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fhe present paper deals vnth ihe extensLon 9f Wil}lsf iteratlon

eclre*e for the determination of the non-linear elastlc fleld' prCI*

&rced by stngLe dielocation l-oops in anisotropLo bodiee' The first
n  i  - - r  ^ - ,  t  ^ - - - - 1 ^ . 1 . . {  a *  a f  * l a a  h / \ I 1 1 a l { 1 f i ' 1 F t r F

part of the paBer gJ.ves the Etrlerla:r fornul-atLon of the boundarly'

varue problem for boih finite and. j:nfinite med-iarunder consldera-

tioa of the core boundary conditiOller The uniqueness of ttre solu-

tione to ine successive ljnear boundary-Yalue problems ocuurring

tn tbe .iteration ecb.ene, and the ccr:aplt'ernentary'" conditions at jJl-

finity are d.issussed in some rietaii. [he second part of the paper

w111 be devoted' to the dete:mination of the second'-order elast ic

effects produced. by an edge dielocation ia an infhite anisotro-

pic ned.iu.rn.

ssBggsgElgg

the flrst systenatie iteratJ.ve method. for the solutLon of,

l
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non-lJ.near elastie boundary-vaIue problems hAs been

$tgnorint [:-l , who further deveLoped his ideae in

[+] f,as adapted Signorlnlts echeme to the case of

of dislocations bY usiag Eulerlan

elb.borated. bY

t2, 31. willis

continuctts

co-ordLnetes
distrlbutlons

* Institute for Phyeics aad' technolory of

Depar tmen t t r f so ] . i d^ ! {ec } ianJ .ce ,S t r .Ccns i .M i ] . ] -e

Suchrrrect, Ronenla' '

ffi i i*tj.onal Institute for' $cienii 'f lc and

tion, Bd. ?5eJ.i 220, 79622 Bucharest, Rornanl-a.

Materialst

!5 t 7o7a1"

feehnfeal Crea-



- 2 -

and. Gree!,ts fuuction technLquee. He hae also treated the case

of a Ecrew dlslocatlon ln an lnflnlte anlsotroplc elastlc mediun

by tguorlngr hotilever, the core condLttons.

Alternative Lteration schemes uslng lagrang:ian co-ord.inates

have been also developed and. appLlod for detertlnLng the non-lL-

nea? elestic field of serew and eoge dielocations Ln anlsotropic
F - -

rnedla by Seeger and Mann tf  l  ,  feodosiu t6] ,  vol.  2, Sect.  t | t

$eeger, Teod.osiu, and. ?etrasch lfl . However, a$ shovrn by ?s:

trasch [A] and. by the present authors tg] , the ftrlerlan for-

nulatlon should be generally preferred, slnco Lt avoj.ds the ra-

ther compl-lcated di.scussion lmplied by the correct fornnrLatJ.on of

the boundar5r-va1-ue prcblem in ter.'ius of lagranglan co-ordinates.

eo-ordlnates w111 be extended to lnclr:d.e"the lnfluence of the

core condLtions on the non-linear elastlc field produced by sin-

gle dlslocation Loops in anisotropLc ftnite bodles or inflnite

ned.ia. A special attent lon-is given to the condlt lons assuring

the uniqueness of the soJ.utions to the euceessive linear bounda-

rXr-value problems, as welJ- as to the conplennentarSr cond.itlcrns to

be fulfi l l"ed for wrbound"ed' rnedla.

In the second" part of the paper, the lteretton scheme will

be appLied to determlne the eecond-order eff ,ects produced by an

edge dlelocation lylng along a two-fold synnetry axls in an ia-

flxlte enisotroplc elastlc rnedlu.ut. Ia particular, the resulte

obtained by Seeger, Teodoeiu, and, Petraseh tf] are compLeted'

and partly corrested; by renoving sone residual discontj-nultles

occurrlng across the cut surface ln the second step of the lte-

rationo whlch are shoim to c,rrreSpond to.a generelized '$omigLiana

dlslocatlon [ fO] .  Sirni lar resul is have been obialned by Petrasch
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tgl in the particular csse of the orthotropic meditrm, by using

a dlfferent reasonlng based on synmetry and contlnulty condittoflE!r

t. roBI{UJgSjgL4IIg{=gE-ggg=Eggu9&&E;Xs!9E=gEgEls'g

Consid.er an elastic body B t"u,u of body forces an6 sur-

face tractions, oceupying a slmply-connected reglon ?f bounded

by a surface A , and contalnlng a singLe dislocation Loop of

line L. Denote by (f<) thie configUratlon of B and by x tbe posi-

tlon vector of a current p'article X of XJ fui (t).

!?e apply the (non-llnear) elaeticlty theory outsLde & thjJl

tube T.uof bound.nry fo having the dislocatlon lj.:re ae axls an4 with

cLrcule,r eross section of rndi.us *or and' denote to= tI\Co ' it

has been ehovn in tgl that the boundary-value probLen associated'

wl.th the deterniinetion of the elasttc state produced" by the dis-

loeatlon loop nay bo given the foliowlng Eulerlan fo::nulation'

Find an tnvertibl,e sec6nd-order tensor field * 
= $(X) of class Cl

ln Vo that satisfLes the equ1L5'brlun equatlons

di',rf = I , \u,s = o, (1,1 )

the constl tut ive equatlone

r= ia#a" , qr = t Au* W"Ar*, 
(1.2)

dtl, = h, (1 .3)
the jump condition

!e'*d:c =.& , I.oiot*'
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ls the ftnite straJ-n tensor,

t :  dot  5 t  )  o ,

the Oauchy strese tensor,

underforned vo3.,u"ne, :

( 1 . 6 )

(1 .e )

[ 0  q n
= { - .

Ltn *

1"U 
the boundary condltions

r *  = [ ;  
: ;  Q n n .

whero $ i"  the elastLc distortJ.on, 3 ls

Yrl ls the strain-enersr d.enoLty per unlt

p = t (atA - 1), Dre, =*

I

P = \  t d , r
e  J n -

--o

f +
S  =  \  * x !,q

t f f .r ' ! ' !  nrrr- f 'q IJ . V  * v * * v ' r u  L /  J
Yr-^-  {4 t  \
f l-uru 1.r- o -,r I

d , s = 0 .

that

1- ' l^*,9

(1 .4  )

(A$Atr - dgs) tr.5)

c denot€s an}r ernooth curve which encircles once Ta i.n the right-

handed sense with respect to the poslt ive sense choeen on Lr, b ts

the $nre Surgers vector of the disLocatJ.on, g 1" the outward unit

norrnal to o u { r and 
'! 

is the traetion actlng on { frora the dis-

locbrtlon cone Eo. Ilere and ln the followi:rg we write the main re-

latlonships. both ln d{.rect notation and ln the rectangular Certe-

sian component form

fhe value of ! may be detemrlned onLy by combinlng the elas-

t lc stodeL with the atontst ic model of the dlslocatlon core, by u-

sLng a senldiscrete method. For etat lonaqy iLislocationsl slnce the

dLsloeeted body is in equllibri*: we must requlre that the resul-

tant force f  and couple M of the tract lons actLng on g vaniohr L.€o

=  9 , (1 .? )

a7lts= 4&,r[Ai = a|,;ad?('1 -
- g d t

( t . g  )
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. ryts
where L ls a class C' vector field ln Uo deflned by

N

t"(r)- - -

fhe llne lntegral in

tn tto connecting an

polnt *r whlle ?t:

g-'tp) dF, (1.10)

calcrrlated. :on any snooth curYe

Point So e % wttb the currer$

^/'ft' 13= A o f \
'so

(1 .10)  i s  t

arbitrary f

o b e

lxed

is generaLly a muLtipl-e-vaLued. funct,ion having ! as cyeL1c perJ-od. .

Alternative}y, we nsy obtaia a eingle-valued' function f u*-

tisfyi:rg (1.9) by lntroducing a two-efded barrLer s bounded by L

and rendering tto sfurply-connected. Tret so be the part of s outside

Co , snd. n the unlt no::nal to so clirected in the rtgbt-hand.ed sense

wlth respect to the positlve sense on I,. Denote by ef, the faoer of

so Jnto whlch points n and by s; the opposlte face of so.,  Thenr

frorn (! , i l  and (1'9) i t  fo11or-rs that t '  tu of class CZ in %\So

and sat lsf les the JunP relat ion

I1**l .- {"(g) t " tu  *€Ao. (1,11)

ln the foll-owing the supeTscrlpte + and - are. used to dis-

between the l-inlting values oo 4 and. eo-r respectj"vely'

introdueing the diepLacement fleld f r deflned by

Ls an arbltrary constant vector. By (1.3), {"

dt*) = * -S(*) (1.12 )

(1 .9 )  become

- g l t l ) = &

= - &

Here and

tlngulsh

By

relat lone (1.11) and

!r(*")

rchere I{x is the dlspl acement sradi-ent given

. . ) t
H&'r* =

En = I- [*,
by

4* .

(1 .13)

(1 .14 )

f " "  T € A o ,

Af-, = &*,- Ht*,

'S*= 
Td. l f  ,

(1 .15  )



We nay novl formuLate the boundarry-value problem in terms

of f  as folLows. Find a (elngle-va.1ueo) vector f leld g*= glt*)

of cJ.ass CZ h 1;,o\ so that satlefies the Junp condltlon (1.13) on

so and whose gredlent I f  sat ief les the f leLd equations (1.1), (1.2)t

and (1.14)r and the boundary conditLons (1.4) '

fu phys1.catr grountls we should. requlre {he contlnulty of the

stress vector I = g 3 through the barrier so, In o'ur case, howeYert

thie condltlon ls merely g consequence of the assumed. continutty of

S thr$u& so and of the consti tut lve equatLon (X.2).

2n lg$E4glg&=$ggw

We will soJ-ve tbe non-linear boundary-va1ue problem for-

mulated" in ttre preceding sectlon by an li;eration scheme, based. on

the fol lovi l i rg hYPothesee 3

(i) She prescrlbed traction on q anil the trao Burgers vector.

are proport ional to a snal l  pat 'ameter g r t"€'

+ - .. icr g, = gQr(r). (z, l)
l r '  -  r v v  r
- - F -

Thls hypothesis is just i f ied by the fact that t  vanishes togethor

wlth !" The npmerical choice of t l.s Lmsnterial-, elnce lt appears

1n the f j.:ral result onl"y througb the conbinatLons eltr) and' e g"l

(if ) Ihere exiets a eolutton g*(g) of the boundary-value

problen that depende analyt ical- ly on t  and.vanishes for t  = 0r1.€.

= e ̂ f(1) + g2 ̂ f tz) + ... 
'^f ( 2 . 2 )

us put

f i  =  1+  $  ,

Lret

ARs = JU, n FlnU - (e .e ;
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Introducj.:ag (1.14) and (z.il into the relatlott * $-' - 1r we obtain

B :  $**  ! [ * , Hro = Hte t Hut Hiu. (2.4)

On the other he.nd, we have from (1.15) and (2.21

and  hence ,  by  (2 ,4 )2 t

Hrr. = e 4t + s? (4? * 4:i. ̂ iilr) + -.- (2.6)

$ext r  subst i tu t ing (2 .6)  tn to  (1 .5)  y ie lde

Rs = Z(^f{i * ̂ t'l ) * # ('ry,il *^&:? *4qi,do?u *
* ̂ {l -tl * ̂ f,$ ̂f{li) + "'

In order to obtaln the expanslon of the stress tensor we

first rewrlte Eqs' (L"2) and (1"5) in trre fo:m

TkL = i (q',. * dn*,) ffi 
(61* n He'"),

Hil?, : rrr{! t e2qti +'-'

i= , t t  [S t t -H lo l  .

( 2 . 5  )

(a ,T )

(e .a  )

( 2 " 9  )

S,eeurnlng that W may be d"eveLope d. ln a power ser*es of pr vre hsve

ffi 
= "***lDtu 

+ $ctrrnplrsDt"qD"ot"'
( a "to;

where g and c are the tensors of the second-and' thlrd-order elas-

t ie  constants ,  resPect ive lY

Int roduc j . :ng now Q,Z)  in to  (2 .10; ,  (2 ,5)  tn to  (2 .9) r  snd

putt l-ng the results .btained into (2.e1, we d-educe that

\ q , :  € ,U  +  " t q?+ . - -
( 2 . t l 1



TJ

where

(2.12)
I$ = €ftq**4].* )

l
j 

(e'1+l

l 
Q.L'i,\ttv lto\ So )

dle =Q , G(f; = c&s**.f*'* '^nt 
%\so ,

-* ( t )  fO on,z5
r&Q' 11g = 

U8 b* c" ,

^t%o
ow /5 u 0 6 ,

I? = cfte,** 4?-+ kr'

^ i  r  / a  . r  \  r - ^ L ^  1 1  , l  

" \  
t n  ' I  )

$ubst i tu t ing  (2"1) ,  (2 .2 ) ,  and (2 .&)  in to  (1 '13) ,  ( t '1 ) '

a n d ' ( 1 . 4 ) , a n d , e q u a t t n s 1 i k e . p o w e r s o f e l w e o b t a j - n a s e q u e n c e o f

Llnear tractLon boundarS-value probl-ens, nameLy, at the #-"st sfep

4t1E) -- rd'rf) = 4 b sG so,

et the gSgg9*g!3g

4n't** l-qf '€)=o f t^, E€so,

&'fii:o, dt':Qq"".* z&s

d , * r - o

an6 eo otlr 'rn the foLlorving we will" consider only the fl"rst two

steps of the l terat lon, for the subsequent steps involve elast l"c

constants of fourth and higher orders, whicht Jn generaL' are not

r - . - t 1 - L : r ^
t i  Y t a J r < ; t u r ( : .
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$he tractlon boundary-value problern*: (2,74) and. (2.15)

ean be fornulated, ln te::sre of the dlsplacenent flelds fl)and

respectLve3.yr  as

u*te),\, ,

dfllo - o i,w

+ , \  ( O
.t)":-tto. = { f*,. , e t . v  1 ,  

L t & ,

Qh,o**

t&,g**

4"(*-)

and,

where

.ry,(dr = o lo"  *eso,

ctgr** "*h * $f =o ;,^,
c&{,n ** lr& tr[ = tr,

"et& q) : *c&a.m?,

play the role of a body force and, a 
' 

surfaee

pectively. ft nay be shounr, by ustng Caussttheoremr that the

euLtant force and" couple of the forces (a.tg) are zstor

CJ.early, the boundary-vaLue problem to be solved at the

flrst step corresponds to a Volterra dlslocatlon of translatLonal-

type wlth prescrlbed tractions on the boundarly of the disloceilon

eore, vriri ie the second siep i:rvol-ves a cLassical tracticn bcundezl'-

- df,rsr

gta)
T&

=4',&" *€ so,

% \ s o ,

gn" zb

e % '

%\so,

* u % l

,  traction,

I
t.
|  

(z .a?y

I
)

(e .14  )

rea-

f8-  .

(2 .16 )  ,



value prob}em of llnear el-astlcity' AssumLn'g tltat the tensor of,

second.-order eLastlc constants g is poeit lve definJ' te'  i t  fol lows

t h s t a n y t w o s o ] . u t i o n s o f t h e t r a c t l . o n b o r , r n d a r y - v a l u e p r o b l e m s d l . f -

fer by an lnfinltesjrqal rigl"d dlsplacement'

. I n t h e o r i g l n a l f o r m o f S i g p o r i n l . ' s s c h e m e t h e a r b l t r a r y l n -

flniteslmal rotatlon correspondlng to each step of the lteration ls

dsterrnined such that the body forces and surface traetions col"f,€$-

ponding to the folLowing step be equilibrated'' on the other sidet

ln the case of a singl-e dislocation' the only external f,orces 8c-

t l n g o n t h e p a r t o f t h e b o d y o e c u p y t n g t h e r e g l o n ? I o a r e t h o s e a p .
'plled 

oa the core boundary {. Moreovert these forces must be self-

-equillbrated. ln the d.efor-ned confi$rretion of tbe bodyl elnco the

disl0catJ.on cor6 ltself is ln equillbrium. consequentll-yr v'rhen u-

slng a s;r' ldi.ecrete method, the lnftnLtesimaL ,tlgla 
rotations oc-

curlng at oach step nust be ueed ae adJustabLe paramet€Tse together

w l t h t h e t r a c t l o n s o n ' q a n d t h e p o o i t l o n s o f t } r e a t o m s l n s l d e

for nini-rnizing the potentlal enersr of the whole bod'y'

A l texnat ive l .y , theguccegslve} inearboundar ly-va lueprobl .erns

could be fol:nulated tn te:ms of stress funct'ions' flowevert ttuls aP-

proach leads generaS-ly to great mathematicaL d"iffistlltlee vrhich

he,ve been overcoflIe so far on]-y ln two partieular sltuations r the

Lsotropic case and the anisotropio boundaqy-value problens lnde-

pent of one cartesian co-of,dilrate. the flrst Qase has been exten-

slvely treated by Kr6ner and Seeger [ff] and by Pflelderert See-

g63r and Kr6ner Fzl . The second case has been coasld'ered' by see-

Sorr Teodonlu, *rrA p*trasch tf] and by Petrasch [Al ; tt w1]'1 be

elso il lustrated 1n the eecond' part of the present psperr



,3.1 r

3. gEg=g€gE=gE=ggg=IuEIuIgE=Ugplw

When studying the el"astlc fteld of a single dLsLocatlon Loop
' lying in an lnfinite eLastic mediurn, we ehalL requirer or1 lprysica1

.-t€rn/fl, r
grounds, that the streF-fianish and. the finite rotation ! ep-

. 
proach the unit  tensor at inf ini ty3 i .€.

slnce the Lattice dlstortLon gradualS-y dlsappears at rarge d,ts-
tances from the dislocation tr1,:re.

When uslng the lteratlon sch.eme expLained tn tbe precedlng

sectlon, the f i rst condj. t ion (3.1) is.  equivalent to

f * \ X f  : 0  )  r u = 4 , 2 . ( 3 , 2 )

. t ^ t ^ . f ( x ) = g )
lllcll'ro 

- -" . li-,, B (s) = 1. ,
llcll'roo 

- -'

B  1 + e B t t t + e 2 $ t ' * . . . )

I t *  3 t * t t * ) = Q ,
Itptl+o

( 3 . 1 )

( : . 3 )

t u = 4 t 2 .  ( : . + )

tir*.,,
llpll*o

&naLogous1y, we write

and reguLre that

The laat condition mgy be given a more exp1lclt form by ex-
/ - \

presslng I!\r/ in te::nls of g"ad, a*(r!) , n = atp. ro this end we

etart f=o*-trre polar decornposltion

f i  =  BV  (3 .5 )

where R is an orthogonaL tensor and" .U ls a symmetric tensor.
. r F - m

$lnce R^R = t and. u' = t[. we have by (r.s) and. (a.3)- , -  d  \ ' ' r ,  E . . s  \ < . J

V,  =  4 tS  =  1+ f  o  ! t * ! t $ .  ( 3 .6 )



By taklng

Lntroducing (3 .?)  and '  (2 '5)

of t and €i ,' ** obtain

+ gpto + ezgo'+ .. .  )

lnto (3.5) and equatLng the

V = !
(  3 . 7 )

coefflcients

(  3 .a )

( 3 . 9 )

R{l = efo ,
R[? ; rffi*t(.4'l"l?
where

i
r l
i ;

t i

r$ = +("ill -4:il), fffi'
are the (antlsynmetri-c) infinttesj.lnal rotatj-on

ding to the first two steps of the lteration'

By (2.!z[ and' (3.2) the symmetric part

vanish at lnf inj- ty. On the oiher hand, by (3"4), (3'10), and (3'L2)1

the antieymrnetrlc part of grad L,lt 'nrgst aleo vanLeh at lnflnity'

and hence

4? = +(4$ *4.}),

4? * +14? .{|fl +fr(.rfln'iii "^ti'il. *

"49 q$)-+4;l^t? l.
sext l  ln t roducing (2.6) ,  (3.3)  anr l

of g , 'and'=B g,reauating Like Powers

after soae algebratc caleulation

x0)
- ep,R

(3.7) tnto the rel-ation 1 + g

consLderlng (3.9) we obtain

13 .10)

r,ii, - 4'- 4i - 4:1" 4?),r 3.11 )

: ! f ,ieJ -^,fl^l) o.'j-z)- 
2 t trv 37et

tensors co?seePorl'-

of srad St 
) must

, b
r *

f
i :
! E

!
t
t
I
I

I
I
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l{ext, (3.13) and (2,73) irapfy that 9, venJ.shes at infinlty.
/ a \

Since g(2) vanishes also at inflnltyr w€ deduce frono (2,A2) ttrat
-

the symmetric part of erad dt(2) vanishes at lnfinlty, too. ftrl tho

other hand.,  by ( j "4)  and (3.13) we se€ f rom.(3. t t )  and" (3.12)a that

the antioyrnnetric part of grad ̂ f(2) has the same property, atrd' ,

hence

,|g_ g *adt')(x)=Q. (3 .14 )

Convers€lyr Eqo. $,til and I 3'14 ) assure that conditlons

(3.2) and (3,$ are ful f l I led. conseguently, the boundary condl-

ttons on zb corresponding to the fi.rsi two bound"arlr-vaLue problems

must be rep3-aced" in the cese of an infinlte mediun by 0"a3) and'

(3,1 4), Alte:nat lvely, we rnay rotaln the condit ions (3"2) and re-

p l -ace  (3 .4 )  by

3,a3)

(3.a5) i{^,*,, gh'(*)= g,
tl*ll:e

where

t r lc

(dlk!) denotes the axial vector correeponding to the antisynune-

*ulona-crd"er tensor

,Df =-|e^"od$ t T\=4,2r(i.1G)

whlle €mrA denotas the pernutatlon tensor'

By vlrtue of B$zierts uniqueness theoren F3l r wo con-

clude that the solut.ions of the linear traction boundary-value prob-

Jems corresponding to the flrst two stepo and eatlsfying the com-

plornentarT condit ions (3'2) ana (2.\7 ) at inf ini ty are unlque to

within an i.nfinlteslmal transLatlonu

{2t*) I  i . 8 .
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4. ITi:}tAtIO$ Sci"lrf{}l FOR A$ llDcn DI$LOCATIOI{ lyr}rc ,q'lclqc A
f'YO-ltOLD AXIS 0ll IJ,(TFIRTAI S1i],'LTIlt'RY

l,f0I[-I,lilirA;1 I{prcTS 1}I 'i}ii,; T';LA' 'r'If; FrijT,n CIi.r :iT}trcT,it nT:1I,Oil,{TI0:t3
t r  ; .  ; : ; s  ; i  d .a : .  : ; ;  $  *  g r .  l *H r ; tSs  ss l | [T :  ! t rB  E l i i  r i .  ! s r$ ' td t ts  * ! t r ] rE  aJ  |sg iE  * f i  N [a& r :  r$* r f&r t i i ! s rE  i {  as  u  u f i s rS

II, SlicOliD-Oiinl,;n I.]T,A5?Ic nFilr:cT5 fiF' Ali i"t i lGi,: DI:]T,ncfi.fIqlrf j
trr ci tt tx .: i. :: ; s 5r * 3 ;; ;i" * s a 5 di a; li tg tf ,ii} s L: g ! s; ; $ ra *t rk !E !B cI l' ![ s s] !, x.I &c H ;: ill 13 i: :s x ta ti S tr Ea

by C* TI|0DO$IUF and E* S0$Sfrn

the f l rs t  par t  o f  th ls  p{*por  le  devoted.  to  the exteneLon of
tY l11 le ' l terat lon soheme for  the < le ter rn lnnt lon af  th*  n*n- l lnesr
e last lc  f  le Id  produced by ntnq le d ls looat lon loopa tn  an le lo t rop l .c
mcdla undep conslderatJ.on sf the eore bounciary condlt lons. fhe ss*
aoncl  par t  o f  the p&psr  wf l l  bs .eoncer :ned wl th  the det*nn lnat lon of
the second-order  e last lc  e f fects  produced,  by an edgo dts lscnt lon
lytng nloug a tso-fold slmmetry axle ln an lnftnlte enlretropls
$lae blo medJ.um.

$eoond*order effects in ths igglgg.tg olaetl.c flel,t af &n

odge d ls looat lon have been determlned by lY le lderorn $eegero and
r * ,  1

I (rSner 11,2J ,  by dk:regardlng core effects and epplylng an l torst lon

echeme formulated tn  Buler lan co*ord lnatesn whlch had been prov lans*

ly elaborated, by Kr6ner anel Seeger [ f f ]  ,

Seegcr, Teodoslu, ancl Petraech i f l  have aeterrnlned the

Beconcl -order  e f f .eots  ln  tho en l$ot rop la  e laet lc  f  le ld  o f  an edge

dls locat lon,  unCer  cons lderat lon of  the cors  boundary eondl t lonr ,

qnd uelng an l " terat lon echemo fon: ru la ted in  l ,&granf i lan qo-ord lnstc$.

Thel r  resu l ta  w111,  be conpleted and par t ly  corrocted ln  the pr . 'enent

paper ,  by renov lng eome rss iduel .  d isacnt inu l t les  occnrr ln tq  ssrssr

t lnet l tute for Phyeie* rrn,: l  Tqchnoisqy of,  ld*terJ.sr le, S*-
pcrr t rnent  o f  Sol ld  l i lechein l .ceo 5t r .  Const . }d l1}e 150 70?01 l }uchr : ree i , ,
f ; . * , * , " - , 1 . .
I T ( J U J L - t l r l ( l .

o* : i * t l ona l  I nn t l t u te  fa r  l i c i en t l f j . c  and ' fechn ica l '  C ; .ea t le in r

13d,  l '5e l i  Z?0,  796?? Iuc l tnr , : r t  *  , i icnsrn iu"



6 7. *

ths  *ut  B*rg&os ln  ths $eoon,s  * tep af  th*  l ternt lon,  and u8i ,ns

!?l l . l j .mr l terat l .an sohen$ ln Leigranglan *o-ordln*tes'

Con*1dsr  a  s t rn f6ht  edf fe  d ls looet lon ly tng ln  an ln f  ln l te

nnlsotropla elnut lc nrecl l t i rn t I  enf i  takei the a'xcs x'  end x, of a Car-

ten l "nn nyr tern s f  so*ordtnr l tos a lon8 the t ruqr  f lur&ers vectorn fospsc*

t lv* ly*  T- ,e t  *n  nst f ! i l f f ie  thnt  t l re i  d le l locat ! 'on 1 lne ' l les .a1on6 e two-

fol.* sxts of,  materlal  ryrnmotry ol"r eqrlv{r lsnt ly, that s&y oryste}lc*

I
grnphlo planc pcral lel  to the xtx'*p}&no ln the looal strCIse-froe

4
conf !6r*.ratleinm' le a plauCI CI,f materlnl synmotry,

\ | to  appl "y . the (non* l Inssr)  theory of  e last lo l ty  to  the re6 l 'on

, t f_  s l tusted s}uts fde i ;he d le laeat l *n  cora,  the la t tor  be ing taken crn
o

sn lnf lnl te tnl :o baundcd by e r lrcular eyl lndrlcal eurface % ot

*:r ,r  r"r  T - T.^,* I  n t [e lntorsect. lon l lneradius ro and axlcl  xr.  l : t  l ls dencte bt o ,

of Q wlth the :q x2*Flane and bY Ao tl".e reglon ontslclo f, ln

thte plano (Flg" 1).  Tl |e assuner Otr phyulaal grouncia, that tbe tr&e*

t lone act lng ou I  from the dlslocatlon ecre do not deperr,d o]x x3c

,snd henoe thc l  o last tc  medl .um !e subJeqted to  a  etato of  p la ln  s t ra in .

fheno by t*klng tho h{r}f-pla'ne xZ e'! 0r 
"-X. 

( -}o ss cut eurfaca uo

renderlng % olnply*e0nnected., T'e msy deflne ln the reglon To\*u

& a lng le-va lued d lnp lacement  f te ld ,  whoso car tee lan components  nuet

hnre the fe:xr? " 
'

* , t d t *n r€ r ) ,  4=

,l' c f .  t 9 ] ,  s e c t .  f - .

?  t  , -  ^ , - -*I I*re and !n the fer l lowtng Greerk lndlcee rsn$i]  over the

vsr l t res 1,  2 ;  the su l rxnat lon ovor  twlcr*  repcntod 0roek lnd loee wl l l

he  r r . iw ruyn  imp i i . r : , i ,  e r l i l i . c  O i l i o r  c . l scs  e f  susun{ i f  l un  w t i i  bc  cxu l t c i t l y

tnd lcaf*d bY thc nPrbol  X ,+
x,

k{,r,.
o(

0 . (  4 . 1 )



It mr.Y b* nhovrTr tlurt (4'1) uncl

tlr*t t13 * S?3 o 0' * 
iU:'tiorr 

nl:thougr tho ntrlua coilponen* 'Tl3

ts nst s$ror ' i*  does not r ,ntervens rn ths *uccss$lv* ' !no*r borrndsr '*

- v s } u e p r " c r b } e m r r l t r r d l t g v & J . u e c r u r b e d ' ! r e c t ] " y o b t a l x r e * f , r o r n ( 3 . 1 4 ) }

o i ' a ( 2 " 1 5 ) 3 r i f t o r t h e c n l c u } a t l o n u f E * * ) n n t l n r t ( z } . C o n o e . q r r c n t l y '

tu-.'e only strenn cry$rr$ilent* the-.t ilr* nrgnrfrccrnt for CI*r probl"onr *re

; ; '  " : l = d '  
2 ' ,  

b z  -  b j  o  0 ,  t q h e r o  b  , "  € ' b ( { )  1 $  t h e

$lnce now b1 'o b 
the Jrunp eond'ltton 

(t'13)

mngnitudo of tho truo Burgero voctort

,gs'sro$ 
,o-) * - E"n & {9r rne h*'-}J' 

(q z)

*;.(*n,f) 
- ,r.[(rq,o-] * 

. 
o:: o-.,-t;".,;;;*-o*r,r* 

pr*b]emo

Bv sirtue of (4'1) an<l '1'":r1n- bourrdarT-

(a.14) and la"tF)r rqi th.the conrprementary 
condlt ionn a' t  tnf lni ty

(3.13) nnd (3'14) bqcomo at tr ' t* f i '*L# 
t

$, , ,.i.t,ji
K  . . ,

t '
t  ' '
, !. ,,.

1 ,
l ' .

i{
i f ,

4; c.ntlnucrtc r'sross

tS *f = t$ sYv I"' '

$,,*, ̂ rXt}(*i,&) =0,
Q.€

% '
l
Ir

E
f,
i ;
i,

; t

t . t
i

nrrtl n t the gegtJ}L-g3i'!" t



'vn" 
Aofq,

o
lof

43
*r"J,'ff'(xn,o-) * s

r*? * c*pr d
n CI (-cc'

* Tcrp

( 4 . 4 )q

/  , ,*(4) , ,X( l)  .u J-
1*r$'*trd ' Z

":'$ 
*qrn t :Ln*ry^* r\ cY{irr t}

e i l ' r p x o  s r *  [ ,

U,,w ̂ {$ (n,,, x2) =- 0 ,
9*c0

q * 1Qfi , e ib #v" {i'nc. tz,*x.= 0, t€(-oo,-t],

= --4.]] r;(fr * 4'l] q? "'fill, t? *

".1:r n r.n

uh:Ll.t:
t't-d,B

I

+ * Cep udrrg,J[""if l-. (4'5)/(41\
ltrd I+ Colpud d;11,

Tlre condi t iot ln (1.7) arrd (1"8;r  l ' ;h lch exprocs thc vanlshln$

rc$rrJ l* t t t  - f t l t 'c t l  ancl  couple o"f  thc txrctJ.olr*  act ing cn I

tlt* -fciru

(  ( "  o .  ^ \
\  t \  , t

\  t* t0 = 0 ,  \  - ( ' , , t*-  
r r t l )  dB = 0,  (4.6)

' [  ' [

0 C,enstet :  the eurvl l fu ls i l r  a i :$cls la on [  .  An ei l re lc ly non-

ln Sect" 11, th* cont lnul ty of 
" t l  

* i : t l  4$ i rcr*osn q

$ t i : ,e cr :nt  tnr-rLty { : .ct"ogf l  q of  t i r*  strcr ls 'Joctor eornpol lL 'nt f l

C , )11 l i c r1 r r : : : t11 , ,  t | *  f l r * t  c r l t t ; l t to t r  (4 .6 )  nn ' l  tho  equ11 l i : r lun

r:'r i.rtr" 'plri1 ln::"l lda fr 11 , uncl q trnrrly t l i"rt

af thr:

&s"*ur{in

t'rh*r*

t l o t t * d

tr-,tp)"1*
4t
v 6 g  i

of  " ; l l *

\ t*dg *= o,r
( 4 . ? )



5 €

t ho

nt  " *o

{ 4 . n )

s thr:

) .

5. $({, l l ' lTi l l l  0I '  ' i ' l l } :  l : ' l I l5T T'Ti l i ' , . ' \R nol} l ;D."RY-:l .rrT,l l i i  e: l0:1T,lT,l

The f lr l t  l i , : rcerr bounrler lr-v*luo probleur (4.3) h:rs bcen solved

by Teoclesiu and i l icolne [ f  l ]  ,  by rrr: j"ng a cornnlex-virr j . i ible tec]url"que.

Thereforo$ \ ' re reprodnce hero only t l r .c.mruLn lnternrodlate :r :esults t}xrt

aro fur ther  used ln  the second otep of  the ln ternt lon.

$y intr':ducfurg the ccnplcx variablen

? = T , 1 + i r r )  E = r a - : L x z ,
. ' ,  thc  ccn:p1-cx d lnpr l rccnent

tI(') = ^,r,t(a)* i*1'),

rurd the cornplr :x $tre$r" leg

6(n) * 1,,1t * T#' , 6tr) = T(,') _fi? * Zi:[P,

cui r inl  ninooth elo*ucl curvf i  ancirel lng f ;  rrnt iclocl i i , i f r :r ' r  l ,n

: t l  x ^ -p  ! I rn { :  ( i t 111 .  1 ) .  C lcn r l y ,  b i ro  l r r s t  r s l l t l on  j  cE  c11r r l . vu1e

r';J.l;irln t*:ln* *f th*::ti orcl*r irr 0, v;ftir tho conditlonrr
f . ( , ^ ,
\  + ( { } - r r i  n  \  + k } - r o  n
\  t a  { L u  s V r  \  U o , 6 , t ' = U .
"r 'r

' f i rs 1*.ut  t ' *n r :ect inn* * f  thc plpor r*r . ! "11 bel  dovotecl  t

( 5 . L )

( 5 . ? )

r :ncJ  ta l : in f  ln tc l  nccr run t  t i rn t

-u'= +l  "YT')* u4l l  -L(d-3dn-
bz z L ar,, OEe \ Ore arl lJ '

-aV:,_ rl -?^q:t_ a*X(n). , I au{,t a,rI(')\l (5,1)
b7-  + ;L " rq  -a ; ;u+r  \  oq*  ?e  i J '

..,j1r.,-1 'lrfl

* = +\&-"&i' * **(&-'&), ( 5 - 4 )



f i 0 *b ' i l f n  f r i :m  (4 * .1 )  t i l e  J lu l l p  con f l : r rLon

U(il[*rrg*) - U{*'t* ',0-) = * &(o} $on *ne (-oo,-Ll ,

J tunP contlit l . ot:

tho  oc1r r111b: " lume qtt:rt 5" r:n

A ffr(1) afr(l)u S / *  +  .  j J _  *  0 . ,
b f r  ? a

th r :  * tn i r t l tu t l v *  c i lu t r t tonr

r t  r( t )
2 #; '= r$rr\

" r r r t ($  r f i ( t ]  _ . , ,
u  v  ' .  dU " ' -  6  r6 t t )
W 

* ?i l  
*  v*?'

twd. the irou"rrtl*:"y cernrJ.tt ir::rc

* (O* + S(*1d'?ts ) * tt' + ;,t$r {o* z

( , 1 - : j ) f'! r .:'r

a^;* tf=0,
9* P or,

( 5 . 5 )

( 5 - 6 )

1,l+

+

B6ot+ acQ(') ,

CS(,t * zn6t.t ( 5 . ? )

0 eQ.n,Kl , (5.8 )

( 5 . 9 )

ccmponentc of

: ixe*p}&ne, and

=  r . g l s ,

$-ry *9* 0,
$+ao 3e

4 (,{r Stt)
vrhcr:e til ' and T'[' nrc a;lie radl*I end tarrgenttaL

+{a \  
. ^ r . . {  r , ^ ' r  r .  ( :  - i  , .  r  rn ' l  n  . l  n  thnt " '  r  r c$pcc t l vc I y ,  0  j - s  t he  poL r l r  s r rg ru  " . ' rA  s r t v

An i ,  C' D i . ' . l 'c cJct cr. ' ' : ' r .1trc11 l :y the rc1;rt lonf l

4Ad- * co6 (*ur+ cse* ? 6,,2) -(roe +c"o)t * dnn %z-8*.,

4"8c|, * o66(tnl+cea* ?qn)-.(c,rsrcouf -gnc.a$o,.1r +

+ r [cru (*o* * cez] * c*6 (cn, - cnn)l ,
d, * {uq (oq ey}.*{fr) + ? cra dr6 ca6 - ettnfs* 

"rrkfq 
.

* 2 L lrru (f,,r, + ca) * cne {cn* t 4r")l , ,
qCj , *  666 (** r *c* )* "^?-" fu  *



I n  r i n ' ; ;  n f  ( , ; . l ) t  r r l l r . l  { } .  - l }  * *  r i l i i i i l .  r i n *  1 '1 , rg1 i " { " : , . *  l } ; r :  e  r r i t  j " nu l tS '  r : J l

?ut^l
#  

r r i i ' l  , X t  i ] . c r * : $ r - l  
' q .

i i c x I n  t ] l e  c r l r r l l l i . : r i r r r ; r  c , 1 : r , , t l o x  ( ' ) . ( r )  1 ' " ,  l , : e r ' ] L l c , ; i l y  r : r i t f l * .

i '1r ci b; i:er t t 1n;1

s(o)=- 4 *gt, oh)= 4 atfln)v  * ; ' - -= ,  r  Q) "=  {  
* ,  

(5 "1e} }

' , ' , " r rcyc r(1 ' )  i f i  r i l ryf i l  s t rc*:" ;  J l i i i r* t l ** : .  i ' i ; r . :  f r .u l* t i *n r( t )  nru*t

n: i1.r . ; fy ' the coi)pi . i t ib l l " i ty  c, t : t t iJ . t ion oi . : t ; . r fursd b; '  c1l . ln l t r* t ing U(n)

l iet l ' ; r :en oqix l t lc lnr :  (5"?) -  i r f ' f  or  $o;ns fu11;c: . rnc<i . inte cnJ-cu1:r t i .on,  : [ t

r ' : l r u l t g
,,P F('1) * n
d \ " t  - u )

. \ pvr i rero & ic t l rc rr :*1 t l i f f  orcn t ia l  opcr:etor

S = B?*-4c#*  * -P(A+?$) f t=-4e#,=*B* .  15.*L t )
?l: ic op' : r l , . tor  c i ln bCI ieconpored lnto tha proCuct

f * E (* - 
"^#(*,*q*X*-%*X*-'-*), 

(r.13)

r , hC I t : c  4 ,  % 'T : ,  qo

eqrr.3 i ic.rn

6 6a  _+e ^c3  +  2  (A+fD)  Tn_4C r .+B*  O.  (5 .9 . .x  )

i , *  *ho' , ,nr  by Gr"ecn a:r t1 f ,cr t ta n5l  , " , i } :cn thc strnin cI)cr l I I  f ru jct i* ;

l -g ' ,oc1l1vc r l i : : f in i ' . ;e,  ' t i rc rurotr :  of  t l : i r  eqrui t lot t  n: :e c*: : :pLc:rn.  *nt i

t1-r ty nc{ul l -  c;r i l - tot  e r1u:: ,1-  r l r i t  1 ' ,  i i : iC l : : l te e t } rcy *rul  be J- l i :o}* t i

r l i c r l t J r : r t  l t a \ < 1 ,  l - f * l { 1 ,  q 5 V q ,  q =  l / t z .

f : r  : c ld1 t1-n : r ,  - (5 .1 . , i  )  ; ' .1 . r I r ln

? L f a  B  {
- J * +  =  - #  r  U 4 6 o *  = - *

q d ;  B  a - {  d ;

1
, i *  i : : r n t i : : : s  

i '  
l : l  i i i ' : l  f  r :  l l t t ' , ' : i ; 1 ; l  t ; i : ' ' , 1 ;

( 5 " ' L t )

I

i , . re thc roots of  t i : .c  a l^;obrr :1c r :*cJ"proc:r ' ! .

-S "= *g (5.15)
o z u

q * % o  l i i r : c t - ;  t l i *

il
J.

: : ' )  r
1 " i . , , f



. d i l c i

$p*rr:t or$ fe a a/ ag' - "6ft 3/ as' t R = 4 r 2 , 3 , + ,

_(r-34)'q

the aquatlon

(  5 .16  )

a2
m'
{nf, F({)= 0

I

; ,

r r r e l , . l n * * t r i n d a " , s 1 1 ' 1 c l l " , * n r i i i e ' v * c l t t r l ; l r l t i c o c f f i c l ' e n f s r t t f o l ' 1 o l ' r n

hy l lug; : tor*  t l reorCIrr  thn' t  thr :  i io 'errnl  erolut lon of  (5 '7?) or iu* lo t l ro

: : u l ; r  o f  t i r * ; * n o m r l : : + l * t l " n n s  o f  t h s  e r i u ' i t l r ) r l '  ' [ U F ( t l  ' F  0 r  k ' 1 r t '

S ,  4 '

Sy lntrtrdtrcj-rrg tha trcw ccmi:Ic:t  v*rL:ble*

7 4 * g + q l E - ,  E r : ? + X * t

Y/e f i . : td t l : : t

(  - * - r  p - ) (Z-ag \  =
\?f 

- nna* J\"2 
- 

Efr '  )  :

nncl hrlnca tirc ;encr'rl real aoluticln of

J"s

[r{il(*o,sa) = On(*.) oQS,

y;her* fin(*n) {g r:i l1 erbiifi lry analytlc functlon of Et ' Analo[olls-

l-$, t l :o Cslrtrrsl  rer l  cc}ut lon of the oquation

f ,  t 'p ' (1) -  0 is*z?4' *a

p'({)(tcnrxr) = QrGr) + frJ4.) ,

*h*yc' fr6"; tt ail rr:.b1d"filr;, ' i ln::]i,rdls fr.urctlo:r .f

Lz*e  + i5 : iF ,  7 r=  E  +Tr ,e '

gen*xr l  t t l r t t ion  o f  e i iu* t l cn  ( i ' 11)  ts

ptt)ix,'.,x2) = 2 Re [A,,t*,) +-0r(ar!. q  5 . 1 s  )

u $ e  o f  (  5 . 1 6  )
In t : : ,_ ,duc ln , i , :  (5 .1" r ; )  ln to  (5 .1C)  r rn rS *n l i ln i l

rund. (  $.1? )  ; ; : I "c l  i r

S(,) =-4 L IolOl( '*) *n!.; l  Otn)= I Re S'EO'j.1.o1,(i. i ])

j i t : : t t ,  h i r ,  l r * i : , i i j - t i i i i ' r i  1 1 ; . 1 . i ) . i ; r t +  ( 5 " ? )  ' r I 1 ' 1  l - n t ' : ; - 3 : ' t ' 1 ' n ; :  t l r a  n y n t * r : i

r ) j '  + i l 1 ' : t 1 . c l t - " r  ( ' , i . ; ' , ; t 1 l ' i '  . i r ' , ' , ' r l  i ' l r l i i

2", end

15 .1? )

I iene e r the



,' !
:  i t

1

: i, . , | .
; r

q  *  r  r  / r A \  ,  
t

4  '  
\ , t ) . 1 . # )  

( ) r t : ' v r '  
l :

) ' \  ;o ' ; - r l  + ,J l ) i t *so+tYg 
)  l l

O*hI."l Q* J/n\cotiJ ' q I
II 9,. f);(?"(

n C:. : : : ; -u . .u.*o' '  t t  
nro'v bo sson lr ' ' l r '  

\ i
,rf t* + rr;'- - 

- _: t s. ?CI) , it nro'y bo ssorr 
1 i

l l fe  
g i ' . ' i r r  u r ' " "  

? ' r r  nOn$LOST. l , *1 ,  !  i

rJ.$d dr*plnceu:"t ' --:"-t*tlafte.r 
l iv tsktnis (9"?2) i i' l l:J .$d r11{1Y-r""  t la f leo 
uJ " : - -  

i  I
I  q.9 ) crr. 

t t) / \  ,  I
c.ondtrro:rs 

(5'9) cr'n be "L:, 
=o i i

( 5 . ? 3 )  
\

an& reqrrtrrng' 
tlr*t 

1-.ry allgJ 
=0, s[=4' ? ' 

E *oo* ,* 
I i

g{u ^rr6v2a and au(ny?E *l* 
-"i 

{:'o}1* 
\ i

&$ n"i";. 
cloarl$r th'Js ."*"";;:o*r**a 

xn tlre 
::T-;.

tJ.:oous o*"ou1,* ll . J* \ ,?* tlf,€ uir
d!t"") , 'l* 

r6s r ans hen* 
::. r..!ros6 serl.esruncti.ns .- *" A," ,,, *n-* t*-"i]l:::"-i iffi.n:l *'1"''-^^].,,*.r,,,

u n c t i o n s  
J - 0 { '  

I  t * a o l l r r t v v r  
-  r . . ,  ( b . 2 3 )  t } r o g e  

i : ' J -

;ef,rCIslx)nir ins 
to 

'Ao !n th*,";;; .  
i i loreolof,r 

bv *t ' ' , t i ;  
' t ;-orr*ttr1s

r', i,a\lresr $eries * 
:::; ;-,:- "; 

T connectrrelrtlv' 
b$ lntesp*t

r n * J c o , 1 r * i n o n l v " : i t : : i * , ; r i n d ^  -  o .  . - r  e ^  1 1 . a . 1 )ffrJ t""l:t:*r"** 
to vdi '-* 'n tt"b 

.r1o) e 3 i 
g= \r|. '> 

(t '?+'

theln *iltri;;;..., 
= Kd.lr"fr 

+ fr*:-:"o',,or, 
n*o. nre --:'"::"

J2,or(e.r) 
= r!d- - 'lr -cr' 

lox congtr..nto' 
rriv

i

.,(t) sro c-rbltrofl" 
ccnl?

where x'' eird 
"^ 

**0.= 
{,r l..a.J e'seen iTi'*a;";',-1;: 

-it}

$ l l l t r r "  
w  

I  - - \ , ' l  i l : . r  ' . * -  
-  $ r r r 1  C t lOn : :  

i $ -

l ln$1e 
-' i :r lulrt l)J:":r '"" ' - '  

tvfrr thnt 
yr'\:tt 

-, - '"rrrra* , € rsc rrl*rr* &

' 1 tt l t] 
::;:"" bY cuttlro 

the )"1'*2
g''.1t. Ji ldoour 

tt Ig ';re11-'v:lr '

( t ' ? 1
n n!n;;1o-{rr,Jtrcd 

t.":,t:r::-r,rri. 
: a

ilil :1-*:''i':' "',Xji;il,-,, *r*3 +to '

r . . r r o . h  . - ^ ^ 2 .  
{ " ? ' ) l  i i

eqrrtrln$ 
tlrsr 

qin.* allgJ 
=0 , o[={' ? ' 

rru*t -be co}1* 
I I

6,'o au6hz and auly?E 
".J:;.Jil".- \

&$ polnted 
out *:": 

+h. s con^rtlc,tr 
:l'n *t:tt::: 

rerJ"orr$ 
aar.

cof,iresi)onilifl$ 
to *:

, . ' , 'hore q* t {q ;q}



( s . a 6 1

e&,a&;a qr,,lr2) hr r"? o

to tht$ dofJ.nl. tJ.or:n t l t*  : ' i : - ' :1,! lnf i  vnlueo

lorv*r fnces af ihs cut s,re ?( n:rd -lE

l'v.lnd, iie turvo

s

*k nL* 2In{*Er* -F;p-*z*

t'r'i' 0 on tlr.s

T:*fr j . )ect lvelY. OxI

. ,1- ll;f
l . *- 

ll+'q*\"

riccorril"n{:

trpFsr nn.d,

the otl:t:r

Ed
# -

,1+ qr

t l t * i t f )  = .' r$ nr)

+r€)*?
T - ( { ) ,  o :  T \ \ ) \ d E l-  t zz  +  4L  , tz  fJ f ,  I '

x t t  i

rin,3, by tr:k!:g intc acccunt tir:i.t tg';.|<l r sG seo that the dJ'scon-

*inulty t ines of the functione .{^ [rr.l(4* q*[ r d =1,2 r
, r  r ' l ' l  t i .

-"&l;h by xz s 0r x.,. ( 0, an<i hence cotncido vrlth tho cut ueec

to def j :ro i)  ni .ngle*valued dlaplnceiacnt f le1, i .  l r loreover, t l tose f t tnc*

tLons tske nlso the lJ-mitlng values 'rC ancl. *1C on the uppor end.

lovrer f*ces of ths ct-rt ,  re.spectlvely

t l la coef ' f lc lento ot a;rd x"Z vr l l l  be detern: lnet l  by tho

1,1**p,  conc l l t lon (5"5)  and b l r  ccr :d l t ion (+.4)3r  wl : lch e: (precse$ the

vsnl$lr j f lg of thc r:ecuLtant force cxerted oSft6y the dlelocetion co?e

srnd" tho contingi, ty of t i re r: treso vector t l rrrcugh tt  .  C1cnr1y,

(4 ,S ) -1  i " a  ce lu r - { - vn lon t  w l1 ! r' t
(  r r \  -

\ (tl ' 
" 

i tf ) e[ - o. (5,27)
r r

l iex i ,  l r tspect l -an t l f ,  F lg" I  s i :orv$ thst

Tll' *n + tl nz *i ({f n,,

- (tl'ni.tl))# + (i?l

+ Lttl'* rl ) -lf - (ril



F 1 1  f

C.:nscrruont ly ,  cuns lcar ln5, ;  &1so (  5 .  ?  )  *nr l  (  5 ,10 ) ,  ' , ' ro  h&ve

( 5 . e * )

( 5 " 2 9 )

lnt c

( 5 . 3 0 )

n n n d ' l  -

(5 . " j1  )

for

[r+] ,
)  and

(  5 . 3 ?  )

ul:,d

bl*'* it*n) * +(Onrl"" - Sft) dr ) - o, Af 311')^ . z z \- du 
_ .r *err = 4.t '7_[\T? l,

uncl ,  ln t roductns t l r tn  resuLt  ln to  (5 .??)  |  y ;s  dsdrrce thrut

uFl1t,". n*\ ?F(t)
?E- \atrO') - a;- 

(xn,O-) = 0 &* rcn€ (-oo, - n J.

I  '  $ext ,  f rom (5.16 -  1s)  L t  fo l lovre th$t

# (*.,rb) = e ttroon(a".) +nile)l

$rrhst i tu t i .ng now (5.A4)  J : r to  (5 .29)  and the renul ' t  obt . : in*d

(  5 .28  )  y ie l< l s

l^

On t ire othor hint le furtrrcl tclng (5.20) l-nio the Jtrrnp

t lon  (5 ,5 )  u r : rd  cono lde r lng  (5 ,24 ) r  wo  f l nC

Z (d- x,.t -8^ ;a- ) : !0'1).
E  

' - G -  - \ '  ) O r ' . - o { , ,  -  
Z N

-  :  
Condlt lons ( 5. 3r l  )  and, (  5. 3t )  provtde trvo complcx oqtr i : . t long

tho dcier:nJ:rs,t ion of t l ie pnrnmeters zta anrl  42. Fol lovitng

y iCI  f l . ro t  r t rnp l t fy  (5 .31)  ty  t * l i lng lnbo con$lders. t lon {5 ,?.L

(5 .30 ) ,  t J rus  ob ta in tng

7. (At xa **r!) = ie(') '  .  .
& 

\ -oL -i.L 
q* / U*fC B

$ l f rn in : r t l n ;  e . ^  nnc l  f t ,  bo tv ; ccn  cq r r r r tLonn  (5 "30 ) ,  
' (  

5 ,3? )

thclr corrrfr l {r} : .  conJtt trptert ,  v '$ {:ct

A, t,, lt E. + q r.4 Kz = - i.t "t) r.\?ra/(4* B) ,
!,tet *t + prl:.t xz - - i t>tn' q4/(+rr ts ),



?iilsr{}

ldnl;l.n9; uuo

uq

o f

= t * T ^ q ,  ! z - { - % 4 ,

( 5 . J 5 ) ,  t h l s  r t ; r n t c n  C r m  b e

i&() (1- T4) TtTz
Kz= -

/rlt B !r yl pq

i l t  re:t r: e s
,^\

*(2.1 -f-\4 '
11" ,  f  t22  )

! 3 = 4 - C r % .

fur ther r ro lvod

-  t a \  r ^ \  * t t f i

Q,,rl : Tni, - T);, + ?; l#

itrl-U:-dgF , (5"34)
z1?u B \Tt vq

( 5 . 3 t )

t o  i l ve

x1=

vrl:nre !"r o q*?rz
r  ( 1 )  ( u .  o  1 .  ? . t  . . .  )  h r v e

In  t f+ l  t he  coe f f i c j ' cn ts  
" i ;  

\ i "  a  r t

been ccrr 'npletel; ' ' le '1;errnl 'n 'rrd ln terrtn

clcnts of t iro f,,r..t i .o* t[t * tt8'

of tho cc.nple:r Fourlor cocff l -

, b,y u*lng the bc'rrndarY c0t1-

c i l t lon  (5 .8 ) .  J lov tevcr ,  c l r l ce  thcge Fot t r le r  coe  f f l c icn ta  i l rg  no t

knorrni +,_liL.pri, , l .L pl.ovefi rnotQ *r1V;:ntsgcouft, tt l ten npp11n5 r:eml-

dLscre te  nc thods ,  to  c ( )n l l lCer  an  un l :no t l1s  bcs ic ies  the  poc i t ions  o f

/ 4  \

t h e n t o m s l n s l r i c l ; t h e c o c f f l c l c n t { r * ' i i . t } r e m c e J ' v e r : ' l n o t o r ' : d '

o l l  the For t r ler  ccef f lc ients '  In  i i r i -o  r : r '$c '  t i re  so lu tJ 'o : r  o f  t l rc  f i " r r l t

l inear bounC.nry-value problcm (4"3) of the Ltorat lon schente 1g

g lven  b i  (5 "1g ) ,  (5 .a0 ) ,  ru rd  15 .24 ) r  v ; l . i h  2 fo4  de tenn lned '  by  (5 .34 ) .

\Te proceed now t-o r :o lvc t i re r jscond l lneer boun,Sary-v&lt te

.  - -  t  r  r r n ^ -

problen (4.4) of thc l teretJ.on schcri ls.  Theirnly dl f foro:rceg frr :m tho

f i r * t  pra l r lc ; r .c re tho ' - ' r 'e$cnco of  the non-1 ' { 'ncr ] r  tenn 9 tn  t l ro  eX-

l ^ r \  
' a \

prcr : : i *n  o f  t (? )  rnd  the  ccn tL : : r r i , t y  o f  u ( t /  i i c roc$  t l :e  f t t t  q  I

Fy JntroCrrcfurg thn cornJrlo:r cl i r ' rplncerlett t

Ue) * ,{e) "ri4(?) ( 6 . 1 )

n ' - d  1 . 1 r f i  n o r t i t r l t l ; {
a l i  i  v

^  ( 4 \ .
t-] ' - /  *
\J

iTiS ohl;sJ.n flr:c.rll ( , ? " . : )  t l : e  j . . l : l r  c c , n r f  i t t c . n

/ . r ' . ' + \



*  1 3

r #= A {Q"}-q) + B(s"t-q) + ac (6ua1*r,\

Sco_0") * rD(O€)-O.),JaU,*) butz)
f f + l ? = e ( Q n r - q ) +

l.,.."', urQl' =. o
9+o bz

c (
( 6 . s )

( 6 . 6  )

( o r  { l

( 6 . 9 )

r r  n  nnn r l

t o  ( 5 . 3 S )

vihore tho funetlons

O" =  3* t

depend only o- "ft( ' l)L L  * d r F

thc  i ter : : t ion.

The equlllbrlurrr

by put t lng e*  before

condlt i r :n ((t .4) t* ldcnt lcr: l ly set l : ; f l "ed

, O" = c,n - Tz*+ ? LE4z ( 6.0 )
hence nrc ' l ;novel  f rom thc f l rst  step, of

Qo)  4g) , .-.te) , dnCI
t t  

- :  
Q - - a : ' >

o z d t
/ . r \' 's i l iere F\*/  1n /* lrytn st is*u f trnct- i .on, ccrrscponcl l .ng to the

l tcr r " t lo : r  u tep*  B) '  n  reanoning n lml l - : r r  to  thnt  le*d lng

l ro  ccnc l l rdo t l : r t  (4 .8  ) . ,  1r : l : r lJ .cn

i;\a) irrnrot) * U"nit*u,s) = 0 {.* 1€(_cor*f,J,

Ihe cc3"r11 lbr l - rur  cr lut i t lon

a@(2) ,

"E
thc  c*n: : t1 tu t1 ' ro  equ** lcnr :

f iJld tire bt-:t ind;rr':y colrd*tlons

6tei * qta) EriS = e

tzz
end

aQ$-7e* =. 0,

?=qu iC I ,  Se f ru rT r l  ,

.P,^*. ?u9,= o
9+qq aE 

- '

( 6 . 3 )

( 6 . 4 )

# (,c.,ot) - 3#)1*.,,0-): e rn€ ( -s , * \1 .  ( * . i r i )



* a f . *

0Io* r l .1 r ,  r , ro  cou ld  r l * r i ve  *5o  s t : f f i l - ) f l t tb l11 t ; ' c ( iu i l t lon  to  be

/ a \  / ' l \

r : r r t i { . , f  le  t l  h3 ,  F(  i  J  ns  : ;boven b i  a l . i t r j .nn t lng  u \ ' /  bc t ' ; ' ce  n  c { iu i : t lonr :

( 6 . 5 ) .  I I o i ; c J v o r l  t i r u  n u b s c r l r r c r i t  l n t s ; r ' i i t l o n  o f  t h s  o ( i u u t l o n  o t r L r r j n o d

*nr. l  of ,  syntem (6.5) prover tc l  bs nucl i  mora dl f f lcu. l t  t l r :n t t  v i i l f r

fo r  th*  f j . rs t  l t r r . l r t le in  n tcp*  fhn t  ln  vhy  t t  t r  bc t te l r  to  f ldop t  nn

*J ipnr t l t1 ly  longcr  wr ry  F l  v rh lch ,  ho1evor ,  gacqt11 '  n tn rp l l fLas  pro-

Q C c u r e .

\ye r.eci311 thnt the operr:tor #, nr,$ltmr]tJ & pnrticul"crrly t lfun-

plo form r.;hen e}:roor-rlng ?n nnd q OI"r t ' . l terntrtlvsly , i lZ c'nd 72

B$ lndcpcndent ver l .eblccr '  J. l l r . r tead of  l t  nncl  E .  Lot  n.1 f l rst

trrlie Z.z and Z" { i i . i  1. : r .c lopcnclent v*r ' lable c ln (6 
"  5 )  aud (6.9 ) .

By usi: :g tho relat lons

we obtaln nfter some ;r lgebraic rnari lpulei;1on, tho syotem

gf'+ 39% ?Re{ a,tra) rJ' B':)?t'o -
b z z  ? a z  L  - a r |  * \ u r = - { ) - r r r r z r *

+(rr.I' [t%c r qe -2]) e + (nq - 2e +E q)OJ] ( 6 " 1 ? )

f i ( 2 ) _ ; F T i ( z )  
r  - i - r

v -uz v - -: (gr-rr4) 
#'- 

(\"gr-4)91
(

+ i+rj"t \ ilfl,-* f;" f._) g^ r E, U Q + a^S 
'i 
.r e +?['.=r-  & '  |  " '  ,  . "  J i f  - u  i r  a  =  ) E  ' o i "  - : r ,  

i  
\ . 2 j ;

k (r*' -TauG)) = (sr- r,4, #' *(Ee"- t)# -
r&',f'[4oEg,)Oo+q4O".F geE ] , G. tt)

I n t o p n i t - i . n g  ( 6 " 1 . 1 )  u : . t i t  r e : ' : 1 e c t  t o  z ,  y l e l i r



rel ' roro J(e2) lu i i l r  i i rbl tnrry unnlyt i .c func

Ou)Utt i iecn t !r i .*  er1ue,rt . i .on *ncl i t rr  scmplex

,, Utu * (rr 9, - of {* u.q s r bFk) t.

r (+varn {o, ! u* - ;;d:l ;;;
(

+ \ [ta" + r'rE, ) Q" * QS: Q *9- S"] aa
)  

c - '  1 '

t lon of  tZ" i j l i i l , lnnt ln6

c o n J u g * t e  1 ' l o 1 d o

;  - . \  
\?Fiz) ,9; Qda + ?a-4.

+ 9rS" 7&rr* 

='q *

+ *)'€r) + r.rffi. (e .rE)

l - Fln* I l y t  h t roc luc lng  (6 .11)  ln to  (6 .12) ,  wo f lnd

,r  f  8Fu).  /_.  -  i  . r  r i  I  f  r t t l  r ,  -  d-FG) 1
t f vsu) ,€ + ()st3t >or*) 

ffir- %I*i# J 
:

where

= ?Re l*og*ft=Q +SP+ff-1"( 'd,

$,"(e*,?.) : 
\(k.* 

+ &r.s"+ fi.s, ) ur, ,

A 52'r- 4 9,
K,l :  *- i l - &,=tP, f. .=&,

(,t+ 'o.E, 
)] -

Ci:r:n$e now Ln (5.14) the lndepcndent vsrr iables va anrl  7z

by E4 end q .  s lnce

1= (r, ** + ,q?") / rz , ?,r : (!q rr 1 }oEr)/u2 , { 6.16 )

zvl tf; v*q 
f"- '

h q = k;ffe, 1=:
- t

nnd hc : tcc

n : i3- -a-
bxz- {2 D*l

(6. 14)

t (  { r \
\ ( l r r ? . f

4ko 4Ro 'o

*-E-  a-  .  D-=
' 

,z D?,t ' 77,

-j? att.,.'' .1
' . s - J t l  d f i \

\  ! , !  t . r " r , _ !  I



1t :

The gCInsf i : l  noLut lon

F(4 tt,r,*r) =

vdrcra alrtel) l.q all

CIr(%) 3 -

oi  th tn  oqunt lon J .a

2 Re [c,],,(an)+ c.:2(rr)l + ti(on,?r),

rr- : 'bl t l rrrry *nnlytfc functton of E.r

Y]+ '= i i l l i l - - - \
;J=€* 1("") :
Ro t r+  

r ' a , ,  ? (0 " -T "F r ) -

( 6 .19  )

s.nd q( t  r?n)  1g t r  pnr t lcu lcr  qo lu t lon of  tho e<luat lon

*, 
= 2 h.*eo + h,Q * E=$" + $P. ry 

. (6.20)
rn ord'ev to obtai-n the expreselon of U(2) r w€ f irst note

thr : r . t r  by vtr tue of  (6.1?) '

(rrgo *v:8, r qqi-d")ft + ("rTrq"- %5"+q- r'E)&=

= .,z(u^*,* g^#)
i { * ** " ,  conalccr lng e lso (6 .15) ,  oquat lon (q13)  *ay be rervr l t ten as

ue)(r,r,re): t,, #'. 9,, -)# 
" b lo,R (r,Ai*GHI*{irte-TGl].

$ e x t r  r e p } : , c l n g  F ( ? )  b y  ( 5 . 1 9 ) ; l e l c l a

r. ftr'!
i  l ) ' - '-r

l a \

- ? e

'i ---*-;r

b E '

'l
r l

I
I
I

UG)q*',*r1 = AIdr.,l-(=")+9".;m] + U"t*^,-e), (6.21)

i'rlierg

f lo(r . . , r*)= 4*-

F lna l lY ,  bY '

COm* lcx  l ; t r , : * seg

g,,+ + -Ii [nrtiu.F")+ [A,q)]
" ? t l  , ;  

I ( 6 .  a :  )

ct rbst t tu t ln6 (619)  tn to  (6 .3) ,  r ro  c loduco tho

( c , . 2 3 i
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fha ccnplcx potcnt lulu C^l jCen) rrnd. c.);( tJ cLn he dsternlncd,

by uc lng t l ic  bou: rd; r r l l  condl t lon i ,  ( f , .6) t  (6 . ' l ) ,  r 'nd thr :  ccnt lnuJ" ty

co l rd l t l onc  (6 .3 ) ,  (6 .101 ,  p ro ' / Ldod  v ro  a re  nb lc  to  c t r l cu le to  t v ro  l n -

clcfJ.nlte furtegl*; ln thnt r tr* nffcsssr.ry to obt* ln &(*rrE") trnd

a%hq f ro : : r  (6 .15 )  $nC (6 .e0 ) ,  r c *pcc t l ve l y . 'S inc*  thc  func t l nns
t$.

@o rnt l  % occu. ru ing ln  (6 .15)  $nd (6.ao)  &To quadni t le  1"n the Di r r -

t lal  r lorJ.vst lvos of gtt)  ,  1t In oanl ly sson ttrst t i ro r. ' ,mount of

a6lv?\i r l lebre necssnary to cal.cuLri te 8,"(e, ,Vr) r :nel

fncrelrsefl very rapldly r';ith the nurnber of tcnrts takerr lnto account'

AoFn,*J:
+
" 4 r

-'il.*1

J - + +v 2 r v 3 , u {
:- 1- --: )
?1 EZ Zz

)
I
I
I
I re ae)
f '
I

t .

*; ('o-A 
"t4,,:cr) 

'=-

ln thc e: ipreeslon (5.e4) of J2lt t*).  Thercfore, fol lorvl .ng s.n Ldesr

of Sceger,  lyo content our$elvee v; l th detenntning only thoso torrrr i

vllrlr":h :,r:e at nost of tlre crder 0(g'l; * the cxpresston of the

dleplr.cenent iend 0(g 2) :"n t} :re e xpre sr: ion of ther gtre$cosr Bs 9-oo.

In ihls vt ly,  \ ,ro attei , tpt to f lnd o' ,r t  the niost 'nlgtr l f lccurt comoctLon

to tho cln$sLcal r :oLutl"on, rvh,Lch neglectc boundc.ry condl 'uions cin t ;

and seceind*orrJ"cr effects and rotalns only thc tcvrns of ordcr O(f l)

ln  thc expresr i .on of  s t ress ' is .  T i re  c{ r lc t i la t ion of  t } rc  funct lons

&(zzr?*) nnd AFo/ffi^ corresponcllng to thtr$ *pproxl-n*tion ls

presented ln  tha Appendix .  The f i r rn l  resu l t  reads

# (*n,rcr) = 
F f r..A*(*n,'") + {(%q l, {6.a4.)

Q(*.,rr) : /rota,:cz) + e t $o-A".. e,r*)*f"n;(*^#-i ) ( 6. 25 )

','lltgfS

Antru,'z)= + - * - * . € . t 
rt'-l {**? +

f 3

--1"-.- -,':-, .f-
* . 2
f'.,.e

! i
t
I
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r , r i i l " le t tn . r f  r  t$r  \1. . r  
s '6 t l re p*: : r : ' 'e ter : r  depcrtCJ'n6 only $n tho

cJ.rrst le col ls+; l ' . t r t f l  of  gcCnnd snd t} t rd ordcrs i rnd on the Dur6ern vsc-

t*r ,  end l ' ; i ror :s oxpl lc i t  g) : lprog6lonlr  Ore glvon ln tho Appond$: '

F : : n m  ( f , . 1 9 ) r  ( ( , . u l ) r  ( 6 . 2 ' t ) r  a n r l  ( 6 ' ? 5 ) r  l t  f o l l o t l c  t h n t

#'*,,,re) : $ {ttr^ri(*,.) +n or(x4,*J + ffi +ffii}5 6. ??)

U u) (*.,,x2) = n, (q', ta)o { t S* I't". t**) t A* tq, Q)] +

r go. I,DFJ +"Aoicn, r"J] ] .

Inrpcct lon of (6"26) r:howe that . \( .Clr*n) 1,$ conti-nuous scros$ q,

v;iriLe A,rtrurx") e'rt<l A*qft) havo tlic Jrr:aps

for ftn€ ( 
"o r 

- tnl , t';}:e re

K** t l {+?di ^W2 I Kg o tnt {- ,1,,t - rsDt .

In vlcw qf tho conti i r* i ty con,l i tLant (A: l  ein'J. (6.10), 1t malt  bo sho' 'nr

t iu-rt  t i to p;:r t  of t l io nofui io;r (  5 * 27) ,  (  /o.:3 ) cir : ' respondir lg tc i l :e

fu:rct ioni:  t l i (eo.) nt: : t  rcpresent & ;enerel lzed Sor:r1g1'J-sna dj 's io-

catlon of tha ti 'pe ccil:-:i: lcrecl in [fCl , l '; ith vlrlablc dj-cpl*cenent

Jr*p e,cros$ t l : .c crrt  1f.  *ncl I  dintr l l :ut lon of 'nrrn-cc1Ul1lbxrtod trac-

t j -o*s  lc t ln3 on i i re  cut  feces.  A*  * i :o 'm ln  [ fO]  ,  t ] re  so l t t t ton to

thlr  l rui , ,1-cn r:rey l :c f  rund l ;y sctt lng

n *qlcn,O+) - Ar.trn,d) = - 2xLKn/x,r, 8={r2 (6'29)

( 6 . 3 0 )

r l  .  4 r  .  A t

(,Jor(en) = CI*(zor) + (^)c((ao()

* l  
t -  \ .  F . .  l  {  . , f . r  t l l O

: r : r , i  1 'g i l l l i r j . r r ; ;  i1 : r r i  th*  f l t ; tc t l : r is  6Jo.(u oJ r ' r : r -vJ i ' l r )

"J. j .  :  j . ; : :* ,r1: q, : l ; td -. i ; ,r i i  1 : i l l  ; i t  : i - : i i i ; i l  iF, r" i :1ie f i ; t**;

(6 .  ?s  )

( 6 . 1 1 )

j  r t : : t i t  c.)n-

. . . . . . +  l r a
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cct; t ' l ; lnuour i icrorr! l  f"  ,  vnni"r: i r  ut lnf inl ty, trr , l  fu1f l l  t i :a brt l ;161,.1'*

cc: : r i l t lons o. :1  I ;  ,  rno, i i f lec t  by [ ] rc  ca: r t r lbut lon of  f r { ( t * )  .  Jn l l l ! r

csse, vro rnx) '  s*t f t fy t i ro Jun:, condlt lons rerult lng for 6n(an) .
f ro rn  (6 .1 ) ,  (6 "10 ) ,  and .  (6 ,27  -  j 0 )  by  * l rnp l y  t r r k lng

t ,  K .  f i  t n
(^)o,(.e..) = *5- {* -* r 0(, = ^ ,2. ( 6. 32 )V* 4t toa

.Cn 
the otltsr ir,:ndo ln ;lgraente:rt wlth thc. npproxlriatl"on *dopted r:*

bova,  l , Je  nh , rL l  tnke

C t  =  l r 2 , ( 6 . 3 t )

lnterprettng the cooff j ,c ients €tf ;)  as *dJuntable parnrnetcrs.
. ,

$rr,nutitrizlng the abov'€ cor:rr:lclerilt lons, !"ro concLude thst th*

nort- l lnear olast lc dlopl: icement f teld ls gtvqn up to tenns of ordotr

0(q,'?) and O(gn) uy thc e:.:prooolorr

rJ(cn,o")= a'{+[(",,*" +)9"ffo "*]*
+i lq+igj6,34)

$,'horg

^(2)

Aite*) =..-}i-'

r l
+9a"1 [e8 , .+ & - + & l r  4 - -

4+ T-0" so. J i* #u"ti' %)

Aoc=eo t l ] +e? - . n ,& u o e . t : ) ,  \ : e % ( ' ) ,
r v l r j . l o  K* ,  K* ,  Q(x . r t )  i l r c  ; l - ; en  by  (5 .34 ' ) ,  (6 .30 ) ,  r i nd  ( ( ' . 25L

1 1  \
rcs i ) rc t l vo ly .  S l l co  ACn a : r r l  Xe  s rs  p ropor t lone l  to  b \ * r ,  wh l1c

\ ,  K a ,  e n d  Q ( r - f ,  x 2 )  a r o  p r o p o . t f o n s l  t o  t h e  s q u : r r o  o r  U ( 1 ) ,

a r rc l  r inco  b  "  g  b (1)  ,  th , r  f . j . : i ,a1  c : i? j :css j -on  (6 . - r4 )  o j  tho  d lnp l r r -
.cenr:nt  f  le 1d ioes not dep-:nd on thc c i ro lcc of  t l r*  s:gi l l - l  ! ) i r rc.$!eter g.

n rI lt sl:oul d tr o .

The solution obt;ri.ncd rJu-:*nrlr: J"in*ilr ly' on tr ';o rrrbJ"tnrr3' coril*

p1e:c  cor :cL* l ts ,  \  r ' r : : i l  4 , . ' .  ' , ' i 1 :on  r in ln6  n  n* l ld1 i :c : "c ts  ruo t l ro t l ,  t i r cnd

C, i I13 ' i ; : : l . i ; : l  * i : , . r r r l i i  l r i l  c r i i ' i ' ' i i - i i c rc ,3  l i i j  i : r ' l , l r in tub le  i - r : i , j : : i ; :3 - tc fs  1 . : . r  t i r+  , ' : c *

pr . . i r :11+n o f  t i : c  t ; r i r i l  ; : c i r : : t1 . t l  sD*r .p ,  togethe . r ' , v i t i r  t1 : * *  pc : i t ia : in

o f  t i t *  l i t ; ' r : : i i :  , i . i t i ' l l " i *  t i l *  i l i : l I r : f * t l . r r i r  C O r c r  , , . 1 , ! d  ; { r . f l  , f r  i l o  c i r i . c l i i i : [ * C

b7 : . : i : : : " : : : r . : i : r1
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t i r i $ e n r i r ; . : y . F l " n * l " l X r r t t o + 1 u n g ' l v o r r ! : : 1 $ ' d t r 5 1 p 3 ] r r t 1 o l 1 t ] : s t c { " u l

be de t*n:r lnort  by pr*ncrt t r lng t t r*  c lnSr*c*nent of  nn *rbJ- t rcry polnt

of t!'ro clrrntlc ;nodj"u,t.

Ai]II i: iDIX
* 5 l ; : : g " F ; U

' Ihfr :  appein, i lx i"s devotocl to the determlnntton of tho fulc-

t lans aE/ZX nn.J I l  .  .  lTe fo1low the p' 'celclure employod by See-

Sglr Tooclncl11, r .nd Petrtrnch t f  l  ,  taklng advnn';age, hovrsvcr, of

ths r: lnplt f lcr: t lone brouSirt  eibout by t i re Ehrlor lan formulatLon'

l ,ot u$ f l rst detcrsnlne the expl lcl t  exp::onsions of the

..r. A.
functLons % anci O" " By lntroductng; the conclsed' notitt1'on

y { 6  o b t a i n  
t  f r o n  ( 6 . 8 ) r  ( 4 . 5 ) '  a n d  ( 4 ; )  j

| ^ . A O n
e|  _  AKR toKhR )

( a . e )

whe::e tho coeff ic l .ernt* \ iR ancl kn, wlt lch eatlnfy the o; ' : runetry

relnt l-ons

Arn -. ARK = Axn , BKR : BnX ,
( A , 3 )

ars givon bY

7"
f lrrou4f,rcnrt t l ie ,\::pencllx erpltnl" ltt ln subscrlpto rtlnflo

rn t ion  co t rvQntJ 'o r t  l ' t th  res-
ovr:1. t i:o 'tr: l.1es t, ?, 3; 4 nnd th* f:t l i t ir

tcrr l  such i - r t r l j -cort  l r l  l - re l - t tg t r rGd.ne ct t o :,r,r ilfin

Q =  FxHf i rhn
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Ar, - L(r.nn *Eaz*C*n*Cn,,r), Ana = +f cnn* ecrr*c"r+Q,rnC.,*r),

A  4 l ,  r <  \  ^Ar? =ZtS.ne rLze* C"u *  C,r . ) ,  Anr= +, \4ge tCnnr+C*r) ,

,  
o** * + (", ,r* 5c*z+Ctzz+Crrr),  Are= t tocee f  Cnr*+C226),

a l t- Ar* = *(*nn + scrr* Cnr, +Cr,u), Aar = *$nr*cze+4co+Cra+cr"J,

Aa,r = * &nn# z c'+ *rz* 4"rnt C,* + Crse),

, ) ,

cae sConr) ,

! 9ur {- Cae

Cnn") + i (s

A+rn :  r (onn+taz*4r ,ea

B,nr = ,(r.0,, 
-&az+ Crnn-

B1z = t ("":- cM * Cre- Cnrs) +i C;u ,

Brs = * (t ate -cz6+ Cue-Cras)" i ("nr+ l.cce* Cnr.),
. . . . . ' - . - . , .

' =  t  { r  
; - C , , r s ) * . ( " n n * € o e r C n r n ) ,u,t4 Z \rrl(

Bzz = $Gur- 54"r* Cozz-Crr")  + i  ( :ce6 *C.. . ) ,

Be3:  * (Cn. r -  Crr r )  +  L(cae|  cs6 + Crus) r

Be4* $Gnu-5**,  +C*e -C*r. )* i  (co,  +pr**eur) ,

sr.: $k^e- czz+ /t crn +Crse -Crrn)+i (l ez6*Curn),

Be* = +- ("rr-{ez {- C,.r, * C:e ,r )" t \z qa + 2\s+Qrr),

B+4 = *  (o, , i -crz - icee *Crr ,  -  Cr .n)  *  t t3 . .u *  Cu.r ) .
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The nc:rt  otcp ls the dctr:mln*t lon of )1 ln tc::ns of -Ojt*r.)

by  mca$c  e f  ( j . . 1 . )  r r t c  (5 . ; * ) .  J ' . ;  n l r c :dy  nen t lonod  in  Scc t .  6 ,  1 ' / o

y., lsh to clntr:r :nlno tJrc tams t lurt  { :ro nt mont 'of t i to orclor Otg-r)

for  the d lsp l r reenents  nnd 0(q-e)  f , l r  the r :  t resnr :nr  {1s 9**  .  Inspac-

t lop of  oqu* t lo : rs  ( f , "15)  r : , r  d  (6 .20)  ro ' rcn ln  t l rn t  e l l  termn of  thr :

, t rexprurnlon (6"24) trut the logprl t iunlc ono lcnd to ternn of o: l ' t lcr ld"gher

t lr ,nn 0(g-?) L"t $tr.crrsoo, r .nd. i lcncc cl in be t l lsrog-rrded lrr  f lndlng

tho frrnctton* &,(ae ,6) *nd" a\/AA . Concequently, \ ' i€ oirnpll fy

JZo (ro.) : xd. U:L )
1+qx-

( 5 . a 4 )  t o

where

^Lz

l fext,  lntr.o*ucing (;L.4) lnto (/ . .1) and taktng lnto eccount that

7'* E t C, H : (4+ ?1"() *r t i (,t- 4.) *, ,- o ( -  \  - o ( '  
1

rve obtn in

{* :  zt l -*  ( tor ,  /u*) ,

t  l ev rho r rce ,  by  (  5 .20  ) ,

t+ ('l)LL

( A . 4  )

( A . 5  )

a  
'  

' .  I

Ern: na.l$"+ f*) (r*r")/z , Er*= xo.(d-q") $-r*\/z ,

F  l rEu* : L 4d.(4. +- ru) (,r - e)/B , e,c : -Lryo.(&.-T"Xr +t)/2.

Fln;r l ) " i rn : - ,*b*t i . tuf , l "ng ( ; . i  )  j .nto ( i ' .  :  1,  r"$ f ind

k t F..- E* ,: i ' l  \ €- / r ^ L.. nhr \.
r \ -  )  { - f f ' * ; * j t 3 - +  

* i - : ' l l  
} r  O = = , /  i  * 1 ! 1  + - Y l ! " + 1 ' ' ' l i r - l { . ' , . 6 }{v.-{F \=n=u q.fp tuEp J 

' '* '  i lF \r*"p 
' 

4*;p 4"?'
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vr l th  tho notat lon

F-- -  t r  :A tr  t rtnp = tpn:^KR LKoctnp ,  %p = Gp* = A** EonQp,
r  T  - F t  t r  r  r  r  A  - :Iop = Ipn = HxR trK* 

"np , L*p = Lp* = ts*nE*E*p,
'qnp = Bnn Ero*&p

( A . ? )

ife i irocs*d, norv to deterrni.nlng the f*ncfi. 'ns &.GrrE")
an<l aS/AEo n Fr,);n (A.6 ) ws deduce t lrst

&no"+ &,Q"+&.Q = 
+.#"{=l ."#*#*

+#F + 5 + Tu-*- + -5- + -x5-, (,r.a 1v+*z tnvz z.{ z3 . 
Z-{ 

'

vrhere

*n = &r q{ + S, fu, * &rlnn , hz: e ($n G.rn+ *rM* * SFnt,
trlo= e (Rn[, +&.Ir2 * R, t nr), 

. 
m,i: z (s^c{r+R, M.re*&rEJ,

hs = ffi + &n Lrn + S"In , h6= 2(&4Fir+ &, Ma * &rEJ,
+o-1: z(kn% + R. Lo.* R f r), &B = &n [" o &, r"e + &38 ,
Es = t (*n G.. # &, H., + &.m.r), &,0= &nE2+ &, Lr, + Sr1, .

st rbst l tu t ln$ ( i :3 i  rn to  (6 . t5)  r * rc  , . r , - : i *g  th*  fnr rn , r l , ,o

". 
= 3'- T"A

De ,z ' t  
lz 

- '

Ifu = mh,r, [t" *',* e4) - g," (. t,+a'-,iJ*F.J,

! tt,,o",*11l;l:: =* h(t:* lil -r 
{e g)

J  ( o = g + 3 % i t  c . ( c . r ? . g u

* o;ft*;'g [*(ae"+ *rr) - f' (ce,+,i?r)l 
"6'; , {ntc)



a  ? 4

$hore nr3-bc * o rrr tcl  Y(%),%(tr) 
dortoto tvro'  urbltnrry nnnly'"1c

functlonn of ?2 2 !*;* obtnl"n

&(r,Tr)= ,,rt &-+' ?r+ffi+
(n.t t)  ,

v*here l

, t r : z  r y 1 3 .  * *  y r  = - ? ^ - * t g * }  >  T L . . = $ * $ * +r o ^ = i -  - q . * € ,  n r - '  
\ -  \ '  v \  ' t  t r  ' Y 2

Flnal l-v, by lnJroclucl-nc: ( j r '6) snd (A'1-1) tnto (6'20) nnd

oni.ttl 'g tcrfn$ in ,.2'- and. 7'a , rvhlch cnn be lnel"'rCed ltr

tlttl*r) *nd 'i"(=r) ' 'r''ie find

' ' )? t  n u D *--t-og+-E 
2\oz'

Drl-o = 2 Rs l+ z,,n tozz- 
-zEz' 

?.;.;- 
-z{

. ?erb-n L -4 -'t -1 -1 z

>'z (; !*^ .3n + 6, h 4= + fr. 0^7 \1 .- 
4[t 

*fat - 'r{ v'",t*Ti .3 ̂;" 
; i  

'

whero

q.* zk+fr + &= r* t ErLn + ry 
*.* 

i ,
L=  a lh+Qr+  RsMn^ ) ,  t  =z (SqG*e*  & t r *o1  )

t * z(zka f,2.* *t I,.* tE'T'")* ttff, '

r i  = 2 {\2&a G1e + *s Mre +-ouEn) * 'n"n '



IJuing no!, . ,  &;5rfu:,  (A.g) nnrl

tnklng furto acccrunt thnt

s =  
t - r r 1 ,

o1

1'/e obtnln

dro
k :

7 z
and lntroclrrci .ng (f  .11)

tha  oxDT€n t lons  (C , .?4 )

tho craln t*r: t  r  .v; t  t i r  i l :o
i .

{ = - j e f  
r a n r  

* i l n j .i  , a \  l - 5  
"+J ,

twlt '* !' '' i  l " t  )

ail, = vnTE ff, !

( i r  -10) -q{t} :  zz rcp lncod  by
1 , I'rfld

E * :.% ar+4 4G r - %  : .
1 y ^

I

+ ?*no tn*
n 'u t  I

e'  , { -
4q

?E = ,^ l -L -  Strk- 3lT, 'o ,  Iznbzn .L  yr"1 -qf* ry+?Er- ?* 
\0",

Zz{
o f  4 " +  t t f f ' - j 2 t ^ \
' 

\ zr 4'*, A*7r) +-*fi?.^ -:?1a\
1't- 4t \%r" T*2" J

+{ * - -%5 \
\ ?,t aq5,- )

v;hore

F r h h 6

h.=:r : -_  a * l I -  -y-"4 : - " r  "  
"  

-  t t - - s * l - t t *e  '

A^= t  + jk - "  t iE  +Ts i , * - to | l *  4 t ,  ,4 " L 4 % - - 1 l t \

Ar: -+  -& -  F+E-* rsn^_&rr -_3Je
r Yq )',,3 u,

Firin11y, b], tnklnrt ] :rto o""o,,, i**thnt 
%

n n d

It:rj

tff*9,\ ,

?t aE
'  0i l1

( . t .14 )

( 6 .  r 5  ;
tn t l"ort

&^
: - - I -

\

2 F
r  - ' O

b 7 ^

ln i ;  o (J{".1j  )

glvcn for

(A .X l  )

nnd (6.a2),  wo f jnr l

af, /aE und So rn
i lo

tu=-ry-,"-W,
+  F  +  .  * -
Lt= t , t  t  tg= ) ' r  t5yrt-ag r

btna
7

t*E
5  3 .

t : = r i P , T .  r  f i f t = ] 1




