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NECESSARY CONDITIONS FOP DISTRPIPUTED CONTROL

PROBLEMS VITH NONLINEAR STATE

EQUATION

by Dan Tika

. )

Summary. Ve indicate necsssary conditions for optima~
lity in distributed control problems governed by hvperkolic
variational 'irequalities of second order and by nonlinear dif-

ferential tsystemstowiith-de lay . These.conditions are expressed bv '

fde

means of ceneralized gradients and are obtained by using an

abstract arprroxirmatinc scheme of the control nrocess.

L. INTROBUGTION

We shall study distributed control oroblerms with convex

cost criterion, coverned by:

.

gté ‘f'Ao} + P(}t) J BLL a.e. ‘Q X ]OJT[
: a.e. )

PO o G BE Y .
i s 0 A telo,TL |
r |

where P is a maximal monctone operator in. P x B, AO is a se-
, w0 W o i
cond order elliptic overator in a bounded domain in R
with sufficiently smooth boundarv - i'.

The K scherme ‘we developr can also be applied in the case

v

of differential equations with delay:

Foby = ALyt + D (E-R)#Balt)  ae. [0.T]



i e " , .

Yoy=% , F =%  a.e [-h,0]

] : ;
where D, B are matrices, A ; RN"—9 RN is a Lipschitz func-
tion and A‘fe Lz ("ﬁ/,o;kn)a |

Some results concérnianexistence, necessary conditions,
approximation for nonlinear control problemg appeaf in_baperé by
Lions [7], . saquez [13], [14] , Mignot f9].‘

Fowever our methodé are»closed'related”to those émploved
by Barhu [2] [3] : ;

: The p]aﬂ of the paper is as. follows. qactlon 2 cont ains
some preliminary results which are useful in the sequel and are
interesting by themsalves.

'In Section 3 we forﬁulate an abstract ¢Qntrql»problem
and an anproximating bfocess to derive the necessary qonditions

cof optimaliey. :

Section 4 specializesAto problermrs géverned by nonlinear
hyperbolic.sysfems the results frow section 3 and section 5 fo
problems governed by nonlinear heréditary svstems,

The following notation ‘is used. If E is a PBanach space,

P : :
then L (0,‘T} E ) . & r»é 0o is the svace of p-inteara-
ble, E-valued functions, C(0,T;E) is the Banach space of conti-

nuous, E-valued functions and

\X/J”I(o,-r;e'): {}é Pttt g,'ﬁ Lﬁ(O,T';E)} ;

is the usual Sokolev srace.

Liet 'f: E — ]~oa)~roo]_ be a convex, lover semi-
: : 2 £ 2 : - §
continuous function. Ve denot2 v Qf(x) c kE (the dual

space) the set of all subgradients of -f"at Xk



If)={x"eE’; f(x)s'f"(g)} (x*,_x-(}f) e Bl s

When ‘f’ is GAteaux differentiable, then Qf()()

is single valued, 3F (x) = V‘f()() .

Consider F another Banach space and X EXF~[-2,+0] -
»

a closed, proper, saddle function (see Rockafellar [12]) . The

subdifferential al X is defined by:

K (e, £)=[-3,Kee, ), 3,k (e, )] where:
ke P ={ et ktu, D kie Pl ru-e ey V) -
S 1 ={£ F ke, ke -, £, jv)

and it is a maximal mbnotone operator.

ve denote by D(f) , D(K), D(3f)  D(IK)
respectively the cfiorn_ains GE! f 226+ af,.ak .

For a ceneral bacﬁ.grouné of convex analvsis we cite the
monograrhs Rockafellar [10], Precunanu-Barbul4]. For ceneralized

gradients we refer to parer Clarke [6] and to the recent survev

of Rockafeltar [11]. - g s
Finallv we denote by H&(.Q_) , Hf( .ﬂ.) ; Wﬂ’P(ﬂ)’

'\X/f") (_(1) HA( r') , usual Solkolev snmaces of real functions.
3 : :

2. PRELIMINARIES

Vle ciye a result .concerning continuo_us derendence of so-
lution to hyperbolic variational inecualities of the richt number.
For other details we send to the bkooks PRarbu [1], Brezis[5]).

Let V, H be Hilbert spaces ‘t»/ith \f < Ml V’

S R SR ; WL o 3
the Inclusion bheing continuous, dense.



‘ it e : ;
Let 4 Ly he a linear continuous, svmmetric
operator, positive definite:

b

i L e w >0

wheré (% ro Judss the duality hetween V,V' (resnectiﬁely ﬁhe inner
-prbduct S B oand R b denote the norms in V,:H;

- Function '1>: H —a‘]"00,1~do] is_convex,ilbwer seri-
*continuous and proper.

We assume the following invariance condition:

(2 42)s There 'is heH:

PUI+EAY " (aveh)) s Flo) ¥ ae Def) | €50

THEOREM 2.1. Under the ahove hvrotheses, 1f vOeV,

Ay e vebep, f¢ e tobol) | peptililen

Ao 3 g"(i')ﬁ“Ag(t)+8.‘f(-}’(l'))=f(ié) A e JO,T{

gy e L o) = v,

has a2 unicue solution } € Cj(O,Tv V) with

g'G.Ci(O,T‘; H) N Lw(C’,’T;‘-V) and 3”6 L'z(O,TJ H) .

The proof can be found in one of the above cited mono-

graphs.

THEORFM 2.2, lloreover assun= that Vellcepmpact. Mhen

2, l = y
if £ == f weakly in L, 15V and g denote
e 1Y EHRAER o e £t Bipiutehal D = RS e oh
solutions to nroblar (2.3), (2.4) corrssvonding to f .f we have
= - s n 2 Y v Ao .

. g AR o ] 7

gf' o }, in L( U) e 5 V I anc y —_— i
L { Ry T i o . dm. e <] T

Lw(G Tez W) stronclv.

e A s ST 4% Pl



PROOF ..

We have .

(2.5)' J,'Yi: . A }n+g\f(}n,) % ffr'v | A [O’TJ

Let - [x,g]eafc:HxH. | ,
Multiply: (2§55 )by J' (£) - X and intecrate ‘
- i n : i3 il
over [0, 41 :

2

y / g 4 T g "2’,__. | o=
Tl () —40= Ziy-x™ S0 g ML (AT 1 )

&~

i . i
- J[ (Ay a),x)d 4 +£ (4, };(4)-)()0444“/({", s JoX)d4

: o0
It yields i}’f hounded in L (0,T; H) ~ and
{2, } rounced in L 0,75 V)
A i

Fypotheses . (2.2) gives:
: ‘ ; -1 /‘
L 2.6) (A 1@, ) (T+eA) b, 37 (F (D))

where AE de“oteq the Yosida approximation of Ay s the realiza-
tien efFEsh dn. H, N
: ]
From (2.5): by multiplication with A{; g

using (2.6) and again (2.5) we infer:
Z (A $ul£), B (8)=4 (g v o)+ 4 (A (B, Ag i (0))-
AT, ,g boif{TmAY '%,'g&'b(t)') ¢

/

S g //f i) Aot tENdit.

«oy



Now we remind some proverties of operator A, easily to

be deduced from (2.1):

42T H(IuAf‘ vil ¢ C u‘vu , Vvel
e IAévl
oy (A J (1) L E Ny w (I +EA) } (f)ll

@10y WAg§ iy < VAN W(T+eA) (]/%(/f)u

3. : YW J : :
wvhere “‘”* .is the norm in V and 2l is the norm of the
linear continuous onerator /2
From the precedina. inecualities one can obtain

'Ai }, T) T e (] +¢ A\ 'L "t uniformly bouncled.
Ly »
A standard arcuwcnt novs allons to rmake f‘“’ﬁ and

 to prove
: ; Pepda :
.90 ,'AJL GV . A uniformlyv bhounded.
: : " dvy
Multiply (2.5) by yg(t) and intearate over [0, g
|
£ .. o p
< i 2 2
=0 17 Gt dit )
¢ g

It follows:

T % : 72
7 i
I Y A — Y £ (% g d )
‘f0 lg:n(/b}l y ’(d%{-r}) [\ Yo/ — C\J ’d, lk)i t
L
ilere C dehotes some difforent constants. It vields (nl
tn
bounded in L(0,T;V)
Bocause M:V =2 Vi coercive and VeH compact, then D ICY

. il ST R ,
J gt - o[ 1y el ) +[eaperen, y @ndis




compact and by (2.11) we obtain Yy =2V i CAOBE 3 - extracting
a convenient suhsequence.

By extracting further subsecuences if necessary we cet:

yé—ejyl in C{0,T:H) strongly;’
yé._?y’ in L (0,T,V) weakly star,
yéﬁﬂﬁy” in L2(0,T;H) weaklvy.

. f) L .
To pass to the limit we take xeL” (0,T,H), such that
x(t)eDlfy a.e. Multiply (2.5) by yn(t)~x(t) and ‘inteorate. over

['O ITJ :

IR ’/ ALY / : o g
(1" ) v (B -xt)) L + ) i) - X)) AT~
jo.gm s )) Jc,“*%n‘ ), 4 ) .

: <o ol /T 7. g . )
o eof py (t)).fl,z‘—/ plx£ndt <[ (f B, b= Kxid)) dr
7 " : e . M an
o o - = : :
We can make n —> 0© bhecause Ji~f(.) is a lower semi-
(]
; 5
continuous. Functional or L5(0,T7H)
Recause x(t) is anv elerent in D(f)'it vields v to ke the
solution of (2.3), (2.4) and the convercence takes place on- the

initial secuence.

REMARF . The same result can ke derived under vieaker

assumptions, for instance when ' V — J-®,+ %] convex, lower

semicontinuous, rroper function.

e

Consider the followinco control problem:



o : T
$3.1) “min .j LSyt ~uft)de -
W a ~

with state ecuation:

'(3.2)'y'(t)+Vy(t)+9y(t)=Fu(t) a;e. fo, =1

@0 Ty

Here we denote ¥V, Z, ¥, Y,Hilher? spaces with.YCZ closed
subsnace with’tﬁe topqlqu~given by the trace.
(3.4) S:2 — X linear continuous orerater,
H(3.5) Pev—7 1ipear continucus orerator,

(3.6) M:2 —2Z maximal ronotone orerator.

4

Ve assume that YoR(F) . (the range of F), VYV is.a fixed
nurber (the interssting case is vhen J §s necative) and yoeD(M).

{3.7) Function L:X

b

Ve ]-®,+ o] is convex, lover semicontinuous

proper,; “with finite Fariltonian.

£ : :
et M : 222, €0 , he a farily of maximal monotone -

~

operatorsi Teldenote by 62: L2(O,T;Y) —» L°(0,T42) the corres-

vondence f ~» v given by:

y’(t)+N£y(t)+9y(t)=f(t) a.e. [O,T]‘

(0 =y

; €
and 6 when instead of M is M.

Apnlications 6%, @ are well defined according to

Theorem 2.1, p.124, Barbulil.

We now list the rain hyrotheses of this section:

(o

S

f . ik ‘
(=) 6, 0 F: L0, T} W) — €(0,T;2)

cornletely continuous, uniformlv in £



(b) So@isz(O,T,’Y)-——) 12(0,7:%) is
Cateaux differentiéhle for every é&)O.

" (e) 63 arprovimrates 6 uniformly:

L6, (H)) =6 )], < gier X fo il "

3 . ') K >
where cf(&)-7 0 - when P50, for every £ e w0 L D)

- Consider the following arrroximating contrel nroblem:
' T T e vge s i g :
(3.8)  min [ L(SYE) aid))d: FL [Tl p!tj
' oy, Kochs w/ o
with conditions:

(3.9) v (£)+MEy (£) +v (£) =Fu (t) = et Lo

(30 10) :7 (O)=2*7él

where L =Iuw£) is@an Yosicda regularization df convex. funetieon &
* % : £ ;

(see Parku-Precupann Faly-ond w -, w are the onrtiral control

and-the soptimal state in problem (3.1)-(3.3), wvhich are surnessd

\

to exiszt,

IEMA 3.1. PPOPLEM (3.8)-(3.10) has solution

=) LY , ;
e e ] D 0 S R e
g, = 6 (Fa).

PROOF : v
Functional (3.8) is coercive in M kecaucse V=<%(Fu) agdmite
a good evaluation in state eouation (3.9). Ve have assured-the

weak lower semicontinuity receuse L is Lipschitzian and € o G

is comrpletely continuous by (a).
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: . e D ; .
LEMMA 3.2. Tor everv £7¢ there is peL”(0,T;Y¥) such that:

(3.11) 4"[V(S"ee)(}:"‘i)]éft[-(s{}e , 4 )
‘ * ¢, e x '
(§-12) Fﬂ{ = azL (5}2 } ue) - AL,

DROOT
L6 is Préchet differentiable;, E?Oé% is=Cateany differen=
tiable. Fror the rinimum condition we cets:’

3

: B e s =
jo (3L (5, 4,), V(S<)(Fa) Fv )y M e
: $ . : :
+)’T<;3£L(S}é)ﬁs)fﬁ&ux*,v> At o
for every veLz(Q,T;V).

LEMMA 3.3.

A o o

rhen. ¢—» (¢ Ve have:

L amrati. e R BT

(213 v, = v in ©C(0,T:7) strongly,

E - 5 - e T A N
(3.14) u, — W in 14 (0,T;¥) stronalv,

PRCOF

From the minimum condition we have:

E=25 5, : : = T . #,-2; . é :
L L(*SOZE 7,&6)0[,{“ +J£.£ /1/,5.2 “° ”W et

@ 15

' T . _
- f L(S % o “%) At



...ll -

L (S< 6 ()0, 50h) € L (5 y¥16), * (d) +

G| F,u*)(i) 6 (Fa)4))”
e S BIRE

from the definition of the Yosida recularization.

It yields:

(2.16) hmsu*{j L %k )Jﬁ—#,‘//ZL % dt}

£ jo / »L(-Sf~

from hyrothesis (c).
From the coercivity of the cost functionals, uniformly
2

m.r

in &, it results uaf to he hounded in L% (0,T:¥). Therefo-

re extracting a convenient subsecuence, we get g — 0, weakly,

We have the inecuality:

B =2 (”{'o”cw T; 7y S ’GE(FME )—%(FA””C(QT‘,ZT

| ' = ’ <0 (F i (F '
t 16 (‘F’%{’o) Q(F’a")!c(o,ﬂZ) I é(}/u o i ”C(OT Z)+

* gy == O

from hvrotheses (a) and (c).

~s - : .. )
Se y%f-7 V=6(Puo) stronaly in C(O,T;Z).

: : . * ~ oo
Let &€ -0 in (3.15). One obtains W= and y=v



by 13.16) .

LEMMA 3.4, The Giteaux differéntial surnlies:
| Rt A St
_ o w - = ~[ A
|[V(5 0 ) (w) v I Iy v y 5
for everv w, ver® (0,7:Y). ‘

" PROOF

~ 8w
A

stroncly in L2 (0,7:%),

i
V(506 ) (w)y=Lom 3
» A0 -

vhere:

y’(t)+N£VA(t)+fy‘(t)=w(t)+Av(t) A.e. [O,T]
”n %

g () v (E) P vty =w it ! a.e. Jo,T]

and'yA(0)=V(O)=yo._

7o subtract the eaquations, multinly by way and intecrate:

N
Livy 1y 0] ? + vjjy/\(S)"‘;(S)] dis 72
< 4 [ vis), v, (9)-vi(s))_ ds.

Jer, i

s

i
& S ads
g < € /\l tv<._>ly c

and because € is linear continuous the vrroof is finighed.

Then 1yA(t)“Y(t)’

RFMARK, Similarlv we have the relation:

s e b

' T T A ‘ ¥ =
(3.17) I[V(Soee)(w-)vj'(t)iyé(,ft VAl dA

2 2

"_‘} wel“{0,7:Y) . vel 0,590
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: . pi : r;
LEMMAE 3.5, Thever is fﬁL,(O,T;Y), ZEL“(O,T;X) such that,

for g_-,O

(3.18) /F.-.—A i veakly er i (0, Ty):ﬂ‘
(3.19) 3 l.-sy } )”‘*21 woak]v in ! (O,L,\),
(3.20) [g (), F f(é)icsL(Sg*(i) X)) avex [0, 0l

PROOT

Bttt s v e

From the finite Eamiltonian hypothesis, we infeér:
- =

' b

| (34 L-(S}E)% SJ, gaT jDW) +<@ L(SJ ) - \,:J> 7

) S So:
L(gggﬂ :L-f“j‘b{)‘ v)
f(u;rg L(S} AL))*(CJ-5}*7;4L(S(} ui}}
e p Segonicie,
z_ < P4 il /c $HL =38 i L‘SJ ﬁu)%)'a-C)
for eve.ry WGX) [ w Sl :

o

Then:
L]%L(s;h £), e Bl < (1Fp, o +/u%m—a*({_>/fwf
“(c+ ha (é)lle +C e B [‘0,‘ 5.7“.] ;

But, form (3.17) we write:

: " T ,
171% ). ¢C | }Q,L(-SJ (£), 2 ()] At

._y J,f 1' é-.A ? & X . .-“”

and the Gronwall lemma cgives:
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I € e Lo,_rj |

and néxt:
B S e L
9, L (.s}£(é), ué(é)) ‘X < ClA il () -0 ) (4¢ T T4).
.The Dunford»fettis griterion shows :

341;2(5%,,:/&%)% g wakly is 170 ('o,tf;x.)_

We also have:

D 0o
P o f)' weakly Tn A0, )
& .

2}
Relation (3.20) and cEL® (0,T;¥) can be derived by

standard arcuirents because Vag il 1lg converce stronalv bv Lemma

S
4. HYPERPOLIC COﬁT?OL PROPLEMS y#
In ‘this section we treat control nrobleré\{ge-the:
-
(4.1) minJL(y,u)dt
°

with state ecuation:

Aoy g" (t)+ﬂ.§[(t)+9f(y’(t))f-)l‘-u(t)a.e.[O,T]

(4.3) v(0)=y

7 sy
o’ y (0 VO-

Hh

We shall consider the frame and the hypotheses o

Seo—

tion 2 and arply the abstract scheme developed in section 3.

RS A AR el L SIS A S S LIS O S IR



- T o

The state ecuation can be rut in the form:

S EE N

(4.5) [ ) ] :[ Fo E
' veilo) | . ¥ .

We take the spaces:

- Wz{O}x U; U a milkert space of coﬁtrb’r
-~ 2= V x H, . where V has. the inner hroduct 1nducod by i; sSo
it is 1aeﬁt1fl@d vith the dual,
~ X=H, y={o} % 1,
The corr@soongjnq Operators are:

= P—[ 8] Bl ~%.V '1inear'continuou3;

F

v] = v is linear continuous,

-«s:'vX"—e by s[

'f”"[A Qf]

¢

=~ M :VxH ~» VxH is obtained replacine in M, '9f by ()

Iv this ease, when'vbﬁD(f),‘equation (4.4), (4.5)
and the approximate equation too,. have stronc unicue solution
according to Theorem 2 d.,

In parer PRarbu [2] a set of abstract hvrnothéses ig
¢ s &
imnosed on family f j to ensure the 6e51rod hTOherthu.

To make evervthing less cormplicated, in the sequel

we shall detail as an examnle the.followinq control problem:
T

(4.6) Min j L(:{(ﬂf))//i(f)) i i
O J

with state eaquation:

‘zu ’ v\
1.2 Y4 _ay+p () 5But)  ae g,
L+ o
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(.8 Jox) = 7 00 e
(4.9). S kel oo™ kel Lk
3kt , : ‘
(4.10) F(4 %) =0 e
~ g7 LY : :

e : i N
where _Q is a kounded domain in R with smooth houndary P

‘and QQ= [O;T]xﬂ. -

In. our notations wve have H=L2 (ﬂ) ’ V=H}) (_Q)',‘ U 4is a

Hilbert spmace of controls. . :
()pérator By I’fé Ly — Hﬂl (D s thg Laniacian with

35

‘Dirichlet conditions :mC /’5 is.a maxiral monotone araph in ‘RxR.
It vields /'5 =9j, with 1R -;?]~oo)+a<>.] 2 convex,vlox-7er.semic.c;n—_‘

tinuous, vrroner function. :

‘Then L7 Uy-—7 J-00, +00] f&- given'by:

(it d o e )
| L 4gedx ge (), gy)e L4
o o
(4.11) ~f‘(})= , '

+ 00 otherwvise,

As it is wellknovm S-f(y) (x) é[f(y(x)) a.e.
Application fé is obtained by:

I3
g

o0
(4.12) aif(/b)’:/ g;(/z—ﬁ@)f(c?)c[e.f—

i + o ' s
= & ) p (£ (h-00dlE

Here j& denotes the Yosida reqularization of ]
‘ S

'Q iz 13 5. P Y 3 i 2 ~ NN ~ : 2
and f> 48 a moliifier i.e. 1t 18 3 & function with

T elale= 4 o FeeRR U f(@‘):f(-@) 0




e 16." o

Simiiariy we denote:
: T L
(4.13) /3 (/‘L)cf - /;e (/l*éé‘.)f(@)c[@
T .

' g : ' : : ok 2 g 7
where f% 1s the Yosida approxirate of /3 y /3 = 97 and the

following inequality is true:
(4.14) (J 0] f/S(} ’*C

-~ e

The approximating state edquation. is:

(4.15) : ;f-—?;, " Agg + p ( ) = 8@_(%) Ca e, L.

m

We start ‘to verify hynotheses (a), (b)), (&) from

Usinc the same argument as in the nroof of Theorem

are inderendent of

& , so (a) can be deduced.

For (b) we put:

& ; .
(4.16) 3%;~A§+ﬁ(%9:f a@.ay
; 2
]

&b : 6 X oap 2o i)
(4.17)_ 5% A},\"‘P ( ,)&,;f’.,‘,gg e, .
(4.18) J(o)-_—_gr\ (0) = 9’0 , gt_%(o) z i)__dz’i(o): v, a-e, _(2

2]
where f,ceL”(Q).

e erark that we ar intere
remark e

f’)

sted in eg.d4.4), (4.5)
2 e
but, because f,qeL” (O,T:QOJXH) in reality,

~

then problem can be

put in the above form,






We have

(4.19) V(SOG)(f)g ,\-w 9—6—}:—% in i)

o

2L masb

in the inner product of L2 (@9) 4an_d integrate over [O,t’] :

strongly. SubtractA(/-l.lG) and. (4.17), multiplyi-by ;_)_fhi\_ 9-} :

' 3, wh o
(4.20) jz‘,” _%( %’(ﬂl/}(_ﬂfi—"%(%)-—}(ﬁ” f
; |
[ 1960, 3200~ 35 )2 old

Then 93" 2 a;i— Jn C(O L“ {) and
73 '—-'J,-y in C(0,T ,;1(11)) stroncly.

Moreover:

bounded on [0,7] with resrect of A .
7 ; :
RBecause B D1 () cormract, extractinag a convenient

\

subsequence we have:

H- F 2
A Pl

in C(O,T.;Lz(ﬂ)) for A —» 0.

Vie write:

B - g1, 530 pUY (,5 g) (%(é)
. h G- FE a.e.0.
3 .

2Bt

We have omitted the variatle X, and u

ATy ] ~
sadnsteaduet - O U 9 F

14

el T 92
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?il it : o
We have ,_A_/_\_:_g_ bounded in L '(0',']?;I~I—':L )
as '—A Z:\/\‘} has the same proper{:y and
Epnt Epmt g : - :
/3 (‘;ZA),- /3 (.}) is }:jounded in Lm(o,'_f‘;L2 (f) ) tecause /5’5é s,

A

Lipschitzof ‘constant '1/3 ’

" Using weak convercgences, we get:
(4,31 /L”(f)*A/l(f)+V,BE((SO(:?E)(;.&)’)j/zr(;f)fj(f) e 1B
(4.22) e x) = /‘L’(’O,X) =0 . €, _ﬂ :

Problem (4.21), (4.22) has a uni.due solution and

application ge~yr 1is lirnear, continucus, hence (b) is true.

NMow, we calculate, for {3:11) , the adjoint of orera-
s ¥
tor V(sed). Ve use the notation [ V(SO 3&(4’)] (Z) = 7)

and from (r,q) (g,,b) intecrating by parts, it vields:

PG O @

wan P-4 p-(TpHS G pE)= g0
(4.24) | ,fa(T):o , 7’,(‘7—);0'

We change the final conditions in initial ones and

introduce the new unknown function m’=n, vhich verifies:

.25y o' ()4 mz(x‘)»f—V/f((So@&)(."ff) (T-£) m'tt) =
’./ozz (T-5) d_(/i e

(4.26) P e 8l
: ¢ % Sty oo e ¥ \
s Up ((SoG)fle L (0,T; L il e

; 3 - . o ~ 1 I 1.1
fg" Lipschitz, one can 1inier that probrem




. ~ 1091

que solution mé.C(O,T;Hé (.(2)),' m%:éC(O,_T;LZ ({2) ) and mtter,w(o,'f;ﬁ'l(ﬂ))
That is (4.23);4'\(4.24) has a uniqde ultra-wveak éolutioh (see
Lions [8] ) in distributiens. |

We continue by verifving .(c) «Let £ be in L2(O,T;Rv((1,).]

and §7E=(509£) (1‘3), yA;—' (50(%)(15), S0
(4527) %0 (t)—Av (t)+/7, (v' (£))=£(t) "a.e. Q,
(4.28) v"(* Ny (t)+/3(v (BM=£(t) - a.e. Q, -4

(F-29) oy, @)=y 05y Ve (O)=y,’\ (0)=v,_.

* The following inequality will be used:

s

(4.30) (,VQ%ff X)) - ﬂAQaHa (P x)- 1 (2,x) 2

f (/3%“") £0)-p (g (4 x)- N0 ey (4, (fws@)g
— AR (7(“ ~46)) o)l & v(e- A)j (plFEr-g6) -
X f},\(*‘*) w»@fua)de

o 'Z‘q in the proof of Theorer 2.2 we remark that
/’5 (v ) is }ouhﬂed in 1.2 (0) when &0, | &
 Finally from (4.27)-(4.30) and (4.14), subtracting

and multiplying by yé(t)-—yl’\(t) ih LZL,(Z) and intecratinc over

LO t] ; We ge

I

4,3 i
e JAWI Ayt EN ) gt,\(f‘)”H:(ﬂ)

(&t

Then V5 =3 ¥ in C(u,. ,I‘Ié ()). strongly and

Y! teesiy! dn CL0.T: I (.LL’) stronaly, where easilv it can be

L€
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obtained y=(S00) (f)
Making A — 0 we have the desired evaluation from
12 |
(c) with dJ(g)= €.

The approximate cost functional we shall consider

T Sl 2
wom [T, wb)dit + & [l wbl d
: - e (¢ 5 . | :

where ¥ is the ortimal control and Lé s the Yosida, recqulari-
zation of 1. of oxder J(Ej-. |
‘ Ye can ertC the armro zirating ontlfﬂala =) condltlona
for j\rpi":lem (4. 82)y; . (4.15% . We danete Y ue the or?timal state
- and the optirmal contrxol in the arproximate prghle_m.
Thén,.accorc’.ing to'section 3, there is
?iec(ﬂ,T;L2 ) 'suc’:} that:
(4.33) }a“dff P (]é) B, B B
.30y, = A +A/>+(V/% falé)pé) Za a-e. @
_2‘&(‘4")—}0("/ , Felo,x) =V(x) oo (L
'7)2(7:*)‘:‘5 ) 7’21‘ (T,x)=0 i, 11,

.(4,':.35) j&’f’ =0 , 72,’1 -"'0 3
(4.36) [z‘é(,f) 70 2 (2) i (Mc: i }m ().

From section 3, we know:

(l’l '—"’7(7 in C‘(O T; I—* fl)) stronql\f
1( in c(0,T;L% () stronaly,
r.'

, * , 2

A, —a M in. LU0 ;T ) stronaly,
P = P n 1000, 00 (D) weaklv ™
i / : b

1 2. ~
? e Z in L7(0,t; (D)) weakly and
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(4.37) L 96t), B%f(f)]é QL(g'*‘(f),‘ Z_L‘*‘(f)) ‘ & [osui

We write (4.34)'in the. forn 4., 25

T 'm (:fX) 4 m (zfX)+V,B ((7 6T f)()) g (1‘ X)"

/z (Fdngels i3y oibame @ -

To pass to the 1limit in the above ecuation we gup-

pose /9 to be locally Linschitz and to.veriff:'
(4.39) Aup {lwgl; wedppje COpPI+4) | Vyek,

where aﬁ denotes the ceneralized cradient of /3

in the sense
of Clarke.

Prowe (4.39) it easy £0 ohtain:

Gaogny. IV/sé(J)'Jié C‘([/aé(g)l+g“”+4) ek

Y/
'with C a positive cons tant, indevendent of Z
Multiply (4.38) by m; in L”(ﬂ) and intecrate
= é X S
... over [_O,t] i Prom Vﬁ 70 we cet:

z &

4 < -
717, (lem) 35// A H (0) led/f-m;(z‘))

® o) :
that is {méj bounded in IjﬁO,T;L“Cﬂ)) and {mﬁj bounded in
1
o)

- .
that {f5 (ék )f isibounded ! in? LS4«
_ g i
TLet us consider for T >0

and n a fixed natural’
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number, the set
ré = feereqs Ty (e y)li}aj
n b yr E | pe ~ °

rd

Then for (x,t)éEn- we have

' ¢ 4 ;
wan e PR (£ x))] En iy
inéebendeﬁt GErE - as /3 is locally Lipschitz.

Denote I a 'measurable subset of 0. Following Parbu

[2] we write, by (4.40):

) 7B )it 1< | At
‘f Vﬁ Ji) s X Jengt 1“””7 V/’) (’Y [dxd Tt
+-]E\{7f "f‘mill"I'V/gé(ygf)/q’)w‘/fé C(n/.{/f)ﬂel/ dl)(/,zt T
g L / l/s (gz qm! | dxdt + ¢ L +

T AR

E
|
i ~ Taking into. account.that {mé} bounded -in
xr) i } 5
gl (o e Gl)) and Lﬁé'(ga_)} ounded in Lz(Q) we obktain:
: Y2 |
: 7 o isp ;
PR Vel | = € JBRES) C,,
[.jg )V ()))dlxdt] < C (.) 3
ool .
0 + € E! /
G‘L
where C denotes saveral constant. FecauquZyg i's bounded in
,LA(O) with sgme =>2 according to thehSabeliey. embedding stheorens:;

gl the Adst term of the “sum js emuicontinuous oo




o

Then, by the Dunford Pebkis crlternnn, we get:
V/l) ((7 ) ’}% IR 'ﬁz .t-reakl_v.'in T (o),

Extracting a convenient sukh ‘;rwuoncn we d@rlve

W, — M in C(0,T;L° (.Q)) stronqgly,.
mlé oo fm./ in Lw(O,T;Iy“ Q) v.f’eaklys’f,
'm; S in C10, Tl . (§))) strongly,

£ , i - 1
V/5 (J;)J%i__:s A4 BUAQ) ‘weakly,
' g —s S in F 0T T )5 eak
Summarising to this point, we have:

THEOPEM 4.1. Let [v*, u*Jev® 2 (0,752 ()3 «x

x L7(0,T;U)ke an ortiral pair for prohler«“ (/’. Yeld  10). Then

there exist functions mel (O T E’ (0)) () o (0 T: (..f).)),

ageL” (0) and heLl () which satisfy

‘,'¥'1~Z\§7* +/5(17§§')=Bufk a.e. o,
~Am + h = ftz K a‘.e. 0,
L .

y*(0, %)=y, (), y*'(o,x>=vo(x> ae. AL,

p{0,x)=m’ (0,x)= a. e..ﬂ

[g(8) ~F »m’aé)]f IL (78, A5t} a-e [0,TF.

Furthermore Vj;,v- uﬂf, m,d are lirmits of solutions
Yer Vg e s 0_& to am’\'ro:-:ir’.ﬂ_te eaquations (4.33)=(4.36).

PEMARF. From the Fgorov theorer for avary _72.}0,.
there is Q?CQ with mes (Q-—-".,I)<"Z, and "g —_— y*l in C(Qz) .

Pecause /‘5 is loecally Lipschitz, we infer:

. . i 2 ~~ L .
(4.42) iV/“. (O?'E. {t)x))i <re 5 V(/L)x}f: Q,Z .



»
{

: i . : .
so V/.‘r (;}E) g j weaklyk in LO-((‘,Z) .

Usina Lerra 3 of Parhu [3] it vields:

“HR

(4.43) gle,x) € 9P (}’”(t,x)) 2Ry

It should ke exprected to obtain the relation:

(4.44) f’»(t;x) C 9/5‘{}%/(T—;!‘J'x))%"(i) x) e

>

Tndeed, in some outstanding cases this" conclusion

2t

can be proven.

EXAMPLT 1. /3 is convex.

We are interested to rass to the lirit in “the vroduet

€/ ’
V/ﬁ ‘(Jg).mé . Write
z + -
] = M, - W
"¢ 3 %
denote the positive and the negative part

] . . . :
Q{ Tle UR to an additive constant. Extracting more subsequen-

ces we can supnose:

i ; ; . 2 %
and (adding a constant if necessary) Mg , Mgy v*: v

)
3
g
o))
=
}_..I

F SR

<G
fo
wo give now 2 more nrocise calcnlation of 0/3 (7)
= ‘ » ’ a3

veR, availahle for locally Limschitz functions f.
; . - /




(4.47) ﬁﬁ(g)rfw L ”ff/‘) (1 ée)f(ejcle

Since /3 is differentidhls g.e. and

\7(T+E/*) e 1 Lp 5 1 e, e
o | Ak :
(I +£/3) is differentiahle a.e. and we obtain:

0o 4

(4.48) V/Bé(g) —”—] . é”vﬂ@ e f( 0)d 6 =

~ 00
A
= Vp (F-c0)

ey A+ V/g(;-gg)
When /3 is convex V/l = )/5 i tie subd tifferential
of /‘ in the veints where /3 is dJ'...fere“tJ.al,le, SO

4

: g Ap(y-6) - s
(4.49) Vﬁ (- .[{ T+ Ean(y-£0) ‘f’(ﬁ)c/@

Fie ¥ 6

ILet Q,z' ba-as in (4.42), Ve are interested in the

g .
. weak convergence of !7/), (9{;) 7)?: in Lz((;,z) .. Consider 7[

any- in- £2 ( Qrz) - Then:

g /it H
j@,,z V/3 (Zg ) ‘mg_' 7{ dx c/ZL -

y p , ‘
:Lf(a)daé?a Wi ‘f 4+£9/3(J - £0) s

2As on Q;Z i b for £—C {«ZE "&5}
uniformly Founded, then 3/3 (31 "Ee)

AL :-3/'1(‘7-5(13
[ de

ﬂr’kouvl(qor} dry T, (Q?)' so

converges uniformly to 1 on Qe

We have to study only the intecral:
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(A0 j m: p {J;-Eg)n']ft/x' dt oc [J)J]. e
oY% ' e
1 | |

"Consider the saddle function:

0nf/3(}) i mjﬁ
m<0

(4.51) | K(’W?,}) =

- 0O

which is »nroper, closed. The maximal monotone onerator ] ¢ in

: e ) :
R2XR° is given by:.

(.52 3Kl ) L-plp), mappl V[m,ﬂe DEK).

Take the realizaticn of 9K in 12 (Q[)xL (Q?

wsny AR = IK(m 0, 304 0)

e (b, ) q)z

and for everyv m, V€T2 m»0 a.e.

/4
-
Ope r 9K is maximal ronotone in I (97)yu 97)

Then:

5 - + '- / . ..1'- ¢
(4.54) [;/7,(?8'-26) ) mé-a/a(;é~z@z]é K (7 |y -e8)

We rermark that:

(4.55) /\(V/v-ﬂ‘?) mt aplyl-z0)] = [7;%(‘;;*'); %]

i : 9 e
weakly in L™ (Q ) 2L (Gl
- el T
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(4..56) ; [m‘:'?};-éa] @[V-F,?:] e $7981’1v ;n(; ((‘ L)y
: e | w0

We can also verify the followinc condition:

(4:57) ;&2«2’0<[ }t'-g@]-—[m;, /"\@J;['P{g%/'é@)
g (}s“f@)j [ (},\ ~A6),7 Qf A AA)D(G xl;z(c».?)
= Lim f(w - M ply=a0)- /z(} -ge)) dlxdt +

Ai-—n
‘+/’€‘Z:L' ](}2'26 }A+A@)( 9/”(}2 ‘(5}‘

~ oy ap [y A dxdl= 0
‘ ' * 1/
since we haxe /’5 (?’ -é¢) — fS (OY )

} _é@-——;» {7 uniformly on Q_oz.

Applyinc a wellknown lerma (Rarbu [12 r Dad2)

uniformly on Q and

(4.58) [«-/3 (}*,}.) {J € Q/'Z ('y+,(}x~/) | e
(7T e (Z,x) € vt (tx)- 3p (y%/) a.es.Q

In a similar waw we obtain:

(4.60) «(fcmmz 9/7,(7 -¢6) = ‘f,

e E
weaklyv in L~ (@)
é2o ¢

and 'ﬂ.(f Xy sy (/tX) 9/3 (,Y*,) : a.e.q.
Then h (£ ;{(;’)gb ?’)L 7)/3((72_56’)6 002‘9/5(;%/)//4‘*")
= a.e. Q. 5o we have:
THEOREM 4 2

IIndexr hvrotheses of Theorer 4.1, assnume




e

thate g le conyex.. Then dhere exict functions PGL&Ko;T;Hécﬂ))n

W"“(O,T;LZLQ)) and qeLz(q) which satisfv:
*_py*eply® ) =ru” 9
"—Aw Y ICHN rf*’—j g . a.eeg
Yﬁ(O,X)=yo(x), g ’(0,x)=VO(x) oo Ly
m (0, x)=m’ (0,3)=0 8. e
.. ‘[é;,(t,x) —_B"’fm' (t,xﬂ(:,;)L(yﬁ(t,x),uk(t,)())a.'e. g.

imits of solutions

Furthermore v-°, w, m, 0 Aare

qg.to aprroxirate emuations (4.33)-(4.36).

YZI uf—l mZI

REMARK

A similar treatrent cen be carried out in the case

/3 is a concave function on PR.

EXAMPLE 2. /7> i AifH orent:ablo function.

Let Q,Z be agiin (4.42)::Thens
L / ; %/ % o
‘ s ( weakIv™ in T {C
vpo(),) vpl1™') v¥ in 179
on a convenient subsecuence. Tt is easv to-obtain

V/a (gs(ix))"’V/}(g ‘thx))  a-e- 97 -
It yields V/;f(J ) — V/}

(“1"

1 ronvlv in
L (Qz) Fror“ the Lekhascue thecrem.

In this case ve have:

V/%é(?é)dﬁ’lf/ ________\VP {y%’).mg" ’\‘7'6261}2.1}7 in Ll (ng)

So T @, 44) h(t,x)évl(}(yX (T=k px) e (e )l caven Q becomas true

and a result similar to Theorem 4.2 can be stated.,

N

REMARK rge /5 is ‘locally Lipschit

ot s

we know it is
differentiable a.e. To apply the above arcument it is sufficient

to assure .that the set:

i, SR TR e

eI ot



.Q { <)€q | /3 is @’FfﬁrOnflble in ¥ ,A)j has mes
(9- c;) =0, |

5. 2 control nroblem associated with an ecuation with

delav

Consider the proklem
I fq%m (£) li(f))aﬂt‘
(5,00l LL(} ;

with state ecuation !

(5.2) v (£)=2 (v (£))+Dv (£-h) +Pu (t) aee. Loy

(5.3) v(O)=v_,  v(s)=P(s)  a.e. [-n,07.

= ; N 5
Here D, P are autonorocus matrices and A:R wms B ig a
Lipschitz function.
‘ : S M ;
Arplication IL:r" x Pf>—~aj'0014-cb] ’ 1s convex, . lover
semicontinuous Prorer, with finite Hamiltonian. We SUPMose oo

N - N
(5¢4) y eR', P eriion,0:nY,

The rroklem can ke rut in the frare of the abstract schere

from section 3 byps

Operator M:7 . 7 is odiven by

P00 = (L%, PIER" X W' (4,05 R") 5 iy < x, ]
7-4(7‘0]“/1(7()": \ID\L))
/ \ f
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‘ where ‘f Jenotes the derivative with resrect of é e[=hi ol
Wp keep notation 'f for the derivative with respect of t&[O,T].
- A Operator F is given by [P 0] @nd 8 1s sthe Qroie¢~
tion S {}Lﬁ? J(AJ . Fere hair [y(t),y’] blavs the,holé g =y an
the abstract ochere'from section 3. |

Tt ds known that onerator M ofs Y- maxiﬁal dissina-
‘tive in Z; then state eonation (5: 2), (5.3) has a unique strong
Solutlon. In this case we can infer even Vv eL (0 T P )

Aﬁﬁllcat10ﬂ ”E is thaln@d onlv u¢1nﬁ wo]lwaOrJ,

that is instead of A we put

5.5 nf)r= [Awr £x) pl) s, £50
: Jon-
where j’ has. the same rroverties as in sectil 4.

The family of operators Az is 'uniformly Lipschitz,

so approximate equation (3.9) has unicue, strong solutioen. Then

0

applications 6, 8¢  are well defired.

Mow we bhecin to verifv hyrotheses fa):, s, fe)s

LY.

Let B, —> u weakly in L2(O,T;P s

Bouation (3.9) is eguivalent with:

(5.6) vy (£)=h%(yy (£))4Dyy (£=h)+Puy (£)
[o

yk(o):yorl v!’\(q):nf(c‘) ¢ 84+€ [_hlo]'

Multinoly by vy, (t) and integrate over Fosel:

13Ol -L131= j AL ) J, RVl t +

| 0g -ty 0+ [ e mf/f

o s e




We 5ave the ineqﬁaiity:
A (3 0=-A0 =1 (A (g (=230 A0 por ol ) <
< {JR” | (B -ex]piydx < £ ks (}f')}*f',éj[;'«lxllf(x)o()(.

because A is Linschitz of constant 1.

It yields: ‘
{7 T ¢ (4) éb{%*f( .'tl‘ (4)]2?[4 7&7
.y’]x(f)/.RNmic.Hfjo 13.(0)] s gl

" PV a variant of Gronwall lerma we cet ;VL} uniformly

[A . g . 5
bounded, SOZA((yk)j is uniformlv bounded independent of & . From

A £ < s 5D
ecuation (5.8) we see that-{yﬂ] 18 . pounced in % (Q,

dent of & (and of k, of course).

Extractine a convenient subsetuence, we infer:

: N :
Vi, =—» V TAC {0, T:R") stronaly,
< L 2 MRS S
s N e L5 (0,7 R) weakly,
where v denotes solution to (5569 corresvonding to function u.

- From the unicitv of solution in (5.6) we see that

i
!

the convergence takes nlace on the initial secuence and is inde-
pendent. of € , that is ().

For (b) we denote VB‘E(W)V =k - with w,
VeLz(O,T;RN). It . is easy to verify that.ﬂrexists (E% is differen-

tiable Citeaux) and satisfies:

E S e it’ Ny g £ AY ’a -
(5.7 KLV =V A (6, (w))h (£) 4 DALE-E )+ vil)
= ‘ ‘ A . [0,

(5.8) £{0)=0, r(s}=0 a.e. s e I'-n,5].
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We have to calculate the adjoint of omerator

-

; - ¥ 1 ;
¥ Qdm Vot e - V@z (w). :1.,2 (O,T;P_T') —-91.'2 (0 ,'T;P.N) * Tdnear, conti~

nuous. ’ |
¥ , ,
Let V@i (W) = /) 1y Ehen (r,a)=(v,n) vhere
i ; 2 2 AT i _
the scalar nproduct is in (O ITER" ).

Maltirly (5.7) by p,'integrate by parts and, after

sore calculation, we infer:

(5.9) : -P’({) =V A (ee(w)) 75(f)+D73(i*ﬁ +i(z‘)
] ' _ ' a.e; [0 m]
(5.10) 7’(”:04}4 73(/3);0 “ a.e. se[T,crj+h].

Probler (5,9), (5. 10) "has Unigue stroﬂg solut¥on*

since it can be put by t~T-t in the iform of a usual "delay eoua-

. tion on interval [-h,T].

Ve continue with assumption (c). Let us write:

J’ ():=A (J‘f (f))JrDJ (¢- Q)+7f(x) ave. oyT]
} (£)= A(,';(x‘)HD}(i A)+f(7{} ©ase. [o,T]

FO)= (0=, » YA QAP A-e [-1, 0]

wvhere £ is in L% (0,T;R"). Then, byr
A5p-AGpI=1 [ (ay-gn) =Agp) podx] <
RN

o Jis /’éN lef(x)c{x = e

e get:

A R P RS
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A :,;)* -f 'A{ R [
‘,075( (}Y( ) £ j{; lgg(d)~y(4)164 i e +

t | |
+ H)l-[ ¥, (4) -J(A)MA )

S50, we obktain:

(547008) 'Jg t£) “g(f), £ 8 ~for 'everlvi % e.Eh,T]
| Then in the appfoximate control rroblem we have
_cr(i)= ¢ and we can take IF=LE, the,?psida reqularization of func4
TG, .
-Secﬁion B pfovides the optimalitirissisten. for the..

approximate control prohler:.

]

T s T £

. . /.;L { r . 7\‘~«2: Y
(5ad2) Men [j { 2w Jd X+ | 4L | ,,/,'.
iy { 5 l’..£ l}, ) :9"”/0 .t K7 J
subjeot!to ¥(5.29 with Ae instead of 2.

There is f% in L2(O,T;Ph) such .thakt:

e J;(f)%g(}él%))*’p% {'i—»{)rB.;zi(é) a-e. ["O,Tj)
(5:14) =P B VAL R+ 0 (B4 - 3, (4)

o L L';-ze({)) B’%(,{Hﬂg -u* e QL2 (Jé(é})ag(f)) a.e,[U,TJ)
(5.16) Jolah=iL Loon= O a0l
(5.17) 72(7):0, £ (4)=0 o e LT TRt ]

We kXnow that:

Ve — 2 o s meRl) stirongly,

/ ; 3 M
yé - v * in LE(0, TR streongly . : : FA
¥ : 2 e T
Upg w3 U 1ol (DT R°) strongly,
' L My 1o ¥
e e in L (0, TR )Y weakly™,
/ fics
o NG 3 1-'4 e 11 .
T ety L0 T+ ) weakly and



[z(i) Bp 1] e Lyt w(4) e [o,T].

Fror (5.14) one sees ir'ﬁ} koun@eﬂ in L €0, T R ),
e »=>n 1n €0 T;RN) sﬁronqu. Then acain LrCM A5 14) wesins
fer pz’.ma B! Am g (0,T;R My weakly.

Since VZ\hf(t))X, which denoteg the transposed

NN

’ , , ¥
of matrix VTx(Vz(t)), gEvEm R0, PR T )y Werloet VAEI(?E(/{')) .___xj(}f)

My

).

weakly in L“KO,*;
Next, using a variant of Lermma’3 from Barbu [3] ve

see that c(t)éé“(V‘ t\) "a.e. [0,7] , where QA is the ceneralized
gradient "in the sense of Clarke, of Linschitz function A.

lie can state the following result:

= ; % : SR . =
CmEEOREM 5.1, Lat [y, w'] be sn eptimal vair tor

ot o 4 s

problem (5.})"(5.3). Then.there'exist functiione fDG vV64(0)f;RN)
and qeL (0, TiR) such that ;‘ ;

)= ALyt u))f-og*(z L (B @ L9 T,

- plt) =AY ) pet) + 0 p(ﬁ&)-zw ;

[0, B*p] ¢ ALIFH (), u¥(2) e LTI
g'%(q)-f% ~ J*(A):f{/j) e Ty,

pnzo | pia)=o e} [TFFeRiy,

- ; * ¥ e
Moreover functions y , W, Py o ‘are Jimits ©f

£pnctions ye, Ugr, Pgr 9 vhlch verifv arvroximrate ecuations
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