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COI' IMUTATIVE RTNGS HAVING ONLY A FTNITE'NUMBER OF IDEALS

by

Horia POP

TNTRODUCTION

This paper tr j-es to describe al l  cornmutative unitary r ings

having only  a f in i te  number of  ideals ,  prov ic l ing a lso an s impl i -

f ied proof  o f  I .S.Cohents Structure Theorems for  ar t in ian local

r i ngs .

The ccncli t icn to irave only a f inite nurnber of ideals fr: : :  a

local  arL in ian r ing is  that  e i ther  the r ing i -s  f in i te  or  erse

his  m.ax imal  ideal  is  pr inc ipa l .

f f  both condi t ions are sat is f led and the character i -s t ic  o f

the res idual  f ie ld  is  unranl f ied,  then,  in  some way the r ing

looks  l i ke  f i n i t e  f l e lds .

s ince ln  ann ar t in ian locaI  r ing (ArS) ,  i ts  m-adic  topology

l s  d i sc re te  we  can  ge t  an  easy  p roo f  o f  T . s . cohenrs  s t ruc tu re

Theorems.

The ideas and technagues leading to structure theorems for

comp le te  d i sc re te  va lua t i on  r i ngs  be long  F .K .schmid t ,  H .Hasse ,

E. I { i t t  and o.  re ichmi i l ler .

The new problems which appeared for an arbltrary }ocar r ing

were overcomed by r. S . C.rhen in [:J .

For  ar tLn lan r ings sone s lmpl i f icat ion are avai labre.

fn  the  equa l  cha rae te r i s t i c  case  ( i "e "  c t ra r  (A )=  eha r  (a /g )  )

we use an e l -er r ,entary polynomia l ' t r ick  instead of  Hensel ts  lemrna.

one semip i i  f ieq arso A.  Gedcles '  arEiur , ient  tsee l l l  ,  c l rap.  7 ,  Q iz  ,
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which d idn ' t  use p-bases)  by f lnd ing the f ie ld  of  representat i -

v e s n o t u s i n g p r o j e c t i v e l i r n i t s , b u t s i m p l y u s i n g Z o r n ' s l e m m a .

In  unequa l  cha rac te r i s t i c  case  ( i . e .  cha r  (e )=pn  w i th  n ) l r

arrd char (A/q)=p) the proof use TeichmiiLler techniques to f ind

a rnul t ip l icat ive system of  representat ives fo t  a  per fect  red idual

f ie ld .  I f  the res idual  f ie ld  is  not  per fect ,  the rernark that  Teich '

mii.&ler process works for a subfield kp-- of k make the problem ea-

sier in the sense that we need not to en'be<l the r ing in a larger

one wi th  per fect  res idue f ie l ' l  (as t  g l  anafsJ )  '

R.S$}"ISINAEgF"

Let  A be an ar t in ian r inq '  Then A is  noether ian '  every Pr i -

me icleal of, A is naxirr ia].,  ancl the nurnber of maxima'l ideal 's is

f i n i t e .

B y t h e s t r u c t u r e t h e o r e m f o r z i r t ' . i n i a n r i n g s o n e c a n w r i t e

A as a f in i te  d i rect  product  o f  ar t in ian 1ocal  r ings (see t '2)

cha-p.8) .  This  is  the reason fcr  consider ing f rom nohr  on only

local  ar t in ian r ings.

' 
Denote bY S the rra-ximal ideal

As the Prirn'e radical cf A j 's m one

rl:
* l t =0  fo r  su . i t ab le  n t )  0 .

I f  A has a unique ncntr iv ia l -  ideal  one has m= (x)  for  every

x€m; noreover xZ=O because *=*210 implies by Nakayan'.ats temma

s=0.
Assuming that  the character is t ic  o f  A is  n lO ancl  wr i t ing

n=pf'  .  .  .  n[? S with p1 Prine it '  fol lovrs that there is an i suctr

that  P i€I  and P,  rnust  be n i lPotent '

Therefore char  (A)  is  o f  one of  the fo l lowing for ins C '

p  o r  p "  w i . t h  p  P r ine .

in an art in ian iocal  r ing A'

can vrrite m= (xl, . . . xrr) with

I
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PROPOSITION L. Let.  (A,$) be a local  { . ing wi th a.  f ln i te num-

ber  o f  i dea l s .  Then  e i t he r  t he  res idua l  f i e l d  A / r ,n  i s  f i n i t e  and

paI ,  in_which cgse a l l  , idea- ls  of  A a le p-gwers.of  S.

PROOF. Using Nakayarna 's  len 'ma one can choose a min j -mai  sys-

t e m  o f  g e n e r a t o r s  ( x 1 r x 2 r . . .  r x r r )  f o r  m  ( v , z h i c h  i s  a  b a s i s  o f
.)

m/m'over  A/ ry) .

I f  A/$ . is  f in i te  then A is  f in i te .

I f  A /m i s  i n f i n i t e  and  m i s  no t  p r i nc ipa l ,  cons ide r  t he
.)

ideals  of  the form (xr+axr)+J[ '  where a runs over  an in f in i te  set

of  representat ives for  the res idual  f ie lds.  Thei r  imases in
.,

y / fn ' -  are Cis t inct  because or therv i ise we obta in a depen<Lence re-

i . "ar" "  o f  x ,  anc i  x2 in  m/m2 over  A/y ,  a  contradic t icn,

r f  m  i s  p r i nc ipa l  a l l  t he  i dea ls  a re  powers  o f  m  (see  I  Z l ,

chap .  B  )

l lorv we give a polynornial version of

0 . E o D .

I lense l  ' s  lemma.

L9M{4 1.-

over  a f ie ld

L*e! P (X) bg, en i.rr_e3g_cible .Eparable ppllnor,j"p.l

k, Thel:t f_or_Svery n?t 'cher?iq a -poIy al pn (x)

such that

Pn (x | /P (Y_6) )

PROOq_:  Because P(X)  and p ' (X)  are re la t ivr , ]y  pr inre each other

o n e  c a n  f i n d  a ( X ) ,  R ( X )  6 k l X J  s u c h  t h a t  e ( X )  P ( X ) + R ( X )  P ,  ( X ) = 1 .

S e t  U ( X ) = R ( x )  P ( x )  a n d  
i t ( X ) = X - U ( x ) = x - R ( x )  

I ? ( X ) .

Then by Tayler  expansion

in  th i s  case  A  i s  l t se l f  f i n i t e ,  o r  i t s  nax i rna l  i dea l  i s  p r i nc i -
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P(| f  (x ' , )=P (x) -u  (x)P '  (x )+u2

= P  ( X )  ( r - p '  ( x )  R ( x )  )  + p 2 ( x )  R 2

=p2 ( * )  (o  (x )  * *2  ( " )  Pr  (x )  )  =P2

Repeating this argument with 
F(X)

( x )  P I  ( X )  =

( X )  P I  ( X )  =

( x )v  ( x )  .

ins tead o f X . W e get

and iterating n- t imes one gets

P (f (Y{x) ) ) =p2 ,F,*.,)u (r (x) )

^n ' -1
( x ) v z  ( x ) . . . v ( K - r ( x ) )

l P  _ =  W o | o . ^ .  o f
/ n / -----

tyt

1 n
v ( fn(X) =P'

wirere

COPOLLARY. For

Q .  E .  D .

lyq_qmial P (x) over

a f ie ld  k  we have an isor.crnhisrn

rolxl / en (x) ):*[tJ / (rn)

where  x=k (z )  w i th  z a--. roog-of P (X) .

rhen z is a root of P (x) in kl*J Z (Pn (x) )  and klzl

I f  K=k (z l  and  Y=P111  then  Yn=0  and

pRo.glr .  using the above lemma set z=Y$' . )  such that Pn(Xr/P(11Iy\)J

i s  a  f l e ld .

ktxj / (Pn (x) ) = x[d' xiY3 / wn]

! f r f r o l - ' r o
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lggg}_3. rf llre_pqlrne number p is in- m and a=b (mod g) r

thelr uPt=bPt (mod *t*r).

l -PRooF. For n=0 there is nothlng to prove. r f  arb (rnod **) ,

a=b+x with xernk and one has

aP=bP+ 4 tll xlbP= I=bP*prry
l . I

L+'l
where  px€m" ' -

r  r . 1  L r l

s o  t h a t  a P n b P  ( m o d  g o - t ) .

rt*r*Jirg this ]"rr.r.r t imes one gets the l-emma.

RESULTS

For our  purposes i t  is  necessary to  f ind "good" representa-

t ives for  the res idual  f ie ld  A/m of  A,

The answer is given by the fol lowinq two theorems, due to

H .Hasse l  F .K"  Schmid t '  8 " t r ^ i i t t ,  o .Te i chm, i i l l e r  i n  comp le te  d i sc re -

te  va luat ion r ings and to  r .s .cohen for  cornplete locar  r ings.

r f  A ls  ar t in ian we g ive d i rect  and s lmpr i f ied proofs  of  these

two resul ts .

IHEqREII _1. 
":! 

o bg gn_ ar.t ini?n ri.nq-of clr-qracte{i:ric 0 or

p lg_a girT'.g p. Then A co_nlaln$ a fiel-d. gl rep.resg_nta!,i:res-l_or

tle rerldgal Iisld tc whlsh_ rs- r.langrphigjg k yia_.rhe -resrrj..c:

t ion of tbe caqgllcal hgn".gmorph:Lgry A+A/m.

q,3p_O.1.- f f the characteri stic of A rs 0 one has

Z"(; L - nl so that QcA.
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I f  the character is t lc  o f  A ls  P and m'L=O, Av is  a  subr ing

in A and. actually is a f ield because any elenent of A not lnver-

1
t ib le  is  in  S and mP =0.

By Zorn's lemm.a one can f ind a maxlrn'al f ield K in A contai-

.  - o 1
n j -ng  e  i f  cha r (A )=0  e l se  con t .a in ing  Ay  i f  cha r (A )=p .

Denote UY F tfre image of xCA in A/g'

If  fr#k take x a representative for an elernent 
-xek-fr.

f f  i  is  t ranscendenta l  over  i i  t f ten x  is  t ranscendenta l  over

K so that  xcK(x)  and th is  contradic ts  the rnax imal i ty  o f  K.

I f  I  is  a lgebra ic  over  ? then for  some i r reducib le  OlP(x)et<1{

1

o n e  h a s  F ( f i = 0 ,  i t  f o l l o w s  P ( : : ) f p  a n d  t h e n  P - ( x 1 = g '

r f  t he  cha rac te r i s t i c  o f  A  i s  0 ,  P  ( x )  l s  sepa rab le  and  by

coro l lary  to  lernma l  one can f j -nd a root  y  Of  P(x)  ln  A.  Then

Kc"( [y jCA arrc t  th ls  cont : :ad iets  tne maximal i t i ' "  o f  K '

If  t tre characterj-st j .c of A is p there is a mj-ni-mal e such

.  ^€  r -e .
that  xP? r  (because KpAY )  .

- , 0  h e

Let 4 =*P 
- 

t iren Xd r<p ancl XP -ec AK|XI is irreducible "

Again the inc lus ion KcK (x)  contradic ts  the maxi rnal i ty  o f  l i .

Therefore K is  a  syst .em gf  representa. t lve for  k  and K=k.

Recal l  that  a  P-basj .s  in  a f ie ld  k

a set  o f  e ] -ements M such that

Q . E .  D .

o f  cha rac te r i s t i c  P  i s

l .  f : < P t x ,  t . . .  r x n )  : r P ] = p t for any dist inct

X 1  r . . . r x f M

2. k=kP (u.)  .

By Zorn 's  lemm.a 'a  p -bas is  a lv rayS ex ls ts  '

l ' !Oreove r iq=kl ' } --  1^4;

)
Thc  r ing  A is  sa lC to  be  unrarn i f ied  i f  p€{ -n '  fo r  p=char (A/m)

l lon , i  i , , , ' €  sha l - l -  use  to rchr [ ] - l -c r  en"hcc ld :nq  nrccess  (see 1 .4 lchap.6)

l
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to  deal  vr i th  the unequal -character is t ic  case.

THEORBTI 2. Let A be an unramified art inia}- local r inq with-

maximal ide4l n and residq4lj$ll A/g=k. Penote by- n the.smirl lesd

natura l  nunr ] :e r  such tha t  * t *1=0.-

a) For K=kP therP' i-s. a u4ique lrru-lt iPl i-cativ9. system of re-
n

r:rgseqta.t ives iJ} ap rt the ,gfraractgl: ist ic .of A is p then this

svs te rn  i s  a  sub f i e ld  o f  A .

b) If Jhe residggl Elqld ig-Perfqi:.t-ry9 -lilors bv. a) Ellal therq

is a uniqud mult ipl i_ca.t_i3e system of repleqentatives fo{ k. Mg-

r
reovgf iJ the SharqclerlsFi_c of A_,!g p' (r>1) l lre-r ing -generatecl

by_ ri l is j ;ystgnl-ovef V/prL is isom-orpJrig to-.the r incr -o{-trulcatse

Vt i t_ t_vestg ls  l i r (k)  and_th is  is  g_r t in i rna l  :d : - r i lg-of  A conta: i . :

n inq  a  svs tem o f  reDresen ta t i ves  fo r  k

c) r! qre qe-Efdge-l .9919 k i:..3gF-Pgrfect a-svstem of -rgPre:

vlinq gjy:gonsider -a gq'q lr l  o{ rer:rgs?i:rtat ives foJ a P-Lasi: of
n

k and the r.ult ipl icative ,systsl i  .of r,elreSen-tirt irres f (kp ) for
n

gP qi:/gry bt a) . f t ' t . ,  t ing - glerate

ta ins a svstem of  representat ives for  k
. : - - a +

for k yrhlg:,h y-e shall denote--rc,i*.[ I'{r(k) ).

n - n
PFOOF. for a€kP take a( a representative for aP e k and

n _ n
construct  f  :kP - -> A by f  (a)=^P .

This  does not  depend on the representat ive chosen because
-n

lfp is another representative for aP we have 4=1b(mod g) so by

1 1 D  ' o t r '  '  n * r '  n ' r - l
lemma 2 av:= b i '  (mod g '  

'  -  
)  and m" 

'  ̂ =0.

Denot ing by -  the natura l  homonorphism A*aA/$ one has

f  (kPt)uM ove r  Z/ptTgot:

( i . e . a  coe f f i c i en t  r i nq

sentatives for the residual f iel-d_rnay be obtained in the fol lo-

and



o

f  (a) . f  (b) = Jt '  rnt= (<P) Pn=t tau)

^n
Thus f (kp ) is a rnultiplicative syst.em of representatives

f o r  kP t .
^n ^D -n

Remark that f (kp 
-)caP 

, and Ap ls not necessari ly a

subr ing of  A.  t

n
I f ,  c rkP"->a is  another  mul t ip l icat ive system of  representa-

n - n
tive for kP in aP using lemrn'a 2 we get

nn tD.  a r l

I b) =f' because f (kr' )c A'

' 
-_nn

and f  (a)  =a.P so I  (a)  =f  (a)  impl ies
- * n  - * n  I

s Y =of in k so /5 =d, then
f ,  I

',,n ,.[ r.*I - . n+l
^ 1 :t (mod d" 

- 
) and rn..-' 

' '=o '
l f  i L *

I t ,  fo i lorvs f  (a)=g(a) suctr  fhat  the system is unique.

I f  the eharacter ist ic of  A is p70 we have

f (a) +f 11 1 ='fnrppt= (a'rp) pn=f (a+b )

n
so that f  (kP )  is  actual lY a f ie ld '

n
Assurne now that k j.s perfect, Then k=kP=kP- so by a) vre have

a rnul t i -p l - icat lve system of representat ives for  k

Consider ing norv the set of  e lem'ents of  tyrre

r - l

x  =  f  r { x t ) n a r  \ 6 k .
r  r r 0

I ' le shall  prove by an inductive argument (examining addit ion

: rnr l  mrr ' l  r . i  n ]  i  cat ron)  that  they form a r ino whcsc s t ructure is
q l l q  r i ' q r  u 4 l J 4 - v '

- - - ' ! ' * ' : - ' ' ! " '  ' r ' - ' t ' a rn" i i - red  by  k  and thc  charac ter is t i c  p f 'unl-( luerv crete

Tn ho t -h  ca$es  o f  a .c ld i t ion  and mul t ip l i -ca t ion  i t  wou lc l  be



necessary to
r - l

. \ 4

expansaon /
a ? O

We have

; 9

know who is  f  (a)+f  (b)  (namely to  f ind for  l t  an

.  i .r  ( x i l P  )  .

f (a)+r (n)=o<Pn*pnt=(e(+F)t" 
i t lt)r."rI"-'=

=r(a+n1 -.i'o"-t 
! Z *-,{;il:iL;Fr-A"+ )

t^z.l (A*)= t

because

n
n" / t ! "1  u  ( s ,p )= r  and  pn - t / (p ta )  i f  (h ,p )= t .  No te  a l so

that  p t , /p t+ l  and set  
hP"

Tiren

where d o\go
xLt= a-P* 6 r '" '

f  (a)  + f  (b)  = f  (a+b)  -  
{p ' - t I t ,h f  

(ap-n l4 l  , ( t f  
-n)  pn-hpt -

=  f  ( a + b ) +Z
e

p" -.(r*

t

t4 t=  I  ca t f ( *n i l

Novi  i terate th is  ru le  for  addi t ion ins ide the. 'sun represen-

t incr u. and rernark that we need a fevrer number of coeff icients

(beca.use we have factors pt-t orr.1 p^+1=0 ) .  After at rnost n

s t e p s  r v e  E e t  t h e  e x p a n s i o n  f o r  f  ( a ) + f  ( b ) .

S i n c e  f ( a ) . f ( b ) = f ( a b )  u s i n g  t h e  r u l e  a b o v e  t h e  m u l t i p l i c a -

t ion can be obta ined a lso induct ive ly .  Therefore the e lement  of

s
the type Z t , :xr )pb for rn a subr ing of  A of  character is t ic  pr

r+hcse res i r luaL f ie ld  is  f  (k) r rk  anC.  th is  i .s  t .he r lnq crenerated h lz

f  (k)  or , 'er  V/p 'Z. ,  Such a.  r j -nq could be obta ined a lsoc i .s  the

r inq of  t runcated



I { i t t  vector Wr(&) so v/e maY

w1.(k)cA (bY the iso"rnorPhism

If  k is not Perfect  take i l  a

of  representat iveb for I -  in A.

Denore'  by n=f t /prZ[r( tP")uMJcA .

First  we shovr that  th is subr ing

B  m = p . B

Take

x=4
arekP

Then in A/m rr'e ha-ve

;= 2 7,,. a* V,ot.--'|!" = a

p-basis Lrr=O and therefore t l i+p7//pr7/ and x.6pB.

. I ' iext any element x*k has a representative of the type

Tu*/ r , ,n7xf ' . . . ,x t t  wi th  u.6pPt  t  xr - i ' i  because k=kPh ( r . t )  so that

th is  subr ing is  in  fact  a  r ing of  coef f ic ients

Q . E .  D .

This  subr ing actual ly  has l^ l i t t  vectors ac ld i t ion and nnul t i -

p l icat ion being a subr ing of .  I , t r  (kp-*)  were r . f iu  kp 
t  

1s the per-

fec t  c losu re  o f  k .

Nov.r vre give the structure theorem.

THEOREIU 3.  I f  (Arm) is  an ar t in ; .e f r__1_ocal  f i lc r  o f  chara

suppose

r (arr) xl '  . . .
n

, xrC-M, t i6

+19 ..
xr. 6 n'nB

zlr"z

! +  0  s P ,
tor  r incr  o f

wi th  res idual  f ie ld  k  there A is  ison ' 'orphi -c  to  a fac-

t r n
,  a \ a  ,
l _  , L ,

Zlp,Z#refi e w'&' )'

p.-basis  for  k  and M anY s e t

is concordant vri th A i . e .

and n1{pn- l

and,  because E iu  a
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I f  A  has  cha rac te r i s t i c  p r  and  i s  un rami f i ed  then  A  l s

lsomorphic  to  a factor  r inq of

w r ( k ) [ * r , . , . , x y  t x i i . . . , {  ) "

P_LO& gV theorems I and 2 one may suppose that kaA (in the

equal -character is t lc  case)  or  t ln  (k)ca ( in  the unequal  charac-

t e r i s t l c  c a s e ) .

T a k e  * = ( x 1 7 . . . 1 X " )  w e  k n o w  t h a t  t h e r e  a r e  n ; ) 0  v r i t h  * 1 " = O

and the proof 1s obvious

a- E. A.

go_RoLLABY. I,et A be p *ing rjlt_h_ a unj-gue nopt,rlgir,al ig_e_al

and residual  f  ie ld '  k.  Tiren :

a) A ig_jlagrq_gllic_t9 klxl / (x" ) if char(a)=o gE p

b)  A  i s - i sg ryo tph i c  . t o  h ' . ( k )  i !  cha r (A )=p  o
.-

r f--ghe-l :eaidual- f ie14 is f i ! - i -ki [ ,  tn"tr  A ry V/fZ(R) ,
/ : t J -

for  ? a q-I  pr i rn i t ive root of  I  over Z /*Z-.- )  ,  -

PROOF. fndeed p is  unraml f ied because m2=0 so Theorem 3

works.  r f  IE=6(E)  wi i l r  T  a  g-1 pr i rn i t ive root  o f  I  se lect  t  a)

representat ive for  f  and replace i t  by Y. fT* i f  necessary
I ' J

o . E . D .

Consider from novr <ln A a cornmutative r ing having only a f i-

n i te  nurnber  of  ideals ,  by the s t ructure theorem of  ar t in ian r ings

we can rest r ic t  ourselves to  the case were A is  1ocal

The  ch .a rac te r i s t i c  o f  A  i s  0 ,  p  o r  pn  ( fo r  a  p r ime  p ) .

t r 'e  have seen (proposi t ion 1)  that  A is  e i ter  f in i te  or  e lse

the maximal  ideal  o f  A is  pr inc ipa l  m= (x)  and a l l  the ideal  o f

l \  r r a .

h

A : m ) . . .  ) m " = 0
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From now on asum that O=(x) is pr inoipal '
a

I n  t h i s  s p e c i a l  c a s e  i f  4 = ( n ) ,  A  i s  u n r a r n i f i e d r e l s e  ( p ) = ( x - l

wt th  e) l  and e ls  ca l led the rami f icat ion index of  p

The  res idua l  f i e l d  k ,  cha r (A ) I  t he  number  o f  l dea l s ,  and  the

ramif ication index e are in general not enough to determine the

ring A as shows the fol lovring; example:

A , =  z / a ' L x l  / / x 3  . / . . - a >
r  , 7 4  /  \ ' . -  t

A2= z. / '  7aLx7 I (xt ,x,--6)

Arf A.,  because 3 e4, but 3 4 *:
I '  Z  

' u u o E  J l ; ' ] r l  |  " "  '

TL{goSE!{.-4. Le: lArS) be a l l lsi?I rino of .residual f ield

t<=A/S . 1::SIgggL *= (x) is princiPirl. rhen 2

a) If  the characterrst ic of A is 0 or p (p Pgt**-) A iq-"-!S.g-

morphic to klxl  /  
, : r ' )

b) r f  the character ist ic o-f  A i :  pt  Yi I !  t^> l ,  P PI lmg

then A is isornorohic to i{,. (k) 1l D i? unr mi:l ied and- tq an

Elsenste in extension of  tYPe

I^:n (k) LxJ t (xe+pa.-lx" lo. . . +pao) , "o40 
(mod Q)

i f  p is rama{isd.

PROOF. In  case a)  by theorem 1,  kcA.  Srnce rn=(x) ,  xn=g any

element yeA can be !{r i t ten as

y=a +a x+ . .  " *a r . r - I * t - I  w i th  a rek

so aekLxl / (xn) .

I f  char(A)=pn cne nal '  assume I ,^ I r . , (k)cA"

I
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rf p is not ramified g= (p) and for any element ygA

' n - l
y=aoa1p* . . . *d r r_1p"  * ,  

a re lV r r ( k )

s o  t h a t  A = \  ( k ) .

r f  1n;=; (xe)  we have *9xp t  d . inver t ib le  in  A.  Because any

y6A can be writteri  as

n - 1y=ao+a lx+ . . .+an_ lx "  in  par t i cu la r

o( =6*t** . . .*1nft- l  wi th c(r fa(mod r ' ,n)  because o( is invert ib l 'e.

Substituting now the expansj-on of .r( in the relation *€=p4

and replaci-ng the power of x greater than e by the sane relation

Xe=po( k 'e get

x€=pdf  -1* t - l *pr" -2*n 
? 

* .  .  . *pao

so x is  a  root  o f  an Eisenste in polvnomj-a l .

o .  E .  D .

coFpLLARY: Il lArg) is an un{gnified I.ocal ._as!lniar} rinq

%ith m= (x) and f-i-nite resig.ual -f ie1d [- (by tbs: preEious thqgrern
7

ry* 
to !',rn (F;) o'e has

with t  .  g- f  pr in" i tS-ve root of  I  over Z/p^Z
)  -  ' /

8.39g*r If 4 = 4f F; , r..,,i !!1 5 u n-t nrimltive raor of L

take F a represenr-at i r re 
" f  T .  The orcl-er. ' i r f  rnust  be dirr isrble by)

{- 1, thus replacing errentuallv $ b,y one of i ts po\^rers we may
/':

suppose  a  q *1  roo t  o f  1 .

A  s  Z / p ^ Z ( Y )
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