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COI.IPLETILTG MATRIX CONTRACTIONS

by

GT.ARSE}JE ANd A.GHEONDEA

(lrel iminarlz version)

- The aim of this note is to qive a

soluti-ons tci the fol lowincr nroblem:

\

fP"

( * )

Le t .H=HI  ( '  H2 ,  K=K '  @

a € L  ( H r  , I ( 1 )  r  B € L  l H 2  ' ' K l  )

l abe l l i nq  o f  a l l

K^  be  l { i l be r t ' sPaces  and
4

,  C € L  ( H t , K 2 )  b e  s u c h  t h a t

are contractions. IIow manlz

xist  such t trat  a=( t  I  )  be
A U = ( A r B )  a n d  a " = (  |

or:erators x€'L (HZ,K2

a contraction?

S o m e a p n l i c a t i o n s o f t h i s l a b e l l i n o t o d u a l r : a i r s o f

subspaces in a XreYn sDace and to dual oairs of ac.cretive ope-

-tator9- 
are gl-ven.

1" MAIN THEORE}'I

W e c o n s i d e r c o m p l e x H i l b e r t s p a c e s a n d w e d e n o t e b y

l ( l I rK)  the set  o f  a l l  ( l inear  bounded)  or :erators f rom th6

H i lbe r t  space  H  to  the  H i l be r t  space  K . .  Fo r  T€L I (H 'X )  ( i ' e '  T

1  / )

i s  a  c o n t r a c t i o n ,  t h a t  i s  l l  T l l  < 1 )  l e L  D r =  ( I - T * T ) ' / '  a n d

:c t  sPetce
o =i-?fr:-t be the defect or:eratortrespect:v ! - , - , . \LLr  y= 'he defect  or :eratornrespect ' ive] ) I  the defe

of  T.  l ie  s i ra l l  use the fo l lowiqg resul t , t -which is  proved in

this form in [3] ,  lemma I '  1'  2



:  LEMMA'- t . r  .  Let  f l  and x  be U'LtbeLt  a 'pass6,  H.CH
:-

a  e L o ' s e d  , s u b t f r a c e  o d  H ,  a n d  t o € l l ( H o , K )  .  T h e .  . [ o n m u X - a

( r . r ) T =  ( T o r D * x  [ ' )

e,stabLL,she. 's a. 0nQ.-tct- one c0rLtLQ.,sytondonce betwe-en 
:t t  

f  € l t  (HrK)

tuch  tha t  r f  uo=ro  and  aLL  f  €L t (H  O Ho ,  , * ; l  .  Moneoven  the

op ztta"to nA

( r  .2)

( 1 . 3 )

z (ro;r) =r,rro6, Dn -+ 0., z,\ r nl. lt61'1"", qo;L 
*qOJH 

o no) ,

Z* (To;T) =Z*zDy.*-0T* r Z*DpxD**=\* r

a.ne unitanLet. .
I{

( f 'or  HoCH, ef f  denotes the o: : thogonal  orc i j .ect ion of  H on no) .
o

T h e  p r o o f  o f ' ( 1 . 1 )  u s e s  a  w e l l  k n o w n  r e s u l t  o n  t h e

factor izat ion (see ' for  exampr.  [a ]  ,  l ;  the fact  that  z

ltrd 
Za are unitaries is proved by direct comnutations. Lemma

-I -L--has--a.natura l  var iant  for  the "co lumn" rp*  instead of

" l i n e "  T .

Corning back to our problemr W€ have from Lenma l. I

that

( 1 . 4 )  B = D p l ,  ,  v r h e r e  f r  € L r  j H z ,  D n * )  ,

and

( r .5 )  c= [ ' roo  ,  where  l re t r , , , ro , l r )

Moreover the un^iLar ies ZL=Z (A;A2) ,  Z*.L=Z* (a;A2) ,  ZJZ(ax;Af,) ,

. ,  ZncTZ* (a*;Al)  g ive the possibi l i ty  of  ideni i f lz inc;  the soacei



O o @ 0 , '  a n d  , o ,

'O;,  resPect i"velY.

3

' of:  t"u ' ra; '  DA* @ ?rI an'd oo* ,  oo and
r  L  t 2  ^ c  , 2

In th is s i tuat ion we have the fol lowing

LETI I { .A  I .2 .  T l . te  open.a t .on  D_xZ .  n

I taa the matnix

Proo f . F i rs t  we have

-- -- - -.*--- ..=. . t\ D A * z . D r ! k z ,  k i  @ k i )  =  Q,  " ' c  v  t 2  '

@ 2 r 1 * K r @ K z
, 2

DA*

nt 2

, . _1o1 .  \  ( , i  \  / u r \Daf,z .Da*=o. i : l * r=(_ 
i r^o-  I  

=  t  ^ '  " '1 .
\ z 'I\ / k Do'o o.)- \- t'^-l

which gives the f irst colurnn of the desi.red matri

here the wel l -known re lat ion D^A*=A*DO*;  see [Z] ,
Denote now bv n=";l: o o*Gll ; rhen

^c ^c

DA* t

x. (tnle

Crr .  r ,

u s e

( 3 . a * 1. )

aDal (k i  @ ki) )  = (or1k,  ,
c  t 2

= (or tuy  Dr rk l  )  =  (o f * r , ,
2  "  

, 2  z t  -  t - 2  z -

.o f ;kz  '

'loool"oi )

:.1 @ :<j )

for any ki € Kt and

which f ini_shes the

Our main

. TIIEORE}4

. the.  [onmuLa-

k"  ,  k i  €  K"  .  Th is  q ives that  Do x z^ l ) , .x=D2r. ,x  ,z  z  z  -  j - : ' - -  
^ C  v  , 2  , 2

proof of lhe lemma.

resu l t  i s  t he ' f o l ] . ow ing  ,

1 . .3 .  T lnz a" t i ,S le ic ' .  t0  t ,h ,e y t t tab! .em (* )  i t  . that



x=- ['rA* lr*of 
rf 

o r.,

o n o - t o - o

ch tl+a,t

f \
l v n g )  t

t a
z

D:* wLtlt
A '

4

aI-L

, , ,

( r . 6 )

eat.abX-irhet a

x € L ( H 2 ' K 2 ) , s u

r  €  L . ,  (0 ,
-  , I

@ o, and

e ,betwien aLX- t l+e oytetatc;n,s

Lt  a.  contnaet ion,  and"

be Ldent i [Led wit l+

[ e L  ( g ,  @  H ^  ,  K ,  @  x ^ )
L  Z  . r  . Z

(H^ ,  D  ̂  * )  c l i ven  bv
Z A

c

ne corL lLeApondenc

{_ (A Dao l r \
tr- 

\boo x l

Motteovoz, D6 ca"n

o t i  t  o t * '

K=KI @ *2,  and To= (  
f

correspondence between the contractions

wi th  i , lu ,=a-  and the  cont rac t ions  |  €L!  r  c  ; - - - - - - -  ' c  - -

can anply  Lemma 1.  t  for  H =H,  ,  H=Hl  @ HZ
_ orr  

)=A^.  Thus there ex is ts  a one-Lo-one

zDa :

Proo f .  We

Moreover  z*  ta " ;X)  and z*

D n  @  0 , ,  r e s p e c t i v e l y
^ c  t c

plementary condit ion

^ r D ^ * L ) .v a a v

(A. ;A)  are uni tar ies between

between DA* and ?,, * . i{e have

( 1 . 7 )

.which means

K r
oa*t=Pri

@ K .
z n ' , n

" A * l c
c

have that

A= (A

?i and

the sup-

Using the def in i t ion of  Zc we

! ,  
" loox 

)  Dox=Do* lK,

t h e  r e l a t i o n  ( 1 . 8 )Denotinq by I L=rLt",

I loo*

becomes then

one- to-one correspondence

= r:*  zIDo* f  x. ,= (p'+ |  Doi ' )  Dox
r v  v  f a c ,  a

that there exi-sts a



contract ions

In th is

.between the solutions i. for the problem (*) and' the

f  L€L(Hz,  0ox @ ,r i ,  which ver i f ies that  f  : - lDo*=[ l '

co r respondence  the  spaces  DX and  ?  f  ^@ 
D: f  '  ( r eso '

f r  .  |  
2  

. ,  
c

; a ! )  @  r ) z * 1 4 " ; X )
' i s .  q i ven  by

are ident i f ied by the uni tary (z l  (Ax

,Lu1x(a";X) .  The above correspondence

0g.*  )
t 2

( r . 7 )  '

Lemma

such

h l ' t

( 1 . ' e )

The  oper .a to r  z ( f i ; f i * )  ( resp '  z * ( l l '  l " i r l l  i s  un i ta rv  be tween

l p r *  a n d  D r :  O ' f  x  ( r e s b '  b e t v r e e "  O f ;  a n d  0 ?  ) '
l c  l 1

C o m b i n i n q ( 1 . 7 ) ' a n d ( 1 . 9 ) , i t r e s u l t s a o n e . t o - o n e c o r r e s p o n -

dence between the so lut ions iof  ( * )  and the contract ions l in

L  ( 0  o  , D  n * )  q i v e n  b Y' 1  ' 2  

r r r \
i,= (Ac , oolr. 

Ia o,, ) 
, .

. ' I t

/t

{
l -

\ ,

D;,*  and D" '  x  )
f r  l c

( r e s p .  b y

4 o  I ^ l
A =  t A  , 9 -  1 2 ,  -  t  ^ )'  C - .  ^ a  c  u

I t  remains to descr ibe al}  the contract ions 
' l ' ; (L 

(ur,  0o*@

which ver i f ies that  r ' : - lOoo=f l  ;  th is can be done aqain by

l . I . W e o b t a i n t h e n . a o n e - t o - o n e c o r r e S o o n d e n c e b e t w e e n -

contract ions l :  and the contract ions f  *€L t ' r ; 'D f  I )  
srven

l ' l * = ( f l ' n r r f x )  .

Using Lemma 1.2 we obta in that

( 1 . 1 0 ) [=

D -
fl'

Do* F1 \
I

- fro- fr+o ,;r, n, I 
'



6 -

Final lY

( r . 1 1 )

and

(  r .  I 2 )

note thlt

:.

( z I .  @

the oPerators
. '

z * ( I . l ; t : * ) ) z * D f  @  D r
, 2( A  ; A )' c

. l ) -  +
ft

/,1 fl
E  t r  s t  u - *'  Y v r ' -  l '

. 1
L

are uni tar ies,  which f in ishes the proor '

RE},IARKS.

!  J  ^ r '

(1) From the identif ications made 
"O"": 

t"-:"t t" 

: : : :"

t h e s o l u t i o n s o f p r o b l e r n ( 1 . ) c a n ' b e i n d e x e d b r l t h e c o n t r a c t i o n s

betrveen o o, o ffit 
and ool t oot to t' .

(*'l r" i'r't above theorem exactlv the same correspon-

dence resurts if one start the connnretion of A from Au (and not

f r o m A . ) . T h i s i m p l i e s s o m e r e l a t i o n s b e t w e e n . t h e u n i t a r i e s

( r . r r ) ,  ( 1 ' 1 2 )  a n d ' t h e  a n a l o g u e '  o n e s  f o t  A t

(3) . ror  A € Lr (Hr 'K1) I  t ' ]ke H'=lox '  K2=0A '  f  1=r0o*

-_--:,- ' .{;;*-: 
Theorem 1.3 implies then the l<nown fact that !r 'e

ltro 
, 

Z--D A
operator

:H ,  @ 0N,  -+  K r  @ oe
J ( A ) =

z (r i ,  r ;*) ,L,:-ta.; [)  zooo*

oo-\

-". J
( "

\oo

is  uni tarY'
t  r \
t ' t ,

a
r a -
l  - -

I

^
r l _
I n -

L

notations of Theorem .3 r  deno te  byI
with the

( :  : )

(: :,)

@ oa*

@ K z



7 -

' n

( "  ; )
: H ,  @  o . - * t @ o t l

shows lhat the solutions

J A a

i= irr  ta) ir+oi; to.,

For a given dual

dual pairs. {fr, tri

o f ' t h e  P r o b l e m  ( * )  a f e

2. MAXIMAL DUAL PAIRS OF SUBSPACES

L e t K , b e a K r e i n s p a c e w i t h t h e f u n d a m e n t a l s y m m e t r y

J , t h a t i s K i s a H i l b e r t s p a c e a n d J i s a s e l f a d j o i n t u n i . t a r y
- r ^  1^ "  /  = r t  space  sca la r  P roduc t '

ope ra to r  on 'K '  Deno te  by  ( ' l ' )  t - he  l l i l be r t  space  " t : :

a n d b y . ( . . , . ) t h e ( q e n e r a l l y i n d . e f i n i t e ) i n n e r p r o d u c t q i v e n

b y ( x , y ) = 1 J x , y ) f o r x , y . e R . . T h e n o t a t i o r . r a n d t h e t ' e r : n i n c l o g y

concern inq Kre{n sDaces is  that  o f  C27' I r i  bar t i : " t i t  i f

J=J*-J-  is  the Jordan decomposi t ion of  J ,  then K-=J 'K and

K eJ -K  a re  the  pos i t i ve '  ( resp '  nega t i ve )  pa r t  o f  K '  A  se t  ACK

i s p o s i t i v e ( n e g a t i v e ' n e u t r a l ) i f ( x ' x ) > 2 0 ( r e s n ' = . ( 0 r = 0 )

f o r  e v e r Y  x € A '

A 4 r >  = { x e . 1 1 ;  ( x r y )  = 0  f i  Y e  A l '

o f  K  i s  a ' P a i r  { M ' N }  o f  c l o s e d  s u b -

is posi t ive,  N is neqat ive and

Tile -{:-gdhSsonal 
of A is

T h e n  ( 1 . 1 0 )

( r .  r 0 )  '

( * * )

e gy,al :git of subsPaces

spaces of K such that M

M  ( r >  N  ( 1 . e .  ( x , Y )  = 0

fol lowing Problem:

f o r  x "<M and  Y  e  N) '  Cons ide r  t he

pair  {Pr,ruJ f ind al l  the maximal

which contaln { l " l , ruJ '

(a  dual  pa i r  {p t , l t }  i "  maximai  i f  M ' is  maximal  pos i t ive and N

i s m a x i r n a l n e g a t i v e ) " T h e e x i s t e n c e p a r t o f p r o b i e m ( * * ) w a s
r -  r ' -

proved in L5J (see also tt]  I  .  $le wil l  give here a label- l j 'nq 'cf

) f  o f  ihe ex is ter rce uses
blem'  The Pro<

a l l ' so lu t i ons  to  th i s  P ro l



' :

t h e n o t i o n o f a n g u l a r o p e r a t o r i n t r o d u c e d b y R . S . P h i l l i p s
. +  + . ,

For  a pos i t ive subspace l , l ,  the operator  T:M+=J*M -+K- def ined

+
b y  T ( J , x ) = J  x ,  x  €  M  i s  a  c o n t r a c t i o n ;  T  " i s  c a l l e d  t h e . a n g u

o p e r a t o r o f M a n d w e h a v e t h a t l l 4 i s e x a c t l y t h e q r a p h o f T .

Conversely  i f  T  is  a  contract ion f rorn I t l+CX+ in to.K- '  then the

graph of  T is  a  pos i t ive sub 'space wi th  the angular  operator  T '

The angular operatOr for a neqative subspace is defined qna-

I o g o u s l y . I n t h i s c o r r e s p o n d e n c e t t i e . o b j e c t s . a s s o c i a t e d t o T

c a n b e a l s o d e s c r i b e d . , g e o m e t r i c a l l y , , . ' F o r e x a m p l e i f M i s a

posi t ive subspace wi th  the angular  operator  T, . then the neqat ive

subspace assocj-ated to 
T* 

is the only maximal negative subspace

N, J-orthogonal to l i  ,  and with ,:+N C M+ . l toreover kerDr'=J+ ( Mo)' '

w h e r e  M o = M n M < a >  a n d  D r = J + ( M  o  M o ) .

Comj-ng back to  problem (** )  '  le t  { 'U ' ruJ be a dual

pa i ' r .w i th -angu la r  ope ra to rs  T '  resp 'S '  The  cond i t i on  tha t -

M <l>N mea?r's (x @ Tx, sy @ y) =0 for every x €1"{+ and y 6 N '

( tx ,y )  =  (x ,sY)  fo r

vr i th resPect to the decomPosit ions

x € f l ' ,  Y € N

This Oiv.es

( 2 . r )

Write

K-=N-

( 2 .  r )

( 2 . 2 )

/ m \

, =  {  
' t  

)
\ r z l

@ ( K - o

means th

and

I

/ s ' \s = [  - l

\ s z l

respect i

From these considerat ions

al l  the srax imal  Posi t ive

x*=M+ @ (K+ M+) .  The  re la t i on

Lhat  in  order  to  descr ibe

il which contain M and a-h*

ovelyN

^ !
d . L

rr=sl

fo l lows

subsPaces



J-orthogonal on N one has to f ind al l  the

tions of the matrix

This  i s

exactly

obtain

9 -
- l

contracLion comPle-

a lso the so lut ion to  the r : rob lem ( i * ' )  '  hecause

f r< r>  ( f rom the  max ima l i t y ) .  Us ing  Theorem 1 .3

N i s

we

c o R o L L A R Y 2 . L . T l r t e n z z x l s t . d a " 1 n z - t 0 - 0 n 8 '

betwzen aI - I '  t l ' te-  'soLutLon's  o(  p t tob lzm (** )  and o"LL

co ,L rLeApa  ndznee

tLtQ,  contzac-

t lon,s .{r tom D"* Q;;f f)  Lntt 'o Dy; c) 
"o- 

t l l f  '

A "geometr ica l "  var iant '  o f

g iven.  S imi l .ar  resul ts  are obta ined

maximal  s t r ic t  un i form) dual  pa i rs  '

3. MAXIITAL DUAL PAIRS OF ACCRETIVE OPERATORS

A d6nse ly  d .e f ined c losed opera tor  A :0(A) - - - -+H

cal led accret ive i f

R e  ( A h ' h )  > 0  f o r . e v e r Y  h € H '

A  pa i r of  accret ive oPerators {a,g}  is

th is .  goro l larY can be

for  maximal  un i form ( resP'

i s

called a @1-.Pq{5 i f

A max imal .dua l  Pa i r

e x p r e s s i o n .  r n  f ] ,

every d.ual Pair of

of accretj-ve' operators

C h . I V ,  P r o p o s i t i o n  4  ' 2

accret ive oPerators can

f o r  h < 0 ( A )  a n d 4 e o B )

i s  a  se l fe icPla ined

l t  is  Proved Lhat

be extended to a'



r 0

maximal  dual  pa i r .  The nroof  used Phi l l ips j -dea F]  o f .

Cayley t ransform.  Using th is  method and.Theorem 3.1 ' .we g ive

a label l ing for  a l l  maximal  dual  na i rs  <] f  accret ive operators

e i tending a g iven dual  pa i r  o f  accret ive operators.

For an accretive operator A denote by T. i ts Calzley

t rans fo rm,  i . e .  T  i s  t he  con t rac t i on

( 3 . 1 ) T-

Ife have Lhat

( 3 . 2 )

In  th is  correspondence any accret ive extension of  A

corresponds to a contr 'active extens j-on of T .and conversellz.

I n  pa r t i cu l -a r  A  i s  max ima l  acc re t i ve  i f f  (A+ I )0 (a1=g .

f f  A is  maximal  accret ive,  then A* is  maximal  accre-

t iver  so any maximal  dual  pa i r  o f  accret ive operators is  o f  the

form {A,A*I .

(Fo r  a l l  t h i s  see  VJ  ,  ch . r v ,  sec .4 )  .

Let  now {or" }  be a dual  pa i r  o f  accret ive operators

wi th  Cayley t ransforms T 'and S.  Then we have

COROLLAR '  3 .1 .  Th "zne  exLg t ;  a "  7nQ,_ to_ lne  c0 rL ,Le .ApTn_

dence betwe.en a.X,X- mq-xLma-X. d'ua"L ytaLn,S o(1 a"ecrLe.tLve. oytettatond

extznd.Lng {a,n} and aLL the. contnaLctLon,s [nom 0r* Q o;I@

Lrq tu  3 r *  O Drx  (?  ( f  )  )  .

s imi lar  resul ts can be stated for dissirrat i r re operators '

Phi l l ips noted a lso the connect ions between dual  pa i rs  of  sub*

spaces i r r  a  Krefn Spaces and dual  pa i rs  of  acc: :e t ive operators;



1 I

this explains the analogY between Sections 2 and. 3. Consecruen-

ces of  our  maj-n theorem to Kre in theory of  se l fad jo in t  extens ions

wi l l  be presented e lsewhere.
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