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Abstract .  We establ ish the for rn of  the

for the f lgw in porous media. We siro! 'r that the

as wel l  as correct ive convect ion terms mrrst  be

deration. For the natural convection vle prove

term desapears.

energy equaticn

diss ipat ive term

taken in to consi -

that  the d iss ipat ive

1. INTRODUCTION

I .  l .  G e n e r a l i t i e s

In the general framework of t th". 
"homogeneizatj-on method"

a 1

( see  Bensoussan ,  L ions ,  Papan ico l -aou  [ t ] ,  o r  So rphez -Pa lenc ia  l 2 l ,

aS genera l  re ferences)  we consider  the mot ion of  a  v iscous f lu id

through a porous medj-um. The periodic geometric structure of the

"pores ' ,  iS associated wi th  the sma1l  parameter  t .  I t  is  known

that the asymptotic process and the l imit equatacns may have Very

di - f ferent  s t ructure i f  severa l  "smal l -  r :arameLers"  such as the

' , r iscos j - t ) ,  coef f rc ient  are invoived in  the p ' t :ob iem'  in  a prev ious

l r f -a  - - . .d  Sanchez-Pal -enc ia [ r . ]  t  we studiec l  Som-e cases where
P O , P C T  \ ! r r v  q l l s  e q r r v r r u a  L - . i

the densi ty ,  the v iscos i ty  or  the thermal  expansl -on ccef f ic ients
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are smal l ,  but  in  a l l  these cases the obta ined energy equat ion

was the conduct ion one.

In this paper we consider cases where the energy equation

involves the convective and dissipative terms also. The exact

physical meaning of the news terms which apears in the energy

equation for f low in porous media is given b11 the non-dimensional

numbers.

I . 2 .  Genera l  equa t i ons

.  We consider  a para l le l - ip ipedi .c  per iod Y of  the space

o f  t he  va r iab les  y i  ( i =1 ,2 ,3 )  f o rmed  by  a  f l u id  and  a  so l i d

part Y, and Y" , with smooth boundary f .  we also denote by

Y f  ( resp .  Y " )  t he  un ion  o f  t he  Y ,  ( reso .  Ys )  pa r t s  o f  a l l

per iods,  and assume that  Y,  ( resp.  Ys)  is  connected.  I f  C.  i "

the "porous body" in the space of the variables *i  r we introduce

the smal- l .  parameter  t  and the ' f lu id .  domai-n Qr,  ( resp.  the so l id

d.omain C) " ^) defineo by
t s

0 r f =  t * ;  x G . C L ,  x € € " ,  
l  ,  Q r = =  \ * r  x G r L  t  x € e  

" "  t

r f  (  ,  p€  ,  T t  and  v t  deno te  the  dens i tY '  p ressu re ,

temperature and velocity of the incompressible f low, they must

satisfy the equations of conservation of momentum, mass and

energy

'  a ' ' 6  -  ! i  *  l 1 fn .  ( - r .  ( 1 . r )f r " i  T * =  1 x i  1 * k  r r * i

) ,r.'r
_-__:_ = o
n x i

( r . 2 )
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-  n - €  ,  ) . r l
p t - r r t  o T ' = 7 '  - ' i

J f - f  
' k  

? x k  :  j k  ?  x r

. - ij . n s L - , a n d
gx

X ,ri€ n € .
0 v .

+ K 1.  
1  * i ,

( 1 . 3 )

( 1 . e )

( r . 1 0 )

( 1 . 1 1 )

.ft ,̂ ;+,

in .fl' € s

by unit

tensor:

n )  1 * fo .n rk (A ; " xk )

, where fi are the components of

I
mass, 6-if are the compcrnents

The bou::3ary .or.aitiorr" on f are:

( r . 4 )

the exterior body force

of the v iscous stress

G . 5 )

( 1 . 6 )

( r . 7 )

( r . 8 )

( a  0  w e

G t u =  f  
' ( -' ?  x l<

' . r ! = o
a

rr fr=r
'1"

- ^  f  I
\ : 0 T  l _ r ,rr r-45= lt= 4 =

fn order to study the asymptotic process

consider the c lassical  expansions:

"f t"l = € "4 (x,y) * e **r'rt. ,*,o, *. . .

p €  { * )  = p o  { * , y )  +  g  p t  ( x , y )  * .  .  .

r € ( x ) = T o  ( x r y ) +  t  r l ( x , y ) + .  .  .

?  r r
zi n-

where 1,-{ and al l  functions are considere.C to be Y periodi.c with
L

respectic to the varj-abI-e y anri n is a posit ive parameter to be

,lef ined later (depending on the data) . The two-scale asym.ptotic



expansion is obtained by considering that the

obtained directly and through the variable y.

must  be considered as:

dependence in x i .s

The derivatives

( r .  t 2 )

i 1 . 1 3 )

x +
? x i l Y i

1 . 3 .  D a r c y r s  l a w

I f  we suppose that  the v iscos i ty  is  o f  the form r* '= l *  E i l
t ,

where p is  constant  ( independent  of  2  J ,  i t  is  wel l  known

(see  Sanchez -Ph lenc ia  tZ j ,  Ene  and  Sanchez -Pa lenc ia  l 4Y  tha t ,

for  n*m=2,  the asymotot l -c  proces lead to  the Darcyts  1aw:

xd
?-o x .

l-

I
t

Ho
V .  = -

a

K "  .  ^  o
' J t l P  -  f  . )

A {  
t ? x *  - j

I J

div*io=o ; div'yo=o

t -  I  r  ( r ' ' 14 )
ti- ) 'dY

Y

The  ma t r i x  K . .  ,  named  "pe rmeab i l i t y  t enso r " ,  i s  de f i ned  by :

*rr=# j  ' ]uo (1.15)

o  , -  
t l o o .

yo= ( r i  -  n t ,y '  
(1 .16)

where no=po{x) and r '  is the mean operator:

where wa denotes the Y-perio, l ic f iow corresponding to a mean

pressure gradient  equal  to  the uni t  vector  in  the d i rect ion of

* i  (see Ene and Sanchez t  +  ]  for  deta i l ! )  and depend on the geome-



e
f,

t r i -c structure of  the per iod.

2, ENERGY EQUATION

In order to obtain the "macroscopic equation'r for the

energyr  w€ consider  the case where A '= )gP wi th  constant  A

in the two phases.

F i r s t ,  u s s i n g  ( I . 1 1 )  i n  ( L . 2 )  a n d  ( 1 . 3 )  w e  h a v e  t h e

boundary condi t ions:

-o lr=t"l"

rt Ir=rl l"

^ t " ,H l ,= ; " : ,H1"  (2 . , ;1

r  , Q r o  - ' t i l . |  ,  , ( i r "  *  ? r u r l  ( 2 . a 7I r t i t T " ,  *  n y i )  l r =  
o " t i ( . ? 1  *  

t o r ' t  =

( 2 . 1 ) .

( 2 . 2 )

( 2 . s ),\r", tS . ff, l, = r"'i,H . 4,1,
r  r .  

:  
'  '  t  '  '  '

a n d  f r o m  1 r . 3 )  a n d  ( 1 . 4 ) :

grcr tn(t-'";-ffi. ";ff. ";{ *,ffi * ...)-

=r rm*2n [ ,-'"jiu +* + t',";ouff * "Joo # .
-,' ? " ?  ,  n u ?  |  a

- r - o o  
-  

J  +  o r  "  J \ *  
* i  

. . P l  c - L ^ r , ,  r  \  a y ^ r  - o \ . '' - i k x Q v o  
" j k y t ) ) t k ' '  " ' J  '  L  1  

L  u r " y t ' t f ' - * * y -



e 
-1[ai.r* ( ] ,gradoro) 

+divy ( ' l ,orad*'b) 
+div, ( '\ ,oradr*tl1 

+

+d ivx(  A ,s rad* ro)  +d i , r *  ( , \ ,o rauo" )  +d ivo  (  A ,orad*T l )  +

0= Ln-2aivy ( A 
"oradyTo) 

* tP-t [ai,r* ( ] =gradyTo) 
*

+divo ( A 
"oraa*to) 

+divy ( i =gttuo"l J* ep [ait '* 
( ) 

"9rad*To)

+div*( , \ ,  =9raoo*t ,  
+d ivo (  |  

"grad* ' l )  
+d ivv (  )  

"sradr t " l * ' ' '( 2 . 7 )

where :

. , .  . .9 n.,C 4,rg r 6
t t  

' a v +  o v k  d ,  ' u - i  J t ' f

eY.' j k v  
t {  

' 1  t j ' - j k x  Q x k  a * j

. W e s h a l l s e e t h a t r d s j . t u s u a ] . l y h a p p e n s i n h o m o g e n e i z a t i o n

problems,  To does not  depend on y From (2.6)  i t  is  c lear  that

the convective terms are si.{nir icants i-f  p=n. Moreover from the

Darcy ' s  1aw we  have  n tm=2 ,  and  equa t ions  Q '6 )  and  (2 '7 )  g i ve

a t  o r d e r  t - n - 2 ,

, t
" l

.-i
, l

6 -

+d ivy (  A  rv rad  o* ' )+ . . .  I
( 2 . 6 )

( 2 . 8 )

&t l i j t v r f f r=o

where ,\ take the values A = , I  f  in Y" and Y, respectively '

iv ioreover ,  f i :c rn i2 .1)  and (2.3)  t 'h is  equat ion hoios in  i ' i re  i ro ie

y ir:  the sense of dist-r i-butions and f rom th'e Y-periccici i :v we

i
i
I
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ob ta in  To=To(x ) .

Now, j-n the at order g^-1 we obtain:

O*1  " t

5;;) J=o- ' J
q  l A . . r " l' ? Y i  t  r J

same walz

?*o
f - - -  +. ? X ;

J

( 2 . 9 )

( 2 . 9 ' , )

( 2 . r 0 )

( 2 . 1 1 )

( 2 . 1 2 )

or

This is the classical equation in homogeneization theory

(see Bensoussan,  L ions,  Papanico lau [ fJ ,  Sanchez-Pa1encia i2J )

and they g i .ve us:

o
-;-( ,\ *. fvlfrl=T"i --l 

vio J i  
)  r

i "  
' O n o  

D r l .  l -  r h
| ). . lrr) (4- + ---) | = r{
l ^ i j ' v , , I - 1  4 1 '  J  , , i j

? r o
? * j

g j  e Hlurtvl  with 6 
j=o sat isfYins

I rotv)H

r t ( x , y ) =  0 j , r , €  *  c ( x )

where I 
j 

as the solution of the problem:

r l : I

l A r :  ( y )  +

f
Y

Find

J ) ,o Q v
A to .l oouo ,

Q o j  o v
-- --:-vt=-
' l Y k  J Y i

( 2 . 1 3 )

(Y) Y € Hier(Y)



At order  f  
t ,  the

boundary  cond i t i ons  (2 .4 )

8

e q u a t i o n s  ( 2 . 6 )  a n d  ( 2 . 7 )  w i t h  t h e

and  (2 .5 )  and  the  Y -pe r iod i c i t y  g i ve :

ercr(,;H.,;#r=y"j*off. 
7

. of [^,,'o''H . S' l. + ['\,,to'q . ff' ]
( 2 . 1 4 )

( 2 . 1 s )

admit that vf l  take the value 0 on Y, . I f  we take

the mean value of  the equat ion (2.L4)  we have succesive ly

( e q u a t i o n s  ( 1 . 1 2 ) ,  ( I . 1 3 ) ,  ( 1 . 1 6 ) ,  ( L . L 7 )  a n d  Q . r 2 )  a r e  u s e d ) :

( ?

J F ;

l n
I  ?x t

ilr.,(y) (H . ff,]uo=.J

[rr:*,,q.H,11A  L  $ ^ o
r  \  l l  -  I  r' -)

' I  x .  ' " i j  
?  x_.v a )

(rfcf,,;*;)- = f r"rSrJ:€

\
" i I Arj,'0,,+$lc'=o

^Ct# . -( ircrvffii = I rcr l. orj(*

, , i Qoi ".'.,/i j= twi-.frl

n o
,  o  

' d r i . -  
f

(F€:r---:aafj  ----=-
t  J n Y  d  Y k  l ' l

4 O
o t j

;:;-o J k

f  ? v P
l 5
I  1 r r,  u  J i

Y J

r  f n r 9  i v ?
l \  r - _ J
|  |  - - , -  / \ t z

I  t ' l l t -  0 Y v
L Y

-r. -o ?to
)sivs\

d y +
1

- l
clv l=

)

f^
- l -

r Y t
l l

f't
+. I

J

Y

-  O'd 
. ,  - , t / i .  _ I

' d Y +  K ' r ) Y ' .  -  
)

J , '

t

i
i

i

l
I
i,,.r
t
t
,' t

i
i
t
t

f
I
I

t

t

t
I
I
t
I
I
'
I
t. I
I

T

, l
t
I



d " / =rJ#n oa v ,
I d.v

? Y r  
r

? " ?  1 " ?  _ r .  - o - o
6d od uo= f (* -) Sivivi

.J ","i#
--,hJ

Y

Then, the macroscopic energy equat ion is:

frt, I
' o o

, . v . v .  f
.lt 

a l_

h  ? ro ,
- l

r J ' d x j

Rernark 2.1.  The f i rs t  term in  the r ighL hand.  s ide or

the  equa- i cn  (2 .16 )  i s  t he  v i scous  d i ss ipa t i on .  I n  t he  p rob lem

of  thermal  combust ion in  porous media C.Mar le  tSJ g ives a s i -mi lar

term in the energy equation.

Remark  2 .2 .  The  co r rec t i ve  te rm J rn  Q . tS )  i n  t he
r J

convective coeff icient seems new. This term gives the inf luence

of the difference of thermal conductivity A rl  A" . rf  ) 
f= i=

the homogeneization of the temperature is tr ivial ancl we have

1 - :

T '=0 ,  I  J=0  and  consequen t l l '  4  .  *=0 .- r_l

3. NATTIRAL CONVECTION

( 2 . 1 6 )

the stu,iv

{ - } r a  ^ d r r 5  # i  n n c
9 I l 9  g Y s s

i rr the form:

o f

o f

3 . 1 .  D a r c v ' s  l a w

In orCer to o-ntain t ire Darcyts law r- l .secl i tr

natura l  cc. rnveci ior r  i i r  porous media r  w€ consider

mo t i cn  c f  a  s l i oh t i y  compress ib le  v t scous  f l u id



1 0
,i

abg{"f r=o ( 3 . 1 )

(  3 . 2 )

( 3 . 3 )

( 3 . 4 )

n t

( 3 . 5 )

' ( 3 . 6 )

("i+:- , x?"f
rq4

o €  ,  Q g t

g€ "k  O*r

+  (  r t  -  
f " ) o  J i 3

t
9 =! o ( t -  ; ' r  r  ) , p t  =p f  *  

f 69xa

r ?rr*€u3ofrt  e  ? * f
t cr"r. e ,t

where P 
f  is  the pressure and Pf

and t i :o  Archimede's  Pressure for

Moreover ,  the coef t j -c ients  are F
I

d  , = " ( € r ( o < r < 1 ) .

Remark 3.1.  The state equat ion (3.3)  ' ,  shows that

temperature, but not pressure, is taken into account for

densi ty ,  Tn addi t ion,  the compresib i l i ty ,  is  smal l .  Equat ions

(3 .2 ) ,  (3 .3 )  and  0< r<1  amoun ts  to  the  Bouss ine {s  apn rox ima t ion .

W e  n o w  c o n s i d e r  e x p a n s i o n s  ( 1 ' 9 ) ,  ( f ' 1 1 )  f o r  t h e

velocity and the temperature; opoositely, according to the

Boussinesqrs approx imat ionr  w€ take.  for  r : ressure ( instead

o f  ( 1 . 1 0 )  ) :

p€  ( * )  =  r tn3  ( x , y )  +  6 t * tp t  ( x , y )  +  .  .  .

F r o m  ( 3 . 3 )  w e  h a v e :

9 t =  f o ( r - ; f r T o -  o { t - t + i ' t t  . . . )

.ftr^ff'
i s

the

t _

the difference between

reference LemPerature.

t ^ € *  ,  ) ' = A € P  a n d

I,
!

,i
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As in the sect ion I .3,  we are obl iged to take n*m-2=r

a n d  f r o m  ( 3 . I )  ( 3 . 2 )  w e  h a v e  t h e  D a r c y ' s  l a w :

i;=- 
t't,# 

+ ( f o*os J,.rr (3.7)

div*!o=o ( 3 . 8 1

3 . 2 . The energ;2_gguati'

rn  the equat ion (3-4)  the untr iv ia l  convect ive terms

are obta ined for  n=p.  then at  order  (n-2 and f t - l  we obta in

To=To(x )  and  t2 .L2 )  w i l i r  t he  homogene ized  coe f f i c i en t  (2 . f f ) .

But  the terms ot  v tscos i ty  and compress ib i l i t lz  are of  order

n * f  .  , , r  - - - - - - - - L  r ^  ^ ! . : - - ^  r

€" ' '  and are negl ig ib le  wi th  respect  to  convecLj -ve Lerms

(order  € 
t )  .  consequenct&f : t ,  instead of  Q.16)  ,  we obta in:

P - c - i 5 , + F J . . ( x - l t  1 ; o i - ' r "  
?  h  o * o

) f - f  I  s :  |  ] - J  t s i J ' " : 1 1 = - x : G T * - + )  i 3 ' 9 )
i  

' o ^ i  ! J  , n )

w h e r e  t h e  c o e f f i c i e n t s  d i j  a r e  g i v e n  b y  ( 2 . r 5 ) .

R e m a r k  3 . 2 .  T h e  s v s t e m  ( 3 . 7 i - ( 3 ' . 9 )  i s  t h e  c l a s s i c a l

system of  equat ions for  natura l 'con ' ,zect j -on in  porous media (see

E n e  a n d  G o g o n e a  i 6 J ) .

4 . NON-DI},TENSTONAL NUI4BERS

A  1  = ! , - - -  -  
' l  

a * . n - r a u  a f r j j 2 { - i n r .' l r  I o  J l l E ' \ t g l t g ! q M l u ! Y Y  ! \ a g q

In order to obtain the ohylicai rneaninq of the no-'qs

terms l . . ,h lch a.pears in  eqr- ia t ron (2.1€ ' )  we take a character is t ic



lenght I- of the pores, a characterist ic lenqth L of the

domain -(.L and a characterist ic velocity Q of the f i l trat ion

d O  
r r - -  - - ^ 1 a  - - - - ^ - ^ ! ^ -  : .  

o

verocr-Ey v  .  Now, the smal l  parameter  is  t  
i

I f  we introduce the Reynolds number R € , the Prandtl

number P and a new non-dimensional number St defined by:

t 2

R -  - o  ( {
? l ^

P=-q:

F 4 25e -F-

wher,e T is the difference between the temperature and the

reference te i l rperatu. re,  equal : ion (2,16)  makes sense for :

P R g  n r  f - r S ,

I f  P  n ,  0  ( f )  ( l i ke  fo r  usua l  f l u i ds )  '

n ,  0  ( 1 )

T n

tire Gra-sirof

b y :

th is  case

numbet G

i r L s

- * :
ct I l(l

necessar]t to take also into acount

.e.La rrr-: ' l  ni  al.r  n' jmbef P.a - ,  d.ef i  neCiL l l g  f \ < r v  J Y r \ r r l

) f 0 2 t

lm
This is the condit ion for .!ak.i-ng inlo acount the

diss ipat j -ve term in  (2.16) .6n the other  hand,  the correct ive

term in  oL . .  is  a lways of  the some order  than the c lass ica l
r- l

convec t i ve  te rm (see ,  neve r the less ,  Remark  2 .2 ) .

4 .2 .  Na tu ra l  convec t i on

( 4 . 4 )  s h o w  t h a t :

( 4 . 1 )

( 4 . 2 )

( 4 . 3 )

( 4 . 4 )

( 4 . 5 )



R a f  = G t ' P

Then  f rom (3 .7 )  we  have :

( 4 . 7 )

( 4 . 8 )

( 4 . 1 c

r r . D  n ,  tr  : ' t

a n d  f r o m  ( 3 . 9 ) :

R
a

f r w

RB g t'." f ( 4 . 9 )

,  Remark  4 .1 .  The  Ray le igh  number  (4 .7 )  i s  de f i ned  a t

?
the mj-croscopic level (with L') .  In the study of natural con-

vection in porous media the usual Rayleigh number is defineo'
. r ?

with tvro-scales (  L" l "  instead of  t - ) :

g"l g,t?rt

From (4 .10 )  and  (4 .9 )  i t  i s  c lea r  t ha t  t h i s  number  i s

of order 1. This fact is in good concordance with experimental

data

5. C,OIqPI,EMENTS

5.1.  Non-s ' teadv f lo l r

A11 considerations concerning the Darcl"s law holds for

{ -hn hr1- , - : -s+,=a. iy  ca-se,  r :s ing a s low scale of  t ime Z = €.nE'
u l t 9  r t v t r

I n e q r - r - 3 ; i o n s . Q . L 6 ) o r ( 3 . 9 ) i t a p e a r s a n e w t e r r n o f

the form:



r 4

/\t A *o( fc )  r i i

or

[ *  P-c^+( r -m)  ?  c -  1 .34r  r r  r  /  l s - s  J  0 z

lvr l
where $ is the porositY of the medium defined by m= 

1v t

'j
i l
i i. i i
. ' :

I

r j

i !5 .2 .  D i f f us ion  o f  m isc ib le  f l u i

I t i s k n o v r n t h a ' t t h e c o n c e n t r a t i o n c o f a m i x t u r e o f

misc ib l -e  f lu ids sat is f ies the equat ion:

Q " t  €  ? . t  o  , n  x ^ €- f f  * ' i '€  =,1; ; (D--#-)  (s ' r )

where  D  i s  t he  d i f f us ion  coe f f i c i en t .  The  equa t ion  (5 '1 )  co inc ides

w i t h  ( 1 . 3 )  i f  w e  t a k e  f = 0 ,  f f C f = l  a n d  , \ i = o '  f t  i s  a l s o  c l e a r

thd, i f  the mixture f lows in  a so l id  porousl  bodv,  th is  one is

imi2eryious a'd consequently the apgrooiate boundary condit ion

n - f
at f  is -**: = o. This also amounts to say that the diffusion' a  n

coeff icient in the solid is zero. The homogenej-zed equation takes

a for rn arra logous to  (2.16) .  I t  is  to  b 'e  not iced that  in  th is

case the d i f fus ion coef f ic ient  takes necessar ly  d i f ferent  va lues

in Y-  and Y,  (becaugg D"=0)  and consequent ly  the coef f ic ients
S

analogous to  d i j  
are in  genera l  d i f ferent  f rom zero (see

R e m a r k  2 . 2 )  .
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