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NECESSARY COIJDTTIOIVS FOP. DTSTP.TPI]TND CO}ITROL

PROEI,HI,IS T]ITT] IqOITLTNEAR STATE

E'^LIATJOu
l J r , ,

.  by Dan Tiba

su{gneIy,. tr ' ' Ie incl icate necissary condi-t ions for optirna-

'  l i ty  in  d j -s t r ibuted contro l  problenrs governecl  by hyperbgl ic

va r i -a t . i ona1  i neo t :a l i t i es  o f  second  o rde r  and  hy  non l i nea . r  d i f -

ond i t i ons  a re  exp ressed  hv

t rLeans of  generaJ- izec c . r rac ients  and.  are obta inec l  l :y  us ing an

abstract  anpro* inat inqr  scheme of  L i ie  cont . : :o l  t ) rocess

. 1. ri'trTF.oDUCTrOl.l

l " ie shal1 studl '  distr i truted control nrot-. ' ler"s v: i th convex

cos t  c r i t e r i cn ,  gove rneC h r ,g :

$rr + Aot + pW) ) Bw E . € .

E l  . € .

fL, x 1o,rI

where p is  a  maximal  rnonotone.  operator  jn .  F x  p,  Ao is  a  se-
'cond 

order el l ipt ic onerator in J1 a boundeci. C.orrain j .n nN

wi th suf f ic ient ly  smooth bouni lary  .  la  .

The sc i rerne ' rqe develon can .a l -so he appl iec i_n the,case

of  c l i f ferent ia l  ecruat ions r , , i th  de l -a ' r :

l ( 0 r = h  ,  I t ( o 7 z  v o

| l f  :  o '  d ' € '  t  e  7 C I ) T  f

l t t t l  
=  A( I rd ) ) r  D ; l , t - f r . |  +Baf t l  a .e . ' Io , rJ

r
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V @ = h  ,  y T l = Y t t l  ( L , € ,  L - f ' , o J
r+he re  D ' ,  D  a re  rna . t r j . ces ,  A  j  RN ' -1 ,  RN i s  a  L ipsch i t z  f unc -

J .  , L ,  o  
) . p n )t i o n  a n d  Y  e  L  ( - t u , Q ; K l '

Sorne  resu l t s  conce rn ing  ex i s tence ,  nece3sa . r y  conC i t i ons ,

approxinration for nonlinear ccrntrol probler"ns apnear in .papers by

L i . o n s  [ 1 J , . .  s a s u e z  t r s ]  ,  [ t l ]  ,  M i c r n o t  t g ] .

l lovrever  our  methoCs are c loscr l  re la ted ' ' to  those e inn loyed

by Barlru [zl  ,  [ l  J.

.  The p lan of  the paper  is  as fo l . lorvs:  Sect ion.  2  conta ins

sorne pre l i -n inary resul ts  which are usefu l  in  the sequel  and are

in te res t i ne  bY  thense lves .

In Section 3 vre forniulate an abstract control problen

xrrnat incr  Drocess to  Cerrve thq necessar : t  condi t ion 'Sand dn approx i rnat ina Drocess to  Cerrve thq necessar) .

.  o f  op t i ra l i t y

Sect ion 4 specia l izes to  prcb ler , "s  go." 'erned by nonl inear

hyperhot ic .  systerns the resul ts  f ror r  sect ion 3 and sect ion 5 to

prol-. lerns gcverneC b}' nonl- i-near he'redlt 'ary s1'stens ;

'  The  fo l l o r . ; i ng  no ta t i on  1s  used .  l f  n  i s  a  Banach  snace ,
a

t h e n  L '  ( C ,  T ;  i !  )  ,  1  *  1 v L  e  i s  t h e  s D a c e  o f  p - i . n t e o r a -
,

b l e ,  E - v a l u e d  f u n c t i o n s ,  C ( 0 r T ; E )  j . s  t h e  P a n a e h  s p a c e  o f  c o n t i -

nuous , I i-rralued funct:-ons and'

V / " * (  0 , r , f ; ) "  {  y e  t t o , r ; i l ;  y t e  f  r c , r ; E ) } ,

i " s  the  ubua i  9obo lev  sDace.

r ,et  |  :  E -)  J^e ,  + * f  .  he 'a convex, lovrer serni-

cont inrrous funct ic,n" I \ re.  c1enct3 ; :y af  (x)  C E'  ( the dua, l

s F a c e )  t h e  s c t  o f  a l l  s u b g r a c l j e n t s ' o f  t  
' '  a t  X  :



3 -

Jf  tx t=  [x*e  E ' ;  f  ( )O< V y a  t J

.  ?f t ren f  is  Gdteaux t l i  f  ferent i_air le,  r f  en a f  f  X )

i s  s i n g l e  v a t u e c l ,  ) f  t x l  =  V f  6 t

cons icer  I r  another  Danach sna-ce  ancr .  k  :  E  XF * *b* ,+o" l

a  c losed,  p roner ,  sadd le  func t ion  (see l rocka fer . la r  [ rz ] ) .  The

subd- i f ferent j .a l  a l  ]< . is  def inecl  I :y:  
t

+.( i t *

+ i f -
I

)I

J ^ kg

f  t =  t - %  K ,  t , ! t ,  J {  k  ( e  , f  ) J

f  )  :  { t  u  E ' ;  K ru , { )<  Krc , f  t

f )  =  { { " *  F '  ;We,  f ) s  k (  e ,v )

( € ,

(e ;

vrhe:1e:

Jt F te,

g 2

V ,

) ,

\ ,

vu]

v uJ

ex
' t a

9 ^r

and i t  is  a  : lax ina l -  nonotone operator .

? r e  d e n o r e  b v  D ( ! \  ,  D ( k )  ,  D  ( a r )  , . D { J x )
respec t i ve l l z  t he  do r , . a ins  o f  .  

f  ,  ] (  ,  a f  ,  )K

For  a.  qenera l  hacf l .grounC of  convex anal r ,s is  we c j . te  the

$onoq' ranhs Rocka. fe l lar  [ tcJ ,  Precuna,nu.- ] - rarJ :u [a l  .  For  cenera l ized

gradi .ents  r ,^ /e  refer  to  naner  Cl .arke f6J anct  to  the reeent  sr l l :ve\ /

o f  P o c k a f e l l a r  t 1 U

Finallrr r, ,re denote hv
4, t.

w j ' l ' r o ) ,  H l ( l ' )  ,  u s u a l

H { ( r r l  ; H f ( n ) , w{,f(n),
.9oJ- ,o ler .z  snaces of  rea l  funct ion.s ;

2 . PRIILTI,,TTI.:i.I,RTES

.  I , ] e  e i ve  a  resu l t  conce rn inq .con t - i - nuo l :u  de r :endence 'o f  so -

lu t ion to  hyperhol lc  : rar ib t j -or" ra l  inecru.a. l . i t . ies of  the r - i -crht  nunber .

Fcr  c t l - ier  deta i -1-s  t ' . 'e  send,  to  the } : r :oks j rarhrr  I r l  ,  ] l rez: .s IsJ.

'Let V, II  he l l i lbert srlaces ,.^ri t-h V C t4 C V'.

t he  i "nc lus i cn  i : e i . nc  con t -L r ruo r . i s  n  cJense .



L,et A i

opera to r ,  . nos i t i ve

4 -

V -t. V'

Cef in i t . e :

vrhe: :e  ( r  r .  )  is  i :he dual j " tv  het r '^ ieen v 'V '

.proci.uct in l i)  and l l .  l t  ,  |  '  I  Cenote

F u n c t i o n  f  :  f J - - +  l - l , t + e f
'  continuous and- nror- 'er '

( 2  . 2 )  T h e r e  i  s  h e  I . l  :

- A

+  ( (  I , t A f '  { n +  s  + - ) !  s  f  ( t t )
|  " -

l -  j  neAr eont inuon-c ,  svmmetr ie

w  > 0

( respect ive lY the inner

the nOrn s j-n 1z r 
.  l i .

|  
' l ,

i s  con\ , rexr  lov 'er  serr ' -

l-re a

tr ' ie f lssurne the fol lorqinci invariance condj-t j-on:

r ,  -  I \ r  a r
V  i l E  U I Y '-  

t t ,  t  7 A -

TI{nOR.Et'r 2.I. r. 'nder th.e e]:gve h',rroi-hes e s ' , j { : r o € \ ' r

! e f t o , r ; v )
*  e f  ( v ' r t t t  =  { (

; ' t o t ,  v o

A U " ,
-  { 2 . 3 )

( 2 . ' 4  )

H  ,  V "  €  D ( f )  ,

I " o * )+4 t r f t ]
] r o r _ -  J "  ,

has 3: t r ' ! ' l i 'oue sol tr t i -nn
_..-#

I

x 'e  C @;;  H l  n  L*  (c ' '  , r  ;
o i '

Tlre Proof ca'n J:e

graphs

a  e  c ( o , T ;  v  )
o

V )  a n d  1 " e\.,

founcl - i-n one of

, PJ*lgr:

a , g .  J o r T L

'.'i qI
. t . .

r l o , T ; l l  ,  .

the above cj.ter- l  nono-

* )

' r ' T rFneT- r \ ' !  ? .2  -  l i o feove f  assu r ' l et t r I . \ / t \ . :
that \ rCIr connact.  The-p

z
ijl f- --+ f 1.r43lr.fr7 i.n if iO, f; V ) and n  I  i i r rno te

i - ' _ ; : d , u l d "n

gs]***:il:-:"t-i,a:' lijjl- ( 2' 3 ), (? - 4)

F t  < " *  ^ f  i n  L l O  T :  V ,

{ o t  
'  

{ . "  : : :  '  '  '

r e q n o n r ]  j n o F  f  r ^ r a  h a r z o- 
n f i-;'*-;.::i-':to

. r t
an.l ^!.
--: dm o

l &  t n  t .  l t r
I  t u  t . .  t 1  I

t t

s tron ol- ' .2 .

l . n



PROOF.
?--

Ide  have '

( 2 . 5 )

-  L e r .  [ - x , J J €
I r . I u l t i p l y  ( 2 . 5 )

, -
o v e r  L 0 , t , J :

f  (7 ' t  = {*J : +

e f  c  l l x H .
abv y '  ( r t )  -  x

Ott

t tff* til - nt'- *,1v"- x t'* Y n J*ft)tr'* I

A  h " a .a- .  &.  [0,  rJ

( 4 J . , * o ) -

dnd i.ntecrrate

{ f  ' l  bounc ' lec  in
Ld*  l

Lq rc,T; v )
( 2 . 2 )  g i v e s :

{t*l

. @

L  ( O , T, H ) and

j lgl-* I ltt:t'),a f qJr')\\ 7, ({l+tA ):t'1, , a! ( }:(iltt

vrhere A. denotes the Yosida approxina-t ion of Ar, ,  the real- j-za-c  
- - i -  

H

t i on  o f  .A  i n  I I .  '

F r o r n  1 Z . S )  ,  b y  m u l t i n l i c a t i o n  v r i t h  A ,  . I t  f t )c otr .)

u s i . n g  ( 2 . 6 )  a n d  a g a i n  ( 2 . 5 )  v / e  i n f e r :

(A t*d), At

I
i

t*h)-

- {7n6,),x) da '* 
Jr'rr, T*til-x)l'a< {l{., };xr)/a ,

f t  y ie lc is

bouedecl in

Hypotheses



. 
Ilo\"/ \de rem.ind

be  deduced  f rom (2 .  f )  :

6 "

s.cre pronert ies o f  o p e r a t o r  A ,  e a s i l Y  t o

V v  e  Y

r/*

F
t
l .

_  1 2 . 7 )

. ( 2 . 8 )

( 2 . 9 )

( 2 .  I 0  )

C t t v t l  ,
t

I  46  v  l -

( i ) l  7t  urk-
ll*

l l  ( I t t d ) - {  v t t

( A r v ,  A t )

( A t 7 * t t t ,

t t  Ary'  t t t

+

77

u ( r r t A \ - t p ) W t u t

I * rA fn  / " , ( i ) t l

vrhere f l  .1 ,*  .  j -s  the norm in  V/  and l lp . l l  is  the norn of  Lhe

I inear  cont i r iuot rs  onerator  A. .

'  
From the prececi .ng inecrual  j  t ies one can obta.  j  n

t  A, T, d) I  .  ? l l  ( I  + f  A i l  y i  f t l l l  un^forpl lz bounaed.
-  L  A ' i i '  

'  r '  \ 4  
O f u '

A standarC argurnent novr allor,vs to r"ake t + A and

to prove

t )  ' r  1 \ { r i l l unifornl-r i  boundeil.' ll o*:t  A r  ( l )  |
rt, tv

Mul t ip ly  (2 .5 )  i r : l  y i l ( t )  anc  in teqr ra te  over  [0 ,  T ]  t

- - ;T  * - : . * * -  - ; . : '  
,  rT  , .  L  ,  .2 .  ,T  ,  t ,

tr' ,I_,ilf,Lt - c U: tp' ra t,/l )' { iaf V\b) ,}" ft)) lt 4
-o utlv ,o

, '7

*16

Tl fol. l_orn:s:

I i '  tttt ' l l  74/*.

t r r - t  t T t l -  - p /
l d e t t  t l  f  t

scrnc dj . f f , : :

l r  t  C4;e f  C i t " "e

l .  a . . x i a i
J J V  r J . l !  L r , r ? ! {

rl 
'l. T n

I  t u t '  t 4 , r l o t  - g
- l -  l { M r 4 - t t  '  I
- 9

i t ^ e ^  f a  - ' l ^ i r ^ 4 - a c
L j c J - ( :  \ .  L , . i = r l ! r u e . a

-
. i -  t z  l n  r n . f , t \
. ,  r r  \ \ ,  t  J  t  

(  /  .

.  l ) a n - t t c 6  ? \  o \ 7  . J
s g u ( l q f , , r v  a

*  c (  f  t n " ( - t ) i ' J t )
:  

' * , J o  I t *

' t -  ^ . 1 r , c  l ' : r , t c  T +  i ; . j  c l , 4 q  J ' , r "  1
u  v v r 4 v e L r j ^ e +  

t " r n j

nn l i  t r cF  nomnAc i - - ,  t i r on  f i  ( / r , . )C - \ i
+ 4 i r . - ' . ' . ' . . . . t 1 ,



1 t. t

conpact and by (2.11) r , re obtain y-  - , ry in' n

a convenient suhsec{uence.

By extract i -ne fur ther suhseeuences

C  ( 0 , T ; \ I )  ,  e x t r a i t j . n q

necessa ry  i de  qe t :

C  ( 0 , T ; I l )  s t r o n g r l l z ,

&
T.  (0  ,  f  ;  V)  v rea l . . l l 1  s ta r  I
. , )

L '  ( 0 ,  T ;  I T )  v r e a k l L r

")
v :e  take  xeL"  (0 ,T ;H)  ,  such tha t

Iq ,  \  l , r r  r r  r+  I  - -  ( l )  and  i n tec r fa te  ove . fJ t  - t n a " I  r ' \ v t  . . , . .

i . f

x ( t ) €

[ ' o , rJ

Y n - + Y

v [  e v '
l t i lyn € : '

To pass

l - l / 9 \  a  a' .  \  |  ,

:

to  the l i r i t

l .4rr ' l  J-  i  n l  r r  (  ,
J  r -  '

l n

l-n

l n

Tft }
9rlrL

r T  t  t t  l r  t . t  
< ( T t f+ I  f  (T ( i l ta{-E- |  f  (K(t ) )s i

J u l ' { m \ * " '  J o  l ' " -  . / " ' l *
( I ) , - xtt)) /t "

f't;*,t),'l '(t)-x(tfi lt "J'rn#^ft) , ,J.'.{*) - xdil lt +-

trnte can nake n -+ @ heca,use fI +r.
Jr1 |

c o n t i n u o r r s  f u n c t i o n a . l  o n  1 , 2  ( 0 r T ; l l ) .

Because  x  ( t )  i . s  an l l  e le ren t  i n  O  ( f  )

s o l u t i o n  o f  ( 2 . 3 )  ,  ( 2 . 4 )  a n d  t h e  e o n v e r c r e n c e

in i t i a l  sec luence .

lgl{.ry. The sam,e result- gan

assumpt ions,  for  i -nstance v:hen 4 :
f '

semj.cont inuous ,  l ropcr  funct . j  on.

)  i s  a  l o r v e r  s e n i -

i t  . . r i e l d s  v  t o  h . e  t h e- :  " r

t akes  n lace  on  the

he der i - r , *od under  vreaker

V  +  7 *  o r+  u f  convex ,  l ov re r

3. Al l  .TESTIIACT AItpRiXTl ' lTTl- : i . l P F C C F S S

Cons i  c lc r  the  fo l . lo i . i i  nc r  con t ro l  n rob len :



( ,3 . ,1 )

with s tate equat ion:

'  Her€ ' * r€  denote ! i ,  Z ,  X,  Y l l i lber t  Spaces i ' r i th  V 'Z c losed

s d } : s p a c e l ^ i i t h t 1 r e t o p q 1 o g 7 g i r z e n } : i r t 1 * t r a c e

( 3 . 4 1  S z Z  - +  X  l l n e a r  c o n t j . n u o u s  o p e r a t o r ,  
I

. ( 3 . 5 )  F : r . +  - t  Z  l i n e a r  c o n t i n u o u s  o F e r a t o r  |  

"(3 . .6 )  l t zZ4Z  rnax i : ' na l  nono to t : c  o f l e ra to r

t rqe  ass l r . r . , e  t ha t  Y )P( I r )  ( t he  ranqe  o f  F )  ,  i  i s ' a ' f j ' xed

nupfrer  ( the j .n terest ing case is  ' . ' :hen /  :s  negat ive)  anc)  yo€D(t l )  '

(3 . .7)  Funct j -cn f , :Xxtn -+ J  -e ,+ ef ,  j  s  conl7ex.  lo t ' 'e r  sern icont inuous

p roner ,  t ' i t h  f i n i t e  l l a .n i l t on ian .

I
Let  l1c:  7 ,4 Z,  t  )  0  ,  ] re  a farnt l . l r  o f  . rnax i ra l  n" 'onotone

opera to rs .  . r . I e  deno te  l , . i r  0 t ,  12  (o rT ;Y )  - - ,  T '2  ( c ,T ' , 7 )  t he  co : : res -

oonclence f. *1 y girzcn bY:

y  '  ( t ) ' t - l n  t y  ( i l  + i l ' ,  1 1 1 = f  ( t )  a .  e .  [ o  , r ]  .

y  (o  )  = l 'o

anr l  e  l 'hen i .nst .ead of  l i r€  i=  t , .

I - - -  A  O  a : : e  r ' ' e l - l  c l e f i n e C  a c c o r c l i ' n g  t oF-nnl - icat . i  c 'ns VE ,  v  a l :e  \ ' 'e l -J  c ter - f  nec accorc

Theore rn .  2 . !  ,  p .124  ,  P ,n - rbu  f i ]  .

! ' ie  nor , ;  l j .s t  the r^a in t rypotheses c , f  th js  sect j .on:

( a )  0 t o  F : f t o , ' r  W ) - +  C ( o , T ; Z l  i s

cclrr l- ' l  et cly con l:nuc,un , un: fornl. 'r  : :-n t" "

r T
n".i-n ), 

t. (.sy (t) , u (t) ) dt 
. 
'



I q ( { ) 6 * 0 ( { l d t l u , {  c J t t t  ,  V t €  f . o , r J ,

'  r , . , h e r e  d ( U  -  0  r i h e r t  t + O  ,  f o r  e v e r . . r  f .  i n  t , 2 ( O , T i R ( T . ) ) .

Consi-d,er the fol- lo'r, ' ing alfr:o>rrrrati"ncr control nrob' len:

. ' .

(3. B) nin tilr'(.5JH, u&))rlt o !- Jo',, 
ttd)- a*ttt ni rtt J

.  r . r i - th  condi . t ions:

9 *

) )
I b )  s o e L : r , "  ( 0 , T , ' Y )  +  T , "  ( 0 ' T ; x )  i . s

Gdtea-ux Ci- f ferent iable for  every t  )  0
' A

(c, vt appro>r-irr.ates 0 uniforn.l-12:

t
r^ ihere 

"  
=t 'd( t j  is  an YosiCa requi  arLzat j .on c ' f  eonvex funct . ion - r ,

(see Farl- 'u*Prectlr 'antl  Lql l  arr. l  , .-t f , ,  -,", f ,  are the onti-rra.I control

and the ont i r .a l  s t .a te i  n  probler  (3 .  1)  *  (3 .  -?)  ,  r " ,h ich a: :e  sunnoser l .
\

t o  e x i . s t .

I g l \ l l  3 . : l  .  D D O F L F I I  ( 3 . 8 ) *  ( 3 . 1 0 )  h a s  s o l u t i o n

L  =  % ( F u t ) "
Q L

igq
Fr :nc t j ona l -  (3 "8 )  i s  eoe re i ve  i n  I *  l : eeause  . " ' =  p r l f u )  admj - t s

a croocl  evalua"L i .on i .n  s tat .e  eouat io : ' l  (3 .9) .  lTe r ravr l  a .ssurcd- the

t
\n ,€dk J .o l . ier  seni ,cont i i iu i t l ,  J :ecause I - , ' .  i .s  L i .psch- i - tz i .ar r  ancJ L o At

i s  co rp le te l y  con t - i nuous  by  (a ) .

t f t r , r L L T e  f  r c , T i z )  x L ' ( 0 , ' T )  e i l )



L 0

t

i. , r,Elll,iA 3.2. .q-qr-eJgg L>0 !11brg-1:. ff"" 
(o,r;Y) .:ls:Ljh3!t

. l . : , . i .

-)r E
( 3 . r r )  

f t :  
- [ v [ 5 " 0 t ) ( F u ) ] l J l  L ( s J ,  , . , u t )

( 3 . r 2 )  
' E r  

-  a  t t t . 5 ' Y  , L L ,  l  t * c -  , t l t ,  ,\ J ' r a '  ' P ,  =  o z L \ " t f t ) ' - - t l  ' - t '

.DROOF

PRCOF

L(  i s  F r6chc t  d j :F f ,e ren t j ah . l e ,  S  c0c  j . s  GAteaux  c r . j - f f e ren -
z

I
t i ab le . 'F ro r  t he  r " i n i r "um con ' l i t j ' on  " ' : c  

ae t : '

1

for ever:Y ver,' ( 0 , i: ; t';; .

Hia*L..3. i:':el' t -2 0 ts-hayg:

.-L

(2 ,  t? )  \ '  4  - r -  - ' r - l  C(0rT i .Z )  : : :9 j1 . ( .TJJ ,\ J . r J I  - ' .  a

c
' ( 3 . 1 - 4 )  

u .
L

t

t

,  AL),  Vfs" %){F,ur) F" )X l r  f  :

.  #  t l' t { | f  
n - - i i n  v ) . . -  d t '  : Q' " - t t ' " . t  t " W

J"'(r,,t '(sI,
. T  . d -

rJ" (re L\slt

From the ninirrunr. condit icrn t7e have:

r T . t . ^  n - ' 2 '

J , [  ( . )  J , , t t ) f t  
* t  I " ' n rLL -u " tQc l t  

I '

, T  . L  $ .  . . * ,  t  l -
s  I  L ( . f , e t  l F n ^ ) , f t  J e o

J a

l lu t :

( 3 .  1 s )



f rom the def in i t j .on of  the Yosida re igu lar i ia t ion

T t  y i . e l d s :
)

r  .  r  r T  t - -  r T  f  2 ,  t . t r
l ' )r i . r 6 )  r i - n  s u p  {  f  

' L ' ( 5 1 .  
, . ( / l / t  +  |  !  t i  a  - u , t t ,  / t l 1

t - + o ' L J o  t . d t ' e t  2 J o "  ? W  J
, :

r  r  I  oL(F , .c t r ) ( l )  -  o  (  r rc r1 ( l ) t *
T L '  . r

,  J " '  L (s  J * ,o " ) l t

1.1

f r om hypo thes i s  ( c ) .

Fron the coerc i r r i ty  o f  the cost  funct iona. ls ,  un i forml 'y

j . n  t  ,  i i  r esu l t s  { . r t f  t o  L ,e  l r qunded  in  r , ?  (O ,? ; t r ; ) .  The re fo -

re  ex t rac t i ng  a  conven j -en t  . subsecuencer  
.h rd -ge t  

u t  *  ro  weak ly .

Ue have the inecruali t lr :

I%(  For ) -  g  (F ,uo l l c (o , r ;z )  \<

+  d t u  o

f r o m  h v n o t h e s e s  ( a )  a n d  ( c )  .

S o  y -  *  V = f J ( F r r  t  s t r o n a l j r  j n  C ( 0 ,  T ; Z ),  
t  .  

. /  - t  -  t ,  * o  t  * . - *  - . - - - , - ,  v  I

Let L -+ O in (3.15) .  one ot : ta j .ns uo=u* ana f=v'*v

|  %( F ar)- ur(F+)f1qr,,r l

+ I 0t (FruJ - 0 (fa,)trq 
r;z)-. Iet(Fo) -gr ffu)l*o,r;z)n



b]t l 1  1 , i \
\ . r .  r v  /  .

TT l l r i r , t7n  a  A
J J i  :  l  i l : t

L 2

The  GFtea r , r x  d i f f e ren t i a l ,  s t rnn l i  es :
_!.ry

I t V f 5 " e ,

€g:*Sjg5y a), v eL2

) ( t , ' )  u  J  l t ) l -  s
/\

( 0 ,  T ;  Y )  .

,t
C I l v r ; r l '  d r t  )JO .I

PF.OOF

v ( 5 o 0 s ) ( w ) v - * # ,
vrhere:

sP^- s Y r , 2  ( o , T ; ) { ) ,

y.  - : '  an<1 in tegrate:
A

st rongl lz  in

a . e .  [ o r r ]

d . € "  [ o , t J

arrd. '  ) r^  (0)  =y (0 )  =yo.

v ;e subtract .  the €crns l i  6ns ,  n iu l t in ly  L 'y

' +

t 1 , , ( t ) - * z r t ) | 2  +  U  / i ; - ( s ) - y i = l | 2  c s  4
E ' ' l ' " r i " '  

' J d - ^

t  A  J  
( v ( s ) ,  Y 1  ( s ) - Y ( s ) ) o  d s '

n g " A

I

rheir  lv ,  ( t ) -v ( t )  l , ,  4 C AJ^- lv(s) ly  cs- A  
.  L  . " 0  I

and  beca .use  s  i s  l i nea r  con t i nuous  the  n roo f  : . s  f i n i . dhed '

4l'.!:ffi. Sim.ilarlrz tr^I€ have the relation:

(3.17) l t  y(.5 o0€) f  , r ,) trv Jrt l i ,  e clr tv(A.t lX/n ,

.,., 1' J  
I

{ : n r  r : t r n r ^ r t  ' FA  h
r - v -  u l + ; j  v - - L r  i

, u 6 T . , l  ( 0 r ' l t . . v t  .  t r f T , ' 1  f  0 - T : Y l  ,



r ,FMi. lA _?. 5.

€ -*  o:

1 3  " -

T h e r e  . i - S  F € L * ( O r T ; y ) ,  g e T , ? '  ( 0 r r ; t )  s u c h  t h a t ,. r t -
for

( 3 . 1 8 )

( . 3 1 1 9 )

( 3 . 2 0 )

P --\ +t v,eal<I.,,#j n
f c

I
J.r f 61*yr)^ fl
LX tu ,F r f  t t t l  €  JL

PIiCOF

l?o
T . -  / n  r y r . v \

\ ' l  L l z  I  t

vreqkh l  in  r ,1  (o  rT ;X)  ,

( s {@,  /L *UD a .e .  [0 , * ] .

Fron  the  f i n i . t e  Har r i l t on ian  hyno thes i s r  r . c7o  j n fe r :

( * ) l l  ) r C  , e . e . t , o , , r f  ,W '

(  3 .  I  7  )  we  * r r  j . t " :

f ln ,  Jr t  aof (  s y, f l  t  or(  t ) )  lx l  t

( e4 f ( t n, urt, S Jr- S J"- f,v| *(;o f fr;r,, ur\,ut*r,>*u

$l;^f r sQrft),ttt&)lx< (lrl7r, t ltt*t tatu)-,tfrt)i l*"

' . (c* i l , { t t

But ,  form

| "1rrt*) l,

anci the Gronvral i  iernna c,t ives:



"  .14

l # l t ) | . .  ' - < '  c  , a - ' e . L o , t l
, . r  . , l t -  y

and. next;

g

l o,, Lt ( s V rt il, urt l )) l* < c U, lt l'Let il -'ft n it)' ( 1 a ll'LL*( t ) tt)'

The'  Dunford-Fet t is  cr i ter ion shor ' rs  3

I
J, f (Str, .&t) * 

L 
'rnkl:r i'i r'l (o , r; x') '

hle also have i

f i- ---s fi rvea-kl1r# i.n r,@1p , T; Y)
.  t t  I

.,
F . e l a t i c r - r  ( 3 . 2 0 )  a n d  q E L "  ( 0  r T ; x )  e a n  b e  C e r j ' r e d  ] : i '

standard a-rguir :ents because y 
t  ,  u€ eonvel ioe strongrly hr7 Lentrna

3 . 3 "

4. H-Y3JiRIi0LTS cgTr.FqL-P39.llI}15, 
L

I
In this section r.. 'e trea"t control Frohler"s Ytire' t l tpe:

l T
( 4 , 1 )  r n i n  1 t ( V ' u ) C tJo

v; i th  s tate equat i .on:

( 4 . 2 )  y "  ( r ) + l y  ( t ) + e f ( y '  ( t )  ) ) F u ( t )  a . e .  [ 0 , * l

.  ( 4 . 3 )  y ( 0 ) = t f . r r  Y ' ( 0 ) = V o

i,Je shall  consjider t ire frane arr<l the hynotireses of sec-

i ion 2 anci alnf:-1-.y thtr ai-:s' tr:act sche)I l 'e derrclonetl i . tr  seci:: i() l i  3.

t



1 5 -

The state eouat ion be nut in the form:ban

( 4 . 4 )

( 4 . s )

#m *4
af

f r .
L 

've

+[0
LA lffl ' I auoatl

l
I

,
I

d

a.  e .  [ "0  ,  rJ

I t t o t  l  -
L  v ( r ) . J

- S : V x

- '' = I;

I t r e  t ake  the  spaces :

l " i = { o } x  I I '  U  a  H i l h e r t  s n a c e  o f  c o n t r o l s ,
-  Z= V x I ] ,  .  r+here V has the inner  nroc luct  induced hy Ar  so
j.t  - is identif ieci \ , , i th the dr.ral ,

X = I i ,  y - { 0 }  x  l l

Thc corresponcl  j -nq onerators are:

,  iv i th  D: i l  - r . \ , i  . l j .near  
rcont in i rous 

i

r { ->*  bv r  f } t-  L v  I  
=  y  i s  l j  n e a r  c o n i i n u o u s ,

- 4  I
a f  I

, <

I-  14- : \ rx I I  - f  VxI I  is  o i - . ta inec1 renlac i .nc,  i_n ! ; ,  € f  bv (of )€.

f n  t h j _ s  e a s e ,  v i h e n  l r o € D  ( f ) , . e r y u a t i o n  ( 4 . q ) ,  ( 4 . 5 )
and the aporox inate equat ion too, .  have st ronc,  un ique so l r , . r t j -on. : -
acco rd ing  to  Theoren l  2 . I .

fn  r :aper  na. rhu [2J a set  o f  a ] :s t ract  r r 'notheses is
imposecl . .on fan i l -y  

{ f 'J  ro  ensure the ces i red pr :oner t ies.

To rnake errery th inq less cor-p ' icated,  in  the sec iuel
r^re -shal l  deta i r  as an exarnple t l :e  for l0rv incr  contro l  nroblern:

'lt

wi.th stat,e eouat. i_crn:

( 4  . 6 ) M i n Jri t( tr(t), ,LL(t))

r a \ , \
-  I  e t l  I t
1 1  f  , ' l  - J f i
l -  \ ; ) t /  "

( 4 . 7 ) ^ 2 uc *
F

* a v +
iJ

t  l l
,{.L (t / '4L. e. G )



( 4 . 8 )

( 4 . g )

( 4 . 1 0 )

. /4,

r^rhere J t i-s
' r !

a n d  Q = 1 0 ; T l x

( 4 . 1 1 )

lr{,rr4) o{ x

As it. ib vlellkrtorr'rl

A p p l i c a t i o n  f t  
i s  o

- Q _ ,

[o , rJx  l t  ,  .

.e.- e.

,a,' e'

? . € .

a bounded. don,aj-n in RN vrith snooth 1:oundarv f

o .

f ry)'
+ p

E . € .0ftv)  (x)  € 
f  

(v tx)  )

bta i "ned b1z:

o f j

4 t r n ) =  { * * o  ( / L - t a ) p @ ) c l , _  =
d  J - *  4 "  

-  ' r

= E-4 [**' ,  (o) ? ( t-a ( l t- l i l  ols '
.  J _ h Q g  J

Flere j€  denotes the Yosi r la  recTular izat ion

i s  a  ' no l i i f 1e r  i . e .  i t  j ' s  a  C  " :  f unc t1cn  
" ' r - i - t h

? ( o J r l o o ' l  ,  f ( 6 ) v a  ,  f r c ) : i ? o )
= e  f o r  i ? i >  7

anc f
fu*''-oo

f  i s )

Tn. our notations vre ha-.ve 1;=1'2 (J\ , v=u| (fb ; u .is a

Hi l i rer t  
'soace 

of  contro ls  '  )
' 1 .

operator a:r i f  t fb *+; : -1 ( f$ is the Laolacj-an v; i th
'  

t '

i . i t iorrs lnd P 
j s ' a n"axin'al ronotone clraph ip 

.RxR'

I t  v ie lCs p =Ji  ' , ' : i th j :n "-rJ-  u:r+tJ a '  con\tex '  Iot ' rer  ser j"con-
I

t inuous r I-\ l lot€r .f :rnction

r h e n  I , r ' ( b - ?  . l - u ,  + e J i s  q : -ven by:

(

,X€ frn ),i,ti)e (-tn)

otherrvj-se.

( 4 . 1 2 )

a n d



1 6 f  -

v,'here Rt t
fo l lowinq

( 4 . r 3 )

( 4 . 1 4 )

( 4 .  1 s  )

( 4  . 1 6  )

( 4 . L 7 )

( 4 . 1 8 )

,
,  f 3 -=

I

€
and thc

Sim i la r i y  v re  deno te :

' c  
. t b

F ' ( h l =  t  R  ( h - t e ) P u a ) d s
I  J * p t t  J

is the yosi<la anproxir.nate of, t l

i nec rua l i t y  i s  t rue :  
I

J r

I f t (

The

a*&
&L

x)lT
o.p

:  t ? ) l  - <

prox inat i .ng

,- A,l n Pt (

T . \ - ,

eoua t i on  i - s :

t
,  :  B u ( t )

/ '

l  P'(
} ' .

q l : #  a

a T
fr

t ' lsinc the sane argurnent as. \ \
2 . 2  o n e  c a n  s e e  t h a t  t h e  e s t i n r a t e s  i n .

t  r  so (a)  can t ,u  c leCuced;

For  ( l : )  r , :e  put :

in  the nroof  o f  Theorem

(4 .L5 ) '  a re  i . n , - l cnenc len t  o f

a . e .  A

,e. e. Q

' n 2  n

# * ^ t + l j

# - Art+ P'(*) ,r*)#

'(#) = f

i n te res ted  i . n

r e a l i t r r ,  t h e n

e c r .  ( 4 . 4 ) ,  ( 4 . 5 )

prol : l -em can lrer

,ca. e. A

We star t  to  ver i f lz  h l ,ps lheses (a)  ,  (1 . )  ,  (c)  f rorn
s e c t i o n  3 .

I tot = Ju(')= I,  ,  !{to) = 
#[o)" vo .a.e. n ,

t
v rhe re  f  , c€L .  (g )  .

Ine rerark that r,:e are

I : L r - t r  h e e a u s e  f  , o 6 L 2  ( o , T ;  
i o j x n )  i n

nu.t i n che ahorze fcr.rrn.





L 7

( 4 . 1 9 )

I'le have

V  ( 5 ,Qt{)x
t t H

= ltw ry j_n
)+o ^ i2 tnt

a f i  a *
a* )t

[ o , t ]  3

j.

t tt|^H - I,u )tiu, ;n ) _<
'  

" O ( ' r L t

s. t rongly .  Suhtract  (4  .  I6  )  and (4 .  17)  ,  rnu l t ip l ] , '  h) ,

in  the j .nner  product  o f  t2  ( lD and in teqrate.  over

( 4 . 2 A )

t t
J 1  - : { ,

A

i -nst .ead cf

,U$01\1W](

u)- ?{ t*tl:, +ar ' [*(o)
t  |  )&t
T  I ; T

d 7-' ' 
3.t

q { -  r n n  a ]  r r

aj -n  C (0 rT;  L '  d i )  )  and

uni forrnly

ex t rac t i nq  a  conven ien t

r  J h  a F l

I t t , * i ' l l f l
t l

il

V t Y
t ^ *  {
T L i n  c  (0 ,T . ; r2  C0)  )  fo r  )  - -+  o .

Vrre vrri te:
. t l

A

f;(/) - X"ft) H-&&) ,-T- f

" J'^tti_ X/ril _ 
"I(l)

a .  e .  l .

We have or j- tJ:e<i Lhe variab- ie j , t r
< ) , -

E T  J 5 -, __:_ab* et.

'\ i/

Then "di-a*.
in c (0,r ;  r , l  fU I

lioreover.:

bound,eJ on [O,r ]  v, i th respect of  , , \

Because rl rnni,z tO connaet,
subseguenee \^ie ha.ve, 

\

tt'(ilrili- n'({trn
Ii rtt - J:'( t)

and i :sGC, vt '  ,  
- ,v- ,



We have

t 8

a t '  n l l
{ A - d
€

A
bounde<l in

a.
L

as  -A

ptuil -
3^- I
T te')

has the sare ProPertY and

! b . L

i s  l :ounced in  L - (0  ,T i I ' z  ( IL ) )  hecause 
f  

i s

Lipschi . tz af  constant al f  .

Using vlea-l< convergences , s9 get:

( 4 . ? L )

h @ , x 1  =  1 7 1  i o , x ) : o

+ V pt ftSoo)(fl'l tl'(il= l&)

'1ttil- fi ft(( t'oEX f )')

v ^ t t r \ o f r  r i t ' i / i E  | * ( o  l - , t a f O ) iA S  V [ i \ 1 ' ' " " t l \ T t i -  L - : ' ) ' )  F r € - "

a f  r . , i nsch i t z ,  one  can  i n fe r  t ha t  p ro i - ' i e t r  (4  ' 25 )  '  i t '
l . t,

lr" &) - A.ntt)

, & . e .( 4 . 2 2 )

.  Prob' l  en

appl icat j .on g* t r  j -s

l;o1.'r. V'o

tor  | /1s o0* , ) .  t r {e  use

and  f ron  ( r ro1  
"  

-  =
T , '  (  o l

,rj" (t) - A
I

, P ( f ) =  0
I

( 4 . 2 3 )

( 4 . 2 4 )

( 4 . 2 L )  ,  U . 2 2 ) '  h a s  a  u n i o u e  
' s o l u t i o n  

a n d

l - j -nea-r ,  cont inucus,  hence (b)  is  t rue

c a l c u l a t e r .  f o r  ( 3 - 1 t r ) ,  t h e  a - c l i o i n t  o f  o n e r a -

tr:e norarion t Vfi . or)(tlln(L) , 
f

(9 r l )  )  ,  l n teg ra t i nc r  b i r  n6 r1u ,  i t  y i e ld ' s :
'  I , '  (Q )

f Ul)'= L&)

' F '  ( T )  t  o ,
I

f i na l  cond i t i . ons  i n  i n i t i a l  ones  a 'nd

funct j -on nt=1,  v ih ich ver i . f j .es:

change the

introduce the neru unlinot'^'n

t 4 . 2 s )

( 4 . 2 6 )

/,o/' (t) - a rrn {il +V 1lt {$ , Liff )'ff-t) ' twt t/) =
r t= I *L f f - s ) l a  a - . € '  a

firL rorl) : ,Vr' 10, X) = A ' '<.' €: J} '

'  fron

. 2 6 i  h a s  u n j .



que so l -u t ion  n€C (0  rT ; I I '  (O )  ,

r h a t  i s  ( 4 . 2 3 ) ;  ( 4 . 2 4 )  h a s  a

L i o n s  [ e ]  I  j n  C i s t r i b u t i c n s .

tr7e cont. inue by rzer_if lr j .ng

a n c l  v u = ( S s  0 t )  ( f ) ,  y ) =  f S o 0 t )  ( f ) ,  s o :

( 4 . 2 7 )

( 4 . 2 8 )

( 4 . 2 s )

t
rna€C (0,1 ;  12 (n) )  and rnaaet,e{0,T ;  H- l  (n)

unique ul t ' ra-vreal :  solnt ion (se.e

( c )  .  L e t

: z i  ( t  ) - l t v r t t t+p€(v  , t  ( i l  )= f  ( r )  a .e .  e ,

v j  t t ) -A : ' , ,  ( t )+  /3 r (y i ( t )  )= r  ( r )  a .e .  e ,
Yt (0 )  =t /A (0 )  =1,o ,  y;(O )  =yi  (0 )  =vo.

f  l :e  in  r?  (c , r ;  R(B))

x ) - E e ) -

The fo l lovr inc inecual i t l ,  v r i l . l_  be used:

( 4 . 3 0 )

As  in  the  p roo f  o f  Theore r :  2 .2
I  

- ' -

. b 'Q ' " )  i s  i : oundec l  j n  r . , 2  ( f  )  when  €  "+0 .t a
F i n a l l y  f r o n  ( 4 . 2 7  )  -  ( 4 . 3 0 )  a n d

a.nd mul t i  n ly ine r ,y  v i  ( t )  -y ;  ( r )  in  L2 l0  anc l
r ^  ' r
l u r t J  r  w €  g e t :

Anq'!t,r )-Jd ))yroile ,tDl'i 4tgrrt,x)- €0) -

U.'^ t*  / - )  eDsfte)d(e.

( p'{E'tt, xD - p^{&;H,x}})"Ui(i,il - };ft,x)J zr

, J)i t rry;ft,x)- € a ) - p^( J; ( t, x ) - ̂ 00'k fr ry{ 4

+ *lllrtu- I^rctrt,,u-r.) €

- f ^

t tx:

\^.r€ renarl,, that

\
( 4 . I 4 )  ,  s u . b t r a c t i n s

intecTrat inq over

( 4 . 3 1 )

o i ' n  u '

, &u)- i lwlt ,nt

$  ( t *  l ) C .

Tl'ren ye 4 y

c (0 ,T, r,2 t/,b )

in .C ( 0", T.; l l j  (f l) ) sLronqtrr and

stroncr iv,  v; i re: :e easj . iv  i t  can he1 R



2 o

obta j .ned y= (  5o0) ( f  )

I \ ' lakinct  A+ 0 we have the

(c) r.rirtr Jte I = ll?

desi r :ed evaluat i  on f  rc l rn

sha l l  cons i . c l e r

the YosiCa regtu lar i -

opt ina l  i ty  condi t icns

u-  the ont i r . "a l  s ta te
L

p:ol:1e.n

The aporo>: i rcate cost  funct lonal

i s

' t
f

( 4 .  32 . )  |  L
I

"o

Ar
I

r.rhere .t* is the onti.rra-l control and L 
- 

i-s

fi

za{- - j -on 
" t  

t .  J  (E)

tIe can write the anpro>:i l"at incr

f c r r  l r r t r l : l e r n  U . 3 2 ) ,  ( 4 . 1 - 5 )  '  v l e  d ' e n o t e  \ l  g '

anct the opbiral control in the anpro>: j  n' 'ate

li"

u 
{7 tn) , tt(t)) rt t . t J,'tt anrt.) -/'t (l ) il; d !

a f t;rrtt

T h e n , . a e c o r C i n g  t o  s e c t i o n  3 '  t h e : : e  i s

a -

Q  € c ( c , T ; L ' ( f l ) . )  s u c h  t i r a t :
t t

( 4 .  3 3 )

( 4 .  3 4  )

( 4 . 3 5 )

( 4 . 3 6 )

I ' ; -A tuup ' (n ) ;  B* ,  . ,- ft" + a ft + tV luu Vo' ).fu)' = I-e
3t (0 ,x1  =  ]u  {x )  ,  ? t (a ,x ) ,v , (x )

f t f f , x ) = o ,  f !  0 , ^ ) = o

J ,  I r = o ,  f t l t ' z o  )

L2 rt  * l  ,  Srfu * ur( t)  - t t* f t  i l  €

& . € .

. a .  € .

, / * .  e,

& . e .

. \ r  t

a ,
n. a L  

,

nj I -

, !+f t ) ) .

x,
T,,
,dL.,

?

"hi2
?,:t

Frorn sect ion 3,  r ' ;e  know:

- ,  j r  j .n c (o ,  r ;  rr |  t j?l  )  stronsly ,
d

u t  i -  c ( o r t ; 1 2 ( f ) J )  s t r o n c r l - Y ,**t 
l, 

1n

- 
"r14r irr t2 ( o r t  :  u) stronglv ,

d-:r 
f 

i.n L (0 , T; L2 (ib ) r,'42J4.lrr r 
,

*-.s dl in t, l  (0 rt;r-,2 { iD ) vreat<l.f  anrl
/-
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lyut ,B*7t i lJe ;  LQnra ,  a*( l ))  a.e. [o,r ] .

t r " i e  r , , r r  j  t e  (4  .34 )  
'  
i n  t he  fo rn  (4  ,25 )  :

ll | -, ,n 'r t l ,x)- A *r(t ,xXV FtQ:(T-t,^ i l :* [( t ,  x) "
r t=  -  

I  Z . (FA  t x )  d , t  e . e .  A

( 4 . 4 0 )  l V f t , I r ' l l * C ( l y t t , X , t * t " * 4 ) , V J n R ,

'  or i th  C a posi t ive eonstant ,  j -nd.epencLent  of  t  .

l 4 u l t i p l y  ( 4 . 3 8 )  * , O . ' f  j n  r . 2 C f b  a n d  i n t e o r a t e

over {0,.J . Frorn V 1lt , ,  o o,J gut:

*tnt!ut$,n,* *rt*,(i:,ntr -I*ru/,r . .,a! d ),

thar  is  
I^ ; t  bouncted in  , , f (o , r ; r2  (O)  )  an, i  { r . rJ  r ,or rnde, l  in

T,*(o,r; ul rol I .

I  o t  (  O : ; "  

( 4 . 3 3 )  a s  i n  t h e ' "  n r o o f  o f  T h e o r e r r  2 . Z  r o o  
" * .

Lhat  
l l ,  |  < iS t  i  is  bouncts, . i  i i i  , ,2  ( - j  .

L1s consider  for  t  >O an, i  n  a f j>rect  n4. tu : :a .1

( 4  . 3 ' t  )

( 4 . 3 8 )

To pass to the 1i-nnit '- i . ln. the above ecuation r.re $un-
pose / i  to  be 1ocal l .v  L i .nschi tz  and to  ver i . f .z :/

. :

(4.3s) Aup { t* t l  )  L, ' } l t ryU1CQprtrn+J\4) ,  l t r€R ,

r ' :here ?/3 aenotes t\e oenera' l  ized crarl. ie.nt of 
f  in the sense

o f  C l a r k e .

F r o n  ( 4 , 3 9 )  i t  e a s - v  t o  o l : t a i n :
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number,  the set

9 t

" i  
=  [ { * , t ) eQ ;  I  v i  l r , " ) l ( " J

i nc lenenc len t  o f  t  as  
P  

is  3 -oca l l y  L insch i tz .

Denote  l l  a ' r i ' l eAsura l - ,1e  subset  o f  o .  Fo l lov i ing  la r l :u

f 2 ]  v : e  v ' r j t e ,  t . , 1 '  ( 4 . 4 0 ) :

I  f  - n l  n n t l  
'  r

I J, *i v F' (Jrl,it |-. irnr;t*:t tvp'ry!t/r,/t r

n Ju,n:1'n'/i 'tvP'rxi)lir/tt c* lonir Jxd/ *
c  ' c ? u

a

+ c .+ ,  [ - , r l l t tW ' r l t . i rL l c t r i t  
+  c  t ''  C 'Ern

. 9
Then  fo r  ( x r t )€E f  r ' t e  have

E .  /  ,  rr r T n ' t r y ' I *  * t l l  Z .  ( '
( 4 . 4 1 )  l V f  l t e t L , ^ t t t  =  - r L

'  
t  1 :  J i= r i tX ; l ' l * ! l  o l , / t .

Tak ing  in to  account  tha t  l " l  I  t ' ounded j -n
L  L J

r,e(o,*f 
" ' 

c0l I and fpt f g!) | r- 'or' ic..d in r,2 (q) 1r'€ obtaj".n:

I J, +n'/u v1trtri)lx,/tl" c'f re 7'\ co r
I

|  (  t r y t  t t ) U+ C  - h  +  c  I J , . , , t J r t  /E ' E o ' '

vrhere C d.enotes several  constant.  I ieca.use IO' ,  I  i 's  I 'ouni led j -n

f , " (O)  u i r -h  s ,^ r i1  s !?  a : l c :c ' ! , in r :  to  t .he  So l , ,o ] .ev  : : r l r :CC- in r '  ' t l l eCre i l 'S ;
i ' i  

-  

- -

so . t l i e  l as t  t e rm n f  t i r e  su rn  i . s  eou - t con t i nuous  too .
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Then, b1r the Dr-rnford-tret t is  cr i ter ion,  \^ /e cret :

vlut(l'J v";: r.ieakl-r,- in t,1 (o) .

Ext rac t inq  a  conven ien t  sur 'seoneoco t r€  der ive :  .
,:

M t  -  t w  i n  c  ( o . T ; t 2  ( n )  )  s t r o n q l y r

"rr t  + wLl  in l t (o ,TiT,? (11^-)  )  r^rCIa!<ly*, .

.  
t?tL "-*  on' '  i .n c (0,r ; r r - r  (Sl)  ) .  strongi t l , ,

V /tt ryJ).tu|- -f- j.n r, l (o) r,reakl.y,
' 
n'i - wt' in r,l (0 , T; r,l-1 dD ) v,eal-.-tr1r,r

Summar is - i .nc f  to  th j -s  po in t r  v rb  have:

Tlr!qp.E.l1 g:1: J,et [ :r*,  onJe r,2 ,2 (c ,r ; i ,?. { ! I)}  x.,
x  r " " ( 0 r T ; u ) J : ' c - a n  o n i i - r h l  n a i - r  f o r  n r o i : r e r  ( a - 6 \ - - r t  1 r

I  - : ' - ,  - - * - - - - _ - - l -  l " . o . r i " - . ( z r , . t ' J )  .  i n e n

thele cxi.-sr*Jgnli""S. nel,@(0,r; ri l (O )nl,l ,- (o nT;T"z (o) ) , 
':---* 

.
2 1

qe l , -  (o )  and  heL '  (C )  r . rh i ch  sa t i s  f v
: . % - h

r n " " l r n + h = I ' f ,

2 r : n, ,

1 6 r 1' '  . ,
'  y *  ( o  ,  x )  = y o  ( x )  ,  l r * '  ( 0 ,  x )  =  y o  ( x  ) ^ . u .  a  ,

r ( 0 r x ) = r n ,  ( 0 r x ) = q a . e .  - O  ,

| { , t t ) ,  -  f a . / f t ) Je  aL(J r ( , t ) , ,n " t t l )  , a .e . l c , r l  .I

tlllyu.r*q-lg :r*,, r*, m,o a{S:.'t i,jiita_of .F-oJr.rt!glr:
Yz, t t€ ,  * i ,  q r  - to  eTr* l i f t+ tg - .e .gsgHg3: .  (4 .33) - (4 .36) .

PJIS$. Fron the Ecforov tfueorer" for: e\.re]
.  

: .  . - j  : j : ;3 : .  r  !u r : .  L r ty  r ,L I ( . ) I ( )v  t i leore lx  fo l :  e \ . rg rv  
T->a 

I

the::e is t?.Q vrit ir nes (Q-nt) < rl ana ,, j -> Jrti l  j .n c (ad .
Pecause 

P i  s  . l -oca l . ' t  _ tz  f  , rnss .6  i t z  ,  97€ i .n  fe r :

t . 4 " 4 2 )  i v p t i f , r t t , x ) ) ' i  t  c  )  v ( t , x i e  q 7 )
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so V lit t'I') ^ 
3 weaklv* in r's(nr) '

L

. r . , , .  t is incr Lema 3 of  Barhu tal  i t  v ie ld 's:
. i \ * .

( 4 . 4 3 )  s ( r , x ) € e p r  : ' * ' t l , x ) )  a ' e ' q ?

' I t s h o u l d } r e e : < p e c t e r J , t o o b t a j . n t l r e r e l a t i o n :

(4 .ea1 4 , ( t , x )e  a lo ( t r * ' tT - / , ' xD" i lo ' { t , rS  E.€ .  e .  "

Tncleed,  i r }  sor .e  outs tanc l i .ng cases th is  concl r rs ion

can be proven 
rl

gIryflli.L. f is cgrye*.

,  Tde are in terested to  |ass i -o  the f  . i r i t  in ' t l le  l ro i l t ic t

V pt ry'rl w', . rdri,Le

'  t  ' .  +
+n; F m. /,7 ,'  - t  z  c

.

+ rru) denote the posi-t i .rre and the neclatj  ve part

: : := ' : , '  : . - '  

- t  

, ; ; " . ; , " ;  ; , .  iu l :seq, ien-
of m€. Lip to an adcli t ive eonstant'  I

ces \., 'e can sunpose:

{ - +
(4.45) tni  ---r  v 

,  
- i  . -r  v 

-  
weaklY irr

a

L ,  ( C )

( 4 . 4 6 )  n t = r r * - t -

anC (add inq  a  cons tan t  i . f  necessa r : y )  * :  ,  * ! ,  
"1  " -  

a r€  a l l

s t r l c t  nos i i - i ve .
f

i . t r :  . ,1vc nc ' . , r  a .  ncre l r .c .  se ca. l  cr t la t ion of  V /3- ( f " )q )

y€F, ;1173 j I  p-hf s fo'r 1.oea1.iy t, inschitz funct ' j 'on s 
f l  

'



z5

f + F  ,  t -  r - {
(Nl  -  |  I  -  t  r  + c  t )  I( ' l )=  

l *  #Y (X- te)  f  (e)  y 'o( 4 . 4 7 )

y r I
( I  + t

( 4  . 4 8 )

o f  D  i n

( 4 . 4 e )

L e t  Q q
L

vre.al< converqence of
1

i+{+q-; i,6- *T-4--.1n. \.,., y T i  T h e n :
. L

Since 
f ,  ,  

"  
t i i f  ferent  j .ah le

: , 1  + t v ?  ? I
i s  C . i - f f e ren t i ab le  a .e .  anc i

+ t / J )

fui'

p t

vP'ry)

a . e .  a n d

a .  ' e .  
t hen

lrr€ Obta-i.n':

Y)

V
f +

f
L . )

' 4

d

;

/
n {

v  P t r
- ' l

: l
1 t

Uhen

t i re  eoi r

( *

- 0 o

Jorv /t'q, w{. { lr lt =

'l

un -i forml-r'

.1* t -? {t t'l' *t d e

= I, f@tle Jr;i ar Q! t il f ffi) lr //

As on q ?, \..re have for t--L

l : o u n c - i e r l  ,  t h e n  ) r '  l ' ' t I  - c eof  l&g*2 t ,1
/  t t \
I  a,,t  eonvr':racres uniforn !. ,1 tcl

V, 'e hatre to studlz onlr/ the

' . 1

+c  I  Xu
i s i^ounC,erl

I  on  Q- ., L  i

. i-ntecrra-l-:

* ,u]
in r,9te,l

4 - d
E Try fro) c/e =

b  ( y -  t 0 )

f f i f @ e l  
o

' , -<  convex  Vf r  =  ) f t  ,  t i re  s r r t :d i f fe ren t ia l
/ /

t , ' here  
f '  

tu  d  j  : i l fe re i r t ia t , Ie  r  so :

fftt do

he  as  i n -  (4  .42 )  .  I , ' e  a re  i n te res te<1  i n  i l r e
g .

VV-  f  X ; l  n ;  j n  L2  tq ! ) .  cons ide r  t

r S o



, / r , l t , o € f l , f i  r i x e c r .

funct i  on

mlp
' .

m(o

\ V
vrh ich  is  p roper ,  c losed.  The max j -ma l  r ronotone onera tor  c / r  in

' )  . ,
R ' x R -  i s  c r i v e n  h y : .

_ 2 6

(4. so ) I^ *! e f (I;- t el'f
' 4 r1

t

C o n s i c l e r  t h e  s a d d l e .

(  o n  B 0 )(4 .51)  Kfu ,y)= I  
, , * ( '

|  - e
\

(4.s4) L- f ri l- t 0) , *[ 'aP ry'r- t0).1€ Atr, @; , 3;- ft)

( 4 . s 2 )  g K ( r y i , 1 ) ' L - p ( & ) ,  o n . 2 F V l

Tdke.uhe rea l i za t j .en  c f  ) l (  in  *  @?)x t '2  lQr !

'  ' e

( 4 .53 )  JK  (n t t y )# , x )  - -  )  k  ( ' n  { f , x ) ,  
/ ( 1 , x11

a . e .  ( t  , x ) € 9 r y t' (

' )
a n d  f 6 r  e v e r - ' /  m r : / 6 l , -  ( q d  ,  , i 0  a . e .

- ( r -  1  , )

ope: :a, tor  J(  i -s  maxj - ra l  r . "onotone in  r , ' (qz)  x"u^ (Qrt )  .
' I

L !

I h e n :

I{e rerl.ark that:

(A. i .>r  f  *R(^ t t  *  to)  , r? :  a l \ f t ! -aT) l  i -=  i -p( f " ' ) .  T-1'  L  l " i t  
- u / ,  " t '  

i " i z  
' j  L f  ' 6  '  i  - i

- l a

rnreal<lv in L' (q?) xt ' ' 9i



( 4 . 5 6 )

( 4 ; 5 7 )

( 4 . 5 8 )

[a , sgJ*- 
*

( 4 . q 0 )

. a
r reak l . ' r  i .n  L '  (q" , )  *
. ? L

x  L "  (Q_)  .
. L

We can a lso ver i fv  the fo .11or , . : incr  conr l . i t ion:

t

-t*w <l*!,k' - tll-b/+, tr;-A0l,f-pft:r-t e1 )A r t + A  e  l O t  ' '

,n; at,Ul-tuil-[-f &l-;.a) ,*;,f U;-^ril],,n,"t =
frc,tlxUclVl

=!7," | fu;-*f )(Fu^'-^0)- pry:-td) /rit *
l r E + C  

h "  
c  ' 7  r ' l  , f ^  

'  t  I  o z

. t

+ 
*#" lr-'n'r- i e - e:+ )o) (o'z:'' f ( l;- t e) -

T
,o. !  '  e n iy/^*)d) | /^,{ /  = 0

A  
/ ' ' d A

since vie have 
F Q! 

-te) - ,  
/ i  

(  y* ')  .  uniforr i l l , ,  6n qn antt

l, 
- tO e 

X* 
' 

uni fo*ry on q,,1 . 
-(

ApnJ-y inc a ' . ,e l lknor ln  lenr , "a ( i rarbr i  [ t ]  i  p .42)  v ,e cet

f" / t  U/ ') , i .1 e J[ (r* , I* ' )
'  = ir( / , r)  

e v+ ( l ,x).  ap Un,)

fn  a  s in i - la r  v7a \ i  h7e ob ta in :

s o r

a . e -  g

*f m, af (tr;- i8)' L vieakl  y in 12 tEyl

a n d  f ' ( t , x )  e v : ( t , r l . J f  ( I * ' )
r h ' en  h ( t , x )=  f u  r z ' t ' aP (J ' t

d " €. Q. So trle ha.r.re :

e : 9 '
-  t o )e  * r , . r f  ( I * , )G , r l

TtI I i [ ' 'Ri l l ' i  4.2 " I l nde f  t l r r n6 r f$e^pq  O f .  TheOr :en 4  " L .  a s s r - l l r e



i s  convex .

2,8

Then there e>l i .s t  f t tnet ions yn6:,e(o ,T; II: {o) ) nth.at l1
I

W , , { a ( 0 , ., el,2 Ig )T; r,2 (fl) ) and v 'h ich sat i  s  f r r  :

P U

r"n ,

*\/

U

lX

y*"-ayu* P(v* ' )
rn"-dn +)f ) ( ' |x ' )

y f  (o  ,  x )  =Yo (x )  ,

m ( 0 r x ) = n ' ( 0 r > ; )

[ o  
( t ,  x )  - B * m '  ( t ,

t

, t= J o L
' ( 0 r x ) = V o ( x )

€  J  r , ( ) r *  ( t , r  )

p.ElgEr

A .s in i lar  t re .at r "ent  ca l

i*q a col lcave furrct i-on on P.

l i . r i . ts  o f  so. lu t i .ons. * _
Lqg!!3ffgrs Y' , u f ,  r n r e  a r e

1 1  m  a r  -,  " t ,  ' . , t ,  - -  t t o  ann rox i ra te  e r rna t  j , cns  t4 .  . ? ,3 )  -  (4  .  36  )  -vt

P

L e t  9 n  L , e  a s  i n  ( ' 4 . A 2 ) .  T h e n

t L
vPt (J?  -  Vp{7x ' )  v rea r< IY*

cc invein ient  su l :seouence'  r t  is  eas: /  to  obta in

( 1'rt i,^ll J ilt"tf ' tt,x)) _ 
' a 7' _

rt yi elds v/rotll) -) vf Q*',) stronsr-v, in

E:{AI lPLE

fron the LeJ:escrue thecrem.

In th i .s  cAse vte hat 'e :

2 .  15 i s  d r f  f e ren t i ab l c  f une t i . on .

in  r ,*  (qT)

o R a

*  - t
v r {- t -

r,z tgrl

t '
m.

t  r x )

:r "be

,qo ]^n

a n d  a

V lt'ttr'r.) . tn't
( 4 . 4 4  )  h  ( t  , x )  €  V P  ( y

r csu l t  s i rn i l a r  t o

V1t (7x')
* ' ( T - a , x )  ) . . r 1  (

T h e o r e n  4 . 2  c a

rveaklv  in  LI

a .  e .  Q  heconras)

e t r { - o A

(q?

trt.e

l<now i-t is

- , .  f  s i  ^ ' i  a n  + -
D L t l -  . l - - l : I ( ; l  r  u

34113::. since f,

d l f f e ren i i a i - r l e  0 .€ .  To  a t rp i y

to  ass t l l r e . t ha t  t he  se t :

loca 1 1-;v I-, i  nscl: i t 'z

a l -ove arounent  i t

'Y\ie

^ L J

i ^

the



9  = i ( t , x ) e q  I
(g-fr) =0.

2 9

Crf fe : :ent ib le  inP r.s u * ' { t r * ) J has mes

5. A contro.l . nrob em qssoc- i_ated v ' i " th lur elllration vrith
d e l a v

Consider  the problern

( s .  1 )  N in , k(ti l l l

r . r i th  s tate equat ion :

' ( 5 ; 2 )  y '  ( t ) = A  ( : ,  ( t )  ) + n y  ( r - h )  + p u  ( t )

( 5 . 3 )  y ( 0 ) = 1 , o ,  y ( s ) = f ( = )  a . e .

L ipseh i t z  f unc t i on .

Appl . icat jon L:  q ld

senicont in l r .o l rs  r  nroDe r r

. I{ere D, F are autonorrous rnatrice s
.  

' i r  
t r

a n d  P , : P " - *  p ' t  i s  a

J,'r(trtt)

.  a . e .  L a , r J
f  - r  n ' 7
L  ' ' t ' J .

( . 5 . 4 )  y o € p } l ,  
f  e L 2 ( - h , o ; l r L l ) .

x ol{ ----J- @, + @J is

v, i th f  i -n i t .e Ftami l ton i .an .

f 'ut in the frarc of

eonvex r . lorrre!.

I fe suntrose too:

the al.rstract..  scir.ene
from

The prol:Ieni can

sec t i on  3  b r r :

l{ ? r.r
Z = p . " ' x L ' ( - h r 0 ; F " ' )

I\:I II

X=P"' i tr{=R:".

v= 'Nx{o}  i

cr j .v6n | , -y ;Or'erator ],":  Z ; l  Z j .s

rl

f i e  R '  x
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! ' t re have the inequal i ty:

A  i s  L i n s c h i t z  o f  c o n s t a n t  1 .

f t  y i e l d s :
.

)lLsr < c (a * 
Ir,l.(a)lld,t 

,( !rtJnu) tc// )1,)

becau

I  t n
T 'tn

q / :

I  n ' tyo( t ) ) -A( to) t  = lJ r r  {AUr( t ) -z r j -  Ab)J  yrx tdx  |  {

(t

pY a variant of Gronv.'arr. r.erirna we get l . , : ,r l  un_ifor 'nr..r
(  r .  I  

I
boundedi =o 

l l ' t (yt lJ is uni fornr l lz .bounr lec ' r  - i -ndenendent of  t  .  
' r r r . r

ecr t ra t ion  (5 .  C)  I re  see tha t .  i - - ,  t  r  .  ' )I te  sec that  lVtJ  i t  j r6q1r '1 , :1 . ;  i  i . r  T, t  (A,  i ;  r , i i )  j .  nc l .c ;_c; r_
c i e n t  o f  t  ( e i n c l  o f  k ,  o f  c o u r s e ) .

Ix t ract inq a convenient  su l ;seor :ence,  \ te  in- fer :

Yk --? .1, in C ( 0 , r; RIT) stronolr., r
') rl

Y k  . y '  i n  L ' ( 0 r T ; p ' ' ' )  v , e a k l . . r ,

I  whc re  y  deno tes  so lu t i on  to  (5 .6 )  co t : resnonC incT  to  f r_ rnc t j on  t i .

i  
'  

F r o m  t h e  u n i c i t y  o f  s o r u t i o n  i n  ( 5 . 6 )  v : e  s e e  t h a t
i  

- - -  \ v ' v '

the conrre ' rgence ta l les r r l_ace on the in i t ia . l -  secr l tence and j .s  j_nde_

pen<1en t  o f  E  ,  t ha t  i s  (a )  .
'  por (t-,) v7e denote V02(w)v =yl q, i f t  r. . ; ,

? r r
VeLo  (0 rT ;R t \ ) .  T t  i . s  eas l /  t o  ve r i f v  t ha t  . f t _  ex i s t s  (  0 t  j s  d . i f f e ren_
tra l i le  Gdteau>:)  and sat  j . .s  f  j .es j

( 5 . ? )  h f  ( t ) . F A u  ( o r t u r ) )  n ( i l i  D h t t - { ) +  v ( t )

a . e .  I n  r n ' f
L " r . J

( 5 . . 8 ) '  r ( 0 ) = 6 ,  r ( s ) = 0  a . e .  =  e  r - h , 0 j
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t 1 1
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+1r e,n
t  e * . v ' . ( r r q )  =  ( v r n ) .  r ' : h e r e

' . ' . '

l : y  nar ts  an<1,  a f te r

strong .!olutj .bn

a usr . ta l  'c le laY eoua*

T ,e t  : us  v l r i t e :

" .  
i .  [ o  , t ]

o . .  € .  [ o  , t ]

a.€. L-{a,  ol

th.e
t n'I

s c a l a r  p r o c l u c t  i s  i n  L ' ( 0  r T ; R " )  '

'  l ' Ju l t i n l v  (5 '  7 )  bY  P '  j - n teq ra te
' I

sor i re  balcu lat i -on,  \ ' re  in fer :

( 5 . 9 )

, . c  1 n \

s l n c e
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i r

on

P r o ] : l e r r  ( 5 . 9  )  ,  { 5 .  1 0  )  h a s  u n i c r u e

can be Put bv t^l)T-t i-n the forr of

j .n terva l  F l t  r tJ

l le  
.cont inue 

vr i th  assunpt ion (c) '

It @'At(1rtil)nDlEu- Ll + f t'tt,
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)
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rytx\ -A {p) yrx)c{ ^ I <
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F f
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v i  - ) y * t  j - n  t , 2 (0 , r ;R l i )  s t rong - I12 , . .
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tX@, | r f  t t t l  €  aL(gr t t ) ,a*ft))

F r o r  ( 5 . f 4 )  o n e  s e e s  { - ' r l

i . .e .  r ,  : - -e  t  in  C (0 rT;Rt ' ' )  s t rongl rT '  Then
- L  

1  r r
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( 5 . 1 3 )  -

. / 4 -e .  [ , o r t1  ,

borrnclerl" .  in 
"1 

(o,r i i l l )  ,

aoa j -n  f r c : ^n  (5 .14 )  \ n re " in -

' .
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c v
, r",o set V A' (I- &))" -', fl (t)'6t o

l i ex t ,  us inc  a  va r ian t  o f  Lenna '3  f ron  nb r l : u  [ 3J  
" - *

see  tha t  g  ( t )  €JA  (y *  ( t )  )  a - .e .  [O , t J  ,  v the re  i  n  i s  t he  qenera l i zec l

qra.c , ient . in  the sense of  Clarke,  o f  T, i .nschi tz  f r rnct j .on A.

l ie  can sLate the fo l lor ' r i ' r ro  : :esr i - l - t :

rI:*jE1- 5.-L ]j:! [y*, ,r*J E'--an o'')ti:]al- ngfg-rq:

Erg-,-lrLsn (s.I) -ir.., . IheI' tlr','--:e.xlsl f 
u W"o (o''; R'{)

g!9 q. r , l  (o , t ,PI )  sYcn t l la l  ;

^ In ' ( t )  =  A (Xx( r ) )oDf r ( t - { ' )+  t3 ,q r ( * )  ' | a 'e '  Lo , r f  ,
d u a - L

* f '(t)=)A (g*{*t)* 7ri l  + Dn? (/tD- 2:(/)

l \ t i l  ,  B*f ( i l1 e Jl f 1-*tt), //)(Uil 'dz'e' [ ' l ' rJ '

I o to )= l ,  ;  l * (n )= f . (A )  & '€ '  [ *L ' o ]  )

f ( r ) = o  )  f  
( / ) : o ' 4 ' e '  [ - T r r * { ] -

t l  h  F  r . r h i n h
YL, u€ r  ! . ' t  r  ' r€  i "HX

* *
v r l l

rrerif.,z

I loreor.zer functions r ?r cT er9_fi*!!_t_9f

( 5 . 1 7 ) .

annrox j . ra-te eoua,t i - t -rns
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