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ON A REPRESENTATION THEOREI\I OF ARENS AND

KAPLANSKY

by

Flor ian POP

The aim of this trork is to give a posit iv answer to an o1d

quest ion of  Arens and Kaplansky concern ing the s t ructure of

commuta t i v  a lgeb ra i c  regu la r  a lgeb ras  I f ,  pag .467J

If is expected that similar improved techniques r. lould v,rork

ln  the noncommutat ive case too,  or  a t  least  in  some par t icu lar

c a s e s .

f have to express my g::ati turte to my collegues for the

usefu l l  c l iscuss ions we had together  and for  the observat ic ,ns con-

cer! ' i ing the Problem.

The  p rob lem i s :

THEOREM 1.

Let A be a regular von Neurnann cornmutative k-algebra

wi th a lgebra ic  over  k  f ibres,  k- isornorphic  to  K '

Then  ag { i (Spec  A rK) ,

we prove only that A is a K-algebra, and applying Theorem

. I ' t

2 . 3 LIJ we are through.

N O T  A  T  I  O  } i  S :

j - )  Spec A ls  the s t ructu-re space of  A

wi i i  be c le i - ro tec by sr t ia l - i  ie i : ters  Fr  Q,  evetr t i r ; r i iy

i i )  F o r  X ,  Y  t o p o l o E i c a l  s F a c e s  C  ( x r y )

of qontinue mappings from X to Y' i f  no tap<iiooY

and i ts  pc ints

indexeci .

ls  the space

ls  speci  f  ied c) r l
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an amorph set it wil l be 'considered r,rrlth dlscret topology.

r S

i i i )4 " .p )  i s  the  se t  o f  a l l  c losed and oPen ne ighbourhoods

o f  p .

iv) The canonic mappings A --Ali- K wil l be denote by fp.

v )  For .p€Spec A1 v€%c(p)  e '  i s  the  un ic  idempotent  o f  A

wlth the propertY:

e ;F l  ( t )  i f  and  on lY  i f  qeV

v i )  T h e  b i g  l e t t e r s  L .  . .  a n d  8 . . .  ( e v e n t u a l l y  n  
( F )  

. . .  )  d e n o t e

subf ie lds of  K and respect ive ly  subalgebras of  Ar  c losely  re la-

ted.  (see the text )  "

vi i)  OLher symbols and notaticns j . .niroduced are explained in

the text .

a) Scne prel ini inary observations

Proposi t ion I )  For  any B,  a  k-subalgebra of  A,  f in i te  over

n V
k, and any. pespec A, there exists VeUo.(p) so as to be e"B a

field with unit element er, .raAlgr=fqYp/+L '+K are k-imbed-

dings of  L  in  K for  any q€\ t .

P ropos i t i on  2 )  "  Conve rse l y :

Let  L€K be f in i te  over  k  and p*Spec A.

There ex is ts  *  
(n)  

a  k-subalgebra of  A,  f in i te  over  k  thus

f n \
L = Y p ( B * r ' ) ,  a n d  t h i s  p r e i m a g e  o f  L  1 n  A  i s ,  i n  s o m e  s e l t s e ,  u n i c :

r f  B t  i s  an  o the r  f i n i t e  ove r  k  p re image  o f  L  i n  A  a t  p ,  t he re

exis ts  uu%" 
(n)  

so as to  have urrB '=. r rR,

Proposi t ion 3)  Let  L ls l2s i i  b"  f i r r j - te  extensions c f  k  con-

t a i n e C  i n  K ,  R i  p r e i . n a g e s ,  a s  a b u v e ,  o f  L t  a t  p ;  L = 7 . t 2 . '
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Then there exists veUo. tnt for whlch ererrs B2€v'

The proofs of these observations consist in simple veri f i -

cat ions.  and we omi t  them.

propos i t ion  4) .  Le t  LGK be f in l te  over  k ,  p€spec  Ar  B  be  the

preimage of  L in discussi .on above, vcqc (p) constructed at  1)  .

For any wf V, I^ ]€qc(p) denote by 
"*rurp 

the set of  a l l  imbed-

and so a"rn=f i " lntrBr '  dePends not on B but on L '

prgg{. Taking into account the r:nicity a preimage B of L

ln  the sence of  Proposi t lon 2)  and of  the f in i teness of  the sets

a*r" rp , the fact  above is  a consequence of  that  that  t i  \\ " I , \ ? r B r p r { .

i s  a  dec reas ing  i nduc t i v  sys tem o f  f i n i t e  se ts .

P ropos i t - i . on  5 ) .  Le t  L1€Lr (K  be  f i n i t e  sub f i e lds  o f  K  ove r  k '

and p(Spec A.  Then Gr. -  - r - , ,=GL^,p l l , ,  :
" l r H  Z . - .  L  . 9

proof .  Indeed for  B,  pre image of  L t  a t  p ,  le t  i ' i€ l4c(p)  be

b

d i n g s S i r q ,  q  r u n n i n g  o v e r  V .
r *

Then there exists wo=l^l (B 'p)cL/o" (n )

chosen in  such a way that t  GL.  
rp=GWlBq rp

lows that any(r?{^ is .  r .=tr ict ion oi '-  
P r Q

The fol lovring lemma is fundaroental:

for which 
"*o,U rp=fi 

GWU,p

and BrerfB2ul,. i. rt fol-

tf,t- for any 9€tt.

over  k ,  PcSPec  A .

the  pro jec t i v  sYs tem,  bu i ld  uP

of  subf ie lds of  K rqhich are f in i te

are sr - r - r ject i t ' ,  thus bv a

Len'nrq: Let LlKr L f inite

Then 
"" ,n=Aut 

(K/k) lL

q{og : * ,  Le t  (Gr , .  . . , .9 .  .  )  l :e
u 4 t I " r i - i

L  L J

Li) L j  ,  (Li ) i  being t 'he familY

ove r  k .

Anply ing 5 i  i t  fo l l -c t "s  t 'hat  t  i i

we lLknovn  resu l t  o f  Ore ,

by takino f i i  to be the restr ict ions f rom Gl1,p to G- for
t r .

l r P
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Q =  l im G"  -+0 ,  and the  canon ic  p ro jec t ions
€  " L , ' t !

I  .  :  G- 'G '  a re  sur jec t i v '
t  J  " L , v

b )

Let  kc-*K be an a lgebra ic  extension of  k ,  G=Aut  (K/k)

Fo r  any  LGK;  f i n i t e  ove r  k ,  cons lde r  t he  se ts :

cl={cre G I olL=idL } ana Gl=G lL

For  L l lL i  cano.n ic  rest r ic t ionf  i j tGl f *Gl ,  is  sur ject iv

and  one  ob ta ins  a . s i : r j ec t i v  p ro jec t i v  sys tem o f  f i n i t e  se ts

( t " , ' Y ' j ) "

TIIEOREI4 2.

G=lim G' , and the topology induced nY TGr, 
on G

{-i* *i - a

r n a k e s i t i n t o a t o p o l o g i c a l , c o t l p a c t t o t a l d i s c o n e c -

t e d g r o u p . A f u n d a m e n t a l s y s t e n o f n e i g l r b o u r h o o d s

o f  e= i c lo  i=  {  c " i }  

" .  
t i n i t e  ove r  k .

Proof is standard: the CllJ' 
"", 

is open rn { cl, *o }ifl 
Gl,

= T ;

is  c losed in  the cornpact  tooologica l  spacef fG'  ,  hence compact '
l " i

Much more, for  (cr)el . f l  
" " ,  

a fundanental .  system of ne:-ghbour- '

hoods of (ar) is{vu} , wit ir uu= 
#u ""r*{oJ 

"o 
i + ""r '  

F

being an arb i t rar  f in i te  subset  o f  the set  o f  a l l  f in i te  over  k

s u b f i e l d s  o f  K "
LF

I f  i s  e a s y  t o  v e r i f y  t h a t  V " = ( O 1 ) G ' w i t h  L f  t h e  c o n p o s i t u r n

of  L t ;  LU€ F;  o

and everv L,

r n h i c  i r n n l

t  L .
t 1

f o r  e  i s  J G- \

Fcr the 1)

ver

1 s

i c s
)
l l .

roo

k r ,vh ich is  f in i te  over  k  because F is  f in l te

f i n i t e  ove r  k .

that a fu.ndav,'ei i tai s-v*stem of neighJ:ourhcods

f of the l j fourr tooolo--r1' one observes t 'haL for
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any LigK the set of al l  elenrents of K whlch are conjugated to

elements in L, generates a f ie^ld NLlr f inite over k and' invariant '

for  any c€ Aut  (K/k)  i .  e .  o  (NLi )  -NLl

r . :  (  N L r t

Thus c-t is norrnal in G and the set { G *}.r. .  is a fundarnen-
a -.. ui

ta l  system of  ne ighbourhoods of  e .  The proof  is  reduced now to

s imp le  ve r i f i ca t i ons .

The tota l  d isconect ion of  G is  a consequence of  that  o f

TlG, and so the proof of Theorem 2 is done'
i " i

Remark: The fundamental system of neighbourhoods involved

above has only open-closed sets as members' ,

Let  us ln t roduce novr  some nev ' '  ob jects :

Fc r  G=Au t (K /k )  and  Spec (A) ,  and  LgK  (no t  necessa ry  f i n i t e

over  k)  const ruct  the fo l lowing grcups:

u = 
Ilr*nG

GL=[J cL
P

Denote by (A) the elements in G al ld observe ,that (c-) eL is

compact  for  any (g ' )€G,  and Le K (not  necessary f in i te  over  k)

Indeed:  for  L  f in i te  over  k  the asser t ion is  obv ious,  anc l

fo r  L  i n f i n i t e  l e t  L  be l l i r  L ,  f i n l t e  ove r  k .  Then  cL= f lGH,
$L

"o 
* i "  compact  in  G,  becaus"  c l i  are compact l  e tc .

c)  The proof  o f  the theorem 1:

Let  BgA be a k-subalgebra of  A,  which is  a  f ie ld  r^ i i th  un i t

e lenen t  IA .

Then,  for  any p,qespec o,  o f rq=f* fn i f  is  a  k- - l rnbe<icr ing

o f  1= fo (n )  i n  K .

Let  us f : -x  a point  p€spec A,  and construct  the fami ly :
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JLt o={ (8, (6) *", I ;,i:: J;,_,lo'"' }

We proceed now to an ordering of Fo:

(8, ,  (o fuCl a (s" (g1a"" )  i  f  and only l f  B rcB" .

observe that fron the definit ion i t  fo110ws that:

i )

i i )

arr- )

tr,cloo{ trrus.fnf @

(8, (s') cLleJ\ in'pl ies (s)GL + O

(g,  ,  (c i )  ,o" ' l<(8, , ,  Kr t 'GL" )  impl ies (G^) 'cL ' f  (o)  ' r6L"

We prove now that  any complete ly  ordered subfami ly  (B i ,  (4") i

L.l

c  ' ) i  o f , / o  h a s  a  r n a j o r a n t :

i  I  
"=yBreA 

1s  a  k -suba lgebra  o f  A ,  v rh ich  i . s  a  f ie ld  w i th  a

uni t  e lement le o

j j  t  L=  VL,  i s  in  fac t  V?- .  (Br  )  =P^  (VBt  )  =?^  (B)  ,
'  

i  J '  l i P  r  i P  l . L  ' ! '

i i i ) let I- * 
? 

(o)i cli 
'- ' 

then L+ b because

L ,
/F\ ^ l- 's a clecreasing system. of compact non-enpty setst v J i -  r

(see i i )  above and f inal  o l :servat ions f rom b) ) .

Any (Ci')e f f,a= the orooerty (a') 
| t=(g)1 i for any i. vle rrray

L .

conc lude tha t  (8 ,  (q ' lC l )eo4r ,  and i t  rna jo ra tes  any  (B i ,  (O) iG t ) .

Ther,efore,  there ex is t

Lre such an element. I'Ie prove

gebra,  and L=K.

(I'n ) n= 
(o) -1 (?q) 

e. 
Then

maximal  e l 'ements in f .o .  Let  (8 ,  ( t I )GL)

that  A is  in  a natura l  t raY an L-a l -

The  p roo f  o f  t he  f i r s t  asse r t i on :

Consider  the modi f ied canonic  morphism

!  t D  ^ - ^ :  !  !  , - 1  i . ' :^p- tp  d r r ( r  ^ /qepf  n  
-  ru l , .

X q\1i,,", ="Jfrfnif r",l =4*J,n ix)=x i:y derinitj on or (o') GL.
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. Let us prove now that 'L=K.

From now on we are lrorking vewing A as L-algebra by modi-

f ied canonic morphisrns (L^) 
o.- L l

We prove that the presurntion K\L *@ leeas to a contradic-

tlon about the maxim.ality of

( B ,  ( O )  c L )

I n d e e d :

let  xeK\L,  thus Lr=L (x)  is  a f in i te extension of  Lr  contented

in K. For any c(Spec A let  acr€A be a locaI representat iv for  x
f n \

at  q r  so  B l t t t=1  (ae)  i s  a  p re image fo r  r , ,  a t  g ,  f in i te  over  L .

In  accorc lance w i th  1 )  ,  2 l  ,  3 ) ,  4 )  ,  5 )  f rom a)  there  ex is ts

t-nuUo"tnt  for  any q€Snec A, so that

o(n)ur{n is a f ie ld wl th unj . t  e lement e*,  and

c-L1rg = Gwrn,\rt

Because of  the compactness of  Spec A there ex is t .s  a f , in i te

s e t  o f  p o i n t s  { t o = n r e 1 r . .  '  r e n }  s o  a s  t o  h a v e  
Y  % i = S p e c  

A .

r t  may be presumed that  I 'vq i*d and c l is jo ined,  hence

r
"uuqi' 

trgi =oij *ws

Th'e preimage of L, vre are looking for, is

n
nr=n[a] r.rhere dr = 

H 
."qr. .qr_

rndeed, LI c. Ltxi/(Irr(x.L)) t-= F[o'/(rrr(o,,Bi) =

e $ fc ] :B ,  r  s0  B i  i s  a  f ieLd  and
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. obviously a L-subalgebra of  A ( thus k-subalgebra) andtp(81)=Ll '

tpli = xrxriio can be Prolonened toLet us Prove novr that

L-automorphisnns of K:

ol,,n=rnroflr=%rn,.iir*n " fnrl nnrrr trli= xq.xgiluil,'

wirere q, is the polnt for vrhich qe I 'Iq and the assertion follovrs

from the choice of l ipi and Lerlma from a) .

.  Let  ( t )=(To)o be the farni ly of  L-automorphisrns which prolon-

a /  r y  t - l  . . - t ^ ' i ^ * a  ^ G  w  T +  { c  r  n r { - } cgue Xq'Lflg, to L-autornorphisrns of K. It i .s a matter of simple

ver i f icat ions that

L. .4

( t r tC.)  t 'U)C 
' r ,  

dtp and the contradict- i .on is achieved:

Indeed:

ta) (T) 
lBo=

= (c^') (x,q Xel;l ) n= (o) (o) -r qoepntrl)e=( Ye gpdl ) q= (sjtq) q.
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