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ON THE REGULARTTY OF THE BOUNDARY I'IEASURES

L ' g  c {  I t r { r r  . n a l a m r r e

The aim of this Note is to prove some new topological

piopert ies of the boundary measuresi nanely, roughlY speaking,

that the boundary measures are lg4lgg]gl (1." ' ,  bir closecl com-

' n^r.+ 'nF^srrrable subsets, where compactne s s, c losednes s is meant s/ i th,

respect to th.e Choquet tupolcigy).  Stronger resul ts are obtained for

the pure states space of a Cf-  algebra.

I .  Let E be any Hausdorf f  local ly convex topologicalL real

vector space and KcE any non-empty conpact convex subset.  I ' re shal1

use the notat ions introduced tn f6l  ,  a-s wel l  as many of the resul ts

we have Presented t-here.

VJe recall that for any bounded function f:K -+ lR the

--*.rs.-?: functlon ?:r -+ {R iS cleftned by

? = tn f  {h ;  f - . t r ,  h6A(K)1 ,

where the lnf imum ls computed polnt-wi.se. fhen E is the smallest:

concave upper senicontinuous function majorizlng f (see L6J, p'12;

l s l  ,  $r ;  fa l ,  ch.xr '  D18) .

PROPOsfiTolr 
-1. 

for an bot:n tled lrgPel lteln.l -c;1t1!u9r19

f unclion f : ii --+ R we have
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|  , - ,  ^ . 1
f  (x) = supif ( f  l  i  7,,-  

-  t .*\  ,  xsK.

PRoo!'. In this equality 
//. 

runs over the compact

, , 1
conve:,( set /ll- (K) of all Radon probabllity medsures 1"u , whose bary-

center Uf)=x.

( r ( x ) =  s u p {  r , . ( f ) ;  t t - -  t -  \  '  x € K n
r l

'  ' t '

then i., obviousll' ii bounded and it is easy to prove that c, is "
. - 1

concave i on the other hand' it is easy to Prove that f < q .

. b ) v i s u p p e r s e n l - - c o n t i n u o u s . I n d e e d ' 1 e t u s f i r s t i e n a r k t h a t , ' .

sl^nce the mapping

'  
,  , 1

on the set , , t ' (+ (K) of.al1 Radon probabii l ty measures on K' ls con-

t lnuous, for any fo€C(K; tR).,  the mapping

( r ) .

is upper semj--continuous.. Let now c,1 € [t  and def ine Ln=ixrl ;  i - f  (x)]"{} .

Let (xr) i€l be a net ln Lo( and assume that xi:-'- i tn r. r,"t S. > 0 :

be glven. Then \,te have

'  
a r l . .  \  \
\ \ ^ i r . t  {  > o { -  L )

anc i ,  t i re re fo t -e ,  fo i i  e , . ry  i - i ,  t l l e : 'e  3 : {1 r :c  :  , ' . . i  a i i . - ( ' .< )  ,  such

-,'1'iat

u'-4.^, (Y' \:1- i--+ FG\' t t l
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( 2 1 t ' L tL+)  >  r - t

passing to a subnet, l f  necessary' vre can assume that 
l. i l  l ' l i=It

, ..1
exlsts fn ud{ ' (X).  From (2) and from the fact  that the mapplng in

(1) is uonuJ seml-c6ntinuous , we infer that

i tG )  
>d :c . ' ;

s l n c e w e h a v e l i m b ( l ' r ) = r ( 7 r ' ) , f r o m ( 3 ) v r e t n f e r t h a t : i l x ) ) l . | j l j t t
1 - r

ior any 5 --  0,  . r , i ,  therefore t !  (x] i> 'el  
"  I t  fo l lows that x tL. . .  r  6f lc l

th is shows that L,  ls c losedt i 'e '  t  r ' !  ls  upper semi-cont inuous '
t

c )  I f  h4A(K)  and  f {h '  t hen

.  .  ,  i .  . z  |  1 . 1 : -  . { - r / , y t )  =  . {  t r ' ,
l't\ I ) :: l':-\/''

/ !

1

fo r  any  l ' .  / '  (V \  ' x - ! ;V-  .  we in fe r  tha t :
' / ? r .

x_ +, v\ '

( 3 )

{ l ( ; c )  (  ( - t ' ,1 ,  ' l ^ tP tu l  ,

and. therefore, we have

( 4 )

since,? is the snal lest concave upper semi-continuous function ma-

jortzing f;  from (4) we immediately infer that qr =E' and the Propo-

. si t lcn Is Proved.

5!44.84'  ?roposi t ion i  is a s l ight extension of  Propo-

sitiorr 3. i frorn [S] , wf'er-e it is state'i foi: a contir'uous f'cnctl-o

f .

-7
a < + ' .
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COROLLARY. For anv borrnded upper semi-cont inuous fpnc-: :  
-  - -  : _ " L  - " : a : : ' . ^  -  -

!!c'n f:K -+ {R we have

4  r . , 1 - r i  r  - . 1r ( x J = r - ( x r ,  x € e x  K .

PROOI. Thls is an irunedlate consequence of the.preceding

Proposi t lon and .o f  H.Bauer .s  Theorem (seefS] ,  proposl t ion 1.4,  f6 l  ,
P ropos l t i on  1 .3 ) .  .

Siggg=1+ For any borrn<'lei upr,er semi-con+:-iiiuous.

funct lon f  : I ( -+R @ ,( , f*)- , r t  of  Lroundpd ubpei
-

.  seml-cwnt inuoup fulct l .ons on K, such thqt f"r  J f  r ,g lnt-wise _on K,

we  hove  i  j  i  po in t -H ise  on  K .

PROOF.  I t  l s  ob r r l ous  tha t  ( f  )  " .  l s  a  i ec rcas in . ,  nF+ .' . J  
. { € A  : '  ^ ' v v t

suc i " I  tha t  i< f fm F ,  .  le t  then t  >  0  and x (K be  g iven; .  there  ex is ts'  < € p .
a heA (K) ,  such t l iat

( i )  h ( x ) < ? ( x ) +  €  a n < t  f  ( y )  <  h ( y ) ,  V  y 6 x .

Let  K.= i  v t  q . .  (y) -h  (v)>c . i  ,  4  €  A;  sLnce we haved '

. . \
l n r  \ t < r ' ( y ) - n ( y ) t  - E A / < 0 ,  Y { K ,

we lnfer that K._,  I  d and, therefore, we can f lnd an t-_r. ,  3 A, such

:e comeict).



We infer that

- R -

fd  (y)<h (Y)  ,  Y€x ' and, therefore, we. have

1-(ly") <f (b: (tQ7t) , /^(/^1.(().

From ProPosit ion I and

i  ,  (x)<r t  (x)  <  f  (x)+ ! ,
c !o

impl les that

lnfer thatfrom (1) we

and this

|  - .
{ - +  I  f

' * . . - ' . . J

'The Proposl-t ton J-s proved.

cr t:- {'i

? ,  b Y  t a k i n g  i n t . i  a d c o u n t :

COROLLARY. For '  an bounded up r semi-continuous fun c"

tlon f:K --> n glg.-gg- 
",ga"gq" r€, / . /1*(K),

whlch ls maximal with

ct to the et order re la t ion ,  we

f ( r )  
=7 '111.

ex ls t s  a  dec reas ing  ne t  ( f "< ) * -A  o f  con t l *

such  tha t  f  !  f  Po ln t -w ise  on  K '  f i
.a

with respect td tbe choquet order relat lonn
1"e, 

'{((\ is rnaxirnal

then, we have

( 1 )

(see [5 ' i ,

,PROoF. 
There

- - - ^ . . -  c , r n ^ . r - . t ^ - c  €  . I ( - +  I R ,
l I  L l v  L t -  !  u r r e . e

Fropos i ' d io i r  + .2 . ;  f  e  1  ,  ; - c i "u i1 i l

Fro:n (1) and frorn ProPoslt :on

S, (4u) -=  f t+^ / ) ,



t h e  \ -

and the

contlnul tY

Corol lary ls
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o f the .meas ure

prove d.

Lnfer that l^(E):"] ,(  f  )  ,
. / !

t ' ] - r w €

' LDMMA 1,. Let X be any comp act-*g!ge, F'cX a
- . = : : : : _ -

and p- a positive -\qdon measure o-4-1.- JhqnLfor-ely. C >
I

e xi s qs- .q . gongrct Ea:LLe T.e asurall l"e ggb set DcF', ggh-S!4

a .  \  , f l  I  : , 4 . .  I
i - "

can f ind a continuous

0

-  subset

the re

/ " ( ( i r ' )  
-s <rf t , \ .

a.
PROOF.  Le t  F t=  /1^  Gn ,  v rhe re  GncX a re  open  subse ts .

'  n=u
is regular,  the::e exists a cornpact subset DoaF t  '  sucl^,  that

r  r ' t  \

-  
" ^ \  

!  l : *

For any nafi  we
- .. r-^ r_1

t u n c t ] - o n  r  : x : > l u , f l

such that

f r ,  (x )  = I ,  fo r

Le t  xn={x€X;

Baire rne as urab le*s ub s e t

Lemma is proved.

.  We shal I

measurable subsets of

for  xeCc-.

-  .  - t  - ,
t -  ( x )  = I  7  .  Tnen

. t t  ,

a f  V  c r r n h  + h : +

'xn is a compact

Gr=F ' ,  and the

Ba i re

Y"i- 
"'- 

I t

Aa t rn+a  L r r r / i .  (Y l  +ho  C '  -
" r  J r i  

o  
\ "  '  v " -

the topologlcal space

.  r l  a o h r r  n f  + h l :

x ,  i . e .  r  t h e  f ;  -

of subsets of X, whlch is generated by the set of al l  closed

sc ts  o f  x , .  whereas  3(x )  wf  f  f  . s tand io r  the  o-  -a lgebra  o f  the

Cggg}:g!-ls" subsets of X, which iq generaied by g1't" set of all

subse ! : .s of  X.

i ' , ' i - ren severa. l  tup+iogies are cc'nslde::eC cn X,-  a cpec:al  :nark

v' i  - ;  
i  inoicaie i i ie iot-rr . r i r tcry Lo r i i , lch these o -  algch::as ccrrespond -

algebra

G. -sub;
d

Bore I

c los ed
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'  2. For any functlon f :K -) lR we shal l  denote

t  |  - ,  .  . \

z ( f ) = { x ( ' K ;  f  ( x ) = 0  I  a n d  u ( f  ) = i x ' X i  f  ( x ) = r ! '

Let nov/ FcK be a compact subset of K' Then X" ls an up-

per semi-contlnuous function' whereas ?" i"  a concave upper semi-

continuous functlon. I t  is easy to see that f  t=z tTU) is ' .  therefore'

a  neasure  ex t re rna l -  Gn-  subset  o f  x  (see  fa l  ,  p .26  and p .39) .
0 .

' :

..:
L E M M A  2 .  q  ( | - ) =  c ' a ( n )
===:

geooq: r'rom A r,(7_
v I  we lnfer that

t l  l F= u(XF)cu  ( , : )  "  .

on the other t iand, u t lui  i"  a compact convex subset of

iherefore, f  rorn (I) r ' re . infer thatI { i

C < ( P ) c u ( 7 . - ) .
I

L e i  n o w  x ^ € K \ G ( F ) .
o

is upper semi-continuous on the

there exists a

,

since the mapglng ,^-it" 
"i 

V:' i : 
i' 

+--" 
1^ G';

r  , , {

conpact sPace .1"1.*(K), we infer that

. such thatA

^ €  r t  ( K )

1 r - . ( F ) =  s u P ! L ' ( F ) ;  
1 '  

^ '  r - , , \  -

Tf we hatl  xoe u(Xr) ,  then, \^t i th Proposit ion l '  we would infer

tha t  7  r -o  (F)=1 ,  and,  there fore ,  *o=b ( ru . ) {  G( r }  '  a  con+- rad ic t jon '  T t
! "

follovrs that xo4r, CTtl ana, therefore ' '

, ;  "  : -  , - .
u ( / ( - ) C L b ( r ' r .

I

is proved"

r i

The Lemma



I

PROPOSITION 3

- B -

.  For anv compact subset FcK we have

a)  FnFt=  I  and FUF' :ex  K ;

l )  
1CF 

)  +1CF' )  =  !

A 6 . , r t \ , ( ( )  ,
/ *

(as above,  we have r "=z (?u;  ) ;  for 'any x€ex K,  i f  x l r r  we have '

Tu t"l=X"(x)=0, bf,,th9 Corollary to Proposit lon 1.; i t  fol lows that

.x€F '  i

b )  Le t  n€  tM"  (K \  be  a  Choquet  ma 'x ima l
I

on.K. By the Coro]lary to Proposit lon 2 we

Radon probabll i ty measure

have

and , the r'e fore , i f

t i o n  1 . 1 0 ,  b )  f r o m

; - \
F t

above and Proposi-we take into account Lemma 2

fol, r" infer that

( 2 1
f (Qo\  

- f  ( * t .xe) )  
"  t ( - ( r -xwr- )  )  x .  )  =

on

(_

.  and this lmplles that ru(F')=l-P(r).  The Proposit lon is proved.

_1- t rc l r -

I '  e f ,  l , ;  \  - / . t r

noht DcK be a Balre measurable subse+- and .

<,r(rr !Gtn.:e of  :  f  f  l  ne eont inuous real  funct ions



. _  o  _

K,  such tha t  D be  i i r - r  n fN)  -  measurab le ;  l t  fo l lows tha t
I t

xo€D,  xeKr 'and hr ,  (x )=hn (xo) ,  neN =)  x , / - .D

' I

(such a  sequence can a lways  be  found;  see [e l  ,  1 .5 ) .  Le t  
t .a , l f  

( \ ( )

be a Choquet maximal nadon probaL'il-ity measure on K. By rilrtue of

.Lemma r . r  f rom LbJ ,  vJe  nave

f - (4)= f , (1,71 ,  n(w.

We l-nfer that, . for any neN, there exists a sequence

/ h  t  h  /  L  l \ . \  n /  1 \ T  e r i ^ } '  + l a  5 +\ r r n t n  ' '  
m  l ' N ,  ,  r r r "  r \ ,

a n d  y t ( ' ^ \  :  n : I / , i ( " 1 .  { , . . . )
t .  _ .  , - 4 6 1  . /

/ t  . . 1
(  d , . . *  ,  

* o N ,

t. I^',-, v..€rr.l , & ,*tGl .=,id f i{".^ .,^.(^)

L € !  E ' :  { { : . , ,  i { [ ,  r ^ . e r x l  i -  6 -  - -  , : . - !
ano j^: ':,-- L-/ -r

By inductlon, r. /e can f ind an lncreasJ-ng sequence

(T; ) - . ,n  o f  countab le  subsets  o f  A(K) ,  such tha t  fo r  any  h+Tn there
t r  l I : , I . {

a w J  c l - c  :  c a r r r r r : n z . a  f h r \  i -  C iq  u u y u e ' e L  . . - n , n e r N  - - -  r n + I  ,  - - - h  t h a t  h ? h i ,  n 6 N ,  a n d

.  y ' L .  0  / r /  r . j  /  ' -

iA(4"\ 
=- ". ! . ,1 7.^ 

( I 'n . ,^, , \  l .^ .  \ .

Lci:  c:- :  
* ' ; , l t t* 

'" t . t . '  
,h"" T t:  = ccuntahlc srsict : f  . t  (K)

such that

l . )  D  ls  9 -measurab le ;
I

r f  we denote F,  : i  {^  , ,  n( -n t \  ana g. ' -_  {  
/^ . ._  

I
' , * ,u \€ I . \ \ ,  q- ' :  E, . ) \  ,  then$,  f  s  a  countable subset  o f  A(K) ,

and for any hC5, vre oan f ind a sequence (hd)rrrno, h; . rA (K) , :  n, iN, such

! L ^ !



2) for any he gthefe

)
h - Z h ' .  n e l N ,  . a n c l-  n ' .

- 1 0 -

exlsts a sequence / L t l  { n  ! E -\ r r n ,  n , N  
- . .  J  . such that

i

<7

<i-

R f ,

on

: K +

= n  r i  f h a r a f n r a

we shall novt consider .the affine contl"nuous mapplng

.^{ rran Lrrr

Ob- \  :  (4c ' r \ .- {,\e"v , ,.
',<- e' t^\ ,

s'  
s ihce iR' ls metrizable, we inier that Ko=6(K) ls a me-

tr izabre compact convex subset of f i  of courset 6'(D) is a Baire 
*.-

measurab le  subeet  o f  e$)  ana u=d l (aD) ) .

We shall noe, conslder the Radon Probability measure

y":Q"(y) on Ko'

I f  we denotd bY Ph the Project lon

t ion to Ko) which corresponds.to h€5, then we

h=o, .-  ' n h€F.

ln R" (or j ts restr ic '

have

Slnce (n6lna"gis a total set of aff ine

Ko, f  rom Corol lary I  to. Proposit '^ ion 1. 3

| ' ,  - - -cl
(21 ex Ko={v€Kor  p;  (y)=P;  (Y) ' ,  hG? f .

w
I

contlnuous

trom f6] we

real- functions

infer that

l

From (1) we now lnfer tha$-
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'  ( 3 )

and ,  t he re fo re ,  F ! "
J

on Ko.

We have ,

and

p 6,,1(". 112. t t naxinal Radon nrobabi. l.i. tv rneasL.lre

Ti,ren lhere eI j-sts_ E (rnetrizqble I .ggqp ac t__! on ve x__gg-l K^c-,FN. arjd an

a )

b )

gffi"e continuous s g rK -> K^, .,s-gq.ll, jfrir_t

(D )  i s  a  Ba l re  neasu rab le  subse t  o f  X  ;o '
- 1 '  . -  ,

1  { - - i  {  \ \ \  - -  i .
i l  

-  
: r  I

c) o*Qi ls  a Choquet rnaximal Radon rrrobabi l i mea s ure

l ! 'e can now prove the fol louing

CqROLIARY. Let DcK be a Balre rneasurable c r r l r  c o  +  r ] l h  a n

1:;z

o n  K _ .
(J

A " ( { l ; \  = r ^ - ( 4 ^ t ' t  e  - *
r v- / 

'. 'L j ' 
4"\ (-"+ ,

From (2)and (3 )  we in fe r  tha t

.  . / ,  \  .
A^( .e.4.  Vr  )  -  -L  .

I

ls a Choquet maxlrnal Radon probabil l ty measure

therefor'e, the follor,rlng Approxirnatlon TheqJsnr.

, ITII]FN DlaM 1

for eny €.> 0, t l lqre exLsts a compact extrernal-  Baire rneas urable sub-

PLOOF: Wj_th the notations of the

L l l a n ' s  T h e o r e r n  ( s e e  I t . l  ,  c h . f  ,  T h e o r e n  1 . 4 ) ,

subset Aoc6r(D) r-r 9x Ko r such tha,t

preceding Theorem, by

t i rere exists a compact

- - -  , ' r  !  L ! 1 * l

Lei- Do=,.i1- (ir^ i . Tiren Doc0 c.rid D

Lrie. s r.:i;s+ i:. .:f X, .si:cir that

er( y ) t , :  (L.)\  -  [  .r  : :r ,  rrb Ll-.)  .

^ is a coniFact exii:emaL Xai::e neasu::a-

,;' 
( D- \ - o,ii ' )ti\-) '> €*ir-.1 i 8i.;) ) - i



The Coro1lary is Proved.
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REMARK. The precedlng Theorem obvlousl-y holds for ilny

sequence I Dr-r\ rrrO of Baire measurable subsets of K anil any sequence

(rr ) ^ of Choquet maxlmal Radon probablt l ty measures''/ n n>.u

gry Let ucK be,-a cr-Et&!-9!3lg 
r 

€ rt:(K\

K' gheLl-ggl ig.

a > 0 ,  !  
D t t H ,

such that rrCD.) > r-.,-( l t)- t . '

PROOF. By Lerma 1 there exists a compact Baj ' : :  neasura- '

r - ! ^  - . - r ^^^& r ' \  - r I  - "^h  , :ha t
r J a l , ;  o l r p r e u  u r ! 1  t  J u v ! :  , ^ ' q e

1 - , ( t \ > f ( ' { ) -  t .

Lei Ko and ' ,9 correspond to D and 
f t  as ln the pre"

cedlng Theorem. Then we have

/ - \ . ' .  \ /  r t t * . \  -  r z \  / :  r , . . , / i ? { 1 . " , \  - - ,  r - . r .  i  , . ' n ( , ; , i : , ' ,  
' t ' , . *

f / " ( y ' ' I ! l d (  $ i n  4 t ' t '  V x o )  ' = "  
" r v \ / '  

l \ : i ' \  * ' )  -  
/ ^ '  

'

=.rri r ':1 .

S i n c e e x K o i s a P o 1 i d h s p a c e , b y L 1 I a m ' S T h e o r e r n ( s e e

( r ] , c n . 1 , T h e o r e m I . 4 ) t h e r e e x i s t s a c o n p a c t s u b s e t D o t - . i ( D ) / i e x K o

such that

t  
- j

I f  we r lenct.e D- = t ie (D.. , )  ,  t -hen the sef-  Dt def lned ln thj 's

ninrer:  has al l  the i :e 'gui i :cc p: :ope:: t rcc.  Thc Theo;cn ' is prcvet l '
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We recal l  that the Choquet topologly on ex K is that for

which . l .  Fnex K; FcK compact, extremal } is t fre set of al l  closed sub-

s e t s  o f  t h e  t o p o l o g y  ( s e e  f 4 ,  c h . r T . 2 r  f 6 l '  p . 2 7 ) .

We sha l1  spec i fy  by  C-c losed,  C-open '  e tc . ,  the  var ious

topological epithets cotrespond.ing to the choquet topologry.

Let q (K) be the g - algebra of al l  Baire measurable_ - _ . r " O

subsets of K and,;\o (ex x) = lpr'"x .x; D""$o (t 'Ji .

For any Choquet ma.xirnaf Radon probabi l i ty measure

yeJN*(V) .one can lnduce the b-o3lda:rv measure Yr 
",h^G" 

()-rl l-",f l
I

given by

vre have

.  r  - - l  . .  .
r n  i F \  l  f r r ^ f

':- r-' { i: 
'1

, r  (  A  i

f.r any compact extremal

P r o p o s l t i o n  I . 1 1 ) .

THEOIiNM 3.  Let  GCEX K
ffia='=: -

6\ r  ;a  t r i16? !

7Y- 
Cr  ̂  a . - \4\  . -  

7 '  
t t : t \ ,

t  a  h t r r l >  n r n r r e r : l

subset FfK, such

+ , . .  / f )  { ' t \ ,
. ,  ' : " -  J taL :^ .  )_

fo r  .  any  C-c losed subset  A ' .ex? . ,

that F,1ex K=A ( see i6J ,

We sha1l now prove the folLowins @

be anv c-operr sub$et of

i l--CG)=""pi[(A).; AcG, c*crosed un6 n6{ 1ex x)},

PRO.JF. Let F.K be any

that G= (ex K)\ I r .  I , ]e then have

V  , .  r  ^  | + t r - ^
L t . -  ( ( 1  \  t r  (  r / \

/  ! '

t "

cor*pa.--  +- ixtremaj-  subset of  K, such

s..t ',./- ) '-_ j'_ - j..' L t- I .
,



- 1 4 -

the second eguall ty being a consequence. of Proposlt ion 1'11 from

t ( t
L v l .

I f  we denote F'='(XF)..  then, by ProposltJ.on 3,we have

r1(F ' )= i^ tC l .  f , . t  C  >o  be  g . l ven .  By  Theorem 2 ,  thbre  ex is ts  a
I  t r -' "oropu"t  

extremal Baire measurable subset DfcFt '  such that

,

vre lnfer that A.r =D.r a.ex K is a c-closed re*o {"* K) -measurable subset
l- _L

v \ /g _ ( r i \ <  l ^  ( , r } ^ ' r r - . : .
i  ' '

'  The Theorem l.s proved.

'  r *  f<-.^^ *- J vte have proved that any C-Baire measurable sub-

se t  o f  ex  K  (w i th  respec t  to  the  Choquet  toFo logy ;  i .e . ,  any  se t

be long lng  to  the  smal les t  C- -  a lgebra  o f  subsets  o f  ex  K ,  con ta i -

nlng aJ.I c-ciosed (c-GO)-subsets of ex x) fs i .  -  measurable (see

fg.J , rtteorem t. 5) . l'le shall no\,r prove that the ltoundary measuie ,,.{

ls lnner regular on t l ' Ie o-- algebr:a ?ro (ex K; C) of al- l  C-Baire

*"u"or"t l"  subsets of ex K.

gllqg3. -{-o-Le!y B€15(ex K,c) a!{-ilY e> 0 th-e*::e

ex is ts  a  C-c losed subsat  Acex  K,  such tha t

AcBr .A6{ r iex  K )  and  f  t z l - t . f e l .

!g: ,  a) L?t l -cex r  l re.anl '  C-cl-osed. (C-Gi)-srrbset of

ex  K .  Then  n  a : l d  C -  ( cx  X i \  L  a re  , l  -  measurab ie ,  and .  t he r r+  ex  l . s t s

an  j . nc reas ing  sequence  ( r - ) - . . n  o f  compac i  ex t ren ra i  
'  
s  u i j se  t s  o f  K '
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. . e
such that f) .  (F, i6ex K) =G. Let FcK be

n=0
of .K, such that Fnex K=A.

Let .  H=K\  (  U  F- ) .  Then H

2,  g iven  5> 0r the ie  ex is ts  a  compact

se t  D l (H,  such tha t  g (H)  -€<7. r (D. ,  )  .
r .  I / r _

On the other hand, frorn

rcH ano

^ L r - ^ . 1  -  r - l i - L

and.  there fore ,

any compact extremal subset

ls  a  Go-subset  o f  K t  by  Theoren
d

extremal .Baire measurable sub*

FnFn=P' rt€ N.r w€. infer that

v
T {  + h a '  { +  i c  , r  -  r n a . a -

I -
I

l .he  sPt  A . -G reou i  Yed

yF \ -+ 1{ t r* \  :  lJ( t r  A e- ' -w\- { - / f {F^^ ^K\ , ,  \ ,  o  ;

. - \  /  \  l . _  \
U . l F  l - { - , - ( {  \ - /  f -  I

we have .

V l  , *  , \  w r r - ,
: P" (r f, P-< V', ) -\- lr' ( ro I :;:

, l /

/ ^ ( t r )  7 ( * l .

r f  we clenote Al=Dlnex K, then AlcAr A1 is C-cl-osed and

Ar€Ao (ex K) .

b )  I f  Gcex  K is  any .open (C-F ) -subset  o f  ex

surabJ-e, by vlrtue of Theorem 1. 5 f  rom \-6-l  and

by the Theorem exlsts by virtue of Theorem 3.

c) Let ($1 U" the set of al l  subsets B.,of ex K, such that B and

(ex K)\B have the property requlred by Theorem 4. Thenr by a) and

b) ,  any  C-c losed (C-Gr ; -cubset  o f  ex  K  be iongs  to  l IL  and,  s tnce  Q

ls easl ly shown -to be a g-- algebra oi subsets of ex K, we obvioasly

t r - r - ^  ! i - - !  , f . ,  r ^ . .  T , .  / . r  t - r 1 ]  r i r - , ^  m l . ^ ^ * , ! f t  I  S  p f O V C C .l lc t  Vc urrd L Jfd I  s . . :  I \  ,  
"  

l<-  J) i  .

l -ccordlng . tc Theoren 1. 5 f  rorn 
'1Ol we have
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where the r ight-hand member l-s the compl-et lon of '*o("" K) wlth res-

pect tc [  .' l

4. The preceding results can be strengthened as fol lows'

r,et .us conslder the g- *algebra s, (eX xl of subsets of

. ex K, generated by al l  the sets of the form Dnex K, where DcK is

a compact extremal Baire measurable subset '  Of course' we have

( r )  3 t (ex K)qAo (ex x)  ,

and also

(x* )  31 l " *  K)c .J l (ex K;c)  ,

rvhere f i(ex K;C) denotes the g- algebra of a1t the Borel measura-

ble subsets of ex K, wl-th respect to ihe ChoqueL topoiogy'

Irre shall d-enote r"v flr (ex x)i the Lebesgue completion

of the < -algebra 3, {ex x) ,  wlth resiect to the r:est::1ct1on of f

to 3, (ex K) .

We have the fol lowing Reoulari t- :" Theo]]en'

rHEg8lIl: a) Sr(ex 
"l- 

=Ao(ex K)} .
r t -

b) For anv l€"*;(ex x)] 943rr1: et.: there exist-s -a-g:91$
l^

a 4.1 (ex K) ,  such t i lat
o '- 'o '

?r  -^ i rb.r  i ,  r  i . t .  -  r  .  . i iA 
"

" o " "  : : -  f ' ' '  /  
- "

IROOF.- a) Frcir (*) we inrinediat-cJ.y obtain that



( 1 )

, ' :

-  L l  -

f5, tex xf .A" (ex Kil
r r

. Let now are,,[o {ex x[

Aoe (*o (ex K) , such that

^  ^ l \
Ho Cr - t^  and

be glven. Then there

exists an

( 2 )

and A=Df,ex

Ae$l (ex K)

where we have

^  t r Q  f 6 v  R lr r  c ' . : 1  \ v "  " ,  '

L1t. oo61)o (K) be a Baire measurable subset of K, such

that Done>i K=Ao. By the corol lary to Theorem 1, there exists a com-

pact extrenal Balre rneasurable subset DcDo r such that

'. I{e then have:

, ,X. tA.) -  t .  
l \ (  

D n e--*-  (  ) . ,

*

1-cr")  
-c <7t i : - )

K €3a (ex K) .
lt

By a standard argument vre

c  r r n h  # h r f

a n d  C  > g

\/.
( A - ) :  r  ( r \ " ) .

{ - € a " '  + h r }  + h 6 r c

C a'  y i . lau

6 v i  C ! . l - a  a  e a +

AcAt ana f.tal 
= 

1Y tar) ,

a tso  taken  i n to  accoun t  (2 ) ,

s l -mi lar arguroent,  aPPl ied to

such that

A,cA t  and
l- i . {o, l= pter l .

We lnfer thaL Are{3. (ex K).,,

h , c 3r  (ex( 3 )

It"r,,{t+\S'1,

and, therefore, we have
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Fron (1). and (3) we lnfer statement a)of the Theorem'

. b) For'any compact extremal Balre rneasurable subset

DCK, property b) obvlously holds for the set A=DAex K, wlth Ao=A'

tet us now conslder the set (ex K)\A' We have (ex K)" 'A=

=(K.'D)oex K, and KrD is a Baire measurable subset of K' By the corol '

lary to Theorern I,  there exists a compact extremal Baire rneasurable

subset D c.K\D, such that F (KrD)-€<pr(o^) '  Then we have g-=9 r '(ex K):
o | r o o -

c  (ex  K) \A '  a "a  [ ( (ex  K ] rA) -Sf tao l  .  The se t  Ao meets  the  requ l re : : r

ments from statement b) of the Theoren'

5. Tn thl"s SecLion we shal1 consl-der the
3t

qiasi-states space Eo(Z) of an arbltrary C--algebra

te t  now S'  be the set  o f  a l l  ,subsets .  sef r (eX K) ,  o f  ex

K, such that for any f20 there exisfs compact extrernal Baire rneasu-

rable srrbsets Do, DlcK, such that Donex Kcs, Dl^ex R € (ex K)rS and

v  -  v  
X  f t . *  K) \ .S) -  5< ;Y1o, . rex  K) .  Then l - ' '  obv lo t ' s , i y  i s

i l - t {c , ) *a f (Do lex  
x ) '  

i  -  /

a Cf - algebra of subsets of ex K, containj-ng ai1 trre gerrerators of

$] ("x Ki,  hy rr j_rtue of t tre precedingr argument. I .re f lrst lnfer that

S'=\ tu" K) a-nd then , by an easy argunent r tha+- propertl' b ) hords

for any A€?t (ex i<)] " .nart 
a) of the Theorem now concludes the prooi '

;-<
!

case of the

Q . . ! . e . ,
)

n o t b = { r e . ( 4 * ;  f > 0 ,  t \ f  \ t < 1 } ,

endewed with the q"(?*i 'x{) -  topology. Then Eo(d) ts a

convex set, in f  f '1 'e-tq*;!)),  and ex no('{)=r131:; ioi  ,  where

notes the set of al l  pure sta-"es of f f .

Let 
,${ 

J,t-I.( i l . t t)) be a naximal orthosonai Radon Pro-

babiLit l '  measu.re r .st icl t  t i rat ! \  b (;r i l i  =i .  Bi '  i lenrlchs' Theorcm (scc

[ . :1 ,  f , .106 ;  and a : r  so  f6 : ,  Thec : :em 3 .10)  
, i ' -  

1s  nax i r 'a l  fo r  the  Choqt re i

order reiat ion, ancl,  t i rereicrre, the foregoinE Theory can be appl- ieC

compacc

p ( l-) ae-



t 9 -

. i^Ie 
'shalI make extenslve use of the results of f6 l. ' Accor-

to  Propos i t lon  3 .2  f ron  f6 l  we have 1) . *  
( {o }  1= 'o  and,  there-

Y l c l  0 z l \ \ -  ^
, l , \ -  L r \ ' $ ) J - * t

I
L \  -  ^ . . . \  .  \

l , loreover, 1 D\ c t)[c3 ) ul i  ui l-s a C-closed subset
. :

t-

d lng

fo re ,

ot  p ( (e . )u \o l  i  hence;  P( '€ )  i s  a .c -open subset  o f  p€)o io f

According to Theorem 5.2 from'f 6l ,  tnu probabll i ty

measure  
F  

,&(P( / f )L {Oi  1+ fo . r l  can  be  ex tended to  a  p robab i l i t y

meas ure

,

) )  generat14 by . ' {-o (P ( i :)  1)1,0i)de f ined on  the  C-  -  a lgbbra ,At  te  tOu{o}

- - r  a \ / A / . r r , r l a L , r ' \
c l l l ( l  v J -  \ \ - 1 . 5 /  \ 2  1 -  i  l - . / .

where wo

' " t 1 1 , . 2 \ o \

. Slnce we have

5 1 ^ ( P ( U ) u { c \ )  C  J 3 ( p i { i )  ' - ) { * i . "  c ) ,

we infer that vte also have

D

a s u b s e t  A ^ a  P { " 1

A 6 J3(P(() ul oi ' ,  c)1-)  For  any .

. . - ^  I  ^ c 6 A

gndgy, t >

c r r r . h  t h a t

/.
0  t h e r e  e x l s t s

h - t ra { -  n ic ' -

obtai.necl in
PROOF.

cal l  sorne notat lons

T- ^r. l . l r  +' .r

and resul ts

c-: il^ i'i'' .", '

develop t-he P:ioof n ru'e

that we have used and
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fel ,
'  

N a m e l y ,  l e t  f ^ = b ( g ) ,  a n d  l e t  T | .  ' . ( 4 - +  { t U r l
+ '  to

be the corresponding cycl ic representatlon, according.to the GNs-.

cons t ruc t lon ;  l -e t  f ]e  f - f ,  bd  the  cor respond lng  cyc l i c  vec tor ,  and
, ,  { J

(C 
C C'r;  tql \ '  the maximal abel ian von Neumann algebrar correspon-

I  - .
f- 

-1

ding to 
1 

(see [e 1, Theorem 3. 4 ) .  Let 'J3cL (] lr  )  .be the C^- algebra ge-
-o

ner:ated by 'r(r (@ ana V. , and 1et .1 aJitrc-g\))be the central' o 7 - t s

neasure on E (O) ,  corresponding. to the Vector state 
?'-- *t ,  lS 6EC53).

stnce 
-$"

(€  c f \

and we have

d ls a rnaf imai orthogonal measure on E (D) ,  representLng go and,

by  C.F .Skauts  Theoren,  i t  l s  ihe  grea tes t  Radon probab i l i t y  measure

on E( ts ) ,  represent ing  go ,  fo r  the  
.Choquet  

o rder  re la t ion  (see f6 ] ,

Prcpcs i t i cn  3 .5 ) ;  and a lso  Chebtar  5 ) .

The rnapping 'c :  E (f3) -- Eo ( 'r)  is def lned by

l ( r J )  -  q . T t  q  L  y ( 4 2 . \  .  w h e r e a s  . r  - - -  r  D1- ,  ,  d-  * - - - ' ,  ,  whereas C- :T 1 e(X-e) .

v l e  have  sCp ( ] j ) )  c  p ( r € )U {cy  ( see  f 6 l ,  chap te r  3 ) ,

and -c* ta \==1. t -  ,  o ; ( : i ) * , f ,  (seef6 l ,  temma 3.8 and Propo-
t /

s i t i o n  3 . 1 0  )  .

l )  For any compact exiremal subset FcBo(g)the

-c1 t f  
)  C  E { f l )  i s  a  compact  ex t remal  subset  o f  E(3 , ) ,

i t rn  (P( t6)  u{o \ ) )  :  ts (c-n( r . . ' (p ( (4)u{o i ) ) )  _

:  J ( - r - t ( l= )  np(B) )  - .1*C- tn l t - ;6a^- .ap !  )  *
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t h a r  i * c e t - € . F c A : ) .
. on the other nanlr

- -  a ( { ' L F ) n % )  =  J ( r " ( F ) )  :  c n ( J )  ( F \ = = S , , t F \ ,

where we denoted bY Fo the smallest compact extremal subset of

E (S) , containlng sup'pJ, whereas 
"rrppi 

=FonP ($) '

r.,et us now remark that property b) obriiously hol-ds for

any  c -c losed subset  AcPW) u{  0 } .  Le t  now 6= (P(V\  U{  o \ l ' . t r

be any c;open subset of p (1€)l.){ o } , whele Fs'Eo (f) 1s any compact

extremal subsi:t  of Eo(. ' .3). By virtue of the fnner Regularl ty Theorem

(iee Theorem 3, above), there exists a C-closed subset AocG, such

= L-Ft  t r  n  (P(q)u {o \ ) \  : ; t , (G) ,

where we have taken into account equati ty (1) '

i i )  I f  we now denote  by  fa '  the  se t  o f  a l l  A  <  !n ' (  P(14 t t l io \ ;C f ,  I

such tha t  p roper tY  b lho lds  fo r  A  and fo r  (P  ( t )u ]0 )  ) \A ,  i t  i s  easy

to prove that ${ ls a q-- algebra. Sincet by virtue of i) ' ! i '  con-

tains any c-closed subset of P (?) 'Ji0' f  ,  we infer that

$ 3 ( p { t C ) u } . - o ' 1 i  C )  c  5 1 '  a n d ,  t h e r e f o r e ,  f } ' =

:  G(Pt t { ;g ic \ ;  c )?  '  s lnce  lJ '  l s  eas l l v  shown to  be  comple te '

/
fn thls manner, property b) ln the statement of the

Theorem is prorred. Part e) of the Theorem was already proved just

be fore ,

F€M-\F.K. ihe precedi-ng theory can

corlrj0tlt ai i \.te e.:< ieri:J'cln of the theorl' ot- Radon

we have

be viewed as a non-

r.eas ures .
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