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fhe prrposs of thte pap@r'f"s to stud.y ll-corree of,

ooupect rrsn-&b€liaa. gruup G,

tse el:all

(fl,[aJ"

' $srtha tsUnulescu

Instttute of Matheuattcs rlJn$.verslty of ftrelreresd

flmctlons on a Ioea}ly

of standard lt*aerrsIn the f,lrst geetlon wc give ttso rernnrkabie c'xampl.eo

neg of functions on G.

fSre seetion ? J-e devoted to €he study af natural 'and f*ne topolery

Gsr?'i.tih reupec* cf tbe two etsndard S-cotl€s *f f,tmet$one cn, So ;-

' l

. f..S-oones'of functtcns on s 3.oee.Jl:," ecnps,et ;TFou-n 
;

&-@&

..-4;d 

- ? a

uss f,n tlr.is section th.e de'finit$.ons end tba no*sttons af LIJ t

sn

l,l"l $J4q$kg" &, set I at posttiveunrmerieaL

oalled ii-cone of ftxret{ong on X SSI

SXI gendowad udth tbo potntmlso algebrala operaf,&one'end ordeq releti,on

ls e&: H-eolte (eee f?]rseotl,ou X $;with the conventlsll $obo*Q6

fal fE ("tlt.f i.s sn lncreas** o*t fu I such t}rat'there exists Lts 1.u;

bo, ln f ,e*rrotett by e, thon for evqry xeX we }.svsi

ill e(r)*rup f e*(x) | te rl

F3) $or Gvoqr srt€f end f,or every xdrwe navei

(2) iu nt)gg1*tnf(o6*) rt(*)J
-ryhere snt Ls tho l.u'b. of s and t Ln 9.

S*4) She *et f seBaratee X and contains tho poostlve eoneta:rt fune**carso'

;fons Von the set X Ls standard (eei
l"F#ef{n*3tq$. Xf tl:e H-cone cf, fu;rsX

{Arsecttan 2}nthen lt ls c€r,L3ed.e g}a&*gfcl ffisg,q , S}1FfiS19sq--ffi-f&

"-BSS.*S;the get of universal3.y cantl:ruous elementg of Vwill be denotod' by
. Q

,Jg

tfh:ronrn-ht thj.s pspef,r$ grtL1 be s Loea}3-trr compact s64,-sbolian grouPe As
- . . * v - q { : t ^ - -

wil1 te *-?:e Left invariant lie.sr ne&silro on S, I'U wttt le the sight fu:var*.

snt l{raes me&.ffure on Go fi**t be the fi*algebra of SoreS ee*e df, Sr T*SX

be the eet of pcef.iive nrseri+sL Esrui f,trns"i;ioas on G, &*l r"'L31 be *be::

fi:nstlcns on e' set'X ls



, -  
- E +  

- .  . . ,$eeef con*&ruous f,u:rcttons $Jr Gs$tf C) frtlf bs tlre Raclon me{L$ures on S, fi((C}
urll'l be the f,r:ncflone of V tcl vntich have conpaet aupport end e sniu be
the neu*nal el.ernent of &ea4da*//hy'/0,^'4,/- t '', ',%.fdc..r"r<d\ y' 6, ,'-u.7a(4= 

*,; Ark) * A"c"-t1 p.

Ife provea rn [il (corollarlr g.B.] the follow:ing *u*ltr' 

- 
7% 

*e8'

*q#.&gptg$. EIe essume thetl

el rer,t+(c) Ls e potentlal ke:*relr w [y" a*t
b) (k".Lro fs the resol"ven$ of ne&sures &,ssocf.ated wlth k (r..e. ko*k) nr;
-(3) ka(f,1*r 

f u*"r 
f*(r) 

dt ste,.. a>o snd f,€&G)
et'/f- l[nJ"rofs tbe gnbmsrksvien resol.veas 

.of c,perntors a,ssssfated ,rtth k

SotS)*rks'g for every teT
{5} S".(s}*:kox$ for eves fe F an€t a>o
eI TeeftG) Ls a He€,sure oa & sueh ther, ,/

s* ia beeic vi"ith reapect to ro 

e erfe! s k*'7 end eueh the

Inet us deaoter

t6f {t"ln}*o iselrf rle ( s for evsry 4>ot
{?} f ' t# )*, {*ef tan) | A* <$*s*s}
(??I f cfl-* \*ef'{,r I I s<+@ tf *&.e.!

Then v,'e hevg t

l) kiaerl hence ali kooo,a) ls absox.utelly contftrucirs wlth resileet to 1"
{eJla s$th reepect to 16 ltoo}*hence there'exists t er}**(ar} and f.^e rl(eJ
for everf, d,>o rsuch thatr
(s) k*f,.ls and. k**fo.. x." 

) d ro , . .. .
&{oreaws*s cstrl assu** that get QIP) *nd f,,.d t4}rr,.,h.ere u{*n{x^*p\pr;
2') tur) ts a st€mcard ll-oone tf % ** pi.opre.
t rrhroughdrut *luis ps,per ss eh*Ll &ssu$e that wp rreve a) rb) re ] rd) of the
$heorenr L.j, and thst % r* propre;f end f; wru be flxed given by 11of,
the above theorem.

4.6.-isq@nFor evsly eeK{g} end, for every-xcG 're ean writea
{9} I{s(i;}.;ix*s)g:;*(fxe }t*}= j str-l*)r(v)a\(r}*!rrr=;1ls{u5fra\(r)*

=J*t*u*1)g(z)drr(zi 
' l -s'cl

{r0 } n o( e; } (x) * 4xe } c* l *J s { v*lx ) f". ( n ) d t* ( r )* J ** t *r*} }eqr ) d, ru ( a }

t4I

kerael



*F.-.,.!t4ry@a,arl,r*F7F*:h
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Uslng the foilowLn6 rewt*s notetfo*u(to* svery functton h on G encL

^ -- - ' - eesuas S'e* toD t 4for every mt

tt").rtr(fI) r hs(xi,'rtrt l(x)-h(x-l)a(*-1) for overy xeg

i{d*, ylfl) for .".o eeQrcl
tone esn see thet It F.f.ls rthen F *f '1" )

-we 
aleo can deflne (i.ie tfre assuuSrtlons of the theoreu Lo3.)l

\ r . y $ r ^ r ( - . l' ( 9 r ) ffo t s) 6*1* : 
(Exe ) q*1= ( ts*S) C*l-*o\ rf v"-r ) e(v) ar*(v ) *

r'' 
n1tr-l ) 4 (yx-t ) *(u )..r Au(r)=)e(

( to r 1 il*t et ( x ) * r ( [" ce ) 1 " ; 
* ( f%e'l r,*-**,1 *; t r"a i e ( v ) a r* ( v ) -

x " 

*.!**t*-tr;(y*-1)e(y)d fu(v),ror hala>o

Orre c&11 6aslLy seo t at uf *tti|'\nr,L" 
"*tr* 

resolvent of operators

, assoeiated wlth the potential kernef i"-:ft*et cend tne{tire two resoL-

vents Jf ena ,rfr *ru 1n d,r:a^&1tyrf,.e. for every grh€ K(Gi *u havel

'l* J 
ti*f *l (x)h(s) 6 t*(r) , for auo7 ot>"

Ijence tbe drrel of t Uf lrwir{ch is sLso a ets,ndard ll-cone &ge-$ sco-

lueldee rryltb *rt , {'scz) (" f'-^*f') '

' !?e saw Jn' [f] rtue proof- of the theorem 3.1o"$that {&(s)d.\(x)< f

for eve?;f, o(>o thence the resolvent v{ ts also sub-markovianrbecause:

^ ff",t r i i x ) -, o((tJ* ) t*l =#, 
f 

rn t r*-1 ; a A" ( v 1 = 
"$ L( z ) d,l* ( z ) < r rQ) n, u

h?sFgmpfE.For a function h on. $7rve denote by h* and *h the folLowtng

f i . rnct ions.snGr @ 
- r*

i 
hr(x).rh(xa) , uh(x)*r?r(ax) for xes.

one can easffi verify thstl

(12) ('tf*G)*ono.(Err)" for ever{ d>.o r SeT and a€G
. : \ /

(13) tf-f)*-L(s*) for everl{ avo t teT end aeG ?

usi:rg lhe fotlon3ng reLatlons t& \tVa)- A(a)d ?tu(ltrOAU tay)*ffiWylu -
Isg*g ; frt ae€Q,y,) be a lower senJ-contlnuous f,mctloa.Then *rf(4")

Egg,fliie have eiread.y seen ffi in [f.]rsecti.on 2 ,(l3)rthat for every

eeK(G) we have:

(14) j j .3^*"(elq*;*s(s) forevorvxec

tret uE ecnslder now a frrnctlon EgK(s) strch' that g( siwe ca,n' wrJ*ter

lyo 
li" 2]1no:*ii.'8
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and iiecause g ls errbt'traryr$Is obtainr l$j l l"si*n pi.o" *r{|u}.

&*.g$Sgngko$esnirea t)z0rf+Orwe bave for evevy seGl

o < i{o(I) (*)do(l} (*)* Jstyl orr(r) < + oo ,. . . ' .

hende q(l) e,na ilotf ) ere strictsly posttive eonstsnts.lt f,olIowe (seo

tgl)  thatr  
'  t

aett-(t is a vreek r:p5,t f,or tQv) € s(s)> O for every xe6

Because *he rescl.varrt Jf'ru s*k-in:i.rkcvia,nrwe have tLat IefQniby Le,rpa

1.[]" .wa obta$$ th&t Let tJri.Iience 1 is a tveail * * {$) .Analoguous I

J.s a week urilt t-a * {fr)rtoo.

&*re1&gg$.Seceuse € f-fl is n stzurLliird li-coaer?re can assert thn*:

a) 3f (oi)in3 e t Uf) ie hn lnereas$.l;g f*utly .doruineted in t*-nrth.ea

there c:cists e sequer*** {:o}o.n of eLenents f,'r'on I such tir^etr

X'r ;*r*
t,) (*rlr.r e Z*tl ) -*i there oxisis {sJ*rr = 3 crrnl,r  * lro.f ' t  

'
g*yg  9 ! -&  v  a

A sl =;Asi*

t*U,r.}ggggu If &eg Le bor.nde&nw1th conpact oupport'Itnth*or

a) \(e) ts a contlnrrous botnded f\rnction on Gl

u) sn(s) e t t  u()J; o

Sqoo{sa) f,ollswe fron the f,act that }fo(S)=fx6rknon1ne that the conrolu.-

tf.on betvreen a flrnstion f e {u;{ aJ ertd. a ilor:ne.eA ftnetlon gef rr:ith €oEI-

pact support is real ancl continuousrand^ fron the fact that the poteatJ.al

- kerrrel k is a s:kif,t-bou;rd.eS nieasrre on G r":: tgl , L3.L0i)ef-o6.

Ir €X(G)

b) By }ir:ntrs theore$rn^(e)e ttA)ilet us eonstclctr a seguelr.eo of funetf-
( 't tl^ry341t ' ' 

* 
.1-- *^-r,-r

. o$s { ""}n€;Wffith 
iE inereesing to it*(S)ra' strlctely positi.ve reaL'mif,l-

bere ancl Let *rt Ql') be an arbLtrar v.'esk untt (henae s(x)n20 f,or €vsry
it xeG).L,et 'r,ls denotel

a * r J l f  { e ( x ) l x e e } > o  .

By !in{ 3s tJ:eoreurwe hnvei

{uJ n  N 4\ (e)  on I {o

henco there eg.j,eis nrel'i suslr tirat for eVe:1y TL>.tt€ we hp"Ves

fitt+2,t 7 Arr+ €'4 > N.Q) 't ' f ' '



: *5*
r* - l  ,fy LfJ npropositlon 2.6, ritro .eatlsfies the corapl.eteelerxlffirtr prgneLpLe, 

_
rhar wotde(tQt l)- .hence vre have Bn*€s2i{o(e)

''l"rt?"Sgtt!qg. If wa denotet

(15) -rt -rtuer4lu i.s bounaearwrth connpact oupport]
esld. f.f $rs osnsld.er a bound.ed, functton geF sueh liu(e) Ls boundedntoo,

then vre have r

*) %(e)e t ufi (by lh.::rtf s theoren )

b) itoreoverothere exLsts sn increasiug sequence fqnJo.* of functioug

frorn ,r4 osueh tha*. e

ftsn(€o)}o.n I rotel
$ . .

-B-r:q,of-i't'et JK*\trt'ba,a,n lrrereaslng net of compaet flrbscts of srmrch{w L

that V"Ki*G sctd Let 91-! t%r.Beeaus* {%(e1)Jr"g rs increaslng to

\(e) rwe obtaln from rerne,rk 1.L0. the exLstence of the desired s€eg€11-

Ce (usiag tho previous lernnartool.

1*.133rqpqp.lti.os..If s et (* ) othea there ex{ste a eiquence {€n1**ir e.,4

(ydrere .4 wes elefined i.n (15) )rsuth thate

{tno(*o)}o.nt s

nrggfry }Iunt?s tlreorem.rthere exlsts s seguerlc" {_hoJrrel,I of posltlve

bounded BoreL functLonsrwlth LTo(hn) bounded for every neltrrsuch thatc

{r+o(rrrr)Jn.ilt s c
She existence of the d.eslred $equeaee foLlows fran the prevlous lewaa ;1

appLled to every h*

tqX4-"0q-g?1L-qsv.a)FverT ert Ul ) l,s Lower semt-eoatfnuous on G.

b) fvex"y ae(t("Jf) ); .'1u contLnuous end. bor:nded on G.

b)  seZt , f r l  jaes + u* . t t - i l1

Frogf;a) fet us oonsf,d"errby prrrlous propos{tionoa sequ,enee {goJorff "f
fr:nctJ.ons froi" ,A ,s:ucb thatl

f r n(16) tto(qoilour* t u (iience we at sc have {{uo(qo) )frouiit 
"* 

).Becout
of (12) ar:.d by lluntes theoremrvre he"ve thatg

(iro ( q*) ) *e 2, ( ,1? ), f or every ne r{

By asoumptlonrg <+ @v &&.o. ehence s*(* * r,)f-s.en iuslng tbo eeeond.

on G.Thus ve provod,



pe$t of (16)

StlOllSr

a*cl l*nma 1.6. ryre obtaf.n s*e Z Uf ), b) can be proveil enal-o*

nlt lon 1.2. )

b) t ti ) Ls a stanclard ll-eone of fruretlons on G*

ggg,gg,raf) ge aLread.y have axlom Fl) from tbe theoreln 1.3.For $4) vre wssi

. alrea6y lmow that * vtl) eontalns the po*ltive constant fi.uretions (see

. 
*O- remark L.9. )ire vriLL prove now that t Uf') separate's the points of

. G;by proposition 1o13. tt ls sufficlent to consider xcc such th*tr

(I?) (uoe)6*)'(1{og}(e) for everv 8€&

T.;rr6.,TFgpre&. il tktP) '1s a

and to show

(ls)

we obtalnl

tlrat'x*.e.Indeed.rbecauee ltro1 s're bounded' kerneLs'froml

Uo(s)*l$.*(g$+*r'l^$o(e) f,or ev'ery a(>o 
j

standerd. !I-cone'.of fr.rnetions on G (see defi-

8€r(c') encl x>0
(19) (l$o.8)q*;*(lt".s)(*) ' for every

Ilenceruslng (L4) vro havet

(ao) s(s)'e(e) for evexr eeKrc)

But reLa'tton (ao) ls posslble'lff x*e'Thus Yte proved F4)'

f3) foLLo,rrs .frgm the. proposition L.13. a;rd Lemma !'B') fZ {+t6^' /nhl*

;;;lf"t" r' lt/ ' a'd kd,"ff€ fuzntta* 4'3''rn'

b) eah be Proved analo$ror$r
r  - Z

e W g - S s g Z " I f I I l s e ' n o p e n s u b s e t o f s ' s u c h t h e t u + P a n e t l s c o m p * c t. ' )

then lro( r/u)fo .

Fqgqqrfnrleed'rotlrercxlsl rwa wouLd' have for every x<St

i{o( K ui(x)* J*t=r-l1 /u(r} dtrs(r)*o

X.€. f(ry-l)*O l6-&r€c ye{I.Sut beeause f Ls Lower-semigont1'nUous on

{
Srwe ]ravei g(rf,r-l)*g for every yGltr *

@1 f ron tbe ] . as t r e1g , t i onwcob ta1n fE0onG,wb { .eh i sno t

t:nre.lience ve ha've the assertton of lernma t'11',
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Becnuse rnre hsve Jrist proved, that t tn onrl g C,h are II_eones of
f r r n c t l ' o n s ' o n G , w e c a n d e f l , n e o n G ( s e e C a J , s e c t 1 o n 3 ) @

lqfiq, i*4 segps€,g tp F (4), (resp. v,rith respect ro Zf^il1 *- betne
**t*.r*o*rsest topo]'ory 

"" I 
for v',hlch the r:nlversal.Ly contLnuous elernentx

of v ('42), (respr of t tf ) )rare continupris funa*ion on G and. lt !?l.L1
be denoted, by T" (respn 

\lrand
.9-

fr"o-.Q (at)", (resp" rvith resp. to 2 c,fr) ) rcs beln6 the eoarsest topolory
on G for vrirf ch sLl. r.r:e elenenre of * *i, (";;;] 

"* 
Z t_il ) rp*t"s eonrlx

s$orr.s firnc*ion;$ o:1 G si^rrs Lt vugl1 tre clenoted. by [.{runp. % )gthe j:rt_
tlaL give:r topolc.,lr of the grouF G lvir"r. be d-ensted, by J;, s endorryqd,

' .r-{'th To ft*uv, wlth n )ls a me-brisebLe and eeparab1o topoJ.oglcal
spece and G enclo'red ,.,,:tth 

% (re'sp. Erth fr )** a comple*ery regurar
topolo6ical sp€,ce (eee fA] I

v l /

0bvtously E" * G and. Tn€ 4 .
By Lema 1.11. en{ prapositian 1.13" it follows that g;, Tr.

.fuJe&sryg"l) n.r; (resp. oulrl,heG 2 ttose f ("**p. v.l.{ )
z) ve { tresp. vuf;ra€G =+ v. aeJ-n (resp. v.*.i }

&qqfS 1)ff we' coRsfder the map f : G--z Grf (x)**r*4nby proposJ.tion L.'35o
we obtaln etc'f=$*-re2ful ), (resp,€3 t,il) re finely eontinuous for everl
e€2Q'4/)o ( resp.  for  every ae 2t i l  )u l renee (ses L6]rcn. f  ,$ prno3lpropr
4 ) *-t for.l.ows th&t f ls fineS.y coa-binuousr*h-iclr gi.vee E);a) forr.ows skr
fron 1.).

?n4",rqiirg.Tf v<T& ,v$#rtbere er[sts xev such thet r fs e {-ne$.ghbo?rir*
hood for xo

; ,v*Frsuch .bhat T rs {-co*paet and. Tc.Vr
e"nd *he compaetiftcatj.on 6 of & $dth respect to the foLlorrrng fa^r,it1y
of bound.ed, f-contJ.nuoti.s fr:nctlo$s on G (see ftrthnlol. )s

%=(2ur)  )oux( (e)
IIe al.so eonsfd.er the fotLowlng cone of coatinudus
pe+t sI]ft,ea (T {wet]I.l also d.er:ote by s the extension
of, a fl.mctfon s€4 )l

functLons on tho eom*

by contxnlitr ug f



fu* l*a- l to(Kio) |  s €( d,e*l lu, o.e&+)
3y lemne L.1?. so(XulEorlrenee tlrere exlsts tne fi.tovrs bognd.ary a c*@
of G Erlth respect to {u .3ecaus* so satJ.sfles the conpleto ma^xtm:m
princtpl.e e.ad becausa ever1r fi:nctiorr from V*,+ol is T.Jo-domlnatfngl on G
(see ts])rit f,o1Lovrs that tho closure Tof u in Ers a cl.osed boundarrr
sef, Erith respect to Yu rt.€o I

-  - . 0
f , €7g  1 t> .A  onU  e  f  > .e  onT

. fhus vre bave Cd gB

l?e essert notr the,tl

(2L' thero erists *aYu sucb. that s >O orr CO end, s(x) < o f,or some seU
(slrere cv*rErv).rndeedeotbenrs.serf,or e.trery ue!" we vrouf.d lave:
(ea1 r)r0 on $O e I >,A on U 4 s >.o on ?
end therefore lve i'ror:J-d, obtain tbat c' Ls a. c}osed boundary set with *,GS-. n  I
pect to tu nlrhicb tvould irnply that we el.eo have fr*tn ,lencel

t - -

# * c c e u n c . ' = 0v r' 
whtch Ls a contrad.iotion.fhus rve proved la:.),

' v*lrlch is Tgeaa*inuouerlve haver :

pnd ;riherefore V fs a f-neiebbourhood, of S,
\a

2,3;nh,qgi$gn u) q =. f  I  bt {o * %.
.Pqopf,:L) let v€% ana let s be en arbLtrary point of v'rve lfirtll- show
tbe't V ls a 'l-nelghbourhood, of x.Indeed,,by the eontLnulty of nultLplt-'L

'

I 
cattonfnLrr' the poi.nt (enx) € G xGrthere erists Ut,tvt€ 9; ,such tbate

'  L  (9 ,  e  6Ur rs  €Vfr  ,  $e. {Wr.x}sy

tret now VI?!:G;sucir thet e<1? ,',T-l*t(/ end. trT€Urnr.?t"Sy lenmra Z,Z,.rthere

exists y €fi.x euct? that lIi.x ig a fl*-nelghbourd of yrhencenby Lerg..na Z.l,
we cen tp.k a feTn o such th,et t .

eef  o  f .S€Ti , rr.rcr * .  ed;> V.t] :N, .  
,

T,Ie have-r :.'

\ - l ' n
(Z+) s.ef"x€(tr j .1?--t)pxslf"  (x,r- l ) .xeW. W.x € V .



i'
i'",,.: 

. . *9-
. F'. 

Ileneeruolng agaLn lowEna 2.-1.;l,t follows ths,t T fs e 
%oelgbbourhood,'  

,  , .

of Xe 
:

2r, caJo be proved, ena,togxous.

Fr4,$qtsllas[*1t q - f; - 
\ 3 2) rc, ft; ) tg.'a l,oea].lv eompact topo]ord

il; grouprkhose topofogr fI metrfsablo and separsbler
. ' '

i .

l

. i

I
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l.U Si+oboe r]n'BHnulsscu:Absolutelly Contl.nuous potentl,al. Eeraels on
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