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COMPLETING MATRIX CONTRACTIONS

by

Gr .ARSENE and A.GHEONDEA

(?reliminary version)

The aim of this note is to give a labellinag of all

.solutions to the followinag problem:

Let H=H, @ H,, K=K, @D K, be Hilbert - spaces and
= A€L(H1,Kl), BéL(Hszl), C€L(H1,K2) be such that

A£=(A,B) and Ac=( B ) are contractions. How many

€
A B i

onerators XEL(HZ,KZfYéXiSt suéh that A=( c o x e

a contraction?

Some applications of this labellina to dual pairs of
subspaces in a KreYn snmace and to dual pairs of accretive one-

ratérs dre given.

1. MAIN THEOREM

We consider complex Hilbert spaces and we depote’by
L(H,K) the set of all (linear bounded) operators.from the
Hilbert space H to the Hilbert spéce K. For TELl(H,K) (e <

is a contraction, that is [ITIl £1) let DTz(I’T*T)l/Z and

DT=DT(H)_be the defect operator,respectively the defect space

i

i i :
je shall use the following result, which is proved in



LEMMA 1.1. Let H and K be Hilbert spaces, HCH

a closed Aubbpaée afs H, and ToéLl(Ho;K); The formula

‘establishes a one-to-one conrespondence between alf TEL, (H,K)
Auch that T‘Ho=To and all r‘éLl(H C)Ho, DTS)'.MO“QOUQ“ the
operatons

(1.2) Z(TO;T)=Z:DTO@ADF =10, z(DTO@DF)ﬁf)TlHO) @(PDT @IS-T-—(@Q{H S

(1.3) ;* (ToiT)=2,:0ps > D

Z *D[\*DT*zDT* 7
: O
are unditarndies.

(For Hoc:H, PE denotes the orthogonal prdjectioh of H on Ho). -
o ' :

The proof of (1.1) uses a well known result on the
factorization (see for example Eﬂ ’ Y- the fact that Z
and %y are unitaries is proved by direct computations. Lemma

Sk Al hale o wakual vasdant for the “column® T*instecad of

Yline™ T.
Coming back to our problem, we have from Lerma 1.1
that
(1.4) B=Dy« [, + where [} €L, (Hy, Dps)
and
(155 : C=r2DA 7. where r2'§L1FDA’ Kz}.

- ey . . 7 o= *
Moreover the unitaries Z£=Z(A;Ae), a*ﬂmz*(A;Aﬁ), ec~ZQ{;Aé),

:Z*C=Z*(A*;Af) give the vpossibility of identifying the spaces
e & o = 3



0500 and U el D s, D
A r‘l A2 Fl _A[ A‘ r_2 Al r‘2

D, + respectively.

e

In this situation we have the following

LEMMA 1.2. The operaton DA*Z : Dox GB_-DP; e Ky

haA Zthe matrix

DA* 0
_["ZA* : Dr;e :
Proof. Firsf Qe have
. ot - D2s \ 3
DAéZCDA*zDAéIKlz = P2DAA* S —F A*D ) \ FA* -

which gives the first column of the desired matrix. (We use

here the well-known relatlon DAA*~A DA % See [7],Ch.l, (340
D% E
A
Denote now by Q= P A* C7DA*(K o then
c :
(D5 *z Przky « ki @ k:) '(ZCDP;kZ ,

’ ’ = ¥* > 7 ==
QDAZ(kl ® kJ)) = (DF;kZ ; ZCQDA;kZ)

. 2 2
& <Dr;k2' Drzké) = (Dr;kz_’ kKl ®x3)

4 r : . =
for any kl GKl and k2 v k2 €K2. This gives that DAZZCDP; DP;
which finishes the proof of the lemma.

Our main result is the- follow1an

THEOREM 1.3. The andwer to ithe problem (*) is that

the goamula



(16} e BaA R ap D

2 1 Fz Fl

establishes a one-to-one conneépondence‘betweén all the operatons
= A D, 2l :
X €l (H. K. ) Suah gt b= s L8 a contraction, and
oy =, =

G el @ T Hodeoven; Ds can. bo-ddanlied diih
i e X |
DP @ D, . and Dz* with DI‘* @ DI‘*'

2 1

Proof. We can apply Lemma 1.1 for HO=Hl . H=H1 @fHZ-,
G 5 : ,

"
3k

K=Kl @® K-2, and TO=( )=Ac. Thus there exists a one-to-one

" correspondence between the contractions KéL(Hl C)H2 ; K1 €)K2)

with X1H1=Ac and the contractions FC €L(Hé, DA*) given by
: €

(1570 | A=(AC,DAiFC);

Moreover Z*(Ac;%) and Zi(Ac;%) are unitaries between Dx and

DA (@,DP r respectively between Di* and DF*' We have the sup-
€ (6 2

plementary condition

e K, ®K,

(1.6) D« =P Da# [y -

USing the definition of Zc we have that
‘ZCIDA*)DA*ZPA;IKl 5

Denoting by ré=ZzFC, the relation (1.8) becomes then

* _rko % s iy ~-
rlDA*—Fc ZCDAé!Kl_(Pc IDA*)DA*

which means that there exists a one-to-one correspondence-



between the solutions A for the problem (*) and the contractions

PLEL(H,, Dy @ DP* ol i bt r'*{v 8, i
correspondence the spaces D~ and DP @. DF (reso. DA* and Dr,*)
' e (o

are identified by the unitary (ZI(A*;A;)'G?I)Z*(AC;%) (resp. by

Zzzi(Ac;ﬁ). The above chrespondence'is given by

14 ~ — . 4
(e A—(AC,DAzchc) :

It remains to describe all the contractions féEL(Hz, DA*é)Dr*)
o= , :

which verifies that Pé*}DA*=F this can be done again by

o v
Jes e
Lemma 1.l1. We obtain then a one-to-one corresnondence between

such contractions Pé and the contractions F*F.L'(D[.*,Ur Vi oiven.

B 1
by

(1.9) _ T

The operator Z(F*;P'*) (resp. Z*(F*, F’*)) is unitary between
¢« and D ® 0., (resp. between D amaiil ).
r, F]_ i FC i

Combining (1.7)' and Ik 5 9), it results a one-to-one correspon-
dence between the solutlonsAof {(*) and the contractlonsrln

LD 7 0ns) given by

5T ‘
r

A*Zc : Vi

c FDp

A= (AC P b)

Using Lemma 1.2 we obtain that

(@17 0)) ‘. = {



Finally note that the operatbre

@) (z’!,: P 7, (r* r'*))z (A sA) = D~——-——->Dr @ D,
and

. %, ¥ * S »
(112) iR )ZCZ’;(AC,A) 5 e Dr‘* @ DP”_‘

are unitaries, which finishes the proof.

. REMARKS. -
(1) From the identifications'made above results that

the solutions-of problem (*) can be indexed bv the contractions

SRS ——
between D @ D (1, Jand 0 a¥ © D & (¥
A 1
Z i c e

e

\2) In the above theoren exactly the same correspon-
dence results if one start the comnle*1on of A from AK (and not
from A, ). This implies some relations between the unitaries
(1.11), (1.12) and: the analoque ones for Ag'

(3) For A(;L (H Ky Y. take Hz——DA - K2=DIA 2 P1=IDA*

and P —ID . Theorem 1.3 implies then the known fact that the
A
operator

J(A)= B @i TR K @0

is unitary.

(4) With the notations of Theorem 1.3, denote by

= aa &
4 = s —_—
T (o PJ :H, @ H,y Hy © Dy

% E e
I“2=< \K@DMK @ K,
o r‘2" .



_ﬁ <0 'C)> : : o
S o . H @D —_— K @ D * .
Then (1.10) shows thatvthe solutions of the problem (%) are

e i=ﬁ2J(A)ﬁl+Dﬁ*ﬁDﬁ .
2 1

2. MAXIMAL DUAL PALRS OF SUBSPACEé

Let K be a Krein space with the fundamental symmetrj
Jd, that is K is & Hilbert space and J is a seifadjoint unitary
. operator on K. Denote by (o) the Hilbert svace scalar product,
and by o the (qenerally indefinite) inner product given
by (x y> = (Jx,y ) B0 A eF The notation and the terminclogy
concerning Krefin spaces is that of I In particular if
g=3"-3~ is the Jordan decomposition of J, then x =3k and
K =J K are the positive,(resp. negative) part of K. A set ACK
is positive (negative, neuntral) 1f X% 2 270'(resﬁ. &0, =0)
for every xéA. .
_ji‘flqe Ji= orthoqonal cEEA BiS ASL? ={xeK; <{XY> =0 ¥ yéA}.
A dual pair of subspaces of K is a pair {M, N} of closed sﬁo—
spaces of K such that M is positive, N is neqative and

Mcusa- (e (x,y> =0 for < <M and y€N). Consider the

following problem:

For a given dual pair {M,N} _find all the maximal

(%)
dual pairs {ﬁ,ﬁ} which contain {M,N}

(A dual pair (M, N} is maximal if M.is maximal positive and N
is max1mal nedative) The existence part Of problem (x*) was
roved in [5] (see ‘also [i}) We will give here a labelling of

all'solutions to this oroblem The proof of the existence uses



the notlon of angular operator introduced by’R.S.Phillips.

For a positive subspace M the operator M =g M —> K~ defined
by T(J+x)=J_x, = el 4o o contrachkion; T is called the anqular
.operator of M and we have that M is exactly the~qraph of T
Conversely if T is a'contraction from’M+C;K+rinto.K_, then the
graph of 'F 1s A positive subspace with the angular operator T.
The angular operator for a negative subspace is deFlned amar-
‘logously. In this correspondence ﬁHe'objects,aSSOC1ated ol
can be also described "geometrically". For example if M- is a
pdsitive subepaee with the angular operator T, then the neqative
subspace associated to T* is the only maximal neqatlve subspace
N, J-orthogonal to M, and with J NCZM = Moreover kerDT;J M )(_
where M° Mf\M<l> and D =J+(M o % . A

. Coming back to oroblem (**), let {M,N} be a dual
pair - Qlth angular omerators T resm 5. The condition that

M <i>N means (@ Tx, Sy ® y»> =0 for every < Bl ond el o

Thils gives

2.1) {Tx,y> = {X,5y7” for x€M+,. y’éN_.
T1 %
Widite: li= and S= with respect to the decompositions.
; It S '
2 27/

S - - ; St it ;
K =N" @ (K~ © N), respectively xt=M" @ (K+ © M'). The relation

(2.1) means that

2.2) Sl .
From these considerations follows that in order to describe

~/
all the maximal positive subspaces M which contain M and o



J-orthogonal on N one has to find. all the contraction comple-

tions of the matiix

!
J

e . i
This is also the solution to the problem (**), because N is
exactly W<+ (from the maximality). Using Theorem 1.3 we

obtain

COROLLARY 2.1. There exists aﬁone¥io-one cornnespondence

‘between all the solutions of problLem (+%) and all the contrac-

PSSR

. : e : =
tLions from DS* @~DS*(M ) Anto DT*<3;DT*(N o

A "geometrical" variant. of this c¢orcllary can be’
given. Similar results are obtained for maximal uniform (resp. .

maximal strict uniform) dual pairs.

3. MAXIMAL DUAL PAIRS OF ACCRETIVE OPERATORS

A densely defined closed operator NeDip)——>H is

_calleda.g_gl::e—illle ie
Re (Ah,h) >0 for every h€H.,

B pairof accretive operators {A,B} is called a dual éair i£
(Ah,k)=(h‘,Bk) for hel@) -' and %éD(B) .

A maximai‘dual pair of accreﬁive'operatoré is a selfexplained

expression. In [i], Ch.IV, Proposition 4.2 it ds proved that

every dual pair of accretive operators can be extended to a-



maximal duvual pair. The proof used Phillips idea [}] of
Cayley transform. Using this.method and Theorem 3.1 we give
a labelling for all maxiﬁal dual vpairs of aceretive operators
extending a given dual pair of accretive operators.
For an accretive ope:ator A denote by T its Cayvley

transform, i.e. T is the contraction

3y T=(a-I) (A+I) " 1: (A+I)D (A) —> (A-I)D(A) .
We have that.
e

(=) . B=(T+T) (I-T) ~ .

" In this correspondence any accretive extension of A
cofresponds toua contréctivé extension of T‘and conversely.
'In particular A is maximal accretive iff (A+I)D(A)=H.

EEON s maximal accretive, then A* is maximal accre-

\

tive, so any maximal dual pair of accretive operators is of the
form {A,A*}. |
(Por: @all this see Eﬂ ; Ch.EV,; Sec.4d).

Let now.{A,B} be a dual pair of accretive operatbrs'

with Cayley transforms T and S. Then we have

COROLLARY 3.1. There exists a one-to-one corrnespon-

dence between all maximal dual pains of accretive operatohrs

extending {A,B}' and all the contractions grom DT* C)bT*(@(S))

into D
S*

Similar results can be stated for dissipative overators.

Phillips noted also the connections between dual pairs of sub-

. spaces in a Krein spaces and dual pairs of accretive operators;



. this explains the analogy between Sectlons 2 and 3% Consecuen—
ces of our main theorem to Kreln theory of selfadjoint extens1ons_

w1ll be nresented elsewhere.
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