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HERMITIAJ{ GEOMBTRY AND TNVOLUTIVB ALGERRAS

Mlrcea I.{ARTIN

Let I{ be a connected complex rnanifold and let }g(M) denote

the category of  a l l  I rermi t ian holomorphac vector  bundles over

M, wi t f r  rea l - -anal ) r t ic  metr ics

A c lass ica l  problem in  Hermi t j -an geornetry ,  the so ca l led

equlva'tence prob' lem, is to oeterr"ine rvhen tw.; objects ln T0(r,r)

are local ly  or  g lobal ly  equiva lent .

Ccr ta in  recent  resul ts  obta ined by I { . .J .Covien and R.G.Dr. ,ug las

a  r a

LAJ,  po inteo or . : t  re levant  connect ions hetween the equiValence

problemr and sone important problems in the thep,ry of hclomorphrc

curves and in operator theory. Corven and Douglas relat,ed the

study of  a  c lass of  bounded lLnear  operators o l r  a  separable

in f i n l t e  d lmens iona l  H l l be r t  space ,  wh lch  possess :an  open

connected set  lZ  of  e igenvalues,  and the s tudy of  ho lomorphic

curves def ined on an open conneeted subset  l2  of  the complex

I ine,  . to  the equiva lence problen ln  ?t , t tZ l  ,  and they a lso formu-

la ted and proved a notable answer to  the equlva lence problem in

[ { tn l  .  More prec ise ly ,  l f  - f l  ls  an open connected subset .  o f  the

cornplex 1 ine,  Covren and-Douglas def :ned the re la t ion of  po int -

wise equivalence in X|,(J)l  and showed that two objects ln pg(r)

are locall1, equLvalent i f  and onl.y l f  they are poj.ntwLse equiva-

ierr i , .



The purpose of  th is  paper  ls  to  prove that ,  wi th  an appro-

p iate d.ef in l t ion of  po intvr ise equiva lence,  an analogous resul t

ho lds ln  genera l

Many of  the ideas in  our  paper  are der ived f rom [ f ] .

Tn Sect lon I  we state the ro.aLn technica l  resul t  o f  the

paper ,  Theorem A,  and ln  Sect lon 2 we prova Theorern r \  us ing some

elementary facts  of  the theory of  f in i te  d imensional  C*-a lgebras.

The proof  is  s t rongly  in f luenced by I  t ]  "

In Section 3 we deal wiL.h. l inear connecti-ons on Flermit ian

vector  bundles"

fn Sect i -on 4 we g j -ve the def in l t lon of  po lntw:se equiva lence

and we showr in Theorem B, that two po:ntw,{-se equivalenl C--61g-

ferent i .ab le Hermi t j .an vectcr  bundle over  a complex mani fo ld  M

are Iocal ly  equivr lent  on an open dense.  subset  Mo of  M.

Final ly l  a  d iscuss lcn,  o f  some appl lcat ions of  Theorem B is

earr led out  in  Sect ion 5.

I  am vely  gratefu l  to  Professor  C.Aposto l  for  numerous

dLscuss ions  on  the  sub jec t  o f  t l . . i s  paper ,  i n  pa r t i cu la r  f o r '

suggest ingr  that  the resul ts  of  Ccwen and Douglas might  genera l ize

to arb i t rary  complex mani fo lds.
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1. INVOLUTIVE ALGEI]RAS AND HBRT,IITTAN VECTOR BUNDLES

Throughout  th j ,s  sect lon,  14 wi l l  denote a f in j - te-d imensional
oo

C -d i f ferent iab le connected real  mani fc l ld ,  wi thout  bount iary ,

For  e; rch C*-d i f ferent iab le i lerm:- t i -an vector  bundle E over

l lo .of  f in i te  rank,  I r /e  def ine an unj - ta l  involut ive a lgebra,  d ,eno-
'oo

t ec l -  by  C- - ($ l ' L (E )  ) .  The  n ra in  body  o f  t h i s  sec t i on  i s  a  d i scuss ion
oo

of  involut ive subalgebras of  a  such a lgebra C-  ( i \ , I ,L(11)  )  "

In  order  to  s tatd the maj-n resul t  o f  th l -s  sect ion,  Theorem

A'  vre need some remarks regard ing involut j -ve uni ta l  a lgebras and

l lermi t ian vectcr  bundles.

f  . i :  Le t  A  be  an  un i ta l  comp lex  a lgeb r .a .

A compJ-c:< l inear map A frcm A to A is cal led a derS,.vatiorr

o n  A  i f

( 1 . 1 )  0 ( a o ' ) = (  E  a ) a ' + a (  3  a ' ) ( a r a ' e  A )  r

The space S(A)  of  a l l  der ivat lons on A is  a  cornplex t ie  a lgebra,

wit ir the fol low:-ns bracket operation

( A , a ' E " T ( A ) )

For each* a ln A we wi} l  denote by 6(a) the lnner ier ivat ion

def:-ned by a as follows

( 1 . 2 )  l ? , ? ' j =  a " a ' - a ' o 7

( 1 . 3 )  0  t a l  a t = a a t - a t a

For al l  a in A and 0 j .n 3C(A) rve have

( r . 4 )  1 0 , 0 t . 1 1  =  0 ( ? a )

( a ' e  a )

An e lenent  a . ln  A is  caJ_lecr  centr :a l - ,  L f  6  {a)=0.  T i re  set

C of  a l l  centra l  e lenents in  A ^ ls  a commutat i , , ,e  subalgebra

of  A.  Tf  a  is  1n Sta l  anc l  a  j -s  b  centra l ' 'e lernent ,  then f rom
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(1 .4 )  we  j -n fe r  t ha t  ?  a  i s  a l so  a  cen t ra l  e le rnen t ,  t i r e re fo re

we can define ths complex-l:-near map

n  ' \  ' " ; S { a ) ,  a e  C )( r . 5 ) .  r e s : $ ( a )  - ' e ( C ) ,  ( r e s  d  ) a = d a  ( o (

We renark that

( 1 . 6 )  r e = [ a , A ' J  = i r e s E ,  r e s 0 ' ] (  A ,  a ' E  E ( A ) )

It '  is in'nrediate tha-t $ tal and A arg m'odules over C and

the map res is C - l inear.  For a d.er ivat ion A in S tal  we have

res  0  =Q l f  and on ly  i f  ?  i s  C - l j -near "  Note  tha t  a l t  inner

der i r rat . : -ons are C - l inear.

L ' 2 . . S u p o o s e t h a t A i s 0 n ' u n l t a l j . n v o l u t l v e a l g e b r a . F o r

each der ivar ion a on A rve def ine a map ?+ fron A to A by the

'4guat ions

( 1 . 7 )
- *  . .  : t { .  *
d  a = ( 0 a  )

( r . 8 )  r a , a ' f =  t a q S ' # J

( a e  a )

-r+

I t  is  p la ln  that  A*  ls  a  der lvat ion on A,  the map

^ ^ * ^ n r
]  - -o  d*  t "  conjugate- l inear  and,  noreover ,  for  a l l  O ,  d  '  ln

S tal and a in A we have

( t . e )  ( 3# ; *F=  a

( t . t o )  0  t . l *  = -  0 ( a * )

^JL r {f-
( 1 . I I )  r e s (  d " ) = ( ; e s o ) "

1 .3 "  Le t  i . [  be  
"  

c f *a i f f e ren t rab ] -e  rea l  man i fo ld .  The  se t

C""t lul of al l  cornpl-ex-valued C*-differentiable functions on l '1 is

^n r . :n . !  ta1 cornr .utat lve lnvolut lve a lqebra,  us lng co iaplex coniuga-
g l r  g ^ 4  e s *
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t ion of  funct ions as invelut lon.

The  space  o f  de r i va t i ons  S  ( c * (M)  )  l s  exac t l y  t he  comp lex

Lie a lgebra Str ' i l  o f  a l l  complex vector  f :e lds on M.

1 .4 .  Suppose . tha t  M  i s  as  above  and  l e t  E  be  a  c@-d j - f f e ren -

t iab le complex vector  bunCle ov€r  11,  wj - th  the pro ject ion ?fu:n *? 'M.

As usualn for  each point  p  in  Iv I  we denote by up the f iber
_ 1

7 I  u -  (n )  ove r  P .

A sect ion of  ' the,  bundle E over  I ' t  is  a  C€:d i f ferent iab le

m a p  f  .  f r o m  M  t o  E ,  s u c h  t h a t ,  {  ( n ) e  n p ,  f o r  a l l  p  i n  M .  T h e

space CF(t ' , t rB)  of  a l l  sect ions of  the bundle E over  I i {  has a

na tu ra l  s t ruc tu re  o f  C* (u ) -modu le .

: .  Le t  L (E )  deno te  the  C€*d i f f e ren t ' i ab Ie  comp lex  vec to r

'bundle over  M,  constructed such that

( I . 1 2 ) .  L  ( E ) n = L  ( E n )

for  a1.1 p in  M,  where by L(Ep)  we denote the complex a lgebra of

a l l  l inear  operators f rom Ep to Ep

I f  T : M  * )  L ( E )  l s  a  s e c L i o n  o f  t h e  b u n d l e  t ( E ) ,  t h e r e

T ( f ) : E p  - > E p  i s  a  l i n e a . r  o p e r a t o r ,  f o r  a l l  p  l - n  M .

The  sec t i on  T  i n  ce ( tn t r l , ( n ) )  j - nduces  a  ce (M) - l i nea r  map

from Ce(urn) ' ,  which we a lso denote b1r  T. .  . ie f ined by

( r . r 3 )  r : c # ( r u r , E ) + c " ' ( m , n ) ,  ( 1 6 )  ( p ) = T ( p )  ( f ( p )  )  ( 6 . g c F ( i < r E ) , p €  M )

I t  i s  a  s tandard  fac t  t ha t  t he  space  o f  a l l  sec t i ons  C* (MrL (E)  )

is i  sornorphi-c as a cF(t ' t) -moclule to the space of al. l  coo (i{) - l inear

maps f  rorn 'c" t (urn) to c€1ttr t r1 ,  therefore c*(Ftr l . ,  (E) )  is  in a natural

manner En uni ta l  complex a lEsbra,  1 . , ' i th  the ldent : - ty  deppted"  b1 ' r .

rdent i fy ing each i  in  c*( l i )  r+ j - t i r  h  r  in  cF( i " i r l (E)  )  we
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obta in  tha t  c* ( l t )  i s  a  suba lgebra  o f  C- (urL(E) ) .  t r ^ Ie  c lear ly

h a r r e  t h a t  c m ( t l )  c o i n c i - d e  w r t h  t h e  c e n t e r  o f  c € ( F 1 ' L ( a ) ) .

In the fo l lo lv ing,  we denote the space of  der lvat :ons

S- fC 
*  ( l t ,L  tn )  )  )  s r r ,p ly  nV f  ( t4 rp)  .  F rom I .  l '  we  i rave  t l ra t  f  (n , r )

o o -
ls  a C ( t ' l ) -module and we obta in the C@(t ' l ) -11near  map

r - D o .
( r . 1 4 )  r e s : S ( 1 4 , 8 )  - * > S ( M ) ,  ( r e s  0  ) A  =  S t h r l  ( h € c * i M ) ) '

:

I .5 .  fn  order  that  c*o1ur l ,  (E)  )  becomes &n involut ive

algebra i -n  a canonica l  n ,annerr  w€ assume that  the bundle e is  a

Hernr : - t ian vector  bundle,  wi th  a speci f ied Herml t lan s t rncture

( 1 ,  i 5 )  l { L : c € ( p r o n ) x c * ( t ' t , E )  
- - +  c F l t l r r ; ,  f  

( 6 ,  E  ) =  ( 6 ,  T > .

Each f iber  Bp is  an inner  product  space,  and the 
' inner

products vary in a cso fashj-on for p in l '1.

F o r  e a c h  T  i n  c s ( t q r : , ( B ) )  w e  d e f i - n e  t *  1 n  c o o ( u ' L ( E ) )  b y

t ,he impl ic i t  equat . i  cns

( r . 1 6 )  ( r f  , T ) =  ( o , t u t )

The map T ---+ T* is 3n involut ion of  the complex algebra c€(r ' i ,L(E)) ,

cal led the involut lon associated with the Hermit ian structure.  '

N o t e  t h a t  f o r  e a c h  A  l n  ! ( t y r i E )  a n d  T  i n  C € ( l t , L ( E ) )

we have

( 1 .  r T )  (  t E # r t r  , r )  =  ( o - ,  (  A  t * l t  ) ( 6 , T € c F ( t t r E )

I .6 .  fn  what  fo l lows we are in terested in  su.batrgeh,ras of

AA

C * ( U ' L ( E )  ) ,  w h e r e  B  i s r  d s  a b o v e ,  a  I i e r r n L t i a n  v e c t o r  b u n d l e

over the manlfold I ' i .

1 a ,  6eC"(MrE )
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Using the notat ions

- '  ( r . 1 8 )  S  g  = \ A  s : s €  9 ,  a e  H  ]

-.t-L= t ao' a e s ]

t -

L e t  E  b e  a  f , i x e d  s u b s e t  o f  c N ( M r L ( B ) )  a n d  l e t  S  b e  a

f l x e d  s u b s e t  o f  S t l a , a 1 .

I t ,

( 1 . 1 e )  r *

v r e  d e f i n e  t w o  c o l l e c t i o n s  o f  s u b s e t s  o f  c m ( u r L ( B ) ) ,  ( g k ) k  a n d

( Io )n  ,  where  o  (  k ' lu  4q  in teser  l

A = qv o r

Ty= gourfnu dYk

9n*r= rr. U s&- u dh ro

( 1 . 2 1 )

I{e have

( 0 5  k )

.  ( o { l t )

a

'  
Let,  \  and B * 'denote the j .nvolut ' ive.subalgebrqs of

c*(mrr , (n) )  generated in  c*( l , t r r , (n) )  by the sets  9 ;Uc*( i 'n )  and,
oo

r e s p e c t l v e l y ,  J o U  c * ( M ) ,  k = 0 t L r 2 r . . .  .  T h e  u n i - o n  o * = # ' - o k
t r :K

is obvrously En involutlve algebra and a a"tt*l-module. We semark

that A oo 1s the smal lest ,  l -nvolut j -ve sublagebra of  C*(t t r l : (E))

such that

oo

Y  U c - - ( M )  €  A

f  a"o  ga

+
Ar .u  SAruS"A*e  B*

l ' t  
" t \\ L .  - 9 ,

Br. U X T%r..u f$f ArG or*r
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I f  Mo is an open subset of Mr s€ shal- l- denote by n/tao

the rest r ic t ion of  the bundle E to  I {o .  For  a l l  T  in  C-( rarL(E)  )  and

A in  S (nn in ) ,  t he re  ex i s t  t he  we l l -de f i ned  res t r l c t l on  r /Mo

i n  c € ( M o , L ( E f u o ) )  a n d  O l u o  i n  S t t ' , r o , n f u o ) .  I ' r e  s h a l l  u s e  t h e

notat lons

S luo= | ? 1roo, 0e T ]

au luo= t * l*o:r6au ]

tsk lMo= { t l*o: r€Bn }

l {orv, r. te can state the rnain result of t"hrs sect.{-on.

,  L . '7 .  THEOREM A.  Suppose that  E l  is  a  CF-dr f ferent iab le

Ilermit. ian vector bundle over i" l  of rank n, and let y and tr be

' as above. Then there exl-st an open nonempty subset Mo of I,1 and

d n i n t ' e g e r r ( k ( n a x ( 1 , n - I ) , w l t h t h e p r o p e r t l . e s

u* i%={ t l r ao , raa * }

(i ) aul tao=a*luo

( i i )  i f  A is  an uni ta l  j -nvolut lve a lsebra and

Y tAL lMo-+ A,  y  ,  T uf lMo * . f  ta t

are, i :espect ively,  a morphlsm of uni ta l  complex algebras and

a map, such that

y  (0  r lMo)=  V(0 lmo)  y ( r  |  %) - ,  y t  0#r l%l=  q(  A# i l ro )  ^y  ( r l r {o )

y( 33' l fr  (Mo)= tf l t0[mo)g( a #t*o) ^y (r I  r"ro)

V r D # d r r l r , r o ) =  V (  ? # t % )  q (  0 , i M o )  V ( r  l M o )
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for  a l l  0 ,  A n in  f f  anc l  T in  / , rk_I  ,  t i ren we hav{ . r

'Y (a r l r ' r . )= f (  ? { r ' io}g1r ln,o)  ,  y t3+r{  Mo)= ,pt0+iuo)  .y  (?[ r , {CI)

for al-l A in 'd 
and T j-n A c>c .
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2. THE PROOF' OF THEORBM A

.  Throughout  th is  sect ion we cont inue wi th  the notat ions

o f  t he  p rev ious  sec t i on

For  each  p  i n  M  le t  us  cons ide r  t he  f i n i t e  d imens iona l

Cx -a lgeb ras  de f i ned  bY

r

f

A g  ( p 1 =  { r  ( o )  :  r € A g  }

Bg (n)  =  l r  tn)  ,  r€Bg ]

a*(e) = lr tr) '  r€A06)

(o (s )

(OJB)

2. I .  We f i rs t  rev iew sorne e lementary facts  about  the

{ n r , e 2 , - . . r q * }

ln l '  rJcd j  n,  )

s t ruc tu re  o f  f i n i t e  d imens iona l  CT-a lgeb ras  '  Fo r  more  de ta i - l s

the  reader  i s  aor , * i se t l  to  consu l t  t  I  ,  e  h . r - r I ]  '

Le t  A  be  a  f i n i t e  d imer rs iona l  Cx -a lgeb ra '  Then  the re

e x i s t a n u n i q u e l l z d e t e r m l n e d s e q u e n c e o f p o s i t i v e i n t e g e r s '

'  
l n r , n 2 r . . . r r * )I

and  a  sys tem o f  o rLhoqona l  se l f ad jo in t  cen t ra l  p ro jec t i ons  i n  A ,

such that  A is  d .ecomposed in to the d i iec ' i :  sum

( 2 . 1 )  A = A g r O A q 2  ( D  - - " @ a q *

,  and  each  Aq .  i s  i somorph ic  ' t o  t he  a lgeb ra  o f  a I I  ' n .  *  t i  ma t r i ces ,

I (  i {  m .

F,gr  each L,  f i  j .Jm,  we carr  f inr3 a s , -y-s tem of  or thcgonai

-  se l f ad jo ln t  m in ima l  p ro jec t i ons  i n  Aq  '  I
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( 2 . 2 )

( 2 . 3 )

( 2 . 4 )

( 2 . 5 )

1 1

and a system of  e lements of  Aa,

{ " 1 , o :  r ( d , p  (  
" ,  }t  o l i  '

s a t i s f y i n g  t h e  c o n d . i t i o n s

I
PoE=9i

i i
1 1  = t 1*c( o( I. c(

i *  i
l 1  = 1 1- o(F * pd.

i i i' o P ' f d =  ̂ P l ' u l C

for  a l l  t !d- ,p,1 ' ,  d(  mi ,  vrhere An" means the Kronecker symbol"
l ' 0

I f  a  is  an e lement  of  A,  then there ex is ts  En uniguely

det:errrr ined collection of conrplex rrumbers

such that

( 2 .6 )  p l  
" p tp  A to f3 ta )uan '  ( r ( d ,p  (  n r )

We remark that

T
o(

{ n t * U ( a ) :  r J i ( r n ' ,  r ! d , p  J " i }

m t i
r=t 

*,F, 
A'xg ta) uto a( 2 . 7 )

2 ,2 .  The nex t  resu l t  i s  a  res ta tement  o f  t4 l  ,  Lemma

3 ' 4  
&

L E M M A .  L e t  T  b e  a  s e l f a d j o i n t  e l e m e n t  o f ,  C  ( M , L ( E ) ) .

Then there ex is t  En open nonempty subset  Mo of  Mr a pos i t ive

inteqer  m and two col lect i -ons
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t  no . t  rS  dJ  * )  c . * {Mo,L  (E luo)  )

{ h . . ,  1 ( c ( 3 * } c . * ( * o )

with the proper t ies

( r ! d . !  m)
I

w h e r e  r  i s  t h e  i d e n t i t y  o f  c * ( u , L ( E )  ) .

/ ' i \  D  = D * = P  P\ + / 'c( -o( -o( -c(

( i i )  r l u =  r p .\ + * /  - l " g  
l - " d .

O(.

( i i i )  r lMo= 
F 

ton" .

( iv )  each Po,  ,  ISO(J m' ,  is  an e lement  of  the subalgebra

generar .ed in  c"" (Mo,L(Eluo))  t ry  c* l l io )u l r l *o ]  .

s  c a " f  M
o K t  o

an lr"ro=Xo luo

P R O O F .  F r o m  ( 2 . 8 )  w e  o b t a i n

Aku.xAku xhu, g $Sor. u f*oo [ *oo€ Ak[ Mo

hence

(2 .s )  Ak* r  l *o=oo l ro

and s imi lar ly  we get

( 2 . i o ) '  A L + g [ M o = A k l m o

The;efore,  i  t  ' , r f  f  , i . .ces t .o  remark that

li

i*'-

2 . . 3 .  L E M M A "  L e t  ( a f  ) r  ,  A o o  a n d  J C  b e  a s * i n  r . 6 .  r f  M o  i s

an open subset  o f  M and k is  En in teqer  such , that

(2.  8) .xt

then we ha'ze

a  l r r  I  I  a  l r , ;^col" '6-^ 
Y o^k+gl ' ' 'o

i t  q  f

( 0  ( g )
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2 "4 "  LEMMA.  Le t  A  be  3n  i nvo lu t i ve  a rgeb ra  and  l e t  v ,  w

in A be g iven such that  vwvEv.  Then for  each der i -vat ion d on A
" - . - . ' . - . ^ .

we have

( 2 . t t )  S  v = v ( d r l n ( d e ) v - v ( d w ) v

_'where f=wv and e=vw.

par !s .

PROOF. Since v f  =ev=v we .obta in

v (  0  r )  +  (  d e )  v = v  (  d w ) v * v w  (  d v )  +  (  d e )  v =

= v ( d w ) v + e ( C v ) + ( d e ) v =

= v ( d w ) v + d v .

2.5 ,  our  proof  o f  Theorem A d iv ldes 'natura l ly  in tc- r  f  our

STEP 1 .  Fo r  each  p  i n  M  we  c lea r l y  have

( 2 . L 2 )  A g ( p ) g  B e  ( p ) €  o g * ,  ( p ) G  o * ( p ) g  L ( E p )  ( 0 J  e )

F r o m  ( 2 . I 2 )  |  a p p l y i n g  2 . I  a n d  b y  a  r e p e a t e d  u s e  o f  L e m m a  2 . 2 ,

.  we can f ind:

( i )  6n open nonempty subset  Mo of  M

( i f )  0 n  i n t e g e r  k  w i t h  l l k ( m a x  ( l r n - t )

( i i - i )  a  sequence  o f  pos i t i ve  i n tege rs

{  r ,  , n 2 ,  . .  .  , r *  }t

and  a  sys tem o f  o r thogona l  se l f ad jo in t  cen t ra l  p ro jec t i ons  i n

Br-rl to

{ o r ,  e 2 , . . . , a *  }
such thato for  each p in  l r / ro  ,  the a lgeb: :a  ot_r  (p)  is  decomposed :

in to the d i - rect  sum



r t l

( 2 . r 3 )  B r - 1  ( p ) = r u - ,  ( n ) a r ( n )  @  e o - r . ( n ) a r ( n )  O  " '  @  B r . - ,  ( R ) Q * ( n )

a n d  e a c h  B X _ r ( n ) a r ( n )  i s  i s o m o r p h i c  t o  t h e  a l g e b r a  o f  a l l  t i  *  n i

'  - - " ' " inat r i -ces 
,  L ! . j " (m.

.  
( i v )  moreove r  ,  f o r  each  i ' ,  I ( i (m '  t he re  ex i s t  a  sys tem o f

o r t h o g o n a l  s e l f a d j o i n t  p r o j e c t i o n s  i n  A O - r l l { o Q i  I

t" i ,  r(ct lmr )

and  a  sys tem o f  e lemen ts  o f  BO- r lMoQi  I

{uip, 
-1!(,{3 ( 

" i  }

such  tha t ,  a l f  l j  ( p )  ' a re  m in ima l  p ro jec t i ons  i n  AU ( f  )  a ,  (n )  f o r

'  
19  cond ' i t i ons  a re  sa t i s f i ed

al l  p  in  Mo ,  r  !d(U' t  ,  and the fo l lowi i

(2 . r4 )  Ino , t=Or -
o(

ui.--=Pl-o(fi - q

. i J , i
- - _ L  X .  . , r'o<p -" 

Pd

" i  " i  -  A  , r i -  ''op 'Srf = ^F$"*d

s T E p  2 .  W e  c l e a r l y  h a v e ,  f r o m  Q . I 4 )  |  t h a t  a l l  p r o j e c t i o n s

( 2 . 1 s )

( 2  .  L 6 )

( 2 . L 7 )

Qi  ,  r< i<m are  e lements  o f  Ao- r l  Mo 
$_

Let I  be a der ivat ion in SfUXT .  Sj-nce Qi is central  in

B. -  lPt  ,  w€ obta in
K - I '  O

( 2 . 1 8 )  A  Q i =  D  ( o i o i ) =  (  Q  Q i ) Q i + Q i  t  0  O r ) = 2 Q i  t  E  O t ) 9 i = 0

From the last  equal i ty  i t  is  easy to  check that

Qi  T=Tq '

J+

t .he set  B. 'Lr  Se,-  "ul  St 'B, , - .1 Pt^f o r  a l l  T  i n  r ( - r  
- - - K - r  K . . r r  o

Tn  pa r : t i - c r . r l . a r ,  i t  f o l l ows  tha t  t he  p ro jec t i ons  Q i  ,  * t {m '  a re
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cen t ra l  p ro jec t i ons  i n  a ,  lM- - -  - - k  
I  - ' o

{  A l , ,  r r t  '  rJ i (m ,  rs r t ,p{  
" i }c  cF{mo)

S i n c e  t h e  p r o . t e c t i o n s  . p a  ( n lJeuL rc lns  *c (  rp /  a re  m in ima l  i n  AO (p )a i  (p )

for  a l l  p in Mo and rJaJsi  r  w€ obtai-n that  for  each T in aol  Mo

there  ex is ts  an  un ique ly  de termined io l lec t ion  o f  func t ions

such that

(2. rs)  PJrnf= t l fur r lu l '

m  n ,
( 2 . 2 0 )  r = t  I -  1 1  ( r ) i r i

i?r  dF =l_ "  " (Pt ' '  
"  c t  F

STEP 3 .  To  conc lude l -hp  nr  nn f  n f  Theo: :em A i t  su f  f  i c ies

to prove ' that we have

(2.21)  a u" lpu oolro

t i .zz) y r  E uiU )= S r0l  ̂ f i  (ur lp )

.  . l #
V ( A*ui.p )= q ( ?o, .{_, lutp )

for  a t l  t ( i !^ ,  1{  o( ,P(  n i  and.  ?  i , . ,  H{Mo

rndeed ,  ( i )  o f  ou r  t heo rem w i r l  f o t r l ow  by  Le rnma '  2 .3  f rom

( 2 . 2 r )  a n d  ( 2 - 2 0 )  ,  w h e n c e  ( i i )  w i l l  b e  a  c o n s e g u e n c e  o f  ( 2 . 2 2 )

a n d  ( 2  . 2 0 )  .

Le t  ' us  cons ide r  t he  subse ts  o f  Bo - r l  *o  de f i ned  by

.H.9 . = { p r  n ( O s ) r p ^ i  : 1 J c ( , 0 1  o i ,  R , s , r € A k _ r l M o  ; A e S u y $ l:  L . r l -  (  o (  -  -  - - 1 3  - - -  r l

.^  where r j iJm

,  r f  p  i s  a  po in r  in  Mo ,  then each u ip  t l )  i s  a  f in i te

produc t  o f  e lements  be long j -ng  to  g .o  ,eva lua ted  a t  p .  There fore ,

eventua l l y  decreas ing  M^ ,  we may suppose tha t  any  u1 .  i s  a" o -  c (P
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f in i te  p roduc t  o f  u iO ' "  be long ing  to  3  L .  Thus  we are  a l lowed

to  prove (2 .2L)  and (2 .22)  assunn ins  t f ra t  u jU is  an  e lement  o f  3  i .

STEP 4. We f i rst  assume that )  .
/

( 2 . 2 3 )  u i ^  = p i n ( 3  s ) r p 1" d { 1  ? , " '  " o " ' " A
l-

where R, S and T are in aO_rl  uo and A o is in f .

+

r ,et  ? be a der ivat ion in X. We der ive easi lv that

(2 .2q  A#  u i  ^  2  u i *  ' -  ̂  I  r ' , r
" o l 3  r  u ' o p t ^ k [ ' " ' o

(2.25) .V r O+uj,, ) =g(At y ru&p )

- ^  i { F  ^  i , i F

Y r o u l *  ) = q (  d ) Y ( u & F  )

Putting ifl. Tr€irund 2 .4 ':" ' l-r

d'= A "i '-i* ^--i .-P-i ,.:o = ' n p '  t = ' J o t p '  
" = " { '  

t = o p ' ' :

we have

(2.26)  ?ui*  =, r | f ,  rOr f r  )+(A* ,u*A -u ip (at i l  )u ;p

f f  we  pu t  i n  Lemma 2 .4

S= ry(3) ,  v=ny tu lU t ,  '= V(" i t  ) ,  e=V (n;) ,  r= v(ppi)

then,  s ince g i0  )e  Sta i  r  we obta in

(2.27) V (a)VruJp ) =V(u;p ) (V(a )v(nd) ) + (v(a )v(*) )y(uip ) -

-y(uo1p ) (f (A ryrdfrr r.grdU I
F r o m  ( 2 . 2 6 )  a n o  ( 2 . ' 2 4 )  i t  f o l l o w s  t h a t

1 2  ? R \  I  r r l '  / : :  ̂  l n r '\ e . - v t  v  " c 1 A *  ^ k l . ' ^ o
I

O n  t h e  o t h e r  h a n d ,  f r o m  ( 2 . 2 7 )  ,  ( 2 . 2 5 )  . a n d  ( 2 . 2 6 )  ,  u n d e r  o u r
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assumt) t ions we have

t )  ? o \

.  The  equ ra l i t i es  (2 .2 t  )  a : rd  (2  "22 )  a i : e  con ta ined  i n

( 2 " 2 8 )  ,  ( 2 . 2 9  )  a n d  t h e  f i r s t  p a r t  o f  ( 2 . 2 5 )  .

Fo r  t he  second  case ,  when

.L ' .

(2 "30 ,  %to  =e* tn t  I  f s ) r r i

T ^ 7 4  n r n a a o i  t n  r ' l  a n n r r c ' l  - tw s  y r v u s s u  a l t c r . L L r g \ J u b J  y .

Tl i .e  p: :oo, f  o f  Theorem A is  complete.

rp (.- )'d(u^1. )=*.i( 0 ul Ii  i  J ; i J  I  a i r , '

i.6 -/ /Y n Ze
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3. LINEAF. COJIINECTIONS

In  th :s  sec t :on  we sha l l  l :e  concerned w i th  l inear  con-

oo
I  ' -  nect i -ons on C *c i i - f fereni iab le vector :  bundles"

3 . I .  Le t  B  ] : e  a  i - -a i f f e ren t i a i r l e  Hernn : t : an  vec to r

l :undle over  the Caa: f ferant iabLe man' fo1d 11,  vr i t i r  the.  Herrn i . t ian

structure i l

By a l j ,nnear connect:on on the l ' rundle E we mean a com-

p lex  b : - l : nea r  nap

f  t f , ( t ' r )  x  c*  ( I I ,E)  - *+  c*  ( I { r t r )

such t l rat

(3 .  r )  I  ( l x ,s )=  ̂ r (x ,  ( '  )

(3 .21  ! - tx ,161=x tA lS  +1 [ - (x , .C  )

for  ar l  x  in  S(u) ,  c f  in  co"1t ' i ru)  and l  j .n  c*( l t ) .

i ie  say tha. t  the l :near  connect :o t t  I  preserves the

l {ern. l t ian s t ructure N on E,  i f  v re have

\ / - J f \
( 3 . 3 )  x  ( ( '  , t )  =  (  r r * , 6  ) , r  ) '  ( e  ,  f -  t x T ,  u  I  )

f o r  a l 1  X  : - n  Y ( l , t )  a n d  6  , T  l n  c F  ( l . t , u ) .

Tn  genera l ,  t he re  ex i s t  hany  l i nea r  connec t i ons  on  the

liermlt:.an L.undle E vrit :ch preserve the r"etr:c 
/

In r^rhat fol lolvs vre f j-xe a such l lnear connect:-on f 
?

nn
and fo r  each X :n  S , ( t ' l )  ie t ' , t - (x )  ] re  the  cornp lex  l i -near  map def :ned \

by -'

( 3 " 4 )  f ( x ) , c F o ( I . i ; ! : ) + c F 1 l ' 1 , 8 1 0  f  ( x ) c  =  f  ( X o 6  )

.'

Let  us denote bY K the : :aP
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(3. s) x:[(u) #tnrl *-. '  
"o'(on,r 

(E) j

( 3 . 6 )  I i ( x , y ) =  [ ' ( x ) "  r ( y ) -  [ . ( v ) "  I . ( x ) -  r ( [ x , y ] )  ( x , v e $ ( r . r ) )

r t  i s  p la in  tha t  K  i s  a  v re l l - de f i ned  c * ( t t ) -b i l i nea r  map  and ,
'  moreoverr w€ have

( 3 . 7 )  K  ( x , Y ) = - I  ( Y , x )
' :

(  3 .  I  )  .K (X rY)  
*=K 

1t#r* f1

fo r .  a l l  x r y  i n  T ( r r ) .

The map K w:-11 be called the curvat,ure of the l inear

connect ion f

3.2.  r ,et  [ -  be as above. The connect ion r  cai :  be

used to construct  a l inear connect ion on the bundle L (E) ,

V tf(irrl ic*1i,r,L (E) ) -* c*1rul,t (B) )

as f ol lovrs

( 3 . 9 )  V  ( x , T ) =  { - ( x ) o T - T .  f  ( x )  ( x E f f ( r , r )  ,  T € c s o ( l { , L ( B )  )  ) .
:

r t  i s  easy  to  check  tha t  V  : - s  a  l i - nea r  connec t {on  on  L (E )  "

Irtore in' 'portant is the fact that for each X in ff(u) ,

the map VtXl  c le f ined b i r

is  a der ivat i -on on the i .nvolut i -ve argebra ct i*r l ; (E))  and, there-

fo re ,  V  induces  a  c* ( t t ) - l inear  rnap f ron  Y(pr )  to  X( t4 r t r ) .  i

i . lote that foi: al-l- , ' i  ln E(ti) vrc irave

( 3 . ' r r )  r es  V  ( x )=x



" -ll -lt-

( 3 . r 2 )  V  t x f =  Y t x T )

We also obtaLn

f o r  a t l  X , Y  i n  X ( t , l ) ,  r , . , h e r e  b y  0  ( f  ( X r y ) )  w e  d e n o t e r  & s  i n  1 . 1 ,

cro

"__ .  t he  i nne r  de r i va t i on  on  c -  ( I l r L (E ) ) .  ae f i ned  by  K (x rY ) .

, *

3 .3 .  Le t  t r  and  [ ' be  as  above  and  l e t  t 4o  be  an  open

subset of IvI. The l i-near connection f i-nd-uces a metric-preservi-ng

l lnear connection F l t , to on the bundle nlMo.

,  Assu r re  tha t  tq . r I (d ( r J  
l s  an  o r thonorma l  f ram.e  o f

B o n \ , t h a t i s

; * '  - - ( i i )  f o r  e a c h  p o i n t  p  i n  F i o  t h e  v a l u e s  
{  t n  ( p ) : r - < c (  n }

- . -  - l " t*  
tn orthonorrnal  basrs tor  t r te f : -ber Eo.

I-

Tlhen there ex is ts  a co l lect ion of  c l i f ferent ia l  one- for rns

( i )  t re ,  r(  *(  n i  ls a subset tr  .* tot ; ,u[ t ' ro)

i  " l " p  
' 1 1 d , P (  '  ]

t .* .B ' l  to, :P < n i

.a i.

o M o

such that

(3. ' la r lMo (x, 6F ) = 
F 

t lop(x) 6or

for all x 1r, f,1lto) 1

Fro rn  (3 .14 )  we  ob ta in  tha t  t he re  ex l s t s  a  co l l ec t i on

cf ,  d : f ferenL)-a l  two- forrns on l lo

( r J  P (  n l
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such that .

( 3 . 1 5 )  x [ l r - ( x , Y ) 6 a  = L u l - n ( x , Y ) 6 L
' v P o( 

o(tl

for  a l l  XrY in  T1t ' ro)  ,  vrhere b1z x luo we denote the curvature of

the l inear  connect j -on f  l l to

Each tvro form ,Op can be obtained frorn the one-forrns

t o lop  :1  !d , f l t n  ]  "= rng  
the  ex te r lo r  de r i va t i ve  d  and  ex te r :o r

produc ts .  Fo r  examp le ,  i f  we  have

( 3 .16 )  f l up=  A " ,p I

where' f l  t= an of l€: forrn ot t  % and AOB are the Kronecker symbols,

then we frnd

( 3 . 1 7 )  ( D d , p =  A o p u l

3.4,  The nexc leqrma is  a converse of  th is  last  remark.

T h e  r e s u l t  i s  a  s l r p l e  e x t e n s i o n  o f  [ 4 J ,  L e m m a  3 , 2 ,

LEI.II IA. f  f  J '  is a rnetric-preserving l inear connection

on E anii  the curvature K is of the form

( 3 . 1 8 )  r ( x , Y ) = c ! ( X , Y ) I $,Yef (If ) )

where C{.J is a trvo-forrn on }'1, then for each point p in }.1 thefe

e x i s t '

( i)  an oPen neighborhood l"1o of P

( i f  )  a  d: f ferent ia l  one- form f l  on , {o

( i i i )  En  o rehonorma l  f rame 
iO" . . : l 5d (nJ  

o t  E  on  l ' 1o  such

that

( 3 . r e )  f  { m o t x , o l ) = ! ( x ) f o 1  
' ( ' r { o c { n )

( t ( F g  
" t

( r {  d . ,p  (  n )
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f o r  a l l  X  i n  X f l r  ) -  
'

w \ . . O / .  
.

l ' {oreover ,  the choice of  T l  depends only  onUJ .

PROOF .  Let  V ne th*  l j -near  connect 'on on L (E)  c le f j -ned

by the equat : -ons (3.  9  )  .

U s i n g  ( 3 . 9 )  a n d  ( 3 . 6 1  w e  h a v e  i n  3 f  ( l r , f  )

'  
n A  ^ l

, - "  f o r  a l l  X ,Y rZ  5 .n  S ( r r ) ,  where  6  deno tes  the  cyc l i - c  sum v r i t h

,  respec t  t o  X rY  anc l  Z .

F rom (3 .20 )  anc l  (3 "  f  B )  we  ob ta in  tha t  C { )  ' i  s  a  c losed

tvro- forrn.

{ . + S #
.9 i -nce Cr(X ' r .Y)*=-C- l . r lXTrVT;  for  a l l  XrY : "n S( l f )  r  w€ have

tha t  l oca l l y  t he re  ex i s t s  an  cne - fo rm T  sueh  tha t

( 3 " 2 1 )  d ?  =  C i , '

{ r +
( 3 . 2 2 ) ' T l  ( X ) " = -  T l ( X " )

I t

'The rest  o f  the proof  is  a  conseq\ tence of  the Frobenius

theorem and is  s i rnr lar  to  the proof  o f  fh l  ,  Lernrna 3.2.

3.5.  Let n be a posi t ive : -nteger and 1et [ t  {nt t t l  denote

the co l lect ion of  a1.1.  parrs  (Er f  )  wh 'ere E r -s  a cF-d l f ferent . iabre

I: lerrn:-t ian vector bundle over l '1 of .  rank n ai"rd I is a metr:c-pre-

se rv ing  l i nea r  connec t i on  on  E .
$

DEtrrNrTroN. ( i)  Tvro ob jecrs (E,f  )  and t i ,? I  :n '  (  I  o tul

are car lec l  equiva lent  in  Ef  gr r t l ' l  l f  and onry i f  there ex is ts

a  C F ( t t i - i . : n e a i :  F a p

oa $o
U : C  ( i . ! r E i  * +  C  ( I 1 , [ )

i:

( 3 . 2 0 )  d  I V  t x l  ,  0  ( x  ( y , z )  { = 6 0 t N t f x  , y J , z ) )

* . .
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such that

( 3 . 2 3 )

( 3 , 2 4 )

( o , t ) : ( u 6 ,  u r t
\

P

U  o  f ( x ) =  F ( x ) "  u

fgr  a l l  S- ,T in c*1r,rrry and X in S{r , r )  .

E a c h  m a p  U  v r i t h  t h e . p r o p e r t l e s  ( 3 . 2 3 )  a n d  ( 3 . . 2 4 )

w i l l  be  ca l led  3n  equ: -va lence be tween (8 .1 . )  anC.  tF i l .

( i i )  f ivo ob jecrs (E,c )  and t i ' ,F1 i -n Tf  Err t r" i l  are calred

localIy equivalent :.n ff (r, qr'r1 j.f and only j.f there exi sts an

opgn covering (1.1. 1 of l.I such that (E lui , I- lr.r, ) and tE[1.r. . i  \o,t, )

are equi-valent in ?ri f lr1 (lf* ) for each open subset I"1* .J r .  l '

3 .5 .  The  fo l l - ow lng  l emma i s  a  c l i r dc t  consequence  o f

Lernrna 3. 4 .

' ; "  Lstu l1A.  Let  (Er f  )  and ( ; ,F  )  t rvo e lements of  WgnO.n
and Let  GJ be a d i f ferent :a l  two- form on M such that

( 3 . 2 5 )  x ( X , y ) = c d ( X , y ) r ,  f r ( X , y ) = ( o ( x , y ) i

f o r  a t t  x , y  i n  X ( m ) .

Then (E. r )  and t i - ,F l  are loca l ry  equiva lent  in  w '?oon.

Pp'-ooF. From Lenma 3.4 we irave that for eacir polnt p

the re  ex i s t :

( i )  dn open neighborhood l ,1o of  p

( i i )  a  d j  f fer :n t ia l  gne*form t1 on l " to

(1:i) two c.rrthonoi: i ,ral- frames

t  F d  : 1 ( d ( "  
l  o f  F ,  c n  M o

{ &" : rldi 
" J or fr on }''ro



sucil that

( 3 . 2 6 )

( 3 t 2 7 )

defj-ned by

( 3 . 2 8 )

f l% (x, 6*0r ) = | (x) 5,"

Irro (x, 6r, ) = T 1 ( x )r 6a

f o r  a l l  r ( o { ( n  a n d  x  i t t  S ( M o ) .

I t  i s . n o w  e a s y  t o  c h a c k

€>o
U : C  ( M o , E l t . { o )

Oo
that  the C ( l to) ' - l inear  rnap

d t Q  A l

c (r. io,El r,ro)

u Q =  f d

is  an equr-valence bet ' r reen (nirro,  C{ i"ro) and t"fi | r.ro ,i{ uo ) .

3 . 7 .  L e t  U

I ,Je-  denote by.Ux the

de f i ned  by

( 3 " 2 e )

( 3 . 3 0 )

be an equJ.valence between
a<)

C (1.,1) -, l inear nap

(E , f  )  and  ( f r ,

( tecr (u,L (E)  )  )

( x , Y  x  0 t )  )

,  anc l  a lso,  f rom

F ) .

t r te c l"eir iy have that Uo is an isomorphism of involut ive

a l g e b r a s . '  F r o m  ( 3 . 2 4 )  a n d  ( 3 . 6 )  w e  h a v e

W O a t u
U* :C  ( l ' ! , L  (E )  )  * )  C  ( t ' t r l ,  (E )  )

- 1
ur( (T) =uru

u *  ( I (  ( x , Y )  )  = K  ( X  r Y )

N

where K ano K are the curvatures of  f  and

/  t  )  A  \  q n . 1  / ' . r  Q  r .  . . ' . -  € . :  - . . 1
\ J . & ? '  q r ^ u  \ J . J  t  w g  J - 4 l l u

i j * " v ( x l = f l ( X ) " u *

n
t

( 3 . 3 i i txestul t
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where V and 7 are the l rnear connect ions on t(E) and r , ( i l )

a s s o c i a t e d  w ; t h  I  a n A  F ,  r e s p e c t : v e l y .

B y  a  r e p e a t e d  u s e  o f  ( 3 . 3 0 )  a n d  ( 3 . 3 1 )  i t  f o l l o v r s  t h a t

( 3 . 3 2 )  u - , -  (  V  ( 2 . 1  ) .  . .  V  e ) K  ( X , y )  ) =  V  l r r )  .  . ,  V  ( z k ) i  ( x , y )x '  r ' - - - ' . ' - k

f o r  a l l  X r y  a n d  2 L , . . .  , Z k  i n  f f ( l t ) .

3 .  B.  Assume now that  thepai res (E , l "  )  and ( f  rF )  are

local ly  equ:va lent .  Arguj -ncr  as above we obta. tn  that  for  each

point  p  tn  I . {  Lhere exasts  an :sonret ry

( 3 . 3 3 )  U  : E ^  - - r ; -
v Y y

with the propert :es

( 3 . 3 4 )  u p K ( x , y )  ( p ) = x ( x , y )  ( p ) u o

( 3 ' : s )  u ,  ( v  e l ) . . .  v t z o ) K ( x , v ) )  ( n ) = (  f f  e L ) . . .  S t z o l [ u , v )  )  ( p ) u n

f o r  a l l  X ,  y  a n d  Z 1 r . . . r Z k i n  S ( r r ) .

vre use this rast  rernarrc : ,n the next sset:on.
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4. POT}{TI.{IS1] EIUIVALBNCE

,Throt1ghout t i-r is sectj-on vre l .r j- l l  suppose t l iat l ' l  is a

conndctec l  complex rnanafo ld vr : . th  i ts  natura l  C*st ructure.

F.s in the previ  ous sect ion,  leL .N VnOn denote the

c51lect:on of all- C*-cliff*rent:-abIe IIerrn:-tian vector bundles

over  11  o f  rank  n ,  endOwed  rv : th  r "e t r ' c -p rese rv ing  l i nea r  connec -

t i ons  "

t le know r,zhat rsans that dn'ro objects in }l8rrtr.{l are

l oca1 ly  equ :v laen t .

In ttr is sect:-on vre def:ne the pointr 'r :-se equ:-valence

:e  e lenen ts  o f  [ t f r r t r u ;  ,  us ino  a  s l : qh t l y  res t r i c t i ve

vers ion of  the def ln l t ion proposei .  by Covran and Dougfas [4 ]  ,  in  :

the case l.rhen 11 :s an open subset of the complex Llne

e
i r je  need a s t rYrqthened Oefrn i t ion because we conslder

a cory lex nan: fo ld  of  an arb i t rary  d:n iens:on and the main resul t

o f  th :s  sect - ion,  T 'heoref ,  8 ,  is  provad us] -ngr  Theorerc A.

4 .1 .  Le t  U  be  a  comp lex  man : f c l -d  and  l e t  O( t t )  c l eno t ,e

I  I  - - - - - 1  - - -  - - -

rne conrprex algebra of al l  cor.rplex-' .ralued holonorphic functions

o n  M .

'{l

The spacs S ( l i )  i  5  deconposed {  n to the d"{  rect  su ln

X (rr )#r 'o (u)  (ETo'  I  ( r r )

where by def  in j - t i  on

( 4 " 1 )  $ 1 ' o  ( r . { ) = { x € f ( M )  : x ( A *  ) = 0 ,  \  e  o ( M ) }

( "4 . i 2 )  J [0  ' t '  ( u )= j  x6 f  ( ] ' { )  : x  ( l )=0 , } .e  r - ' , (M)  }

- - r  . r  Jk ^611 1

trde clearly have X-" 
' ' '  

( l 'T t '  =i '  I '  ( l ' l )
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4.2 .  Dt r rn , tTTIOt I .  Le t  (Er f  )  and ( ; , f  )  be  two ob iec ts

zn J(?n$a) . Let K and 3 n* the ctrrvatures of J. ano i

I ,11'e say that (Brf  )  and ( f r r f  )  are pointwJ.se equJ.valent

i f  and only j - f  for  each point  p j -n I , i  there exlsts an isometry

lv

U^: E^ -> E,_
v  | )  u

such that

( 4 . 3 )  u p K ( x , Y )  ( p ) = i l ( x , y )  ( p ) u n

( 4 - 4 )  u p ( v  ( z t )  - .  g ( z r . ) v t z $ r ) . . .  v t z $ = ) K ( x , y )  )  ( p ) =

=  t i  t z 1 ) . . .  f r  o ; i t z , S r ) . . .  V ( r S = l F r x , y )  )  { i ) u n

. f o r  a l l  X , Y  l n . S ( t l ) ,  0 J t , s 3  n - 1 ,  l ( t + s  a n d  Z I , .  " . , 1 t + s  i n

. f  t ,  o (^,)  .

4.3.  From 3.8.  vre.  c iear ly obtai-n that  tv, ,o loealry equi-

valent objects : -n $f{nt f , r1 are pointwise eclulvalent.

As a parl{ a1 converse we irave the fol lovi:-n.cr
; .

,  pp .opos fT fO l . , t . . Le t  (E , f  )  and  ( f rF  )  Ue  t vo  po in t r , ; i se

equiva lent 'e lenents of  U(Vnot)  .  Then t i rere ex is ts  a1 open non-

empty su l>ser  Mo of  t l  such thar  (u [Mo . ,  r  fuo)  and t i l lHo,  F l *o)  are
equivatenr an Jf (nlrrol .

PRootr .  I ' r re  conslder  separate iy '  the cases n=L anc1 n 2,

(1) If  n-I,  then ther: sx:st the trvo-forri :s CU ancl d or.,

i'{ suc}r tirat

K  ( X , Y ) =  C r J ( X , y )  I



clude that (8,  f  )  and ( f i ,  F )  are local ly equi-valent rn W?rrt l r ) .

(1 i )  Cons :de r  nov r  t he  case  n } -2 " ,  Le t  us  Fu t

I  = tn  ( x ,Y )  :  X ,Ye  S  o r t  !  e  c * (n ,  L  (E )  )

Us:-ng 9 and S v;e construcf  ,  as in i .6,  the inVolut :ve

suba lgebras  Ag and D,  o f  cw( t l rL (E)  ) ,  fo r  each pos : t :ve  in teger

g .  Le t  Aro= U Ao
o j g  "

Let I '1o and f( l {n- l -be procluced by Theorer A,

. Arguing as in 2.5 we may assl-lrne tl iat j-n tire lnvolutive

- r  -  - t - - - -  -  l ' .algebra Aooln io there ex:s t :

(1 )  a  sys tem o f  o r thooona l  se l f a r l j on t  cen t ra l  p ro j i c t i ons

( i i )  fo r  each j - ,  f  1 : (n ' ,  a  sys ter r :  o t .o r t i iogona l  se l f -

adjornt  n in j - r ,nal  project ions

t ' i . 1

{ P _  r  t t d , !  r : }' o (

( f i l )  f o r  each  i ,  i J r (m ,  a  sys tem o f  e lenen ts  o f  no . i  l , r o

N r y u

K ( X , Y ) = c l r  ( X ' Y ) I

f o r  a l l  X , Y  . i n  f  ( r r )
tu

From (4.3)  we obta: -n U)  =U) and f ror . .  Ler .ma 3.6 we con-

I  = 1 i ( x , Y )  : X , Y  € f  ( l { )  }  E  c * ( u , t ( ; )  )

S={v(z)  :  zest 'o  ( r , r )  }  g  I  ( r ' { ,n)

X = {  e ) : z 6 S r ' o  t t , ) }  G  i f  ( r , r , a ) .

I  o r ,  e2 , . .  .  , o *  ]

i . t ; t l  o ( , 13 (  
" i i' u p
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such that

i
( 4 . s )  i  P o =  Q i

d.

(4.6) ui .o =o*

( 4 . 7 )  r r i * = r i i"oP- 'po

l

(4. 8) r.ie"io = oprulo

We def ine

y , Ar l*o -' c*rnno, r (; I I'o ) ]

lL

g '3(ufsf r,ro-o 3g1uo,fi luo)

by the equat ions

( 4 . s )  y  ( r )  ( p )  =un r  t r l  Uo l (peuo , rea"u\rio)

( 4 . r 0 )  q  ( V ( z ) [ u o ) =  3 t z )  l u o  ( z e ] { l , 0  ( l , r ) u ] € 0 , 1 ( u )  )

Us ing  (4 .  3  )  and  (4  "  4 )  wa  ob ta : .n  tha t

(4 .  I  I  )  \ t J  ( l i  ( x ,Y l  I  r ro )= f r  (5 ,v )  I  l l o

an(l moreover



ry Jv 1\, 4ts ,w # r\./- t 7 t , 7  t  ( 7 t Z _ )  
V ( 2 , T , ) . . . V ( z r t  t x f x . V t l u- v \ u L t . . .  w \  

L  E - r t  
. * * r t + S / I \ \ ^ r r l l l " l o

f o r  a l l  x r y  : - n  S ( t { )  ,  0 J t r s - ( n - l ,  l 3 t + s  a n d  z y r . . . r Z t + *  . i n

.X t  1 '  ( r : )  .

S i n c e  a O [ u o = n  l r . r o  ,  f r o r n .  ( 4 . t I ) ,  ( 4 . I 2 )  a n d  b y  a

repeated use of  (3 . f3)  rve obta:n that  the rnap rp is  a  vre l1

def : -ned rnorph:sm of  un i ta l  conplex a lgebras and appl l ' :ng Theorem

O 
:ru 

have

( 4 . 1 3 )  
Y  ( V ( x ) r ) =  V ( x ) \ P ( r )

fo r  a l l  T  :n  aJuo and X in  . f  ( l to ) .

"* . r ]*  
,  

l *  
and i*  be tne s lbat-gebqas of  cF( l r . l , ( i )  )

produced by f  and S, vrhsre OJB :s an inte<-,er.

Prorn  (4 .10)  and (4 .  r1 )  r ie  der j -ve  tha t  V  induces  an

.- .  isomorph:srn of  un: ta.r  :nvolut :ve algebras f ron no.I t . ro onto i .*1uo.

Let us put

\:

.. tv
( A  l d \  1 . 1  =  a , t / f i  \\ ? . f = /  k - : -  

{ \ l J . l / 1 r  1 : . (  n )

( r ( d J  d
I

( I !  o t , B  !  r i )

( 4 "  1 s )

( 4 . 1 6 )

o;= v,n;,

uaP =Vtr; 
U I

F o r  e a c h  ! ,  f ( l { m  a n C  e a c h  6 . - ,  f l c d (  n ,  ,  1 e t  n i

denote the subbundle of  e l l ro def ined by

( 1 " t 7 ) t l l i )  = P i  ( n )  ( n  )' s ' p  o ( ' ' '  p ' ip € t lo)  .

.  , , i  . r
and le t  f ;  Ce;rote the l :near  connect ion on E;  :nduced by J .



i(4. i8) ff (x) =PJ. r (x)P; {>;eff{r.ro)

J

f t  is  easy to  check t f ra t  l - j  rs  a  metr ;c-preserv j -nc l inear  connec-

t i - on  on  E :  anc l .  f r o rn  (4 "18 ) ,  (3 .6 )  t / e  ob ta ln  tha t  t he  cu rva tu reo(
i i

K-, of the connection f .* ' :  s of the forr, i :
G O (

(4 .  l e )  U(x ,Y )=nJ t  
( x ,Y ) t ; .U  (v (x ) r j i )  t v (Y )P ; : )eJ -

' -P  .  t v t v lP l l  t v rx tPa t  P1 .
o (  c x .  

y t / i x  
" r o 1

,  for  a l l  XrY ln .3(1"1o)  r  v ;here by K we denote t i r r i  curvature of  I .  .
i

Sdnce 
"; 

is a m:-nj-mal prc' jection in i ; [ l lo , fror." (,4" 191

vJe have tirat

as fo l lows

3 1 -

i , " ,Y)=c l . r j t x ,Y iP&{ 4 . 2 0 ) (x,ye.X l l ro) )

vihere cul fs a two-forrn on lrlo.

fn a s ' in i - lar  fashi-on v;e construct  the subbunole i ;  ofo(
tu r  

! -  : '  tu. i  A.. ;

n l t to and the l inear connect ion f ;  on [n whi th t i re currrature I i ;  ,

such that

(4 .2 r )  i ; t * ,Y)  =  c l i t x ,Y) ; i

F r o n r .  ( 4 , 2 0 )  a n d  ( 4 . 2 L )  |  a p p l - 1 z i n g  L e m n a  3 . 6  a n d  ' e v e n t u a l l y  d e c r e a -
.: -:

sing t ' {o ,  vre rnay suppose that each (Et,  
U) is.aquivalent co

N . !  N  i

(B j r  fJ)  as l ierm: t ian vector  bundles over  l1o endovred v. ' : - th  r ra t r {c*

pres€rv5-ng i - : .near :  connect . ions
{ .

Fo r  each  1 !11 rn ,  l e t .V ;  c te i ro te  the  i somet r l c  bunc lLe  map
-  ^ J - :

€ v n m  E *  + - + , .  E l  s u c i r  t h a t! ! v r U  r J l  * 4 r L v  -  
I
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(4 "22 i  F  I t * l u f=u i f  l r * l

* * -  fo r  a l l  x  in  S( t {_  )  .
o ' . j .

I{e exrend vi ro a buncllg,: f;ap ul frorn rf r.ro to t{rro

such tirat

(4  .23)  u*# iv ip l* I  - 1 " I ' I

F rorn  (4 .22)  we ob tarn

ar i  f -  i  j  . i

{ 4 . 2 4  )  
' P ;  

f  ( x ) u ; = u -  f  ( x )  p ;
I I I J .

For each r  ,  U j .J r , 'and each 0(,  I  (  dJ n* f  et  Ul  denotaa o (
- r \, 1the bundle r .an f ron i  n l i " l  to  r [ l ro  def : -ned byl o

-_ (  ! :?5) "J=druiuia

tr' ie rernark that Uj maps rsoretr:cally tri into ;l

,  Moreover rve can prcve t l .s fol low:nc;

LEllllA. I,.le have :

(4.26) r;  T (x) u; =ui r (x) tr"(

(4 .27) i}  F t*,  u;=u; f  rx I  r ;

. ,
f o r  a l l  X  i l l  S 1 t " t o ) .  a n d  r ( r ( r r ,  r ( d , p ( '  n i  ,  d f  p

pnooF. or LnI iMA. For alr  i ,  tJ  ;J rn and r(c( ,p -(  n i  there

exists an onc-fo::r.r on l. io denoted j:v ,h;S siicl i i :hat



i,

i ^ . i i i r
D - / t ? 1 1 ' \ r r ;  \ D - -  \  -  / v \ r r --O( ,  . ' \ , ' i  " 40  t ' f 4 * .  A  ag  \ ^J  uc (B

I  r  
' t  

t -

, w i . : . .  r . :  r v i  ^ . t  t u it; (o 1x ) uJp ) P;= AlU txl t,;U

for all X rn S (r.r ) .' o '
{ i i

Si-nce t ; -  I1 '  =pr .  \ {3  obta: ,n- ' d p " p d  ' c (

h  pn r .  a

r1 tvtxl uJp, pu.Wt (V(x) utr ) &t=rJ (v(x) &tl no= =Q

(4.28)  n jpo [p. r  =o

F r o m  ( 4 . 2 5 )  a n d  ( 4 . 2 4 i  r . : e  h a v e

t u i a .  . i  d i  v  w . !  / v {  A ,rgitx)uJ:nj rVrxlt" ,ffrF r"1 luriu;* =

^ i  . :  a i  i  _  r= Ad, (x)  uor +u;ru i f  (x)  u;d

' a n d  a l s o

J  _  . i  & i  1  i  a ;  {  j  . r  . ju; r(x) pJ=u;ruiuldt-(x) 
1-=5lu; (-v(x) uiu+ t-( I )  u;d )  p;  =

.  ^ i  t  t u r '  i  . !=-  A:  .  (x)u;  +u; . tLT;  ( -  (x)u io ,
IO( 

-

But f  rom (4 ,2B) v; . r  i rave } f ,  . ,  =-  h i  ^ ,  h e nce (4 .23) is proved ." d ' I  l . o {  ̂ ' - " - '

Suppose nor. . r  that  lJc( ,F I  
" i  

and ct l  p Uncler our

assumpt:-ons we irave

{
w i : ie re  , * l i , . l  i s  an  one- fo r l " ,  on  11^  ,  and a lso  we f :na

t l v w w
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, \ r j  r y  , ! . !  i  - A r J

Pn {. (x ) Pr = 
lL|r(x) ua^,r

f o r  a l l  X  = - n  $ ( ] { o ) .  i -

- a , r - . ^ - - - ' . \

The.re1at:on (4.27) ls a consequenee of  the re ' Iat1on

" :  {  . Y r  i  i  , - - . : i . , i , . i,  p . l N

i r -  n  f  X )  I l t =  / l  I  ( X )  t - -  r r ! -  r r -  / v \  T I *  I 1 - T r +

" p '  \ x rud . -  fW  l ^ , ' pO" " ( -Apo t  r , ' , " p t " 1 "10 (

uirrxr l-=lflo txl ufr u* = /io txltpruiuio

The proof of Ler,ln a is conPlete

O u r  a : n  i s  t o . s h o v r  t h a t  t h =  p a i r s  ( u l u o  , l ' l l ' t o )  a n d

tt l r ' lo, i  l l io l  are eqr:"va1=nt =t  Xf  f l . , , { i ro)  .

Le t  us  cons :der  fo r  each L ,  I !  {  r - '

i i
( 4 . 2 9 )  u * =  L  U ;

d.

and

( 4 . 3 0 )  u =  t u i
t

. ! i {

since each u; j-nduces an lsoro.etry from Ef, :nto Ef, , 1t
c(

.  N .

i s  s t ra igh t fonva rd  to  chEck  t i r a t  U ' i s  an ' somat ry  o f  E [Uo  in to  E l t : o '

I{e clalr i .  that

N

( 4 . 3 1 ' )  f  ( x ) U = U f ( x )

T o , r  ) .f o r  a l l  X  : -n  . l - . - . o ,  .

f t  as suf f :c i= ;nt  to  Pror ie  t l la t :

r v i ;

{ 4 . 3 2 )  f  ( x ) u * = u * f  ( x )

for  a l l  i  ,  1 . { : " (  r ' "



la f
,  J J '

Sj-nce each pro ject ion 0 i  ts  a  centra l  pro ject j -on Ln

n, (v
i - /  l Y } f l  = O

Y  \ ' T '  Y . :

&

= tljF(x) uo'+ |iai,") u, = f ujr (x ) n-1+ X u; [-tx) n;=
d  v  

" . o t l p  l '  c ^  d  o ( '  d  
" , / p  

F '  ' '  d

,E,iu ) f.  (x) ( 
F 

pJ) =uir (x) e., =ulo, r(x) =r'1r (x ) .

' l " Y - 4 ,Aoatl lo , and each Q. is a central project. lon i-n r 'oo{r.,ro , argulnc

a s  i - n  2 . 5  w =  h a v e

( 4  .  33  )  V ( x )  e - . : 0

h e n c e  w e  o b t . a i n ,  u s i  n e  G . 2 6  )  a n d  ( 4 . 2 7 )

r .i rW /\/| i v d i r\,.: r\,,

r (x )u*= f  (11)Q.u '=cor tx )u-= t .E  n ; )  r  (x )  ( f  L , ;  )=
F l r o (

The proof" 'o f  Propos:- t ion is  cor-Lplete.

4.4. [ ' ]e ar3 novr in pos'tJ-on to state ancl prove t]re r:ain

r e s u l t  o f  t h : . s  s e c t : o n . ,

TIIEOREI.I B. Let (tr,f ) and fi l ,Fy be two polntrr:J-"se equi-

valent eLerneir ts of  \ t ' { ,nt t , , ) .  Than i l rere e:<lsts an cpan dense subset

i " to  o f  r {  such t i ra r  ( r i l r "o  , [ ' l r :o )  anc ]  t i I r ro  ,F l t ro )  a re  loca i r l r

equivalent in T( 9"' {r, io)

,  PROOIT. Let t4o be a rnaxirnal open subset of i ,r such that

(n luo, {-  [mo) and tI  Irro, i  l*o) are 1ocal1,r,  egui-varenr ln ] f  So tr , ,g .

By  Propos : t l on  4 .2  t i r e  subse  t  l i o  - i s  nonenp ty .

ff  I ' ,1o j-s. not. d+nse in 1.,1r. then there e><j-sts an open
\J

nonernpty subsst 14, of M such t i :at t , to ancl I , ,1, are disjo:,nt.

Bur ( r : l r . l , ,  I  l r , r r )  anr i  f i i l i . ,  i i  I t ' r r ]  are po: ! .nrv : :se €. ,u :*

va len t  in  5 f9" r t r ' : r ) ,  l rence by  pronos : t ion  4 .2 ,  there  ex is ts  an
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o p e n  n o n c m l - r t y  s u J t s a t  l l t 0  o f  t ' i r .  s u c h  t i r a t  ( E I l " r 0 ,  f  l u { r O )  a n d

( U .  f ' ,  ,  .  t t f l l  l a t

t i i  l r r . ,0,  i - '  l t t to)  a: i : in :qu1-ver1.ent :n l , { 'u. , ,  { t t ro)  "  l : t  fo l lo i ' ; t ;  bhat

r - l * "  r t r i  n l  * n  , r r n  \  - ^ ' ' l  
u r  N

\ r : , I r i o  u r ' : t 0 r  r  1 ] " I o U i I . , 0 )  a n i l  ( l - l l l { o U } ' 1 . 0 ,  f  I t i ' u l i r o )  a r e  l o c a l - l y

Eclu i  va lent  j -n  Ul l  
(3n ( i10ur l t  

0  )  '  a  cont i :ad '  c t : .on .

I i*nce l ' i . ,  i -s i l  d-ense su]:sst clf  Ir{ '

aij?
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5. SOME REMARKS

Let M be a connected complex manifold and ret J/ '" (.1,t) denote

the category of  a l l  Herml t ian holomorr :h ic  vector  bundles over  14

o f  r a n k  n ,  w i t h  r e a l - a n a l y t i c  m e t r i c s .

Le t  E  be  an  ob jec t  i n  J { r . ,  (M) .  Then  the re  ex i s t s  on  E  a

canonica l  connect ion f - . , , .  w i th  preserves both the Hermj- t ian hnd

ho lomorph i - c  s t ruc tu r *= . "

ln Theorem c below we show that two elements E and i of

J0r ,  tU)  are loca1ly  equiva lent  as Hermi t ian holomorphic  vector

bund les  i f  and  on l y  i f  (E ,  
G)  and  (8 ,  

f t )  a r "  po in tw ise  eou iva -

lent in 3t3r,  fu) .

We end  th i s  see t i on  w i th  a  b r i e f  C i scuss ion  o f  ho lomor -

ph i c  maps  i n to  b  Grassmann  man i fo ld

5 .1 .  Le t  E  be  a  Herm i t i an  ho lomorph ic  vec to r  bund le  ove r

the connected complex mani fo ld  l , l  o f  rank n.

We denote by O ( lq)  the complex a lqebra of  a l t  complex-

-va lued  ho lomorph j - c  f unc t i ons  on  M and  by  O( l , t ,E )  t he  O(M) -modu le

o f  a l l -  ho lomorph ic  sec t i cns  o f  t he  bund le  E .

As  i n  t he  p rev ious  sec t i on ,  we  cons ide r  t he  decompos i -

t i on  o f  X (M)  i n to  the  d i rec t  sum

Jc(M)=xr 'o  (u)  O 3co ' I  (u)

f t  is  a  s tandard fact  that  on E there ex is ts  a unisue

met r i c -p rese rv inq  l - j - nea r -connec ; : -on  f -  such  tha t
.E;

+
( 5 .  i )  G  

( "  " ,  5  ) = 0

f o r  a } l  x  i n  3 f r ' 0  ( t ' , t )  and  6 '  i n  o  (1 "1 ,E )  .
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Using th is  canonica l  connect ion G 
* t  obta in the e lement

r -  \  ^ c  l D Q  / M \
( E ,  I  

s )  
O r  d t  b n  \ 1 ' 1 /  .

T h e H e r m i t i a n m e t r i c l ' o n E i s c a l l e d r e a l - a n a l y t i c '

i f  f o r  e a c h  6  i n  o ( l { ' E )  t h e  r e a l - v a l u e d  m a p  ( f  ' t r }  i s  a  r e a l -

-analv t ic  rnaP on M'

^ni r rarrmr- . ' r r  / ' i  \  ,nr^r . . ,  ob- iects E ana i  in  J f -  (M) are
5 . 2 . .  D E p I N I T I O N .  ( i )  .  T w o  o b j e c t s  E  a n d  t s ;  r - r l  - ' n '

c a l l e d e q u i v a l e n t ' i n X n t r ' t ) i f a n d o n l y i f t h e r e e x i s t s a n i s o -

metr ic  ho lomorphic  bundle map'  f rom E onto E '

^ l ^ - i on l - c  F  an r l  t  i t '  5?  (M)  a re  ca l l ed  l oca t l y
( i i )  Two  ob jec ts  E  ano  " r ,  r r r  o ' n  t

equiva lent .  in  Tf r r { l l )  i f  and orr iy  , i f  
there ex is t  an open cover ing

( l , t i )  o f  I '1  such that ,  E lMi  are equiva lent  in  ??," , (mt)  for  each open

s u b s e t  M t .

T h e  n e x t  r e s u l t  i s  w e l l - k n o w n  ( s e e  [ ' n 1 '  L e m m a  2 ' 1 3 )  '

LE}4MA. Let  E and f i 'U"  Hermi t ian holomorphic  vector  bundles

over  Lt  wi th  the canonica l  connect ions fE and fE '  Then E and E

r  t  ^ ^ - 1 1 . .  ^ ^ , ' i r r r ' l o n t )  ' i  n  * 1  [ L / l  ,  ] I  c t l r l r

are  equ iva len t  ( respec t ive ly  loca l l y  equ iva len t )  in  t {n t tn )  L f  and

on ly  i f  the  pa i rs  (8 ,  ru )  and (8 ,  r t )  a re  equ iva len t  ( resr :ec t i ve ly

local ly equivalent)  ln Tt  f  , r  i r r )

PROOF

Let

t { .

E.  Fo r  eacn

be  an  i somet r r c

/ r .  n \  ^ - , f  =

f n  U i l v i r l 1  /  c t l l t r  O

U ho]..omorphic bundle map from E onto

in  O( l ' 4 ,E )  we  have

( s . 2 )  ( u 5 ' , f  i = ( 6 , u - t ; )

Let  x  i t t  S1 '0  i t ' t )  '  S ince  ud  ana u- l f  a re  ho lomorr rh tc

sect i ,ons,  f : :om (5 .2)  ,  f  rorn the f  act  that  fE and f  f i  are metr ic-

-p reserv ing  a i :C  f rc rn '  (5 '1 )  we ob ta in



? O  i -

( F r x l  u 6  , f i =  ( C ( x t e  , u - 1 # )

N

f  (X) u=u F (X)

e- io-roce obrriously we have

hence

^ , # * &
f  (X" )  u=u [ '  (x"  )

we conclude that u is an equivalence between (E, fu)  and t f r ,  t - ; l '

rr, fff,, (pr) .

.  The converse fo l lows s imi lar tv .

5.3.  The fo l lowinq lemma is  a restatement  of  lq f ,  Lemma

3 . 2 5  .

LEMMA. Let E and E be two nbjects i . ,  }f_ (u) . f f  there exists- ' n -

an  open  nonempty  subse t  Mo 'o f  M  such  tha t  n im^  ana  H lm^  a re  equ i -r o r O
J n r \

valent  in  J f l  (M^)  ,  then E and H r r "  local ly  equiva lent  in  Ef -  t i r t l  .- n ' o "  '  n

The  p roo f  can  be  ob ta in  a rgu inq  as  i n  [+ ] ,  t he re fo re

we  omi t  i t .

5 .4 .  Us ing  Theorem B ,  Lemma 5 .2  and  Lemna  5 .3  we  ob ta in

THEOREM c. Two elements E and E of ; f-- (M.) are locallv .n

equ iva len t  i n  f f -  fU )  1 f  and .  on l y  i f  ( 8 ,  f  . . )  and  f f f . ' f  = t  a re  no in  j - -' " - - * l  \ - t  '  
E ,  

\ " t  r  
E ,

wise equi-rr;1lsn1 in U{fr, tu) .

5 .5 .  We  conc lude  th i s  sec t i on  w i th  one  qeomet r i ca l

appl icat ion of  Theorem C.

We need some pre l iminar i -es.  I 'or  more deta i ls  the reader

. ? n  n c r n q r r l { -  f  1 , - ,  2 ' >t = J , y - .

Le t  H  be  a  separab le .  comp lex  H i l be r t  space  and  t j n  a
I

pos i t i ve  i n tege r
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L e t  G r ( n , H )  d e n o t e  t h e  G r a s s m a n n  m a n i f o l d ,  t h a t  i s ,

t he  se t  o f  a l l  n -d imens iona l  subspaces  o f  H .

A,s before,  le t  t4  be a connbcted complex mani fo ld .  A map

f tf : I 4 - ->  Gr (n rH)  i s  ca l l ed  ho lo rno rp i r i c  i f  f o r  each  po in t  no  i n  M

there ex is t  an open neighbourhood I {o  o,  po and a co l lect ion

. {  q *  : 1S0 t (  n  }  o f  ho lomorph ic  H-va lued  func t i ons  on  Mo  ,  such

that

! L . - !  { ^  I * t - - \  t /  t / . - 1L r r d L  r - s  l d ( p )  :  I - < r . l { n  }  s p a n  f  ( p )  ,  f o r  a l l  p  i n  M .
! .  0 A  

L  \ t ' t  '  r  - - -  - ' O

. F o r  f  : M - + 6  r ( n r H )  w e  c a n  c o n s t r u c t  a  n a t u r a l  H e r m i t i a n

l r n l n - n r ^ h i c  v e c t o r  b u n d l e  E ( f )  o v e r  M .  o f  r a n k  n ,  d e f i n e d  b yr r v l v l r t u !  } / r r

( 5 . 3 )  E ( f ) o - f ( p )  ( p € M )

.  DEFI  NTTI  ON. Two hc lornorphic  maps f  :M - - r  '3  r  (n ,  H)  and

i  i : r a - l  G r (n r l l )  a re  ca l l ed  cons ruen t  i f  an .1  on l1z  : - f  t he re  ex i s t s

a*  uni tary  operator  U on H such that

f  ( p ) = v {  
* ( n ) : t , 5 x J  " } ,

( s . 4  ) u  ( f  ( p )  )  = f  ( p ) (p 6 l '1)

We note the fo l - lowlng impor tant  resul t

T H E O R E M  ( c f  .  . I a ] ,  T h e o r e m  2 . 2 )  .  L e t  f  : M - - o G r  ( n , H )  a n d

? :m- ,  Gr (n ,H)  be  two  ho iomorph ic  naps  such  t -ha t

H =v i f  (p)  :p6u i=u{ i (p)  :peu }

Then  f  and  f  a re  congruen t  i f  and  on l y  i f  E ( f )  and  E ( f )  a re

a r r r r i v a I o n t  i n  7 q  f M )
v l *  \ : r /  '

l t

5 . .6 .  Le l *  * tu . ,  l  be  an  o r thonorma l  bas i s  o f  H .  Fo r  each
\  I J

w
C- -d l f ferent iab le map f  f rom M to H we have a decomposi t ion of

the  fo rm



t )

-:.

6-ta crtul

ut.

I .

l u i  '  
l
-

(cr .  l t l  ,  [a  J l

( s . 5 )  6  = f  6 t . .
I I

l-

For  each X in  $ (u)  we p

( 5 . 6 )  x 6 = E x ( 6 .
i

We  reca l l  a  de f i n i t l on

.  _ ._ '  _  .  . !_v - -_ ; ,__ i

4 T

D E F r N r r r o N .  L e t  0 ( k  b e  a n  i n t e g e r  a n d  f  : M  - r  G r ( n r H ) ,

f  : i r {  ->  G r  (n .H )  be two holomorphic  maps

we say that  f  ana ? have order  of  contact  k  j - f  for  each

point  p  in  14 there ex j -s t

( i )  a  un i ta ry  U  on  H

( i i )  two  co l l ec t i ons

. ( v r n ,

{  6 y '  t !  a  <  n }  C  o ( r 4 , 8  ( f )  )

such that

( s . 7 )  f ( e ) = v . i  r [ t n )  : t j d {  
" }

? tpl =v4 ta(p) : lJor i r ')

( s . e )

( 5 . 1 0 )  U ( X , . . . X .  d ;  )  ( p ) = ( X , . . . X ,  B ,  )  ( p )
r  I  r L  -  J .  l " t i

f o r  a l l  1 J  j {  k ,  X 1 , . . . , X j  i n  f f ( u )  a n d  r (  o l  (  n .

The next resul t  can be proved areuing as in f ,n| ,  Propo-

s i t i o n  2 .  I B

PR.OPOSITION. The hoj-omorphi-c maps f  anO f have oroer of

c o n t a c t  n  i f  a n d  o n l y  i f  t h e  p a i r s  ( E ( f  i  -  f  )  a n r i  ' -  ' Y '
I r  , n ( r ) '  a n c .  ( | ; ( r l ,  ( n ( ? | ) /

t  { ,  , t  l a  <  " }  c  o  ( M , E  ( r )  )

( 5 . 8 )
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are  po in tw ise  equ iva len t  i n  J tE ,  t u )  "

5 , 1  .  N o w ,  u s i n c i  T h e o r e m  C '  f r o i n  5 ' 5  a n d  5 ' 6  w e  h a v e

p R O p O S I T r o N .  L e t  f  : M * - '  G r ( n ' , F i )  a n d  E : t t ' - G r ( n ' H )  b e  t w o

holomor:Phic  maPs such that

H =u{ ,  (P)  :  e  6  m}=v{  F (P)  'Pe M }

Then  f  anc l  i . r "  conq ruenL  i f  and  on l y  i f  f  and  i  r ' t t "  o rde r  o f

c o n t a c t  n .

Mi-rcea MARTIN
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