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locaL existence for a elass of Hamil- ton*Jacobi equatiotrs in I I i l*

bert spsce is stud. ied*The existence result$ are used' to prove that

certaln control problerns with nonlinesr'srlooth state equat3-ons have

synthesized controllers on sufflciently sma.3-l lntervals'

1.Iq!-resgqj igg

ThiB palrer is concerned. with existence for the llamilton-Jacobi

equat lon

(1.1) y*(t1") *t ty"(t ,x) l  2 + (Ax. *;  
]{ l : ; ] , ,=*nj*Tl; ,) v

wlth lnitiaL value cond-ition

( 1 .2 )  \P  (o , x )  =  Y  t " l
)  J o

x e H

and. wi th cost  
T

( 1 . 4 )  f  ( e o ( t , x ( t ) ) . $ t u ( t ) l  z ) a t * Y o ( x ( n ) ) ,

and. with its relevance in synthesis of optima3" controllere for the

eonstratned control proceFs in a Hi lbert space Ht

x t + A x + t r l r = L l  i  t € [ o r [ J

( r .3 )  , .  \x ( ' o )  * x o ; l x ( t ) l ( r  f o r t g l o r r J

o

I lere *A ls the lnf in l tesimat gen6rator of  semigroup of  c lqss Co on Ht

F ls a nonlinesr smooth gradient. rnapping from II into. ltself sn4. .8186r

Y are real  valued funct lons aef ineo orr  [OrfJ X H and i i r respect i -
J 9

ve lyo  
.

The nain : resu. l t r fheoren l rg iveo existence sf  a }oeal  solut lon to
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(I .1)r(1.2) under the maln assumption that Frg and. fn a"e suff l*

alent ly regular (see albo Theorern 2 befow).This result  is used. in

Theorem 3 to show that for lrrgo, Yo sufftclentl"y regular and. T smal-l

enoughrthere exlsts en "op!*ryal J 'ge+hagk, l  for problem' (1.3)r (1.4)

' :
given by

( 1 , I ) . u = * f * ( t * t r x ) ;  t g [ o r l J  r x C  H

where  cp  fu  a  so lu t i on  to  (1 .1 ) r (1 .2 )  where  g ( t )  s  go ( f * t ) i  t  € [Orn ]  .
J

thls. result completely solves the elrnthesls .probl-ern for the cless of

oontrol problems'consld.ered. kere and. the oonstruciive approach used.

to prove Theorem L could, Ieqd. to a numerLcaL schene to conptrting the

r&' t :
' - l ,

I
I
I
!
I
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l
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x

eynthesized optimal contr.oller.

.  In  the spec ia l  caae F = OrEquat lon ( t " t )

elass of ccni 'ex frmcticns in [ : ]  . rn f  rJ

. ferent method.s a local existence result f trr

t l o n  ( s e e  a l s o  I z ]  ) o

I

hae bedn studied.

lies been obtained.

a re1Ated.. operator

in the

L - -  l J 4
uJ rr.,* J. -

equa-

2 .

Throughout thls paper 'H wJ-II be a real Hilbert spece rvith norm I . l

and. J"nner prodnct (., , ) .

Given a Srechet dlfferentiable mapplng E from ILto another Sanach

space X we shal l  denote elther the syrnbol St(x) or E*(x) for the gra-

d len t  o f  E  a t  x€  H

The followlng spaces wl}I be frequently used. in the sequel

lo c(H) ts the spase of ell continuous and. bound.ed. operators

El H -* H end.owed. wlth the norn

( 2 . 1 )  l u l o o =  s u p { 1 u " 1  , * e H } .
' t tp (H) ls the space of al l  l , lpschitzian operators from S J.nto

ltself , end.owed wlth the noTln

( z " z )  l l  n f t  r s u p  I l o = - E y l / !  * - v l  i x r y €  t J
\

20 We shsl l  d.enote by g}( i i )  the space cf al l  } ' rdchet dl f ferentia;

; i
I
t
I

I

,
:

t



(2 .4 )  l n '1 . "  =

.and. l . l r (* ,ur)  ts the

ret ttr*n(. H) u*

(2 . ' ,5 )  ! [  n , l l  =  sup {

. ' - 3 *

ble funotions E € C(H) suctr that Er ls contlnuous and, bound.ed. es a

funct ion from.H to t l"  space L(H'H) of alL continuous operators on I{o.

fhe nofin f n cl(H) is deflned. by 
' :

( 2 , 3 )  l u l  , , *  =  I n l  o "  +  ; p ' l o o

where

* , r p { f  n , ( * ) l o ( r r * ) ;  x 6  H }  o

lo  ?(H)  is  the space of  a l l  cont inuous operators  E l  I I - ->H whlch

are of the form E = 
Y' 

where 
f  is some Frdchet d. i f ferentlable ' res1

valued fu.rrction on H,

40 rf  x is one of the spaces c(H)nl ip ( i{)  ,  "c1(r l)or r trrn(H} and
r - l

Lortj  a cl,osed. lnterval we shall denote by 0( .forr] ;x) the spaee

of al l  continuous mappings Er fort l  X u -+H such that E(tr. ) € x

f o r  e v e r y  ! g f o , t ]  a n d . l n l  r , x  s  
" o n t l  

n ( t ) l  x ;  t € f o , r l j  r *  2
where 1..1" ts one of the above norrnso

'5o 'c(  
[orTJX ] I ;R)  is  the spaoe of  a l l  rea]  va lued cont inuous fun*

. . - - . ,  . i , .  _ , 4 .

c t i ,ons  
J :  lo r tJx  H->  Ror f  f "  i s  i l re 'c rosed ba l l  o f  eenter  0  and

- F

red.lus r then C( fort]X f ,r R) is the space of .a11" real" velued. colx-
I

tin'irous funct.ions on forflX Ir,,

60 For r
tT

ble mapplngs E: L" 4 H such ttrat

)

l l  E , l l r  =  e u p  l , t , ( x )  -  E , ( v ) f  1 1 s  , * ) / l T - y l  i x , y €  f  
" J  

1 @ .

- 1  .
By C'Lipr loc(H) we shetl  denote the s.pace- of aLl Frdchet d. i f feren-

t ia ,b le  mappings s  on H such that  i i  n ' f l ,  / -s :  for  a l l  r  >0 ,

rhe spaces c( [o,r]  ,  clrrp( Xr) ) and cito,rJ ;  cirp,roc(lr) )  are
def ined es  above.

operator norrr of L,(IirH) ,

the spece tu a c}( i l ) ;  l l  n ' [  L  co]  ' rvhere

f u ' ( * )  * 8 , ( v ) l  1 $ , r g / l x - y l  i  s r x €  H l .
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3or a given function $ t Lo'rl X II -> R we shalL d'enote by

j* ( t rx)  the par t ia l  dor ivat j -ve wi th  respect  to  t  and by I t t t ' x )

the Frdchet d'erlvattve with respect to x'

Final lyrwe shsl l  d.encite by C( [Orn1;H) the spqcq of al l  ] I -valued'

continuous on fortJ ' I ,et E € r ip (!1) he f ixed and let 1'  !

$-) i l  and. $A' H-+i{ be the mappings deflned by

.  . . ?  1  n r r =  t - l ( [ - l u l .( 2 . ? )  J .  
*  ( I * t E ) - ' ;  E a - u  J e  ' ) '

' t 1

Clearly .J. ancl Eq are weLl deflned for 0' L t cllEtfl '

Thc next lemrna gathers for latef use fjone element$ry'propertles of,

Tu an,, Itu a

s},{n 1"lg! s g c(}i) f) ttntn) }e*glven'-Tben f9I o Lt I

qin* e gt tnrasgS .qrg-sq$iFtigd

t\ Ei|-1 the fo l . l -c-
1---

ia.s) i \  le l i  t

(2,e) l \  nol \  4

(2  "10)  I  n t

,rf, n € cl,rp(H)

( 2 . 1 2 )

( ? " 1 3 )

. _ t
(1 -  aEEA )

t l  e l l  ( r  - t l l

i  r  L  l n  -
" t t @  

*

. . - l l

l n g \ ,  4  l n t  o o
1

- tf iE l l )- ' .

nil )

fr l.o

-1 ,

( 1

then for al l s+gg.igrc41u"-@ t  >o one has

(2 ,11 )  n f  t ' l = ' E r ( ] u x ) ( r +  g $ ' ( 5 r * ) ) - 1  )  x  e  H

m*,. 3 hp _&} Lq:'+ne._e s t i,na,t q s- l}-*l,f.

f  uJL e ,  lu ' l  *  ( r  *  € l  $ ' l  *  ) *1

l \ n ; l l  4 l l n ' l l  t r  -e l l n t l  i - t i t  -  t - lB ' l  e ) -1 ( r  +

+ L l r i , l  m  ( 1  - e l u ' l *  l - 1 1 . .

-  i l ; l  *  t  l u '  -  [ ' l *  ( ]  - t l n o l o o ) - 1  +

+  [  I n n l  *  t r  - t l  i l ' l  *  )  (  l r '  -  E ' l *  +
-1

+  l n  - i ! .  I E ' i l  ( r : t l  i i ' l * ) - ] ( r  - c l  E L )  
* )

S H g e l n e r t r r r e i i t j . e s ( 2 " 8 ) ? ( 2 . 9 ) a n d ( 2 . i 0 i a r e i m r n e c i a i e . a s l € -

gard" (2.L2) and. t2.13) they are impl ied by (2 ' : I I )  ani l ' the fo l lawing

cbvic';B i: ieqr-:-al i t les



1( r  *  ea ' (5 f l ) * r l  r , (H ,n f  ( t  -  € l s ' l * ) -1  ,  x  G

Now we shall d.erlve a
- l

nore apPropr iate for  the

5 -

lYj t

.  I  I . r  ^ ' l
f o f  t  t r  L u p ' - l . J .

varlant of Theorem I which Eeems tp bP

appS.icati.ons we hsve in mind'

( 2 . r 5 )

(  2 . 1 5  )

H

e:

l ( r  n  en , i Ie * ) ) - r  -  ( r  +  ea ' i 5 rv ) ) - I l r ( r { ,H)

L (r  -  t lE ' | t  12 11 n ' l l  ( r  -  e l ln l l  ) - r

Inequal i ty (2.14) folLorrs from {a. l t}  by an e}ementary caloulat j 'on'

Cons ide r  the  Cauchy  p rob lem ( I . l ) r (1 .e )  v rhe re  e  e  C( I0n f - lXX ;n )

and" Y^l I.I -)R are given funotions satisfylng
)o  

H are gLrrerr

(3"r1 YJ e . [n(H) ;  e* € c( [o,rJ t  t l in (H) )
J-"

a n d . t h e m a p p i n g . F l i { - > H s a t i s f l e s t } r e c o n d ' i t i o n s
1

(3 .2 )  F ,F '  e  c l tn tu l  ;  t r '  e r (H) .

bateil ' i 'n Jntro-
As regard.s tl:.e J-inear operator Aras is expl t 'c:'t ly s'

d.uct ionrwe shal l  assLune that -  A is the lnf ini tesimal generai;cr of

a strongly oontinuous semlgroup of linear boun4ed operators on H

.  t +

d . e n o t e d ,  g * ^ u .  -  
^ ; ;

B y  a  s o l u t i o n  t o  p r o b l e m  ( l - . L ) r ( 1 . 2 )  w e  & e a n  a  f u n c t i o n  r y l [ u t r - ]

X I {  *> R which is di f ferent iable in t  for  every x e D(A) ( tne

domain 
"- f  4) .  is  f i ' rdchet di f ferent lqble. in x fcr  every t  €[Otf  ]  en6

^  t n  r  \  - 1 ^ * -  . , , : + L  i * i * i a ' l  n r ' , n r l  i t f  o n  ( L . Z )

sat is f ies equat lon (1.1)  a long wi th in i t ia l  cond" i t ion (1 '2)  '

i tgnOr5li 1 !g[ S, forFrA 
satis{Llhe above-'i]ssr4gpt'j 'onsrt4en for

T > O s*f f iq ient ly  smal l .p. loble in.  (1"1) ,  (1 '2)  hqs al - leqst  -o4'e*ssl" 'q-

t lon Y € c([o,t]X i l ;  R) sa!-i !-f f i+S
J

L{oreover,th-gre e-4te!q C > 0 d9eS4din6 gnfy olt r l  l roo aa4'

I g"l toc(l i) g:ch 3hq1'

oo ' l

\ ) e 4 ) l Y * t t ) l o o  L  c

3. f ,ocql exj 'stence Eqr uat lon



THE0BIM 2.  Let  Y^rg €# J W

f g 1 1 ow i+&-q.orld 1 t.i o+ g

* S ;

c (  [ o ,1Jx  H ;R)

(3 "5)  Jo  e  t l rn , roc(H) t  e*  9  c ( fo , r l ' ;

( 3 . 6 )  F r F f  e  t l r n o l o c ( I 1 )  ;  F c  P ( f i ) .

W r > o thsrq. g.xls-ts T" €l 0,tJ

X n; [ ) . '  g : r ** ,3q g-  sq lu t+s (1 . .1)" ' (1 .2)  qn

the condit ion

( y " ) "  €  c t . f o , r " J ;  c ( H ) 0 r i P ( I i ) ) .

and. T: H -)H sa.tlFfy tllg

^ L  / r " \  \ur, ip, J"oc \n/ )

and. V- e
T  J L

; _ o , T " J X L r

c( fo,rJ
end. sat is-

*
5

*
t

I't

0 , 7 )
\ ^

Proof of Theorem 2 T,et r ) g be arbitrary but flxed.Shen we

raay choose an inf ini tely, dl f ferentiable real funct ion o{, s1Lch that

d r t o ; = 1  f o r  l u f 4 r  a n d ,  e d " t u ) = 0  f o r  l u l ) * i f .

$ince 3l e ?(H) there exis'ts a Frechet d.ifferentiable funsti.on X I H-->

f i ,  such that  F ' -  j f ,  " .

Now we apply Th-eorern I where Yorg and I '  are taken as

( 3 .e ;

and,.

( 3 . 9  )

Yo , r ( x )  
=  

I o t " )  
o t " t l x l  ) i  € r ( t , x )  =  s ( t , x i o ( { ( * } )

n*(x)  =  ( )C t " )  o t r (  ;  x t )  ) '

respectivelyn

I t  ls  c lear  that  the corresponding s , ) lu t ion Y"  ao ( '1 .1) ,  (1 .2)

(which ex is ts  on some ln terva l  IOrT, . l )  sat is f ies  equat ion (1"1)  on

,^ [ orgJx Io , thereby comple ting the proof .

Remark I It is temptlng tgl hope that und.er the aesumptions of

Theorer* r  2  the so lu t j -on Y*  to  prob lem (1.1) l ( f .a ;  is  un ique,but  we
' T

fai" led to prove this.Howeverrwe shslt  see later that by variat ionel

arguments one cen d.erJ-ve the following partial uniquenese resuLt:

f-qq--evelx r ) 0 the-re exists f- >o and /t") a r such thF!'

pTgb lgg  (1 .1 ) ,  ( t . z )  hag .g  gq lF t i on  Y "  on  [ 0 ,TJX

rgrrq Fglv dgriqg4* .ql I q rr] X I f (r ,, 
,

'  On the other harrdrthereerr ist$an spproxirnat ing conYergent process

(see equat t r -on (4 ,1)be low) whlch un ique$ aef ines a so lu t ion f  to

x  €  H . ,

' t

X= rvhich lq



a 7 -- '

(1 "1 ) ,  ( I . 2 )  end  i s  toca l i y  L ipsch i t z j "an  as 'a  func t i on  on  \P^  and ,
J v

g(  se.e Remark 2) .

4' Ppoof, oS Theorgs 1.

T{e s}ral l  prove Theorem I ln several steps.To begin withrwe con-

eld.er for L ) O the Cauchy problem

u ; ( t r x )  +  A *  E ( t r x )  +  E * ( t r x ) A x  i  e - I ( u ( t , 4 )  *  D € ( t r x ; ;  =

=  B ( t r x ) ;  t € t o r r l ,  x € .  F l

x €  I I

where A*is the adjolnt  of  A,  Dg = D( f  r -  g l )*1 and

( 4 . 2 )  E o  =  
Y ; r  B  =  g x  +  F ' F

We shal l  otudy the fol lowing rrm. i ldt '  form of  Eq (4"1)

(4 .4)  E( t ,x )  . -  n- (L- i+A' ) tE^(u-At* )*  t  e- (e- I+ ' f )  ( t -s )n(* r* -A( t *s  )x)as+

t {
+ t t  f  * - (e l I+ f ) ( t -s ) [or ts ,e-A( t -u lx)  -  r , , (u-A( t -s) , .Jao;

o
t € I O ' T J  r  x €  H .

I,EM',{.A 2 te}. JorSrA a4g. l' sati$Iv aFlwptiops l.greg

theJq-exists. T inclqpgqldgnt of f s,uch '! .haj, Eq.(4.4) hr+s-on f0rTJ g

qplqps e?lLr.t jog n0 e c([o,t] ,  t lrn(]{)) sati,*{yiTr$

( 4 . r )  l r t  ( r )  e  P ( H ) v t  e  fo ,n l
( 4 . 6 )  l n e l t ) l 1 , o o +  l l  n € ( t ) l l  * i l r | ( t ) l l a n i  V t e  I o , t ]

- whgre- M is i*Slel*.4,e+t , p{ [ r

.  Let K be the cl-osed, subset of C( [orr]  lc i ip(I{))  def ined. b1

n = t u ;  l E ( t ) ! 1 , @  +  l l  n r t l l l  +  l l  u * ( t ) l l 4 r v r ;  E ( t ) € p ( I r ) , t € [ o , t J J ,

Here L{ ls a posi-Live nunrber such t}rat

a (  l B o l  , , o o  +  ! l  E o l \  +  l !  n ; l l )  4  i i  ,  .

L,et l -  :  K-)c(forr] ;  alro( i l ))  be ' i i re mappirrg, j .ef i .ned by i ; l ie r igir t

Proof



Recall"ing that

( 4 . 1 0 )  D ,
c

and.

(4  "  t l )  r (  ( I  + f

we see by lemma

(4 . ta )  l n ,  -
r l(4 . r3 )  l \  D ,

c

whLle by

( 4 . 1 5  )

( 2 - ' t ? \

sinpl lol ty

on thet

and without loss

e f0, rJ . .

o
- ( J I

hqnd e ide of  Eq.  (4 ,4) . t r 'or  the sake of

df generality we ehaIl assume from nour

( 4 . ? )  l . d o * l r , n , u 1 4 r  )  t e f o , n l  .

no

For any S € K we have (by d.irect calculatlon)
t : '

(4.e) i l  fe E(t )

t
t

I

(4.e1 t r r  s( r ) l *  a  * ;*" ln" l  oo *  
:  

s*( t *a 'n l .u(s) loo ds +

+  L - l  t  . - ( t - s ) / € l o r t " )  *  F l * d o ,  t  €  f o , r ]
o

I a  u4 f t l l , no t \  +  
ie * f ] ( t - ; {e r " r t l  

as+
o

l l  ds; t

I

t  F f  (  A( [+  t  D)- lx  +  (1- .x
o

rI
, t

)

o

* -  t - t ( t -s ) l l  De (s)  -  F

+  I (  ( I  +  € D ) - l )  .  3r  =  
1 ( r  

+  t D ) - 1

1

D ) - ' x ) - F x = - e

1 that

)s)D.x d;

F l o o  L  l n l c o  + € l l  p l l  I n f *

r '  l l  s l l  e l l  ( r  - t l l  n l l ) - r  *  e ( l r" l*  l l  n i l  ( r  - r t |p l l ) - I  +

+  l D [  *  l l  e ' l l  t f r  - S  l t n  l l  ) - r  *  r ) ) e

0n the other hand., Yire }rave

(4.14) (  t  E)x(trx) F 
"*-(  

t  * l+et 
) t  n;  (e-Atxle-At 

'+

+ f  u- (  &- l+A* )  ( t -s ,  u* ,sre-A( t -s)* ) " -A( t -s)*
o  t  . a  e

+ ,-t f  e-(C-raa* ) (t-s) ( (Dc)*(s) - r, )
o ( " { ( t -s )  x  ) " -A( t -s )xas

D l  ( x )  -  F r ( x )  s  D r ( ( r  +  s  D ) * l x ) ( l +  e D ' ( ( I *  L  u ) * 1 * ) ) - 1 -

-  F t ( x )  ,

Thts yleld.s



.  - I

(4 . rG)  lD i  -  l , , l  .o  €  I  E ' l  oo ( l  -  € .  ln ' l *  ) -1*  L  ( r -  t l  u ' l *  ) - t

(  i l  p ' l \  \  D | * *  l p ' l  *  \ D ' l *  )  .

Now us lng (4 . t t )  and.  (4 .15)  we get  a f ter  some ca lcuLat ion that

( + . L 7 ) l \  D ; _  - n ' [ l  g  ( r - r L ) - 2 [ B ' l )  +  l ^ ( ' ) e

for  at r  s  € ct r , , (H) sat ls fy lne I  ut l r **  ' l t  s  i t  + '  l l  l ; ' l l  4  r "
.  

J I IJ

Here [A- is a certain real continuous and" pogit ive funct lon whose ex-

press lon i "  to  compl icated.  to  be wr i t tcn here,

.  t rnse r t i ng  (4 .1? ) ,  (4 .13 ) ,  (4 .16 ;  an& !+ . r t )  i n to  (4 'B ) ,  (4 "9 ' )  
. * t t d

(4. t4)  respeet ive lyrwe conc lud.e that  ther 'e  ex is ts ' te  €J Or tJ  suc i t  that

(4 .1s )  l t  t rn l { t ) l  , , * *  l l  f  l - r  i l ) ( t ) l l  +  l l t  f rn ) * ( t ) l l  3H ; t  e lo , t r l

f o r a l l E € K r

Now we recal l  that  a mapping s e cI(u) belongs to ?(H) i f  a ld onLy'

i f  Er i .s a seLf*ad. jo lnt  l inear operator on i iu inaemuoir  es EorP and'

B ( s )  b e t o n g  t o , I ( H )  w h i t e  b y  ( 4 . t 5 )  E . ,  e P ( H i  f o r  a n y  E  e  ? ( H ) ' i t
c

fol lorvs frgm (4,t4) that

(  [ - ,  l t ) ( t )  e '  P (H)  fo r  a ] l

fhus for  T = te ,  L  maps K ln to

E t r E 2  e  K r b y ' ( 2 ' L 4 )  a n d  ( 4 . 1 4 )

I t r u n l ) ( t )  *  ( t - r n r ) ( t ) l  , , * *  r 1 "

t ) 0 ,  t € f o , r l  ,  s €  K

i tsel f  "0n the other hand.r for

Yfe have

any pair

u* t- t ( t -s) ( lnf t")-  Dt (" lk

+ l ( r |  ) * (s )  *  t r?)* (s)Ss 4 c(L*e*  t - * * )sup 
Inr (e)  F

E r ( s ) l r r u o ;  s €  f o , t e J .
i r t  .

Hence for  T -  tE su- f f ic ient ly  smaf f  f  is  a  cont ract ion 'G( [or r ] ;
1 F

C r ( U ) )  a n d  t h e r e f o r e  E q . . ( 4 " 4 )  h a s  a  u n i q u e  s o l u t i o n  E ' €  K . M o r e o v e r t

by a stand.ard. ex'Lension argnment we may lnfer that exists a naxj-aaJ-

r r e t  r l a  - ( L - A t  s o l u t i o n  E € -  €  Kintervar [o ,* ,  j  such that Eq..  (4.4 )  . .has s urr i  que

Usirrg ) i r1.  (  4,4) where E =
I

U e a lcng v r i th  ineque l i t ies  ( { .12 ,1  ,

(4" t3) ,  ( r i .16)  and.  (4" t7)  one obta ins for  t  suf f ic ' ier r t ly  smai i  t l ie

fol iowing es' i ; imates I

t

5
o



(4 .  re) I  E t  t t ) l  o

- L U s

a  t  - - 1

L  e _ E - r t l u o t * +  f r  t  , - t - ' ( r - s ) h . ( . X
o

+ c L ( r - e  
8 - t * ) ,  t e [ 9 , T ]

c - l - t - '
e*-  u l t  Eol l  *  r t ( r  -  f fa) - t  I  " -* ' ( t -sJ*e

.  - l - .  o
+ c L ( l  - e - L - t ) ; t e [ o r T ]

. -'r 
't 

'-1

*- L-It lul l* J f 
r (r* fie )-r t u-r'!r-" lu$

o
(4 .a0)  I  s : ( t  ) l  on 6

(4. r91 11 s  e  t t l  l [  4

and

ds+oo

(slFs

s)l*ds

I

i
i

i
f

(4*ar ) l l  E : ( t ) l l4  e

+ c t " (L  *  e*  
t t l t )  

i  "  t  € forn3

a - . 1  
' t

- *t*llr; ll * frtr-fre1*z i - -fL(t-slnfr"lI

. ,-'l 
o

+  c t ( r -  e - L " t )  ;  t e  f o r t ]
N

where itrl.o M *

S a * * . i r a c r  P  f  t"." " ,^.-*, J L, 
_

( 4 . t 9 ) ,  ( 4 . 2 0 )

^
Y-  ( t )  4  2

r f r

lr l 1,* * l l rl l * [ r ' l l ahd c ls inde;iend'ent of t .

)  =  
*1 'u i t t ) l1 roo*11 

ne t t : l l  * f tn l t1 ) l l  v re  have by  (4 . i81 ,

a{rd (4 .2 i )

-L* 
"-tllt* 

ft(* - fte )-2
t ' r
(  u-  L- ' ( t -s )  

?-G)crs  +)  v  
v L

o
_

;  t € L O ' T J  ,+  cg(r  -  e-  t - t t )

and by GronwaLLls. lemma 
r,

. ? . t t )  G , c l r -  
"  

o t t l *  
a - I M  r o t n ;  t €

* r r * ' l t [ . =  ( z f f i +  e i l z )  ( r - i l E ) 2 .
I  o , n J

. Thus there is T

0  r * ' ,
de* "  t  31 f r /4  - fo r

The lat ter  c lear}y imPl ies

the proof of T,emrna fu,

LE[4]'',1A ], Let ]i, gng-EZ

{. !pe to Eortr8 l  4 Eore:8a

q,f ..gF1,s.tg{rcg -[0,TJ. ong- haq,

f  a  A ^ \  |  t ' ,  1 r - \  T ; !  / + \ !  L\ 4 o 1 1 l  I  r r  \  t , /  -  u Z \  ! / l  
C C  - .

i.ndepen&ent of e such

o < r E  l * f  ( T r T e ) .

t h a t  T e  )  T  f o r  a l l €

that

thereby completing

I t "  \  f e \  -r \ c ) I  , x . * ,

t i

-  i a

be two solut ions tg Eq. (4.4) ggILeS.PS'-'

res pect ively.Then on the common interval

n l l t .
i i i ^  1  

-
v t *

a l'n mT
\, Lv t *-,

n* o . ?

\ .
t )

.L (:t r 1Y'l

l -n  n l

i

I
i

I
l 6 9

+ 4- .  r / - \  f ^ f l  .  d
\ % X \ D /  t C O  r  e

!



*rreqe C !l indgPen4g+t- of, t' .

Proof.  We have

" r g F ' ' 1

G , z i l  I  n f  t t l  u r t  ( t ) l -  4  e - L ' * t  l E o , r  -  t o , r  l  *  *

t .-J.
- . -1 r  L ( t -s)1 . , - ,1 ,  '

+  t i l  I * -
o "

'  t  - - 1  F ^  -

+ t  e-  L-r ( t -s)  l (er)" t r )

i  t  
o  

n  ^ , r  - "  ,
where  D i  =  D i  ( I +  € .  n !1 :1 ,  u !  =  n f  +  r  ;  i  o  LsZ '
'  

us ' ing once agaS-n inequal i ty  (2"19)  end est inate ' (4"6)  we get

(4"22) by a eimple calcuLation involving Gronwall ts lenma'

?rq?f -o{ Tl}eoTem.l- (c3:it.1nLr.q4} T",et E€ b* thu solution to Eq'

(4 .4)  prov id .ed.by 1,emma'2o For  any I l  g  Cl ip(H)  ana L)O d.ef lne ' the

napptng n a. 
(A ). i H -') H bY

(4 "2 i l  R1  (E )x  =  L -118x

* l I  . ' '

- . E t * )  -  E r ( x ) E x  =

Ef* - Ur (x)I lx)d , \ '

L

5
o

a

( n ' ( h x  + ( 1 - ) ) (  L +

r  r  -  - ! - - :  - , - ^
T I I E  Q U V I U L T T '

o'l

+  LE )  * x )

' lVe 
have t

( 4 , 2 5 i  I R L ( B ) t * s e l u 1 . o (  l l E l l  l E ' l o o ' + l \  n ' l l  l ' i r \ o o ) .

Then by (4.6) l t  fol lovrs that for aLl t-r l  > 0 one has

( 4 , a q  t R L ( s ) ( t ) ) l c o  &  c e -  t l t ' 6 [ o , t )

and by (4" t6)  r  (+ .1"?)  we have

( 4 , 2 7 )  l n e ( D t ( t ) ) l o o  &  c t  f  t e  f o r t l

where C ls se$e positlve constant ind.epend.ent €- and. ) ;

D L  =  E L +  F .

On the other hand.ras 18 east ly ver i f ied' ,

( 4 " 2 8 )  * t  ( E t ( t , x f r )  +  ( n * ( t r x ) v , A 1 )  +  ( E E ( t r x ) u A v )  +

+  r l t p l t , x )  -  n i ( t r s ) , v )  =  ( s ( t r : c i r Y i

fo r  a l l  x r .y€-D(A)  and.  t  e [Or f ]

fo proye (4"aS) lvc have used. Eq.o(4.4i  a long wit i r
* ^ 1 ^ * . ' l  ^ *
I  g I q  u r v .



: J - 2 -

(4 .2g)  k  (E( t r * -A"* )  re -As , )=  
-  (a r ( t ' " -Aux lAe-Asx 'u -A"y) -

-  ( E ( t r b - A u Y ) ; x r Y  €  D ( a i ,  s  g  f o ' T  l
.  . . . \ . r . .  _  \ X / \  l , r v

Let,Yl ; [o,T]X fo,r l-]R be the functlon
t L

r  ( t r s )  =  (E  E  l t r u - l * * )  r u -A "y  ) .  .
[ 9 . " ' :

By (4.28)  and (4.a9)  i ' t  fo l l "ows that

(4.3t) 
5f;  

-  
6;* 

= t l - t( l ' ,e r ' l  ' r -  1--

E r t e  f , O r T J  '

In teg; ra t ing equat ion (4 '3 t ) .  we obta in  s ince 
] , (0rs . )  

=  tno{* -A**) '6Auy)
t L

anc l  Yrx  a re  a rb i t ra rYt  
'  

t

(4 , ia )  Es( - , ; ; " : " - :o* - ;n ( * -A t ' ) ' ,  !  * -A* t * -s ) i : ( " ' * -A( t -s )x )es

t o
*  t l r  i  * - ^ " ( t -s )  to l ts ,e -A( t -s ) "1  -  n t (s ,u -A( t -s )x )  )ds

. o

fo r  a l l  x  €  H  and  t  e  [o r t ] .
$-

Conversely,,vhe sa1,le argtment lve d.ed'uce thet every so]'ution to Eq"(4.3e]

ls  q  so lu t ion to  Eq ' ( i '4 ) "This  shows that  for  e 'very  A )  0 '  E)  ls  a

so lu t i on  to  (4 "4 )  where  3  has  been  rep laced '  by  B  + 'Rr (D)  ) -  n r {n i ) '

Then Lerome 3 elong with est j-nate (4 27) yields

( + , . 1 i )  l n t  ( t )  -  E l ( t ) l * 6  c  s u p  I l o r r o ' ( s ) ) l o  * l n ^ { l r ( s ) ) l o o  i

s  G [o , r l ]  gc t  t +A  )  f o r  t  €  [ o , t J  .

l ience there ex j .s ts  n  = 
$:  

t te ln  C( t0 , t ] i  C(1{) )  
1n*  

by L 'emma 21t  fo l '

r ows  tha t  E ( t )  e  P (n )  A i i p (g )  fo r  a l l -  t  e  fo , t J  an6

* u p l t l  n ( t ) l l  i  t e f o , t l S  1 o o .

I,et \p and Y be the real vNued. functions defined by
J L  J  1

t f - ( t r x )  *  J  ( E €  ( t , A x ) , x ) d A ;  x 6 [ o , T J  ,  x G  H
) L

ancl i
j ( t , : t )  =  5  t u ( t r i : : ) , ; r ) a i r ;  t e  [ o , r J  i  x e  H .

o

Dlnce (y)*  =  EL and Y* 
= E we conc l t i i re  tha i

, L

(4,3 i l  i : ,n ' f  ( ' i ; rx)  =Y(trx)  i i . i i i fo : ; ; i=-y cn fo ' f1 X I f
e:)o J L

t
i

,



f.or any

u,35)
.  : ; . r i .  .

Next ln

torr l  .vte

( 4 ' 3 6 )

for  at l '

Here Yr L

Q . 3 7 )

r )

1lm
t-) o

and.

E ) *
=9* Ln

o ,
( Y

* 1 3 - :

c (  f o , r 1  ; c ( H ) )

(4.e8) we replace x by ) x, y by x and" lntegrate

get  
,

(Y r ) r ( t , x1  +  ( (  
Y ,  ) * ( t , x ) ,Ax )  +  t - l  Ya t t , " l  =

t € [ o n [ J a n d  x  €  D ( A ) o

is the function d.efined. bY. 1

r f z - ( t , x ) =  f  ( p e - D : i ( t , ! x ) x d |  o  .
r L  

o

0n the  o ther  hand" r . j " t  fo l lows f rom (4 '27)  and (4137)  tha t  '

l e - l y t t , x )  r  i  o l t * , 4 * i i : i s { t o } x ) d A l g f ( e )  l x l  i  t € [ o , r ] , x  € - i t
{ L F o

where I, im d (i ) = 0 oiieeping in mind that
E * o

nf; n€= | t*t!
we cor,6lude that

l g - } Y r { t , ' )  - * f  u c ( t , x )  +  F * 1 2 1 6  t r r c ) i  * } ,  t c f o , r ]  '  x  e  H .

The la t ter  inegual i ty ,when ad.d.er ] . .  to  (4 .36)  and.  
. to  (4 .34) ,  (4 .36)  shows

tha t f  i s  a  so lu t j . on  to  (1 ,1 ) r {1 .  o2 ) ,  As  regards  es t j $a te  (3 "4 )  i t  f o l -

lovre by (4,t8) via Gronwsl lrs lenrrns thereby complet lng the proof of

fheoren ] .

Remark 2 L,et c f  ( t rEo rc ) t  t so  =Yo t *  G  =  8*  be  the  so lu t j -on t o  ( 1 " 1 )

fr:llovrs

c (ir) X

c ( [o , r ]  i  c (H) )  fo  c (  fo , ' r ]X I l ;R ) .

hloreoverrarguing as in the proof of Lemmn 3 we see that also the

m&p p-yf is lccal ly Lipschitzian frorn cl ,  otu) to c ( [orrJXtt;  i t ]  ;These
!J-!,

fects co*ld. be used. to prove that Theorenr I rernains true lf instead-

of  (3 . t )  ar , .d  i3"2. )  one rnere ly  a$st" rnes ihat  yo '6  c(H) l )  I ip(H)  '

qx  e C( fo ,TJ ;C( l { )Ol fp  ( I i ) )  and.  S e 0} : . ,^ (H) .  } Ioweverr in  ovc ier  to
JJIJ

avold.  a ted. j -ous and }engthy arglrment we d. id not put fheoreml into 'Lhis

tn ) over

1  . o
B(t , " )  nt l i t * l  '

(1,2) obtained. by the abovo convergent proccss.Sy l leruns 3 i t

tha t  the  map (HorC)+( t rEorG)  i s  loca l l y  L ipsch i tz ian  f rom
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general  formo

. '5. [vp]he-pl.p -g{' 9P'}i:n?1 c'ontro'I'

Consider here the control  problem ( 1 '  3 )  o ( I  '4)  i  min j 'mlze

t

ln  u er- , ' (orT; I { )  and

(5.2)  x i  + Ax + t rx

( 5 ' 3 )  x ( o )  =  x 0

( 5 , 4 )  l x ( t ) t  a  r

H e r e  { o € H r  a n d  r ) l

t inuou* real valned'

fying

(5.5) Yi
As regqrd

sur"lptions

semigrouP

( 5 " 6 )

x  S  C ( f 0 r r J ; H ) ,  s u b j e c t  t o  t h e

E  u  ;  t e [ O r t J

constra ints

.

f o r  t e t o ' t ] .

*nl are arbitrary but f ixed' whiLe YorSo 
are Qot]-

funct ions on H end.  [Or f ]X i l  . ,  
respect ive iyreat is

e r l rn,  ro* (H) i  (eo)*

the operators A and tr '

of  Theor:en 2e i  o€ . r  -A

of elass Co and.

F e  P( ] I )  i  3 ,F '  g  c l ip r loc (H)  .

Al-so ne shall assixne that there exl.sts sone real t 'r/ such that

, - . .  

_ - - . _ _ * . - - - _  . . r . :  . a :  
. 2  -  -  I

( 5 - ? )  '  ( ( A  +  F ) x r x )  ) t  - c ^ ' r l x l c  f o r  a l l  x  C  D ( A )  '
,  

-  ,  - - ,

x  \  !  - .  - -  ̂ &  ^L^^- r  , r4 -a1 . ( i  r i l an{  t  s in rp l l f iesI
(ConAi t ion ( i ,7)  ls  not  absol* te ly  necessary but  i '

I
probletu svoiding solne ted'ious erguments')

It ls well Isrlown that und,er these assunptionsrthe caucw problern

( F . a ) ,  ( 5 . 3 )  h a s  a  u n S . q u e  I ' r u i ) . d . "  
s o l u t l o n  x  €  C ( f 0 r [ ] ; i { ) e  l ' € 6 e

t

( ? "8 )  x ( t )  =  
" -o * *o  

+  t  " . *A ( t - s ) (u ( s )  
-  r ( x ( s ) ) )ds  i t  G  f o , f  J

o

hloreovorrone has the fol lowlng est imate i r
t:

t i , g )  i x t t ) 1 1 ,  o t * l : : o l  +  I  * i ( t - s ) ! " { s ' ) t d e  0 4 t 4 t  '

o
,*, . -  - ,e i11. i+, tn r . , , r i t ,h sontroi  pr :oblem (5.1) the equat lon
t t { g  t l ; t i r U v  r u  v  v  r '  !  s r r

e c(  k , rJ  re i rp , lcc(H)  )  "

we shal l  asswne th{ i t  they sat isfy cs-

is the lnflnitesirnal' generator of a

t l
1t

i.
. t

,
. a

t

{
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( 5 " 1 0 1  
{ * ( t , x ;  

-  * l T ; ( t r x ) 1 2  -  ( Y * ( t , x ) , A x  +  t r k )  n  B o ( t o x ;  =  o

f o r  t  €  [ o r t l '  x  e  D ( A ) ; l x l c a q

wlth flnal vaJ.ue cond.J.tlon

( 5 . r r )  Y ( r , x ) v  J o r " ) ;  l i \ 4 2 r ,

an*

By  subs t i t u t i on  
J t t r " l  

=  
Y  

(T  *  t r x )  ,  p rob le rn  ( 5 . t o ) r ( 5 .11 )  r € *

d .uces  to  (1 "1 ) ,  (1 ,2 )  where  B ( t r x )  =  So( f - t r x ) ,Then  by  Theorem 2  we

rnay infer that there exists t, ) 0 such that for any A L f 1 t*

p rob lem (5 .10 ; ,  (5 " t t )  has  q t  l eqs t  one  so lu t i on  deno ted  Y ,  wh i "ch

sa t l s f l es

(Yr)* € c( [o,r ]  ;  c(H)f l  i : rp ( ] I )  )

{ 5 . t a )  l ( Y * ) * ( t ) l *  4  c ,  f o r  t  e  [ o , r ]

v;here C..  5"s e posi t i .ve constant which Cepends only e"1 lVl  I

r  .  , o " " ' : - t u * - t t t '  .  

) t L  l J o r ' r l o c t

l l ' n r l n o  e n d .  l g i " \ o o  ( s e e  ( 3 " 4 )  a n d  ( 3 " 9 ) ) .

Now oonsider the closed. loop systen

( , 5 , t 3 )  x , f  + A x + ( % ) * ( t r x ; = o  t € [ o r t J

'  x ( o )  =  x o
. ^ l t

s ince  (Yr ) "  e  c ( fo r r l  I  r , ip (H) i  l t  foL lo rvs  by  (5 ,7 )  and (5 '9 )
I

tha'b (5,13) }:as a unlque I 'mi ldn solut ion x = 
" j( t)  

which sat isf ies
, . . ^ . . '  . ' ' :  . a ;  :

the esti-orate
i
l . _ r t

[ 5 "14 )  l x * ( t11  e=  * ' a l *o t  *  c "  c^ ; rCJd  -  ] )  ;  t  e  fo r r ] .
I

l '{e rnay therefore cotlcluC.e that for every t satisf; ' ing

r-r

t he  so lu t i on  xe  to  (5 . I1 )  rema lns  fn  the  c losed .  ba I I  I " , 01 .€ . ,

l * ' ( t ) l r r  f o r  t e  [ o r f J .

The main resul t  of  th is sect ionrTheorenr 3 belowrsfunply says

tbet rrnrler the nbove assuraptloris the fbed.bsck lew

( 5 . 1 5 )  r : ( t )  =  ?  ( Y r ) *  ( t ' x )
I t  ^



f leF--qi:+4it lq4 (5' '15) an9 let x* !g t he  so lu t i on -LL  - (5 .L3 ) "Then  X*

ts  opt lmal  ln  Problern (5 ' l ) ,

sHIoRnI{ 3.!gt }* ue ,q sol-\lti,qg

lq a$. optimal.*9lg.-j-o. ?Foble-m (5'1)

; = u* siv,glr !{.

to (5.10),  ( l  .11) rYhere T g! !g-

collg{p,ondlnF !o opt#,r.9J' -go&E:ol

u* ( t  ) E F  (Y r ) x ( t ' x * ( t ) )

exi.sts o t t  : r)  I  r such that--{or a!}

t  e  I  o r r ] .

\-
he Lt'(") oqe-hgP

t e [o,r] grl:L

.

( 5 .1 "7 ) l u ( s ) l  
2 ) * t

x ( t )  *  h ; x i  +  A x  +  I l r  = I l  g n d '  l x ( s ) \ 4  r  f o r

o arY and i-et x be the corr€s-
Proqf  '  I . ,e t  u  e  L*( i t rT; I { )  be arb l t r  

F
ponding "mi l .dr t  so lu t ion to  (5 '13)  on thc in terva l  [ t 'n1 wt th  ln i -

t j .al-  value eonrl i t lon x(t)  = h and"sur-eh t l -rat \  x(s)\  g r for s 6

[ t r1 ]  n te t  I  " r ]  
C c I (  [ t , rJ  iH)  and.  {  i tu i  C l (a)  qe two sesuences

. o

st. rongly convergent for  €-20 to u and'  h ln L ' ( t tT;H) a 'd '  Htres-

pect ively,Then the corresponding solut ions xE are'd ' t f ferent iable of i

I t r t J a n d . x r - - > x u n i f o r m ] y o n I t ' r ] ' I n p a r t i c u l a r ' ' l t i o l l o w s' . s e [ o , r ] a n d . a } l t s u f f i c l e n t t y s m a } l .
t ha t  |  * e  ( s ) l  e  e r  f o r

0n the 'o ther  hand.  r  i {e  have by  (5" tO)  and (5 '13)

( Y n ) * ( s r * & ( s ) ) )  2 t  * 8 a ( s , x 6 ( s ) )  4 u . ( s  )  I  2 .

Integrat ing on [ tr t l  *e set
T l

Y * ( t ? h ) l -  !  ( e o ( s r x r ( s ) )  +  2
l - L  

t

and. i .ett in6 t  tend to zerot

*

( 5 . t s )  a | / * ( t r i r 1 . ' t  ( B n ( s p x ( s ) )  +

fo tx t r )  ) ;

s  € f t , r l  J .

I r

1

a)
L

i t

, i !- r  f

:i
t i

l "

I

!

,i
l l

'  : l

'{
' t

'  1 i
, t' t

I

tr
I

i
I

. 1
I
i

. n

]o  
(x I  r '1  I  .

Y*( t ,h)  =  tnr  l l  
(eJs ,x(s) )  +

-8o  ( s  r x  t

t
T

I
i
,
l
i

. t
. i

I
l'i

. 1
*

i

I

I n s ( s ) l  
2 ) a s  * J o ( " e ( r ) )
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l ,e t  us d"enote by $( toh) . the opt inrn l  va lue of  proh lem (5"1)  on in- -

te rvaL  I t rT ]  e1o€r the  r l gh t  hand  s lde  o f  re la t i on  (5 " t? ) ,By  (5 . t9 )

'-  l t  fol lovrs that

^ l /
( 5 . t 9 )  Yn , ( t r h )4  $  ( t , h )  f o r  a l l  t  e  f o , t ]  , h  e ' I r .'  

l r
t

Now vre f ix h Ln Lt't"1 where :
'  

^ A .  - G r T , .  .  . - l -  * 1
( 5 . 2 o )  d ' ( r ) =  e - " ' ( t ' + c " u  * ) - c r u *

Then by (r" lq we $ee that the eolut ion x = y(ui to the Ceuchy

. 
problem

. y r  +  A y  +  j l y  +  ( Y n ) r ( s r ' Y ;  =  Q  ,  . t 4 s 4  f

Y ( t )  =  h

remsins fn f ,.proceed.ing as aboge lve may assu.ffie

t lable on f  tr f  I  so that usi-ng once again equation

t "  Y r ( * , y ( s ) )  =  ( " l r ) " ( s r y ( s ) )  +  ( Y r i * ( s , v ( s ) )  ?

that, y is tl j.ffe::en

(5;10) \ ' re have

y f ( e ) )  =

Tlr.en integrating
'Yn (t,h) =

=  € o ( s , y ( s ) )  -  * l t f n l ,  ( s , y ( u ) ) 1 2  f o r  s € f t , r l  .

11 [ t rrl \'{e get

l * " 's , ls  
)  )  +

T
I * l tY * ) r (u , y ( * ) ) l  

2  )as  *  Yo (v ( t ) ) .

Along vr i th  (5" t9)  t t re  la t ter  y ie ld .s  (5 '17) . In  parb icu lar  for  t  =  O'

h = *o and" y = { i t  fol lorvs by (5.1-?) that the pair ( t i"? is opt i-

rna l  in  prob lern (5 .1) ' th is  comp)-ete s  the proof  "

Rem.gl4 3.  By (5"1?)  i t  fo l lows ' that  any so l -u t ion Y*  to  the

i{arni l ton Jacobi equation (5.10) is unit luely deterrnlned' on f  C'rtJ X

Z y ,* l  where t ' ( " )  is  g iven by fonnrr la  (5 .2O).As ment ioned '  eqr l ier

th is fact  could be viewed as a uniqueness resul t  for  the i {smi l ton-

J a c o b i .  e q u a t i o n  ( I ' l )  .

BgggIej .  rn "oart ioularr i t  
fo l lows by Theorem 3 that for  a suf*

f - iefent l . r . ,  smaJ- l -  T t l le opt imal oontrol  prob)"em (5"1) has at  least
a  * v  - v ^ -  e  r l r j

one optJ$al  PaJ,r  (x"r t f  ) .

*\ u& l '?4E?



Theorem 3 admitb

giveh;then for FrB

optimal feed.back law

be more sPeaiflc ltre

minirnize o

.)
(  t r - so ( t r x ( t ) ) l n ( t l l 2 ) o t  n l Y o ( x ( t )  )

J .n  u  €  t? (OrT ;H) .and .x  €  C( f0 ;n l ; l I )  sub jec t  t o  the  cons t rs in t s

- 1 8

a d.ual formu].etlon in the sense that tf T ls

and. Yott."uff ic ient ly small i t  there exists an

of  the form (5.16)  for  the probLem ' (5 ' r ) ' to

consid.er tire following optiroal control probLem:

t  e f o r r l

T
$ .z r ) .  f

:

t+ E

j r r  +  Ax  + ) t rX  =  u

( 5  , z z )  x ( o  )  -  
' x o

where r ) I xo\ is arbitrarY bft

and. '  F, YotB sat isfY condit ions

st rengthen cond. i t icn (5"7 )  to

e fo,t I 
' :

f ixed.n I  is a posit ive .Parameter

(5  .5 )  ,  (  5  .6  )  ' I n  ad  d i t i on  we  sha l - I

i
i
I
i.
i'
t
t
i

1
I
i

I
.i
J
i

J

' (5.23) (Ax + t rkrx)  )z o V  x G D ( A )

. coR0tlAl?v 1.!9! [ orrlte qlglh*!"q"v- bog.ae.d .'Stegd'-.F-]Pg

!i*gq.--e.fi*j.e I., ) o such thal fo.J-.e]rerr o LAzlo !+=-".q*g-IgFl"lq
FI

or i l 'neorem f--remglgLr@(5.2r) r (5 .?2) ,

l i root .  By (5 . t4)  and { r .23}  vre see that  Theorem 3 is  app} ica-

b le  to  p rob iem (5 .1 )  fo r  a l l  t  T  To  sa t is fy ing  the  cond. i t ion

o  L r o  1  i n f  ( r r r ( r  -  f  x o l  )  . ; t  ) .

$- ince by subst i tu t lon t -> , \  t  probren (5 ' t )  red 'uc.es to  (5 'z l ) '  ( :  '22)

where T = tr 
-t*o 

,we malr infer that all the conclusions of Theorenr

3 sre val id. for the l .atter problem if

04  )  4  )  o  
=  T - r i n f  ( [ r r ( r - \ xo \  ) c ;1  )  ,

Thu.s the' proof of Coroltary 1 is conrplete t

.Theorem 3 and. Corol lary I  are ln part icul.ar appl icable in t i re

case of oisiribui;ed ur.riitroi probJ-e;iio 6ol"crned. by seml$ineei pi?-i'q*

i r r . . i  , i  -  o ^ r r n - t . i  r  . . .  . , r - .  + r -  * * ^ ^ + l n  . y : n n J  i  n o n r " {  t i e S , A  t y p i - C a I  e X n m p  j . e  i g
DOJ . .LC  ( i qUA  i , iU I i l j  V { i  L i r  ' > l i l u ( ]  L11  l ! ' J r r { - l . r ' r { : ' 4+  i  '

the foiiorarirrg prc;bierri: miirimlze

1l-l 
",
. i

4
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( 5 . 2 $  \  ( h ( t , x )  l Y ( t r x )  -  r u ( t , x ) 1 2  * l  u ( t , x ) \ ? 1 a x a t  +

a  ( 9 .  - . )
{ -  )  t ( x )  l y ( r ' x )  -  Y t (x ) \  

-ax
J L ' , * , .

.  t  2 -  1 - .  -  2
i n  u  e  r . , z (e )  and.  y  eL ' (O,T ;H; (JL)  f1H ' ( fL ) ) ,  v t  G L- (Q)  sub jec t

to the constraints

(5 ,25)  y t  *  A  y  + f  ( r )  =
' Y * O

the

B
\J

and

' ( 5 "26 )  y (Orx )  =  So(x )  B re*  x  e  n

t [ v ( t , x ) 1 2  d x  t r z  f c i r t e f o ' T J  '
JT

Here l2 fs a bound.ed. and. open sllbset of 'Lrre Euclide&n spece RN , I i*

bound.ary af !L; i l : (g) r t lz UZ) are usual $obolev spaces on ̂ CL and'

i$ .a  rnonotone funct ion on rea l  ax is .Thel funct ione Y6rY1C l2 t ] [L l

h e Loo (Q ) , fl e r..,oo (-o ) sre given ,

rn  ih is  case r i  =  r ,z(J t ) r *  =  -  A i  D(A- i  =  H}( f | . )  n t f  { i '4  und '

(3 , , ) ( x )  =  
f  

( y f x ) )  a .e  .  xe fL  r yC  t2 i . . JL ) ,Cond i t i ons  (5 '6 )  a re  s8 -

t is f ied.  t t :J  is  o f  c lass C2 and 3( i ) ,  i  =  O'1 '2  qre of  l inear

growth .

iv iore general control problens of the form (5,Ti l ,  ( l  ,25) r ' ; i 'Lh

nond.ifferentiabJ-e or even multivalued. maximal nronotone Sraphs

can be treated. as fot lqws (For e cl i rect treatroent stee t+l r  Dt)

Ig ]  ) .Consid.er  the cont ro l  prob]em wi th  per formance er i ter ion

(5*24) ,  const ra in t  (5 .26)  and s tate equat ion

I

Y1 -A Y' + 
f '(v) 

= tr.
( j , 27 )  . , ,  =  orI

y (o ' I ;  *  yo (x )

in  Q.  = lot r f  X -O

ln  Z '=  Jorn  f  X  f

l n Q

1n

x €  3

' " O O  . . ' , - * ^ J - a  ^ -
to I  tr l ru u-LvIr

"  P  t * t*  r  J  . \ r /

where

and.

tha't

c r l ' l

t > 0

0 . =
v c

\5',
r r C  T ?

I-)
i J I I  t L

j  t *"1
d f  u v l t

fcr

;f 
tt") =

- --l
t _  ( 1 -

U UTI

end,

@

T  . F , ( r - t o ) J ( s ) d +- o o  U c

-  a  . - 1  .( I  * t \ , r  )  ) .nere J  r i r
' 1  1  ' l  f  A  *  n  f , r ' ra  != ' !
, * t # " r J  v  4 v *  l - .  1

)  i  
( r )a r  =  Lo

- 9'<r



t  
' ,

I t  . ls  eas i ty  ver i f ied that  cont ro l -  prob lem t5,2 '4) r (5  ,26)r (5 ,27)  has
-l

at least nne opttraal pai-r (ya rtrt ).Moreoverrby Lernma 5 ln L4 ) \ 're

h a v e f o r  € + 0
. D

(5 .28 )  *E  - )  u '  s t rong lY  in  L ' (Q)

end.

t1 .e i l  y . .= . r  y / 's t rongly  tn  c(  F,  r ) ; t '2 (12)) '  and '  weakty  in
2  1  2 .

L- (oor ; II; tIt ) flil' (-A) )

where ty i , f l  is  an opt i rns l  pa i r  o f  prob lem (5.2 i l  r (5  .25>r(5 ' i<6) ,

T.nr  q  , [n^ ' r ]X H -+ R and.  $ :  f  Or f lX H+.R.  be the opt ima] 'va lue
JJI;  { ,  J€ . .  

"  

v t  -n,

f  unct ions of  prob lem (5.24)  -  (  5 ,?6)  and '  {5 ,24)  r  (  5  '25}  ,  (5  '27})  xes-

pect ive lynBrv (5 .e8)  and '  (5 .29)  f t  fo l lows that

(^
( 5 . 4 0 )  r i m  ) r { t r r t l  =  s ( t ' h )

'  [ . 4 o

for  a i .J .  t  G [Org]  and a l - l  h  in  the c losed.  ba l l  Z= of  i ;z (Q) ,
_  t .  

'  

a  . , - -  ' T f -  ^ -

t 'hus ff V is the sof rtion to the correspond.ing }{amil"ton-Jaeobi
r f

equai ion Jssoc iated.  wi th  probJ.em (5.24) t (5 .27)  we may regard"e

u  *  -  ( t ) r ( t n r )
for  prob lem (5.24)-  (5 .25) ,as ah approxj.mating opti-rna} feerlback law

R  E  F  E  R  E . N  C  E  S
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