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II-CO”T““‘S or WH?G""XQYS o TO“O‘?’;GGTCAL CROUPS

Merthe Bfmulescu
Ingtitute of Mathematics ,Univarsity of Buchﬂ,mat

The nurpose of thig paper is %o study Hecones of funcitions on & locally
campact non-abelian group G. '

Iﬁ the f£irst section we give two remrkab;.e oxamplefs of gtandard I*I--com
'ncs of functions on Ge ' '

The section 2 is devoted %o the study of na'turai end fine copclegy on -

@, with respect of the two standerd He-cones of funetione on G,

1 H—-copes of functions on s locelly compset groun

Ve sball use in thn.s. section the definitions and the 110'{2&%102153 of (}.] .
(20, . .
eloDefinition. & set £ of positive,pumerical furctions on a set X is

celled H=-cone of functions on X ws

. I"l} 50 endowed with the pointwisa algebraie opera*tr&ons and ordex zela‘bion
is eni- Hecone (see (2] ysection 1 § with the convention Qeco =,

F2) I (si)id is an increasmg net in - such that there exists its l.u.-
be in ff,denof;e& by 8, ‘thﬁm for every xeX we hava:

(1) ' g(x)=sup {si(x){ i€I]

F3) For every s,t é‘f and for every xel,we heves

(2) (8 At)ggy=int(Be,y0teg))

where s At is the l.u.be of 5 and $ in . '
F4) The set f separates X and containg the positive constant funof:wnso
}.pc JDefinition., If the H~cone of functions ‘Upon i:he set X is standard (sm

(2] ,section 2),then it 1s called _a _ghandard H-cone of functions on the

- $5% X.The get of universally continuous elements of % will be denoted by
bg . V |

Throught this paper,C whl be a 10@&3.1;' compacth nomwabelian group, }\,-

will be the left invariant Hacr measure on G, A g Wil e the ﬁgh‘t- invart

ent Hear meessure on G, (J}Will be the 0=-algebra of Borel gsets of G, gzd'will

be the set of positive numericel Dorel funciions on G, g{ G) wiil ’;‘c: the =



e ; . 5
md conﬁmwug :ﬁmctio“s on G,m G} will be tne Radon measures on G, 7((@)
will be the functions of ‘5( G) which bave compact support and e will be
the neutrel element of G,Wém/[*"%wmfw T G ce- Aalx)s 2L As) X507 fn

Creny xe‘G
Ve proved in [1] (corolla:t:y Be8o) the Pollowing results | ‘

;gégﬁh@omm. Ue aggume that:

a) ke u™(¢) is a poteniial kernel, k= f/u’t dt; =t

b} (k«)@o lg the resolvent of measures assocmted with k (i.e. & mk) byi
) k(£)=2 f o™ /u.%;(f) % yfor «>0 and £eK(C) |
c)(/V n{ I ’] sy ig the submarkovian 1esolven$ of‘ cperators associ a‘t:ed wii:h_k
Bys 5 o .
{4} i (g)szkxg for every fég"

(5) - B (g)=:k xg for every fc% and «so

a) s Mg’(G} 18 a measure on ¢ such them %Xiﬂtm k%;/x gn& such the kernel
ﬂ’ is basic with respect o o
. Let us denotes .
(65 y(u‘f’)é: iee‘ﬂ T s<s for every «>0Y
(" Pt yas fsc Yumi 1mm g=gl
B0 S e T Ak s A =2,8.)
Then we have: :
1) kf{and hence all &k k ed>0) is abso}flute’ily continucus with respect to l
{and with rvespect to A3 »too) hence there exists feLwc(;\ ) and £ eI..]'( 25)
for every o«>o,such thats:
(8) k=g, ‘and ik FE A % >0

7
| mgreczmrgm can assume that £eé ) end ¢ eé{uc”),xvhem JV z:{ﬂ +P?JP>°
) Pl stenderd H-cone if K is propre.

Throughtut this peper we shell assume that we have a) ob),¢),d) of the
theorem 1,3, and that Ny 13 propre;f end £ will be fized glven by 1) of
~ the above theorem, . ;
l.Gchz&maﬁzeFor every geK(G) and for every %l we ean write:

P T A ]
{9) & ole) = Ugd  y=(xg) Yx)= 3 (y v)f(y)dks(y}g)(f(mvI)SCZ)E)QAS(Z.)z

=Sf(;~:v“1)g(z)d7xa(z3
(20) Holed(zy=the) zy=fety i)z, (yran, cmf £ ez )gl2)d (2)



R et

Using the foilowing rasmkia nota’cion}s(fér’ every function h on G and

for every measure fze"”’(u))
-1 = g\ -1 =l
h(x)a:h(x ) 5 BE(2)=s( A)( )nh(x )A(x ) for every xeG
/‘(g)a’/“(g) for every geX(G) '
(one can see that if M=f.d  ,then A& =fed )
“we also cen define'(in the assumpiions of the theorem 1.3: 00
fon) N (g)( )*‘(k%gk )z(i 1@)(x) S:i’(y*"l)g(y)dl (y)=
. ' Sz&yx JA (y=~ )g(y)d 37
: -1

(10') ¥ (g)( )ma(k Xg)(ﬁw(fﬁxg)(x)&’rxr}gf {yz

gl (yx~1) o (yx" 1){;(3)61 A, gor M,d,,,

‘g\y)d% ()=

: v
- One can easlly see that A ===°{.w‘,j is eZme—e resolvent of operators

\/
vents’ N and / are in duaiitv,l.e. for every gsheX{G) we have. ;

(0 e M aA = [T te) yatx) @A), fox cvny
Hence the duel of é(/f Jowhich is also a stendard H-coue Jeé;:-% p CO=

incides with é(«ﬂ’)(m (27 o M]

'We saw in [1],the proof of the theoxem 3,10.,that &_(f,,( (x’)dJ\a(x)gi
i : 1%

assoelated with the potential ke:r-n@’i xs:sa'S/*td 8nd 'bhaifzhe two resole-

for every dso Jhence the resolvenu A is also sub-ma‘r"rovian because:
' -1 Sy V) «
O(Noltlj( ) c((k :ﬁl)(x) i gf & )d/\ (y)= o(Sf (a df\( Y< g () >o
1o ToRemork. For a function h on G, we denote by h and h the following

functions on G3 :
| ha(x)a:h(:ca) : ah(x)z:ﬁ(ax) for xeb.
lpne can easily verify fthate
(12) A& g) =N (g( )” Por every <o, S<F and aél
' (iB) (354,,‘9) =i «(8s) for every azo, geF end ael ,
using the following re;.ations:dks’ya)u Aa)a (5),0% (ay)w--r L (7).
1.8.Lemma, Lot A@'é(afﬂ ) be a Iower seml-continuous “unc‘bion.mhen seb"(dﬂ/
. Proo;f :e have a#ready seen fmk in [ﬂ,sec't:.,on 2 ,{23),that for every

. -

geK(G) we have:

(14) iim <8 (E,,( 2)78 (%) for every zeC

: o9 00 . . :

Let us consider now a function ’reK( 1) such that gg o3;we can writes
1im e« 5 >1lindl, g=g

o{~9 0 o‘ X a9



e
and because g is aa:b;.ma:x:y,we obtains l:u:a ocl‘a,(&ms ,:L.e. se\f(w").
;,,_‘_&_ Bnarice Decause I >0,f#0,we have i’or every xeG: _
0 < (1) 1yl (1) gy SE() A ()< ooy
hence X, (1) and § o(1) are strictely positive constants, It follows (sece
[€]) thats f 4w : ‘ !
ﬁef(df’) is a week unit for EN) > s(v;)>0 for every 24}.

. Becauge 'rhe resolvant 4 is sub-markovian,we have that le A 3 by lemma

1.8, -we cbta&n that le f{uf/’.a.henue 1is a weak in ‘g‘(v(f’)..malogaous 3
T:Ls a week unit in ﬁ («b”) too.

: ;,I!.O.Remar}sp.because E (M) is a standard Ii-cone,we can azsert thats .

8) If (s;); 1< 2(a°) is bn increasing family ,Cominated in & (A7), tken

there exists & sequence i/in} of elemen’cs from I such thals

neN
8. =\/8
;{ i m\éfl iIl

b) (éigiel ?f(#’) :?' there oxista {3}, =1 such 'tsg"a"c:'

Qs A
‘é} i =meusi

3.1 .Temma, ,gf gé is bDounde d,with compact suprort- K thens

a) I (g;) is & continuous bounded function an Gj
b)’x» (g) € (€ (H)) P e
m;a) follows from the fact that K. (2 )-fxts,.movﬁ.ng that the convolum
tion between a function fe L% Yo c‘{ A;) and a bozmSed function ge* with come
pect ‘suppor‘a is real and continuous,and from the :‘.’act that the potential
_ kernel ¥ is a shift-bounded measure on G {(sece (4], 12 ,10 Yol.eat :
heK(E) = U (a)=simnedE) ,bounded. |

b) By Hunt's theorem,H (g)e & (U )3let us consider a sequence of functi-

ket :
7 ong {s 7]ne‘T which is increesing to N (g),& strictely positive real’ poupe
bere and let se? Z(A) be an afbitmr weak unit (hence s{z)>0 for every
" xeG).Tet ue denote:

«=1inf {s(x) | xek}y>0 .
By Dinits theorem,we have:
| {311111'1&11 J}—a’E g) on K,

hence there exists n_ ell such that for @very nzn, we haves

B tEA 2 Ayt £ > No(g) o K.



By [1] sproposition 2,6, ,E‘o satisfies the complga‘i:é maximwn principle,
' hence we have s +es> X (g) - on G.Thus we proved that No(g)é[f‘(uf))o-'.
“ il 1? Temna, If we denote: | |

(15) _ w:{hécﬁllh is bounded witn compact support}

end if we considar e bounded function géf such N (g) iﬂ bounded,too,
then we have:
: _a) BTb(g)éf (M) (by Hunt's theoren )
-'6) lloreover,there exists an increasing sequence { g’n}ﬁe}l of functions
from A ysuch that s : g ‘

{I‘ (gn)}neﬁxﬂ (g) et : -
Proofs Let {I{ }iéI be an incruasing net of comp'tct subgsets of G,zsmch .

- that U&{ia(} and let 813 Xhi. .Bacause '{"‘3’ (g )}161 iS in"ﬁi’@&Sing tﬁ

N (g),we obtain from vemark 1.,10. the existence of the desired sequens

ce (LsiLg the previous lemma,too}.

> 1o e P‘v"opo"i don, If se—é(d”) then there exists a sequence {gnglel = A
(where A was defined in (15) ),suth thats |

{I“ (gn)sneI‘T 5
P‘roowBy Hunt's theorem,there exists a sequence {hn}n ar °F posi'tive
‘bounded Borel functions,with IT (h ) bounded for every nell,such thats

{m, (n )}nﬁ'r 8 . ‘

The existence of the desired Bequence follows from the previous lemma
applied to every hn
1,14,Corollarv.a)ivery se € (4) is lower semi-_-ccn‘éinuous on G,

b) Every se(’é’.(ul/’))-‘.,fis continuous end bounded on G,
1.15,Pronosition.a) Ség(‘/{/’) »266 —> Sy ]
b) se&(4) o8eG —> seZ(«V’)

Proofsa) Let us consider,by prvious proposition,a sequence {gnjinen‘ of
 functions from A ,such that:

- : e‘
(16) fﬁo(gn)}nen? g (hence we alrsc have {(E;‘O(gn) )a?jnelv'/r 8 ),Becaus

-

of {12) and by Hunt's theorem,we have that:
<No(g‘é> )aé’% (A) gfor every nel

By assumption,s <+ o, N~a.e,hence 8, <t 02 «/V;-a.aa suging the second



=
patt of (16) and lemma 1.6, ,we obtain saez (/")s b) cen be proved analo~
1, 16 Theorem, a) é(ol/’) i., & standard H-cone of functions on G (see defi-

pition 1.2.)
B2 (oV’ Yia a stanaard Hecone of functions on G

Proofia) We already have axlom 1) from the ﬁheerem 1.3.Tor 74) we Mc
.7 alreaay know that “’%(v‘/’ } contalns the posgitive constan‘i‘. functions (see
"hhe remark 1.9 ) we will prove now that 2 (#?) separates the points of
A-G°by proposn.tion 1.13, it 1a sufficient %o consider 'mG guch thats

(7)) o (W g)cx)ﬂ(v t’)(e) for every gé(/?'
end to show ’shat ‘x=eo.indeed because N are bounded kernels,xrom:
(2 - - .o\g)maﬁd(g%mdllo(g) for every *>°

 we obtains : . :

(19) : (I\Y“g)(x)z(ﬁ g)(e) . for every ge?’((G-) and «>0

' Hence,using (14) we haves S

(20) g(x)=gle) for every ge;fc(e)

But reletion (20) is possible iff Xae.'l‘hus we proved T4).

» 1‘7‘3) follows fyom the proposition 1. 13. and lemma 1.8.; F2 MW’ f"”“iﬁ“

115, gud fusm Bt domma 1.3, e

b} can be proved analoguous.

Terme 1,17 If U is an open subset of G,guch that U4=¢> and U is compact
| . - -

then N, (X;)%0 .

Pr@ofﬁndeeé{ otherwise we would have for every xe(}s

H (X )( y= (20ay™) Kyly) arg(y)=0

e f‘(xy’l)no AgmteCe yeU.But beceause £ 1s 1owe?-semieon*binuoua on
Gywe haves £(xyr)=0  for every yel b
: FPrmexixzxxésfrom the las’c rela‘hlon we o’otain £=0 on G,which is not

true.lence we have the agsertion of lemma 1 17

o~ A



=T
2sThe ng %u:rm‘l ond the fine "bopom ioc; on G

"",-'ivdth remeo’c to é(u/”) and é(al/’)

Because we have just proved that 'Z(J/’) and 2 (M’) are Heconeg of

fune’t:ions on G,we can define on G (see [Bj,section 3 ) the netural topo.

v
lom with respect to & (4 ), (resp, vi.th respect to Z(A) ),as being

the coarsest topolos gy on G» for v'hich the universally con‘slnuous elemeia:n!;c
of ‘g’(u{/’), (resp, of & (uf") )sare contlnwzms ftmction on G and it will
be denotnd by T (resp. T ),V.ncl the fine %ovoiamr on G with respect
é (M, (resp. with resp., to 2 («A/’) ),&s being the coarsest topolon'y
O G for which all the elsments of 2 (vV’), (resp. of Z (v‘/’) ),cfi’.’@ contix
nuous functions on ¢ and it will be demt’e& by ET (resp. ) the ini.

tial given topology of the group @ will be dencted by o ae G endowed '
with ff (resp, with 70/ J1s a metrissble and sepa:r-able topolog lcal
space and G endowed with f7— (resp. with J £ )is a completely regulpr
| ‘f:opolo{ﬁcal space (see ((2)) ' - '
Obviously . J c:f and T T

By lemma 1, 11. ansi propomt’lon 115, it follows that g’Cf/—Z} &

'\J

5 Lemma,l) VCJ (resp. VéT},aEC => Vea € 7 (resp. VeacT £ )

23 VCT (resp, Ve 7 T, 00066 = V-aefT (reSp. ‘J.ae,if )
Proofs 1)IF we consider the map f:G0— G f(y)w 1 by proposition 3. X5
we obtain x;o'fms €2W), (resp.el (04/')) is finely continuous Por every
s€g(’), (resp. for every sé%CvV') )shence (see [6],ch,T ,$§ 2,0°3,prop.
4 ) it follows that £ 1s finely continuous,vhich gives 1);2) follows Rz
o 1), _' : .
2,2, Terma I VéT ,V;ﬁ;b,‘there exists xev such ‘I:hat Vis a g—-neibhbour«
hood for x. 1 : : ;
Proofslet us congsider Uéjz »Ud, such that U is J s~compact and T<v,
and the compactification G of G with respect to the following fam::.ly
of bounded T—continuous functions on ¢ (see (9] thelol.): :

& =(5 (4) ) UH(E) '

We also consider the folliowing cone of éontinu:ﬁus :t’unctions on the come
pact space G (we'll mlgso denete b;y s the extension by continuity on &:;

o m function se}')z



; e .
S {ora-x <%U>l aé(éwn ,«e}‘i +
By la*nma. 1,17, N, L )_{_:O hence thewe exists the o:n.lov's boundary J G#@
of G with respect to EJPU «Because H satisfies the. complete maximum
principle end because every function from 74 {A) is W -—dcmina'bing, on @
(see [8]),1it follows that the closure T of U in G i a closed boundary
sef with regpect to 'VPU ,i.e,:
fé_'f »£>0 onU => £20 on G
_ Thus we have 2G<T '
5 \Je assert now that: . 3 :
.(213 ‘t‘Lora exists sébﬂ such that s >0 on Cy e.ncl sf(x) <0 for some xed
(where CvaaG-’J e Indeed otherwise,for every se‘f we would haves
{22y a> 0 oncfvzgszo onU=8520 on @ E
and therefore we would obtain that Cy 18 a closed boundary set with res-
‘piéc‘b to 5DU sviich would imply ﬁh&t we. &l.c:zo have Qf‘CCv ,bences
’ ' ¢#zoucbnc* =0 '
Vw.aich is a con‘tradiotlon.‘l’hus we proved ( el d,
Let s g,iven by (21) be of the Fform s::u—t»d-l@o(%ﬁ)e‘fu gif we takeg |
o ' t=sl] (KU ={u+a)A I (?(U) :
: which is e g-continuous,we haves
420 on'G 4 4=0 on Cy ,t(x)> 0
x elye ¢ | t(x) >0Yev
and ;w‘;heéefore Visa Q;wneig,hb.ourhood of " %
_g,Bi%?hwrag. o) g; = SJE s b)'.g\; e o
‘ Proof:1) Let ?éch aui let x be an arbitrary point of Viwe will show

| “a.t Visa 9_ ~neif:hboax-hood of x.,Indeed.by the continuity of multipli-
'c&twnin..n the point (e,x)éG X Ggthere exn.sts Ut W’GT ssuch thats
(23) cevut ,oewr, Uit x) =V -
.Lei now \Jég‘ ,ducn thet edl ,W 1"&’/ and Y’C-U'ﬂ"'.pdr Jemma 2,2, ,there

¥ EWex auch that Wex is o I -neir"hbourd of Yshence,by lemma 2.1,
we can telke f€J_ ,such thats ‘

eel, l"cgé_ Wex

We have: ; e | =
(24 melom alliomy oY oallalae™ Y su ol W oS



~ e » .
Henee,uéing aga.in lomma 2¢1leyit fol}ows that V iz a 9’; —neighbourhood
of Xe '
2) can be proved analoguous.

A

2.4,Corollary,l) 17; = 7;1 =7 3'>2) (G, (J;') is. a 100&1137' ccmpaét topoloa

o g
gical group,ithose topology is metrisable and separgbles

Ve
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