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ON A LINEAR THEORY OF

RECURS IVE-ENUMERABLE SETS

SORIN ]STRAIL

.  
U s l n g  r a t i o n a L - 1 t k e  o p e r a t i o n s  ( . r U . r l f  )  w i t h  n a t r l c e s ,  w e

s a y  t h a t .  a  O - 1  n a t r l x  M = ( " r r " ,  ) r r  
r w ,  e  K *  i s  r a t l o n a l  l f  t t

b e l o n g s  t o  t h e  r a t l o n a l  e l o s u r e  o f  a  f l n i t e  s e t  o f  e - i  r n a t r i c € s .

We show iha t  a  language t  C  i { t s  rec l l rs lve-enumerab le  ( r .e .  )

i f  a n d  o l l ' y  l f  i t s  c h a r a e t e r i s t i c  v e e t o r  c  -  1 ^  ( w ) 1  
, 1 + i  i s  a*  _  r s  , W 6 , K , -

.  compcnent  ' c f  the  rq j "n j .ma l "  so lu t ion  o f  a  l j .nbar - ra t lona l  sys tery  o f

e q u a t l o n s ,  1 . e .  o f  t h e  f o r m

(

1  
x i . -  M l l  x l  +  a "  +  L I r r X ,  *  x l ( o ) t  r 5 r g t

L

w 1 t h a 1 J , M , , r a t t o n a 1 a n d . X r t . , ' , w 1 t h f i n 1 t e 1 v m a n y 1 ' s o
. - .  L . J  r t e i

.
A s i ra i la r  resu l t  ho lds  fo r  the  fan t ry  o f  con tex t - "u r r " i t i ' re

^r.F*lt*=f:

sets  (CS)  ln  connex ion  wt th  sys tems def ined ln  te rms o f  f lo r r -

s l n g u l a r  r a t i o n a l  m a t r l c e s . ' :

Normal form theo.rems [ two equat ions in two unknowns suff iee )

f o r  r . B .  a n d  C S  s e t s  a r e  p r e s e n t e d .  t o g e l h e r  w l t h  s o l l o  p i e t o r l a L

-  r e p r e s e n t a t i o n s  o f  r a t i o n a l  m a t r i c e ' s  ( e x p o n e n t i a l  b a n d ,  b l o e k

d tagona l  )  .

.  ' A s  a n ' a p . p l i c a t i o n  ' o f  t h e  a b o v e  c h a r a c t e r i - z . r t . i . o n s ,  t h e  f  a m l l l e s

o f  r r e .  a n d  C S  s B t s  a r e -  o . r g a n i z e d  B S  a i g l e b r a i c  t h e o r l e s  ( s i r n t l e r

w l t h  t h e  A D J  ( i 9 7 6 )  c o n s t r u e t i c n  f o r  e o n t e x t - J ' r e e  s e t s ) ,
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NOTATIONS .

In  the  paper  $ re  work  w l th  mat r lces_an6 vec tors  (co lumns)  w i th

e l e m e n t  f r o m  f o r r l  ,  F o r  a  c o l u m n  d ,  d T  s t a n d s  f o r  i t s  t r a n s T ) o s e '
( ' )

T i e  u s e  +  ( o r  E  ) u u  f o l l o w s :  a )  w h e n  a p p l t e d  t o  v e e t o r s  o r

mat r lees  i t  has  the  usua l  mean ln 'g  o f  add i t i cn ;  b )  when used '  on

t h e  s e t  { o r r }  
l t  h a s  t h e  d i s i u n c t i v e  m e a n i n g ,  i . e .  l - + 1  =  1 +  o  s

. :
: ! o + 1 = 1 r o + o 1 o . .

- a  r :  -  t r l c e  s .i l 1 i l  s t a n d s  f o r  n u l t t p l i e a t i o n ' o f  n r i m b e r s  o r  m a

tomaa \g? t ) )  fo r  a l I  unexPla lned '
.  W e  r e f e r  t h e  b o o k  ( S a '

no ta t lons  and resu l ts  in  fo rmal  lang 'uages  theory '

l. LINEAR:RATIoIIAL SYS'islnLOr' E{QUATTONS :
-*

'  Le t  V  be  an  a lphabet ,  and '  lo t  any  L  CV" '  I {e  de f  ine  i t s

charac-ter is- l lc  veeto{ as an lnf in l te Vf-  lndexed'o-1'  column ChErv

/ , ,  \
( i )  =  ( d t t ]  ) . .  -  . , r *  d e f  i n e r i  a s  u s u a l  b y

u €  v

I  u €  L

,  
'  o € L

f t
t o

column d. =

t s  d  r  1 . 0 .

The inverse  funet lon  Lang,  assoc ia tes  to  a  V t i  indexed o-1

( a ( * ) ) o r o * ,  t h e  l a n g u a g e  w h o s e  c h a r a c t e r i s t i c  v e c t o r

?  * '  1 ' ( w )  -  1
L a n g  ( d )  s  L *  l o '  

'  =  r

any d and L as above, we

C h a r v - ( l , a n g  ( d ) )  =  d

L a n g  ( C h a r v  ( L ) )  =  L .

^
Ere shal l  c lenote 

'n}r  ( i  che -rector Chalv(  /  ) '  where Q t t  t t rg

empty  se t .  For  a  o -1  f in i te  co l -umn c ,  r re  she l - l -  denor :e  co  i t s

l .
have'

0 f  c o u r s e ,  f o r
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o - c o m p L e t l o n . t o  l n f t n l t y ,  L . e .  l f  c  =  ( C ( A ) r . . . ,  , ( u ) 1 t  t h e n

c o  =  ( c ( ^ ) r . . . r c ( r ) r o r o r , . . ) T

L e t  u s  c o n s l d e r  a  e o l r e c t l o n  o f  f  i n i t e  o - 1  m . a t r t e e s ,  a r l

hav lng  t+1  co lumn:

* J  t :  ( c o J ' . ' . ' l t l )  ,  1 < i . ( F .

I i l e  s h a l l  a s s o c l a t e  t o  t i r e . s e t  * r r . . , r r ' n ,  . a  c o l l e c t i o n  o f

ln f  in i te  o - l  mat r l ces ,  a iL l  incLexed.  by  K  *XO* ,  where

L e t  b e  M ,  =  ( a * ) * € K *  ,  M ' 8 , = ( d ' r o , ) * , e  
K t  

b e l o n g i n g  t o  R .

W e  d e f t n e :

slg . Mt 
E, 

= l,I"gg r

l fu  UIS'  s l " { "g,16r

I  T, i  r  i f  i ' leur',t, *, .r!1 
8*

t <= {X r " . " ' rB t l
1 s  a n  a l p h a b e t .  t  .

T h l s  e o l l e c t i o n  w i l l  b e  c a l ] e d  t h e  r a t l o n a l  c r o s u r e  o f. .

t l r . . .  r m P ,  d e n o t e d  f l { f  * i r . . .  r i l p } .

Le t  i , *  ! {  t he  famt l y  o f  K f  x  K#- inoexed .  o -1  na t r l ces .  Auy

erement  id  o r  (  l s  g iven  by  l t s  , , cor -umn f  o rm, ,  as  f  o l lov is :

Pl  = idw)w€Ktr ,  where dro =  ( u j ^  ) r . - . ,  , u l u ) r . . .  ) L * *

f o r  a n y  M  =  ( d * ) * g K r f  e  & 1  t " t  u s  e o n s i d . e r  t h e  s e t  o f  r p l a c e s , '

of  non-ze to  co lumns:  s  =  t *  lw€K+ ,  dw I  6 ] | .
:

B e c a u s e  w e  a r e  i n t e r e s t e d  i n  t h e  o c c u r e n c e s  o f  n o n - z e r o

eo lurnnsr  wo sha l - l  wr l te  sonet lnnes  I \h  ins tead o f  M.

.  We def  ine  the  ?r ra t1ona l r ,  opera t ions  on f r  :

p fOdUc t  t t  .  t t ,  Un ion  I t  
L l  

f t  and  s ta f  t t  
, +  

t ' o
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where :

I . MIEE t - (  >  .  door  d ' * ,  )  - - * ,  where
U=WW'  U  g  l l

E (

Tt'e remark that

'  T h e r e f o r e ,

r i .

A l s o r  € Q U i v a 1 e n t r  w 6  h a v e :

I  I I . lrlttrrts *

f or al l  n; '  o r l{"r,
Et'

DEtr'TNIT]ON I

d . * o d t * r  E  f  a [ A  ) r , , . .  r u t t )

ujot'

or  d$ ,  
:

d* ' dir'

An ec lu iva len t  de f in i t ion  fo r  d* rd | ' '  l p

d * * d *  -  C h a r v ( l a n s ( d w ) U  L a n s ( d ; )  ) .

U
"7

T h e  : : a t j o n a l  c l o s u r e  o f  a  f  i n i t e  s e t  o f  ( t + t ) - c o l u n n s  o * 1

m a t r i c e s ,  * l r . . . r m ! ,  d . e n o t e d  M L * l  , . . . r m o l  l s  d e f l n e d  a s  f o r l - o w s :

l t  * , i  =  ( C i j  , C l . j r , . o r t r j i '

, 1 { . i { t ,  
i $ j r r P  Y f e  h a v e

Y=Y1Y2

u equ lva len t

1 f f  u  g  EEt .o

to  drod l r  =  0 .
^

w - 9

2
1l=WWJ

6  i "

/ g

( i ) i { i $ p  t h e n  f o r  a l l  t , J '



i fJ'*[A]

( 2 ) rr  ME, q ,cW&r,. lY'n}, r  * { a n r c o .

A natr ix tr/l

in tegers t  and

belonging to  W

Mp.  I {d ,  r  I \ {EU16 ,  '  (Mg lxek4 t^ r ro , . rnn }o

DEFI}IITION 2 "

r n a t r i c c s  n - r , . . . r 4 p o

A column

v e c t o r  C .

S 'e  sha l l  ln t rod .uce  a  c lass  o f  sys tens

w h l c h  u s e  r a t i o n a l  n a t r l e e s  a n d  c o l u m n s "

DEFtrNITION E

A  l i n e a r - r a t . i o n a l  s y s t e m  . o f  e q u a t l o n s

C  -  " " ( i l )  . .  - !  *  1 r ( i t )  n  +  n - ,  i '

{  ^ l  = , v r  x l  +  c . .  *  t o ( i t )  x t  +  x r ( o )

L l.d(t

( L j )  
€ w l ,  n  ,w h e r e  f o r  s o m e  * 1 r . . . r * n . " * u  a t 1  i r i ,  1 - ( l r i < t  ,  M '

1 -
.  .  , *p t ,  and  X i  (o  )  1 "  ra t i ona l  '

c a l l  a  l l n e a r -  s l l m  a s  t h e  a b o v o  r l g h t  s l d e s ,  l . e o

+  X t  ( o  )  ,  a  r a t i c n a l  P o l t l n P m i ' a l -

use  t ,he  
' l  

lneBr - l :a t iona l  s : l s tens  fo r  the  charae-

t h e  c h a r s c t e r l s t l c  v e c i o : : s  o f  r "  o .  s e t s ,  t v r o

n ord.er

d  l s  c a l l e d  r a t i o n a l

t h e r e  e x l s t  t w o  p o s l t i v e

Kr -  indexed o- l  naatr ix

( t+ : -  ) -co lumns r  f  ln i te  o*1

s o m e  f i n i t e  o - 1

o f  t t l i n e a r ? t  e q t t a t l o n s

i s  g l v e n by

1 s  c a l l e d

p sueh th

r
t m 1  r o o o t

a t

*n]

t f d = g o f o r

A€F.is:*

1

Yrr -i
.J

* n

I

{t=
.  We shalv

5  M ( i i )
J -1

'!la 
f ;rr r>

t ,ex]-zat i -on

rernarks are

e U  { * r r . . . ' r * p }  a n d

{*r} 
= ,L;0, c?J,0, " '  ) € i l(br, " ' rmpl t

?q':
E ,  E ' c  K I , q& \  ,

r a t l o n a l  l f
*

I " f i s a K X

for some



d  -  x M l N  1 = a ( 1 ) ; .

A C_HARACTEnT?ATrON THEOREI{

I n  t h l s  s e c t l o n  w e  d  t s c u s s  t h e  i e l a t l 0 n  b e t * " " *  l 1 n e a r -

n  , .  e  a n r : l  t h e  c h e r e e t e r t s t i C  v e c t o f  s  O f
r a t l o n a l -  s y s t e m s  o f  e q u a t l o n s  a n d  t h e  e h a r a c t e r t s t i c

r . € .  s e t s u  
'

L e t  m "  r  '  r  .  r m -  b e  ( t + t  ) - c o l u m n s ,  f  i n i t e  o - I  m a t r l c e s  a n i l
I '  P

K  -  [ r l r . . . r " t ,

PROPOSITIOI{  1.

equat lons  has  a  un lgue

- (4* ,...)xliu)*h.r. foi

" l o )  
-  x r (o )  :

- 6

RqMmK 1.  Each l1near ; ra t tona l  sys tem o f
M T N

mln lmal  so lu t ion ,  g iven  as  usua l  by  X" ' * ' :

1 - < t € t :

and f  or  a l l  n  >L .v . (n+ l ),*1

*Yt* = U-  n 7 . Q
; . , ' r x l * ) ) ,f l ( x i( n )

. .  , - ( n  )a  t i \ ^ I  r c .

I f  we do  no t  lmpos 'e  res t r l c t ions  on

e q u a t l o n s ,  t h e  c h a r a c t e r i s t l c  v e c t o r  o f

appear  as  min lma l  so lu t lon  o f  a  sys tem'

RELIIARK 3; AnY d €CV

where  M ls  g tven bY:

" t r o t  
a

Then w e  h a v e :

- (  n ) r
r  t A t  t  o

m a t r l c e s  l n

a n y  ' s u b s e t

sys tems o f
*

o f K - c a n

. l

I
tI

I
I

1

i i
r i

(K* )  ru lHi*ur  solut lon of  an equat lon

X  =  M X  +  c h a r ; ( l c * ) "

( * * r * '  ) * r * ' e K *

,  w = w t  a n d

,  o t h e r w i s e .

C Y
{

L o

t f
lfr vr l th

d ( w J  -  1

1 t

For anY i'[

de te rm in i s  t l c

e \ ' t { t * r r n . , e r r l

Tur lng  mach lne

t h e r e  e x L s t s  a  n o n

M ,  i o € o  b e g t n n l n e

1 :1n l .a \  re

IrtJ'u'= 
\ *w ' lv 

eK^ t

t n  t t ^ n m r . r t l t l n c l r^ M
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s
wl th  u r  €K "  on

noutpu t t '  taPe

BRo0{

I t  l s  c l e a r

the  mat r lces  rnJ
" a \

Now let  us

f f [ * t r . ' . r * n ]

The F lgures

- 8 -

t t re  lnput  tape,  w l l l  eventua l l y  haLt  w l th  u  on  l t s

, .  I

1 f f  u f l , a n g  ( c l - J .

how to  cons t ruc t  the  Tur lng  mach lnes  wh lch  compute

I
^ .  a n d .  M ' c - . ,  f o r  a t l  L t  i ,  1 € t S t t  l < J S p '

^l t '{c r
suppose that we have two matr ices lr1, t  M2' e -

anc l  the correspond' ing TrrT2 conput lng them'

7 show

T
)  -  

(L{ , f

l r  2 ,

f, l fY ,n .Ma

PR0POqITT0N 2

EverY compon'eni  of

sys tem o f  equat lons  is

the  s t ruc tu re  o f  the  mach lnes

and T
1* Lt,*rl vM'z

the  n in lma l  so lu t ion  o f  a

t h e  c h a r a c t e r t s t t c  v e c t o r

l -  lnear-rat  ional

o f  B  r r € .  s e t .

T" make the wr l t lng eas ler . ,  re t  us eonslder  a  2-eQuat lons-

system

f  " . ,  
-  * ( t r )  x l  *  * ( lz )  xz  *  x r (o)

t  " ,  
=  M(2r)  x r  +  M(22)  xz  *  xz(o)

's- . : :

Let  be  T , , ,  T la ,  Ta t  '  T22 the  Tur tng  mach ines  g lven by

the  Propos l t1on I  wh lch  "compute"  the  cor respondtng  mat r lces '
- ( 1 )

T ie  sha l l  cons tnrc t  a  nond 'e te r rn in is t l c  Tur ing  mach ine  T**

nntN r
wh ich  accePts  Lang( f , i - -  l  '

I t h a s o n e r e a d - o n l y l n p u t t a p e u ' a t w o r e a d . - w r l t e a u x l l 1 a r y

t a p e s .

The F tgure  +  shows the  cons t ruc t lon '



tape t tape 2

Tft)

9 -

auxl l tary  tapes
).:' '

lnput-tape

i ' l g u r e  + .  T h e  m a e h l n e  T ( 1 )  .

1 1  1
l s  p l a c e d  o n  t h e  l n p u t  t a p e ,  T t ' '  b e g l n  b y  t h e

the  aux l l la ry  taPes:

Nondetermln is t i cs ly  -se lec ts  :  i * 'o rd '  f rom--each

Tfhen 'a word. d

l n l t i a l l z a t l o n  o f

I n i t t a l  s t e p .

f  ln i te  se t  Lang ( " f  (o  )  I  
and Lang (X21s 

)  i  
and  wr i tes  then res-

pec t lve l -y  on  taPe 1-  and taPe 2 .

. N e x t  T ( 1 )  w i . l l  r e p e a t e d l y  p e r f o r m  t h e  f o l l o w l n g  B a s l e -  s t e p ,

un t1 l  the  mach lne  w111 ha l t r  o t  e lse  the  task  ls  con t lnued fo r

on tape 1 and taPe 2 there 'are two

b e h a v e s  a s  f o l l o w s :

I ' ITS'r  1t  aecepts o( and hal ts. ,

s e l e c t s  o n e  m e m b e r  o f  e a c h  s e t

they are Tt f  and ,ZJ then take * l -

w r i t e  t h e l r  o u t P u t s  r e s p e c t i v e l Y

n
vrord. d( ls -on the i*Ptfr1.P€ I T (1 )

1  t h e  w o i k  o f  t h e  s y s t e n  o f  e q u a t i o n s

, --i/l1N r
o f  L a n g ( x j " ' ) ,  f o r .  i - l r 2 o

ever  o

B a g l c  s t e P .  S u P P o s e  t h a t

words wl and oZ. The machine

I .  T e s t s  i f  O (  =  w r .  I f

o t h e r w l s e  c o n t t n u e s  b Y  I I .

I I .  I i o n d e t e r m l n l  s t l c a l Y
f ') 

r f - m )

t T f f  ,  T 1 2  t a n d t l a r , ' r Z Z \ .
respec t ive lY  ,Z  as  inPuts

o n  t a p e  I  a n d  t a P e  i .

t t

I f

and.

L e t  u s ' r e m a r k  t h a t  w h e n  a

slmulateg in Paro. le l l  o l t  taPe

l n  o r d e r  t o  o b t a l n  t h e  w o r d ' s



'  . l ^
J-\,,

Tr t ren  a  word  on ' tape l "  l s  ob ta lned,  l t  l s  ver l f led  l f  l t

equals o{ . .  I f  t tYESt" then 1t  aceepts e< '

i  Therefore, o( ls accepted l f f  c( €; 
"Yt* '

To obta in  the  converse  o f  the  Propos l t lon  2 ,  wh lch  w111 be

the  sub jec t  o f  P l .opos l t lon  7 ,  s .e  need '  the  no t lon  o f  1 f , : func t ion

and a  t tT rans la t iona l "  Lemma fo r  i t '

(  1 r  - func t lons  are  ln t roducec l  11  Is t ra i l  (subml t ted  )  as  a

bas ic  s tep  1s  s tudy ing  pr lm l t l ve  ac t ions  o f  generBt lve  d 'ev j -ces- . .

In  Is t ra i l  (Lg?g)  tney  are  imp l ic i t  used,  to  gb ta ln ,  genera l l za-

t lons of  the ALG0L-l ike theorem) '

lEFli l l I l ' I lN 4.

L e t  K  =  
t u f  r e ' .  r u r ]  l "  e n  a l p h a b e t '  A  T : f u 3 c t i o n  o v e r  K

is a pair  1f-  ihrRl , . ,  where h ls a.  f in i te subst l tut ion h 'ZK\ 2K'?

and.  R a regular  set  over ,K.

r t  is  a  fune t lon s  22K*-9,  z{  def  ined by r ( l )=h(L n R) .
.t-

r l t ' e  sha l l  assoc ia te  to  T t -  'a  ra t lona l  mat r i x  M"  as  fo l lows '

- - I f t \ r r l
M" =  ( " ru r r r ,  ) * ,  r r ,  e  K f  t  where

n

r  w € 7 r ( w n )  = h (  t w ' ] n R

, o therli i  se

w € K *  
( l n  e o r u m n s  f o r m )  t h e

.  d *  l 6  l f f  w € R ) , '  a n d

E  C h a r v ( h  ( w )  )  '

( 1-  
t o
( d w  )

( i . e

" o r * t

M T =T h a t  l s ,

a )

b )

1 f

uT* MJ
f o r  w  Q R , d"

LEilWIA 1.

For every l t - - funct lon over K, Mrr belongs $ 44/, t t ]  ,  for

some f i n i i ; e  (  i r f  .  1 )  cc lumns  na t r l x  m '

FRUU-I .
c - 'b '  

' ' t  
'  YJe intend' to

L e i  b e  T f  =  ( i t , n i  a ' " ' e r  n  -  l b l i  o , ' ,  r  J
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const ruet  a  f tn l te  matr l *  *h  sueh that  *T e l t l {^n!  .

I n  t h e  f l n i t e  s e t  U  t  i r ( t r ) . 1  t <  1 g  t ]  ,  l e t  E ' n e  t l "  w o r d ,

l e r ,  and ,  suppose  tha tmaxlmal  wi th  respeet  to  the lex lcographic  o" l

tn  the lex icographic  enurnerat lon (wt th  1  ass lgned for  A ,  2  for

b t ,  e t c .  )  l t  l s  ass lgned  to  F the  number  p .

Then we const ruct  mh as a pf i ( t+ l )  matr ' lx :

h
m t  -  ( t  

 r c 1 r . r c r t r ) , n h e r e

r t  |  
' q 1  

1 . t i t , t  n  -  / , . ( ^ )  , " ( u )C A  =  ( 1 r o 1 . , . 1 o ) +  a n d  f o r  a l l  i ,  1 5  1 (  t ,  C l  r r i  1 c e  c l v i  , . . i

-  ( i l ) t r  w l t h" "  " ' 1 C 1  )

n ( u )  ( r  ,  u 6 r r ( b i )' i  - 1
L  o  ,  o t h e r w l s e

rr r,14t-22t(*

Tie have that I,{ r 6 'kt*n 
} o

Indeed. ,  le t  us  cons ider

*,n * (el,  0, $,., .  )  and

* forJ = (L: j ,  c?,$, .  ' .  )  ror  aL1 1,1(  1< t ,
t -1

Now,  the  s t rue ture  o f  R,  v lewed as  a  regu la r  expreg.s lon ,

prov ides  us  w i th  a  sequence o f  ra t lona l  opera t lons  w l th  the  above

mat r lces  such tha t

T  t - ?  hMn = M" ef i , t { *n3 .
@

l s  a  f u n c t i o n ,  w e  a s s o c t a t e  t o  l t  t h e  m a i r l x
P 

charv ( f (w)  €K* .M T  =  ( d " ) ,  
6 y , x ,  

w h e r e  d o ,  =  c h a r v , : , Y , , ,  f o r  a l l  Y I r

The  func t ion  f  l s  ex tended  to  2K  by  f  (L )  : *  U t f  ( ru )  
I  t g t ]  '

-a

f  o r  a l - I  L  C  K - .

TRTiNSLAT IONiAL iii}ff.{A

pro \ ' ldes  us  w i th  the  fo l low ing  twoThe oper ation' 1.r1^'n-9, l{r

t t t r a n s l a t i  o n s " :



L2- L'2

( 1 )  t n e  c o m p b s l t l o n  o f  f u n c t t o n s  i l o f r  t r a n s l a t e s  t o  m a t r l x

m u l t . l p l l c a t i o n  r t  t t f t ,  i . e .

* fo f  
t  

= .Mf  , t  M f  
'

( 2 )  f  a p p l i e d  t o  L  t r a n s l a t e s  t o  M f  m u l t t p l t e d  b y  C h a r v { L ) r 1 . e .

c h a r v ( f ( t )  ) '  -  M f *  c h a r v ( L ) .

y / e  p r o v e  o n l y  ( t ) .  L e t  b e  M f  s  ! " * r * ,  ) " * , a '  p t r M f  
'  

s  ( u i r r r ' ) * r * i f

wu have 
" " * r * ,  

E  
_?  n  

u" r * - ,  *  
"$ ' ,  r r , ,  

and '  e t twr r : *1

1 f f  there  ex ls ts  l r t ' 6K*  such tha t  ewrys , ,= l  :  e | ' , rp*  By  the  d 'e -

f  ln l t ion  o f  me. t r i . ces  i t  fo l rows do ,w, ,= l  t f f  !qG f  (wt ' )  and

e t * r r r g r ,  =  1  l f f '  w . " e f t ( w t ) '

N o w  l t  i s  c l e a r  t h a t

u $ r * , .  =  1  1 f f  r s  c f o f '  1 w ;  )  w h i e h  ) r l e l a s ,  ( 1 ) '

T h e c o n v e r s e o f P r o p o s i t i o n 2 . l s a ] s o t r u e .

PRoP.lsrrrol l  . ,  _.

For  every  Tur ing  mg.ch ine  I t {  aecept ing  the  language 1(M) ,  there
1 :;. :-g

e x i s t s  a  l l n e e r - r a t i o n a r  s y s t e m  o f  e q u a t i o n s  s u c h  t h a t  c h a r v ( t ( i J I )  )

l s  the  f t rs t  component  o f  the  mln ima l  so lu t ion  o f  the  sys tem"

PR.OqF,

l le  cons ider  a  Tu: : ing  mach ine  M as  a  rewf i t ing  sys tem (Sa lonaa

(Lg?rD * i th  Q the  se t  o f  s ta te t  VT the  ta .pe  a lphabet '  Q1 €  A '  the

f l n a l  s t a t e s  s e t  a n d  F  a  s e t  o f  r u l e s .  L e t  b e  X o r  y  t w o  n e w  s y m -

bo ls  * *o  6 ,  Tr  the  "bar red" "  t re rs ion  o f  a  anc  respec t ive ly  v t  ; *€

v T i s t h e b o u n d . a r y ; r " . a t k e r a n d B l s t h e b . l a n k s y r n b o l .

tve  sha l l  s imu la te  a  t rn 'o - t racks  taPerwi th  two-p) -aced '  synbo ls '

Narne ly  r , ie  cons lder  the  a iphabet



t r -

v  =  5  ( i ) t e € v r
. L

I t te shalt  use the notat lons t l f  t  !  Io 1vT, t

d ' t  $  { t ; r  I  eev r } .

( : )

a e v r r T r ] .

I  ar€ € u* ] "*d*'

ror example f (: ) --+ (; )

s - + E  I  u ,  u € v T ,  s e Q ]  i s

h o ( ( : ) )  =  
{ , , : , ,

ho ( ( f ; )  ) -  { t f ; r J
and

For  s i rnp l l c i t y ,  a  f  t n i t e  subs t i t u t l on  n  w i f f  be  spec t { . i ed  by

a set  o f  context - f ree ru les g iven only  for  the le t tersr for  whleh

the  subs t i t u t i on  i s  no t  l den t i t y .

, (!t -+ tfrl , s '-rs ,.*.

the  subs t l tu t lon  ho  g iven bY

. )  o  a ' l

) J  ,  b o ( s )  =  L " , s 5  * -

J -r  e € \ ' T ,  d - € v g .

N o t e  t h a t  f . . .  ]  ( x ) - m e a n =  h o ( " 1 .

We sha l1  assoc ia te  an  equat lon  to  each type of  ru les  g lven

by  the  mach ine '

( r )  0 f e i n t l n t  r  s  a - ? s ' b

f e  
'  

r € rx  = l  s - - )  s ' ,  l e i  +
l-

rV- r *
I  a l  l\v- l  - '

( 2 )  M o v e - r i g h t :  s a c  - O  a s t . c  1 s  s l m u l a t e d  b y :

x = l - E - ? ( : ) ,  ( $ )  - + " ' ,  t i l  - + ( : ) l e e v r l
L

n t

17't  $ove-r ight end' extend's Jrork.:Frrace: sas-+

by

-r-r{s;.=!

{ *

f o

(f) 'rl'l tl-r rI;r.

1 s  s l m u l a t e d  b Y :

,v_ri* _ 
tlrl( ; ) l e € v r ] t n o ( x ) n  ( " ; i

(ho  (x )  n

a s t r S . -  1 s  s l m u l a t e d
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x  =  fF  -?  ( : ) ,

.  ( ho (x )  n

( f i ) -+ s" ( ;  )  - -  ( ; ) tLt  |  "eur] .
(}:f t tl't ,!r,.

S i m l l a r  e q u a t i o n s  a 1 , e  e o n s t r u e t e d  f o r  ( 4 )  l / i o v e - l - e f t  a n d  ( 5 )

Moye-r ight  q ld extend.s wo{--  r igse.

The a- func t lons  o f  Def  ln i t ion  4  bxpress  the  r .1ght - rnembers

o f  t h e  a b o v e  e q u a t i o n s .
-  

u f l " ,  )  |  eev *d€v r rT rJ ,  , *  ) ..  L e t  J f o  E  ( h o ,  ( q  U  q  
r r { ,  I  -

E a c h  e q u a t l o n  ( f  )  p  ( 5 )  c o n t a i n 5  a  s p e c i f i c  g - f u n c t l o n  
T = ( h l r R l )

s u c h  t h a t  e q u a t i o n  ( i )  c a n  b e  w r i t t e n

( r )  ) ( =  T i (  l G ( x ) ) ,  r s l s 5 .

To Co: rnp ' l s ls  ou l :  eons t r r rc t l cnr  Fe  n led  tx -o  f , - funet lons  fo r  the

t t 1 n i t i . a 1 "  a n d .  t t f i n a t r "  s t e p s .

L e t  u s  d e f j n e  h i r r l t  b I ,  h i r r i * ( . * o )  = [ * ' y F ] ,  h i n i r ( v ]  = $ t i i '

a6rJ*s |* ,s3,  b€vr .

L e t  T ( i )  b e  t h e  s u b s e t  o f  F  c o n s l s t l n g  o f  a l l  r u l e s  o f  t y p e

( 1 ) ,  f o r  1 {  i { f ,  .  I f  r 6 f  ( j . )  a n d  t , h e  e q u a t t o n  " 1 m p 1 e m e n t i . n g "  t h e

wor :k  o f  r  l s  X  =  T t -g (  q (x ) ) ,  v . re  sha l l  wr i te  1F i  lns tead o f  f i '

Alro cenote F i= (n i  ,  H i  ) .

T h e  f o l l o w i n g  s ; r s t e m  i s  a s s o c j a t e d  t o  1 4 ,  i n  o r < l e r  t o

s i n n u l a t e  i t s  w o r k  b Y  e q u a t i o n s :

"o lu tu r . * { *+J }1na  
h in l t  t { l i i  = l t : l J r " *  a6Yr .  lTe  pu t  noY i

.v_
Tt* i t  -  (n l r , i r ,  ( ( , } i l  u tno,v l io r  ) .

.  The func t ton  T$r '  l s  g iven  by

rrLn * (hrin, ,S, (;:f qrd;f ,N'l )

where  h r rn ( (  t  ) )  =  i r r rn (s )  =  R  io "  : : ' {Hhr l r , t r f  l t=u  ro r



Q r

Y

X

X

n ? $

q in  ( x )

a j ' i t ( x )  u

rr i  (  Tt(x)) S t ,  r € F ( 1 ) .

tr,"o]
,  1 (  1

(fiffir )

o f

the

u", f  " t  
E M

Lx ,  =  ( t t

where  Xe(o fcharv (  i t J  ) .

I t  i - s  m a n : - f e s t  n o r i  t h a t "  S r ' l s  a

e q u a t i o n s  a n d

Ti
l , { ' ) ( x e )  +  x e ( o )

r € F ( 1 )
r g i ( f ,

r f  (  yMiw,  f * t * ) -  is  the min i rna l  so lu t ion of  the system (qfunct ion

are  cont inuous  )  then YIJ I i 'N  = .  L (M) .

The func t ion  T f , imn lements  the  f 'nond"e termin is t l c  cho ice  o f  a

? p o s j . t i o n ? l ' w h e r e  a  r u l e  9 f  I  t o  b e  a p p l i e d , .  I t  c a n  b e ' r s e p a r a t e d ' r r

=f t t , )  t ,  
' f t l ) ,  ln  ord.er  to  erpress the equtva lent  form of  the

: s y s t e m :

fy = I l- ' rn (x)
u"t" = , t l"r ,  *IL *

r e F ( 1 )
1< i (  s

F  
J S o r y l U  v T ,  l - o e '  t h e  t o t a l  a l p h a b e t  u s e d 'L . e t  b e  K  , .  V U q U q  \

Because a l1  
' l i -  - func t ions  wh ich  occur  ln  sys tem St  a re  func t ion :

* v *
f rom K t  t o  2 r  l l e  sha l l  use  fo r  an ) /  6 - func t j on  1T .  l t s  ma t r j x

.  a s s o c r a t e d  M f  a s  w e l l  a s  t h e  T r a n s l a t l o n a l  L e m m a .

L e t  b e  X f  r %  f e n l e  l n  C V ( K *  l ,  t h e  c h a r a e t e r i s t l e  v e c t o r s  o f

K*.

n c w  u n k n g w n s ,  a  n a t r i x  s y s t e r n  i s  a s s o c i a t e d  t o  s r  a s

Tr in 1x, )
Tfttrtt 

+l/ttro +

t o  work  a lone .  A lSo  l t r e  use  t r+ r r  de f l ned  o .n  f , - f unc t i ons  by :

s u b s e t s

In

fo l lows

t l n e a r - T d t i o n a l  s Y s t e m  o f



1 ( 1

the

* 
trrrrit, 

*G

r ( i ) ] )  r o r  a

a t r l . " "  t h  a r e

the  Trans la t l

J,liN^1

] 5

d
IIIT * efiL' 'hr1"

1 ( 1 ( f , ,  1 6 F ( 1 ) .  ( N o t e  t h a t

L e m m a .  1 ) .

a  w e  h a v e  t h e  d e s l r e i  r e s u l t :

( r  ( M )  ) .

As a  consequence o f  Propos i t lons  2 .  and , '  we ob

fol lowing

THEORE}N- 1.

A  language j -s  recurs ive-enumerab le  1 f f  l t s  eharaeter ls t i c

vec tor  l s  a  component  o f  the 'mln l -ma l  so lu t ion  o f  a  l inear - ra t lona l

s y s t e r n  o f  e q u a t t o n s r  '

A  ra t iona l  ne t r i x 1s  ca l led  s ingu la r  l f  there

u 
trfto,

. ( 5 ,  r €

f i n i t e  m

Applylng

1 ,

]ven

al I

,

11

r

on

r ' ,

by

emm

= Charv

n  the

o c c u r l n g .  l n  l t s  f i r s t  r o w .  0 t h e r w l s e ,  l t  l s  c a l l e d "

r . € .  i f  M  -  ( " * r * r  ) * r w r e K * r t h e n  l , {  s i n g u l B r  n e a n s

e x l s t s  v i t e  K f  s u c h  t h a t  
"  I r *  r * ' l L  T h t s  s h o n r s  t h a t

p e r m l t t e d  o n  s o m e  l e t t e r s .

l f  a l l  l t sA  l t n e e r - r a t i o n a l  s y s t e m  1 s  c a l l - e d  n o n - s l n g u l e t

r a t l o n a l  n a t r l c e s  a r e  n o n * s l n g u l a r .

Non-s ingu la r  l inear - ra t iona l  sys tems prov id .es  a

charac ter iza t lo*  as  the  one ln  Theo: : " *  r$k i "  t tme

' s e n s i t l v e  s e t s .  ,

THNOREI{ 2

A  l a n g u a g e  i s  c o n t e x t - s e n s i t t v e  l f f  l t s  c h a r a c t e r i s t l c s

vec t , i r  j . s  a  component  o f  the  mln ima l  so lu t lon  o f  a  non-s lngu le r

l l n e a r - r a t t o n a l  s y s t e m  o f  e q u a t l o n s o  
-  *

COROLIARY t t t re  normal  f  o rn  f  o r  (non-s  ins r t l  a r  ) l  ine  ar - ra t i cna l

systerns )

A  l a n g u a g e  i . s  r e c u r s i v e - e n u m e l a b l e  ( c o n t e x + , - s e n s l t l v e  )  f f l

tf,
are -gnes

non-s ' ingr l  a r .

tha t  these

erasure  1s

s 1mi l  ar

fo r  con tex t -

h  . r

- t ' l n l t  - h o  - t t l  Im r I t r t r l l l

@
t a 1
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1ts  charec ter ls t le  vec tor  i s  u t  .o*po*gnt  o f  the  mtn l rna l  so lu t ion

o f  
'  

a  . 2 - e q u a t i o n s  ( n o n - s i n g u l a r )  l i n e a r - r a t t o n a l  s y s t e m :

{  
* t  = Mrxr + xr(o)

[ " n = n i r x , + f i

,, s0I,1E PICTORIAL CONSIDIiRATIONS

c l a s s i c a l  t h e o r y  o f  * " t " l c e s r  a  p l c t u r e  s h o w l n gA s  l n  t h e  c l a s s i o a l  t h

the  axeas  o f  non-zero  e lements ,  he lps  to  unders tand"  the  s t ruc tu re

o f  t h e  m a t r l x  ( € o g o  t r l a n g u l a r ,  b B n d ,  b l o c k - d i a p ; o n e 1 -  ) ,

W e  p r e s e n t  s u c h  p i c t u r e s  f o r  o u r  r a t i o n a l  m a t r i c e s ,  N o t e  t h a t

h a c h u r e d  a r e a s  m e a n s r  p o s s l b l e  p i a c * s  o f  l t . s n

1)  A  gener lc  non-s inp ' .u la r  ra t iona l  rna t r i x  1s

I t  l s  an  ' rexponent la l  bandt l

shown a n igure ,

A non-s ingu la r  ra t iona l  mat r l x

F lgure  6 :  A  s fnquLr r

la t lona l  rna t r tx  
d

T l g u r e  5 :

2 l  A  g e n e r l c  s l p g u l a r  m a t r l x  f s  s h o w n  l n  F l g u r e  6 .  I t  i s  a n

" u l t i n a t e l y  u p p e r  c u r v i l i n e a r - t r i a n g u l a r " '

Le t  us  remark  a iso  - r 'ha i  i f  we use s i -np ]  s  Tur ing  naeh i 'n 'es

( S t o c k r n e y e r  G g f + )  ) .  f n  t h e  p r o o f  o f  P r o p o s i t l o n  7 '  i h e  p i e t u r e

o f  t h e  m a t r i x  w h l e h  e s s e n t l a l  s l r n u i o t , € s t h e  w o r k  o f  t h e  m a e h l n e ,

Ittid [?hp,O



T1l-  s  , i
1 , € .  . L  M

. 16i(S

r e F  ( i )

r l B

l s  e x a e t L y  a  b l - o e k - d i a q o n a l .  T h a t  l s a ttnormal

fo rm"  fo r  the  exponent la l  band o f  F igure  g ,

T h l s  p i c t u r e  1 s  p r e s e n t e d  l n  F l g u r e  7 ,

t r ' lgule Z.

4'  4&l APLLrcaTrON': T'Hl ALGEBRATO rHEOirES 0I_.R.8. AND cs SETS

As  a  bene f l t  o f  t he  cha rac te : : i za t i on  p resen ted  in  Theorem 1 ,

t h e  f a m l l y  o f  r . € .  s e t s  o v e r  K  =  {  B 1  , , , ,  r " " u t r  c a n  b e  o r g a n i z e a l s
L  L '  '  \  J
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I t  l s  c lear  tha t  Theorem t  ho lds  t rue  when r t ra t iona l t '  i s

rep laced by  i lex tended- ra t tona l t f  .
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' W e ' l s o I v e ' l r , b y f i n d i n g - 1 t s 1 e a s t f t x e d - p o t n t : 1 f F * = W ' .
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the  sequence ( rko  ln ,o )  n r ro l s  a  cha ln  ln ( n , o )  a n d

t r 'V=U U*o l  t r re  1s  the  teas t  f  i xed -po in t  o f

I f  
" t  

i s  t i - r e  1 t x  p r o J e c t l o n  f o r  n - t u p l e s ,  w e  o a n  s e e  a  l f n e a r -

e x t e n d e d . - r a t l o n a l  s y s t e m  w h l e h  d e f  i n e s  a  T . e .  s e t r a s  a  p a i r

( * l  ,  F !  n  -+  r .>  ,  r , rhere  . t  spe .c t f les  the  d is t ingu lshed '  oquat lon
\ l ' L

1 i
f o

of  the  sys tem def ined bY F .

T h e  c o r r e s P o n d i n g  r . € o

.  S l m l l a r  c o n s t d e r a t l o n s

s y s t e m s  d e f i n e d  l n  t e r m s  o f

n e t r i c e s .
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* t i l

set ,  wh j .eh  th j ,s  pa l r  d 'e f lnesr ls  x^ io  F  ".  , E

ca.n  be  done fo r  CS ln  connex lon  wt th

ro i l ' s ingu la r  ex tend ed- ra t tona l
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