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In L3-] , FoReeee nql:'trey'Ernd RnO" l' ieLls Jr, prwe that

a to*al.Ly res.J- sulrnr.anifol"d of e coix.tilex lilsnifold heis a funda*

men'baL neighborhood sJrstom consistfurg of open $teLn ,m;arli"fo&,c1s

fh is  repressnts .a  genern} izat icn of  Grauer t ts  theoren about

the conplexificat j.or: of s. sesl * euraS"ytic 'rnanifold {2J.
In [ ] ]  A,,Andreott i  end G. irrederj^cks lrrove tha't  reel

analyt ic (xl  nanifr ;L, ls afe f i lobal ly iscmo:ptr ic 'ho a generic

enbmanifald of a comp}*x i l ; rni foLd (t tre coinplexif ieat ion of a p

real. analy{,is C[t rnr:.nifo]d) I' ire;r .a]so prove that a co:tpact real

r,nslytic f,f? nanifold of type (r'r.l) fras in its conplexif j.cation

a fUnda:irel tal  neig}rborhoocl system-- con$i-st ing of L - cor;pic ' t ,e

rua::.ifol.ds ancl this result is conjectured f-o;' a non-coutpi:ct

manif  o]-d t  ooo

?he' p'urpose of this peper is to Sive an easy general i-

satiorr of the resu"fi of Hervey and ?iell-s to Ct srenifolds o,r:'; ',

to obtaj-n as a corol lary the conjectt"u:e of Andreott i  and

Frederi.cks . F"FJ-onC or snd AI . Tanc red i heve aJ-so ermouJt-

c*d a proof of the aircve eonjectur'e tr],

z"rg*ri::T; 

a s'nnorh Locally crosed m di-u.ierrsionar reel

subnanifotd of a coruplex manfold X (a11" r+aniJolds are &sstl*

me d  io  be  $ar*conpr ,c t ln  i lo r  a  po in t  p€  H i ' :e  denote  by  : '

t*(X) ttre'r,aCIfb.&t $F,ace of l,[ at p Let TCp(]J) be tlre maxiner.L
IJ

c6::rpiex $u-rspece ofl the real spece fp(m) vrith the cornJ.rftsx

s'birtreture i.n,luced from Tp(X) " If dir.r gTCr(]i{) = } = constl'nt

for each pci,l \,/e say that ll1 is a Gfi nranillold of type (nr3.)

A smoath fr:::ction q sf an n* di-nensi"ona.l" coruplex m*ri--'.

folct X js q-pseudcrconveti  i f  i ts cornplcx l{essrian hes at J-cu.st

Ir*{ positive @ii:cnvr,rJ"eiea nnci it i,s ,s'trictJ-y Q* pseutioconvex if

i 'ts colipi-c;l l lcssia:: i:::s at J-clst $*ci &tr:icti; pcs j-t i ' '" 'e e ig'Jr:'. 'r '."

lu, l  s *
IJ] n* ri j:ren::i',i'rnl- colirpicx.nia,ir:i,frrJ-,'l X &s $, * cOr:rp]-*ie

i . ' f  t l : : : 'c  c : : i i iLs  a snooih f r : i :c t ion i { :  X"-*R st l i t , - t ly  l ! - -1 , r1- l * ru

cloconvex suctr thi i t  f 'or ccery de${, fa*K\t{[e)* c-] , ,

[[5 CR STi?UTIURI5



n(.

is relat ivety col:npelct in X ,

5. Fxlstenge o{' stvictl-:r }- pseurJo-noql'ex fu*rq'-t' ion. dqf i* '

&$]s-l:[ "

Lgg$g*} Let 1{ be a (st sr:bmaniilo}cl of tppe (mr I) of en

open si] '6 ** l1 51 = faeulSr(e)' 
'  '  '  =Sa*-*rt*):o]

lvit.rc,r*i.,".",q i:re re al va]-ucd smooth funct!on$ on O suc[ that
-ry /Jz**_l.\

& 3 , H : . . h & 3 . o - * # o '
. There exists e po$itive function t Gct"(9suchr tbat

a)t\r a faeb\'t(*) =el} . .
b) t {  i * :  p}u: is{rbh.:rnonic on } ;1 (  0 -  ps*udoconvex) .

c)  Y is s.Lr ictS.y 1 -  pseudo.3onvex j -n a neigi :borhood of  M "
d) all giy-qt dc::ivatives of tY aTe vanilhing on ] '1

rRoCIFo ?h_rv
Lst de:n$ne e 'f' q'L snd then a ) and d ) are

,rurif i*rl, t*' 
') q=

; have _u"q =.?(Heb 3\+',;i\, *h_\'- 
?ar'a;E \f' S 5r Te, 

' q; 'k 'Dz;?Z* /

v\ .^\, r,

t r 'cr  p€M we obie, i .nX.fr igtel
1tr: ' r  0* '1d= r

tv ne ( iir. J- ) of s.n
h '

cJ-ags C* r,,,re knol'r

ili j ulr j.cii ii a.s ni'

,. -t ii ir :1 ( * ,1... {'li ) 4
( , f , u  

t ,  
( * L ,  v  \ . d

cooi:ri ina'Lcs tn

*.*,=;"S\e^fr-= *;a{zc
t*a1 aenn* thet ? is pLurieubl:srraonic on iv1

B*causc irl is a C-'3 nan jfoJ-c of tyi:e (nr l)
a f s  \  \  -  r * * - r

rk M rr,'l = n-L for eaeh P @ Irf L'U
r r t ^  t -  r t Z '
o L * 4  ) ^ " '  t  ? ^ )

It follor,rs th*t the complex $essian of T has n*} strict:.

ly  rcs i t lve e i8cuv*r iueo on i i .
*  

i - ien.ce j .n a ne ighborhood of Id,{ is s i ' r ictJ-y }- pseudocon -: . :

v g x .

S$i*:K o if i'i is o Gt mt:bm*Rifol-'l of
n  t  t . "

open. .s*t 1)CC *' end of differeir'fl is.i: 'uLit5'
, r 1 ^ - , &  . { " L r n a  ^ - . i ^ . i ' c  n  ' r . , q ' i ' i ' { t t z l  i : t r n r " ' i ;  r i r t  i g  r t :  { - r 2
l c l l i : l u  t ,  l i u J ,  i  t ; a ! v  v u  c t  l / '  s  4 '

irf: l ' ; i  t l :n $nlns ri: j ;t: a:ri i  s*son.i i:crivativts
' r ; r q  t r 4 h ^ - l ^ , r  d  : - r  r y l  *  ,  1  f r  =  '  1  *  ( f n - l f )
{ 1  1 :  L l ' J i l : { - , r u l ;  r J  '  u .  '  . -  t  *

13;; n'rki-r:fi i: cc:npJ-*;r ii-.:':nr c]:lrn5i'*
n

C" #f; nii.y $tlppCI.s* that F'*o and
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\(sA\.[*\qr=or. ". rSr=org.o"c -o). . .1Es'v =o\ r*here. e*.xi+L1i . t,t{]

ilence o ( e jl(T))" * *, \t * ,{; ai i{ and rhre comp}ex
o f  c l  ( i a r f o ( l , t ) ) ' h a s  s * r  = r n *  Z  I * J . *  ( n - n )  * n - l s t r

posi'bive eighevelues *nd U eigenvalues v*nishin6i on H

Her;e ipn
lctLy

The po$in'[ p being e:'bi.'l"rary on i',.1 i.rnii be;cause f ]rr,xi

:hho $a,mo i : ' i ret anc] seconcl derivat ives on lu1 es d (Xrfp(L{)}?

i,ve otrto.j:r for { t}re conqlusions of }emr*a } "

TffiSffitJ-.* o L*t hl be e, Cffi subnn*nifol-d of type (mr[] of en
n-d j.nr.ensionaJ" comp3,ex nanif oJ-d X" fhen t]rere exiets a srnooth--
posit ive funct j .on ( on Xr1i}ur i .subharnonic on i : i ,  str ict ly I-
pseucoco$?c;{ in a ncigtrbor:hooc-l of }.{ such thst i6=l-*eX\€t*1=o},

Psppr.
l,et lqdt* cenote Frr oFlen loce,IL y f inite 'eervering of x

by coori l in:. . te chrrts and let LVt(n e*ttote a IBnti t icn- of unity
s ubo:rrl i nate t o lui\ i.: .

By lenrma 1 for Uirthere exists t{ i€C*(\ i i ) ,

ptut isnbharnonic on ISft  Ui2st:r ict f ta I  -  pseuciocon.rex on CLi ;
re igi:borhcod of $ ft Ui,'ovJ-t.h el} first dryivatiycese.nishing Gn
L{ f \Ui ' ,  such that  } l  f i  U i=teeUl l t t i ta)=s3
D c f i n . e  ' Y  

= E  r 1 . r ' K r-  ' rEr  I  L  \L

Recause YtP- O t t$i ? O ) vre have c{{*)=O j-ff 9i(a}=$ for

S € suppYi C- U.i . Ilo:rce $ta) .= () iff ee. t4 .
If pe L,l ee ]r;:ve*.33*ro\ a4q,' . \"v." ruEi-'=F**tit:ffitt)
It i.s enough tq shoi.' thet an l{rt( hes the re."luired properties
rsi::ce, by. c oitt inuit;r, ihere exists a ne ighbori:ood of M

where alL siric'tl4r posetiv* eiS*nv*.Luee on 1.1 reniai-r.: strict3y
pos i 'h  ive.

Novi a succesive pppticet j.on of the follor.ving J-emma g;ivec
t l ie result ,

Lgggis*fs ffj Jr and 13 pirc ricrmitien rnatrixes ivith a}l"
' i ihc '?iir;rrr, ' ,.:J^l:. i ls,: pc;fi: i .t i i .;c Jr ]rl: ing nt leest q etrrctl;." pcsi' i : i ' . 's

er.{ : l { r i } r . ra.Lt ' ' . :s  o t } : .cn *+ B hns at  Leest q s i ; r ' i "c ' t ly  pasi 'L ive

e i 3*trvn J.utl s $

J -g-a.pi-*g.i*' trjlii, .e rytCI
Let ci'Jno'i e \f * l*.*C'"" i C t* B, e:" =CIJ aqa F = i*e C"i <''*tt)*,*; ='il

trrlrn?'ta "? \ i .. 4 is ' i  r, 'yr r-rr .r,r.r .\/- i t1r'+ ^n 1-t$'
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Because A has nt }ep.st c1 str ict fu posit ive| eigenvaS"ues

d f u c F $ , n * q * L e t r b e t h e n u m b e r o f s f i i c t l . y p o s i . L i v e

eigenva"lucs of A+B that is din g F = n-r

3i. :rce I 'C'A we obtair rr*F { t1-Q t 'e 'r ; t  q '

. 4 'Sx'isi,9.4.89"- - *qf*is'b$J#- 4pi'€]essil'os-qp

q h g - o A q g a ' L e t Y b e a s r n o o t h n o r r l l e s : r t i v e f u n e t i o n a { ; r i c t "
.,ly 1-lseudoconvex on * compJ-ex nn::ifold X ancl Let.M=lz ex\'ttzl={

There e:iists a frrndu:rente.L nerlg}'rborhood system of l'{

c o n s i s . t i n s o f } . c o r n p } c . b e O p e n s t t b s & ' | s o f X o
Proof

' If g. is. * srcooth function on x vrith suff icientf$ snal-]

s e c o n d o r d e r d e r i v * i i e e s t h e n < { * e i s s + ; r i c t l y l " * p s e u d o e o n v e x
0n iL*

Iet W derrote the set of srnooth nonnegative fu'r:ctions &

on X such that

a) oe-g is srr ic- 'hly 3'*psuucoconvex

b) f . vonlshes at infS'n:ii:y ioc' f 'or anv Tl->0 there

exists a corapeci set, KCi'i such ihat €t*\ ""y lov *e X'K '

w* ,o*liu*" [ur\r*eyhere Ie = L**X\'{.ts) le?)3

and 1r/e shr:ll pr'ove thsi--{Ur\ i-q a fundanental" neight;orhood''
a  E {  

r -  - -  L  
" t e a Y

$J Slteln- 01 l'fl r

I..et V be err arbitx.ary neigirboz'hood of M,

Ry ta}ci.r:3 an exhelr.tsticn of X rvith corrrpact sets Ki,

KiC. SL_; C ti*r ) siirere .sL; ere ope$ subsets of xt

v/e Is,ry consider a pa*titi*n of un:-iy l*il*.sui:ordinete 
to ii:e

open 1ocaL1y f ini te coverin6; of l {  '  lu 'ul t*-
.  t r  - , ( \

lri lere u1-*L1i\o. ?hen we can ciroose suiceoively positive

constants ai nnat3. enoq$h - 
such that L(. *e is sirictly

l- poencio[o*uu*o If 1"i3 
Ss 'surasbJ-e for any q1> o

there epists a f inj.te ,*i f ' C f such ihai k 
ai 4{it an':l

if K isthe ccrrrpect set .u supp!r1,'lc,re beqe ijta><tltr- . 
for

treX -, I( .  Thr]s supFosi"g t lF[ & i  sre posit ive ccnetas$s sna]L

a rn3 r rgh ,E=20 ; * i  bcLon$s  to  G ,
' t('T

I l loreover 
'hecarrse fOr esch conpnct set  KC: X -  V

theve exist  c > o sucl :  that  t ( lB* for  geK) iS foJ 'J"ows

thi*i f'*r' *';

1lh+:'r:f o::e i* = '1 
*e.X\ ..r'i z,) e tr,* 3! 'I-V .

irie sr:r?il i)love no'r"i that *ach U* is 3' * comp3'ete
,;:hc f 'r inc'i, icn(e-"ej i"e a t,os j. 'r:, ivc c.Lrictl;, '  t - psctrdocollveX

f*net ion on Ut a
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trndeed ffi = L(e-cet3. a- e^u>fuy-g*ee-o.,S (e,.{)
3*i aet
a'(e*"ef n

? E r L
--- /\ *
d*,dz3 b

.-.?.
and ?t(t*.{rn/  '  7  ' z  ' *

" ,  I  n -  . \ : - -  * L - 6
' ( )  

dZ ;  d 'Z ;
5 { t ' ^1  "z i7 t=(e-q)*l2JJl*1w_a);d K

4ot(u-.Il s  D ' r "
/:-'X- \c
( dzi

.l.tf
T 6

Beeause (-6 is str ict ly 3 *,  psaudoconvex and

e( e-r!-lF &rru-4'a;t> o rrom 'eirxma 2 ir f or.rows th*r
((-  ^.(  )*t  is str ict3.y[pseue oeoay€x*

rr c > o vre have feehr\ ( a-.e1-\gsy . *\CLu.Uu\ etA+l*u$=
= Laax\qtC+L 4 erallc [*aX[$ e ac4J

-  i l  ?

fut  fa6:{ lLneCe)J is  sr  compact s et  because L vanishes
at irrfi-r:.ity,end beeause tn*[a\,gful uL"{")j is a compact
set in U, 1;he theorern is proved.

Fron theorem I. ancl theorem. 2 we obta.ur*:

T]re$qeg 5" Let i,,l be a r+al analy{"ic Gl, manif ol"cj bf tlrpe
(mr}) and X a cofroLexif icat ion of IJ. fhere exists a funi ienst ial
neighborhoo&"" 'system of I i {  in : t .r , ' }r ich are opal }-cc,mpl$te

sibsets of Xo

? 
p.EI'Hilhi{cES

Lea& A.Andreott i  -  G"A"Fredericks:* Enbeddabi l i ty of RedlAn.e3-yt ic

Cauchy^fttirimsnn i'i,enifolds , Aru'r.,Scuol.a i{orm, Slrpo Fisa ( ]
{L979) 285*3s4"

tZl l{o0r.Fuert On LevUs problau and the inrbedding of real- ena}y-
t i"s manif old s Arrn" of Mat$. 68 ( 1958) 46o-472

t:} Fnli.r:ese.rtarveylltn0"\;IeJ.}s J'r* i{ol-osrorpi:ic "Ai:proximation and
Hyperf unct ion 'Iheory on a CI -gota.Lty ReaL $ub*ranifold of a
Conple:r t-{rnifol,d h(atli, A'nnn L97 ( L972) ZgT*3Lg

[aliveffs F.o0"Jro ]{o}omorphic }iu}ts find
of lifferentiable Subriranif olds Tronso

245*26?

t53 PoI'J-onc! or Pe:'scni,rl uorut:trnicnt icn

I'In lonorph.ic Oonvex ity
Amsr, t i iathn Socn L\Z (196S
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&_i'ljilrstsTRA$q I,J}}jP$]..AT lQi\i Tllp0Iljlid rpR. (E-J.!1{CT ]0$I$

Ceuchy-dt iemann operator jn<i uced

Let x l:e a corapl*x an*lytic m$nifolcj &nd Lct [4 be a Local3{r

closed fOifferrent j.ab}+ subnanifol-d in X of cocl j:nension k irl X"

'f p€L'l L*t U bo a nsiglrborhood- of p i" f such ths't td f'l U =

= L ; ;U]  S ; . ,  =  "  !#a) '=o  3  *h?Y* .  3 , , . ' ' '  )  \u

""r;i.l.i**l,*tun,ffi:;T=^f-:tiihii;:g\u-T&ilil,
'  7 a ' o a '  " ) ,  S j e C 6 * ^ , t t r ) \(J € L (q,e_) \u/ r Pj e- u(n q-

rf u e" c@ (tut) lire define E ** 
= cl on $^ flU iff, there

e*j.s-[s a smoorh extc**io*-Y"*-Jt*n u to u such th&t 6ta1p,,)t0.

I t  is €esy to veri fy that ths Cbfini t ion does not depend

on the eho ise nq*[. .a

We clef ine } niUI 0 on lvt iff ? Mtr= O in. the ne ighborhood

of each poi:rt of ryg
tire operator 3tq i '"-the

frorn the oPer{}tor b on S''.o
A CR function on itl is a function

c* .$ is f ies  ?nu.  = O .eaM. We denote

nf Cll functions on [{o

A function u e; C P (lg) is a CT{ func'i;ion on M iff t$pre =-.
'J 

-\\'

exists on s xiension u of u i:r a neighbor?rood of M 'suoh' thatd'^lfiC

Shggg,gg*&. Let M be a I'ocally cLosed Cfci iff erent iabl- g1\- '

mnnifoj.d of'"*Cn conteini.ng the origin ancl Le'[ P (tr))=tp*8.)5€l

>r =()r4) . ,. '>t*;,eC u* a g*neric nonic pofynoniaL :o 'i ' 
i5 "

Let f be o cornplex valued cR function on RxM where we consider

ItxM as a sub:nsni;f ot'l of Cx$no

t h e n r v e  h a v e  f ( t , x )  z  q  ( t r x r ) )  F  i  t t ) )  +  r  ( t r x , V ) t

wlrere q end r &r* cR functions in & neighborhood of the

origig in lixi{ of SOifferontiabi}ity c}ass in t}re varie"bhe h

and r is a po3.;rnomiax i-n t nf degree less than p .

fss-ag,
tr{e sha.ll.I- tlerrote the veriabf,es (trx) &. RvJ{ snd ( w, u)€ cxcn

Hecsuse every sllrocth functicn Cepe::d'{n.g ohty on ihe varini: ie

t *e a cR fr:ncti"o:; c,n ItxM lT(} n,ly $uppese tirai fOr Qviiry fixec ;

- .  / '  ! r '  r r  r^^^ . r r i r ly- . { r , . r * .  n t :nnf l I .  t  in  
' [ i f  

e  Vnf  f  AbLg "L I
l C  €  $ f ,  l "  I l i t t r  \ ' L 4 l i l ' r t v v  p u l / y v ;  {  * : -

u € _ c a D ( m l w h i c h
by CIIR (M) the C-aLg*bra



By
f  ( t r x ) '  =

q (  t r r r r h )

r ( t , x r 1 )

- F -

the l;lalgrange division tl:eorem we obts.i*r
q  ( ! r * r x )  P  ( t , l )  + r ( t r x r h )  w h c r e
=*L ( 5.LaE_D*a" i + (( frJaXeL &zn&Exxt .hD (i-.u)q (*,>r) - 'rjT(i)J6i*ryt6t1-t'wb

- j*( @\ani-(( Yge,x,alqg'"'th.A&E- 
L?( t J aU q (e. ,,h) 4T L ,l,l* R (a ,h)

"t,zr-h)-:E(t.r)*) , O is e disc b'r*r:'1,*re$,; i:r then(  t r z rh )  t_ t ,

origin eont'eif.ni.r:g i.n its i:rterior
roots  z ,  o f  P (z*X )  for  la \  snat l .  ,
by Nirefil:erg extrlnsion i**oa and S.ns
i) F is a C@ eompl.ex funct,ion defi-rr*d
o r i g i n  f o c "  z e C ) x e - 1 , 1  2 h e " A F

i i )  F  ( t , x r h )  =  f  ( t o x )  r o r  r e , a J .  t
i i i) EA venish*,s pf infiniteo::cler on
P  ( * ' a  )  =  o  t 2 l  .

the po.nt  t  ancl  a- l - l

F  (  , r x  r h  )  i u ; 1 i v e n
the fol lowjng propertios
j:r a neigl:borhood of thc

knz = 0 and

in tn
where y= Jrrnra

and J hes the pr**

o f y = O

/
of  d{ t t r , } )=O
t o 4  a n d y
to aJ. l  veria-

$(g,x) = e I*L(t,x) e-t* At
pert  ies
i ) 9 : R. x CP x R -4 [o, t] is c: snt i-nuous

i , i t  d  t " ,A)  = t : r r  t  $v - rnz l  I  r  (2,>)  = . l

i i )  3 ( I  , h , X ) = " 4  i n a n a i , f h t u o r h a o d
i i i )  3 ( t , ) , 1 ) - e Q  t { l t , \ \  > 4

We shal-l- use ti:e defjrrition of 5' .j iven

F(2,x, h )  = 
l :9(gr l , ,b)s '3*{, t t ,* l  l l

to] 
^ }t(!,b,t) =.C) j 'n a ne5-shbourl ' :ood,

v )_) is i : r f  in i te i"y di f fereni iabl-e ei th rcspect

and i ts r ier ivat ive s are cont inuous iv i th resi :ect

bles and sat isiy

I $. #, 
'*- 3tg, ;) r \)l< c ( {r 131(zrrrxaf 

i€(l+t'i-r+ r))

whtre C > O depende only6n the raulti-in,; ices c{ and P and
tire non- ne [:ttive i-nteger ;r'' ."v
lSecanse f  6-  CA (n X m )  there ex is ts  cn e: : tens ion f  ( rvuu)

:i$t ii n*:-ghbc,ur'1:ooil of tl:e orig;in fur CxCn s:uch ihat A$lf..^t,t O
l [e  n , ry  supl )ose ' lhat  for  f ixec i  u  ,  ?  t  t ru) ' ] ras corupact  supnrxr t
i -  + 1 ^ ^  - - ^ . ^ ; ^ 1 - ' t ^  t
I J I  { r i t g l  V c 1 }  J - c i . l J . L V  t f  n

tTe *on,,too" ? tg, $) = + { 
* 

1-'(t.\r) rLlt'dt
R Y { r " t  \ - l  "
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elh{ F ( z n t r 3  h

l!'ov x e-M v/o

(nax  2  h

, '= 
J]3 t9,o,\) eit-?tb s) a3 where r=Tinrz

hsve * g,x) = #j_j (t,o) dl\-b& =i tl,c

) - J*3(3, ),h) *"r"t(3,'x)&! =F[a,x,>)
-Bo

and f

Hc:rce .r,ro cgn derl'rrr*? ( wrurl) =#, Ir$ffi)&r*

* j- (f bSr,ls*l), = &at &r

,,:: d'}-,T;l :3i' Y rr* rxtY, ?'t) a.* $ (\' t -air 
r, J;O P (a,4 aff t ))

shere H (w*u,)) =r"-Iaf;::-tu'a)

BccauseSt! ,b ' t )={  in a n$i5 i i i :o ' - : :hood of  y = I ra z = 0
A,

F" is vanistrini: vriti: all its derivetiv€s jri a nei;hbsnhoos of
k

- r ; I m z  =  O  & ,
; i i :on this fact rnd becense Fg vr:nishes ei ' i i i 'at l  t ts derivatrves

'if 
p ("r) ) = O it foil-cirs thet ihe iniegrals flon the defi-

nj.tions of t s:C Y conrrerge absoluteS'yo

Iience ! anc ? sre i.nfiniteS.y dj:fferentiable extensions

of -q:xrd r repsectivelY.

. Dfiffarentiating uncierthe inlegrel sign 'se have

o c \

,u,8

ana d,* u\= S\* *ic,qe-'3rat
?G;.. -, r) - t i l- l* 

'd(t '
o

@
b R(ar>)

ocL
b w " -

v

?T r*
n . -  \ ad u &

a)

" r ) )

\ d \

r s r  )

G
, t'^')

.  ( r ,

-\J) t

- (9,

^? 
' \ t r

rf "s s1),{,, * (t,xJ=o hencc i-f xe M I ffi.t*'x'))= D
o.ri-; a tu b

n

) = 
"titYu [ 

!,r , .b) u'tuT tE ,o1.t! on '\
a!/

'  4  . \ P
d  l * =

\d €. abt nin +3 (2,* I >r) * O
oE;  -

*e\

- \
)

,h)

b)\\
o

I t r t

> l

(w

C.
5 .

t
A[
b G i

0o

3t
"$CI

L

CT
d r \
;"
r(!"
A

t .r

" tr',,j-
,  d t \ ,

2uG'
A

d r
ffi

T
r\i i

L!, <t
5L

I

I
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it f ollows that A q-t 
Rnt,t= 

o snc sin*}arl.y b F l**ff C ,

[Ircqr-e$r3 . Let ],{ be a loca}}y cJ-osed g%Aff*renti.ab1e

submanifoLcl of Clr con'bai:ring the origi:e *nd f €. CA (itX,{)

in the ncighborhood of the origin

y/e .suppose rhat 
$-+C0,0)#o "re Sffgo)=o $on h< g

Th*&.':. the re

o r i g L n  , . _ Q ( o r o )  { -

PGrx) =t(+i.)r(,0t(-I
FROOF 

A;^

i ' ron t]:eci 'em L w* have t ire^ division
f  ( t r x )  =  q  ( t r > : r )  )  p  (  t , )  )  *  *  v j ( x , ; ) f t - t  ( , * )

rEithr q € CR (Rxl'd ) rr; A CLl (l. l), )€ Cp
*/

Let ' r  j  (o r l )  le  ex tens ions  o f ' r ,  suc l :  the t  a i  ln
From t .a l  

' , rd krovr that  ' i j  (oro)  =0 ro i  j  = r t r . .n rp
a n d  e , .  ( o r o r o )  =  $  i i s ' v 1 s s  

"  j  ( o o o )  =  o  f o r  j =  } 1 " * o g F

Ee 1:rro,,; eLso *hsit. 3F(o,r;)io qn.j a* (.gf tl,,i;>\ + O
?5t'" 'wt 

-v Y\-v \ ff i t '" ' t, l-S:_

Rut 9tstqc) = 4s*to,o) c\n d tr(o,o) = a-(, r0, o)' d l i r t '  
A X g - t - , - '  6 4 u _  b l * * " , - '

Therefare rye c.r r  soJ-vc the $.ys- t , "*Y i  ( .  ura)  s 0)  j -  3.p."o1tr)
snd obto. in t i :e C@ fu- i rc i ion 5 (n)  lq5n(u),  * ,  , ) i r tu>) su*h

v
the t  

"  j (u ,  )  (u ) )  i :  0  in  the  ne  ighborhood o f  the  or ig in r f  o r  i=1 ,

l ; .  l Y .  t  r Y  , r E

d+ lu,Xtut) = +:i Lu,i(.,r).h E 9S g}.
o U q , _  d U l t - '  t = ^ a n  . d t r q .

A .
= O ,  Y < . =  A t  . . . ,  t ' [ , j  = i  1 , , . 7 p ,

\  /  \  \  /  \ \  !  r t -  i - , ! - - r - ' -

) 1 ( x )  p * o ' e  ) p ,  ( x ) )  l : e  t h c  r e s t r i c t , o n

Annlvins -L to (*\ ?,,s :*rll'l;;-i!11
;--T* \ " /

6  t l -7 \  -' t  ^ \  |  W r '  t r a

zg5. (<,r)te*'= *tt^{ q-ft,x,ii
J=.r i lXt*" '  ' '  _. 

-^d?{'  '  
G ro'  z *\

fc,r sy;rry 'U 
" it fai.i.orvs tir;:t XR: (x.,h) ==o for-' irb*Irr.e 1I.)

*" /Jh*

exists QeSt (Rxi{) in the neiet}rborhood of the
c sach t irat f (tr") =Q(t,x) P(+,x) vJhete-

wi,t\ )ieCR(e*Vr)

t c ! 6 t P o

i?e have

e
.u F d t {  . " i i  bJ. .E TX, Tfri
L e t  . ) ( x )  =  (

+'

of ) tol{



* l r y  *

f \4  ? ' \ t '

cl t-; ,..,. . .\ 't d-T"'i
I{ence ,ft} (x,>{x)) = #^ Tr\! r .

o \f,k

(197? )  : rg"5r7

t?3 l'li-rnni,*:r'5 L" .{t ?'roof
1 ' 1 " . 4  4 4 * * r r  i q , e ^  n ' F  l . i r r r a l - r r t ' r f i l !
J . " J - u U l : ; u w  r r d { - ) u  v ' L

i C l "

-- -.. i  - "i..* ^^.t" n.r:.
I t i l  l ' . ' i  r r ' i t t o 1 1  ( , ^  U i t  I ' l  . i . t ' e : I u ' . . r r ' i ;  l }  ' ' . ' i . L ' v +  v ' '
.  , t

Th.,;r-r.f ui.rr *.1"'r ccccd i-l:';s u:il I'i 'r aili'rflril '
j.,e,l'bLrre I'io'i;es L92^

=  4 ) , ' , r t r k = i r - . ' r R

i;l q, j r:r i,n -il I 
fl Df e nstll lt iOn

- . - r ^ F O *  L 5 " - - L /  - '

;l:Li1g uirir'i l, ics sp" j"n,Eor

(  \  r o

{]:(x)*o'D .tk
\

.j

/?S-ro,c,iBecause det \ Afr(",oll i !?l

f or p in a ne ighborhooci 
' 

of 'hhe

it foLlovrs that

orifijn i*re have

of the lrt&lgr"i,tnge l'repa.ration Ti1':orcm

Ili.n;r[tJ-i.riii*s ljpprniier i'ecrur't'" ifr"rtcs

o

aer ( $*[u,]tx.))) ,# O and *e abbain .!}. (X) =O,L--r,.",f;h=11" ']tt
\ ?a f * '  

k ! : t  
dw ro

Ilence 5'Xr1r4= o r h;€C*t$q on& d$'x)=q-ft' xt)fi))?(l'x)'

lrt

Runerk 1" If Li' is a totall;rr real submnnifold of f*

t5e* €v{iry C* fufi*ticn on R x },t ie a CA fmction on R x }uI

T-si 'rhis asse the fnntci' i 'zaticn ie not' unique .*

8*n*r'k ?n Lot 1',{ * R' x C C*2

rhcn 
;="-t:r;,X :Yt,l,r 

t '= o ' vz: o1 'z = (otlzzrnTj

J  . J  J '  3  r \

Ir paili a:id w = 
$."'sffu)** 

Ilrp (RxiJ) we heve vr1- O

o i  
2 =  

c  
/ n  a - 1  . : - .  

4

It mazurs 5:rst iI T (iri,i) is lienera,ted b:f * 
and

&*z

everir s$cotli fi::rciicn that do*s not depenrl oI] '1T is a CS' fu:rction

o n R x M  * * a. : r
f f  f (  t r x '  r , z , . ) L =  t  + j -  ( : l r + e  x i >  l r e  h a v e  f  =  { ' f , r

f  = (t+ix,) ( f-+ff i"nrl and thc feciorisaiion is

xrot unituo"

&efs-eegss-s F
[r] liir] c"]' "A Kon;L'inuitertssata for d,n end Levry

sxtpnd ibiS-i-ty, lnrlierna urrivcrsity l'Ieth" "J" voJ'* 22 no"4
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Til]l_ MxxrlduM l'{_Q!l]Jilr_s_ pR.i}:rc-rptE pOR cR FUl,rCTrO}rs

Prel lminar ies

r,et i\ i t be 'a smaoth manifold ernbed.dgd as a locally closed"
real subinanifolci of cn. lnle d.enote by T-rr1 *n" tar:gentlal cauchy
-Riemann operator on M . i "nduced by the Cauchy-Rienann oper.ator
? on Cn ancl ivith HTp(lu) the holomorphic tangent si)ace to i l i

e i t a p o i n t p  f t l

let  I  s remember so:ne of  the def in i t ions anci  resul tb of  Bj

{C * obeys the local-  me:, imu_n mooulus pr inci*

/,
ty

Def in i t ion  1
ple on I ' f i  i f f  given €.iny

fe: 'ent iab le in  U such

(wealc ) local maxj-muin

o n  U .

of I {  i f f  there

7 =  ( Z I ,  ,  .  . Z o )  i n

l.lfru c [z(.tr,zoJ

n€+rif$ee-:. . i )
Z=X-IY lvhere != Jl.e r-iTp(1,1)

t  l a

( - I ) t /  t  
wh ich  de f j -nes  ' ; he

open connected set U in M and a.n.y u.  d i f+
' \tha t  d*u=g on  U the ;n  lu l  cannot  have a

at any point  of  U unl-ess u is coas*t .n i

exlsts 1ocal  i ro l -omorphie coor.ct j -naie systen,
ei  ne: lghborhood U of  p such that Z,(pl tg . . l ic i

I iere v/e assw] le that  lcca}1y neer.  pr  i r i  -Ls not

Def in i t ion ? .  Y/e cal l  a poirnt  peM air  extretne _:oint

contl j-ned" in e;ny C* fo r  k

For any p € Id and X € I iTp(H) set

and J is the rnul t ip- l icat ian lv i  ih

coi lp lex structure on R2n.

The Levi  forn rr t  p elssigns to Z the nor,rnaL vector } ,p (U)

def ined by  Lp(Z)=Bp(XrX)1Bp(Y,Y)  where  Bp j -s  t i re  second.

fundamerrtal form of lvl at p

i i )  Y/e denote wi th Np( l i )  the nonnal  space

of  X , i  a t  p ,

Far any beltr(M)
* (Le(4,3> tu cer l ]ecj
d i r e c t " i . o n .  i . { e r e  4  t 2

/ T'l

the ma.p 4
the &evi . ir irm

repre  sen t  s

t
def  i r red by t "p  (  Z )  =

^ - t r  t , i  . - +  . i -  I r - -  h
u r  r r r  t uu  1 , l  - LL r  I ne  J

t he  re rL l  : i nne r  p roduc t i"n

Yie assiJl l le that P=o ancl co.*j-rn o iVi=#. Tl.fren jn tz nc-rigl lborhood

U o f  t hc  o r i g i r :  ' bhe re  e l t ' e  snoo t l i  r ea l  f unc t i ons  3u r .  "  , r l t .
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r r " r c h  t , I r a t  & $ u N " ' A d 3 | \ r t '  C  -  
a n d

nn\I * lae $l S^ta) =' ",= !. !3) =o3
$le may assume tirert d3*o)

m a l ,  
$

,  r r  3e \qo (M)  t hen  b * t3 rA9 ; to )  and i r
5  r 8 \  " ^ 1 Q ,

Z*Ewrt.#k\\to1n) trrnn e #to)uiu=Opor lr+ L ct.-  
6=i  d\S/* i6 '  " r ' . ' /  "^^-  

610eU

In these conci i - t ior is
r ' rQ "uttzl * *4 tr 3r'ffi.tcD*,1ff* EBf

:'^* 
"s'** pntt+Efktrto resuLts:fn { . i l  t i rere 

-are proveo rne resul . rs:

M : If p i.s an e:'trerne poinfi of I '{ thetr

. i ;here exiets a nornnal  c l i rec*1orr  j  g Np (M) such tnat L!

p o s i t i v e  d e f i n i t e ,

] fg-qp-* ion 2.  I f  for  a point  peM there exists

gebtu(m)  c r ;ch  th : r t  L ;  i s  s t r i c t l y  pos j - t i ve  oe f in i te  then

p is an extreme Po. i -nt  of  M"

'4

,Thg-cggq-l If ?o1 obeys the tocal rnaximu;n modulus

r , i . i na ' i n ' l o  nn  M than  M can  con ta in  no  ex t rene  po in t .
} J f  , r r v *  y J -  u

Q t g t-eryegL q.i-,,8-e eqlLUS

A submanifolc l  iv i  of  Cn is cal l -ed.  a CR manifold i . f f

dtm I iTp( l ' i )  is  constr : .nt  on l , i .
c

Y,'e say that a CR su-bmemifold of Cn has CR d"imension m

-i rr A im rinn (i,yi) =m
J I  +  t l -L€  

e l r r -LY 
\ r 'a l  

- ' I ^

.  A totalLy reei i  subinani foLd of  Cn j -s a CR subm;ni fo ld.

o f  Cn w i 'Lh  CR,  d lm: ( i , , )  =  0

A complex valued srnooth funct ion on DT for which

\ (\"
)*V =0 ot t  i \ i  is  caf l -ed a CR funct ion on Mt

Theorem 2 - E n n h  l n i n t  n f  a .  t o t a . l I v  r e a l  s u b n a . n i f o l dJ J g v L L  L J v  
r - r t  e  v . E

o f '  Cn is  a j r  ext retne Point  o f  j t ' I .

lilhecr.en 3 -Lf ;lf is a 0ii subrnl,:tifolq of Crr l,vii;h 1'.:

( i i ' r )>  4  anc l  wj - t , rou i ;

c:: i i{ lf l cirnrlot .have
extre:ne points.  th.en for any CR funer '  '

a. r;'5rong l-ocal. naixirtLun i-i.t aii:f 1:oint
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yie knovr fr.om [+: that there exists & nor]nega.tive func-

t  jon \  eCx(C") str ictJ-y plur isubharrnonj-c in a neighborhood- D

of  . '  I {  such  tha t

rq= fae$.ti*) =o\:- t*r=u\ S*Iq:ol
l e t p € I \ [ . o W € t " F r y u t h a . b P = o a r n d . i n a , n e i g h b o r h o o d V

of p rve have VSS* ft*e\\3ute) 
= ' ' ' '=' $qta)=ol

,v i th . \90N" "AABq"\o '4c

tet  3 = {  *  € S+gC*[U where L>A is chosen srnal l

enough. such that bhe conr; lex l lessian of  3 is str ict ly posi t i -

ve  d .e f in i te  a t  the  or ig in .

of '  M.

tes  x - ,
I.:

Su.pl.lo se

Proof  o f  theore ; r l  ?::-+ @

'[Ye hi:ve
a\S

that gl (o\ 4 nv'Ls v 
6a 

\v/ r \/ t

a lso  A

50 eh
3rd = e A]^1"1
(a) ,f o

O ancl rne may assun€

i : :  Cn

Beceuse t1o)= o ii" H*o*nr."r'hood.or.fn" #T,l-:- j* rL:::.t\ ^6\ ( r =++-(9)elal\+X ,*Lo)zf'nu$t1-/3t*:* ?-ae-a g,.o) 3L $ Re-..,,p r de;o+i ) elaJ{-,fr^ ##(o)estl-uttr"'

, r ' : ,  * ' +
$* t 

*i '

' , i J e n a k e t h e h q ^ l c r n c : p i i i c c h a r r g e o f c o o r d . i n a t e s

(al =e'\. b 91, (o) a;+\,4.;g%= (o) aia o
I .u 

- '*n ti?L 
' 

: i,U=^ A*io'+6' 
v 

rr
Lu{ i= n" *r:"-;:;;n"""rdinates 

we have 3!*)'= -x'i*E-no;
. \ \

v{'.tk E *rt a'iE! p osLtLve. &*{Ltttte- .
i . l - - a  

- o  
"  5  \1o 

Derine s= faaVi 3tul1o1.
rt rottovrs tirat 5 e tt \ qlz 

"1
in the rreighboz,hood of '  t l le or ig ia and because

ct'ut)

Mf l  V  C S the  fheorem is  Proved '

Wr,r r: i i r . i i i  usu thc folJ-owj-n1i ' l -emina {11

-!-e4stt1-!.
. .  e  o X . r r  L - r g l

f !

,  n e - . - \  - /

t n a l  I \ . r /  q

r1
l ,s! -Sr* De an
- -  -  ^  +a  / r1 \
F'k u \ .r ' r4l

k! - l  r . .  r
l l1ul l !  a '

L

- $
s u b s e I  O l  i \

I "ce a r-:outpact
€ \ l

t o / r  \  i  b t
A q : .  a u  u

. , ;  + 1 4  ^ ^ ^ ' - . f  i n i ' -
l ' i  -L Lrtl u'v L' r

subsc t  o f * fL "
o p e n

a n , . {

€ni.clr.
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Then f  or  any cpen set .SL.t

point  yg.Sl , l  such 'bhei t  t l ie

t ive def j - r l j - te .

\y; fruppose tfrat the::e exj-sts a CR funr:tion f on l '{

sucL! . that  l f i  has a point  of  strong loca]-  lnaxi inum. Then,

there cx. i -sts a ooinpcrct  set  KCL, i  such that max[f ] .  ]  ] lax t f l  .

T,re rnay. assurne that K is contained" i* ** op5, *"* t$$zn-l

wh ich . is  par t  o f  the  a t las  what  d"e f :Lnes  I \ { ' .S Ie  may as$une a lso

that rr ta lx Ref rni lx Ref .  We denote f ief  =q

K  ? K  . / f t a . s
Bp lhe leinma 1 there is p6- x such *ot{aiff,,!P)r+tea*-U

. A r.g4lr"_\.

i s  s i ; ' i o t l y .  negat ive  de f in i  Le  fo r  any  rea l  coord ina tes

t *  +  )  i n  a  n e i g i r b o : ' h o o d  o f ' P .
\ u 1 o . . 9 u 2 b - f  t  L L L  q  ' r v

Let CR di tn (M) = m7 4" . \ I /e dei icte s=2n-$- ' ' : re

r=tt- ( rr- {, )

After a comPlex l inear: cha:i6e

l , iT  rnrw hc reDreser i ted in  the nei5hborhoor i .
lu Ius.Y u v

. the  eqnat i -ons :
e v in j  =  t { : ig r (x r ' ; . i )
u j*= hJ ( 'xrvr)
x
. J +s*r=v/;

Yih.er'.e p cooresponds

with t CSL.C' SLthere exi sts a

I lessian of F at Y is str ic l , IY nega'-

of coor 'd inate:  i .n Cn

of the point  P bY

" i =  
1 1 . . o 1 s

- ! -  ' I  
r

. J *  4 t . .  o  r *

j =  1 1 "  '  1 I 1 I

to  the o l l i -g in  a id
- : 1
I  * J t
f " J r = 1 r . . - e s

d"  func t ions  resPect ive lY. r ' t l

I t tJL_.,  7,  are real  and comPlex
\  J d - 4 t . . .  t +

vanishing &o second ord"er at the origin fj l  .

Therefore,  i f  3 , ,=b{-  g{ (X,a) )  .  .  , r35=5u-d(X,e) ,

S E n r = K * + t * R e { ( x , 4 , 3 " n r . = s [ s * 1  - I m ( f X , * ;  ,  .  r  !  t

3g  = \ * *o - I tn " ! ^o ( ( ,a )  (4 )

\ r rhe re  f ,=  ( x l . . . .  r x i d  and .  %= ( r s+ "+ l  
1 . . .  e ' -gy )  

i n  a  ne igh ' ' o rhood '  o f

,  $ . 3 4 1 , . " , \ & J q _ \ * # t
af'e orthonornal.

$,ru..,i,j.t-.':.r so i-)ilr{ 
'=O til

value:

Llr vj \J -L rfjrarl vr I '
.  r ^  h  t\ - .  1 $  , - \  ^ \ .  f r \ . _ _ 6 - \ Lt v l=  
LE i  

j {Lc - i ' ;  = ;q ld , ;  ; r  ! " t . 'O

and A$ot , l )  j - '  . . ,  &t*Lo)

A 'i q "L h r. r'crr; "1 na::t of el Cii
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f f  q is r-rg*u*, extensj.on of [q in ei 'neit i i r ;o;.hood U
of p in Cn we obt*rin bA q'= 

Fr.ak3{q-+ap-'a "* L?ft*fr*q?051*\r: r\ h)-rtr f,:$U-fll.ie
with- 1u€ Ct^,^ltU), b"€ C,fr)(:C(fr)tS, tb6Cf*,"1t\t) , &E€ fcu)

L  "  ^ o  0  n * 0  b  - e oo" AS* .a'dBpEd
h"=,r
I or;q} r.* #,t*r * -#^.*, * "f uk"= t FA ' ff^-'h''ffi*- *fr, hmEo.f3u (a)

I ' fe shall use the next leryma:
,\jt

Leq$g-?. There is an e>rtensj-on t8 of q so that

ffilo, =o , L= rr .^. ) g

L,et i  ue an extension of {  and. d=Qo+.L fOS-
kt , r  

\  q-

another extension with.,  Jqe;R. T/i;th thfu f un c tions 3L
we had chosen lve obtain

t" =' f; g;\-t ;;: lt -, .rl #* p *rr o -ru rF t< .o r) - f, Fot: cr* h?*' * D
t:, 

ffi(o) * rdi(c)**r ,i= n,-- .)*, $',cul =n*,0) r*i r Krn=*,r, ,
* E [  ,  \ : $ + t 1 - . . ;  S t t -

r r ,ve take of  =-* ic) ,  1=r,-  . . . ,s ,pt  = 
*(o) ,y i=- f f i ,u,

exter.rsion fi-ver.r by lemna 2 o

ret ee vrr"trq) r . .  ; : iu, (g\ *r.& L*,
i . - '  \Da ;J  o  , : 4

, . _8".0: _ i, *\Vie siraii. p,r'o v d ti:a.i 
"\_--*T 

UJ I
t'%"*",-' s *Su,ro 

5

, *r,& ffi,u) =o, 
ffi tr-o,i=Sts{r ^ ̂.,s'i-r

I ' roof of the lelnma

j  =s- l - le  .  o  .  r  s+r  Y, re obta i "n the needed"

fn that  fo ] lows we shaLl

elxtension .

suppose t i rat  {  is  the

- * : ( c ) . : ' , ,

k = l r  .  .  . ' 1 1

F:rom (il ?re obtain,T#uro)eia;=h^ 
fr^aoio> #*ra{ 

(3)

But  ,  rv i th  f ,he funct ions 1O * t "cn by (1)  Z€I ITb( I I )

i f f  31= . .  i .%* "=0

Deno't.e zs+r.-il= "t . " o * 1?-r=',r, '*

.atg r  \
Au,raw-ttY

i  t r \





ISccau.c | *olt* =rrafnkJ a;'e vr,:niching io s':conc]
order at the orisin *,td L 

*:,t=ot, 
d=, r. c. n*, Sfo)*o r 

t$rr= O
il,{h dKu. 

- 
dtSt-

g= s+*i . o c , s+r vre obt*i.n (4 )
h 'Lff 

- =- *L ?*v
rt rol_ror,vs rh:rt L*k(o)*t*"\=A ;*(r)u,;e:, , , \=4daid&, "  , f f i^Ow;,db. ln 'r '  v s

i ' , '$icir is e'tr ict Ly n*gat ivc d ef inite' *

rndded "*onorint 'bhat t f f i r t4*r"u
is  noI  str ict ly negn'Live c]ef i : i i te 'b i  makj : i i i  a co: i :p le>l  L inear

change g f  *oord in i . tu -s  r ,T l rc rc r  rv*5 in  i l re  new coor t l in .s t . l s  uu i  1o*o f

w f * r';1 rrilv r.s$ Llne 
" 
,ffi, (O) 

" 
O

"*;#funro)= it#i;iJ-ffit'fl r,v':e::e
ClWidw{  - l  * s r& i  s  Y l

, { i  *  o' lo i t t l -  e.nf i  t i r ls con' i ;radic' ls"bhe fsct '  th.a' t  the rea] l lessian

of V at 0 ie str i 'ct ly neiga' l ive r ief jni 'Ne"

a^ \z"q:. i 'rrkj5, tle re;rl- p:.rtq iqrJS) 
"'e 

obtaj:r
Y  9 a - - r ; r . :
sFr ts+&Eu'-'-'?-, =A ?'e Aq"io)Lfr^#F=Jo> eteJ
tio'."*" r.I * H,(qF. .l*tol) d!q.(o) *ii;i,"{) ^
i f ,  f  c l - lo ivs  t t rF l ' l , i  is  

-s t r ic t ] - ] r  
pos i t ivc 'def  in i te  end by pro i ,os i t ion

Zsg j"s an ext::*rne-pcint of i,.i lvlrich con'r,radicis th': fect that L{

has no ext: :etm J:oints"

I t ,

l l . t f+ rcncss

ffJ Btselfev'riiicha:'r1 l'lcnl-jnear C:iuchy*Riemann !'

i jcr t rnt ion s nncl  6*pse ucoconvcxi ty *Duke L' iath*S'* ;
vd},  43 n ' r . I -  m,: : ; . 'ch (  19?5 )  :o-J ?-Lj

r ^ ' - \  l '  .

t4 tsedforrl E,tQT)b and th* lte*} Fa.rts of CR r|turctions
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d *  1 /  o o
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