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ON THE APOSTERIORI ERROR ESTT}4ATES FOR

NEwroN's lffirgoo

by

Floi ian-Alexandru POTRA

A b s  t  r  a  c  t .  New sharp aposter ' ior i  er ror  est imates
for  Newton 's  method are g iven under  the hyootheses of  Kantorov j -ch 's

theorem. 
'One 

shows that they 
'are 

more . advantaqeous than the known

ones from the point of view of the accuracy and of the cost of

the in formaLion used.

1 .  I n t roduc t i -on '

Let  us consi -der  the esuat ion:

I 
__:*_""-_.*_4r.-.n€3i::*.

t ' - '
( 1 ) ' . f  ( x )  = 9 ,

where f  is"a nonl inear  operato i  def ined on a subset  f i t  o f  a

Banach space X and taking values into a Banach space Y. i te are

gi-ven' an init ial point *oa &f and we want to produce a sequence

(x. r )  
n  >,  O of  po ints  of  S,  converg ing Lo a root  x*  o f  the equat ion

( i ) .  T o  t h i s  e f f e c t  w e ' a t t a c h  t o  t h e  p a i r  ( f r x o )  a  m a p n i n g

f  : .9 'c  X - - - -> X and consider  the fo l lcwing-- rdcurrent  scheme:

( 2 )



. \ - '
(\

Genera l l y ,  ; / ' \T  i s  inc luded in to .  Df  .  For  example  i f  one takes

( 3 )  F ( x )  = x - f  ' ( x ) - l r ( * )

t h e n . p T i s c o m p o s e d o f t h o s e n o i n t s x o f k t f o r w h i c h t h e

Fr6che t  de r i va t i ve  f ' ( x )  ex i s t s  and  i s  i nve r t i b le .

I f  xo  be longs  to  &E  then  we  may .ob ta in  by  (2 )  a  po in t

x, € X; i f  x, al 'so belongs to S f then we may obtbin a new point

) < 2 e  X .  W e  a r e  i n t e r e s t e d  i n  t h e .  c a s e  w h e r e  x r r e  2 ,  f o r  n = o r 1 ' t 2 , . . .

De f i n i t _ ion  1 .  Cons j .< le r  a  mapp ing  F  t  l ncX- tX  and  de f i ne

recurrent ly

b o = 9 t  ,  2 n * L = t * . - J r ,  ;  r ( x ) n l n l  ,  n = 0 , r t z t " '

The se t , f r  =  n  P  ^  i s  ca1 led  the  se t  o f  +dmiss ib le i  s ta r t ing  po in ts
'  

n 7 t 0  
t r

f o r  F .  I f  *oe . } ,  t hen  the  pa i r  ( f ' r xo )  i . s  ca l l ed  a  r ^ re l I  de f i ned

i terat ive a lgor i thm.E

Thus ,  i f  ( n rxo )  i s  a  we l l  de f i ned  i t e ra t i ve  a lgo r i t hm,

then we may obta in by Q) a sequence (* r r )  o f  po ints  of  n t .  Under

adequate hypotheses this sequence wil l  con',rerge to a root x* of

the equat ion (1) .  This  way of  so lv ing equat ions is  usual lv  ca l led

i terat ive procedure.  In  what  fo l tows we g ive th is  not ion a prec ise '

mean ing .

Let  us consider  a c lass B of -  (Banach)  spaces and 1et  "

.us 
denote by "LL the class of al l  mappings V , JV c X *'-+ Y

w h e r e  x r Y  € f J .  T , e L  { t  b e  t h e  c l a s s  o f  a l l  p a i r s  ( F r x o ) r w h e r e



Tt  sn 'cx + X is "an el-ement of /t an$ xo belongs to fr F such

t ha t  ( f , xo )  i s  a  we l l  de f i ned  i t e ra t i ve  a lgo r i t hm.

D g { i n i t i o n  2 .  L e t  ?  A "  a  c l a s s  o f  p a i r s  ( f , x o ) .  w h e r e

f z Af cx -* 
" 

t" 
"" "r.* 

enL of A and xo nlt a mapping

,rt ?n ,,rt ,  , F  ( f  , x o ) ' =  ( F r x o )

,  w i l l  be ca l l -ed.  a  converqent  i terat ive procedure for  the c lass g

i f  f o r  each  ( f  , xo )  e  V  the  i t e ra t i ve  a lgo r i - t hm (F rxo )=  ,F ( f  , xo )

produces a sequence (xU) having the propert ies

'  ( 4 )  * r r . 4  ,  n = 0 , L , 2 , . . . . i  t l l -  * n = * * ;  f - ( x x ) = o  . g
n-?@

Let ko and ro be two posit ive numbers and let us denote

by  3 {ko , ro )  t he  c lass  o f  a l l  pa i r s  ( f  , xo )  sa t i s f y ing  the  fo l l ow ing

cond i t rons :

*-4e1}*, f  is a (nonlinear) operator def ined on a subset

&r 'o f  a  Banach space X and wi th  va lues in  a Banach space Y,  and

* o  
l =  

a  p o i n t  o f  h  y .

(cr )  The operator  f  is  Frdchet  d i f ferent iab le in  the

open bal l  U=t*ex;  l lx -xo lF" ]  and cont inuous on the c losure d of

th i s  ba l l

( c r )  The  l i nea r  ope ra to r  Do= f ' ! *o )  i s  i nve r t i b le  and

fo r  a l l  x r y€  U  we  have

( s )  l l  o ; t ( r ' ( x )  - r ' ( y ) ) l l  - <  k o | [  x = v  l l  .



( 6 )

( 7 )

( 8 )

( c , )  The  fo l l ow ing  i nequa l i t i es  ho ld :
- 4 '

' l"rtr (xo)l l  ( 'o ,

2koro  (  I  I

_ . 1
s  > r k o ' ( l -

we note that  in  the above def in i t ion of  g , {korro)  the

spaces X and Y are noL f ixed

In  fac t  t he  cond i t i ons  de f i n inq  Lhe  c lass  € . { ko , r )

represent  an "af f ine invar iant f i  vers ion of  Lhe hy. l2oLhesis  of

Kantorov ich 's  theorem (see [ t ]  l .  We may def ine a convergent  i te-

rat ive procedure for  the c lass ?{Xo, t )  by assocj -at ing wi th  each

( f  , xo )e  E (ko , ro )  t he  i t e ra t i ve  a lgo r i t hm (n rxo )  ,  w i th  F  q j - ven

by  (3 ) .  The  recu r ren t  scheme (2 )  becomes  in  th i s . case

( e ) n = 0 r L 1 2 r . . .

Thi 's i terat ive,procedure wi l l  be cal led Newton's method for the

class V\<o,ro) and wi l l  be denoted bY 
"f  

'

.Let us return now to our general discussion and suppose

that we are given a convergent iterative procedure '7 t ( a At '

fn  th is  case we can assoc ia te  w i th  ehch pa i r  ( f rxo)€V,  a  seguence

*  o f  t he  equa t ion  f ( x )=g '  rn  o rde r '

sequence i ;  a tLached bY the i te-

( f  , x ^ ) -  we  sha l l  w r i t e
" )

xn+r=xn f  '  (xn)  
- r t  

( *n)

(*rr) which converqes to a root x

to emphasize the fact that this

. A J

ratj-ve procedure ,f to the Pair



5

(10)  xk= [ . f ( i , *o )  ]  
n

(  1 1 )

k = 0 r I 1 2 r . . .

we wan t  t o  f i nd  es t ima tes  o f  t he  d i s tanses  l l  * r . - * * l l  ,  r=0 i  r r z r . .

w h i c h  s h o u l d  b e  v a l i d  f o r  a l l  p a i r s  ( f r x o ) e V .  O n e  w a y  o f  d o i n g .
this, is to determine a function o( : Z*.-r St* such that

l l *rr-* l {< o( (n)

f o r  a l l  n e t * , a n d  f o r  a l l  ( f  , x o ) e ?  .

I f

( i 2 )  t im  o (  (n )  =O
' ntoo

.  then (11)  g ives us the poss ib i l i ty  o f  comput ing in  advance the

number of steps required 
.to obtaj-n any desired precision How_

'  eve r  t he  e r ro r  bounds  g i ven  by  ( f f 1  a re  i n  mos t , cases  ve ry

pessimist ic .  one could obta j -n  bet ter  er ror  bounds t ry ing to  f ind
'a  

dequence  o f  f unc t i ons  f  .mn(n+r ) , zz

( r s )  l l * , . - * x l l . <4 (  l l  x r - xo l t ,  t l  * 2 - *o l [  , . . . ,  i l x r r - x r r _1 f [  )

f o r  a l l  pos i t i ve  i n teqe rs  n  and  a l l  ( f r xo )  ev  .  co r respond ing  to
(12 )  we  requ i re  tha t

( r a 1
*1O" 

(  l l  xr ;xo l l  ,  t l * .2-*o l l  , .  .  . . , .11 x,r -xr , - r  l l  )=o

for  a l l  ( t . , :xo) € V

Let  us note '  that  the r ight -h.anC s ide of  ( f  3)  can be

computed only after obtaininq the points .! .  - v rr i;  x 1 r . . .  r x n  v l _ a  t h e  i _ t e r a -
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t i ve  p rocedure .  Tha t ' s  why  (13 )  a re  ca l l ed  apos fe r i o r i  e r ro r

' bounds  
i n  con t ras t  w i th  ( r l )  wh ich  a re  ca l l ed  ap f i o r i  e r ro r ' bounds '

I t  is  conceivable to  obta in aposter ior i  er ror  bounds.  us ing other

, , i n fo rma t ion "  t han  the  re la t i ve  d i s tances  l t  x . - x i  t t  ,  0 .< i< i (n .

In what fol lows we shal1 give an example where it  is

impgssib le  to  f ind a funct ion 0(  ver i fy ing ( f l )  and ( I2) ,  but  '  "

where we can obtain aposteriori  error bounds using an adequate l

in format ion.  We consider  the c lass

? o = l t f , { o . ) ; f : [ 0 , 1 ] + t R r  x o e ] 0 , ! ,  f  ( 0 ) <  0 ,  f  ( x o ) )  o ,  f  i s  t w i c e

d i f fe ren t iab le  on  fO, tJ ,  t '  i s  j -nc reas inq  and f I  i s  non-

c lecreas ing  on  10 ,1 [  J  .

I t  is  easy to  s .ee ' that  Newton 's  rnethod represents a convergent

i t e . ra t i ve  p iocedure  fo r  t h i s ' c l ass .  I f  m  i s  an  i n tege r  g rea te r

than  one ,  t hen  the  pa i r  ( fm f l ) ,  where  fm( t )= t f l ,  obv ious l y  be longs

to ?^.  For  th is  pa i r  the recurrent  scheme (9)  reduces to

"jTl#*j*), n = 0 r I , 2 r . . .

r t  f o r f o w s  t h a t  * ( m ) = 1 m - r r n  f o r  n = 0  r r t 2 t . . .' -  " n  t  
m  

t

Le t  o (  ,Z * i lR*  be  a  fun ' c t i on  sa t i s f y ing  ( f l )  f o r  a l l

o< (n) 7t .1up . .. ,, l l*r,-*n l l >, =3\L**1) "=r
( f , x o ) e f o  ' :  r r

and  so  , I 2 )  canno t  be  sa t i s f i ed .

Now, le t  ( f  ,xo)  be a pai r  o f  Vo:  The recurrent  scheme

(9)  y ie tds a sequence (* . r )  decreasingly  converqent  to  a root

x* of, the equation f (x) =0. Applying .the mean theorem we have

( f  ,  xo) € 1. For each n a n+ we have



deduce the fol lowing

. in  the c lass to  .

(rs1 l*rr-** |  . .

f t  is- easy to prove that

f ( x - )
l i m  "  = 0
ntoe f ' (xn/2.)

f o r  a l l  ( f  , x -  ) c  Q
( ) ' -  L  o '

The est imate ( r5)  uses the " in format ion"  represented by the

va lues  f  ( x r r )  and  f ' ( xn /2 ) . .  r n  wha t  f o l l ows  we  sha lL  de f i ne  i n
a general way the notion of information attached to an iterative
procedure and the not ion of  er ror  est imate for  a  g iven convergent

i terat ive procedure and a g iven in format ion.  Let  c^  be the set
4.l-q::i€tss: o

of al l  sequences of real numbers converging to zero and let 
-us

denote

( r 5 ' )

Def in i t i on  3 .

procedure for the class

i.nformation attached to

f (xrr)
,.

f  ' ( x n / 2 )

, \ l

, I i= {f  ar.)rrro n 
"o ;  &rr=o for al l  , ,  > *},

f  (xrr) =f '  (€) (xrr-x*1 
,  x*< t<xd. wri t ing

S I . * n
J1r-t) f" (s)dr )l 6, G)-r, (t)lat= j tr, (t1-1, (5).)att *  

' i ^  

i  
. '  \ r . / - r  \ :

I4/e deduce that f 2 (*r.+*n) /z V xn/2. Flence ure.
aposter ior i  er ror  bounds for  Newtonrs method

Xn
t

)J r t -Sl f "  G)dtr

D = 0 r I 1 2 r . . .

?=Ll P_,
mz10 !'\

be a convergent i terative
A

T : ? . *  x  €  - + J J  i s  c a l t e d . a n

procbdu.re f i f  for each

LeE ,f , t- ",4
e . A mappinq

the i-terativei"

n u Z+ there exists a mn€ Z* such that
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Yn  = [ r t r , ,  ( f , xo )  )  ;  ( f , xo )  eVYeq"  
. '

For every n the maPPing

rn ,  ?  -  €  n  ,  rn  ( f  , xo )  = r  (n  ,  ( f , xo )  )

i s  ca l led the in format ion at  the n ' th  s tep ' t

"  Def in i t ion 4:  Let  F z t  +,r t  be a convergent.  i terat j -ve

procedure and let  I :Z* * t  +f)  be an informat ion atLached to

i t .  t e L  9  b e  t h e  r a n s e  o f  t h e  i n f o r m a t i o n  I .  ( i . " . €  = V ^ Y n ) :

A mapping ft, 9 7 R* is called an error estimate f"lt;f l t 
"t-

rative procedure.f which uses the information rt1f we have

(16) i l  *rr-** l l  < ftGn(f ,xo) ) ,

and

( r 7 . )  l i m  f 3 ( r - ( f , x , - . , ) ) = 0
n + @

I 
---r------"-@'?.j*ffi:=r:

I

-  i .  1  t ?  \ € V  - If O r  4 I J -  ( I l X o r  -  -

I
I

I
The set  o f  a t1 error  est imates for  the i terat ive Prg-

cedure f which use the same information Irwil t  be denoted ,by

- 6 '

€(F , f ) .  Accord ing  to  the  above in t roduced te rmino logy ,  a

func t ion  t t  zv*+  R+ sa t is fy ing  (1 r )  and (12)  
i s  

an  er ro r  es t i -

mate for the iterative procedure F wflcff uses the information

.  / ' r  \
I  \ ' /  g i v e n  b y

( r 8 )  t j t ' , f  , x o ) = n

r l j l r  2 ,  . . .
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We have seen that  such an error  est imate does not  ex is t . in

case of  NewLon's  method for  the c lass ?o.  On the other  hand

(15 )  and  (15 ' )  show tha t  t he  fun i t i on  Fo r ; , t )=s /L  i s  an  e r ro r

est imate for  Newton 's  method in  the c lass ?o whibh uses the

infc j rmt ion r  
(o)  

,  where r

Now let us give some examples of i-nformation whlch

wi l l  be used to obtaj-n sharp error est j -mates for  Newton's method

.  in  the  c lass  ?{xo , ro ) .  A t  the  n ' th  s tep  these. . in fo rmat ions  can

be written as fol-lows :

l ' ) \
( 1 9 )  f * ' / ( f , x o ) = l l  x n _ x n - l  l l  )

- (20)  t j t '  , f  , xo)  =  (n ,  t l x , r -x , r - ,  l l  )  r

t 4 \(2.r )  t ;= '  ( f  ,xo)  = (  l l * r , -*o l l  ,  l l  xrr -xrr_, l l  )  )

r q \  -  1 ,  - l  . ,(22) t ; ' '  ( f  ,xo)  = (  l l  xrr -xo l l  ,  l ioo ' r  txrr )  l l  )  )

(2,3)
'  n-r *,ydu ll x-y [l

rn the above formu1ae (*rr)  represents,  of  course, the

sequence ob ta ined f rom ( f rxo)  v ia  the  recur ren t  scheme (9) .

( i .e .  *k=  Vt l f , "o )Jk  ) .  ' , , Je  see t f ra t  the  f i rs t  th ree  in fo ro* t ion=

are formulated onlv in terms of thg relative dj-stances l l xf -xj 
1l .

The general  form of  th ls type of  informat ion is

rj6) tr,*o)=(kn-r , ll r;-*r,-rll I , \-r= " --ll 
:' rx"-l-lfl t:,1-e 'tvl I !l



I O

1 ' l ' , \ "  r  ( f  , x o ) = ( n ,  l l * r - * o l l  ,  l l  * 2 - k o  l f  , . . . ,  l [  x r r - x r , - r l l  )  '\ z ' t  )  r n

f c . \  - .  - ' t

r j 5 )  { r , *o )  depends  a l so  unon  the  quan t i t y  l l  D ; ' r ( x r r )  l l  .  r f  we

use Newtonts method to so lve a g iven equat ion Lhen at  the n ' th

stepr .  that  is  a t  the moment  when we have computed the.points

X1  rX2  , . . . r x - r t he  va lue  f  ( x r r )  does  no t  need  16 fucomDuted  ye t .  I f  we

u : r r ' l  * . t . ; ;  
" t  

f u r the r  ( ; . " .  t o  compu te  X - . , - r )  we  don ' t  have ,

to  compute f  (xn) .  a t  a l l .  fn  th is  case for  obta in ing the in for rna-

t ion (221 we have to  do some l i t t le  ext ra.work.  concern inc{  the

quant i tv  k  .  appear inq '  in  (23)  , '  le t  us remark that  a t  the :
n - r . ;

n ' th  ?tep f  ,  (xr ._r )  has a l ready been computed.  However  wi th  the

except ion of  the scalar  case,  where we can take k*- l=

.  = k o f  r ' { x o )  |  / t t ' ( x n - r ) l  , t f , e  c o s t  o f  o b t a i n i n g  k r , - ,  m i o h t  b e  v e r y

h i g h .

Af ter  these comments 1et  us present  some error  est i -

mates for  Newton 's .  method in  the c lass Vlkorro)r .which use the

informati-ons described above

We deno te  w i th  f t t < )  t he  range  o f  t he  i n fo rma t ion  r ( k ) .

To s impt i fy  the formulae we in t roduce the constants

- r  1  / )
( 2 5 )  t = k o  ( t - 2 k o r o ) L t P  ,

( 2 6 ) f=
l -ko (a+ro)

koto

and the seguence

( 2 7 )  
" " =  {

? n
( r - b -  )  i f  a )  0

^ n
ab" /

- 2
o i f  a=0.  o
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With the above notati.on we def ine the funct ions

(28)

( 2 e )

( 3 0 )

( 3 r  1

' ( 3 2 )

( 3 3 )

( 3 4 )

frr"rfr(l)-+ IR+ ,

Fz,Y(z) => R+ ,

p, (n) =s,,

a  . ,  L / 2
Fzk ) -  ( a .+ r '  )  - '  : - a

Fr.$(" * ** , pz(n, r1 =r. +2a)
n

*-+ [R* , pT (n, r) =rsn/ (srr-r-srr)

l3qr{(n,-*  rR+ ,  F+(q,  r )  =kl r -q-  [ to" t

fis Y(s ) * ** , ps(q, t) =t l1-q- [to"t

Fu=Ytu ' *  * *  ,  Pa(k , r )= t  
- lLr - t r -  (1-2kr  ) r /2)

In  Sect ion 3 we shal l  prove that  the above def ined

are error  est i -mates for  Newton 's  method in  the c lass

in  the  sense  o f  De f - i n i t i on  4 ,  i . e .

{ 3 i e € t u f , r  
(  j )  

)  ,  j = l  , 2 , . .  - , 6 ;  P \ ' €  k ' { , . ' 3 ) ,  .  .  .
I J

with' the exception of (3q and l3s a+1 the other error

est imates.  are known (eventual ly under a di f ferenL formulat ion) .

Thus /\ and Af f,""" been obtairied by Graqg and Tapia IZJ ,

f \  j - s  due to  Mie l  t [+ ] ,  [ sJ l . ,  {32  ro  por ra  and prdk  [ ro ]  and

f e to Kornstaedt. t3l . ttre note trrrl another form of {z t had been

found, under somewhat di f ferent cond. i t ions,  by ostrowski( [B]r tYJ) .

Al l  these error  est imates are sharp.  in  the sense of  the fo l lowinq

de f in i t i on :

n .- / ( s

{ t : ' g i t )

. ; 2  2- q )  - r

)- q )  - - 2 k

J ' r  '

- L  
* 1 I  / 2

o - J

functi-ons

f  ( k o ,  r o )

( 3 s )
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.  
Def in i t ion 1. .  o" .F t re a convergent i terat ive proce-

dure for  a c lass V and I  an informat ion at tached to i t '  An

er ror  es t imate  $  €V(7  , t l  i s  ca l led  sharp  i f  there  ex is ts  a  pa i r

$ , x o \ e V  s u c h  t h a t  F ( t r r ( f , x o ) 1 = 1 [  
x r r - x x  I  f o r  a l l  n ' s

natural  cr i te i ium

gj-ven iteratj-ve Pro-

rct. .F be a convergent iterative procedu-

I n

for comparing

-  cedure.

the next definit ion we give

two d i f ferent  est imates of

a

a

r e  f o r ' a ' c J , a s s  f  a n d

i t .  Consider  tYo error

We say tt:aL {3 
j-s more

{F

writ ins ( l  < p'-  i f

le t  I r I *  be two in format ions at tached to

est imates t r re E(F,  r )  fs*  u '€ tF,r*)  '

accurate than'  Pu and d'enote th is by

t 3 6 )

for  a l l  pos i t ive in tegers n and a l1 ( f 'xo) from' t .E

f t ( rn( f  ,xo)  )<  f *  t r f i  t r ,xo)  )

'  
in  Sect ion 3 we shal l  Prove that

I
. I

est in la tes for  Newtonts method in  the c lass
t

exis t  the fo l lowing re la t ions

I{e see that Pq is the most accurate among 
't}re 

.ttot

u s i n g a n i n f o r m a t i o n o f t y p e ( 2 4 } . T h i s f a c t . s t r o n g l y

i ts usefulngss in numerical  appl icat ions '

BtY f t \ -  f rY
f'

{Jz> ft+ 
'

laa

ertror

there

est imates

recommends

between the

V l k o , r  o )

( 3 7 )
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2.  Nondiscrete induct ion

. In the proof of the main theorem from the next se'ct ion

we shal l  use the method of  nondiscrete mathemat ica l  induct ion of .

V.Ptdk.  For  the mot ivat j -on and the genera l  pr inc ip les of  th is

method see Ptdk [ r r ]  and f r : ] .  r f re  method of  nondiscrete induc-

t ion is  based on the not ion of  ra te of  convergencer  or  smal1

.  f unc t i on .

Def in i t i_on 7. .  Let  T denote e i ther  the seL of  a l l  pos i -

t ive real  numbers or  a  hal f -open in terva l  o f  the form ]Orto] .

A funct ion s :T -+T is  ca l led a rate of  converc{ence (or  smal I

funct ion)  on r  i f  the ser j -es

I

.  ( 3 8 )

i s  convergent  for  a l l  t  €  T .E

For  the sake of  s impl ic i ty  i t  w i l l  be convenient  to
I --:---"*

i

denote by o*  the n ' th  i terate of  w in  the sense of  usual  funct ion

c o m p o s i t i o n  ( i : e .  r o ( t ) = t ;  r t * l  ( t ) = w ( r t ( t )  ) ,  . h = 0  , r , 2 r . . . )  .  L e t

us  deno te 'by  s ( t )  t he  sum o f  t f i e  se r i es  (38 ) .  The  func t i ons  w

and s are obviously connected by the fol lowing functional r ie'r-at ion

( 3 e ) s  ( t )  = 1 4 =  ( w  ( t )  )  ,

I t  turns out that  th is relat i -on caracler izes' in some sense the

rates of  convergence.



L 4

Proposlt iorr j '  I f  w:T *T

t ions sat is fY ing the re la t ion

and h: T -+ [R* are two func-

h ( t ' )  =t+h (w ( t )  )

r L  ^ -  . r  i  a  a  r ^ f  A  . ) T  ( ] ( J I I V e I

f o r  a+ r .  E  € ' r ,  t hen  w  i s  a  ra te  o f  conve rgence

l imi t  h^=l im'  Moreover ,  i f  the l imi t  ho=l iT h( t )
t + 0

. f

have s  ( t )  =  L  * t  ( t )  =h  ( t )  -ho

nl0

have

o n  T .

ex is ts  then

Proo f .  Fo r  each te T and each Posi t ive in teger  n we

t iw( t )  *  
:  

.  .+* t  ( t )  =h  ( t )  -h , n * 1 ( r ) ) < h ( ! )

i t  is  easy to

.F

Usin'g the above Prooosit ion

girreir constant arthe function

wrct-;fu

check that,

fo:: any

( 4 0 )

(  4 1 )

g={ t ;  t  > 0 l and the
is a rate of convergence on the demi-axis

sum of its iterafes is

Let us state now the induction theorem'

proposi t ion 2 '  Let  (x 'd)  be a complete metr ic space

and le t  9 ,  be  a  subset  o f  x '  Cons ider  a  mapp ing  F :  2 ' -X  and

point  *oa DF. I f  r '^ le catr  at tach to the pair  (F 'xo) a rate of

t+ t
a

{
J
L

l
I

i*
i

. i
I
t
x
I

I
I

I
I

I
J



I f ,

interval T and a family of subsets Z ( t )c
conv.ergence w on

t € T,  such that

( ,42)

( 4 r )

( 4 4 )

A h

2 ^ ,
. . E

( i )  xo € Z ( ro)  for  some ro € T ,

( i i )  r ( x ) e  z ( w ( t ) . )  a n d  d ( r ( x ) , x )  S  r  f o r  a l l  r €  T  a n d
x e Z ( f ) ,  .

then:  .  .  -

'  to  (Frxo)  is  a  wel l  def ined i terat ive a lgor i - thm and
the sequer lce (* r r )  produced b1r  i t  converges to  a point  **eJ" ;

20 the fo l lowing re la t ions are sat is f ied for  ar r  n  (  T.*  t

x n G Z ( w n ( r o ) ) ,

6  (xnrxn+r )  - (  wn ( ro )  ,

6 ( x n , x * )  (  s  ( w n ( r o )  )  .  q r

'The proof of the above proposit ion is verlz simple and it  wil l
'  be  le f t  

"s - ;T*axerc ise .  The in te res tea  reader  cou ld  consur t r .
f o r  examp l€ ,  [ 10 ]

.The  i nequa l i t i es  (44 )  g i ve  the  r :oss ib i l i t y  o f  ob ta in ing
apr ior i  er ror  est imates for  i terat ive procedures.  These .est j -mates

have. the fo l lowing proper ty :  i f  they are at ta ined at  a  cer ta in

step then they wi l l  be at ta ined for  a l l  subsequent  s teps.  I r {ore
prec ise ly  we have

Proposi t ion 3.  Under  the hypot f reses of  proposi t ior ,  2 ,

suppose that  egual i ty .  is  a t ta ined in  ( !n l  for  a  cer ta in  no.  Then

equa l i t y  w i l l  be  a t ta i -ned  i n  (43 )  and  (44 )  f o r  a l l  n  2zDo"  
.
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can wri te

Proo f  '  Because  d (xk+ t ' xk )  - (  * k  ( ro )  '  f o r  a l l  k7 r0  '  we

r f  ( ro )  ="  ( * to  ( ro )  )  =d  (xno ' * * )  (

r t  f o l l ows  tha t  d (xk+ l , xk )=1^7k1 ro )  f o r  a l l  k  ) t  no '  The  p roo f  i s

complete -a

3 . Error  bounds for  Newton 's  method

T
k2r *o

t  d ( x r + 1 , x g ) (
k)zno k7r

r k ( t  )
o

Do

I n  . t h i s ' sec t i -on  
we

Newton 's  method in  the c lass

two lemmas:

l i ty

( 4 s )  1 1  o " r [ r t * l - r ( Y ) - r '  ( Y )

Proof .  Use the

the convergence of

I{e snal-I use the fol lowing

shal t  s tudY

t lu.o, ro) .

L e m m a  ! -  r f  ( f , x o ) e ? ( k o '

h o l d s  f o r  a t l  x r Y €  U :

tnen *re fol.iowing inequa-r l- o '

(x-y)] l l < ]r." l l *-v ll 
2 .

integral  rePresentat ion

( 4 6 ) f  ( x )  - f  ( y )  = (y+t (x-Y) )  (x-Y) dt
4

J r '
o

and then abPfY condi t ion (5) .  ( s e e  a l s o  f  ? ,  3 ' 2 ' 1 2 1 )  '  a

Posi t ive numbers sat i -s-
Lemma 2 ' Let ko anC ro be two

f y i n g i n e q u a l i t y ( 7 ) a n d c o n s i d e r t h e c o n s t a n t a f r o m ( 2 5 ) . I f

( s ) i s t } r e s e q u e n c e g i v e n i n r . T ) a n d w , s t h e f u n c t i c n s d " e f i n e dt " n '



T 7

i n  ( 4 0 ) ,  ( 4 t 1  , t h e n  t h e  f o l l o w i n g  r e l a t i o n s  h o l d  f o r  n = 0 ,  r , 2 , . . .

(47 )  
"o=k - r - . ,  " r r+  f "1 / (2s r r+2a)

( 4 8 )  r t  ( r o )  = s n - s n + l

|  
, n r ,  

" r - - n r '  
\ ' \(w  ( ro )  )  =sn

proo f  .  ( 47  )  can  be  ve r i f i ed  d . i r ec i r y  wh i l e  (4g )  and

(49 t ) .  can  eas l l y  be  p roved  by  i nduc t i on . r

Now we may state

.  
Theorem I .  I f  ( f  , xo)e  8{ko , ro )  then the  i te ra t i v6

algor i thm ( .91 is  we] l  def ined,  the sequence (xr r )  nroduced by i t .

converges to  a root  x*  o f  the equat ion f (x)=6 and the fo l lowinq

i n e q u a l i t i b s  a r e  s a t i s f i e d  f o r  n = 0  , I , 2 ,  . . .  .

( s o ) l lxr.-*n+r l t  -< sn-sn+r ,

ll *r,-** 11 ( 'r, ,( s r 1

where ( " r r )  is  the sequence g iven py (Z l1 .

Proof .  we shar l  use proposi t ion 2 wi th  w and s g iven

by (40)  and (4r1.  F i - rs t  le t  us obset :ve that  wi th  the constant- -a

g i ven  by  (2s1  we  have  s ( r ^ )= "o .  Hence  the  c losed  ba l r  w i th  cen te r' o '

*o  and  ra , f i us  s  ( ro )  i s  i nc luded  i n  U  ( see  (g ) ) .  Le t .  & ,F  be  the

set  o f  those x € u for  which the l inear  operator  f  ' (x )  is  i -nver-

IM L+V\,ZZ
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t ib le and let  us

For  any  r>  0  le t

I 8

consid.er the. maPPing

us def ine

D, .  *Y  g iven b y  ( 3 ) .

l l  r t x ) - l r ( x ) [ l - < r J .

( i )  o f  P. roPosi t ion '

y=F (x)  .  I t  fb l lows

] i r .

(52) z.(r)={xex; ltx-xoll{s (ro)-s (r), f '  (x) is invertible'

We have obvious lY z  ( ro)  ={xo

2 i -s .sat is f ied.  SuPPose now

immediate lY that '

1 so that hvPothesis
I  

- ' -

x e Z ( r )  and denote
)  . '

(  s : 1

U s i n g  ( 3 9 )  w e

1y-x  l l  =  l l  f  '  ( x )  -1 r  ( * )  l l  (  t

obtain

(54)  11 y ;xo l i -<

In part icular th is shows that

Accord ing to  Banach's  Lemma i t

f ' ( y )  i s  i nve r t i b le  and  tha t '

ll y-x ll + !l x-xoil .< r+s (ru) -s (r) =s (ro) -s (w (r) ) '

tlo;' (oo-r' (v) ) ll 3 ko ll v-xo[ ( ko I t<]l-a-s (w (r) )] =l-ko 1a2+ t')'/''

y eU.  ApPlYincr  (5)  we have

fol lows that the l inear oPerator

, t

t

i
r {

i:,
l

I
t

i
!

r t

i l

; t
r t

it

l l  (o ; t t '  (y )  ) '1  11 * .  k ; t  G2+a2)- r  /  z .{
i
1

i. : '
" i

y=F (x)  impl ies f  (x)  +f  '  (x) ( y -x )=0 ;  hence ,  us ing  Lemma I '  we  ob la in

ll o;tt (v) li = llo;t (r (v) -r (x) -r'
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From the ldst  inequal j - t ies i t  fo l lows that

( ss )  f l t ' ( v ) - t t ( o ) l l  - <  1 ;  r o ]1 r ,  ( y ) ) - t o ; t r ( v ) ' l l  s  2 - r12  t r 2+u21 - r / 2=w( r )

Now (531-1551 show tha t  hypothes is  ( i i )  o f  p ropos i t ion  2  i s  a lso
satisfied, and by virtue of Lemma 2 the proof of the theorem is
complete . [ -

'From the above theorem it follorvs, using the terminolo-
gy introduced in sect ion ! ,  that  Newton's method t , f l  is  a conver-
gbnt .  i te ra t i ve  p rocedure  fo r  the  c lass  : r ,oo , ro ) .  

r t  a r_so  fo l lows
that the. funct ion tg l  def ined by (2A; i "  an error est j -mate for

'  th is  p rocess  (  {3 f  t  t Jn , r  
( t )  

)  ) . .  rn  the  fo r low ins  propos i t ion  we
shal l  prove that th is est imate is sharp in the sense of  Def in i t ion'  
5 .

'  
Prop_osi t ion 4.  For  any paj - r  o f  pos i t ive numbers k  , to ' o'  sa t i s f y ing  the  i nequa l i t y  (7 )  t he re  ex i s t s  a  func t i on  f  : lR_> lR

1ane"a-po*nt '*6*€ 
lR havins the oroperty '  that  ( f  ,xo)e QW.Lro) .and

' l  f o r '  wh ich  the  es t ima tes  (50 )  and  (5 f1  a re  a t ta ined  fo r  a l l  n .

Proof  .  Take f  (x )=2- lko  { *2 -u2)  and xo=k]1 ,  * f , . r " .  the
cons tan t  a  i s  g iven  by  (25) .  r ' ve  have obv iousry  ( f  , xo)  e  ? (ko , ro )
and xo-a=so. The rest  fo l lows from proposi t j_on 3 wi th ,o=0.8

using Theorem I we can prove ttrat the function p6 oi,.'rs,'
i :  - . -by (3a1 is arso an error est imate for  i {ewtonrs method in the

crass  ? tuo , ro )  .  (  13a?EG4. , r  
(6 )  

)  ) . .
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Proposi t ion 5 '  Under

fo l lowing inequal i tY holds for

the hynotheses

n = l r 2 1 3 r . . .

o f  Theorem l . t he

( s 6 )

where

l\"" **[\< #rF-u"-r lf *r,-*r,-1ll - (r-zt'rr-r 1\*,r.*n-, 11 )t/' 7

llf 
' (xn-r)-tfl (x )  - f  '  (v )  )  1 l

k"-t=*l|?u
l{"-v ll

( 5 7 )

From Thecrem I

have :

l l  r r - I  (+r  ( . t  \ - f  '
l l  "o \! ..-o,

n-2r
t-
j=0

11 *i+r-*j [[-< ko(s;s,r-t) .

Accord ing to  Banach's  lemma

I t t o ;1 r '  ( xn - r )

Hence

k ,= suo-- ! - -n- r  x ,Ydu Ix -v l l

this imPlies that

- ' t
/ r . L a  \ 'r * '  " n_ I ,

Proof  .  cons ider  a  pa i r  ( f  , xo)€  ?{ko ' ro \  and denote

rn-r= l l .  t '  t*,r-r) 
- l f  (*o-r) l{.we want to

This reduces to the demonstration

'  2  k n - l r r r - l  < r

i t  fo l lows rrr-r= l l

(xrr_r))l[ -< koll *r,-r-*o ll -< ko

) 
=r 

l l< o;t  (a*s,r-r.)  -r

. .  - 1  - l

l[ toorr txrr-r))-roit (f ' (*)=f ' (v)) ll

prove tlrat (f ,xri- r)< tll<n-', rrrr-1)''

o f  t he  re la t i on

*rr-*rr-1l l -< t r r - I -sn )  so that  we

( l[to;lr' (*,,-r) ) 
-r 

il *,;1lu
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Using Lemma 2 we obtain

s -  . - s wn-1
n-rrn-ts'z;*j = ,ffi

w t - 1 { r o )
=2-=-- t " :

I .

- ' l

n-  l=kn:  r  
(  1-  2kr , -  

l t
Denote  now an-1=k ; .1 r  (  1 - ro r . l rn_  

J t / r .  .  Apo ly ing  Theorem
pai r  ( f  , x r r - r )€  81 f r . ,_1 , rn_r )  we deduce the  inequa l i t y

I  to the

which . is exactl1,

ll "n-** if

the err:r

In  the next  proposi t ion

/ 3 s r € f l r , r ( s ) ) .

.  p ropos i t i on  6 .  Under

fo l lowing inequal i ty  ho lds for

bound (56 )  . ts

rve shall  prove that

the hlzpgtheses of Theorem I the

r = 0 ,  I  1 2 ,  . . .

( s 8 )

( r o )

11",. f l[..k;t- lll-"otl - [(k;t- l!*,.-*otl ) 2-zr.olll o;trt*"1 ll ] 
r/2

Proo f .  F i r s t  l e t us remark that

'l
(511.  f  (xn)  =f  (xrr)  - r  (x*)  =,  

J 
t '  1x*+r (* , r -x*)  )dt)  (x, r_xx)

We want to prove that the l inear

is  inver t i_b1e.  To th is  ef  fect  we

h a v e :

4
operator  A= {  f ,  (x*+t (x '

o
note that  accord inq to

{.
- x^ )  )  d t

( 5 )  w e



?,

( 6 0 )

Fir:al iy from

(ol la;  -  t

( 5 9 )  a n d

l{ ll< r ' l

Lt_iko (2 l lx,r_xo l l  + {t  xn-x t l  lJ 
-1

(5A)  we  deduce  tha t

;1 x"dl = 1[a-lr (x,r)fi= ff roolal -t";t, (xr,) f f $
z ffollrrx,rr ll

It;;t(r'(xo)-A)ll -< *oo,ta-%t +t)<1-%,r ) ( +..r2 rlxn-%, + r",,_*n, l
From Theorem 1 it fol lows that

' z'llxrr-{o11 + lJxrr-x*ll<zr il x,.-xo1l+ 1;xr.-x*ll ) { zso..rd,

By .v i r t ue  o f  Banach- rs

norm est imat ion holds ?

lemmarA is  inver t ib le ,  and the fol.lowlng

2-2koll *,r-*o ll-% 11",.*f Il

a i ra  i t  i s  easy  to  see  tha t  t h i s  re la t i on  imp l i es  i r u ,  .  a

Nolv we are able to prove that al l  the functi_ons definedi -n  (28 ) -13a1  a re  sha rp  e r ro r  es t lma tes  fo r  Newton rs  p rocedure  i n
- ' t h e  

c l - a s s  ? o - o , r o )  .  W e  r e c a 1 l  t h e  f a c t  t h a t  f o . r  e a c h  k = 1 ,  2 r . . . , 6
Pk uses the j-nformatj_on r (k) ^ *r ' - - '  a n d  P j  u s u "  l h u  l n f o r m a t i o n  r ( : )( t hese  i n fo rma t j -ons 'a re  

de f i ned  by  the  fo rmu lae  (18 ) -  (23 )  )  .

Theorem 2. The funct ion" ,3r ,  f t2, pl ,  { l : ,  pq, tA S andFe def ined by the re la t ions (2g1-  13a1 . : - .  sharp er ror  est i_matesfor  Newton 's  nret i roc l  in  the c lass ?{ko, ro)  and the re l -a t i .on , ,_1, ,'n t roc iuced 1n Def in i t ion 6 0r< lers  them as shown in  d lagram (37) .

Proo€. h7e have already proved that 
Fj  u E f f , .  1 j )  

)  for

t
f

T
F'lr

t
i !

l
i

i

tl

,
I
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"  . , , , "  j . = r r516  ( see  Theorem L ,  p ropos i t i on  5  and  p ropos i t i on  6 ) .  l l o reove r

we have shown that th6 error estimate lLL is sharp (see proposi-

t ion 4) - rt  fol lows that the proof of our theorem would be

complete i f  we could demonstrate the va l id i ty  o f  the re la t ions
i  

i nd i ca ted  i n  d iag ram (37 )  .

'  
Le t  us  cons ide r  a  pa i r  ( f  i xo )€  V lUor . f " ) .  We  deno te  by

(xr r )  the .sequence generated by Newton 's  method appl ied to  th is

have to  evaluate the guant i ty

. ' ^n -  Ik - _ r =  s u p
x,yeU l [  " -y  11

Using the ident i ty

- 1  . - ' l  r  - 1
f  '  ( xn_ t  )  

- ( f  ' ( x ) - f  ' ( y ) )= ( f  ' ( xo )  ' f  ,  ( x r r_ r )  ) - , f  ,  ( *o ) - ' ( f  ,  ( x )_ f  ,  ( y )  )

and condi t ion (5)  i t  j -s  easy to  prove that

.  k r r_ t  -a  ko l ( r -ko l l  * r ,_r -xo l l  )

Al
Denotins by kn-, the r ight hand side of the above inequali ty

we have

Fo (h-r, llx;xrr-r ll ) .< Fo (t,-r, l[*rr-*r,_r tl ) {<-1- 1l x;x,._1 ll

- ll*,r-r-*oll - 
[,u"t- ll*n:*r,-rll - ll*rr-r-% ll l'- ilxt'xn-r ll, Jt;,

.t o;t- lla-"o[-[rr;1- lla-*oli )2- [l*n**,.-, lflrtz= f4(lt*r,-*olt , llxr,-%-rll ) .



2 4

The relation P+

2k;lllD;lr tx,r) ll \< 1l *r,-*r,-, ll 
'

be  ob ta ined  no t i c i nq  tha t  e  ( xn ) -g  ( *n ) - f  ( xn - t ) -

(xr r -xn-r )  and aPPlYing Lemma 1 '

In  order  to  prove the re la t ion F l? F4 we 
'h t " '

-  6*, r -*a t l  *  [k ; t -  l l *n-*ol {2)  -  l l  * r ' - * r , - r

which can

- f  t  ( x .  , )n - r

show that

( 6 r 1

to

.  - 1
J<o

I l ' J t  ' z  7 ts  + 2 a
n

Using ( . r i0)  we get

o;t- l [*,r-*o 11 + [o'"r- 1[x,r-xoll) 
2- 

l i  Xn-xn-1 il2)r rz

-"t
>, ko"- .  (so-sn) +

rrre 
"nnl_l1li_ :_i* *:t

according to Lemma 2 |

i
rhe r$ la t ion Fr t  FZ

I
I

1 [[ xrr_xrr-1 ll

' t he  
above  i nequa l i t l z .  equa ls  sn*2a  because '

)  . ?  2
we  have  so=k - I -a  and  ( sn+a) ' -  ( sn -s r r -1 )  

-=a -  '

can be proved immed'iately observing that

r r - -  l t z
2 *u2 rt /Z _u= il l t*"-r l l  

:: I " t: rn
a+ ( [ xrr-xrr_1 l l +a ,

. ,  r r 2
. [ [  xn'xr.- 1 l l
n

a + l _ ( s r r , 1 - s n i  ' q  
J

. )
r l  t l  &

11 xn-xt"t-1 l l

s .  * 2 a
n

. r  . . 2  2 , I / 2  - l  . , ^

U s i n g t h e f a c t t h a t t h e f u n c t i c n T ( t ) = t / L a + ( t + a ) J . L i '

increasing in  t  we can prove in  a s imple way '  the re la t ion

$\ >B^'. .Lndeed we l iave
r J



[ [  *r,-*r,-, l [ '

2 5 "

s  - - s
n - I  n

u+ ( l l  *r-*r ,-r  l l  
2*.2 )r /z

ll "rr-"r,-r ll =\<
a+ f  (s, r - ,

s
= n l l

il
s  . - sn- r  n

The re la t ion Fr-  8 f  i "  obv ious because l l " r . - " r r_r l l {
The proof  is  complete.6

' Let us test now the error. esti-mates presented above on a

very s imple example pronosed in  10 and used a lso in  6 .  Namely

w e  c o n s i d e r  t h e  s c a l a r  c u b i c  t t x ) = ] ( * 3 - r ) .  T a k i n g  * o = r . 3  w e  h a v e

f  ( xo )  / f  '  ( x )  = ro=0  .2360946745 .  I { i t h  s=2 r  we  ob ta in  ko=  ,

= 2 . 0 9 7 2 6 5 5 0 1 9 .  r t  c a n  e a s i l y  b e  c h e c k e d  t h a t  ( f , x o )  ( k o , r o ) .

.  We have per formed four  s teps of  the i terat ive a lqor i thm

(9 )  i n  doub le  p rec i s ion  on  a  CDC-3500 .

fn the f 'ol lowing table we qj_ve the

_  1 _  - - 1 0c i s i o n  o f  * 1 0z

S  , - Sn- r  n
"

resul ts  wi th in  a pre-

n I 2 3 4

x
n

r  .  06  39053254 1 . 0 0 3 7 6 1 7 2 7 5 I  . 0 0 0 0  1 4 0 8 0 0 1 . 0 0 0 0 0 0 0 0 0 2

ltl 0 . 1 9 3 7 7 1 7 7 8 4 0 . 0 7 7 9 9 r 0 6 9 r 0  . 0 2 4 3 4 2 8 9 7  r 0  . 0 0  4 1 5 6 2 2 7 8

Pz'' 0 . 1 9 3 7 7 r 7 7 8 40 . 0 2 9 3 5 r 0 7 6 6 0 . 0 0 0 1 4 9 3 5 1 2 0 . 0 0 0 0 0 0 0 0 2 1

f33 0 . r 9 3 7 7 L 7 7 8 40 . 0 2 r 0 4 5 1 1 3 5 0 . 0 0 0 1 1 8 7 9 0 0 0 . 0 0 0 0 0 0 0 0 2 0

pi 0 . 1 9 3 7 7 1 7 7 8 4 0 . 0 4 0 5 1 3 3 4 2 3 0 . 0 0 1 7 0 0 4 9 7 8 0 . 0 0 0 0 0 2 8 9 8 9

13q 0 . 1 9 3 7 7 L 7 7 8 40 . 0 1 0 3 1 0 3 8 6 40 . 0 0 0 0 3 9 7 1 8 40 . 0 0 0 0 0 0 0 0 0 6

Fs 0 . 1 0 0 9 6 3 6 8 9 1 0 . 0 0 5 9 9 9 3 1 8 7 0 . 0 0 0 0 2 2 4 6 7 3 0 . 0 0 0 0 0 0 0 0 0 3

p6 0 . 1 9 3 7 7 1 7 7 8 4 0 . 0 0 7 0 7 4 r 0 4 8 .o . 0 0 0 0 2 5 0 3 5 r': - -. 0  . 0 0 0 0 0 0 0 0 0 4
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