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ASYMPTOTIC DOSINC PROBLEM rON .ETOLUTIO$
EquATroNs Ilf HIIBERT S?AoES

' b y

GoMoroganu

faoul ty  o f  Mathemat les,  Unlvers l ty  o f  fag l ,
Iag l 6600, ROI-{.ANIA

.  0o In t roduot ton

Se propoEe studylng the so-oal ied asyrnptot lo d.osl lg problon

for  f l re t -o rd ,e r  abs t rao t  d t f fe ren t la l  aquat loas  o f  rnonotone

typ€ ln  H l lber t  spaoes,  .

The ldea o f  wr l t lng  o f  th le  paper  o r ig ina tes  f ro ra  a  paper

o f  fu r ln lo l  [g ]  ,  rho  cons ld .e red ,  the  asynpto t to  dos lng  prob lem

for  the  f  ln l te  -  d . inens lona l  oase.  
' l l owever ,  

bo th  our  assumpt ions

-€*rer3+::: and the nethod,s re uee here are completoly dlfferent from those

of [o] o

The maln resul t  se s ta te tn  th ls  paper ,  Theorem 1 be low,

reL les on the wel l -known opla l rs  Lenma and,  on a technlque

slmtlar to that developed by BairLon and. Haraux [r ]  .

The last  par t  o f  the paper  (seot ton a l  ls  devoted to  the

s, tudy of  er ls tenoe of  so lu t ions to  abst ract  evo lut lon equat ions

whlsh lncludo a nesure as an lnhoraogeneous terrn. Thte subJect

l s  e lose ly  reLa ted  to  the  dos lng  p rob lem.
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1. Asynnto,tlo. do.,st:.ng

real Htlbert spaoe wlth the lqner produo

norm denotedl by (.  , .  )  and | |  .  i l  r  !€speet

lnaI nonotone operator fronn E lnto l tself

g6 are denotedt  as usual  by n(e)  andl  n(A) '

Constder the sequenoe sf Cauehy problens

b e a

tatei l

a max

il ran

e3.y.

{
I

\
I
t
(

\
{

I
t

Let fi

tbe assoo

I,et A be

donaln an

respee t t v

t and

1vely.

,  whose

(rr, ) :

(Po )

(Po )

r h e r e  f  ) o  t e  f l x e d ;

I  g lvea s€quenee ln H;

dlu -

A # - t t ) + A u o ( t ) 3 r ( t ) ,

u  . ( o )  
E  x

e ( t ( T

du_
=f f i - t t )  +A i i , r ( i )  +  f { t ) ,  3T  < t  < {n+1 !T

u o ( n T )  - u n - t ( n T )  * d '

f o r  n =  1 1 2 1 . .

xGn(A)  ( t r re  s losu re  e f

c ,

D ( A ) ) ;  ( d n )  1 e

- -**1,AI)  f  €t i . " (orao;Hi  ant l  f  ls  T-pertodlo.  Bf  ' ]a/at"  Fo nean

wl th  resPee t  to  to

the soquenoe (fr ,  )  ts

data of probLems (Pr,)

(A2  ) 5'(fF - H

g u a r a n t e e s  t h l s  f a o t .

I f  ln  adr l t t lon A le ' the-subdt f , ferent la l

fn :  H --d ' :F 
J -*r*mj Prop€r oonvex anc

Y
J
( o n e  d e n c t e s  A =  ? 9  ) ,  t h e n  ( s e e ,  G r f i r  f l a t

J

the ordinarY der lvat ive

'Ae a f l rst  remarlc,

l f  eaoh s f  the  ln t t la l

thei assumPiion

wsl l -def ined onlY

belongs to ETIF.

of  a  funot ion

lower- setnl oont inuous

r  o n ' l  I  -  - a l r  n f  * h a
. P r r ( J : 2 J  , t  c , w r r  v r



Broblons (Pr . )  has a untque et fong so lu t lon uo€ C( [nT,  (n+1] t ] ;n

n wr,2(nt+ f,, nr+ri 
"), 

for ev€rv $e l":r[, ,  and '*aurr/oi €

L2(nTrnT+T;It)  .  So supBose tho f  amtl lar l ty of the reader wtth

the notat lon and the usual  topolo6r les of  the funct ton spaoes

$e ara lntroduolng as weLl as wtth the ooneepts anit ,  fundanoenta

results ln the eonvex analysls and the tneory of nonl lnear

monotone opbratorg and evolutton equattrons of monotone type

dleveloped, 1n I l lLbert spaces. ,  .
'  

Let  us { le f  lne the funat ion u :  fo  ,+@[+ H by

( r ' 11  u ( t )  =L : " , - , ,  
l -  : r : :  4  n r  +  r  )  nn  =  0 ,1  , . . ,

Obvtous lY  u  ea t$s f les  tbe  Prob len

f  . 9 h t t t + A u ( t ) 3 f ( t ) ,  8 . € o  t ) o' l d t
( 1 . 2 )  1  ,  - . r - r n - l r ,

L  u t o )  =  x i . u ( o r * ) * u ( n T - ) * d n ,  t ! ; : c  1 p 2 1 " n

SuPPose further that  
o

( 1 , )  t h e r e  e x t s t s  d e H r  s u c h  t h a t
2  o = r t ' n  

l l

and

t h e r e o x l s t s a t l e a s t o n G s o l u t l o n o f t h e t w o - p o t n t

bound.arY value Problen

1  a o - 1 t )  +  A d ( t ) . 9 f ( t ) 1  s o o r  r G ] o , t I
(L.il i 

ar-
( -  o t o )  -  t J ( t ) +d '

The e,s-vmp!glt-q--q9"e.1ng-pgo!1e$ ts that .of fln0lng of

eu$ lo ie r i t  , sond l t lons  1n  order  tha t  the  sequeno€ o f  func t l "one
" t .

I  . , ,  '  i -o . , r l  *> ' i l  i  yn( t )  r  u ( t+nr$  eonverges ,  tn  a  oor ta ln
L " n  

'  L " r - ' J - t ' -  )  - n '

(A4 )
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sense,  to  a  so lu t lon  o f  (1 . , ) '  The GonveTgenoe theorem beLov

ls the l lnatn lesul t  ln thts dl l root lon we 
.provo 

ln what fo l ' lows'

In  fao t r  8s  a 'more  genera l  ques t lonr  w€ tnveet lga te  here  the

dos lng  e f feo t  comblned w i th  the  per tod tc  "cont lnuous  fo ro lngn

[ r ]  on perlodt lo

tre derlveCl ln l ts

1 o

TII'd0REM 1. Lgt A*bCP
J

( r . rs l  sgp ! f  t r ( t )
t27 o

holtl,, Then t

wea\lg_jln E,

n -+6 , stroSa":ly

L t ( o r T ; H )

ef feot  (eee (Ar) ) "  I loweveq,  the resul " t  o f  Bal l lon anc l  Haraux

nforolngr for suoh klnd sf equatlons oannot

general formr 6e a parttcular case of Theoren

and qss$se -!h{g (A1} - (A4)

il < +e) ,
. . *

and. there exlets a -so.Iqt-|gn Q) c i r  (1 . ,  )

( t  " g )

?{to(t})  
*y(v(t}) ,  ss n-+@' untfesn}:-gg

[e ,d , ror eyer;L ge]o,r[

of Op.talrs lemma ancl  the technlque

. Let t i ts  denote bY F the set of

overy qeP, s€ have

€ , r t t ) l l  L  I vn to * )  - { d (o }1 [

y r  { t }  -  u ( t + n t }

n.+@

n  # ( t ) ,  q u

,  V t E ] c , r J ,

anq

( 1 . 6  )

In  add l t lon

{ r . 7  }

t l . B )  l i  v n ( t )  -

*r/r dYn -:> f / +a'' -ffi

8{go:|. The Proof uakes use
,  F - - l

of Ball lon, and Haraux l- lJ
..of-

soLut ronsv( I . ,  ) .  Then,  f  c r

. -  l t
.=-- a a
A +  ,  g

t -
l- rt

'1i rrr*, ( t ) : '*) ts ) Il + ll ur,-n li
r i - '  t + ' !  - / . r t + l i i  +  i i  a  - a i l
! l  J n - 1  t " r  - ' w r - ' i l  l ,  - n  r i

L
ta-



l l  vn-r (ot )  co(o) l l  +

" fo r  Bvo ry  te }o ,d  ,  n *L r l ,

a o  t h a t ,  b y  v i r t u e  o f  ( l r )  r  ( I , 4 )  l s  s a t l s f  l e d t

lmpl tee that ,  fo i  eaoh t  € ]o , i f  ,  the sequenco
,lL t

-  >.  f ; .ar-a$l  r t  nonlnoreaslng.  Therefore,  fcr
1=1 

-- r ")

there exlsts d constant Co,.  ) .  o ( ln i lependent of

( 1 . 9  )
l l  yn ( t t  -  o ( t l l l  

' -+  
ca )

l i  vo (o* t  -a r (o ) l l  +  c ,

L ll u"-o ll
o o t  .

. r rMoroover ,  t f

l l ro ( t ) *  c> ( t ) l [

e a o h "  c o e T ,

t ) ,  e u o h  t h a t

andl

Iq  par t lcu lar

( 1 . 1 0 )  l l  v n - r l l  . l  t * t * ,
L :  ( o , T ; H )

By a s tandard reasontng (see

+ 0 s 6 F  
"

19I]  )  *g deduce

X r t t t i i z  d t  +

,  f o r  s o m e  q ( n f l ) .

sequenoe o f  (Vo)  suoh tha t

k - + @  ,  w e a l c - s t a r  1 n  L @  ( o r T ; S ) ,

( 1 . 1 1  )

Let (v"r]

j  - l i # ( t t f l z d t  1
T dyn

o

( l l

be an arbl t rarY

Y -  +  Y rnk

lz, p.

T
( t
o

l l  r t t t i l za t t2
.lt

J

o

sub

aa

vo {o+ }-u ll *

Then, l . t  ls obvlous bY

(r .r2) t*_+ .d
( t . l t  )  t h a t

{ r

t *  ++,  reakly tn L2(o,T; I l ) .

-t

- * F  y ( t ) ,  w 8 a k L v  L n  B , ' V t €  - ] o , t l  ,
k+oo

Moreover

f  r  I  z \
\ & c L )  t

b e e a u s e

r r  f + l
J n  I  v ,

aLv
&

V t  €  l o , t ]
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-  \ r  d y -
t  yo ( t )  s  

f  L "  r#  (s )
J
o

n - t
d s ,  Y t  €  l o  ' T l  ,+ v"trt l

In what fol lowg we tnteno to ehow that y€T. To thle purposd

araux [t] ,let us remember a slrnple J.emma due to Balllon and H

whtsh we need bere for the parttcular case of subdtfferentlal '

,  
d l  - - - l' !en*g 1o L€t  

I  
:  H ] -w,  *4  be a Dror ;er  eongex and

l -gErr -se: l lccnt lnuous funct lon,  where E ts  a  rga l  Hl lber t 'space '

- I !  h r .  e } 'Y  {zs ) ,  s  e  D  } ( v ) ,  
h r  4  h ,  weak l , v - '  %k-  z

wqaklv ,  -S 
t iy*  

(hk- ; ,  
"k -o)=o,  Steg h e?f  tv )  -and

s e l l k l  .

L e t u s n s w d e f i n e  d  : t 2 l o , T : I l )  ; " ? 1 - o ' {  b y
I

r  { f  t t  @ b ) d t ,  t t  , t c r t u l € 1 L 1 o , r )
St " )  - {  ) s  .  t  r
J {.  +@ t etherr lse

rt ts easy to show that 
f  

t t  proper convex and' lorser senl-

contlnuous and we have 1

. ( t ,14)  w e D 
Q 

rr ,  <+ w(r)  G t* .e,2( t ) ,  &r€ .  teJo, t  t

*he fo! . lowlng ealculat lon

T elr

o < -  i ( v o - a ; , t a  * - t ' l  f f i r  d t
0

*h -La t

[ l  vn t t ) -

ll vo:'ll 2

ru(r) l l2 + at

'Vcuer

d t

T

L/4 I tl* |i rr,-.ll t
o 

.. :'r
f iv r , t t )

T
, E _ t  !' " o

- - t s &

( * rs 
[t r,, too ]- c"(o )!i e
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:  and  (1 ,8 )  lnp ly  tha t

T

(r. le) o% lo ,r , ,-",  '* t ' :  +) - t* ( t-  *#)) dt*o '

4

Therefore Lemma I  ts  appl lcable ln  the space L ' (o tT;H)
, , .  T  I  d Y n k

n l t h  Y -  0 ,  b k  -  t E  ( f  -  - f i f - ) ,  1 * =  v n , .  r  I  =
I I A - - K

1  A r " r  - l
-  t € ( f  -  

f f i ) ,  and ,  v  = (d  o -So .we  eonc lude  tha t

t1.16) r: ${- e Ao, and t $* € Av

Us lng (1.1e ) and the .  wel l-knor*n f  ornula f  or the computet l  on

" f  +  f  
( r )  {see Brgr  Lr ,  n .  isg]  }  we uav x ' r l te

te t  T7 /
(1 .1? )  s2 t  e  

Q  (v ( t ) )  ' / 2  Q  l v )  =
J  - , - .  . .  J "

[ 
-*,, - T}u ,b - r^*, o, G $," , 0 (vo*)

and T T

i ,t(, - #, y-c., )at < f rrr _ $ tt 
r

tt foll,ows that'
T dy-,

T
( r . re )  ( , * ( ,  -  * * ,  Y-von)d t  +  

t  
t *  ( -T t -&  -  d* '

)a



I

t**

S rom (1 '19 ) ,

obtatn

( 1 . L 9  )

0n the

1r .ao  ) $t t " * ]  
a

$ube t rea t lag  {1 "20 }

(1 .19 )  re  conc ludo
T

1 . i * 5

(1 .1?)  and ue lng  (a raongsther  th tngs)

k->oo o

z l.'t l- r- t 
-l

: r l m  7 7 l z  I q ( y ( r ) )  - ? ( v o . ( r ) ) l - 0 ._  
L J . , . _ . . .  J  

_ r r k  J
k-+ao

Thereforo

"ar?s_5:

( 1 .A1  |  * / +

and

l r .2? 
)

$lnco dY/d

y€  f  '  Th l s

Lemma (soe ,

that  there

11.*
dlt

Q(v -  ( r ) )  - - - 7  I  k ( r ) ) '
J 

'"k 
k'+cr, u'

t  c  aa r  /a t  ( see  {1 .12 )  and  (1 '21 )  }  r t  f sL l -ows  tba t

a long wt th  (L . l -0  )  l rnp l tes,  by v i r tuo of  Opla l r  s

€ . g o  [ r ,  p , r o f l )  a p p i l e d  l n  t h e  s p a c e  i 2 ( o ' T i i I ) '

ex ls ts  c^ f  e  f  such that  t  see a lEo {1 '4}  )

T L-o )dt 1 $> 
tvt -  

f  
(v,,*).

T

(1 .18)  and the  lower -sen lcont lnu l ty  o f  q  we
t

lg* $ t'"*r = 0l'' '
sther hanil

xtl2

from

that

plz I } t - -  -+ * i l ' d t -

-*  ,5/+ au ,  s t rongry 1n t2 (o,T;B)
k + @
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. V n  -  -  2 : ^ c , f  ,  r e a k - s t a r  t n  t @ ( o , T i A ) .

t i low, al" l  the assert lons of  
' the 

theorenn fol low from the facts

aLready provet l  abova. We renark only that '  ( t r .22) can bo'

analopiously der lved for every 
' t  

e lor* l  ,  and, by t rzol i -Ascol l

C r l t e r l o n  o n e  o b t a l n s  ( 1 , ? ) .  T h e  p r o o f  l s  n o l s  c o r n p l e t e '

Fenlar lc 1 Lat A :  H-->E be a rnaxlnal  monotone operator such

.  
t h a t ,  A  -  a I .  l s ' s t i l l .  m o n o i o n e  f o r  s o n e  a > o o  A s s u m e  l n  a d d l t l o n

tha t  (4 . ,  )  (A* )  ho ld . .  Hypothes ls  (A4)  ts  now autonat iea l l y_  
I ,  2  

r .

s a t l s f  i e d .  I n d . e e d  l f  w e  d . e n o t e  b Y  u o ( t i x )  t h e  s o L u t l o n  o f

Brob le rn  ( fu )  then the  opera tor  |  :H  - -PHr  de f lned by  Trx  ! r

u o ( T ; x ) + d ,  l s  a  e o n t r a c t i o n  ( w t t h  t h e  c o n s t a n t  e - " T ) .  B y

B a a a c h i e  f i x e d  p o l n t  t h e o r e m  t h e r ' e  e x t s t s  a  u n l q u e  f i x e C  p o i n t

a-t
of  f1 ,  therefore problern ( t . r )  acn i ts  a  un lque so lu t lon c . r \

Per forntng a s lnp le  ca lcu la t lon one obtaLns

(L .2 t l  l l v ' t t )  -  co* t t t l l  - . - (u l " t  ( l i vn - r ( t ) -o* t t t | }  * l l  oo-4 f l  ) ,

Yt  €Jo , * l  ,

f ronn whlch l t  fo l lows that

(1 .24 )  t l n  l l  vn t t )
n+ CD

Se renarlc that lf err=d , f o then

( 1 .25 )  f i  yn ( t )  - c-fttl l l L "-nat l i "o(t)- aftu[l ,

4 t  C  l " , t l  :
I t  shou ld .  be  no t laed tha t ,  except  fo r  th ls  par t l cu la r  oase

1n wh l "ch  A ls  s t rong monotone,  w€ fa l led  ln  the  a t tenpt  to

f lnd  some reasohab le  oond i t lons  assur lng  tho  er ls tence tn



the bound.ary value probLern (1" ', ) '

boundarY

graph ln

exts ts  a

3 " '  ?  1 .
J

( 1 . 2 6  )

$e

def ined

be a maxlnal monotone

D(, -d  ) -R.  Therefore there-J

J : R ---aR suolr tbat

problern (see lz ,  P '2o2]

on

on

f o ,
-Co- 

'
o [ x ? O

u ( o r x )

remember

by

he funot lon y ' t  l2(f l  )  +]  -  cc'  ,  *d

\  f  s rad , ' l  
2  dx  . I ;  (u lox ,  1r

3L  uen lK l )  ana  j (u )€L r (J2 )

! r  uo (x

that  t

*l *
t +

3l' '
OC ,  o therw lse t

l s  oonvex and lowe' -se ln icont lauous on L2(O).  The operator

A = ]ip : r.2 (O ) '+ L,2 t i2- ) ls def lned bv
J

Au  =  -A  
" *  f ( u )

? ( o ) '
and the c losure of 'Dta)  tn  L2( fL)  1s the vhoLe of  L '

h o c a u s e D { $ )  * R  ( s e e  V ,
J

?ro tLern  (1 .26)  can be

orobl,en

-  n n l lp r  o U  l .

und.erstood &s  the ' foL lowing  CauchY

ExampLe

tet .1f| clenote an open and. bound.eil subset of RN whose

)J) ls snooth onough. tet ;P

RxR sueh  t ha t  oe f l o l  and

oontlnuous convex functlon

Ti ie aonslder '  the fo l lowlng

# - A ' + 9 ( " )  ) o  o n f  o , o f  t  f L

u ( t , x )  a



- ' 1 I

u ( t r . )  +  A u { t r . ) 3 o , r )o ,  l n  Lz$Z ld-?T

|L.27 |
u ( o r . )  *  u o . ,

I t  1s  wel l -known that ,  l f  a  r r forc l *g l  d .oes t " t  ex ls t ,  u( t r '_ l

oonverges exponent la l ty  ln  L2(O),  ag t+(D,  to  or  the un lque

stat lonary soLut lon of  the problem.

Lot  us lma6glne a dos lng procoss wl th  sgne T)o and

de;?(l)-  ) ,  d I  oc Then, acco::di ,ng to.Remark I  (wboso assumpttons

a r e  o b v t o u s r y  s a t l s f i e d )  u ( t + n  T , . )  a p p r o a c h e s  C t * , . ) ,

t e lo ,T ]  r  &e  n -+co ,  where  # '1s  the  un lque  so lu t l on  o f  t he

problen . .

, t
\ r l r

c a l  t n t e r e s t ,  I n d e e d ,  l f

t  equat lon ,  then a  d .os tng

ssure  the  praserv lng  o f  a

t t m e  t  t e n d s  t o  @ o  I n
'

nerated by an funpuls lve

o h l e v e  a n  e f f e c t  w h l a h . l s

by  a  per loc t l c  ncont inuous"

f  - +  A  ( t , . )  + a ' G ) ( t , ,
l d t

{ r . 2 8 )  I
I  c , l ( o r . ]  a  c ^ > ( T , . . )  +  i I

' f ,

a i td l  eer ta ln ly .  d#  o .

.  
Thls exanPle naY be of  Bhysl

( L . 2 6 )  l s  l n t e r P r o t e d  a s  t ? i e  h e a

p"oa* t *  ae  desor lbed above can a

nonzero tenPerature ur when the

o t h e r  w o r d s ,  a  d o s l n g  P r o c e s s  g e

d ls t r lbu tod  heat  sourco  can a

somehow s lml la r  to  tha t  ach levea

h e a t  t n J e c t l o n .

) 3 o ,  o 1 t4T ,  l n  1 ,2 ( J2 )
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2n Svotutton ggqatlons Jvit4 ,a neasure- ap an lnhggfieFg.oug

I t  l s  easy  to  see  tha t  the  func t l on  u  g tven  by  (1 .1 ) ,

rest r lc tod to  some tn terva l  [ " lb ] ,  ls  o f  bounded var la t ion

tu€BV(orb; l I )  )  anc l  sat ls f  les  the fo l '19w1ng.CIauchy probl -en

I  du  +  Au  ]  f . t  '  l n  M(o ,b ; ] I ] ,
( 2 . 1 1  I  t

t  u ( o )  
. *  

*  )

where g(o,b;H)  ropresents  the dual '  space of  c( [o ,u- l  i I I )  '

I t  = {tg, wlth t
/  

s ( t ) = s t ( t ) +  t  r { s ) d s ,
o

g1 betng a s l rnp3-e ' funct lon (g1= 
.  
o on Lo'r ]  r  B1=d, ot t  JT'zU

'r -l

Bt*d2 on JzT , ,f J and so otr r such that tbe tnterval [" 'O]

t o  b o  e o n p l e t e l y  c o v e r e d  ) ;  f o r  s o $ e  v  € B T ( o , b  i H l  r e  d e n o t e

by dv the measure generated by I i  by lBeans cf  the st leJ ' tJoe

l n t e g r a L  a s s o c i a t e d ' t o  l t ,  t h a t  l s

* : - - * " * 2 . 2 )  t l v ( n )  =  (  ( b ( t ) , d Y ( t ) ) , ' f  r r € c (  f o ' b ] ; H ) '
6

€e a lso roeal l  that  for  every 
/ ' / "eSI(orb;H)  

there ts  a  funct lon

v € B V ( o , b ; H )  s u e h  t h a t  P -  d v ' ( s e e  ( 2 ' 2 ) ) '
,/

I t  shou ld  be  no t lced . tha t  ln .  the  genera l  . case whenTi r=dg

t s  a r b l t r a r y  l n  M ( o , b ; H )  l t  l s  f a l r l - y  d l f f t o u l t  t o  l n v e s t l g a t e

t h e  e x l e t e n c e  o f  s o l u t l o n e  t o  ( 2 ' 1 ) '  T b e  r e e t  o f  t h e  p a p e r  l s

ln tend.ec l  fo r  p iesont tng  o f  soms fac ts  reLat lng . io  t t lLs  p rob lom'

H a k i n g i h e c h a n g e z = u - g E g . ( 2 ' 1 } f o r n a l y r e d u c e s t o a

i t i rue dePei: .dent"  equet lon!
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Te obta tn  by  (2 .?  )  and (2 .9 )  tha t

(2 .1o )  [  Z^*  I  -  ( r+1e) -1 (? t r  +g1  i l  r r to ,b i " t  
(  C f ' '

Throughout  the text  C ropresents  a genera l  pos l t lve constanto

Nex t ,  tV  12 .? )  and  (4 ,10 )  f t  f oL lows  tha t  the re  l s  ?€ . ta  {o ,b ;H}

euah that (on sone subsequonces)

@ .
( 2 . L 1 )  Z t r + E  r  & s  . I - > o ,  w e a k - e t a r  1 n  L - ( o , b ; H )

and.

1 2 . L 2 )  ( r + I A ) : 1  ( 2 1  + g )  = - >  7 + 8 : r  8 $  \ * o '

r e a k l y  l n  ' L 2  ( o , b ;  H )  .

E;.  Q. ,a)  (where ? *  * t r )  oan be wr l t ten in  ihe equlva lent  form

la.Lr) ?a+ s t  lyf ,  # ) ,  or€. on lo,bt

where CPf  1s th 'e  conJugate funct lon assoc lated to  ? , '  Us lng
,lLJN

tbe de f  tn l t lon  o f  subd l f fe ren t la l  t re  have,  tD  v t r tue  o f  (2 'L |1  ,

f , :% |  1f ,"1 (  *"+gl - :b + Y),

n'hlch . lnpl tu" 
,

cb . *  'd?-

t 2 . 1 4 )  \ -  r J t - + ) d t' / () J*

0n the other  hand,  the def ln t t ton of  eonJugate funet lon lZ ,
.l

po 5?J leads us to

ta . \ r ,  d (  
-  ++- i  > -  (wo+f* i ,% ]  cJtv

BrBr  t $ l . o , b f  ,  ana ' fY  €  H ,

< c ^
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where 
"o 

6 and 
")

_ ub /1:
"  t i . i l lo tn 

'

Int Dryl

'rt 
l

ls  the funct lon deftnedl  as fo l lors

a
f o

: r O .

${t a' ,

(  t r ,  ${}at ,

1f

, l f

6ZX
, d t

6x\
d t

As

p >
J

q  l e  c o n t l n u o u e  a t  w o ,  b Y  ( 2 . 1 5 ) '
J
o ls chosen to be smal l  enoughr 1 ' t

comblned 'wt th  (2 .14)  '  where

fol" lows that

IJ* - ]  
is  borrnded in  r .1{o,b i l l } .

\
There fo re  the re  ex j . s t s  a  measure  ,  =  U | , t  t n  M(o rb ;E ) ,

b ; n ) ,  
. s l t e h  

t h a t r  o a  s o m e ' s u b s e q u e n c o t

d x}' ..,\-AT  4  |  r  &5  I *o ,  weak -s ta r  1n  H(c ,b ; I I ) '

* , r ,6  Bv torb ; f l ) ,

- r . 1
S such tbat  (eome subsequbnoe of  )  l f l tU) j '  oonverges
' - A

to  Fr '?8 I - ->o"  Fass lng to  the l tn t t  ln  the equal t ty

( 2 . 1 6 l

t e t  p €

seakly
I

(o
)o

r * -a* :€ :

one

0n

. \ :

obta lns

)  t n t  =  1p ; r r ( t )  )

the other ha1td r. .

l ( r t )  *  (  E r ( b ) , l E r ( o ) , h ( o )

( * A ,  $ t u o ,  +  h € w l ' 1 ( o , b ; E )

l 7  ,

, b ; H )

b
f

l _  \ -
' o

*

( o

) -

r * n e d ' r

h ( b )

+  h € H l ' 1 ( o , b ; I { ) .



Troru the last two relat lons

from the equlvalence class

on fo,u] ) ,  andt

, -  I

X  1 ( b ,  
=  p r

$r:.nmarlslngr IB have

t7

. l t  f  o l l ,oss  tha t  f l  le

? (wl t t t  resPeot to the

f , t ( o )  =  I o  .

t *

a ' f u n c t l o n

e q u a l l t y  e . € .

L ( o  )

*r(o]
( 2 , L ? l

where

for

. b y

: : r  XO, d* 
. t 

and.

X -.+ o , woakly ln H r otr some

subsequence,

thts tnequal, l tY

l2 . r ) .  by  nears

1 s  c o m p l e t e .

*F:rrFii=::

whore *  wqq ldent l f ted s l th  Ey

l fowr .  pass ing  to  the  l lm l t  l n  (2 .8 ) ,  a f te r

was ln tegrated f rom o tc  br  we obta ln  exact ly

o f  (e .12 ) ,  (2 .16 )  and  12 , \ ]1 ,  Thus  the  p roo f

Renark  e ,  In  genera ! ,  the  so lu t lon  o f  (2 . r )  Ln  the  sense o f

propos i t ion  2  ts  no t  un tQU6r  &s  the  fo l l "owlng  s tnp le .  exanp le '

shorts

d . z  + ? I r l z + s )  9 o , o 1 t  1 2  ,

* ( o )  ' '  0 ,

ls the real

(  2 . 1 8

r  f u n c t l o n  ( 1 . e . ,  I K ( y ) ' = o ,  f o r  y G K ,  f f i d  t * ( v ) =  + c o  tlnd.1c

f
)

\

K

to

)

a

y e  l - @ , 1 L

s (  t )

Tben,  for

- J  1
L u

tns ten

] '

n a
" v t

ln terva l  E,  16[ ,  IK ls  the assoolated

- t -  - l

and g  :  [o  ,Z )  +  ] -o ,  no t  ts  de f  lned

l f  o < t (  I

! &  ' t  . /  + , /  c
I I  I = . r , \ L .

the fol l .owlng funct ions bel-ong to the se t

/Ept t-r\r{l



o f  so lu t l ons  to  (2 ' I 8 )
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ln  the  sense o f  ProPost t lon  2z

o 4 t ( 1
:

1,  4 t . (  2 ,

! e  [ r ,  . 2 )o

s e c o n o l u d e b y . n o t t a t n g t h a t l n c e r t a l n p a r t t c u l . a r . c 8 s e s t h e

solut lons of  |2 ,v}  can b6 nore regular .  r .or  example,  1 f  D(A)- I {

- ' ^ r  A i l  l nn r rn f l l  g ta r t t ng  w l th  t he

a n d A i s b o u a d e d o n b o u n d e d e e t s t b e n t '

approx l raato problens (2 '6) '  l t  
is ;asy 

to  see t  a t  '12 'V l  
bas

.  o r , , , o *n  s t rong  so lu t l on  I  €  w} ' -  (o 'b ;E )  '  so  (? ' t )  has  the

$ntqr;6 soLutlon rr = z + $o

3E(']
" f  o '  l f
- J

L g '  1 r

for everY

IeSl for

of thls

euthor i,s lnd.ebted. to br.C.Ursescu f;om Unlversity of

E one stJ.nutatr,ng .collvelsatlon during the preparatiou

papero
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