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ON A REPRESENTATION THEOREM OF ARENS AND
KAPLANSKY

by

Florian POP

The aim of this work is to give a positiv answer to an old
question of Arens and Képlansky concerning the structure of
commutativ algebraic regular algebras [l, pag.467].

If is expected that similar improved technigues would work
in the noncommutative case too, or at least in some particular
cases.

I have to express my gratitude to my céllegues for the
usefull discussions we had together and for the observations con-

cerning the problem.
The problem is: &

THEOREM 1.
Let A be a regular von Neumann commutative k-algebra

with algebraic over k fibres, k-isomorphic to K.

Then A=(/(Spec A,K).

We prove only that A is a K-algebra, and applying Theorem

2.3[;}we are through.

NOOETHDNALT o @RNSS:
i) Spec A‘“ls the¢structure space of A and its points
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will be denoted by smail letters p, ¢, eventually indexed.
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an amorph set it will be ‘considered with discret topology.
iii)LZc(p) is the set of all closed and open neighbourhoods
of p.
iv) The canonip mappings A-*A/§—¢-K will be denote by‘fp.
v) For pé€Spec A, V@C€c<p) e, is £he unic idempotent of A

with the property:
e6=l(q) if and only if qge¢V

vi ) Pheibig fletters it ands Bas o ((eventual ly B(P)...) denote
subfields of K and respectively Subalgebras of A, closely rela-
ted (see the text).

vii) Other symbols and notatiéns introduced are explained in

the text.

a) Some preliminary observations

Proposition 1) For-any B, a k—subélgebra of A, finite over
k, ~and an?.p&Spec A, there exists Vﬁlgc(p) so as to be eVB a
‘field with unit element e andirgfg=féfbé;§§Lf—*K are k-imbed-
dings of L in K for any qe¢V.
Proposition 2). Conversely :
Let LgK be finite over k and pgSpec A.
(p)

There exists B a k-subalgebra of A, finite over k thus
L=f%(B(p)), and this preimage of L in A is, in some sense, unic:
1f B’ is an other finite over k preimage of L in A at p, there

= ety Wp) TR g
exists Jcbbc so as to have e _B'=e_ B.

Proposition 3) Let LléLzéK be f[inite extensicns cf k con-

tained in X, Bi preimages, as above, of L, at p; i=1,2."



Then there exists VEtT (p) for which B C B,e_.
15y BoSv
 The proofs of these observations consist in simple verifi-
cations.and we omit them.
Proposition 4). Let LgK be finite over k, peSpec A, B be the
preimage of L in discussion above, Vftzc(p) constructed at 1).
For any WEg 'V, WEUT (p) denote by G the set of all imbeds
ocC W,B,p
dingscrg q’ g running over V.
=120
A is = € : hi S =
Then there exists W, W(B,p) ljoc(m for which CWQ,B,p \/{\\’GWBrP
and sO G {%GW D depends not on B but on L.
ProoﬁL Taking into account the unicity a preimage B of L
in the sence of Proposition 2) and of the finiteness of the sets
GW,B,p ,the fact above is a consequence of that that (GW,B,p)W
is a decreasing inductiv system of finite sets.

Proposition 5). Let IqQIWGK be finite subfields of K over k,

and p€Spec A. Then G

er L“ID!L »
Proof. Indeed for By preimage of L, dtap, bliet Wélzc(p) be
chosen in such a way that: G =G and BleV~R9 we Tk fol=

Lirp WrBirp

lows that anY(FS‘G i a restriction . of a g D2
{ £

by for any qeW.

The following lemma is fundamental:

Lemma: Let LgK, L finite over k, pefpec A.

[ o=
Then GL’p—Aut(K/k)hd

Proof: Let (G D, * be the projectiv system, build up
I
by taklnq\flj to be the restrlctlons from G P to G for
Ly

J P
(Li)ibelng the family of subfields of K which are finite

applying 5) it follows that&%i’ are.surjectiv, thus by a

wellknown result of Ore,

R —
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G = 1lim G +q§, and the canonic projections
f—r ]-Ji'p

\{'i:G‘--f'rGLi’p are surjectiv.

b) Galois-Krull nonnormal theory

Let kcwweK be an algebraic extension of k, G=Rut (K/Kk).

For iany Lek, Efinite over 'k, consider the sets:
L_. e =
ct={oe c|o| =1a,} and ey =c)y,

Bor Ling canonic restrlctlon*' CLZ4VCLj is surjectiv
and one obtains a surjectlv projectiv system of finite sets

(G a)s
Li'*lj

THEOREM 2.

G=lim C. , and the topology induced byTWG. on G
) Lk

makes it into a topological, corpact total disconec-—

ted group. A fundamental system of neighbourhoods
L, :

of e= < ’5'{G }Li finite over k.

Proof is standard: the Clim GL is open in ETGLi so lim GL

== i =

is closed in the compact topological spacefTGL , hence compact.

1

Much more, for (Gi)ell GL a fundawental sy%tem of neicghbour—
i 1

hoods of (Ui) is{\ } with Vp= il Gy, X{Ui} M lim Gy

L4r i SR

iz

being an arbitrar finite subset of the set of all finitz over k

subfields of K.
L
Tflis easy to verify'that VF=(Gi)G F with L. the compositum

B
of Li7 IﬁgF;over ¥ which is finite over k because F is finite
and every Li is finite over k.
ie

or. the proof-.of the roip topology one observes that for

-3

1.
L

th

t_.‘

1is that a

~~~~~ neighbourhoods

=
¢
"

mp undamental syste
L

for e

,-—J-/-\

el



.-5.-
any IusYithe set of all elements of K which are conjugated to
elements in L; generates a field NL. , finite over k and invariant
for any <geAut (K/k)i.e. G(NLi)=NLi. :
. Thus GIJ' is normal in G and the éet {GNLi}L. is a fundamen-
tal system of neighbourhoods of e. The proof is reduced now to
simple verifications.
The total disconection of G is a consequence of that of
zTGL' and so the proof of Theorem 2 is done.
i
nggg&:.The fundamental system of neighbourhoods in&ol?ed
above has only open-closed sets as members.
Let ué introduce now some new objects:
- Her G=nAut (K/k) and Spec(dr), and Lg¢K (not necessary finite

over k) construct the following grcups:

¢ =TI
peSPfscA

cE=Tler : :
P

Denote by (¢) the elements in G and observe that (G)ﬁL is
compact for any (0)éG, and LecK (not necessary finite over k)

Indeed: for L finite over k the assertion is obvious, and

for L idnfindte let 'L be%{Li, L. finite over k. Then GL=f\GLA,

L.iE L

: ; L
SO GLls compact in G, because G < are compact, etc.

c) The proof of the theorem 1l:

Let BcA be a k-subalgebra of A, which is a field with unit

element lA'

B -4
Then, for any p,ge€éSpec A, T q=$%¢

is a k-imbedding
pl ‘pSB &

of L=?p(B) iin K

Let us fix a point peSpec A, and construct the family:
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B and L as above }

' L
h =l @ )‘(G){L=(0'§,q)q

We proceed now to an ordering of Fp:

Lll

14
87, @fe")<@B" (@Yc" ) if and only if B'gB".

Observe that from the definition it follows that:

1) Ok, 6ed thuso@pqécf)
1) (8, (@ €"eck, implies @ 6" @
ot : 150 5 e : A e T
ifi) (B, @) '6" Y=<(BYIE)YE) dimplies . (C)'CE D@) LG .
We prove now that any completely ordered subfamily (Bi' ((T)i

G

Li)i of,o{Zp has a majorant:
) B='}1JBiC_A is a k-subalgebra of A, which is a field with a
unit element lA .
39) 1=yL; is in fact yg,(By)=f (yB)=F,(B)
et - 2E (@) Gh ' then 2 F ¢ because
Lyma

(G’)iG is a decreasing system of compact non-empty sets

(see ii) above and final observations from b)).

for any i. We may

Ly
)

Any (@)¢ Y. has the property ((T)I i=((T)_i =

conclude that (B, (G)GL)ec#p and it majorates any (Bi' (O')iG i

Therefore, there exist maximal elements inoq—p. Let (B,(G')GL)
be such an element. We prove that A is in a natural way an L-al-
gebra, and L=K.

The preof of the first assertion:

! o : . =]l
€ id th dified 1 h: =(0 ot
onsider the modified canonic morphism (%q)q (@) (‘fq)CI en

N ol il oy i
U anc s~ f = 4Gy s
p'p aSp|B L

1 e s ; Lo i
Xaxrm(ﬂ: q*f'qw ID(XMG}IUG p"x-)=x by definition of (O‘)Q‘xL.
2T P - T i S




Let us prove now that L=K.

From now on we are working vewing A as L-algebra by modi-

fied canonic morphisms (Xq)g.

We prove that the presumtion K\Ln#¢)leeds tera contradic-

tion about the maximality of

(B, (o™

Indeed:

let xeRK\L, thus Ll=L(x) is a finite extension of L, contented

in K. For any dge€Spec A let aqEA be a local representativ for x

akeqr, tse B{q)

In accordance with 1), 2);

=L(aq) is a preimage for L, at g, finite over L.

3), 4), 5) from a) there exists

I%fL%c(q) for any qgé¢Spec A, so that

(o)

B =te is a field with unit element qu and

Wg

GL Cloi= G )
’ = )
1 W, qmyq

Because of the compactness of Spec A there exists a finite

of points {qo=p,ql,...,qn} so as to have ‘f W _,=Spec A,

ai

It may be presumed that Wai¢<$ and disjoined, hence

e. « e Haue)
Wy Wq:, 1] qu

The preimage of L; we are looking for, is

n
B =B[d where a = .
L ! 1Z=:0 Wogi 93
L IX] oo e -
Indeed: L, = b /(LT(XiLJ) = ke :Bj}
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obviously a Lﬁsuba}gebra of L (thus k- subalgebra) and?Cp(Bl)—L
Let us prove now that —-XH;XNE can be prolongned to
L-automorphisms of K:
B | o =
' =X X ) o a % =X NPT
@ p‘B a lB(ch xqilﬁi‘%’ plp, q%qi[p
.where qy is the point for which qéqu and the assertion follows
from the choice of Wp and Lemma from a).
o
Let (T)=( q)q be the family of L-automorphisms which prolon-
-1 ' _
gue X‘i”YJB to L-automorphisms of K. It is a matter of simple
verifications .that
(Bl(Uﬁ(T)@ L e dEP and the contradiction is achieved:

Indeed:

1

= ! =0 =1 oDy
= (@) (Xg X IB =(@) (@) (fq‘?pygi)q“(‘eﬂﬂaplﬁi)q“'(qp,q)q'
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