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43g$Sgfu Jl weak verslon of the tsaxlmrrurn principle f,or the ti-me optimnl

control problem J.n tsaneoh epaaes J.s obtained.oAn example .lavolving }i-

Trear retard.ed. sys.teuis is derlved.c '

lu r$gRoDucrt0i{

rIJe qre soncernecl here vrlth the time optlnat contro]- problea for

the equation

( 1 . " I )  x 3 ( t ) = A x ( t ) + B u ( t )  t > o

r (o )  ,  xo

( r " a )  y ( t )  =  A x ( t )

where x( " ) 
takes values ln reflexlve3anach $pace E, 3 € T,(U?E) t .Ae

Ir(UrI);UrF beiag other Banaeh $pacesnA ls the J.nf ini tesi-ma} generator

of a stron63-y continuous semigroup i Se t l it >n e 3 on E"

-lye-$*ggjg-Py__l_(&Q !lL* alsebra of Ux.ear continuoils operator f,ron

to y oudorEed. wlth the usual aorn ll ' l i 1lxryy "

We shal l  consider the I tnt ldtr solut ion of ( tr . I)  r  loo.z

x

1 . 3  )
1

x ( t )  *  $ ( t ) xo  +  
J  

f ; ( t  *  s )Bu(s )ds
o

( t

( :

rd tbus we xn&y revrrite (1"4) such as 
t

1 " 4 )  y ( t )  e  A  s 1 t ) x o +  A )  s ( t  - s ) B u ( s ) d s .

0

at x^ € E and $I€F be f l red and for M > o vre denote

t , F )  I M - t * n r " l ( n ; u l ;  i l x ( t ) i l  < l u ' & , o e e  t  > o j

A trnjectcr ;"  y(")  is  e ' - tn i ,gsi-nle fg x(o) *  Eo ,  l ' ( t )  = 
t t for  

FCrIs l f

Irt

( :



s g e

t>0oslnco traJectorl"es are alweye oontlnuowrthere exlgts & enal 'Lest

t for whieh y(t) = I.rbotd.e; thle nu.urber wlIL bo cslle& the transltlon
L

tlne of, y( o ) o The lnfiprun t of the transitlon times of aI'I adinlselble

oontrols u € 1M i.s called the o,ptlmal ttneeshe ti-ne optimal oontrof

probtem j.e the f,otlowingl

(e) Does thero exiets a oontrol 9o u\d(optlnal coatrol) suoh thst

y(s')  = Xt ? (g Le oPtlnal t ime)

(b) Aseumin6 u" exists r haw can it be eharacterlred qnd' what

propertiee it hasgrho anewer to (a) is generally affirnativo ousS.ng

sJ.mi}ar asawnptJ.on to tirose of, J,emne ?"I fn f 4] 1 the exj'stence of,

o,pttmai oontrsl for our problem ls assutred'o

The questioa (b) was studied. fsr sorne partS,eular easesl ( f 4] t

tl] u [e1") fhe baslo teehnique used. Xn these papers ls the appllca-

t.lon one of the stan{ard, ueparetlon theorens for eonves setso$he d*f-

f,icglty conststs in the sets wbieh are consXdereC in e netural way

(eeefl ,  def ined in (3"4))n have J.:atertor void ln the state sp&oso

she seperation theorenn is applied. i;heb tn other spacesreultab}o

chosenrehish have stronger topologJ.es oSor exanrple Fettorini., t 4l' t

usss D(A) wlth the grapb norm and obteins a .verslon of the maxlnuna

principle withont rostr ict ions on $(t)  (Th. 2.I)  and' in the case

w h e n t h e s e r n i g r o u p i s a n a } t r r t l c a n d E J . g a l { i l b e r t s p e o e o b t a l n e t

Cs ro lLas?  5 -a .  [+ ] .  I f ,  0< t  < t  u  the re  ex i s t s  x t€H ,  w i th

s*1t*o;x*
,  o < g g t( I " 6 )  u u ( s )  s

l$* (  t -s ixt  i

&* ( ' )  besng the oPtinal.  eontroL.

In tho p&p€rs mentioned, above U = S r n'' and B *ft = I. ere oon8.1-

d*ered. ( l {ere I  j .s the identieal operator in E}[he sam€ problenn ls.stu-

dterl bgr Henr3r *oau [?J , {11 the case of parabollc equatLons , using

the anniy'bJ.o trsrliisroups r ln f,ae t o

In thts note wCI shatl d,enonstrnte & similar resr:'It with (I"5)r

with*ut prcpon!.gg 'bhe analytie*ty of tho eenl4lroup and i* the
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f,ranework generelS.y indicate& at the beginnlng '\4le also montj'on that

. tbe lntrod.uctlon of the operator I tn thls study ls deternined by

the f,act that rn oertaj.n prob}eurs whioh are wrltten in the forp (r.I)

(eog"the equation with delay) the oontrol labil t ty is not stud' led in

the whore opace but on certain subspeces "rn thie oasen x * projectj"ou

. operators eptr)eersif,or examp3'e s*e [rl ' [ro] '

- 
lar with that used by $cluntdt [6] r (he stud,i.es the bang-6sng prlnoiple

for parabolto equations with boundary'oontrol) and. by }Ienry [ ?J '

3,o PRIT.,IMIITARIE$

We in t roduce the operator  V( . t ) :  1 ,oo(or t i l j )  4nrby

t
( 2 . 1 )  Y ( t ) u =  j t , t * s ) B u ( s ) d s  ' t > 0

o

and. so He IuaY reilvrtte (1"4) as

( z .u  y ( t )  *  4s ( t ) xo  +  A  v ( t ) u  '

f h e b a e i e a s a u . u o p t i o n r s h i e h w l j . t b e i n e f f e c t t h r o u 8 h o u t t h l s p e p e r

1s tbe nulL oontrottebil i ty r,roperty of the systein (r" l) (1.e) ; lu€o

(2 ,3)  n  s ( t )n  c  nv( t ) Ioo  (Or t i l j )  fo r  every  t  >  0  .

Denote bY

. (2.s)  B,(x" , I ,on (or t iU) l  - t  y  € s, l  there exietg u e I ,@ (o*t ;  U )

-  s u o h t h a t Y *  A s ( t ) x o + A v ( t ) u  {

and. so t2.3) ean be wrlti;n as

( 2 . 5  ) A  s C t ) $  c  & ( o * L @  
( o , t l l $ ) )  .

v.{e introd.uee on j,ff i  (R+gU) i;he foilo'sii].8 opelaiorsc



f o r  s < o

)  f o r  E V  o

l f , o < t € l s j

s )  J . f ,  t >  t g l

u ( t

l o
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L u

(J"

( J *

(  a . 6 ;

- 4 &

u ) ( t )

u )  ( t )
( t +

(see t6 l  )  .

k.me*a,gl gUs. gsllgiiii4$ {de33i!iqs ho$

(a"1)  nY( t r+  t r )u  *  / t  sCte)v ( t r )u  o  A  v ( ta )J t r  o

f o r  t l a t t )  o

(a .8)  r f  t t (  ta  then Avt t r )u  =,21 v t tz )J t l * ta  o  o

S g p g t o T h e p r o o f o f t h t s l r e m r g ' a c a n b e o b t a i n e d t h r o n g b s o ! 0 e

rather stonderd, manlpuletJ.ons i^rvolvlng (2.L) ,  (?"6) .

uein.g Lesme ZoL it is e&sy to prove the following

IgSlgS*SS&-aeJ gesl*{qe t-hpt-qos$IS}CI,.n (2.3) hsl.d"' Theq. R,(xo,

tcc (outiu)) W**#gfgq.+qS-S{ xo€ E -S4O t> o'$ee a}eo f 6i '  [rr] o

Denote by R * R*(onl f f i (or t ig))  and lntroduce on R the fol lowlng

norin$3
. 1

( e . g )  i i v i l t a i n r { f l u l l  * ;  u € r ' o o ( o r t ; u )  r 9 =  n  v ( t ) u 1 e

t ) o , whieh d"efine e BanAcb $pace topology sp.'. ' '"RoFor the proof see

t 3 1  r  f a l  "
us1.r lg (4"8) rve nay i .nfer that f ,or sct we hnve t ly l l*  4l lvf luoTb'e

elosed 6rgph theorern sirowe that the r,oruls ll"ltte t >o I 8r8 equJ'valenl

In what follows we shall consld.er R es e Benaoh speee wlth the

no*m ll '[],, "T

ple elso observe tbet the l"nslusi.on Eepping from R X"nto Fr It R-tF

ls continuous "f{e shall donote

X = CI1[-JAS(t i$) ( f iere ' lglrr  denotes the closure
t>e

*n *he topolog3r crf, R) o

. . . a / ^ . ' r -  : . - ,  \ ' i -  ' l '  u  n  h a  * * 4 { n r : r i  h W
$er

r a  i a \  n f + \  n  C f + \
( d o L L , ,  ' r \ r ' l  -  j L v \ u /

+ s

(  e " Io )
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i l | r e s u n m a r i u e g o m e p r o p e r t i e s o f t h e o p e r a t o r P ( t ) b e l o w o

Lenna.2r2 (a) P(t) iq a l ineal ar-rd bou+9e-d opeTg9olr

(b)  t iur .  P( t )x  = P( to)x  for  eve ly  x  €  $ grd To7 o

t+h
ft

(c)  I f  xx€ x  ox*  I  or  then therg 'e :c is ts € o l o  t

$uch that p*(E )xx I  o f?r every. € ( too

8.qoo,f." (a) r'esultg fron the closecl graph theoren t

b )  I ro r  t  )  t o  we  have  P( t l x  -  P ( to )x  =  P ( to )  ( s t t * to )x  *  
" )

and so  l i r y  
'n ( t )x  -  P( ' to )x  =  o  '

t?t3
I f  t t  

"  
t  {  tn we have l l  P(t) l l  113:11

< l lP(tr)  l l  r ( i i ,X)t ls( t - t r ) l l t t t r j i )4 
c(c

On the other hand we have

l l p t t )x  -  p ( to ) * l l  x  = l lp ( t )  (x  -  s ( to -  t ) * ) f f x  <  c l l x -s ( to lx l f s

and we nay conslude that 
t l t^ 

P[t)x - p(to)x = o

t< t ;

(c)  Let  us assume that  theretexists t r r )o ,  t t -+oo eueh that

po( t r . )x *  =  o .  I 'o r  t  )ou there  ex is ts  t r r ' t  and  f rom (2 '11)  we

have p(t )  == p(6rr)s( t -  €rr)  "Then P*( t )>6* = 5*( !*  €n1P*( E")xx= o '

Thus we i rave  px( t )x*  =  o  fo r  a l l  t>o '  and 'accord ing  to  (2"1o)

we get  x*  =  ooThe Proof  i s  conPle teo

}"THI] }{AIN RESULTS

_T:

* l fP( t l )s( t - t r )  l l  l tE,X) <

be ing  a  Pos i t i ve  cons tan t )  i

y  =  n s ( t ) * o . *  A v t t ' ) u \ ,

The ina in  resu l t '  o f  th is  PaPer is the foilowing

Let  us denote Rt(*oo l i { )  =  {ve F;  there ex is ts  ue l , *  sueh that

g;rserem5t. I',et- *o € 'i' g*g- JL€ Rt(*o'Lut) g"u9h th'at

d i s t ru ( . v1 rX)  . .

i'"e lr.ggi#
(7 . I i  i ' i

Let uo

gxi.stg

be
tirere

exi sts xi € -U"r , x*
an r:ptimal 99nE1t T
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( 3  " 4 )
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(3"2)  (soso(r  *  t -  t )x f  ,uo( t ) )  * , .  fTp - - (nnso( f ,  -  t  - t )x |  ru)  Ev  
a  u l l <  M

11 n*sutr  -  L* t  l { ,u__* &oo.  t  n forT - f  ]  ,. IJ^

For the proof of .thls theorero we need. two lemnas

].,epm*J-sf let ;rt gs {r}*tb.goren 3"1 iPIIen theJe . exist- frLe X e

o16 \r Ei!h. fi urll *( M ggg[*that

(3 "3 )  f1  €  nL  +  A  v ( t )u t

For the proof seo Lernma 1 ln t 0 ] o

J?r =,1 y e x;  there ts  u .  \ , r ,  y  *  Av( t )qu-u1)!

where of fs given by L,erma 3oI Clearlf fL * ls coov€x a

egffisjee e*gg--se-Jslgr4egjq3"n3":e€ r o,
RmgS,:  I f  l f  y l l *  a  cr iy l lo  then {ve x ;  ry ro< $ (M -  l l  u f l *1 .0*

see aleo lej  .

SgoS€,*. qf-$hggXe$:e.i, First wo she1l proYe that gL - A S(t)xo

xs a bound.ary potnt ofJLgolfote thst fron

(3 '5 )  yL  o  r I  +  A  v ( t )u t  .  n  s ( f  ) xo  +  Av ( t )  , o

we  ob tesn  f i '  -As { r3xo  *  n  v ( t ) (uo  *  t r } )EJ t

.&ssurae frL * AS(rlxo is an interlor polnt of *fL*oUrln$ the conti*

nulty of 3( " )xo in X end. the esnvexity of C 
* 

i.s not cliffie ult to

&ed.uce *he exlstense of,  , fru r r( I  sueh thst

Idenee there existp n € h sueh thst  s*  *A s(Tu)so + A1'( [ ) ( ru-rr r1)

and  u r : * r *g  (3 ,5 )  i ve  ge t  In1  *  ns ( [ t ) xo  +AV(T) ( ru  +  ( t - r )u r )oDeno t ing

ua f f i  r l r  +  ( r  *  r )n ,  c  w€ have l iu* l loo(H and.  y ,  s :  As( t r )so + AY(T)ua

0n the othor hnnd o uslng (2*7) we hnve

A v ( T l u ,  =  A v ( T ' ) ( J t * r r o e ) +  A  s ( 9 ' l  ) v ( B  -  s t  ) u ?  ,

Obvior"rsiy r  
i*{ i "V( ' } '*  

f }r .  *  oLu E* As Ji  n,5(T') l i r (Oo*) is boun,. ledrwe

ni*y i"nfer th,st &f vie take f I suffj"oLentilr r.re&r T ws hravelifrs(ft)V(f*
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*T,  )o2 l l  y<f ,= iv1 *  l lur l l * .Nextrby (2"g)  there is  o5 € Lr5 such tbat

A s ( t '  ) v ( T * T '  ) u 2  = n v ( T '  ) u 5 ,

Hence  JL  *  As t l ' ) xo  +  AV(T0 ) ( J1 *1 ' u r+u1 )  r  w i t h

l l  Jr*gro2 * o) i l  *(  I{a which contradictg the t ime optinal i ty

o f  u o  t  - -  ,  -  - r ^ - ^ . : ^ - - :  ^ ^ * . 1 ' o + - i ^ ? 1  t - h o o r e m  f o f
T h e p r o o f e n d s b y a p p l y i n g a s t a n d a r d s e p a r a t i o n t h e o r e m f o r

convex sets l  there ex is t 'e  x*€ X*  uxo I  o t  such that

{3"6}  <x*o Av(T{oo -  ur}-J )  > o - for  every yt  Ct  '

(Here

u € L* we denote og= (tr  * XU )oo * Xuo' where l(rdenotes the

characterist ic funct ion of the interval fort  * 6] olnvolving (2' I) '

( 2 . 6 )  w e  g e t

(7 ,7  )  Av ( r  )

a n d  s o r b y  ( 3 , 6 )  w e  o

€Lno and by (2.1) w'e

( 5 " 8 )  (  x * u  A s t e

(  x*  ,A ' r r ( t ) \  (uo*  u) )  7  o  for  everY u

C,

S ( T  -  €  * e l B ( u o ( s )  d  u ( s )  ) d s )  > /  o

o for

between E and

by Lemna 2 .2)

( u g

bta in

have

T*

) (
J
o

ur)e -fi. r

€-+o i
\

for everY u,€ !M, and therefore

T - 8

( 7 , i l  ( r x ( q ) x x ,  5  
S ( T *  E  * s ) n ( u o ( s )  *  u ( s )  ) d s )  )

o
-  r  ,Here  (oeo)  denotes  the  na tura l  pa i r ing

ever} u € rJM\

l l * ) .Denot ing  P* (e)x*  =  to {  e  Ex  ,  fo r  €  <€o (€o  e iven

we obtain: f r om  (1 "9 )

T '€
f

( 1 " 1 O )  \  ( B * s x ( T
o

for everY ud L&lo

Using ihe argument'

i n p J . i e s  ( 5 " 2 ) . T h i s  e n c l s  t ' h e  p r o o f  o f  T h e o r e m  ? o 1 "

We end th is  sec t ion wi th  some remarkeoXf  F  =  i$  *  U

Lrqpoqr l iq4-5s]  
(a)  

aL% 
s(E)x = x.  {g i*evg{ x c 'D(A)

*  e  * u ) * J  u u o ( s )  u ( s ) E s ) ? o

of  Fa t to r in i .  (Theoreo 1 .1)  ,  IAJ  )  I  (5 '10)

and B=A =I

(  the } : rs i t  is

taken in the tePg!9gi-ofi) "
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(2. ,10) r  t r0} l t  d.enotes the c loeure in( b )  f i  c  c } ( D ( A ) )

the topotory of X) r

3 q X $ " ( a ) I f x e D (

W r

t"
(3 " t t )  s (€  ) x  e  J  $ (

o

) an l.ntegratlon by parts shows that

S( I - s ) ( x  -  eAx )ds  .  Hence

S ( e ) A x ) d s  r  [ ) o  .* s ) ( s ( E ) x  -  s

(as

A

I
(

)
CI

T

Senot ing u(s)  s  x  -  s  Ax and u,  ($ ! )  = '$( t )x  *  ss( t )Axrwe obte in

f lu, -ntloo <' l l  S(s)x *xll 
u 

+ l l S(a)Ax * Axll ' 'nht* tnplies that 
$ 

or = '{f

tn LCICI (or[ ;u) and 'bhe*efore l tm $(?)x = x in X '
€ + o

(h) From, (a) we obtain bf ( 0 (A)) C Xo 0n the other hand' vre Inay

w r i t e  S ( t l x  =  I  * t t - f f )  t * ( * ) *  f o r e v e r y x € D ,  t ) o  o T ' e t  J r : a
\ *

J

*  ( i * A A ) - I n  , : " * w e h ' a v e  J A  $ ( s ) x  e  D ( A )

of J^${.)x and. $(")x Eie nsy lnfer that for

"A 
. [ort)  sueh tht l t

(3. ta} i l  r^,s(s)x *  s(*)* l ioo = l l  %s(sr)x 
-  s(9,  )x l i  t  '

$here exj.sts sa subsequence (again denoted s ), e uoh that 
** 

u; * sot

Usi"ng (3.1.a) we have

, Using the contlauitY

eYery A> o there ex is te

*  S(s" )x f '+

s ( " ) x

X .

I l  ;os(q:x * s(1)x t l '  4 t l  qs(s^)x * qs(so)x l lu + i/ s(1 )x

+ t l  .1$(6c)x  *  s(ssr* l le  and thus we s* t **  %t(o)x  
=

ln  Loo(o ' t ;E)  which {mn} les-} tutr  ' f ,s( t )x = s( t )x
A-> o '1

I {once X C c}(D(A) ) aud the proof is ocmplete '

4" APlr0A[roNS

l , I f  F = s  o u  a n d B  = A  s  I  r . t h e n u l l  c o u t r o ] l e t i r r i t y c o n d . l *
t

t lon t rs  ser :J- f , ied.  beuaurse s( t lx^  E i  $( t *er \  *  * tsr \xo n ins"  u( f i ' )  5
u J ^

S qr.., ' ,.: €;-..:. * /: !-n^*1. ., l lnch 
"ot*-n 

.1"f $(t)E = E for trt l i$e t > o we
l i " ; ' \ s / J t ^  r u t '  d $  { ;  L u t u J  e  i ' ; * d -

& L J

have ir" = x = E *nd. f;cn thc clcserL grap3i ilqeQre4 t'b foiio'' ';s that !i ' l!*

i.a



a

is equivalent to f l ' f l$" The assumption ("t 'L) is instantly veri f ied

and }et t ing E,  tend to  zero in  (7 .2)  we obta in  Theoren 5.1 in  |qJ '

z . T - h r e . w g - v g e q ' u a t i g p o L e t H b e a H i ] , t r e r t s p a c e , A a g e l f a d j o i n t

opera to r  i n  H  eueh  tha t  (Au ru ) {  -d lo t  2 rn  €  D(A) ' f o r  sone  caJ>onwhere

(or* )  denotes the sca lar  product  in  H and l ' t  o tands for  the nCIrm

in H,Let  V be tho donuain of  ( *A)*  ( tne squere root  o f  ( *A)) " r t  is

wel l  known that A is t*e inf ini tesimal generator of a strongly eonti*

. 1  f  o  I l
'  a ^ - - ' ! ' r ' - : *  H  o n d  ' H  =  |  |  I g l n g  f ' r l l - L r r r b q i u & s s *

nuous cosine fanirv in H and -ft = 
I ; 

" 
J 

i"tit- infiniteaina]

generator of  a strongly €ont inuous gto;p i i i  x  H "The 
norn in Y ie

A)€ ul  and'  the spece V x H is endowed

wi th  i t s  l i i l ber t  p roduc t  normole t  Bo €  L(UotH)  I  Uo be ing  o ther

l t i lbert  space 'vt 'e def ine i l lU *>V X H by

- 9 *

B u  = ( : . " )  
,( 4 " 1 )

Coneid.er the equat ion

G " Z )  x " ( t ) = A x ( t 1  + n " u ( t )  t  t > o t

x ( o )  =  x o €  V ;  x t ( o )  =  x r e  H  3

This pr i :b iem ean be reforrnulated'  as

( 4 , 7 )  Y ' ( t ) =  ' A v & )  + B u ( t )  ' t  > /  o

y x ( t ) \  / * o \  I
w h e r e  y ( t )  =  

\ * ' ( t ) l  i  J ' o =  \ * g . l  a  ^ - , r  { r +  
;

Let  { i : t t )  o  t  €  R}  be the *o* l "u  fan i ly  ge*erated by A qnd s( t )x  =

t
=  {  c t s )xds  ,  x  €  v r t  €  R ,  :  l : . Le t  v ( t )  be  the  g *oup  gene l ' a ied  bv  A

J
o

r t  i s  easy  t o  see  t ha t  
f  o ( t )  s ( t )  I

( 4 . 4 )  v ( t )  =  
|  A S ( r )  s ( t ) J  ,

the rni ld solut ion of (4 '5] t* given by

( 4 . 5 )  v i t )  =  V ( t ) Y o  +  
i  v ( t * s l r : u ( s i d s  '

l iab i i i i y  for  (4 '2)  ie  g iven for  example in

[>] . , , . "  
inva i : i8ncc c f  tc .z)  vg j . th  renpeci  to  t iue rever .ga}  i ' ; rp} ics

that t l re nul l  controrlabir i ty is equivarent to global controrlabi l i tp



- t O
e

Sence K * X - VxH ' lett lnf l lend. to uero ln (3"a) ,af,ter som6 simple

(4.e) o[hen ther,e
calculetlons lnvoLv1n8 (4.1) I (4.4) we obteln

Qp ro.i Ie {X*,4.i} 4s s:rme . SheJPu} L- c oqll ol' ]r!lb i Ljt'! v s f,

*  -  , , f  *  t  - *  t  ^
&r-e-81 e u e xo & H , *i # o or xf # o r $q9-h---tbqt-
: I - ' | | e

(4,6)  tu j  s*( t  *  t ) * f  + nfc" t t  -  t )x ; ,un( tJ)  =

syp-. (B: ;.(sn"t)x[ + u:tr(r*t)xi r' u)sl

l lu$i  u v

If I I  . I I  end Bo * I thon the nul"L control labll l ty is proved.-i&.

tnl " I11 thJ.e paper is proved. ttre nax.lmr.un prlncipte too.We a3-so rennark

that the maxj.murn priueiple (3*Z) ts obtsined If we study the coh'tro}*

LabiU.ty *n the sp&ce$ Y or I{. Obviousl,y ,/wiII te fl t, ftg, rl€sp€c-

tivety {[1 *r* 
* lr2; wil]  d.enote the S]oiections sf VxI{ onto its

component spaees) o

3. r'aqegry*JgjgM 4:1!eeg tre consld.er thei [,tne*r retarded equatJ:'";

c
r

*  j  A o r ( o ) s ( t +  o  ) d 9  +  B o u ( t ) ,
-b

SIXr

( 4 . ? )  7 f  ( t )
s

= Z .t*z(t-hl)
i *o

( 4 " 8 ) z ( e )  = 9 * r  e ( 8 )  = 4 t ( 9 ) i  0 e ( * h r o )  , . t v  o  c

w h e r e  z e R n ,  + o ,  f  ,  Q t r l , Z ( - t r o r # ) ;  A i u / o r o ,  t h e  / ^ n o -

velued. function S *> Aol(0) ls bounded. seasureble n end' o = ho (

h r (  . o r *  < i l s  - . h ;  B o G X m r $ ) B * r S .  H e r e  /  
n r n  

d e n o t e s  t h e  s p a e e  o f

at1 p x q real natrices end.ov*ed. r,rith a suitable ncrrnoThe framework &-

d.opted" j,:n this paper and. the 6eneral results eteted. below are essen'i

tietly d,ue to Beruler and Manitius [ 2l

S,or t Vta , xt denotes tbe fr,metio:r on (*hos] d.eflaed. by xt(9)=

o x ( t  + S )  *  0 e l - t r r o l  .

Sh€ solutions of this equatlon wlII be treated. as eLenents of the

,H*Ib*rt  space Mg * M?(*hooi*n) * RBX L?(*hru;#) endowed' witb usual

.lnqsr prod"u*r,l.i 1s g{eil knnwa [al , I g] that equatlon (4"7) iaduces

& strongly coni inuoras semS.group { Stt)  ut 7 o !  on MZ*I 'et z(t)  } :e a

sc lu t i cn  o f  (4 "? i ,  (4 .E i  ,  t hen  x ( t )  E  ( r ( t )os t )  f s  the  m i td  so lu t i on

,of, the abstr€lct r].ifferential equati'on



( 4 . 9 )

r J " l -

x t ( t ) * A x ( t ) + B u ( t )  t > o
t

x ( o )  = 9 "

wb"erer Ar D(A) c u2->u2 1g the tnfinltesJ"nal generator of /Sttl
'! 

f*, u2 Is a bound.ed llnear operator defined byt ) r o l  a n d  B r

( 4 . I 0 ) 3n -  (Bouro)  .

More detai ld about S(t ) rg*( t ) rA oan be f ,ound in Ie l  r

For (4-T), (4"8) I there are a Lot of types of, sontrot}abtlxty stud.i.ed

J.n Llterat&re . $ee Brge [fOl , ff] . Tbus , for M2 * controJ.lnbi-
. l

lXtv A J.n ( I . e ) is the idontity operator ln M

bi}ity and €nelidj.an controlS,abiLity , A wtl} b

*, for Ir? - oontroll.a-

e the proiect ion of

$$2 onto L?(-hrotRS) ena nP , respeotlvely nFor tbe case of, S-oontrol*

Iebillty stud.ted by lr{anitius [ 91 we b,ave n * I' a 
t 3 fi]t"u* tg ]

for d.etsll-s absut F) .

lTe are in the eituatlon of, general problen {}"}) (r'a) d'escribed

la seotlon I , wbere B - M2iU = nP nA*d s are d.escribed, above.

Following t a] we ehatl d.eecribe the operato" f,fttl nlYe have

s*( t )  -  F* o;  .  *o( t ) '  .  
where

(4.rI) 
ili;i;,;,ti;"',1'.1,0" *i "" * + s+,)yls)as
leott)v1* = o1 [*ot*lvt'-lo = y' 't l-t\p, o+nft)

wb,ere K*rO; denotes the eharecterist io funct ion of the interve} 1*rB

snperscrtpt t wilt d.enote transposition of a vector in Rn;X(fi) d'€*

note the f ,undanental matr lx of Sq(4'?) r  iao. X(t) = o for

?t
tq

A / A \  \

t d r t U /  E  * t *
{ + l
A * A

o
t
I

s

t  <  b ,  X ( o )  e  I  r  X ( t )  =  ! ( X X ) a " e .  w h e r e  X t ( ' )  d ' e n o t e s  X 1 ( 0 )  *

x ( t  +  0

,,Ihe

putttng

( 4 " 1 e )

)  ,  Oe f * t r r c ] .

opere tor  L  ie  aa  fo l iows l

Aot (s )  =  o  fo - r  $4  [ * i rno l

n - - i - - :  a  /  \ .  ' 1 . ^  |  n n  o n \  b r r

and define

A ; 1  ( * . , n  * h . 1  ( # i  6
. & , \ \ - v - I  - - I {

r  l ^ \ , { ^^CI a i) Jt\ .r
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(4 . t31  mtO)  =  -Ao t ( -oo ,o ) (0 )  +  c (B)  r

Both G( . ) and. N(. ) are bound.ed variatj"on f,r:notj"ons .For + e C( [-hr."J,

Rn) we defl,neu usin6 StlettJeCI lntegral notstlon e the operator

(+,14) r , (4) E J cu{(g)f(o)
-h

te, - ( Y;,t! l e M?(-h,o;nn)
o

(4.re)  tnf  xt( t )Yi '  *  t f  j  * t ( t*"  f f l ts)d,s,u*(s))  =

**$oyo tnf,x3(t)Y,ro o BI- 
5 "t, t+s)g{t" lau 

, u) on[o,r-81 ,
' i i !1 i r  * i ' d  -h

&gSSEL Th* nrr i l  sontrol lebi l i ty of {4.7) ,  (4"8) ls stadied for

ex*npi e Sp f i l  "

4
end for + * T,e(-!roo;ne) we d.eflne Hr r,Z(-hnnlRn) --? L?{*hon;nn) by

Ae re 'suJ"t*  f rom ta]  ,  Prop* 3uL,  for  Vtrr ' ( -hnn;Rn) we have

k 4  F  v  I( 4 . t 5 )  ( n ' , t ,  l t a l =  J d d ( s ) V ' ( s - g )  o
, * h

We heve al"so

(4"r?) F)+ =f: f i ;

i i s i ng  (4 " : "0 )a  (4 ,11 )  ,  (4 . I? )  we  cb ta in

* * r d - z(4.rs) B'  s*(t)y = B; L ( t) f  i  u l  
i#,-  

n "xf ts)ds
, . ' , , o \  c  

-h

w h e r e  r { :  = ( i , , a ) e } { t .'  
\ u , ' " /

Definlng RoRt and. X as tn $eetion 3, Theoren 3"1 can therefore

be appl ied i ;o the present si tuat ion .

9*r"rp}lggx- 4.s.4 M (4 "7) E (4 "8) be- qntl" b.gnirgl}Fb}.g "
r,e$ 4r^ = (+: 41> * M?(-h.noln*) gpe 4 tu Rt( *o,hr) sqglr-rct M>

,  \ l '  r e -  
" o

dl.sto( *1ox) .&9!- un be e4 optilpal_cqqxrol ' T J.!s t-ra4git.Lgn tjge"

tggp__ghggg-Sgfg_tg to) o s.uch tbnt-jolgverry € 
" 

€n ' lhers-e&lgts

sue]: that
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