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SOME PROPERTIES OF CR  STRUCTURES |

T TUBULAR NEIGHBORHOODS FOR CR MANIFOLDS

le INTRODUCTION

In [3] , F.Reese Haryey and R.O. Wells Jr, prove that
a tokally real submanifold of a complex manifold has a funda,
mental neighborhood system consisting of open 8tein manifohds
This represents a generalization of Graueri's theorem about

£

the complexification of a real - analytic -manifold {Z].

In (1] A.éndreotti and G. Fredericks prove that real
analytic CR manifulds are globally iscmorphic to a generic.

o

gubmanifold of a complex manifold (the complexification of a =

(¥
analytic CR manifold of type (m.l) has in its complexification
a Tundame tal neighborhood system-~ consisting of 1 - complcte

regl analytic (R menifold) They .also prove that a compact regl

t
marifolds and this result is conjectured for a non~compact
manifold tooc.

The purpose of this paper is to give an easy generali-
sation of the result of Hervey and Wells to CR manifolds and
to obtain as a corollary the conjecture of Andreotti and
Fredericks . P.Flondor and AL. Tancredi have also announ-

£

ced a proof of the above eonjecture (5],

P2.FPreliminaries

Let ¥ be a smmoth locally closed m =~ dimensional real
submanifold of a complex manifold X (all manifolds are assu-
me d 40 be paracompact)e. For a point pe M we denote by
T (X) the tangeht space of M at p Let TCp(i) be the meximal
cgmplex subspace of the real space Tp(M) with the complex
strocture induced from Tp(X) « If dim GTCP(M) =1 = congtent
for each peM we say that M is a UR manifold of type (myl)

A smooth Ffunction ¥ of an n- dimensional complex mani<
fold X is g-pseudoconvex if its complex Hessihan has at least
oLt | ﬁosiiive eigenvaloes end it is strictly 4~ pseudoconvex if

oy o R el i s s Sy
its ‘complex Hessilan hag at lezst ne~q atrictly positive elgenvas

lues.

< 18 T Ay - BaN e 2 o g ~ o L e
An n- dimensional complex.manifold X ds I - complete

if there exists a smooth function @ : X-—R gtrictly l-pseu.
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is relatively compact in X,

%, Existence of strictly l- pseudomonvex funct ion defi- -
himg W,
Lemma 1 Let M be a CR submanifold of tppe (m,1) of an

s : : :
oy oy ] won So Biens % - @ 4 e -
open set DCC 75 ¥ ~}_&C‘D\g,.(%‘) 82‘% e () AOS
wher ? .8 are real valued smooth functions on D
4 &m-\"l\ .

P2

e (L s o

an

Iéuch that

There exists a pou:ﬁr*e function ‘%ccw(@uuch that

2N =5zedley=0}.
b) &

ig plurisubharmonic on M

¢ oM p-seudoconve}:) ;

oL M,

¢) % is strictly 1 - pseudoconvex in a neighborhood
d) all £irst ‘derivatives ol Y 'are vanish:_ng on M,

Zix»m 2 ;
Lot de.smze &= Q and then a
i : e 2o
verified, e

20 ~YA

%,i“?;%}& 05w 23
U

kz—&agk /B"’b .

" r)'{.,\{)' ) 2ty W E(S’A,
ot o R SR ST D0 7o L =
For p&M we obtain 2 7 Az e \ S )F
! i 5 RREX ()Q;iar‘:‘,; . o=y T ARA ?j‘{ 2

s

Because & s (R L msptifold of ilype (m,l)
29(3;, S -kvs i?) = n-1 for esch p & M
3(’%”):.\; %M\ i

T’b—l“-« W

b +
- o
i&—»d‘d

M

.‘

T+ follows that the complex Hessian of ¥ has n-1 etricts
'ﬂy pcszﬁ;v& eigenvealiues on I,
Hence in a neighborhood of M,¥ is strictly l1-pseudocon-
VEX.

K is & R mubmanifold of type (m,l) of an
open set DCC % oend of diff L'q%&iiity class C& we know
that ‘there exists a/pusitive on ¥ & ¢° (B} which.has for
pEM thb same firctk and second derivatives al p as & {Z,Tpgﬁ)ﬁ
W agunete~ g simi~ 20l iyen wah oo Gl

By meking .a cemplex lingar chenge of coordinstes in
c? e mey suppose that p=o0 and

) and

3"3 w

(é;. :).-——.

=

e

plurisubhsrmonic on M

T4,

d ) are
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Hence d(z ()™~ w'é‘:\j, o 7 \—2‘;‘ = and the complex Hess ign
of d (%,Tof{M)) ) has: oig = m =21 % 1l = (nn) * n-l strictly
positive eiggiaevalues and Q«elg)@nvaluus vmlsh:mg on M ‘

The point p being erbitrary on M and because P
the same first and second derivatives on M =s d (%,Tp(m))z
we obtain for ¥ the concdlusions of lemma 1 .
IHEOREM 1« Let M be a CR submnenifold of type (m,1) of ean
n-dimensional complex manifold X. Then there exists g smooth-
positive function ‘(’ on X,plurisubharmonic on M, strictly l-
pseudoconvex in a neighborhood of M such that M:{gex\\e{%):'o}

Droof
et {\X‘X\d denote an o) Ll y finite e‘:c;svermg of X
v >
by coordinste charts and
subordinste to {\kzkiéﬂi .
By lemma 1 for Ummcre exi S'tu ose G- (U\)
plurisubhermonic on MR U,,strictly 1 - pseudoconvex on Gk
re ighborhood of M N U;,with 211 first Gerivatives wanishing on
MAU;, such that xmui ={ze\luiy =2y
Define " ¥ = 7 Y ¥¢ ‘
, el
Because W > O, U
fe suppli C U;. Hence QP2y=o Iiff zeM.
2
il ¢ M we have J3 o 3¢
o%s i e 2R A OF ‘“(\*)
It is enough to nho“ that on M ﬁ?hm the recmired properties

=3
=
o
(e
5]
O

Bigkes te a partition of unity

e we have ¥@)=0 iff @¥(@)=¢0 for

since, by. continuity,there exists a neighborbood of M
where all strictly pesirlv gigenvalues on M remain strictiy

Now @& succesive ap oplicetion of the following lemma givee
th.@ e )LL.R‘{

e :

If A and@ B are Hermitisn matrixes with all

pogitive A hoving ot least g strictly positive
ralues , then A+ B has ad Jeast ¢ strictly positive
ailganvallues, :
Proof of the lemmg

§ =

th 4
e =3 1 Y § -
Let dénote Exjzal| L k2 ‘_,z;:?:}-:‘"'@;_é ond F=izeCMlup)z,z 4{’5

A A :
P, S 7 s V) LANA gy aamy sl A s e f‘“‘
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Bocause A has ot least q strictly positiver eigenvalues
dim . E &n-q o Let r be the pumber of stictly positive
eigenvalues of A+B tha is dim a Fi=nar

Since FCE we obtain n-r< n=q fotere Blan

o AXd ig tence of itubulax neighborh oods

Theorem 2. Let +¥ be a smooth nonnegsotive funct ion s*“"(:"'wéééa“
+1y l-pseudoconvex on a complex me nifold X end let {z eX\{ia)q
' There exists a fondamental neighborhood Syui&am of M

consisting of 1 - complote ‘open subgdts of Xe. |

Proof. , ' _

If ¢ is a smooth 3?mgt3..ori on X with sufficientf} small
second order derivatiees thend-¢ is sirictly l-pseudoeonvex
on X. L ' A

: %, denote the set of smooth nonnegative functions &
on ¥ such that '

8) %-g ig sirictly l-psaudeconies

bl nig venishes at infinity i.e. for any m >0 there
exists a compact set KCH such thatl £y <y Lov 2ze X~¥K .

e consider {ud < where Ug = 22@){\%(94,5(:@}
and we shall prove that i\xg ; s fundamentsl neighborhood-

e

. Let V be an erbitrary neighborhood of M,

: - o
system ox M

By tek: ing en exhaustion of X with compact sets Kt
KWC S'LWCKW& - whepe Q.; are open subseis of X,
ve may consider a patilition of wnity P}, sudordinate to the
ley

open lOC:..llj finite covering of X , {U;S'Lex

where U -,,D_ ‘\SLV Then we can choose succesively positive
consts,nta ef umq_ll enough such that W-g° is strictly
1 -~ psewdoconvexe If  §agy da sumsble for any >0
there exists a finite set F C I sueh that Z cas ey and
if K is¥he compect set J‘:s\mﬁ\’ we hate Lﬁff:(;_l»)/\rpb for

2eX K, Thug supposing that a ; are positive conatands small
enohgh, gj:cx b, belongs to g .
xuowov Laealise for e ach cempset set: K@ & = Vv

there exist ¢ > o such that <@ for Zek, it follows
T 1 1l ogsia = Ne) on Y&V
L= L WA
¥
i

1 " oy A S 3 Rt % ¥ 1T
e shall prove now +het esch U
)

is 1 = complete
Function (,;,«—n.@ is @ positive girictly 1 = pgeundoconvex

5
@
h
o

function on Ut.g
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Indeed :———-m_.: 2,(?, C({) (ﬁ“%) (ﬁ \,@ (E (() ( &-—c@)
(az, i 46& E 3 ZE\C‘/Z
e ('Q- \© N 2
%5%~ - .=£<@&ZA *4%@%2+%&@\29@@ﬂ
' 9?:‘; (59:2 0 CE =3

Because Y~¢ is strictly 1 - pssudoconvex and

ST . fa s
,2(?;-‘8) \ @&tk%-@j?-\? O from lemma 2 if follows that
(¢ - t-e) ~ is strictlylpseudoconvex.
I e wehmm§}eﬁ\(ea®(;%:dy:bxutﬂmiéemﬁ

= {zeX| @)t 2(%3"3C§1,%</ K%A‘ = (‘C‘Z)B :

But iZfSK\%:sgétg)S is a compact s et because £ vanishes
at infinity,and because {%e\ka\ﬁé’&-) «\'A(;E—_f(%)s is a compact
set in Ug the theorem is proved, J

From theorem 1 and theorem 2 we obtazin:

Theorem 2  Let M.be a real analyfiic CR manifold &f type
(m,1) and ¥ a coliplexification of M. There exists a fundammnizl
neighborhood- system of ¥ in X which are opm l-compl@te
subsets of Xe
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M A WETERSTRASS PREPARATION THEOREK FOR CR FUNCT ICNS

-

Let X he a complex analytic menifold gnd let M be a locally
closed Pairferentisble submanifold in X of codimension k in X,
:L:f,’ pell let U be a neighborhood of p A Or1 such that MOU=
S Eell e - 3, B =0 N owkEwe R e
are 31381 valued smooth functionson U andw Ai{,\f\\.‘ . ’Q}ASQ‘Z“?“:Q_O“:B‘ |
«Jejenohe by SQQL;Q(_\)\) = %{-‘;é C(?,OQQ'.D\L(‘ -ﬁﬁgﬁﬁ-&%/\a%
%é‘-c(‘e@&\g 836 Clpan ku)k

T ue C¥ (M) we define NCBMU\‘::Q ov. MO iff there
exists a smooth extension W of HEM[\U to U such thit aﬁ(ﬁﬁ@,;) (\-l)
It is easy %o verify that the definition does not depend
on the choise of_;&'. ;

-

il

We define 0. =0 on M iff 'dyu= O din  the neighhorhood
of each point of M, < )

' is.the Catchy~Riemann operator induced
from the operator ¢ on 5 :

A (R function on M is a function u & C %2 (11) which
sigisfies 0,4 = O oaM. We denote Dby CR (M) the C-algebra
of CR functions on M.

A function u & C ® (1) is a CR function on M iff there
exists on extension Ti, of 1 in a neighborhood of M such: ’chat’é’:\?hf?
Theorem 1. Let M be a locaelly closed o%a ifferentiable g ub-
menifold of CU containing the origin and let 'P (t,?))ztpﬁ-g%:\“\gbf

D=l )E?)CC? be a generic monic polynomial in:t. .4
Let f be @ complex valued CR function on RxM where we considerx
RxM as & submenifold of axc™,
Then we have i = diEy o YR t Dl ety Dy
where ¢ and r ave CR functions in a neighborhood of the
origin in Rxl of CTdifferentiability class in the varisble A
end T is a polynomial in t of degree less than p.

The operator O

.

Proor
Wwe shall denote the variables (t,x) & RxM and (w,n)& cxc™

o
@
)
©
o
D

se every smooth function depending ohly on the variable

>4
2

t is g CR functicn on RxM we may suppose that for every fixed

x & M, £ has compact suppori in the variable 't



_g-m

By the Malgrange division theorem we obtain

£ (4,%) = q (t,3,% ) P (t5) + o(t,x, %) vhere

g 32}% 5355358,» 2::1155 "(if;:’;’ég‘?%\)&zf\&z

r.(h e /q___g -\:(z,x,%3&(&2,215@4,_L()S/; &J,x ﬁ)@&c% ﬂs‘;m‘m
= WL oy TR ) 0k R )

R( ©,2,3) ”Péit?x) =P(t,2) , D is a disc tenteredd in the

rigin. :containing in its interior the point t and all
roots z of P (z,n ) for \al small ;, P { z,x ,» ) is given

by Nirehberg extension lemma and Bas the following properties
i) T is a C” complex function defined in a neighborhood of the
origin for zeC, xeM,NHe cP :

i) P dtgxaA) = £ (h,x) fonsresld.t
491) FZ vanishas of lnfll’ll“b?—():d"‘r' on Inz = 0 and en
P (z,?x) = Eal.

We shall use the definition of F ziven ind. {3]

"Flz,x, ) = S S’(% A \3\ ngg&% X) g where y= Img

N 3 %"‘C
g(%,x\ = Z:\:( S 3((&;)()@ . at and 8 has the pro-
perties ;
) 3 R oGl iseR e (0,1} is continuous
et d (y,3) = inf { by ~Iosl] P o(zp) = ol

id) (_s 2 3 = in a neighborhood:* of y = 0
i) S(X A\\?Q =0 1%y 29
isr) S%(g )\%\ oe in a neighbourhood: of J(%%):O

v ) ) is infinitely d.ff rentisble ®ith respect #o > and y
and its derivatives are continuous with respect to all varia-
bles and sa’:d: isfy
o 2p 9 S 4 Y)

% o ;‘ %UE P),\@!éc&’ ( +) (A e 48

w 5 |
where L>O aepen& onlyon the pulti-indices o and & and

Vg ke ¢ o 3 7 3 ATen
the non nfeg\,&twe integer ¥ ; e .
Because £ & CR (R XM ) there exists an extension £ (w,u)

: n :
; xC™ gueh that 84|, =O.

: {Rxw
( t,u) has compact support

&n a neighbourhood of in.
[V 4
We may suppose that for fixed u , £

S -~ - -1
in the wvariable 'ﬁ

~ s :
s e N A DR % R V1
We consgider f KB,U) = ﬁﬁ,{j (\1.'\5:.\)9_ dc
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e (ot t“j ‘gﬁ‘g %) @,‘X*‘f‘“l‘:(\’g WA yhere y=Tnz
For x&M we have f(‘% X) = ..,g H’g ﬂéf&%& &(E X)

and ?, (z.%;:z{; H) = S %(& 75(\%\_) e”g%ﬂix\ C\E :\:(Z)Xﬁ@
-0 .

. o ‘ A IERTES i
Hence .we cen define g ( w,u,2) =-——v—~g Ll 5\%%—
i : : ”" 2T JgpfE=w ) P(z»)

ng Wak 28, 0) 20N AaNAT

T - = (2, S ; Reowied) g oot e
. ; \N = :
ond T (wyy2y) ”“-“"'?‘S % s }\) é%#ig& W&R&E
2W\ vz, XL )y R(zM)

Ziws W

S
where R (wyz,») =

shb@rhood ~of y = Im 2 =0

Bf feusbg&‘; %705) N dnee nerlg
1“’-»-» is vanishing with all its derivatives in a neizhbonhood of

(4
w o= dmg =0 :
R E . K ~J i i l.. £ o ap
from this fact and because F-— vanishes with all 4&ts derivatwes
v

AP PH=, ) (=90° it follows thbt the integrals from the defi-

/'\“Q

2

nitions of q e converge absolutelye
Hence @ .and T are infinitely differentiable extensions
of gand r repsectivelye. :

Differentiating underthe infegral sign we have

nd
( ¥ i
%—%:O and éq (w wN) = 4, 25 e 3\%-———8&2“ (24) B LdaaT
20N 5\3@-“@ P(& D) 2Rt b E-w) RERY
L5z (—
(iu;\) g 3((37’1 %) & B Q‘g ‘QJ\%
/\
i " M e
and 22 (5,0)- L§ e
i e ,:‘};gi.f-t =0, hence if xeM, .;a__\_j,f:@—,x,ﬂ:()
3T S
B
i R
o nave Btz u i §, 9, (Ebleiiilluios gud

(Vs

: : 5 G \.c..n_
] e oo ogn
: '\s\f €. obtain ":;“ — (j},‘?’x)?ﬂ =Q



mga

—0p  end similarly Br’\ Gy

It follows that :5?
1 1 U‘V%WM B

@l
Pheorem 2 o Let M be a locally closed € dgéfferentiable

L5 dps e ;
submanifold of C containing the origin and e GRY S (RYD

in the neighborhood of the origin

We suppose uhﬁtwm ?(Oa);éo e i ?(oo) =0 fov \14?

Thems there exists QeCR (RxM) in the neighborhood of the

origin o, Q(0,0) # O such that F£(t,x)=QHx)PEX) wWhere
Pl = %"sfz“z),(;\w ey A ECR (RxM)
PRODE -

¥rom thecrem 1 we have the division

£ (t,x) = q (b,1,») P (t,) + j‘i v DT S

with ¢ € CR (Rxl),r; & CR (M) De oP

- N % * ~ 2 .
Let 1 (u)>,) beextensions of r] such that 3%’5 ‘H“‘\ =0
From (2] wé }mow that ?J Go,0) =05for J" =" Laliae - o0
and g (0,0,0) = 0 Henee r . (0,0) = o for j= ke sp
Fe know also $}1C«u, g_‘/—-(‘g 0)=O and ée’t( O\"\ (q -\\) A 3y
9?3 s—§4
» %‘b 4 faN - e\/' :
Bye ,._‘f (C = (0 o) and 2) 0(@)-:?;.&(@10)
(s P a:))gz_ a))k
o~ . :
Therefore we can solve the system r ( 38 73) Oy J= 1yeee,d
and obiain > 0% function 2 (u) (>>A(&O).. £ Dol W) ¢ 5 ysuch
that rj(u:ﬁ?\ )) = 0 in the neighborhood of 'i:.hc orlf'm)fow j=1,
goeeyDe : &5
'\ ; A o
i1 ~ \\/ P f
We have 5 (\x %QU\)“ ot (u >,( ))%-Z f}.f_, %
o0 ékl . N 'C)'G%a
S 9% 3 .
2t o
& P '?“* w hadasbueny P

Let A (x) = (A3(x) yeeeq ); (x)) be the restriction of > tol

e a N . Iy by
Applying v bo: (%) cwe obiain
R ¢ 0Ny,
< ol P 2.8 Sy G N
ZEE (N =~ S qle )
e o oo,
o o o o PR bs £ .55 e SN Wy st o Sty e
for every t » It fallows that .,;»;% (X ™) =0 for J,B=l;ecesl
& Al
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FerAdau
I e o = N9 3z Ay sRpketys - L

- tza AL D\lu

\k.\,{. \

(€ “\,

"H"'

(b

Hence

(O 05) = 0 it follows that

16
}
ﬁ

Becaluge det (
(%)

» if\

fer 2 a neighborhood = of the origin we have

L4

ix
b AL .
aet@#{% \(m") A0 Bt EE Do 3«: () =0 Lk fy Ry -
MU £ & U\-k
AC\)‘:?

Hence M\,i ,.__._{j %L@Q&_LM) 0?‘\& QGG X}“ ‘L(*,X,?Wﬂ?(‘h@ !

Remark l. TF 1 is a totally resl submenifold of e

then every ¢  fuhtticn on R x M js a CR function on R x M
In this case the fantorizetion is not unique .

¢ z 1 ")
= = 4 = R )
Then R =l = {? é:C’!“ Yoo O ¥o™ OS 9% .= Wan y25%3)
Ba= ek gl B i 2 Ol

>
"If pel and W= L Wiz ) & HIg (Rx4) we have wq= 0 ,

W, C . 5
Tt mesns that H T (Bx¥) is generated by — and
o=
g
eve ?j smooth function thet does not ﬁopewd on 2. is a CR functior
P ¥ 3 % o ooy
I £( t4%o zv)A« t +i (xote 2) we have £ = 4-%,
{ o TAE e ;
i & 1&2) L ko= Lg %ﬁi ) : and tﬂb factorisation is
2

not ‘wnitue.
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] THE MAXIMUM MODULUS PRINCIPLE FOR CR FUNCTIONS

Preliminaries A

Let M be a smaoth manifold embedded as a locally closed
real submanifold of Cm. We denotedby"éw\the tangential Cauchy
‘~§;emann operator on M induced by the Cauchy-Riemann operator

on C" and with HTp(lf) the holomorphic tangent space to M
at apoint p M ¢ '

Let's remember some of the definitions and results of [3]

dr

Definition 1 v'Bw\obeys the local maximum modulus princi-

ple on M iff given any open connected set U in M and any u difs
ferentiable in U such that BMuzo_on U them Ju] cannot have a
(weak) local meximum at any point of U unless u is constant

on U,

Definition 2 . We cell a point peM an extreme point

of M iff there exists local holomorpvhic coordinate svetem
S = J
Z:(Zl,...Zn) inm. ssnedshborhoed. i U.of . p.such:  that Z(p)i0 .nd

Sﬂﬁk}C;%[\ y;q& He ere we assune that locally neer p, M is not
contained in any @ Ror ok = o Ho

Defanibione 3 .. . i) For any pe M and X & HTp(M) set
Z=X-1Y where Y= JX€HTp(M) end J is the multiplication with
i : | : Sen
(-1) / which defines the complex structure on R

The Levi form at p assigns to Z the normal vector ILp (Z2)
defined by ILp(Z)=Bp(X,X)+Bp(Y,Y) where Bp is the second

fundamental form of M at p

ii) We denote with Np(M) the normal space

§
For any &{—}N (‘?A} the map Lg defined by Lp(Z)=
=Le(2), %> is called the levi form of il at p in the §

directiom,. Here i< y > represents the real inner productEin

B

We assume tnLL p=o and codim , W=8. Then in a neighborhood

RS

ot thetorigin wthererare snooth' real funetions S&,Q;,,%Q
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asuch that é%,\f\i'” f\@&%é\ # O and

AU = Qae 8= =3y e) = =01
We may sssume that (&g(ﬁ%). A5 &?Q&§> are orthonor
mal.

’ e S é.‘\\%e(&’\\) thet % = gﬁ?gié&(o) end if
Z-""’ L ““"\{r‘?’:‘e(‘\) then 2. 7’ rég"(’))‘v‘\f"()for he ?»

e
In thege oonditions&
% LS & D g ‘4«?53
S el T S,
— it Y 4202y,
In {3} there’ ‘are pr o¥ed the results:

Proposifion 1 _: If piis an exbreme poinh iof I then

Ao

fnere exists a normal direction § éc?*?(jﬂ§ such that L&

positive definite ,

Froworivion & Lfiforiita paunt bé}M there' exigts
Eeg?%?QM) guch' that L; is strictly positive definite then

p is an extreme point of M,
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Theorem 1° If [

M obeys the local maximum modulus
principle on M than M can contain no extreme point.

Statement of Results

A submenifold M of 6™ 4y enlled a CRmenifeld 1T
imc HTp(M) is constant on M. |
We say that a CR submanifold of ¢™ has CR dimension m
iff 4i®. ﬁj I'p (M) =m
Yacs A totally real submanifold of ¢™ is a CR submenifold
of ¢" with CR dim (J0) : '

A complex valued smooth function on M for which

8M¥130 on ¥ is called a CR function on .
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is an extreme point of M.
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Theorem 3 1f M is a CR submanifold of C wikh
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CQ.dim. (M) > 4 and without extreme points, then for any CR fune. .
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tipm e £ on M ¥TL annot have & strong local maximum at any point
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Proeof of theoren 2 .

We know from CA] that there exists & nonnegative func-
tion W:zC?(Cﬁ) strictly plurisubharmonic in a neighborhood D
of - @ Mucweh “tnat. :
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of p we have VOM= SL‘?‘?&V\‘E#\&% o na S @)= o4
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Let B = 0 & ES,\@C O‘/) ‘where €>0 is chosen small

enough such that the complex Hessian of g ig? gtrictly pogiti-

ve definite at the origin.
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in the neighborhood of the origin and because
MOV S the fheorem is proved.
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Then for any open set .Sﬁwﬁ with L C 3L C SLthere exists a

point ye Sk, such that the Hessian of B sty dieivl ol Ly neaa=
tive definite. ‘
vie suppose tha t there exists a CR function f on M
such that £l has a point of strong‘local maximums, Then,
there cxists a compact set KCM such that m%xﬁf} ~ max {f] .

.Welmay,assume that K« issconteined in an optﬁ set in RC”"E

which is part  of the atlas what defines M .We may assume also

that max Ref  max Ref . We denote Ref =@
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After a complex linear change of coordinates in C
M may be represented in the neighborhood of the point p by
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We shall use the next lemmas:
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Lemms 2. There is an extension & a% Q- - setthat
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Proeificf the lemma

Let (2 be an extension of @ and ((? LQOA—ZJ{ ?
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Because }é and h.z are vanishing to second
¢ ~ o
“der at the origin and % = ’. 8 o’ CAS
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vhich is strictly negative geALnAte
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ig not strictly negative defLHLtu %y m\amno a complex linesal
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But r\bé*‘"‘h’) = \L‘i g "L/\> %?A,(O)} , where

W

v{ = u' 7 1v?3 and %;33 contradicts the fact that the real Hessien
of (? at O is strictly negative definite.
m s Toking  the reel part in (3) we obtain
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i€ follows that L; strictly positive definite and by proposition

shile
2,p is an extreme point of

M which contradicts the fact that M
has no extrems points.
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