*f ) -+ - 4r( ro** ) =

r,] 4rt,oro-i).

Birt

{S , f l .  I ndeed  t ake

h ich  ex i s t s  s j -nce  { *

[ a k * . n g n o w x * Q l n

Bu t  tZ  i s  on to r  so

tt f fy*e
X nnti take f r.p 0 in

:a-
v

[];Sz(i,nln-$) - i.,; {r{roro-$trt c c tfzmnrn-$) -

6 . ' *  
A  r  t i

E Z \  i rnxo-Y/  l l  .

0n the otirer lrand (I,nxn*$)oe 
u 

. and (l lnfo-$)ne 
tu-

|1( r,nrn*$) ( i,riro-') {l & c ll xn*,o\\ . {zg}
T _

$inc*  Er . -+ fn  and fa  is  un l forn ly  cont inuous on bonnded sets ,

i t  f o i i - ows  f  ron  tZB i  and  (2g )  the ib

{ $r(tnrn*$) ti f*(r,nxo-}) -+ o as r1-+oo '

From (z f  )  and (3o)  v$e get

rX 4r{r,nfio-$) -4 r}f ,(r,oro-$).
BLrt t'x e)'i, $ e y l. e x sLrch that )( = fo

*  such that  $nt "* { )  +  l f ,$r i lo" -$)  =  0 ,  w

i s  on tc i *  So ' r , ie  ob ' ta inec i  ' tha t  " (26)  i s  'b rue .

(zo1 r.,e have ri $r(y) *+ l i {rtvi i l , , ,.
t l tat

* *  s
u n Y

t  la;

are bounded and

I.,et now x & (  e6  1 .  theH

( : r )
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scr that

(x , r f  { * t lo* )  >  '=  (L ,ox,  4r (Lox)> z

Ittnx[ $r( llr,oxti ) -+

llrosll Pa( tlr,oxl[) '

Sinoe the  f  unot ion  0  € t .+ t$ r ( t , )  l s  con t inuous  and increas lng t

tf folJ.ovrs that l l in*l l  --rff i ,oxl l  
" 0n the other hand

- * -* r J* x -; --** !  #-- . ,&
4 lnx ry *2  =  <x r t [Y* t - t<x r  4 f t  

=4 ] . ,ox ry^>  , f  y "e  Y  t

so that  Lo*  *  loxo Since Y has proper ty  (h) r  vre get  L ,ox *91,oxt

vrh lch i ;ogether  wi th  ( l t )  sh6w that  (C)  is  va l id"

( i i )  I n  ou r  cond i t i ons ,  t a . k *n$  in to  accoun t  fheo rem A ,

r  Yr  -> Y is  a  s ing l .e*va lued c ,ont innous mapping,  #*u,  f *x

singl-e-val-ued ruipping, un*' f  ornrly continucru.s on bounded

and (p, , )  has an un ique soJ.ut ion f f ,=  F i  ( f  ,$ l  character ized

. * , { ' { r ( r , o x ; >  z  4 l o * , * r ( L o x ) >  *

4 f  f  i t s T
t ;  +z( tn*)  1 Lo ?z(1,6x) ,

- 1

9 e
! s a

,qet s

b;r
-l

, A  r  "
Lrr( x + tt td vfil

that for

#r1r;
€. Y suc

o . ( 3a)

i s  bounded"  r i c  i n

e{ r  wh j - }e ,  tak ing

f f l  l .  (  33)

h that }[t$,]1 * y*

I ' b  fo lLows eas i IY

( i )  w e  o b t a i n  t h a t
_ )

r ,o ( * *  d r t r f  uJ ) )+  ro ( f  +

rt is obvious that f* € x, Y'*€ t* J$

fhus,  f  ronr  (  33) ,  we get

I

r,o(x + +ji,f, r*) ) --+

Taking y* = 0 in (34) \1,e obtain. lo* --)J,ox

ln  (34)  t (  = .  o '  v ' Je  ge t

I,o (x f i l  f * . .b. lF
X ,  Y ' € Y .

.L
A r

+  0 (. r {

IP
Jr^

{"

rf v*-+ f ,f '/f ui,

( 3 4 )

-  , -L**  re\
Jr," *. \.b" Y I -+

1 4  a d

ru f;ir; )r r, #fe Yl

obtai-n that

of Theorcms 2=5 t ' ' ie } iave

As  in  the  p roo f  o f  Pa r t  ( i )  we

eo  tha t  (C )  i s  ve r i f i ed .

$uninaBrizi-'*g ti ie resiiits

tM/ot L'?3)0
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r 8 -

the f  o lJ .owing condi t ions qre ver i f  led

cont inuous anr l  i .ncreas ing*  f1 . - (a t )  
a  o€ '  t iT_ ?2( t )  =

t -)m

fhen  the  cond i t i cns  ( * )  (N )  a re  pa l r v ; i ee  ec lL r i va len t ,

XrYr are unifo::mly convex, l*rY &,rs l l*spaces, Yt, Yz aTe

@ .

(tsy our

convent ions  fn - (o )  =  t f r * (o )  s  0  so  tha ' t  f r . * (o )  F  fn* (o )  =  0 ,

(K )  was

t f * ( t )  *
LtSS"q{E*1. The eqniva}"ence cf condit lons (A)

ob ' ta lned by ZoJ"ez, r i  f  f l  for  XrY Hi ) -ber t  spsces and

- -  f  , ( t )  
=  t o

kgggb**,o lie obtained tliat { C ) F> (D)  l f  XoXFare

I i - spaceoo  Y  has  p rooer t y  (h )  and
g-,Y"

is  un l fo : : rn1y convexo Yl  **

f in f lheo.ren 6 anC Ye r R* *" l l  continuoutt,  nondecreasi-ngo

' r P ^ ( ' t )  = O ( : )  t  * 0  a n t l  l i , a  % t t )  = M  .  l u c c h e t t i a n d i r l i g n a n e g o
|  ( -  

t  * ; pbo r  /

Le] ob'tained the sai le eclu:Lvalence v' then XnY are strong}y smoo'bh

l l - spaces  and .  ' f : i ( t )  =  f r ( t )  =  tp - l r  p  )  1 - .  \ i e  a re  no t  conv inced
. F

tha t  cond i t ion  Y un i fo rnr ly  convex  can i le  weakened,  even fo r

. ;uch 
f t ,  Yz.

I re t  rs  obseyr re  tha , t  cond i t ion  (D)  can be  wr i t ten  j -n  the

foJ-Lovr ing forn 
\J €

( l l i  xo( . r )  t ' (F )  Y  P €  td  t

.  ( 7  , *  n  - "  , \  e
w h e r e  S a  =  { F S , }  ;  

' r i  
e X ,  i l  e  V J  ,  T h e  c o n d i t i o n s  ( E )  ( N )

may be wri . t ten in a s imi lar  v\ray.  $o ae v ' ie pointed in Remarlc 3t

?,a] . 'enni-  proved 'hhe equiva).ences of  (A )  (K) for  XrY l l i }bert

.  sp i?ces and ta lc ing insteaC of  - f  t i * ,  c lass f i  obta ined f rcnr

in  i he  ca ,se  
f1 ( t )  

=  
Yz ( t i  

=  t x "  Eenna t i  [ : l  \ t ' a , s  i n 'be res ted

in genera l i .z , tng the resul t ,e  o f  ZaLenaL ta lc ing a }arger  c laes of

f  unct ions and l ieeping Xu:  t l i i l  e r t  *po.*o-  i ' lo re  exact ly ,  Bennai j -

coni : idere6 the * t *ss F c l f  fur rc t ions I '  l  XxY " -> R vrh ich

slr i isfy the fol" l-o' 'nlng condi"[ :cnn r

3'  j " ,s convex and co-nt j .nuous, ( 3 5 )



F L g

vt+Yz,x, +x4
n l  : L  L-r \-'*-r F ( x t r y 1 ) ' h

f flxo-x2llz

I
2.

{

4
E *

2

- L
4

F ( x z r s 2 )  F

x1 ' r x1& i t ,  y1 rS26Y,  i ; ,  :
( 3 6 )

(  3e)

teJo, i lnei-ng the same for etr l  Teg ] and

I  F is  I ' rdchet  d i f ferent iah l -e  wi th .  respect  to  y  and
1 ( i7)
(  x  x Y  3  ( x , Y ) - - +  v y  r ' ( x r y )  i s  c o n t i n u c u s  '

Sgg*:'!i" 5. Eennatj- shor'{ed the eqr,r.5.va1ences (l) 1*} (C)

e ) (D)  <F)  ( s )e )  ( t )  r ruhe re  the  qond i t i - ons  (D) , (A ) ,  ( t )  a re

taken  fo r  a l }  F€ '  F ,  $ ince  Ec  F  w*  eesen t la r l y  new imp l i ca t i ons

a r e  ( C )  : )  ( D )  r  ( E ) ,  ( l ) .  i

In what foLJ-cvrs ! !e consider X a ref J-exlve Banach space

and Y a Banach spacee F r  X x  Y + R e i  cont in [ous convex funct ion,

e t r i c t l y  c o n v e x  r " r i t h  r e s p e c t  t o  x ,  i . e .

( :e )
* 2 ,

For  such a funct ion, . ' re  u iant  to  see what  krnd of  assumpt ions v{e

mus t  impose  s r rch  tha t  (B )  imp l ieo  some o f  cond i t rons  (0 , )  ( . { r )o

t +  \  -  T / { r  r r \  / r ^ \  /  \  4 t' r r rhere ( ln)  C L(Xry)  eat is f les  ( t3)  and In(x)  =  3(xr ln  x) ,  Remayl r

that  ( :g)  as$ures that  In ,  n€N are s t : : ic t ly  convsx.  r1e shalL

deal  wi th  one or  many of  the fo l lowing condl t lons"

Fi rs t ly  cons lc ler  the fo t lowlng genera} izat ion of  (36)  l

6en,  r im +$: !JLLU

/

,t"
U

I . l l

+  *  F ( x o r y " r )  -
2 L C

r t  r t  C VJ L _ r J  2 *  
* t

I  r ( x :  r x r  )
2 * &

*n,xr€ ){ ,

+u
-Xn  f xe

n a  +x'\--.* ,
E

- E'r rr
s rcst r i -c

\ r
1
L
I es

F c)o surch that
-+@

Yt+Y
) (

)xn -xrii

o r r 'i ive



( 4 0 )

t ,

I

(  41)

20

f * ,  0  &eA d*u , * ,  e  $ (o , l ' { ) ,  Y t  f l 2€  Y  :

piT-lY,q., Id,kl * 1 ucx1,x1 I o * p(xz ,i{2) ' f,t ftxn-xrll
2  2  2  r ' - r  2

, f fe  a lso  cons j -der  the  f  o l lo ' r in8 ;  coerc iv i t y  cond i t ions

l - im in f  F (>r ry )  s  oo

l l xh ) ,o  y€ '3 (o ,c i r x t t )

I im *1* inf- ,  I t (x uy )  a &

l l x l l ' )m  
t t x  l l  Ye5 (o ' c l l x l l )

7 0  i s  t h c  c o n i i t a u t  f r o n  ( 1 3 ) '

t
I

I

L

,  ( 4 2 )
and

vrthcl'e c

As.  j .n  l t l  tue can ghovr  t i . re t  i f  l r  sat ie f ies (39)  t l ren there

exi:te d-e A , l i l  4"U = & such that
t ->co

{ i , ' t r , , r )  }y  r ( f ; , t )  + ax*T,- '5  + " (v-} ,v1 *E(t lx- i i l )

i  f x,* €x, x;S €Y, tnf,v#) e?in(-,Y), (43)

and ,  i f  F  ser t  is f  ies  (  4o )  then
t , I  

' l

\ f l r , r>  oJ6*A  
y ' * , ;  €s (o , I , t ) ,  v r f  €Y ,  ( * * , ; ' " l e? r (E , t ) ' ( r t \

lu r r ,o ,  > /  F(E, i )  +  4x-?. i ,x t )  +  <y- i ,y* )  *E(  l tx i  l l )  ,  
t - ' - '

r a l c i n g  i n  ( 4 i )  ( f , f l  =  ( o , o )  a n d  ( " I , v f , ) e  ? p ( o , o )  w e

g e t  t h a t  F  s a t i s f l e s  ( q z ) .  f i o w ,  t a k i n g  I €  L { x r Y )  a n d ' I ( x )  =

*  F ( x r r ,  x ) ,  i r  F  s a t i s f  i e s  (  3 9 )  n  t h e n

r t x )  7  r ( f )  *  ax* i ,# )  *  \ ( t t x -& t1 )  * * , f , ex ,  #? r ( * ) ,  (45 )

a n d ,  i f  I ' * a i ; i s j l i e s  ( 4 o )  t h e n' \$*  
> o {S*n #* , t  e  s(o?i / i ) ,  ***J ' I (5"}  :

.  

' J u s { " } v } } ' A q * : " t ; : r -  

T  
( 4 6 }

t  r (x)  A r(r )  r  (x-T, ' f> + t r - ( t t**gt t ) '

TIe can r low formUlate the fol lovl ing result

ffi lgXSS*[. Let X be e' ref lex:i-ve Banach space ' Y a Banach

$ p a c e o  F ,  X X y + R  a  c o n t i n u o i r s  c o n v e x  f r " r n c t i o n  s a t i s f y i n g

( 3 $ ) ,  ( L ^ \  €  l , ( x r Y ) o  s a t i s f y : i : . g  ( * j ; n  . i n ( x )  =  F ( x :  i " , o  x ) "
. ^  n+  l l



( r )  ( B )  = >  ( a ' )

( i i )  i f  F  $ a t i s f i e s  ( 4 x )

( i i i )  i f  F  s a t l r : f  i e s  ( + z )

( i v )  i f  F  $ a t i e f i e s  ( 4 o )

( v )  L t  F  s a t i s f i e s  ( 3 7 )  '

I 'u r thernore,  i f  (q f )  ho]ds r ' - i th

( 3 )  = )  ( G ' )  r

t h e n  ( B )  = )  (  J '  )  r  ( l c '  ) ,  ( w '  )  i

t h e n  ( B )  = )  ( H f  )  r  ( I , ) ,  ( 1 t r ' )  i

a n d  ( 4 1 )  g : e n  ( n ,  )  - )  ( n r  )  e  ( F o )  t

( + o )  u  ( 4 1 )  t h e n  ( B )  - )  ( 1 , ' )  *

c rCIi)Iaaed try some d' > c then

I Igg$.  ( f )  By the cont inu i ty  o f  F we ha 've l inr  lo(x)  E

3=  l i nn  l l ( x *  l n  x )  =  F (x r l . , o  x )  z  l o (x )  #x  e  X"  Take  rrov.J xnk--s x;

thcn-  f  r *nm (B) ,  we have Oo,-* r r ,_-*  Ioo,  whic l r ,  by the w* l "o ! !eru & ^ v r +  \ " .  ,  _ n k  
, _ L

senicont i r ru i ty  o f  F inp l ies l im in f  
' Iok(*on)  =*r t t *  in f  U,*ok*

! n .  x * .  )  7  i l ( x r l o  x )  E  l o ( x ) .  T h e r e f ' o r e  I o  -  " ' F  I o  c
^.k ,*k

( i i )  I t  is  obv ious that  I ' ( fn ,  1 ,n  Fn)  = Io(3o)  q  lo(o)  *

a  F (o  ro )  r  so  ' bha t ,  f  rom (41 )  r  u ie  ge t  tha t  ( xn )  1s  bounded .  By

( i )  we  have  Io (%) " *+  Io ( fo )  no  thq t  l im  snp  I - ( \ )
f 4 \ \

Take Foi l  Oo. Therl  t  in inf  tno(tou, 
.1 

t"(*o) 7t ro(3o).

Theref ore xo * Fo, Fo * Eo, l im lr .( tr 'n) = Io (% ) .  Once aga.in,

b y  ( B )  i t  f o l L o u s  l &  -  W " "  H e n c e  ( B )  : >  ( J ' ) ,  ( I i ' ) r  ( N ' i

( i V ) , :  ( f ' )  * )  ( P l ) .  F r o m  ( 4 1 )  w e  h a v e  t h a t  ( F n )  i s  b o r $ 1 d s 6 "

$ ince f  o  -S+ to ,  there ex is ts  (xo)  c l  X such t leat  ' *h  *  % and

I o (  x o )

anr l  fo^  . {o ,  Tatc ing i r ,1 l2  T l lxo l l  n  6 f , r l l  $o n Nr  f rom ( t+o)  t t

f o l l o w s  t h a t  ( 4 6 )  h o L d s  f o r  v e r y  n € N ,  i " e *

ro(xn) >/  rn(f i .n)  *  t r ( f i -xn-F*f i ) , t 'neN. (+l)

talcing the limit it follows that *n#n+ o r".,rl i ich shov;s that

En --> E'o.

i f i t  i  - :=1 (! ' ' ,  )"  In our ccrtt i i -Lious To* f ,o" On the o"[her

lrand , (47) is truer $0 that *o*fo-+ Clo l thi"ch impl ieo *, f t  f ,*"



d  2 2 *

(v)  ( I3)  =)  ( I . , ' ) "  We saw in  par t  ( iv )  that  1-o-+ 1-n.  The

solut ions TJ of  'bhe dual  p : :ob lerns (no)(u ih ich ex is ts  by Theorem
, liL

B)  ve r i f y

14,  r f  ,  *v ;  )e?r(xn,  Ln fo)  ,

. if = V, t(E,r' l.,n Fn) '

1]r is  one shcv+s thar t  (Drr )  hae unique so lu t ion.  From (B)  l t

fo l l -ows that  ln fn*  t roEor  so that ,  by the cont inn i ty  o f vyo t

rre get
- *
yn = - V-,F(4 rl*[,., ) *> - V.,J(Fo,Lof,o) = Yf- J  

l l -  t t  t l  J

. ry  (n ;  * ;  
! * t ) .  

f fake F(xo, t io)  -  In( ; 'n)  *+ 0 co that

yn * I ]nxn*> L). Sj-nce In(f i l )  ie bounded, i t  fol lorvs that i

(1 , (xntyn)  )  n  e  l , {  as bounded.  Suppose ( tn)  is  r ro t  bouncied.  Tak ing

a subsequence,  i f  f l€c ts i ]ary ,  w? can ,suppose ihat  l [xo l l  4  aa '

$ ince y , . ,  -  l r r ***  0  there ex is ts  [ ' i  )  0  such that  l lVo -  ] r r "o l \<M )

s0 that l t  rol l  4. L{ + cl lxol l  (  d l lx* l l for n sr.r f f j -cient}y large.

Theref  ore }* (xnryn)  >/  in f  F(xnny)  u lh ich impl" ies that

Lin tr(xn,;^;  =' ;  ,  f : : [?;X, l t8l ]" , , .  , inu"*ro"" (*n) is uounced.

From (+o)  :  the  re  ex is ts  [ -e  A  snch t ] :a t  (44 ]  ho lds .  s ince

( l[ yf , -S;) e ? nq ro, Lnrn) , rrom ( 4il r wo set

p(xnrso)7 in(fr , r ld ln) *  (xn-Fn, ln y, io + (so*Lrrfor ; f f> +

+ [ '(ttxn-Tol}) E s/,;:orloxo) + 4 r,n*r, *sn, Vrlt + 8"(ttxo#nll) '

taking the liniit and nslng the hypotheses and $rl* yJ '

proved aborrer  w€ obta in  *o-4t  +  0.  $ ince E 'o->Fon we get

xn - -?  fo"  ' Ihe proof  is  conf  le te .

{ i l i }  r 'o r  fe  r luato $ ' {xoy)  s  F(x ,y)  +  
"* , r f>  

.  r f  F  , .  "

s a t i s f i e s  ( 4 2 )  t h e n  F  a t s o  s a t i s f i e s  ( q z ) ,  a n d  t h e r e f o r e  ( 4 t ) ,

A p p l y i n g  ( i j - )  f o r :  f r  u ; .  o b t a l n  t h a i  ( . i i ' ) n  ( I ' ) ,  ( l t r  )  h o i * d .
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