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Abstract .

.  A genera l isat lon to  the case of 'arb i t rary  (equal )  aer i_

c i . e n c y i n d i c e s o f a f o r m u i a . o f K r e i n t z ] w h i c h g i v e s t h e

' resolvent of an arbitrary self-adj.oint synmetri.c operator A,

in te:rors of a fixed self-adjoint eitension A.o and of self_

adjoint operators (abstract boundary condit ions operators )
act ing in  the def ic iency subspace of  (A-}a)  fc r  some Xo€ S(e")

.  
is  proved (Theoren 1 ) ,

Combined with a distinguished property .of the Fri-edr.-tchg

extension (Theorem 2 ) the resolvenr forqruLa gives almost

immediately the basic results of the Krein-Vishik-Birman

theory t+-q]  o f  ihe 'se l f -ad jo in t  extens ions of  pos i t ive

symmetric operatorsras wel l  as new results saying that the

Fr iedr ichs extens ion is  the l imi t , i .n  so ine senserof  sequences

of self-adjoj.nt extensibns which are nct bounded from below.





1 . Introduction' '

Let T^ be the closure in L2 (tO,*))
U

on Co ( (0 , * )  ) .To  h t "  de f ic iency  ind ices

adjoint  extent i -ons To. are indexed by the

* tc - r l r , ,o= 
a  l (o)

o, -f l /r t  defined

(1  ,1  )  and  l t s  se l f -

boundary condj-tions

4 e ( - *  r @ J

corresp.onds to the boundarY

formal  leveI  is  obta ined
'  

l :

) .  Indeed rone can '  ver i fY

( t . 1 )

The Friedrichs ext.entiot TF of To

condi t ion l (a)= o ,whichrat  the

by tak ing the l - imi t  o<+oa in  (1 .1

that

( . 2 ) /''*t tl* - l l

6(  aco
( T . n f l -  &  * t ) - '

Again at ' the formal

by iaking the l"init

can veri fy with some

( t , 3  ) 1";
o(-+ - oo

l l  = o

leve l rone can see that  l f  
is

d - > -  o o  i n  ( 1 . 1 )  a n d  i n d e e d ,

work that

t  , -  
|

I T  + 1 )  i l  = o
\ o (  /  r l

where 
!;*,An= 

- *

I I e * , ) ^ -

a lso  ob ta ined

agai-n cne

. So i-n theNow f or o(, <o , r(\)= {X*l U fo,*)

sense o f  (1 .3 )  fU  i -s  the  l im i t  c f  se l f -ad jo in t  ex ien t ions

of Torwhich are not(uni formly) bounded from belcvr '

the same phenomenon has been observed recent lyr in the

study of  regular isat ions of  the one-diment ional  Schrodj- f8er

opera tor  lZ r lJ  .The ln i t ia l  mot iva t ion  o f  th is  paper  was to
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€ree whether th is phenomenon ( the fact  that  the Fr ieder ichs

extension of  a semi-bounded symmbfrdc operator is in.  some

senser the  l in i t  o f  some.sequences  o f  se l f -ad jo in t  ex tens ions

whlch are not uni formly .bounded from below) is a gener ic

bne or  i s  re la ted  to  the  concre te  s t ruc tu re  o f  the  above

exampleQ.fhe fact that this is a generj.c phenomenon is lhe

cqntent of  our Theorems 6 and 7.

.  S ince  the  c lass lca l  Kre ln -B i rman theory  [+  r>16]  o f

sel" f -adjoint  extent ions of  semi-bounded slrnometr ic operators

is concerned mainly wi th sel f -aCjcint  extensions bounded

f rom be lowr i t  i s  more  or  less  c lear  tha t  the  above prob lem

cannot be easi ly set t led in the f ramework of  th is t t r . ,cry

and ngw toc]-s are i redeed,Our main tool  is  a general isat j -on

' to  the .case o f  a rb i t ra ry  (equa l )  Aet ic iency  ind ices  o f  a

formula of  Krei"  [7rB] which gives the resolvent of  an ar-

pil]t|ry self-adjoint extension of a symmetri.c operator A,

i 'n termd of the resolvent of a f lxed self-adjoint extension

of .4, and of self-adjoint operators(abstract boundary condi-

tions ope+-ator-s-)-+etdng in the defi-ciency space of (.1,-X") for

someXoe !(A").The point of this formula is that i t  aLmost

immedilptely gives the spe:tral  propert ies of a self-adjoint

extens ion in  terars  o f  the spect rar  proper t ies of  the corres-

ponding boundary condit ions operator and viceversa.As already

saj .dr for  f in i te  def ic ieney ind icesr th is  fornu la has been

proved by Kre in  [Zrg l  n l l toreoverra fomura wi th .essent ia l ly

the sarf,e structure has been announceo.[9] for semi-bounded

sel f*adi oi  nt extenticns of sem:rbounded. *; '***t" ie 
-operators,

- - ' J - _ - . -
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}r full generality the result seems to be new(although we

cannot exclude the fact that ' i t  ls known as folk- lore within

the Kreinis schooL).FinaLyrwe would l ike to point out that

although we ehaLl prove below the formula onLy for seLf-

adjoint extensions of qrmrnetric operatorsrone can aLong the

sAme lines give the formula for generalised resolvents of an

arbltrary s)mmetric operator.lVe hope to come! back to these

.questibns 1n a future publicatj.on..

b resul-t rhaving again preparatory characterrbut

we bel ieverintbrest lng j .n i tself  ,gi .ves a dist inguished 'pro-

perty of the Sried.riclts extension and is contaln'ed in Theo-

rem 2.f t  concerns the behaviour of the resoLvent of the

tr,riederichs exteneion as the argument ie going to - Qc r

The basic result's of the Krein-Vishik-Bfuman theory

(see Theorens 3 14 15 ) as vrel l  as our new reeults in the theory

of self ;adjoint extensions of semi-bounded .symmetrlc opera-

tors (see Theorems 617 rC).are easy consequences of Theorems

1 and 2.

2.A generalised 
'Krein 

resolvent formula.

In th ig sect ion we shal l 'prCIve th:  fo l lowing theorero:

Theorem 1. Let A be a c losed symmetr ic operator j .n a

separable Hl lbert  space 7€ ,wi th domain U(A) and equal( f in j - te

or lnf j -n i te)  def ic iency indices. let  Ao be a f ixed sel f -ad-

Jo in t  ex tens ion  o f  A , loe  j  (n , )  ,and P(X" )  Ue the  or thog}na l

project lon on ?CO 6-^")b (A) .Then denot ing

x " ) - n  ,  \ r , X r " i ( A . )( t . t )  E(xn ,x )=  (A"



the  fo l low ing  asser t lons  no fa ,

i .The fomula

.  -a l

12.3) Rt= @o-Xi ' -  , (1,T")a[n.  Q F(2'^")  a]  Q e (A'A')

gives a one to. one- correspondence.between alL the self-ad-

jo in t  e i tens ions of  A and aL1 the pa i rs  (4 ,  a  ) .where 4.

1s an orthogonal proJecti .on smaller than P(X") and /t  is a):

se l f -ad jo in t  operator  in  QV| .

J. i .suppose ^" ,  \ :  e 3 (A") ano ut (Q,*) r(4' ,  t  
' )  

"up"u-
senting the same. self-adjoint extension of Arvia the formuLa

(2.3) wri t ten in Xo and . l j  
"""pect ively.Then

( 2 . 4 1  a ' t < =  E ( t  , \ o ) a 2

(z . j )  n '  =  e '  E( I " ,1 : ) [ *  * 'Re Q F0: ,X" )  a ]  Er (A . ,  l , )  )  a '

Dring the propf of  Theorem l  rwe ehal l  use the fol lowing

elementary fact . I ret  P be an orthogonal  projec'  ion in ae .  i -

* i t  denote by D the. l :L . , r  A ,L t  L r I /g lC4

' t r n 6 7 a f  n r
v l r v + s v \ , 4

thogonal sum-. fn the or

all bound

representation o,f W,'tL= P.trC @ ('t-")1('

,8, have a rnatr ix representat lon

4 e \
I

' Ivee I

ed operators

/ 
[ '^

B =  I
\ 4 ,

p = ( :  
o o )
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(  o"-

tor B: X ---31 we shal l  denote l*={4r:eV<-271

t  g :  K + 1(  ,  / ,?{1-  PK be bounded
- . l l

and P V< respectlvely. The operators ' l  ' r  8D )

bounded j-nverse in \< if and only if t " 4 / ,

tively rhave bounde{ lnverse ' in P ?{ 'I 'Ioreover
- 4

' & ' d ) - n ' \ , r . - - r t ^  
/ ( " J L ' i ' d  

' \

l ; ( + o o )  
' D = [  

I
0  0 /  \  o  o  /

\

opera

. 1.. Le

in It

fr"ta

respec

ld ( '
= l

\
\

d f o r a

Lemma

erators

oB

/&,

r - {

t " B D )  i

ancl

opj

t +  t

t + /

o ( t ,(

. 0  \
I
I

0 /

Proofi VerifY

- t
a r

( l +  o > 1  =

(2.6 )  G4 (x  ) 1)- ' -  (n* -x) -n

equation one obtains

)(o"- x') - c*(^"))f =

, r r - 4 J  l r ' / 4  \
-  ^ )  J  L o 1  ( 4 c , /

and the simiLar formula for ( tn ol)-n '
\

proof of fheorem 1. lYe shal l  consider f i -rst nonreal 2o .

T,et An ,Ao be seLf-adjoint extensions of a and .xrxoe 9(A;n f(An)

Denoting

and using the resolvent

co|)lt- (\- I '

=  l , t *  (x-  t " ) (A"

( 2 , 7  7



r 'et r ue the restrict lon of Ao and An onb(A')nz(A*) ' [hen A

is a elosed symmetric extension of Arso that.  i f .P(1) and q(^)

are the orthogonal proiect ions on &0(A-x) 4(A') and t(@ 6t-DA(t l

then 4*(f)<P(l) .From the fact that Ao and A o( are seLf-ad-

Jolnt extensj.ons of A l t  fol lows that [A Cn'vII I  9tOe]

(2.8 ) c* (x) = Q*(f,) c n(t) c,((1)

Moreoverrfrom the deflni t ion of i  i t  fol lows that C*(X) is

inJect lve oq (a(l)?C .The next observation ie the fact that

fo r  \ r , \ z  e  3  (n "  )

(2,e) (r  -  o*({)  )  e ( t . , t r )  Qn(Ie) = o

wherefrom it follows that n(&,1r) maps bicontinuously AJT')W

onto 4*$n)#.nue to the fact that

the 1rh.-s.-oT 6Q-u'&fon (2.10) is invert ible and one can
!

rewrife (2.7 ) as
I
I

(e. I r ) cn\) = E (I,A")C*(A.) [, .(l- )") r(t,il.)c* (1")J-' e (A'1")

(2. 1 o ) 1- (1-r. ) ((ot x, in- c^(\,)) = (on-l) (n*- x" i '
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I

a n d  b Y  D d  i l l * K

' r r  -  E ( i .  r \ . )  Cd (A" )u d  -  - \ . - o  ) . ' c / t  Y o ( \ '  e ,

,
Then d* is lnjective and the matrix representation of Do(

(accordj.ng to the decompooit ion z1* Q*(A")\rcftA^(f")K is

J*
0

as fol lows

I
D a =  t

\

lemma 1 one

Co\)  =

= e(t,T.)Q*

o o )

Since d j-g injective one can d^efine u4n by

, - l  '  t

( 2 . 1 4 )  f l * =  / ^  -  t  J ^  X o

Using

( 2 . 1 3 )

starting from (0"5 =

_gaL_ye11.{S*that

(2.15) D^* = D.(

( 2 , 1 6 )

can  rewr i te  (e . t t  )

(*( l)  and using (2.11 ) for Cn(1.) ott"

Lt- (1 - 1o ) D.. Ji  oo 6n-\.)(Aut"i 'e ( lo,T.)

. r 1

wherefrom i t  fo l lows that d4 is also in jeot ive and'  then '

V^- f  
=(q [^  .combin i -ng (2 .14)  and (  2 .15)  one sees that  f t *

i s  se l f -ad jo in t .Comb in i .ng  (2 .2 ) r (2 .13  )  and  (2 .14  )  one

obta ins (2 .3) .  Converse lJrsuppose R x be def ined by (z '3 \

One 
"*r, 

lru"ifY directlY that "' *.. '

. I . )  E6r ,  r .  )  + ( I  - , )  e  0 'x"  ) ]



2

( z. i t  ) J* F(\,\")= * (r(^,q")- F*(A,L.)) =9"^1) 1 a(.r,n")l*

I t  fol lows that [n*{a0,X")J-n exi.sts (at Least )for nol&

".ui 
l . Definin s J, ou:orf. by 

.
/ - - ( n ' t J " o n o 1. \ .

" lU.taking 
into acoount (2.3) and Lemma 1 one obtains

, , (2.18) Rx = (n"f) ' -  E(A,f" lo[ ,  n(A-\"1 e(x1.)n7- ' ,  (X,]"7-

- - l

;  (A"-  l f  
n -  E(^, I . ) [ ' t *  (^- \")o E(^,1 ' )J- ' '  t  (n 'A")

(remind that g= qJ Q is vierreC as. an opera'bor in Z< ) '

Using (2.18) one can veri fy thai R1 sat isfy the equations

(2 .19)  Rr  R*" - -  (^ -1 . ) -Rr  RAo = ( l - \ " )a t .n t

-u-

wherefrorn

The 1u": observation is that

(2.20) i 
--:--o(T:\fr 

rtt-)z( = lo\

rndeed Ju,rnnouu that fteD(n"1n"0")l1"Fob all A . 2 (A)

( 1 , ( e " - 1 " ) f , . )  =  ( ( o " - a ) h , f " )  = o

i. e. ( Ar- \") f.= o which lmplies A = 0. rr/o'^t ( 2'3) , (a'q)

amd (2'zo) i"nPa":ot

(2,21i  la  R,y.  = lo 1

r . t  * *

From (2.16) i t  fcl lov, 's that r*(1,\ '1= r1[rX,; wherefrcm
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R^ '  o  R :
7 ' ^

The  p roper t i es  (2 .19 ) rQ .21 ) r (2 .22 )  a re  su f f i c i en t  t o  imp ly

that there exj-sts a sel-f-adjoint operator T subh that for

nonreal r, I e,cl,op g $ 7s ', to, CLa'p - $ 4 l

(2 .22)

( 2 . 2 3 ) R' -  ( r-  \ in

tr' iq;alVrtaking into account thbt (see

? ( r . )  a ' (Y,  n ,  )  ( t -  P (x)  )  =  o

i t  fo r lows f rom (2 . ,3 )  and (2 ,23)  tna t

/ - n r-1 lt.  . - {  t
( r - l )  i  

=  l l o - ) )  I
\ '  ' t  

l 1 n - r 1 a 6 n )  
t  l ( A

rvher efrom

( 2  " g  ) )

( 2 .24 ) T  ) A

which f inishes the proof of i . for nonreal Xo'

I ,et ,ro* Xj€ 3(A") '  be arbitrary (rea1 or nonreal) 'Let A.(

be a self-adjoint extenslon of A and Q'* be the orthogonal

p r o j e c t i o n  o n ' K @ ( a " - \ : ) ( 2 i , r . " )  n 2 ( a ^ ) ' T h e n ( s e e  ( 2 ' g ) )

a *  E  O : , T . ) Q n  =  t  ( \ ' , T . )  q *
(2'25) 

8o E (^: , x") e'* = Q^ E (A"' , r")

A simplerbut a l i t t le bi t  te.rdious calculat ionrusing the

d6fini t ion and the propert ies og f( l . , I t lanC (2.25)rshov'rs . thq't

i f  oz:.  is given by (2.5) then for.nonreal L
- ' t

E  ( ^ d " ) 4 * [ * o  *  Q ^ F  ( ' , \ " ) d * J '  Q n  E  ( n '  ] ' o ' 1  =

= E (A,vA;, a'dtfL: * Q,* F (1,^: ) 4;7 4*' , (^, ̂ "' )



which proves (2.3 ) for arbitrary I :e g (A,) and at the same
t j .mer thg second point  o f ,  the thoerem,

3'.  Appl icat ions to the theory of self-adjoint extensions
o.f semi-bounded syrnmetric operators.

we shal l  start  by l ist ing a few observations of, techni_
-  i .  '
cal ly preparatory character.

1'. Let 71 be a finite-dimensional iti lbert space , D c c,
be the donain containing g= ga-,&lcR and F(A)ivr+v( an operator
valued funct ion sat isfying

a.. F(A) is analyt ic in D ,

b. FTA)= F(A) for X, e r

*ro on i
" '  o ^

ThenralJ- the eigenvalues of r(r)  are continuous and.str ic ly
increasing funct ions of 1 of i  f  . .

.  2: tret N Pu a eemi-bounded serf-adjoint operat or,  F(A)s
bounded serf-adjoint operators valued funct ion csnti .nuous
f o r l € f c ' 1 R  . T h e n  , h f . f k * F ( 1 ) \, r  \  -  /  i s . a c o n t i n u o u s

:  
- : : _ _ - ? * - 4 & + - . : j € j = .

function of X on I .
I

3i l ,et A'.  be a sequence of bounded self-adjoint

operators sat isfying the condit ions 3

.  i .  0  ( A n + r  $  A , a

i i . .  t -  b ^  A t = , O
/41 6

iii" There exist t^ ,c , 4a !^ = t
tfC+oc

such t i rat the essential  spectrum of 
'A* 

is contained in [o t^1.
Then

'  l e  a \  A
\ i . i )  - { , c o a -  i l A 4 i l ( d

. . . 4 * @



' 1 r l
- t  t -

Proof. Suppose

'  :  ?  : z '  . \  l l

(3 ,2)  ^dL IA,n l l  *  < \ ( * ,  
( i (A- ' ) )  > .J '  '

q l<ca  4

Then for arbi t rary e>O there exlst  4^,  P < @ such that

for r (?&n, An has preeisely P eigenvaluee(count i .ng raul t ip l i -

c i t ies )  in  l l+a)  -  )  .Le t  P ,n  be  the  spec t ra l  p ro jec t ion
.

of Ao correspondirrg tu f{+€, * )  and t ,  i l*nt l=' l  an eigen-

vector of Ann correspond.ing to i ts fargust ej .genva1ue., 1^ ,

ft is not hard. to Bee that for 'rz > 4,1

(3.3) f rP^t i l? r ,  t /e
. . )

fndeedrsuppose (3.3)  is  no i  t rue for  some 427 f rq  .Then iI
writing I

. ' X. (t-r:r")?€

. .and using i. . one can verify that

l .  
_ . i_ : - - - -^ *4-1s i * :

'  (3.51 (Z , Aan i l '  ^^ (t- e l;r.^et1t ') *(!. ,) t tr-.fngz =

a, (J*n llXrc+ (t+e- X^Xr tlq,tllt-') ', (l*e) & Xtl

On the other hand.r f rom i .  for  a l l  /e P*"fr

'  r l ]

(3 .6 )  (  tAn . t ) ,  ( * ,a * l )  "  
( ! * t ) ' ! "



From (3;4-6) and the nin-max prlnciples i t  fol lows that
i

Am^ has at least f* {  eigenvalues in f t*e, ao ) whlch
'  i s  a  con t rad . io t i on .F rom (3 .3 )  and .  (3 .4 )

(3 ,T ) Z;,,1 (t , n..*^) 27 6! * eS/A :
4+cE

rrhich contradicts i i . and. the lerura is proved..

- '  From now on A.wi l4 be a c losed symmetr ic operator
. 1

satisfying

' t 2

( 3 . 8 )  ^ ( n ) =  
; : : " , ( * A { ) / o r u "  

= r

r i r  what fo l lows.Ao denotes the rr" iedr lchs extensioh of  A
- [1 lJ  

,P  Cenote .e  the  c r thogc l :a l  p ro jec t j .on  on  IZO AZ(^ ]

and A an orthogonal  project ion smal ler  than p.

'  consider the .analyt ic valued funct ion {o@: i lv t  -  e,v<

( 3 . s )  f ^ ( \ ) =  a r ( A , o ) l  ' = l ^ Q A r ( o r - 1 ) - ' [  - .  \ e S ( o " )- d '  '  \  ' l a u  
I  a x '

t r 'o r  ̂ e  (  x  , t ) ,  f * (^ )  t "  set f -ad jo ln t  and

t : . r01 6- ({*W) '  L^fu\ ,  \  J

Moreover, on (- " . , .r) .  g ( l ) i"  str ict ly increasing. ,, fe,

(3,11) 
fr {rt l)  7t , , '414'\ { r,  t  /r  t)e 1
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I

From (3 .10  )  i t  fo l lows tha t  fo r  X ,  Ce,  o ) ' J  (o ,  t )  ,  I  a  
(1 ' )

ex is ts  and (3 . t t  )  i rop l ies  [ f  f1  tha t  i t  ie  a  monoton ica l l y

d.ecreasing funct ion of  X .  .

Our next theorem descr ibes a dist inguished property

of  the Fr ied"r ichs extension.

Theorem 2. For al l  d < g

(3 . t2 )  j . .  s -  !o ,u  ^ f  ̂ ' ( l )  =  o
\ + -  & '  q '  -

i j . .  I f  ,  i .n addl t ion l - !  is  compact then

- l

( 3 . t 3 )  
{ : * r { a 2 ) i l  

= o

Proof  .  i .  rc  6 /L  i s ' the  sp , - .ec t ra l ' rneabure  o f  Ao , then

( l  , o A , ( o , * * f n g ) =  f * J ( n * I . ' l )  ;  a > o
aira the monotone cont'.ergence theoren lmplies that

l ; ^  ( * , o A o 6 ' * & ) - ' f  )  <  e
' L + c o \ -

is dquivalent vrlth the fact that {e?(et/!) .0n the other

hand. tr  rJ 7 U'! ' )  pev = {ol  vrherefrcm,for f ,  e aK

( 3 . 1 4 )  4 ;  ( l , o ' ^ r ( o r * ^ ) - ' f , )  =  ' e
.  

A _ q &  
\  ,

Tne f i rst  point  of  the theorem fol lowe from (3,14) ty

standard argurnents. Indeedrsince for X ,0,  fn '$)  i "  decreasing

and. negat ive,  i t  fo l lovrs that  i t  has a weak l imi t  as ! - -+-

and then t1n a strong one.Denote

( 3 . 1 5 )  p  =  r -  ! ^ -  f * ' { U
.  \ - - n

$ i r r s e  B ( 0  , f o r a i l  e 2 0 r 9 ' < o  f i t j

{3 .16 )  CB  +  e ) - '  , .  ( -  f * ' f  u ,  *  t  t '



I t
F  l  a t F

Suppose now B*0 .Shen i t  ex j .s ts  Xr( t rC such that

y" (* , (  B + ef 
'3 

)=' l '  1 @ .rhen

- r  . - t
(3.1 7) I z fu(t, (- {; ' .f lJ* e )'g ) = -(a ,i,4"o) x )

f a k i n g  t h e  l i n i t  ) + - *  i n  ( 3 . 1 7 )  o n e  c o n t r a d i c t s  ( 3 , 1 4 )

s o  t h a t  B = 0  .
t - r-'l

i i . I f  (a r - l )  i s  compact ,  i t  fo l lows tha t
. t  .  ( e - -  1 \  

. [  
i  s  . .  a - r  o - ' ,  7 1 1 =l^tt>-X =.X-{(^o-\) 

[Or. 
i" conpact and then '^ - *e

=  l ; ^  (4^O)-  \ ) /A  
:  i s  compact . In  o ther  word"s , the

uuulitial spectrum of - 
fl0t t" containeo. in Lo,{l u,rra

( 3. 1 3 ) 
-f 

ollows from J.o.

Taringa;-A" ,1o=0 the tlor.nula .(2,3) for. an arbit.r-.ary

seLf-adjoint  extdnsion A* of  A wr l tes aet

.

i3.18) (A"- 1)o= (oo-\ i^- e(t, !)  Qr, l*^ * {"{*\-?- e (A,o)

tet z*(X):4*K* 40.? be defrned by

Thq fol lowing ie a direct  consequence of  fheorem 1.

l lheorem J,  le t  l .e3(a")  .Then X.eJ(A*)  i f  and only  i f

o e  3 @ * ( x " ) )
fhe following two theorems are aqong the basic results of

the Krein-Vishik-Birman theory L+-Or1lf .

Thesrem 4.

i .  C (n* )  cL \n , * )  i f  and  on ly  i f

.. ' *.. ,

( 3 . 1 9 1  a t i *  ( A ^ )  <  0



i i .  r f

i f  and only

i: is

:-r - aa

-15 -

compact then Ad is bounded. from below

is bounded from below.

( 3 . 2 o 1

( 3 , 2 t  )

s- tf {, folf =rp

fhen or(An) c La,*) i f and bnly if

- l

-  t ,  \<  cd  -<O

rn part icular,  A has a uniq*e sel f -a i l jo int  extension
the .  spi ' ;etrum included in f t ,  n)  i f  and only i f

fhe next three theorems uT",  besid.es Theorems 1
the main netv resu-Lis of  our pap€r. .

wi th

t ' = o, ?

and. 2

X . \ , ,  ^ t ( A )

so that due to Theo""*'3 , ) eg(4*).

Proo f  .  i . suppose  ^a ( ! r )<O .Then  f rom (3 , t1 )  f o r  a l l

Suppose now tr(a*)c[A.,""). fhen [f f J for all
which implies via Theoren 1 that aa(D<0 which
with 23 f lnishes the proof of j . .

i i '  supposg ' t t , .  i -s semlbou.nd.ed.From Theorem 2i i

{4o)  (  -  p(x) j  *hPO) 
=-& i .e .  for  A--*  ,  ^n(A)  <o

i . € .  X e S ( a . . )  .  C o r r v e r s e l ; r , i f  t r ( n * ) c L L , , * )  t h e n  b y  t h e
-f irst point of the theorem n^:{A!Ln)<O and the proof is
fini'shed.. 

..-

suppose novf F (A*)c ft,*) uo that tt^ ,,as a bound.ed
inverse'Define c-n Pt(-lJil{ as th.e orthogonal suln.
of t4;t on Qntr< and. zero on (e- en)ze . The foJlowing
1s .a d. irect consequence of Theorem 4.

Iheorenr 5. I ,et

A rA^,(""-xii ("--,'
toge ther



( 3 . 2 i l  C  1 r , t )  c  1 (  r z )  ;

-1,5 -

[heorem 6. Let A2 be a sequence of self-adjoint

extens ions of  A sat is fY ing:

'/*'oa aL =ao 
'

z - Q

.  ' '  / a - l - A ; n \ = o
(3 .24)  i .  s -  t : *  

(  ̂ '  '  L
'  

i i . I f  one of  the fo l lowing is t rue :

4 .  J | " n e  < &

- 4
'  

.  b.  Af  is  comPact

tk'n 
-t -1

( 3 , 2 i )  t t r -  i l  A ; '  -  A?  I  =  o

Proof . Yfithbut loss of gen.erality we can tak" Q,=? .
L

Indeed i f 'QL< ? one can consid'er XL such that

A F .  -  * ; ^  =  ( o r ' -  A ; ' )  *  i o  ( e -  e z )

From (3,22) lt follows t1;'+t r?2 has a bounded. inverse and

Oiz3)  impl - ies t tg20. .  Fron (3.2?)  and Theorem J,  for  a1 l -

^ e  ( -  a t  ,  o )

which is equivalent to

( 3 , 2 6 )  o e  S ? t *  f u T ) )

( 3 . 2 7 )  a e 7 ? i ' r  S ) ' t t l )  ' 1 1  ' n e ( o z , o )



. since for )X .0, tll euff icientty smalt t (ar'" t O'>) c ( *'' o )

f rom (3.26) and 2:

c ( ^ [ ^ *  i r ' ( oz ) )  c  C* , "o )
'  

L e @ r

- t

- {  - i  . - 4
Taking into account that 4? = AF'" AZ ,Theorem 2 and. (3.271.

(3 .271 o  <  *L

the proof is f in ished-.

Theorem 7. Suppose J^pl l ' - r>4<oo and. AZ be a sequence. '

of  sel f -adjoint  extenslons of  A wi th the property that

'  
there exj .sts I " t \ i  ,  4Z'o ,  t7&2='<e .  

such that  .  At .

h.as rot  e igenvaluee (count ing mult ip l ic i t ies )  in (*r-*Z).

Then .

a

(3.2s) '  4',,^ tt A;^ - af^ i l  = o
9 +  e

. t ?

Proof .  Since Ag .can have at  uost 4ot eigenvalues 1n

( - *  ,  r )  t  e l  i t  fo l lows tha t  0  e  362\  .F rom 1 :  ,  (3 .11  )

and the f act that At must have oe elgenvalues in (- @,,- oZ)

i t  fo l lows that QZ=? and. ^2,  0 . fhen one can apply .

Theorem 6 i l .

Let now aeC-ra) and" .aJa) 5s the seLf-adjolnt exten-

sion of A corresponding to the pair Qr- 1r@ ) '  r t  is easy

to see that A*(a) is nothing but the ttsoftrr extensj-on of

Krein l ,+l  coruesponding to the point a'  i .€. A*(a) ls

mj.nimal- among the self-ad.joint extenslone of A having ' .

spectrum in [a,o.)  .The fo] lowing is a direct  consequence

of The<-rrerrs:'6 and. t.

fi,uo( t?q!t(
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"r . r  Corrolary.

(3.2s) i. s' *r- @: - A; ga's) = o
4 a - a

i1. If one of the following is true
- 1

s. Ar '  is  comPact

b '  / ' " " n ?  < @

Then

_ t  - - 1

( r. 3o I ,( ' ,,ft l l  A;'- 4*(ot l l  = o :
q' ?- oe

' , '

l l fe shal] end up noting the follovring relatj-ons between the
. :

spectral  propert ies of  A* and 4* .  .  
'

'  l h e o r e m ' 8 .

i ,$rrppose r?^ has discrete spectrum ( i .e.  has o9{

f in i te ly d.egenerated eigenvalues having no f in i te points

of accumulation).Then the spectrum of Ac includ-ed. 
"in

Ldr&Jc  \@ r )  iu  c l i sc re te .
' 

i i . Suppose A-j is 'compact an<1 su.ppose La,&1c 3O) p 3( a*)

Then the  spec t rum o f  Ad inc lud .ed  tn  La 'e \  i ; ' d isc re te .

Proof .

i .There exists leA such that 1n**3)-n exists and.

':fi:::; 
l"J" s\.r ) [ n * (^n / )- ( { o^$) - t )]

Sirr"*  1A** 
f , f  is  compact and *o!^)  i "  a[  oounded opera-

tors valued. analytic functlon j-u C r r(At) tft" f irst point

of the theorem follows from Theorem l, and the analytic

tr 'redholri alternative [ 1 ]

i i . ie t  \  e fa,  &7 .Ti r .en . !  n fe*(A )  =

=, dr^+l * lrdn (Ar-o f' 1..*= 
("*- l)[' * \2 ('t** li^en@'-^'' 

lU* ]

and again one can apply the analytlc Fred.holm alternative.
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