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NON-LINEAR ELASTIC MODELS OF STNGLE DTSLOCATTONS

b1r

c.TEoDosru* and B,sods**

The present paper deals with the formulation of the non-

l inear  boundary-va lue problem associ -ated wi th  the determinat ion

of  the e last ic  s tate produced by s ing le d is locat ions in  the v i -

c in i ty  o f  the i r  cores.  Both Euler ian and Lagrangian for rnulat ions

are g iven to  th is  problem for  < l is locat ion loops and st ra ight

d isLocat ions.  I t  is  shown that  the Lagrangian form is  much more

intr icate than the Eulerian one and requires a very careful kine-

ma t i c  ana lys i s .

} .  INTRODUCTTON

There was a renewed interest in the last few ltears

for  the determir ia t j -on of  the non- l inear  e last ic  f le ld  of  s ing le

dis , locat ions,  ever  s ince analy t lca l  so l -u t ions fcr  an isot ropic

elastic media have becorne available [t  3] and combined atomis-

t ic  an<l  cont inuum calcu lat ions have sho 'am that  non- l inear  ef fects

play an important role in the deternrination of the core eonfigu-

rat ion and the est imat ior  o f  the overa l l  d i la tat ion produced by

? "  1 1d is loca t j -ons  L4-6J .

However,  only straight dis locat lons have been consi-

dered so far.  In addi t ion,  only part icular choices for the cuts

*f  Inst i tu te for  Physics and Technol .ogy of
o f  SoL id .  l 4echan ics ,  S t r .  Cons t=  I { r11 -e  15  t
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used to define single-valued deforrnations have been lnvestlgated

[Z 9]. As shown in the present paper' the general case of ar-

b i t rary  d is locat ion loops and cuts  requi res a carefu l  analys is

of the klnematic f ielci.s and of the condit ions to be imposed on

the cuts  in  order  to  preserve the cont inu i ty  of  the d is located

c rys ta l .

sects.2 and 3 are devoted to the Eulerian and Lagrangia-n

formul.atlon of the boundary-value proble.m assoclated with the

determinat ion of  the e last ic  s tate produced by d is locat ion loops

in the neighbourhood of  the i r  cores.  The Euler ian fornulat ion

uses as reference conf igurat ion the d is located crysta l '  whi le

the Lagrangian one employs the perfect latt ice as reference con-

f igurat ion.  f t  is  argued that  the LagrangS'an for rnulat ion leads

genera l }y  tc  a nore scphis t icated.  boundary-va lue problemt .

Sect .4  66ngsrn$ the d iscuss ion of  the concept  of  local  Bur-

g e r s v e c t c r r a n d o f i t s c o n n e c t i o n w i t h t h e t r u e B u r g e r s v e c t o r .

l . inr l Iy ,  the case of  s t ra ight  d is locat ions is  consic lered

ln  sec t .5 .  A  spec ia l  a t ten t i on  i s  g i ven  to  the  pa r t i cu la r  s i t ua -

t ion where the cut  sur face is  a  p lane pass ing through the d is lo-

cat ion l ine and parat le l  to  the Burgers ve.c tor .  In  the la t ter

case,  both Euler ian and Lagrangian formulat ions are shovrn to  be

of  cornParable comPlex i tY.

EULERIAN DESCRIPTION

r
F

I

c.
i

2 .

Consider an elast ic nclv .8 f ree of  body forces and surface

t ract ions,  occupying a s impl1 ' -connected region w bounded'  by a

^ . , - € ^ ^ a  A  r n ;  n n n i . a i  n i  n o  a  s i n c r i e  d i s i o c a t i o n  ] - o o p  c ; f  l i i i e  L .

Denote by (k)  th is  conf igurat ion of  .E isnd by I  the posi t ion vec-

tor  o f  a-  current  par t ic le  X of  6  in  (k)  '
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.  f t  is  known that  the d is locat ion produces a s tate of  se l f -

s t ress of  the body and that  there ex is ts  no g1&3!  s t ress- f ree

conf igurat ion of  the d j -s located body.  Let  N(x)  denote a mater ia l

neighbourhood of X. BIe assuine that there exists a los:al stress-

f ree conf igurat ion l< IX)  of  N(X) ,  v ' rh ich nray be obta ined,  ts t  least

in  pr inc ip le ,  by cut t ing out  o f  the body th is  ne ighbourhood and

al lowing iL  to  re lax.

N(X}

-,r,(-*i
\ - /

f : t i  ^  tr  * Y  o  I  a
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Let ,  Y be another  par t ic le  of  N (x)  and denote

dE the posi t ion vectors of  Y wi th  respect  to  X

ra t i ons  ( k )  and  ?4$ ) ,  respec t i ve l y  (F ig '1 )  '  The

ned by

bv dx and

in the configu-

tensor A def i -
ry

dr =r5d 
5,

(1 )

vrhen N(X)  is  suf f ic ient ly  smal l r  $  depends only  on X and 4 ' (X)  I

be inq independ.ent  o f  the choice of  Y€N (X)  '

suppose that the above cut-and-relax procedure is repeated

ving the c l is locat ion l ine as ax is

t ion c f  rad ius ro.  Then,  denot ' ing

de f i nes  the  e las t i c  d i s to r t i on  as

by

m--: n

for  a l l  part ic les.xef iouts ide a th in tube to of  boundary q ha-

ancl  wi th  c i rcu lar  cross sec-

bv nt- the rcsicn' o ?I\%, nq . (1)

a second-order  tensor  f ie ld  on

0o'

Clear l -y  t  K(X)  is  determined to vr i th in  a r ig id-body.d isp la:

cement .  b le  rest r ic t  novr  th is  arb i t rar iness,  bY requi r ing that

the crysta l lographic  axes have the same or ientat ion in  a l l  loca l

s t ress- f ree conf igurat ions.  Moreover t  we assume that  the d is tor -

t ion f ie ld  A i "  inver t ib le  and cont inuously  d i f ferent la-b1e toge-

the r  v r i t h  i t s  i n t ' e rse  A -1 .  I l ence ,  by  (1 ) ,

d E = A t u X . ( 2 )

The (non- l inear) e las t i c  cons t i t u t i ve equation rnri l l  be given

T
t't I

1 r , ' :  / n l
A:-.W.!-
2 n

( 3 )

- t

where r  T  l s  t he  Cauchy  s t ress  tenso r ,  j =do t  $  
* )0 ,  l "  l s  t ' he
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strain-energy density per unit volume ln the relaxed configura-

tion ?c{Xl, and

o = * (ar i r . - l ) '
N Z F 4 e

av=avo+ I;: ,)dv,

I

i

is  the straln tensor 

;he c isro-
The change in volum.e of the body 'fl produced by t

cation is given b1z

( s )

where [Vo denotes the change j-n volume of the material inside ?o'

A r b i t r a r i l y c l r o o s e . a p o s i t i v e S e n s e c n L . B y a n a l o g r y ' w i t h

s ing le crysta l  d is locat ions r  w€ requi re that

( 6 )

a t i

f-o

5.
On , ano

in the

L S €  O n  L .

(  (  - - r ,
\ d [ { $ =  \ 3 ' ( 5 ) a 3 = 9 'l c  d - -  

t  
,

where E i" the true Burgers vector of the disloc

c denotes any smooth curve which encircles once

right-handed sense with respect to the posit ive

I t  j -s  eas i lY seen f rorn (6)  that

( 4 )

sen

( 7 )
( .

\  A 
' t : t  d5=9,

tc

( 8 ) .

w h e r e c i s a n y c l o s e d c i r c u : . t i n T T o n o t e n c i r c l i n g c o . C o n s e -

q u e n t l y , | l y a k n o r v n t h e o r e m o f i n t e g r a l c a l c u } u s r W € d . e d u c e t h a t

o-t=grau I*,

A.I,Ie usa throughout the sF/RIl sign convention for the tru'e

Burgers vector '



. .v*wnere ,.! as
P
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)
c L a s s  C "  v e c t o r  f i e l d ln 1to def ined by

:
a

t',:,=S
r*

+ \  o - t  ( x )  dx .
J s ;  & N

The l ine integral  ln (9) is to be calculated on any smooth

cut've in ' l lo, 
;. is any fixed poiht in to , whlle S t" an arbi-

t rary constant vector.  General ly,  by (g) r f ,  is  a mult ip le-valued

funct ion having b .= cycl ic per i -od.

In order to obtain a si-ngle-v.a1ued function Xn uatisfying

(8),  we may introduce a two-sided barr ier  s bounded by L and

render ing  Uo s imp ly -connected  (F ig .2 ) .  Le t  so  be  the  par t  o f  s

outlsid,e to, and n the unit normaL to so directed in the right-

handed sense vr i th respect to the posi t ive sense on L.  Denote
.L

by 
"o 

the face of so into which points n and by sl tfre opposite

face of  so.  Then, f rom (6) and. (9) i t  fo l lovls that  the vector

f le ld 
t ' , f ,  

iss of  c lass c2 ln ?Ior.so and sat isf ies the jump rel-a-

t ion

x * (*+) -t* (*- ) =-b
' ; N ^ r N - f o r  x € s o .

( e )

( 1 0  )

Here and in  the fo l lowing,  the superscr ip ts  + and -  are used to

d is t inguish between the l imi t ing va lues on the posi t ive and nega-

t ive faces of  the barr ier ,  respect lve ly .

crearry ,  the s ingre-valued funct ion f 'aepenas on the bar-

r i e r  s .  Thus ,  by  choos ing  ano the r  ba r r i e r ,  say  G ,  non - in te rsec t i ng

wi th s  in  { ,  we obta in f rom (9)  another  s ing le-va lued vector

f i e ld r=uy  I ; ,  o f  c l ass  c2  i n  r t o r to  and  su t i " r y ing  the  j ump  re la -

t lon

A"- (x ( 1 1 )



Next l  le t  us

barr iers  and S. .

ELg .2

denote by V the

Since

region bounded bY the two

the vector

e i ther  o f

Let

grad

fields /,*

bhe regions

s'.a f;if =

f r=t; ;:

b y a

V i s

and ?(I

u;rV

vo\V

V .

( r 2 )

On the other  hand,  s ince t ' t " continuous across so, we havr:

( 1 3  )t ' t f r -1]  t {r=g
' ; - | - &

Hence,  bY subtract ing

fnr- :ret- - -  ^ : - *o  -

in v5'.(souOo),

must  d i f fer

and V, where

constant vector in

the c losure of  V.

(13)  f rom (1-1) and taking int 'o account



(12 )  we  conc lude  tha t

Moreover,  l f  we

T9., ?=9, and

** tx -
lu 

-t\
' e d

In  par t i cu la r ,

requi-re that t

in uo\V

i -n V.

.  (15)  ho lds when E

we obtain

( t :5 )

is unbounded if  we require

a  -  a  =  b .
P N

(14 )

=i* i' vo\ vr

I n t } r e c a s e o f s i n g l e d i s l o c a t i o n s v l e m a y b e l n t e r e s t e d t o

o b t a i n a r e l a x e d c o n f i g u r a t i o n o i t h e b o d y b y . u s i n g a r n i n i r , u m

number of  cu i :s .  te t  us f i rs t  choose as cut  sur face the barr ier

and denote

that

Inspec t i o ; t

t" ll&* trl -F t5)ll=0.
li5lt+oo

( 1 6  )

( r 7  )
I=f tXl for ! € 1to\so .

This  equat ion def ines

space f l .  Let  (K)  denote

through this maPPing. I{e

posed t . i lde the Posi t ion

in  (K )  .

By v i r tue  o f  (10)  r  we in fe r  tha t  3 ;

e * .  ,  - - ^ - & ^ e

respect to 3l  UV the true Burgers vector

a maPPing of Uo \ so in the Eucliclean

the conf igurat ion assumed by the crysta l

denote by capi ta l  le t ters  and a super-

of the rnateria-l  volumes and surfaces

s t rans lated lv i th

( F i g . 3 ) ,  i . e .

l-

b

. { F  ^ r { F  + "
T - " t . .  l = T ' - - i x ' i + 1 :
x ' l ; ' ; ' ; N

fo r  x€so.

that the rc laxatrcn of

t ' l  o \
I . L U , |

the eut. borlY

0
k

Eq

o f  F ig .3  shc i r ' r s
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(l(l

Aao

so

La;
(k)

{ b )

S; a

h

( q )

F i g . 3

leads eventually to the occurrence of a gap A?i- and of a

region of overlapping Atr . Consesuently, a complete relaxatj-on

requires to introduce a second. cut  a long the part  of

ding Aif . From the rnathematical point of view this

to restr ict i t ' tg - / .1 (which general ly is not ln ject ive)

s* boun-o

corresponds

to a one-to-

;one mapplng.

I^ Ihen L is  a  d. is locat ion l ine ending at  the external  sur face

Ss'-,
of  the body,  '  a  parL of  

'boundary 
of  the cut  sur f  ace s  v l i l l  be s i -

tuated on the external  sur faceA;  however ,  the whole reasoning

above  s t i 1 l  ho lds

On physical ground.s we shoul.d regui-re the crcntinutty of the

st ress v6ctor  t  =  T n through the barr ier  so.  In  cur  case n hcn+r-

S;
- : \
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ever ,  th ls  condi t ion is  mere ly  a consequence o the assumed con:

t inu i ty  of  A through s^ and of  the const i tu t ive equat ion (3)  '
E - U

We are now in  pos i t ion to  g ive the Euler ian formulat ion of

the boundary-va lue problem. F ind an inver t ib le  second-order  ten-

/t

sor  f ie ld  3=*( l )  o f  c lass C'  in  uo that  sat is f ies the f ie ld  equa-

t ions

div

'ia EIA)-
J ;  A D

N

4 m

*  ( a ' A - 1 )
4 - & -

T = 0 .
N '

r T
* ,

I
j=der  n - t ro ,  

|  
( Ie )

J
j.n $o , tire jumP conclition

m -

p=

5:'(5)d;
and. the boundary condi t lons l

( 2 0  )

( 2 1 )

outward unit normal

problem, f ,1, nay

by maki-ngr use of

at an arbitrary

only  b 'y  combin ing
c f  t he  d i s loca t i on
i inyhovi, the i .esul-
zero f ,or  s tat ionarv

- ! .-  y ,

T n =
o n a .

o r  % ,

/\
where i i" the traction on % r and n is the

to  Au%.  Af te r  so lv ing  th is  boundary-va lue

be founcl as a multiple-valued function it fL

(9) and arbi t rar i ly  prescr ib ing the value f l

po in t  Xo€ %.

Alternatively, we may formulate the above boundary-value

problem in terrns of  Xf  as fo l lows. Find a (s ingle-valued.)  vect-or
&

f ie ld  f= f  , : ,  o f  c lass  cz  in  ' t to \so  tha t  sa t is f ies  the  ju fp

aThc va lues 
" f  

t I  
on {  rnay bq determinec

the e last ic  rnodel  wi th  the atomist i -c  rnodel
co re  ,  i . c .  by  r i s i ng  a  se ; i i d i ; ; c re te  me thod .
tant  force of  t .he t . : :aet ions t  on 0"o must  be
d is ioca t i ons .

0

t



condit ion

X" r:*r -f t5- ) =-u

and whose gradlent

- a L

for xeso

{t tr, =srad {; trt

together 'vr l th  i ts  inverse A sat is fy  the f ie ld  eguat ions (19)

and the  boundary  cond i t ion  (2 I \ .

. *
FlnaJ-J-y , V may be replaced in the latter formulation

the displ .acement f ie ld def ined by

(22)

( 2 3 )

( 2 4 )

(25)

( 2 6 )

by

'r* (*) =*-# (*) .

Then  (22 )  and  (23 )  become,  respec t i ve l y ,

& J r L

f  ( l '  )  -g^ (I ) =P for 5€so,
- ' l  ir

3 
* (I) =7 - grad g^ (I) .

2. LAGRANGTAN DESCRIPTTON

The state of  se l f -s t ra in  of  a  d is locatec l  crysta l  may bg

also s imulated by s tar t ing f rom the per fect  la t t ice and us inq

a Lagrangian descr ip t , ion.  To th is  end we consider  an imaginary

l ine L in  a per fect  crysta1 that  occupies a region ?f  o f  bounclary

" f  in  a coni igurat ion ( I ( ) .  Cut  out  a  th in  tuhe T^ of  boundary

a, having L as axis and vr j - th c i rcular cross sect ion of  radius

Ro. f,et Uo be the region {I\ 'ro, s a smoct.h ancl two-sided cut

strr face passing through L and rencler inq 1I"  s imply-connectecl ,

and So th 'e part  of  S outsic ie To. i \ rbr t rar i ly  choose a posi t i r . re



sense on L and d'enote by $ the unit normal

h a n d e d s e n s e r v i t h r e s p e c t t o t h e p o s i t i v e

face of  So in to vrh ich points  ) r  
and by '*e l

s  ( F i q . 4 a )  .- o

(K)

c2

I o ]

to So in the right'-

sense on L,  bY s:  the

the opposite face of

fo

(kt

( b )

Assurne now that

true Burgers vector

the material volume

^ +
o

f i g . 4

j -s  t rans l .a ted wi th  respect  to  So by the

Clear ly ,  th is  operat ion requi res removing

Aq-, \^rher:ea.s the continuity of the deformed

latt ice requires the introduction of the material volurne Alf;  '

as  s i iuwl  i i ' i  F ig .4.  l :uppose that  thc cont inu: t 'y  c f  the bcCi '  is

reestabl ished anci  the forces used to ceform i t  are rerL iovedrsuch

thaL t le crysta.i  attains a- ne\{ equil i l ' : : i - t im confi 'guratj-on (t)

Lttq:

5 '
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(F ig .4b ) .  l f e  deno te  by  sma l l  l e t t e rs

posit i-ons of the rnaterial volurnes and

and a superposed t i lde the

sur faces in  ( f )  ,

Xtx l

( 2 7  |

of the same nr"aterial

( 2 8  )

for any

on the

5 i ,  (q \au.-)u aq, except. rhe points of so si tuated

boundary of A1i;. I,loreover, .i5=d5 and r.re may write

d.x = AdX t
- d r y

( 2 e  \

where dX and dx denote the posit ion vecLors of the part icle I+d#

wi th respect  to  X in  the conf j -gurat ions ( l ' :1  a-nd ( [ )  r respect ive ly '

L e t u S d e n o t e S 1 . = S o n A u " - a n d S 2 = S } S 1 . E x a m i n a t i o n o f F i g . 4
. + +

shovrs that  a  current  par t ic l "  5-  s i tuated on Si  in  (K)  is  connec-

ted wi th  the par t ic l "  I -  +  9,  and hence the i r  pos i t lons in  l i i t

w i lL  co i .nc ide.  Consequent i l "  v ' 'e  requi re tnat

X,(x* ) =t jx- +b i  r
; * N N

Let  us  des ignate  nV &

to E def ined by

I =Itrl '

vrhere X and x denole the. posit ion vectors
P N

par t ic le  in  the conf igurat ions (K)  and ( f r ) ,  respect ive ly .

CIear Iy ,  vre may ident i fy  t f l  w i th  (k)  and assume that  the

crystallographic axes in 
'Llo 

f A'tIo- and' Aq+ have the com-

mon or ientat ion adopted for  the local  s t ress- f ree conf igrurat ions

in the Euler lan descr ip t ion.  Then. . ,  the deforrnat ion gradient  o f  I

v r i l l  co inc i c le  w i th  the  d i s to r t i on  f i e fd  !  ,  i ' e '

the mappins f rom ( 1I". Alf, \ So) u 41f,+

A = Grad

-l-

A  ( X '  )  = A  ( X  + b )
* ' p ' N ^ a e

M  r r ! v ,  r
d L

t J u ,



By (28) r rhe f irsr of .n"".t loluraro'u is equivalent to

where the l ine integral rnalz be taken on any curve Ct in

4 r A4- connecting the points 5* and 5- + b (Fig' 4) '

The jump condj - t ions on 32 regui re a ntore ln t r icate analys ls '

Let us denot" b:, t* ana ?- the particles on the b-oundary of A?f,+

that  are brought  in  co inc idence wi th  the par t ic les I -€S;  and

+  +  - ^ - - r i - -

I** t l ,  respect ively. .  Clear ly,  according to our convent ion on

ttre orientation of AOo* r v/e may write

r \ - L + n -
t*=Xt+r^r , X =X *b+1,qt (32)
4 - F P E F

rrrhere the constant vector y d*f ines sone suitably chosen trans-

la t ion.  I t  is  eas i ly  seen novr  that  the cont inu i ty  of  the d is lo-

cated crYsta l  requi res that

f(I-t =Xti+l , Itlnl =I,ti-l ; (33)

g(t t=gt$+l  ,  St5+l=3' t ! - l  (34)

for  any X,€SZ. By (28),  condi t i -ons (33) inrply that

where the l ine in tegrat  in  the le f t -hand s ide is ' taken on any

smooth curre t 
"or,n."atngtn 

with ?- in A1f , while the line in-

tegral in the r ight-hand side is taken on any smooth curve CZ

" eonneot . : lnq X* vr i th  X-  in  t f , f  A1I* -  (F iq.4) .  Clear l lz ,  the

conoi t ions i  3O I  ,  (  33 )  ,  anc l  (34 ) . ,  together  wl  t i r  the const i tu t ive

equa . t . i on  (3 ) ,  assu re  the  con t rnu i . t y  o f  t he  s t ress  vec to r  i n  ( [ ) .

.xab
I F

\  4 (E)dX=9 for  [6sr ,  (31)
l - - r y !

X+

r \ r
XL- rX

A ( Y ) d . Y  =  \  n ( v ) a v  f o r  X € s . , ,  ( 3 5 )
J ' ; ' - ; n  \  r ' e -  -  r y  a '

e- 'xt
i-: 4



1 s

rn order to formurate the traction bounclary-value problem

we shal1 use instead of  the cauchy stress tensor p the f i rst
P io la -K i rchof f  s t ress  tensor  S  de f ined by

m

. I  
=  jSS t .

f t  may shown that the constitut ive

boundary condi t ions ea,  become in

equat ion

t e r m s ' o f

( 3 )

c .

and the t ract ion

S N =

?r,1(D)
A D  ,

o f r I
on Zo

= 3
( g

Lg

S

where N is the unit outwarcl norrnal

the traction on q in the deformed

per  uni t  under formed area.  F ina l ly ,

(1S  ) ,  becomes

D iv

A W  ( D )
a p '

g - n*X' 
t

[ =s- 1,r'3-:, ,

t o  f u Z o ,  w h i f "  3  d e n o t e s

conf i -gurat ion ( f ) ,  nreasured

the equi l ibr iun ecluat ion

D i v S = 0  |

where Div  is  the d ivergence ca lcurated wi th  respect  to  r .
hre may give now the Lagrangrian formulation of the boundary_

value problem: F ind an inver t ib le  secon,c-ord.er  tensor  f ie ld  A=
=*(I )  of  c lass cn in (U"rAq-\S")  u Af f  rhar sar isf ies the
f ie ld  equat ions

the jump condi t icns

( 3 6 )



l (I* ) =A (x-+! )

L 6

( f )d !=0 for  X€St ,  (37)
X-+b

A

X '

a ( x

A ( Y

ons

+b
A

-x

A

A
+
.ao:

Ulr=I . f  gt!)o;
.  f - b

Ttlt =Xo* \;- +(J)ag"b

The l ine in tegra l  in

in 
'tf 

i AtIu-' that' in

and io are any fixed Por

t ivel-y, vrhi l -e Lo, t ,  a

the consis tencY re lat ion

A ( X - ) = A
, x a n -

rx*
\ $(!) av
Jl-
boundary

' ,

r
Jxl

di t . i

t*l

on(

(x

co

, )

,*l

) d

=A(5  )  '

E for XeS,

for x e llorA%-,

for [€ NdJ.

&".

problem, X(x) rnaY be found
- 4

the formulae

( 3 8 )

and Lhe on

f o
, d

= 1

L A

o n g '  ( 3 e )SN
or t .  ;o .

Af ter  so lv ing th is  boundary-va lue

as s inEle-va lued vector  f ie ld  bY

( 4 0  )

(41-)

[ o +

( 4

(41

nts

re

J

( Y )  d Y .

+

fn

3 )

t
,9,
r8

\-
lr)

r5
\

( :

R.

3 3

r [-
\  n ( Y ) d Y  =
Jlo" " M

r5*
\  $(J)d!=,XO

0) is taken on any smooth

) on any smooth curve in

in 1/" . A1d- and Aq*

arbi t ra.ry constant vectors sat isfy ing

r.
P O

A  ( Y )  d Y ,
4 e N

curve

AlIo+, Jo

,  respec-

( 4 2 j

( 4  3 )

ancl are rnutuallY corn-These condi t ions are imPl ied bY

p a t i b l e  b y  ( 3 8 )  
2

Al ternat ive ly ,  the above boundary-vaLue problem may be for -

inu lated j . i i  tern is  , r f  
E 

as fo iLo i r 's .  F lnd a (s ing le-r 'a lued)  vector

f ie ld 1=Xr5l  or  c lass c2 j .n (q\Aq-\So) u AUu+

r -ha t  sa t i " s f i . es  the  j u rnp  ' eon t l i t i ons  (30 ) ,  '  ( 33 )  I  and  whose  g ra -
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d ien t  (28 )  sa t i s f l es  the  f i e l -d  equa t l ons  (36 )1 '  t he

tions ( 37 ) , ( 38 )r and the lolrnal#t5f;ff-

Finalty , L, may be replaced in this formulation

placement f ie ld def ined bY

jurnp condi-

by the d is-

11 (x )= ! x ) - x .
. { P l t e P

T h e n  ( 3 0 ) 1 ,  ( 3 3 ) ,  a n d  ( 2 e 1

.L
{ . f (X ' )= r f , (X  +b )+b
-  p  N . p

144)

becom.e, resp.ectivelY,

fo r  X€S1r ( 4 s  )

*(I-) =gtf ) +y, *(5*) =*(t- ) +b+y

l (5)=l  + Grad g( I )  .

f o r  X€S,  ,  ( 46  )

( 4 7  )

A, corrrpdrison betrveen the Eulerian ancl the Lagrangian for-

rnu lat ion of  the boundary-va lue problem shcws that  the la t ter  is

much more complicated ln the general case of an arbitra.ry dislo-

cat ion loop.  The rnain d i f f icu l ty  ar ises f rom the fact  that  the

so lu t j - on  i s  de f i nbd  on  the  un ion  o f  two  d i s jo in t : : eg ions r  r l o  t ha t

the condi t ions requi red in  order  to  assure the cont inu i t i r  o f  the

dis located crysta l  are much more sophis t icateC" In  addi t ion,  the

f i rs t  P io la-Ki rchof f  s t ress tensor  is  asymrnetr ic  and th is  leads

to supplementar lz  cornpl icat ions when .us ing s t ress funct ions [Z] .

These  d i f f i cu l t i es  d i sapper ,  o f  coL i r se ,  i n  t he  l i nea r j - zed  theo ry '

when terms of  the order  0 (b2)  and h igher  are neglected,  and both

Euler ian and Lagrangi -an formulat ions lead to  essenLia l ly  the sar i le

boundary-va lue problen"

3. THE LOCAL BURGERS VECTOR

fn ordey.. to clef ine the local Burgers vector r 'rc ough+- to $un'

the i .n f in i tes imal  vectors corresponding to  the vectors dX taken

a long  a  c i r cu i t  a round-  To  and  c losed  i n  (K ) .  Consequen t l i ' r  bY

lomii t? ht'\



anaLogy with crystal  d is locat ionsr w€ extend A to the f ie ld A"

def ined on (?orso) u Alto+ by

for x e (u"r au" \ s")unu; u,
for [€ AUo-.

A- is  genera l lY not  in ject ive.
- -Fi

smooth c i rcu i t  C c losed Ln q r ' rh ich enci r -

r ight -handed.  sense wi th . respecf  to  the posi -
' { .

def ine the local  Burgers vector  L- 'UV

( 4 e  )

f t ig .5b shovrs the local  Burgers vectors correspond*nq to

d i f ferent  choices of  the c i rcu i t ,  v rh ich in tersecc the par ts

( (

bn = -  \  uX(x)= -  
\  A"(1)ax.' c t

and S, of  So and are denoted by C1 and Cr,  respect ively.  I t  ls

easi ly seen that,  unI5-ke the t rue Burgers vector ! ,  the local

burgers './ector b* does depend on the local deformation of the
N

la t t ice in  the r re ighbourhood of  the in tensect ion of  the c i rcu i ts

r. l i th the cut surface So.

,  I {e  can g ive th is  asser t ion a quant i ta t ive for rn by establ ish-

. .1ng the connection betr,veen ! and b*. Let us f irst conslder the

c i r cu i t  C j - .  W i th  the  no ta t i on  i n  F ig .5  we  have

b^  (x ;  =

On the other  hand,

Unl ike A,  the f ie ld
N

Cons ide r  now,  a

c les once T-  in  the
(J

t ive sense on L. $Ie

18' -

I  a ( x )
t - N( x ) = 1
L3t5-pr

two

s1

A* (Y) dY for X€S,, .
N E  n  &  I

U ;

- I*^*nq*,,

(
\,, dy

l r y r d  
-

r'hn \| i)-| '  "  4 ' n

I
\ a- (Y) dr_=
!  

' - "  ' "

r"hN4.4

s ince M1 coinc ides wi th  Pn ,  By ac ld. ing the last  two re la t ions,

w e  o b t a i n



L Y

tIr(K)

S+
1o1

M

c2C1

( s o 1

y ie lds

( s 1 )

F i g . 5

1Xt+ &
* e

b^ (x) = 
\ 3B (31ag for xes,
J x- 

FY'

c o n s i d e r l n g  ( 4 8 ) ,  w e  l n f e r

b* ([) = \otnu,, b) dr ror xeSr.'x-
-

Now, the mean theorem of  in tegra l  ca lcu lus

( o )

and ,

where b is the

Analogously

+ + ' )
b ^ ( E ) * ( [ ' ) b  +  o ( b ' )  f o r  X , € s 1 ,

the true Burgers vector.

r , - h a  n i r n r : i { -  C- - 2

o f

for

m.agrnitud.e

r ^ r a  h : r r a
t  " e

b*  1x1  =
,a/ N

and hence,  consider ing

I*,-oi(r) a3 '
a t s o  ( 3 8 ) : o

N1 To



2 A

where the

gr11 maY b

account th

(\- rt*
\ - } ( r ) d J  \ ^  } ( x ) r y r o r x e s r ' $ 2 )'x. rX-

nl", is taken on c' while the second inte-

any smooth curve in Aq+ ' By taking into

+ . ! ,  we deduce the relat ion

f i r s t  l n te

e taken on

r \+  / \ -
a t  X '  -  X

d

P* t5)= -

g*t l t=g(f  )P * o (b2) for x€s2t

!l;
I
t

, l -( 5 3 )

which co inc ides wi th  (51)  by v i r tue of  the jurnp condi t ion (38)  2 '

Equat- ion (51)  shows that ,  to  vr i th in  terms of  second order  in  b '

the local Burgers vector m'a1' be vievied as the true Burgers

vector  appl ied at  the in tersect ion of  the c i rcu i t  wi th  the cut

sur face '  and e last ica l ly  deforrned together  rv i th  the la t t ice '

consequent ly ,  a l though the Lagrangian formulat ion could be s in-

p ' l i f ied by t is ing the loca1 Burgers vector ,  th is  cannot  be consi -

dered as a datum of the Problern'

F i n a l l . y r f r o m ( 2 8 ) r ( 5 0 ) r a n d ( 5 2 ) 1 i i : f o l l o w s t h a t

l* t5l =5t5+l -&tt-

g*tlt =[rt)-[(t
for  X€S1r

fo r  X€Sr .

-p)

)

(s+)
( s s )

4. STRP.rGllr DrsLotATrObIg

The nost  f requent ly  t reated s i tuat ion is  that  o f  an in f rn i -

t e  s t ra igh t  d i s loca t i oa  i n  t he  ax i s  o f  a  c i r cu la r  e las t i c  cy l i n -

d.er"  Let  us choose as tube To iso lat ing the d is locat ion l ine a

coa: , . ia l  c i rcu lar  cy l inder  of  rad ius Ro an<l 'bounclar i r  Z.  and deno-

te as before by. 1I, the reqion betvreen I" and the external

, ( l' I  
rn r rn r l  a r t r  J

CIear IY ,  we  may use as cut  any surface connect ing 4 wtt l i  ' f

mpi-y-connccted" General ly,  any choj-ce of  the
and render ing

' l  
|  ^ . :vo >'(



- 2 1 -  i

cut  leads to  a par t lcu lar  case of  the genera l  mocle l  presented

Ln  Sec t .2 .  A  spec ia l  s i t ua t l on ,  however ,  occu rs  when  us lnq  a  p la -

ne cut  pass ing through the d is locat lon l ine and para l le l  to  the

true Burgers vector.

To be more speci f ic ,  . Iet  us consider an ed.ge dislocation

the

i n .

and choose a r ight  Car tes ian system of  co-ord inates (XL,  XZ,  Xg)

wl th  the X--ax is  d i rected in
J

t lon l ine, and the x,r axis
I

posi t lve sense

the  sense  o f  b
t\,

of  the d is loca-

( F i g . 6 )  .

'00

F i g . 6



z z

we consider arternat ivery four typical  cuts shovrn ln

F i g . 6 . T h e p o s i t i v e a n d n e g a t i v e f a c e s o f t h e c u t s a r e d e f i n e d

b y e x t e n d i n g L t o t h e w h o l e b o u n d a r y o f t h e c u t . l t i s e a s i l y s e e n

t h a t t h e c u t s p e r p e n d i c u l a r t o t h e X 1 - x l - p l a n e ] . e a d ' t o p a r t i -

cplar cases of  the gieneral  m.oclel .  | iamelyr w€ have Aq- +b '

Aq+= * , s1=so , tr= 6 for the cut x1=0, no(xr(n' and

Alf,-= *, Arf+Sr ra=Osz=so for rhe cut x1=0, -nr(X2(-Ro, vrhere

R is the radius of  the external  boundary '9 '

o n t h e o t h e r h a n d , t h e c u t s . s i t u a t e d i n t h e X . X ' - P I a n e r e -

quire a special trearnent, since AU;S, Att= S , and hence the

cut surfaceS remain in contact r+hen passing to the deformed con-

f igurat ion ( f l ) .  The sar ' ,e special  s i tuat icn occurs vrhen the dis-

locat ion is of  mixed type and the cut l ies in the \X1-planer

a n d a l s o f o r t h e S c l e v l d i s l o c a t i o n a n d a n y p l a n e c u t p a s s i n g

thrortgh L.

rIr

n
: +r0

t - \
t u !

F i n  - i

{ b }



.Let us

the X--ax is
J

shows that

replaced by

2 3 -

consider for example an edge disl-ocation lying alonq

and the cut Xr=O, -R<xd-Ro. fnsnect ion of  Fig.7

the  jump cond i t i .ons  {30) ,  (33)  ,  (3a1 must  be  s inp ly

ItI*l =[tf tbr ,
J

A ( x ' ) = A ( X  + b )
N " v r y P r y

f o r  X€Sor  (56 )

the relations ( 4 0 )  ,  ( 4 1 )  b y

for ]€lt , fs?)

t

n(x'  )  -s(x
* P t u H

+b) =5 for  XeSo.
I

l i

4 (Y)  dg  =  nx  (4 ) for  X€So (59 )

x+

and any smooth c i rcu i t  C connect ing X+ wi th  X-  +o r y N

(54 )  and  (55 )  become

rX +b
\  A ( Y
)^ . *  

-  -

o r

x, txn) - f tx - )=nt (x)  for  X€s^,
- p F t e a . N & L , -

+ i r
r r ( X ' )  - u ( x  )  = b ^  ( X )  f o r  X € S - .
& a e N N d N O

( 6 0 )

(  6 1 )

For the sake of  cornBleteness we consiCer  a lso the Euler ian

formulat lon correqpondlng to  th is  specia l  case.  I r Ie  choese as

tube Uo i -n  the conf igurat ion (k)  .o f  the d is located crysta l  a

./I
Igr=s" * \ AH,)€

to

anc l  the  jump cond i t ions  (45)  ,  (a6)  by

F ina l l y ,  re la t i ons ( 5 0 )  ,  ( 5 2 )  a r e  t o rep laced by

( s B )

b in U , whi le
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coaxla.L c i rcu lar  cy l inder  of  rad ius Eo

as before by 1Io the region betr'veen q

j J .

and boundary Cl- and denote

and the external boundary

X1

(a l (b)

F i g . 8

Let  (x1r  x2,  * l )  be a r ight  systern of  Car tes ian co-ord inates

or iented aS shown in  F ig.8.  I ' , 'e  choose as cut  the p lane sur face

*2=0,  - r . . (xr (  - ror  \dhere r  is  the radius of  A '  fnspect ion of

Fig.B shows that cut surf.""" 3j  ana t l  remain ln contact and

the ccnt inu i ty  condi t ic :s  (22)  anc l  (25)  remain unchanged'

F inal lyr  the considerat ions in  th is  paper  shorv that  the

Euierlan fornuiati  crn ha"s one tnore advaii iage j- i i  comparison with

the LaErangian one,  namely l ts  for rn inVar lance wi th  respec!  t 'o

- , i re  cu i ,  for  both d is iocat ion ioops and.  s t ra iEht  d ls locat ions.

- €
t-g

I

. U
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