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Pal t in  Ionescu

f ritroduet ion

.As t i re t i t le announcesr the main purpose of this papel is *o give a l ist  of

al l  smooth, project. ive var iet ies def ineC over g, of  degree ) anC #'** t r ied. to

obtain mu.ch of the abstract structure and their  emberLcled" propert ies ( t i r t ler. t

polynonialr  mlnber and- d.egrees of generators of their  id"eals,  Hi lbert  schegreorl ;  )

Jur results are su: imarized irr  the table below. The main tecbnj.cal  tool  of  our

invest igat ion is t t re ad. junct ion rnapping, studied. in rnodern l i terature by Sornnrese

t - - - 1 f

original ly due to Castelnuovo [+],  [ : ] ,  f ros wh:ch ono d-ed' ,rces the i ist  of '  sur.-

faces of degrce ( 6 (see Senple-Rc, ih fee] n.218).  iy*e nusi;  emphasiz;e that to

conp le te  the  l i s t  o f r (s ruooth)  var ie t ies  o f  degree J  and.62  one tedds  the  d i f f i cu l

c lass i f i ca t i .on  o f  De l  Pezzo var ie t ies ,  recent ly  ob ta , ined.  by  Fu j i te r  [ . ] - ] ,  [ f  o ]  l t i t *

case of l* fold.s ' f ,as previously d.ono b.y Iskovsfci f r [ . f ]  )"  fo: :  *qrrch var ir- : t les the

.  
aa5uf t ion  napp in{  rec luces  to  the  cons tan t  map,  so  one needs conrp le te }y  d . i f fe re r r t

techn iques .  t ie  reca lL  tha t  one knows a l l  (no t  necessar i l y  smooth)  var ie t ies  o f

r legree -1 4, see ihe anonymous note l ]o]  ana S',r innertcn-Dyer fagj .  For readerts

conveniencs we gav€J at the end of our papel a u.ni forrn way of obtaining t j . ie smooth

* ) . : i l r t ia l  resu l - ts  o f  t i r i s  r+or<  i . re re  thc  sub jec l ,  o f  a  conference a t  the  ' r i veek  o ft

.A. )gel . r ra ic  Geonetry"  hefr i  i r i  Buchar.est ,  1981,  J l ine z2*e8.

' ** )$*u j {n. : ' t : rhn:"n l :  
F i j  for  a s i i i 'voy a. : : * , ic l :c  cc: r ier . i i ' lng t } :e  c iass i i i r :a-1. . i  rn  r r l .o i ; -

len fcr  var iet  ies of '  s :ne. i - l -  c le  , , i re i :o
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orrrBl i . ;h ioir  we h;rvc aLuc irrc lu<lt :cL r i r  Nhe tab1e. I , Ie alc a' ,vei 'c t t ia l l i l rarry o. l  our

sLai,e nenig wcj 'e rarrr i i i t i r  io ciossiu.r i -  i ; igebraio rgeoir- lc Lsr; .  i io,otrver we ir icrud.er l

proofs for those rer:ul . tsJ for wir ich ' .ve co' .r ldf l t t  f ind. an ad.equate refere nce. l ie

a . lso  rnent ioned.  ssverq l  kno 'g r r  fac ts  fo r  the  sake o f  co ;up le tenesS.

I t  i s  my p ieasure . to  thank  I , .  B ic lescu ,  A .  Su iu rar .N.  Br : ru ia#  and P.  i i ' ranc ia

for i relp*fu} cor iver$at ion_. I  eu4 aloo int lebteC. to Prof, '1 ' .  Fuj i ta who kind. l .y sent

rnr:  his I 'ebr int  f f  rJ.

!o
Irle shail

crd

F"
€

.ll is er i.ocal1y free sliea.l' 61'

'/
t  ha.{ t}re . f ibers

na l  ( r 'esp .  e11

F], i+hcre ? is a fibre of 7f ancl

*iP(op{611"t(-*)), elo. By r, i

2 2
( r - ) = o ,  ( , + . g o  ) - 1 ,  ( c l ) = * " .  A s  i . n

we mean a  var ie ty  X=U' (E) ,  whero

ii curye C, e.rrrbe,l:1ed j-n iPa iri such a way

r (  zX*_e 'C are  l inear  var ie t ies .  A-  ia t io -

' t
over  1P  

-  ( resp .  ove r  &n  .e l l i p t i c  cu rve ) .

Fre 1 in i nar i-e s

work over.  the f ie ld .of  ooinplex mirabFjrs O. The -rrord. v_aI i-eiLg wit i

{nean p:g_J3*-rygr j :Ht_I and csg11cjpe{ ( i f  i rot  otherwise stat- ,r \  pl-o}rrpin "ar i .ety.

t gj:yg (resp. s u r f a c e )  i s  a  v a r i e t y  o f ' d i n e n q i o r r  1  ( r e s p ,  2 ) ,

' , Ie shal-L Cenotc tOFEr". . ,p* .Xt*-F X the blcl- ; ing- ' , rp norphisn between

sur faces  Kt  rK ,  w i th  cante t "  lP{  r . . , rPK,  l lg  the  exee l : t iona l  d iv isors .  i ro r  a  corn-

p3.ete '" i . inear syut*o ,of"  x we shar l  w-rr te l l  -*rPo -  . . .  - "up*f  - ror  the com-

plete l inear system fgo ^( l )  -"rn -  . . .  - rkE*a 
I  r . ,  xtr  wherc &. i r$ posi t lve

, r r > . . . r r i l

iniegers (see [re] f .  39i l . .  tsy a geome+"ricalLy-ruled. suJ:*:rce- we;,rean a sr:rface

X isamorphic to p(n) foJ sorne rank-2 locally free sheaf on a curve C. For every-

th i r lg  concsr .n i rg  such sur faces we refer  the reader  to  p6]  Cn.  V$e.  in  par t i -

cular i f  -/ i lX***.C denotes the natural projection, we shall .  frequently use the

normalisai iori  of 3 giving a sect, ion Co of X such that I pic (X).2,a[C16rc]i"{C)S

ti'.un ix )tz

[e] '*

I ^
Lvc

' l  ^ +
I V  U scr  o ]  I

of tlie naturai

rarilcp over

pro ject  i r :n

i p t , i c )  s e r o l l  i s  a  s c r o L l
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hre shall  freely use intersection t l leqry (sr:e ItgJ l1 the adj,gl:ct iLn fornura

(see [ru]p. )4i) anrt the Riernann-fioeh theorem (n-n tor 
"oo"r["ffiur.facer

-  ,  F  - - ta n d ' J - f o 1 d s ( L 1 6 J p . 2 9 5 ' 3 6 . 2 , 4 3 7 ) . I , I e . a 1 s o n e e d . ,

(see for instance Lrt ]  o.  154).  For a study of  " l j .nkasel  in eodimension 2 see ta5]

For the rest notat ion end terrninology are stand.ard.

We need.  the fo l lowing resuf ts i

o .1.  r i inn i l  r ,e t  (xro^(u))  ue a (smooth)  pro ject ive var ie ty  of  d- imens ion)2

For a proof apply Sert ini ts tbeorers and the star.dard exact sequ.ence :

o.2. T,enma tet xctr=be a (siaooth) projective var.rety of d. imens::n),.?.suppose

its generic hyperplane section l l-xAt-l  is arithnetical ly cohen-i,{aca.u1ay (,resp.

a complete in terseet i .on of  t ; 'pe c1r , . . r% )  in  pT-r .Therr  the sane hol1s for  X in

Ftt. I f  X is arithi,netieal ly Cohen-Macaulay and. the honogenous i6eal of H i '  lp"-u

is generatec by forms of degree(k, the s*ne is tz"ue for th.r ideal ,rf  x in d-.

?he proof is standard. and we onlt i t .  .  l

The fo t - lowing resul t  is  Exerc ise 2.12 (u)  in  pe lcu.  v t  $2.

o.J. l$i Let X be a geontet:: ica.Lty ruled. surface r"r i th invariant e over an

el l ip t ic  curve c  aru i "  b  an in t r i lgcr .  Let  HFco+b} , .  Then f  I { f  is  ver ; ,  a inp le: f  and

on ly  i f  b ) -e+3 .

For any nond'egene:'ated, r'ariety Xc:f of ciimension r and" degr.ee d", one has ths

fol lor"r ing erleinentary inecluali ty (for instance ft l) ,  lernma. z. l):

and X an invert ibl.e sl:eaf on X. $uppose for

Sli i iu generated by 1ts global sections and,

rated. by global secti .one.

I I  I .  =

o "  5 o

any sr iooth hyperplane sect ion Fj  of  i i1

t ,
H-(xrXero_-(- t i ) )=o. Then t ,  i *  g"r"_ '

2('

ther genus of  X (eee l l , : l  n.  ?5:)

, . : . . - *  |  t  r
1 ; { l ie  Iv  i *  J  

' i .vr ro i ;es Lui t l ; i  i : l ibger

, J \ . -  - -  lv / / r t - r  +  r

1,  f :er ,aJ-1 Caste l r t r r r :vor  s  bcr lnc j -  f 'o : l

r - :  o ' 1 , -  -  i
p {  |  1 !  - l '  t i  r  l " i -m- i l  r  ' * -  i t \-  - :  

L ^ - t ) ( c t - r r L - L  t - '  J \  L  ) l
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f unct i oiro

0.6. &*!-*Sl*l*€grylif.* If (xrc-(ii)) :.s a. rational- scrol-l of iiegree d arrrl
. / L

d i m e n s i o n  r  w e  c a n  w r i t e r  x e P ( O o 4 ( a . , ) l O  n . n  O  O , o n  ( * ; " ) ) ,  r + i t ' h  a ,  ) r i ,  i = 1 1 . . . 1 r 1
f r  Y '  E  L

) ' u r * c i .  a n d .  0 * ( I I )  i s  t h e  t a u t o l o g i c a l -  s h e a f ' ( s e e  [ f ]  t r . ;  3 . 8 ) .  I f  a ,  = 1 ,  i = 1 1 . .  j 1 ' l
<-! 0 

X' L
i : i  -  . r  d - t  zd- t

this is just the Sogre dmbed.d- j .ng of iP' 'XlP- 
-  

in lp "  - i  
any 

,other rat j_onal scrol l

. ;
o f  degree d  is  a  l inear  sec t ion  o f  th is  Segre : ,embed. t l ing .  In r ieed 1  i f  say  

" ,  
i s ) l

t
r .  ' Swe can conStuct an exact sequence of the forms

oTop,*oo{(b)  o o ' . , (c)  G 0p,  ("a)  G) . . .  @ our,(ar)J_r.F^ (an)€ . . .  @oi?n(rr) . - - -o
' * * , * ,h  b>/ i ,  .c )7! ,  b+c=an (see F]  n ,  19 ) .  r t  is  easy to  see tpat  f  rnakes

.
i i + (O- , ( "0 )  @ ' . .  *  0 - ,1a . ) )  a  hype rp lane  sec t i on  o f  x ; rp (0  (uhp  ( "hp  . ( " , )6 , . .O0  (a .1 )'  ' d l  -  I r  p . r  

'  ' -  
p r '  

' - -  
? { '  

-  
t r t  

' . ' r  n
. L I L C

, - 
!

The fc; i lovin*q Lable pre;enLs the l ist  of  al l -  norrcle.gencr.ated, l inearly norma&,i

smooth
4n

.var iei ies of , leg'ree.:(6 and d. i rnensi-on r,  enbed.d.ea in p' i  We let  s=r i- to.

.  Exeept for t l ie etr l ipt ic scrol ls and some curves of genus I  and. d.egree 6, al l  .

t l ie var ict , ies i : r  the iable alc ; ; i t l . ,net ica11y cohenqr{acaulay.

' )*  -See Fuj i t"  
[ fc1 

for var icus abstract c lescr ipt ions t , f  such var ie. l ies. Tirey

are. project ively equivalen' l  i f  they have tbe same d. imension.

- 4  s  3  5 . ^-,( i( - f;r fi , \ r r,,, 1r. the crrlle is no.t .on a quadric.' r < r q

I
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t
-  Q l .  lenarks  on  bhe ad ju r rc t ion  inaoorn , "--_---

Le t  X  be  a  (s rnoo ' th ,  connected ,  p ro jec t i ve)  a lgebra lc  var ie ty  d .e f ined over  f i
. '

of  d, imension r)r  2,  and X =O*(t t)  a vely arnple invert ible sheaf on i t .  I te sha1l- K  
.  . L  t * * ; - t 1always denote by i I  a  srnqoth hyperp lane sect ion of  x .  Let  p-p*  

, . ( r )=)- - r ; ( '  , .  I
x . , E - 7 4  e  /

be the Hi lber t  po lynoni ia l  o f  the pai r  (xr t )  and denote by [= tU,Y)  =E.-* -xn*{ -

and g=g(X,  X. ;= i -L ;bho sect ional -genus.  Let  q-q(X)=t r { (Xr0=-)  be the i r regular i tyr-t ' jC,
n (  A l

anal =J lxr?-) =s-q.

Remark  1 .1 .  a )  q (x )=  q (u )  i f r2 t3
.  f  a t .

b )  ) 7 ,  d  >  0

The e:ract sequence o ----*gJfU) ----e0 Q---5 o and'Kodaira vanishing give a).j t '  X  f L
? ! C

To prove b) we can assune r=2;J V.o ay the sa.rne exact $equence and. A =K0__-1ag*

0 x--  =1-q+lo-1"+g- i  +no ,  where -oo = n, (X) is ihe geouetr ic gerrus.
2 t 2 n

. t a

.  Deno te  by  A"  any  o f  t he  fo l l oa ing  pa i r s  ( x rk ) ,  i p ' ,  o^ " i i ) ;  e * ,  c^ r ( l )  -
v b t

smooth hyperquad.ric; pf OUa(z)1 a scrot- l .

Nor, the -gdj"n9.!.i."*ggg.p.ig is the rational na.p associated io the coniplete

l inear  systen lX^"( r - : . )Uf  .  ' r ie  have the fo l lowing resul t

Soinmese-Yan rle Ven theorem ( [Zfl  prop, I.  j .  ,  fzi]  t fr.  I I , l  )

.  Thgorcm -1.1. Tjre forl lowini l  are eo,uivlfent.:_

vi) oJk"(r-t)H) _L9_n$=g,cl*L"*{..bv S}"b"1 -.c_tion$,

equivalcnce of iv)  anJ v) fof  luws frolr i  l { t r i la ira vi , ,nishi i , , { .  iv)=} vi)

; i \ - : 5  l i i \  f r \ - l l . \ L r q  f n n r n  * o r ^ r * 1 r ' - l  1  i . i . l \ z . : r , ' ; \  i n  n - a r r a . '  r n
t  - " -  ^ L  r . * .  + + + . . \ - . . .  ' - l

genera l i s ing  the

to arbi trary di inensj-ons

F n n n f  r f  h p

t r j -v ia l  ar i , l1 a



[ t t l  i ] rop.  4 . I .  l , ie , . .s l ia f i  show v i )  = : ] : . ) ,  i ) :7 i : . )  an.1 t )  =+iv \ .

v i )  Ql )  is  by induct icr :  on l ,  the cagc r=2 bei r \g  the keJr  r 'e i iu . l t  o f  L2 i l

and-  F* ,  But ,  " - "  
t ] l  t i r  l l .  ar" : i  F l .  ths i ,Zr3r  ' " ' ru  hfave that  -e" , r  l^ ) r  Jr  (xr f  )e  ar .

++(Hrk'{f i)  6 a.r-t i  oiou othcr hand-, by duali ty aha Kodaira rranis}r irtgt

s t  (x,  o^ (k +(r-z)H))=-Hn-{  (x,o ( (e-r)u))=o,  so bv 
ktgd 

(r - r )H))  is

generated by global- sections if  Q.JK**(r-Z)it) is (ue used. the ati junotion for-
" i h l 1 -

mula  and in iuc t ion) .

f l

i )  : ) i i )  l J e  c a n  a s s u m e  r = i  s o  J  = X 0  - 1 + g =  g - Q * P X = o  s i n c e . * : n  o t t O  n g = o .

l ) .= ) iv )  i s  by  ind .uc t ion  on  r .  I f ,  r=2  we have by  Koda i ra  van ish ingrR-R.

0
anc the ad. juncbion formula:  t i  (x ' -o^(k-nl)=X (k(k"nl)  =x 

f t+S*l=o 
since 

X 
=o

0
and g=q.  For  r )  3 t  by  ad junc t ion  fo rmula  h-  ( i i r0o- (K- r . -+ ( r -e )U) )=o  imp l ies

^Fl -yr

f (XrO ( f - -+(r - f  )H)  )=o s ince l I { l  j .s  r rery  anple.  e ,B,d-n
_K x.

Renark 1.2. I r ie und,erstood that Somuese recent ly obialned. the sa"ne theorem

by a d. i f ferent method.

As  a  consequence

to Frr iq-ues-De1 Pezzo

C ; r . c l 1 a r . y  1 . 1 .

we have,  for  i -nstanee2 the fo l lo" r ing s laseica l  resul t ,  due

( s e e  
' f 7 l  

t h s .  z . L r t . Z r J r 8 r  f o r  a  d i r e c t  p r o o f ) 3  . .

t , .  V  r  f
Let_g::r_!h_el (Xr_X ) is one of _Lle fol loir iql i  F' ,0^"(f );

, - - - . - - - y
{' .).

Q ' , 0 - . ( 1 ) ;  P - ,  O - z Q ) ;  a  r a t i o r r a L  s c r o l l -q '  P - '
cSl :g l r .e ry  1 . jL .  (Co*pare ,w i th  fg l r  th . .1 . ! )  fhe  fo l low in f i  a re  equ i -va le l ! :

i )  g l l r  Q = o

f

: . i )a =r

i i i ) r,o (x, q*(r:--* (r-r )rr) )*r
" \ ^ .

iv) & o_ (q_*(r-r )H)=r
/r, ^

v) -iC^ = (r-r )n 
\

_n

ry-. 
The pairs (xrf ; satisfayi.ng v) are known :rs Del Pezzc varieti-es

anci  were recent ly eompletely c lassi f ied" by T.  Fuj i t "  [9J,  EC (see L1Z] for  the

cager  o f  J - fo i .de) .



Proof ;  i )  =+i i )  By aa;r$t i -on,  supposi i ig  r=e,  we have,  q t i2 ;* ( r r - rq)=o

$o p^ao &nd we are d.one,  * in"u j  -J '+ .*  .  . . r , . :
9 t

v)  ' - ; i i i )  is  t r iv ia i  and i i i )  : )v)  fo l lo ivs f ro in  the theorem.

To prove v)=a i;  suppose r=2; then FU=o and. by a.d-junction g*1, so that
o .

1=h-  (xrk(5" .n1)-g-q.  and qos.  r t  rernains to  s , ;e  that  i i ) : )v) .  For  r=2 we have
C  o -

l=d  =h  (X rO^ ( fo -+U) )  so  the  theo re rn  a .pp l i es "  I u t  f o r  r ) r  3  t he  res t r i c t i on  map- A . , !

P ic (x ) -+r ic (n )  i s  in jec t i ve  by  ie fsc l :e tz rs  thecrem,  so  ar l junc t ion  fo r rnu l , ; l  an l
.  ,  : t .

- ,14. -

ind.uct ion y ie lds the resul t .

} {e  th ink the fo l lowing resul t . , is  a ]so due tc i  g . , " iquesi '

CorclLar.v 1, J. J.g!--g*i

i)  g ."e (xrf l  t-  *"J"1 p. va.r, ier.y.

i i )

3"g1. If  g.=s appJ.y cor. L.z, i f  q=l ,  ! '=o and. we are d.one

qolo*ary L.h lgL*afu_cne qt the fotlowingi

i : , , , . .  . . . -

by the t l ieor:err,

that except fo{ a {fIitg*nu}.irer of poir,is of Fd, b}ie fibelg:g.{ y *_gg.!}gf ,{.*A

ii) q*z and (x,xl- is a s*grol1 over a-eurve ,:)f  genus a..

Foof .  r f  q  -  c ,  suppose f i r :s t  T-2. f t re  oajunct ion for ruur"a 6: ives

penc i l  o f  con i cs .  Fo r  r } l j ,  as  i n

o
induct  ive ly  h (n,  o*( rk-  ( . -z  )H)  )=o.

t h e  p r o o f  o f  t h e  t h e o r e n i  i ) : ) i r ) ,  r e  l : . a v e

Ko,i i t i 'a vanishing arrd t l r ,e exact sequoncei

(u')*(t ' tt=r, uo ,a*o o.r,d n'(x,g(ri+ii))=e. i le haye o-t,u*"if =(r.n+af*(E H*r*)
I
whrch g: ives ( r - ;u+r^)=-2.  By io-3unct ion we obta in p ( t i+K_,)*o so lH*r* l  is  aa -  K  r - - ' - f K r  - -

'o -----). q_(5** ( r -z ) i' ) * o,(q* ( r...i ) u ) -' Q- "( rq_+ ( r_z ) ri ) -__-e o^ _ ^  x _ _ A  _ H  J r
o  r , . .  ̂g : rv " j  n  l r i ' ; k \k* r ' r -1J l i , rJ -h  ( r t :a l r - ( i { r " t r ' -2 , ) I { ) ) "  e* l  i . s  i i i i poss i l i v .  r r i . iue i r . ,  r iu

can &$$ l lE le  r -2  a r i r l  s ince  P4-=a, ,  i l e  ob i " i r r i  = i  a  co i i t ra , l i cb ic ru  to ' *n rn  l - .a .
, i

f f  t 1 * 2 ,  r . r e  h a v e  J  * o  a n C  t h q :  t h o g r c m  a i : p l - i c s ,  q "  e n  d i

' \
L )  q=o _ an(l-__the ad. junct ion rnappin is a naornhisrn

the restr ict ion gf l { ,  are -sinooth hypercuad.r lcs.



-  ' t  L - *

Now conside: :  t l ic  f  o  l lo '^r r i ig :

P lob lem"  (Caus te i l r uovo )  Enu rne r " : t r :  a l l  vn r i eL ies  v i i t i i  S ( j .  T i i e  p r .ob le r r r  o f

*nrmerat i i ig l .a: : ie t  ies of

knoi+' .  aLl ,  var iet ies with

r rhere  f  (do  )  i s  the  Caste i

( s e e [ r S ]  p .  1 5 1  ) .

d e g r e e a i S  i s  a  s p e c i a l  c a s e  o f

d ( d o  i t  i s  e n o u g h  t o  k n o w  a l l

n;ovo bound for the genus of a

t iris. i{O-':..1 ,gr ot;r.:i l _i-y, {, O

y a r i e t i e s  r q i t h  * g  f ( d o ) ,

od
**.F'dugree i io i r  Fb

fa , T' *o  theorems o f  Cas te lnuovo

Our  f i rs t  ob jec t ive  is  to  know a l l .  sur faces  o f  degree(6(  see Fa l  o .  2 lB) .

S ,s  we have a l read.y . re inarked i t  i s  su f f i c ien t -  to  know a l l  sur faces :^ r i th  S<1.  The

cases,, '$=or1 are welL known (see 
B3l)  and" can be queckly cler ived. by the sane i i lethod.

( c o r .  i . l  a n d .  1 . 2 )  ,

Theoresr  :2 .1. (Cas+"elnuorro f4]r see also ieuma 2 .2 .2 )  I  sE r . l ace  (X rO, r (n ) )[ri l,
w j t h  g = 2  i s  e i t h c e r  a  s c r o L l

t iona l  sur faces ; '  Lt ;  t  H=2Co+

1< k< I  andPq tPt

have

ctrei.' a curt'e a! t t q o or one of t l ie foLlo'r lns ra-

(3*i) i '  1 i .=o,1-r2 or a blorving-up gf tpl  rr i th centeg

D
t  .  .  .  t  r K  ,

, .
i {  ( H " )  (

H=4L-?P'-P. -i'. . -Po, where L is a. l ino in ip] .  fheJ_"

12.

troof.- BV cor, . lK^rtil
3s it  is rvel l*known, f; ]  p. 35, such a ma? canb.ot; have mult iple f ibres. So the

nonsmooth f ibers of  f  consis t  o f  Z l ines in tersect ing in  one poi .n t ,  and any sush

l ine is  an except ional  curve.  Denote Uy I  iX*Xr  . the contract ion of  one of  the

l ines - lrorn each red.ucible f iber of f  .  Then there is a morphism y'rx,-----*1p{ na-

Ik ing  X t .a  geomet r i ca l l y  ru led  ra t i ona l  su r faee .and  such  tha t  y ' o !=P"  pu t

H'= . f r (n)=a0o+bP for  sorne a,  b€-2.  S ince (U.n)*2 i1  fo l lows 3.=2.  But  i f  D=E+IJ,

i s  a  reduc ib le  . f i be r ' o f  Y ,  ( t t ' u )= ( i t ' i t ' ) =1 ,  so  Hr  i s  snoo th  an , l  so  g ( l i )= ,g (H , )=2 .

.C"d junct ion o.n Kt yield.e:

4
4

, t  l , , a  r . - \  / / . - _2* ( :Co+bIr )  + (zCo +bI ' ,  -?C.  +(*Z-e ) . : ; , )=2.5-2u-U so b=e+3 ,  But  s ince [ r  is  arnple on



x ' ,  b ) z e  ( s e c  f i e l  " o t  
2 . 1 8  p '  l 8 o )  s o  o ( e ( J  a n .  w e  o b t a i n  e = o  

"  
b = l ;

u = r , ,  \ = {  i e * Z ,  b = i .  c r i  t h e  o t h e r . s i d . e  ( r i { ) * ( u . i 1 ) = a  a n d  s i n c e  { H * q l - o ,

(( i . (H'rr)=-e which i rnpl iesr s7( i )  =1nL1-+)71 ,  s ince a curve of  g:enus 2

has d'egre'J>5. so we gee that f  is  the blowing-up of  at  most J points ]y ing on
I

di f ferent  f ibres of  Y .  The p lane representat ion fo l ro iv$, r .  by consid-er i r ig  o lemen-

tary transforrnat{,0n,: (see [.:1 ) from lF anri i !  to {,.  (note tfrpl 
\  

is the blowing_
t

up of lP- uith center po ). The theorem is proved-,

Thgore$ 2,j i1 (essential ly due to Castelnuovo t: l)

S13 is ole of-the fol loryi l f l :

a) A surfa.cj of .d.egree 4 in {p1 . .; 
{

b) A..--qcrolL ;over a_gg.ve_gt-trlg!_l

c ) A --g o.m qt r ic alfu:19.1-9lfiet9*

d) ry r i l i-2Co* (4+i)r, i-orlr2rl oq a si:.r{a_se obt;i l ig_lg_Ug.}...ru.

!g"" -r-"""-tt i""1iy t 
t1 r... rpo , .U.irs ::_

9iffere,rrt fibersr_ l*{k-{,9_.J€ H;= 2Co n (+*i )r
0 .

H=HL-PL-. n . -po. They a:t t  have _L{ (Hz)i 15

o n f , i . r  o ( - i ( 1  ,  w e  h a v c

t
o \  r p *  l f - A r  ^  L 1  ^ . - i -  - -vi r{,_r* n-=41 ot, a .Lio'fi.nq-up of ii_ :rii l l_center P.1, . . " ,Po , lg iSi

and. 11=4L-p,-. . .-e- .  rne.v trave .S_K(i. i3( l_r_1" Fr s..|j:-e.+::-_-

Dt )  t t re  le l  pezza double_prane whic i r  i * j@L{ i t r r

center P,LrPLr...  rP;p 7 H=6L-ZP' -..  .-2p? , *o ( j iZ)=B , o" @ir-!.gg

Ddl P*zro dq*b]*.pl  po ,  , .r l th Gu-ro ,  *o j t l f*?. , , .

Proof '  A curve of genus 3 ha$ r legree)4 with equal i ty i f  and only. i f  i t  is

a  p lane curve .  Th is  las t  case lead.s  to  a ) .  suppose ( r iL ) ) .> .  He have og ,u_( l  ;
( '

i f  q = 3 r d  = c  s o  t h i s  i s  c a s e  U ) . U y  t U .  1 n l .  W e  s h o w  e = l  i s  i . r n p o s s i b l e .  f n 6 e e d _ ;
' t ( f t

(n1h and"  ad iunc t ion  fo r rnu l -a  g jves  (HL ' ; * {$ .K-_- ) -4  so  D.  *o  '  \  t  -w 4 v . .  4 v r r , , u r @  t r ) . , . v v 5  \ t _ r  ; + , . n  
) g j _ +  

v u  1 - , . . * u  S I I C  6  . -  t i . r - p n  = J  g .

c o n t r a ' L i c t i o n  t o  c o r -  1 . . 2 .  s u p p o r r e  e = 1 .  l i . n c e  p * = o  ,  h " ( x r c L ( i i + r - ) ) , , : :  s o  : r c ,
4  {  , t '

i rave \3 = Yi ; i i t :J :x--* t r l ;  in parr icur:rr .  qro, '* f  =o" r t  fo]r-ows (K " : i - r {  )=-^,1 ar:d'X 
X' a- f,!



b) '  ad junc i ion  n  (n+ f_ . )=- f  .  So  a
jl. i\

I
srnooth cc::r ics.  Let t f  :X --* 'C be

/ = * ^ . = h \  ^ t , - . . r \  , . , . . , - i n t r - ,  - i . =  a  r l  6 - , 5 . 3 g
\ ,  S . l a U V U l l  , ,  U { !  v v  / '  I r 4 v i a  I 9  g  u 9 5 I

p r o o f  c f  t h "  2 ; 1 r I e t  f  : X - - + X f

, .
red"ucible f iber of ? .  We again

_  1 4 . _

ggerie: ' i -c J)5 i l i rK- !  c; ' rnsr,r i  s af  ' l  nor i j .ntersect inq- t  x  I

t h e  S t e j n  f a c t o r i s a t i o n  o f $ ,  s o  t h a t  C  i s  a

' )  n  a r r a r ,  - -  ^ .  , ^ {i -  v v y s :  * 1 1 6  . , *  p -  
"  

h l e  h e v e  g ( U  ) = q = - i  .  i . s  i n  t h e

v
be thebont rac t ion  o f  one o f  ' , ,he  2" l ines  o f  each

A i t

have a norphism Y 3f, t --rg making Xt a geomo-

2'
)  = o  i

of V rX*-.ls{ and

tq t  f  ;X : -+X t  be

X t  i s  one  o f  iF . ,

' ,{ould., give X ernbed"

.  So we have ?<

c e n t e r  k  p o i r r t s  b e

we

and

which is i rnpossi.ble by the

and X is the blowing-up of one

c l i s t  i n o t .  f  i b e r 9 ,  o (  A  ( 9 "

= - A
T

at

'4i
find. the

(rln (n"

t h e  p r o o f  o f  t h .  2 . I

.  Fron (gL)*(H.Q=+

d,ecl in fP41

1H|  (  rs

l ong ing  to

l , le have ap. (u+f)-z=(itnr.,f '+(i l*4.K.) =- 4 - '  
. K  X  X x

tr icalby ruLed el l ipt ic surface, such tt",at 9'L f 
=Y'. Let H'= f*{n) 

E aCo+bF for

e r  c o r r e s p o : ' ^ i n g  t o  t h e  c o n t r a c t i o n  o f  e a c b  o f  i ; h e  2 l i n e s ) .  S o  n e  a r e  i n

Let  ho l r r  e=e,  
"o 

ho(xrof i i+r .  ) ) -3  and.  we have f  :x->nL

Case I :  Y(Xl  ls  a( loss ib ly  s in .5ufar)curve C.  Then .nre have:  (U+1{ ,

( l l *HlOi=-a ,  so ro(H*H_=-a .As.  above le t  \ r ' ,X--pCf  be the S ' r ,e in  faetor isat io i i

note that  g(Ct) -q.=o so C,*F{  and the f ibers of  f ' " , tu  eonics.

as before and. exact ly as in

i = o r 1 r 2 , I  a n d  H . = 2 C o + ( + n i ) f '

z 2
we obtain BTtH+l -B>-2 (a nonplanal culve of genus J has ri.egrceTe). But the

case (u1=a ,  (*- - t

formula in fte] p. 434

of  fFJ  y  i= ,o ,  l  12r3  r . r i th

T h i s  i s  c a s e  d " ) r  .

Case f i :  t f  :X. - - - - *UP is  our ject ive .

s o m e  a ,  v Q . Z .  S i n c e  ( n . n ) - Z  r  3 = 2  a n d  a s  a b o v s  H f  i s  s m o o t h ,  s o  g ( H t ) = 3 .  B y  t h e

genus fo r rnu la  r ' te  ob ta in  b -e=3.  But  Hr  i s  a rnp le  so  ly  p6- l  p rons .  Z , 'Zo t  2 .2 I r  p .182.

e- - - l  ,  b )  -L  o r  e  )o  ,  b )2e  ,  so  we have the  fo l low ipg  poss ib i l i t i es :  €=- l -  ,  b=1;

6 - 4  h * ' ) .  o * l  

' *
N

' = . ,  ,  u = z . i  v E r  r  b = J  .  L e t  I  C a r =  ? o + f ,  * . . . * 8 , ^  ,  t V o  ,  w n e r e  d o  i s  t h e  p r o p e r

t rans for iu , .  o f  Co and .Eg the  ezcept io r ia l  d iv isors .  l le  have:  ( r * )  ( { , f i ) * "  =

,lY *

=(c i+0,  * .  . . *E" 'H)=(  f  co"  u)=(co,  H ' )=(co '2cr+ l r )=-ze+b .  I t  foL lorvs 4"  t t l ( -z** l  ,

nut  i s  an  e l l ip t ie  curve ,  
"o  

( fo 'H)> l  anr r  we must  have e=-L  y  b=3-  .  In  par t i -o

cular f  must be an isoinorphisn (ot i rerwisc rJe r{oul, l  obtai i i  at  Leas'L ! . .  values of

c a s e  c ) .

i ,  . - .



-  t 5 -

=l+Z( t - ! r ; l  so that  
%(n-?-3 r (H+xr ;1 f  .  Iy  r ier t in i 's  theoren,  a  Eener ic  D€ lu+"kf

i s  snooth  and conncc ted ,  so  thaLt  o* ( l )7  o ;  c ince  ( r i -u+p=+ 'on*  
" * { rove  

g( l )=or1r  j .

oC) g(D)=o so ( t r+1,, .g)_;-3,  t r -Pt=l  and Y i*  b i rabional .  Wc r  &rb ta in  g7 l tQ.  =
t ,  o .

=(u)- t ) - r  ar rd.  6( . ( i r - )<16.  so the nu.mber of  b lown-up points  is( to .  r f  n  is

an  (e f fec t i ve )  t l i v i so r  on  X  eo r , t rac tec l  l v  Y  ,  wo  have r  o - (A . i l +p= (u -u )+ (u .H  ,

so that  (n '5 | (o '  3ut  f  is  a  co inposi t ion of  b lowings-up (wi th  center  a  point )

so  we  tnus t  have  (a '5 j ) r - f .  Th i s  imp l i es  (a .Q* - l  an r r  (U .H  )= t  so  E  j - s  an  excep-

t ional ourve. This shows t irat the blown-up points are orctin;rry. Finaily, i f  we

put  I { '=  Y*(H)  ,  ' , *e  nust  have Hr={ !  s ince g(H,)= i .  I , Ie  obta ined case e) .

p)  g(n)= l  I  s ince (u ' l ;=4 ,  R-R on.D g ives tbat  l  ig  conta i r ied.  in  lp3"  I t  fo ] lorvs

that  there is  c  )o  such t l ia t  u=c+I i+k so that  notk( -p))o,  I , Ie  have (n+r .q)=-e,

(n+5]'-=z sc tf tras degree 2" $ince r..(-i!=t r
2r

cL
- (H 'Q )  I

lJe have by serre duat i ty:  Hzlalzr*n))rHo(qJ-H-K))=o and (e) .  H{(0(ux+H) )s ./ \ ] ( ' - d' r -
-  n  (OJ- t t -K) )=o .  To  prove ( r )  o  look  a t  .Lhe exa,c t ,  sequence!x

o -F ol-rl oX * oo--+- o

$ inee D is  smoot l t rconnected .  anC n4{Oo)=o 'o "  a re  d -oue. , } fe  ob ta in  by  R-R:

o 
-n,

i r  (o(zx+l t ) )=X(oJzK+I i ) )= l+L/2(2K+I i .K+i i )= l .  t {ow we have again 2 poss ib i t i t ies:
2 ( . J (

1) H=-21{*. , ,  so X is the Del pezzo double plane or- . A . '

2)  r ,o1o1-r i -zK)  ) *o.
K

In  ' the  second case,  i ' i r s t  re rna :  
'2 '  '  

)  )=ho(o  (z f  )  )=or .k tha' ;  nt(1i-*) ;=irolqzr))=o ,  so 1de obtain by R-R:
o 2 "

( i  )  i ,  (o ( - r )  )  } 'Xo- - ( - r )=  ( rJ -  +1  .  The exac t  sequence:
K J . J \

o -_-+ 
{-ri-zr) 

, 
H-*) 

-------t gD(-K) -+ o sives:
o  , ,  o .  o

o _-+  H (a fu -zK) )  - -H ( * - * l )  *  H ' (x ,%(- * ) ) .  $ i i r rce  i { - (g ( -H-2K) ) *o ,
c  o .  L  & ,

h  (oJ-K) ;6 t , ,  (oo( - r ) ) *z  by  i t -R  on  D.  so  we ob ta ined uy  ( t ) :  ( r )+ r ( i ' i q * ( - r ) ) {z  .
l r I ) K ' " L

Toget l rL , r '  i { i th  ( i  )  ihrs  grve= 1r . .11=r  ,  (nz1- '7"  Reine; i iber  i , i iaL

)  
t .  , r  G rx  ' -o ' ; i '  c lenotes t l ieI H + z X l = n  r u i t h  ( I i " i ) = 1 ,  ( E ' - ) - = -

-x-
c lear ly  Xt  is  the 'DeI  

Per"zo doubte L. tane and H=G( Af_r , ) - .1 .
-2t

, o r ^ r - - .  - - \ \  r
J I  ( U 1 l J . + C K ! l = . t  .  e O. X

corrtr ' i l r ; t iorr  o. f l  r t ,

S < ;  t h i s  l " e a d $  t o  c a o e  { )



t )  s ( I ) * J  $ o  I J  i s

! + . ) f  €  l g  i  . $ i n c e  i n

; , ;1" . ;  c i iv i .sor  i r r  ! i ; I

$ r .
Y!

L e t  X C F  b e  a

* U

a p l t rne cuJ ' r r t j .  3u i ;

th is  casc ( t i+x- .  X1
,t .6,

- : . . .  - . -  - - -  ^ + ^ , 1  6 L -
- L i t  U ( l t I J l u U t , . v r t .  f t l s

- :

i, ix-; rt .L ire:.r- e i r"; . .  s .  - -  I  ' .i t  u ' z  i - j i , - i  ; ; u t ; i r  L h a i  ,' {

^ ^ - & F 1 l  i a l r " , -  . f L , .  F ' . , . . |  + L ^ +v v l l v r e . . t v u r r r i i  v r t r 9  l e \ , L  u i r c ! u,  ( D ' I '  ) - e

r  L :  ^ * . ^ - .  i  - .  -  ^ - - ' l  . . +  ^ ' l  . -  ^ - ^ , . . . . 1
l ,  l I s l . r J .  U u l  J - D  ! t r L ' l ; J a v u u r . y  i J I - U V U n .

' i lar ie t  ie s of d esree 5

r j ,onde&enq.rateg, l int  ar. lJ -norgral  var iety of degreo 5. Denr: te

l '  ' rw J

by

s=n- r  ihe  ccd imens ion  o f  X '  I , ie  sha i i  d iscuss , the  poss ib le  va l i :es  o f  s .  We have

o . 4  s  ( { '

I .  , I f  9 * 4  r  b y  o .  5  g = o  a n d  b y  c o r . I . ]  j (  i s  t h e

{'

Veronese e;nbecid. ino l ,  ( tp{)- " \ )  '5 t *  I

o r  a  r a t i o n a l  s c r o l l  x a l p ( 0  ( " , )  @  . . .  @ 0 , " 0 ( a " ) )  w i t h  I ^ ; . = 5 ,  u ; 7 ,  i = l r . . . r
P t  

- L  
? ' '  t "  

f r  r -  -

ana Or-(f l )  is the tautologi.cal  sheafro,6. In part icular Z._(r._( 5 and for r=5.:rre
A

nave the Segre embed.d"ing of lPLxLo4 ,n Ug ;  any obher is a l inear l i , rcf  ion of bhis,

a .5 .  By  le rnma o .?  any .$uch va : : ie ty  i s  a r i t tune i i ca l l y  Cohen- ldacau lay  and.  i t s

homogenous ideal is generated. by 1o hyperquadrics.

I I ' - , . ;=L .  By  o .5  g=or f .  S ince ;se  have supposed,  X  l inea . r : " ; r  norm;L  i t  i s

enough. to consid.er _g-,1 .. , ir ir ,qi ot ' '  al l  r ,re have el l ipt ic curves. ly [ iuf l  they

are ar i t tmet ical ly.  Cohen-t lacaula; ' ,  an$. their  ideal is gener:ated. by !  hyperquad.r ics.

tL
r f  ccP '  i s  such a  curve l  the  s tan t i .a r r l  exac t  $equences3

( t )  T  - - P T  |  - - p 6  . - _ d ' o  a n d

(z) o __p o^ --*-*f1?1 ----*s s-, | - +p>o ,
c  i  B 4  l c

.  a  4 .g ive- '  h  (N- ,^4-21 and h-( I i r . , r4)=o ,  so by deformat ion iheor"  F4J 1 the l i i lbcr t\ . I V  L /  L J .

schene "paranetr is ing.such curves js  srnooth l  o f  r l i rnension z ! .

I f  r ' 772 ,  by  co r .  1 . J  X  l e  e i t he r  a  De l  pezz i :  va r i c t y  o r  an  e1 l i p t i c  sc ro l l .

But  the Del  Pezzo var ie t ies wore recent ly  cornplebely  c lass i f ier l  by ! 'u j i ta  B] r

F" : l  (  
L t f ]  for  l - fo lds) .  rn  our  case we'  obta in that  aqy such x is  a  1 inear . ;  sec-

. t ion of  the Grasstnahn var ie ' ,y  o f  , l ines i f  P4 w. i th  the p lucker  embet lc l ing in  [ r9 .

J'ny tv. 'o such v.rr iet ies c,f {;he same di:nension arc p: 'oj""t. ,-.*y equivalen1. Fop
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e

r*2 we have the rqell-k4clwrr Dol fezzr: surface, obta'ined. by, b,Lrowi.ng-up 1P- in' 4

po in ts ,  H*1L-PI*P&-P9-P4. I f  r  )3  
one can.  f in r l  var ious  abs t rac t  d 'esor ip t ions  o f

such vari .et ies ln f lo]  .  Again by lenrna o. '2 aI\F such variety is ar i tSmetical ' ly

C o h e n - i , l a c a u l a y a n d " i t s h o m o g e n o u s i d e a l i s g e n e r a t e d b y J h y p e r q u a d r i c s i

as  we s l ia l l  see  be fow,  the  e l l ip t i c  sc ro l l s  do  no t  occur  in  th is  Q&s€ o

I I I .  . s = ? .  B y  o . !  w e  c a n  h a v e  g - o ,  1 t  2 '  F o r  - S - 1  o n l y  e l l i p t i c  s c r o l l s

2r

have to  be  cons i r le red . .  . [ fo r  r=1 ,  i f  I i *Co+bF1 we have b .y  o .3 : , ,5=(co+Ur ' )  =*e+zb t

b ) re+3,  so  e  - ( - I .  Bu t  fo r  any  geo ine t r i ca l l } ,  ru le r i  e l l ip t i c  ' sur face  e) ,  - t  (  F0 l

I  r n  l H \  \ = c  ( r , . ,  F 4th .2 .15  p r l ?? )  so  e - -1 '  b=2 ,  no ( }a (n ) )=5  (Uy  R-R)  and -  t hey  rea l l y  ex i s t  i n

( pe]th,2.15r p. 3?? )-. Let l t '*P(I ) 'E-" C with C el l ipt ic '  ' the start i lard exact

sequence' :  ( r ) ,  (z)  anr l '  I

(l) o +----> 
kr.-** lx 

'* 't,e----' ' o

( + )  o  # F  o . F - n ( " r i l ( r ) - * r j i r c * o

o  L .
give h" (t iO 

fq)=25 
afi .  h'-(kZBa)=o r so the corresponding i l l lbert scheme is

srnootir,  of dirrens Lort .J. l t  should. be reinarkecl that these scrol ls are nct arith*

net ica l ly  Cohen* i , iacau1ay,  s ince the i r  hypc ' rp lane sect ion, is  an e l1 ip t ic  cuTve

of d.egree i inW3, hence not l inear',h; normal. Tl i is suggeets t ire fol- lort ir ig usefr:* ' i

!swj& !s: c-* -I-R"G.hl3.I $-e-Aqe-?Lk-**o

sheaf on C, of re ' ,nk r)z?. SuppqPe{:gl?j : j1ct4i1 * l* igar l
fn .

ncrnal scroll j.4._E__l

.n.E'l-

Then there is no qlryot i :  (non{cge.ner such that Y is ;r

hyperl: l e i nc  sec t i on  r . l f  X .

!I-q.g&- In the context of tbe proof of th'

not true and consir ler the exact sequence3

3 in fzJ, suppose the lemma is

( 1 )

i.l. f .. 
'l 

r' r , rr ,-=
L V  f . v * f , v , r v

A p p l . y  q . t o
-.K

o -*-+ o- r q.(Y) --{}
-?L ;\-

that  X i tsr : l i '  has the 's t ruc i iu :e of  ; r

t i r t ;  r lce l . r 'J i rc€ ( f )  to  obte i r i :

^ --g> Q.. -9 3' -:- '---*b
(,

4*-pb o

1 1  -  - - , ^ - -  n  ^ " r - -  ^ . 4 '
I l u . l . t ,  ( ] V t i I ' v t  e c , v  t l r A

n / v \

F  * b u

hwt CIt b':
$ ! **- *-'e' c
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wi t i r  l .  r i  toca l l y  f rce  sheaf  
'on  C wh. ich  is  . rnp lc  3 'hc1  Er -Xr8rL?  fo : '  oc tne  L t  € l i c (C) "

Fas ; i r tg  to  g1  ob i ;1 l  scc t : .ons ' . te  have:

o .*,*,---+' O #^,p ii ' i1;r1 :ic in,; ,----*"i{'L{F) ,

4 , ,  0  , y ,
But  by  dua l i t y ,  I i - ( f ' )g t t  ( i )= "  s ince  i r  i s  amp]e . .  Not t ,  we ob ta i led :

c .  o  0  0
n - r l = h  ( y r Q . l f ) ) = n - ( c ' ) = t r  ( r ) = t i ( x r c * ( y ) )  w h i c h  i s  a b s u r d .  Q . € . d .

Y - A

So, for g=1 only su.r ' faces can. occur,

Colsider -g* 'Z-.  Fer such curvei we ha,re the folLowing classical  resuLt ( for

i n s t a n c e  [ z e ]  n . 9 i ) .

Lerr 'na J.2. Arry 
"q"tg 

C .

bv 2 srrr faces of ' - legrees 2 and I  res;: t lct i 'vely.  .

g.ggf:_ By R-R i t  fol lows that C i ,s eontaj-ned in exaci ly one c^uadl ic Q

(necessar i l y  i r re r iuc ib le . ) ,  Aga in  by  R-R,  the  fan i l y  o f  cub ic  sur faces  conta in ing

C  h a s  d i m e n s i o n ) 7 J  s o  C  l i e s  o n  a n  i r r e d . u c i b l e .  c u b i c  S .  S o  t h e r e  i s  a  l i n e  L  s u c h

t ,ha t  Q nS=C UL '  Q. .G. .d . ,

In part i -cular C is ar i t lunet icar iy Coheni i iacaulay, f2l ]  f "oO..J n-Z. ( t t r is fol lo ' , rs algo

- , -  " - : '  '
f r o m  g e n e r a l  r e s u l t s  i n  B f l  o r  l g i  ) .  n y  [ t i ]  

p . ? q 1  ,  w e  c a n . , l ; r a i n  a  r e s o l u t i o n : : ' .  ,

for 0^ from a resolut ion ct f  0,  ,  namely:
('; L

( x ) o*+ 0rr(*4 )6pjr,J -4"t4 o "^(-zF.!ge 
(-t )ctona( -l) *0p;+ c;*o

gy G,J the t i i lbert schene of such curves is irred.ucible, smooth, of di inension 2o.

{ z
Cons ider  no , r  r=2 .  By  th .  2 .1 .  X  ca f ,e  a  b lowing-up o f  p  i v i th  center  P6r

P.J,r.. .  rP? , I1=41,-2Po-P.t -. . .-97. (which rve shall  cal l  .9tst-elq*ggq-gqr{a,i-gg) or a ;

sc: 'o f  l  over  a curve.  o f  genus 2,  She scro l ls  d ,o not  occur  in  v i r tue of  the fc l lowingl  -

L e n m a .  3 . 3 . A  scro l l  o " r 'e r  a  curve  C o f  genu$ I  has  r legree)8 .

i :rgof. Since a curve of genus 2 rtrust have ciegree)5r we obtairr (Co.I i)=

9 L
, , (Cc.  Co+bF)=-e+b' /75. t  so b) !+e ancl  (HJ=(cr+t r i , ' )  =-e+2b' )7 e+Io.  3y a theorem of

' .  r .  . - 1  \  , - , 2 r  -  ^Ne iga t "  U+)  th . l  ,  we  have  .7 r -2  so  r ^ re  ob ta in  lH  )>B  ,  q .e .d .

The  Cas to lnuovo  i l u r faces  a ro  e : i s i l y  seen  (as  i n  l e rnma 1 .2 )  t o  be  l i nkec i  t o  a
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pl 'ane by a hyperqui*dric and" a hyper;cubic. They have the r.esoJution (r i) ( ip4irr"t*"
?

of P' ')  antl  are arithmeti-ca11y cohen-i{acauleLy. such surf&ces do exist ly 
[z5lth.6.a

(or  s i r ,p ly  tak ing P,  r .o  . rP+QiFL to be ' t i r i  genera l  pos i t ionr  and-  shor+ing ; *

4L-2Pc-p i - . . . -p+ is  very ample *  see f :1"" .  rT p.  ? l ) .  B j ,  Gl  the i r  F i rber t  scheme

is i r red 'uc ib le ,  s tnooth,  o f  d . i rnension lz .  Let  r=3.  .As above - , . ,e  have the resolut ion
( a

( * )  (p5  ins teao '  o f  P3) .  These are  ar i thnet ica l l y  cohen-u tacau lay  and by  1 ]z : l  t i r .e .z .

they  do  ex is t '  [he  H i lber t  schene is  i r recuc ib ]e ,  s rnooth ,  o f  d i ruens ion  45  lv  l ]d ] "

I1  wou ld .  be  n j -ce  to  have a  d .escr i .p t ion  o f  such var ie t ies  in  te r ;ns  o f  some knor rn

3- fo lds .  For  the  momel t  we have:  ,

.Lenma \ .4 . i
4 (l inearly norrnal , nond.ege nerated ) Lf ef*--{-g{--d ".glrs_fu s_gf

has Bett i  nunbers
%

b ,  = o r  b o = 2 ,  b . . = 6 .  T i r e. - & . 2 c l a s s e s  o f  H airi! ZH+kte ljorq a'b:r_gi:

(aa)-5,  1n' l .  q)=a,  (s.eL)=qq3;-o.

Proof."  fhe aa;unct ion

f iber  Q is  a  smooth  ouad. r i c

na.pping ?=Ytati*q8lves a mcrphism to p4whose general

( co r .1 .4 ) .  l l e  show tha t  any  f i be i  o f  y  i s  i n teg : :a } ,

$o any nons: inooth f iber of y is an ordinary coner Suppos6 f  is a nonintegral  f iber

o f  V .  $ . i nce  (u , i i ,F )=p ,  we  can

planesj But remembel

La  rnorph is ;n ' to  F-such

6n1y have i r * I . i1+ I l t  r  o r  p i2gr ,  rhere  H, ,  H f  ,  a le

th"  2" I )  iha t  fo r -  I j  t i re  a . t l . junc t ion  ruapp i rg  g ives
( p r o o f  o f

that any f ibc r  i s  e i the : :  a  snooth  con ic  o r  z  l ines  in te rsec t i ru :

in a point.  " f t  fof  lo irs t t" ,at  i i '=ZH' is  ru l "ed .  o r - i t  anc l  i f  F_ I { r+ I l r  r  1  g r  must  be  an
'except iona l  p lane,  so  i t  ca l r  be  cont rae ted  to  a  po in t ,  Sb is  1s  absurd ,  s ince  in  .

th ib  case the  curve  f l r f lg r  r  wou ld  i rs  cont rac ted  to  a  po in t .  Now re tu rn  t ,o  the

proof  o f  i ' 4 '  He sha l l  shor ' r  be lo : r ' tha t  $  t ras  exac t ly  B  s ingu l -a r  f ibers" "Le t  l i ,  be

one o f  ther r i .  s ince  i t  i s  a  "co 'e1  the  res t r i c t io r r  o f  H  to  i i ,  genera tes  "p ic (p ) .  
50 ,

for any divisor class 'D on x w".-  h; i rre l i r ,=bHl^f 'or sorne bGE. [ t  fo110ws that for,fi. ,f

a:5' l l , i :,-:; ' i- i  uz.c c;r l;C Z sucli t i iat }=ae+biir ; i .rrci i; i ie i i i i ;eri;ociion nutrbers ar.e ;.r_v.,_.n
'  r - 3 r  -  '  I - n \ , - , .  / r r . . L \  t , . A ,0 y :  ( i 1  ) = t ) ,  ( i - i - .  

" r / = 4 ,  \ J l  - b t  
/ - \ e  / - o .

l {cxt ,  l ie  aar i i  i , :  c . l lnpuie t } ie  tcpr : i i r ; ; . rca l  . i j l : . ic r_?oincare character is t ic ,  "
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l J s i ng  
, i ; hc  i aap  L f  

,  t hc  f o r i nu l s .  , . "  f : l  f : r t t r na  v ' t . 4  p .  p )  g r vcs :  ( q , )  'X ,  (X ) *8 -1 t
r_i,?

vhe:.c n j"s the nulnber of s ingr, iJ.ar f  j .bers or Lf 
"  Ue sher1.1 ( , :oinpuue "t$="U by R-R1.

r;qi  r- ; ; i  thr- l  nrc: thcr. i  j - rr  l i6 l  , : " : .  4,  1" 3. P. 4i i  .  I i -  lJ* l i .o. , .5 ' : l 'c i iotea - f ;hc no; 'nal
L a t i . L l r l S  U I l c  i ! ! \ ; v r r r /  

-  
' ? f , . - '  J '  r '  7 r r  

6 i  l f -

(
bu1r l Ie  of  xc lP" ,  f rom the sbandart l  exact  se( luf jnces:

o ---*T ----+'T^< I -----+!i ---r" o and
X- tr'Il(

Ct.\6
o  - *+ '0  . : . -s0- r (1 ) - - *T^ .  - rFo  we ob ta in :

$ r ,  P 5 '  U '

/ r \  ^  / E ) = r c i l + K  r\ ^ /  " C _ . ' ,  
I

(z)  c* (n ;=r5 (n?)+r(61r ' r ' r ) -c ,

7
( l )  ( - r  "c,  (u)  )*(*r , '  :o(rr )  )+c r=2o(ul)

Eut we have by the nelf- intersect ion formuJ. la {Lascu-i t iwfo}d.-Scol, t , r}1ath. Proc. C;unb.,

Frr-i l. sc,c-.-?,8 (tgll) r u?-121. ) '

(+)  ( "J tU) .n)-  (X .X, i1 \1=25.  To eomoute in tersec i io t i  n ' r ;mbers r " r i te  K=Q-2I I ,

l Je  ob ta in  i r om (z ) ,  (q )3  .

( l )  f t r "n)=t4.  Subsi i t t r t ins ( i ) ,  (a)  i "  ( f  
)  a .nr l  bak l r ig .  in to erccount  ( i )  *e

have :  (6 )  c .  = - ' 2 (cz '  r ) -48 .  3y  R-R .  we  have t
n , l  

2 -
'  (7 , , ) 'xg- .=- t /z l1(* - "  ic ) .  3uL Ht(0"- )=o,  i *1  ,2 t3.  indeer l ,  t t " (0" . )=H (0o)=or  s lnc.e" '  

x  
' ' . 2  ' j (  ' . - A -  - &

e 0
X i .s  ar j . lhmet ica l ly  Cohen- l , lacaulay and.  E-(5) :U (1( f ) )=o s ince ( f 'U 'E)=-8.  So (?)

g ives (c . .  K)=-24 ant l  f rom (6)  c- -o.  fhus.  in  (o)  we have n=B as cLaimed.Since we' L  b

have seen that b4=o-r..bi-Z *ld,Xt**or b;1 Poincar6 duali ty bU*6, Q.e.d'

r / rg Ls not por ls ibl .e"Ind.eed., ,  by lemma o.2 such variet ies must be ar i t lunet ic.al- IX1

.It

Cohen-i,{acaulay in tr ",  wibh n216, so lry a re.lu].t  origina,l ly due to l{artshorne (see

F5 l ' t h .5 .1 )  t hese  rnus t  be  con t - i l e te  i n te rsec t i ons ,  wh ich  i s  no t  ou l  case .

IV* -X]: fhese are just hypersurfaccs of clegree J.

{ +. Yef'"!*ee--€ ,13g199--5
J

.f\.

L e t X C i P b e a @ , n o l d e g ? n e { a t e { v a r i . e t y o f d e g r e e 5 . . A s b e f o r e ,

l . , -e  d . i scuss  the  poss ib le  va lues  o f  the  cod in rens isn  s*n- r .  By  o . {  we have u , (5 . ,

' t

f . "  I f  s=5 .  f fFo  so  as  above X is  e i ther  the  Veronese enbed,d iq3 ' * r^ { tP" )  o r  a  ra -- .  
{ 3 '



- j . 4 -

t i o n a l  s c r o l l  X r , ? ( 0 ^ 4 ( a . )  O  . . .  g  O . ' r  ( * r ) ) ,  f ,  * L = 6 i  e , Z L r i = l r . . . r r  a n d  o - . ( x )  i s ,
P '  J T '  T J  

9  L '  K

the tautological sheafn l fe have 2 -(rEi 6 aird, for r=5 X is th.e $egre embed.d.j .ng. of

t K ' t (
tP ' l ( lP"  in  lP "  Any other  is  a  i inear  sect ion of  th is  one;  they a. r :e  ar i thnet ica lJ .y

Cohen-i{acau.1ay anrl their hoiuogenous ideal i-s gene::ated. by 1} hyperquad.rics(o.6ro.?).

trI." -s:-4:- As above, for.ffl ** first have elliptic curves. ly [at,] they a::e

arithraetical ly Cohen-i, lacaulay and thei,r hornogenors idea1 is generaied. by 9 hyper-

quad.r icsn the correspond. i .ng i l i lber t  schene is  smooth,  o f  d . imensi .on 15.

I f  r | r 2 ,  b ; r  co r .  l . . l s  X  i s  e i t he r  a  De1  Pezzo  va r ie tg 'o r  an  e l l i p t i c  sc ro l . l .
. t

By the work of  Fuj i t "  f f l  ( Iskovsk iH [Ul  for  J- fo lds)  tne De]  ?ezzo var ie t ies of

degree 6 arel - the lel Fezzc, sur:face, which 1s the blowing*u.p cf ip& with centcr

I points, I i=jIr-P{ -P"-P: i  - the Segre embedd.ing of F4xptxtpa in tpTi -Ip(f-2,) nro-
Jr

jec t i v ised .  tangent  sheaf  to  fp1 'Q. jn )  be i r rg  the  tau to log ica l  sheaf ;  - -  F2x lp1  ,em-
J\

bedded. $r:gre in ip8.J:gai l i  by o.2 any such val iet trr  is ar i t t : rnet ical ly Cohen-ir iacaula;r

and the comespond.ing honog(jnouo id.eal is gener.ate,C. by p hyperquaririos, trs we shalL

see in  a  mc;nent ,  e l l ip t i c  sero lLs  d"o  no t  occur  here .

f I I . -  S* ] - : ,  f r  v i r tue  o f  c . j ; r 'e  can have g=or1r2 .  For  €=_L on ly  e l l ip t i c  sc ro1Ls

are  i n  ques t i on .  Fo r  r=1 ,  ' * e  have  by  o "J t

%
6=(co+l r )  =*e+ZTt  and b)re+3 so e - (o.  p6] t t , .  Z . I j  p .377 t  g ives

2b=!  r , ' i r ich is  a .b-ourdr  so e=or  b=J"  R-R g iven to  lO-1 i i )  )=6 onA
_A-

w i i h  c e n t e r  P o ,

u) l- t ;  but <;**1 i . in.DLics

they iLo exist t y [ ietr
o L

locrc i t .  y ' -s  in  the  case o f  degrqe. : ! ,  b re  obba in  h  (N_ , .5 )=36,  h  
- ( r \ * .  

^ r ) " ,o  so  the
t\t V -Ll lt'

Hi lbert  scheiae ic i i 'ooth, of  dinension J6. Aga. in t l r .ey a,re not ar i thmeti*a11y Cr-r ] :en*

idacau lay .  By  lemma 3 .J1  fo r  r )3  such scro l fs  d .o  no t  cx iu t .

Cons id -er -g3{ r ' ! ie  f i r s t  have cu i ' ves  o f  genr :s  z -  !y [B l  cor . ] ,1111. ]4 ,  theg are  ar i th

nret ical ly Cohen-r ' iaca.ulay ar id" their 'hoinogerrous ideal i .s generated" by {  bgperquai l r ics,

A l  ebor re l  t ) ' .e  cor r?spc .n t l in6  H i . lber j ;  sc i :ene i . s  snroo t l r -  <1 .1- 'd inens . i .o r i  ? ! .

I ,e t  r ' r c1 '  r=2  ar id  ap11. 'y  t -h .  l . I " I t  fo] lc,{s the.t  X i . ;  ei t } :o: :  a bl .or, l inq*up o:f '  lp2'

- l- " . , * P n  ( r ' r i r i c h  r ^ r e  ̂ ; i l t r . l l -  a L j , s o  o a l 1  C * s t e l . n u o v c :
v

, t ii=4L-2Fo -P{



t l l . J - t  faOoI i )  Of  " l  
SCrOl i  CVer  i r 'OUl :Vc  c t '  q i : r tU : l  Z"  'By  i t : r i ima i '  J  ;c i 'O i - l -s  ' : c  nc t  oCCLLT '

The Casl ;e lnuol 'o  s tu ' fc ices are ar  j ' t l i 'ue l :ca l iy n - 1 . ^ -  i c n l r r l r r r
U  U I I U  l r - r ' r s v o s ' L  e . / eLnC t i ie.ir horiit)r ' iurtou$

.  _  r  , - _ 1  1 _ - -  . l  h i , i 1 / , r n ! a a . r ? t ( r ! {

i de . i J  ] . s  Aene ler t ,uu  uJ  +  ru

Let r= 3. We have:

L e m m n  4 " 1 .  I foid- of degr:e,ql-lli! il 2 is a ,i -U!le qcv*",*-n,g KIP
LJ

* :X - * tP ' t

. ^
*  (n )

Remeni.rer from cor, 1.{ t}rat ' t} :e acl iunction mapping (f =Y1rn**31"""

smooth quat lr ic,  say Q,.  i fe show t i rat  the

ei.nd inaps X onto l?t .  Pron the exac'b sequencei

to lp{ ',rith general  f iber a

basepo in ts  f ree

we in fer  ndtE*e)) -o (s ince nd(k)=o) .  Then ocnqider  the exaci '  seo 'uer ice:

=--* O

enough to prove. that "1r(ttq)
'  e '  / , .  r \ \  . , ^ o r ' . .  r r - q ) )

I t  fo l lows h { ,0 .^(H.- t iJJ=n \u{ r \n '
-( JL

is  spanned by  g loba i  sec t ions '  Do ing the saine once agairl ! 're can asswne H is

a  curve  (o f  genus  2) .  S ince  the  degree o f  H-Q. is  4 t  Ot (n -e)  i s  generabec i  by

o
gtr :bat  sect ions anC nonspecia l ,  so by 11.-R O ( t# t : ) )=3.  So we have a morphisra

z
rrr =w. ,* --*r ir l  r+hich is surjective sinc;e ( i i- '+) '=f .  iro"i co;nbine Y and Y to
r '.. 'lH-Gl"'

obtain a irrcrphis,u f ,X, *--PipaoapL , coru.esponcling to sono subsyetero of t I I l '

Ir ,  part icular { i" . f ini1C, of ctegree (n-Q"tt-Q"Q)*2 . tr{e haye . -K ='2H' 'Q=}I+E-Q

i jo  |  *K l  is r  ve ly  arnpr .e s i *cc l t t  I  is  anr  lg-q l  is  beLscpoi '1s ' f ree.  The ranr i f i *

r
capiori t t ivisor R is given by the fornula: ( i) 

k= + Kgr^gr+R and :+e inrtnedi-

* L
p* te t y  ob ta in  

3X(o l= . {  
(ag I ) .  S ince  n - ( i 1 f=o  r  bn*o '  No -u  app lv  exac t l y  t he

sane methocl as in lenrna 1.4 to see th,:rb a'y nf:nsrnootit  f iber of Y is an ordinary

cone anrl there are exactly f such. Tho sarne cotni:utatlon via, i i -R give; 
"3-{+*=2

s.g:h. tirs.t-i-! lre pq! u=bl (o*n(r)) , ,=oX {or*(t)) vg h?'g 
1(il)= {*(o6ir) and

6
- - ^ . - : 4 : ^ a l i n r

T ,  I l ' { , .  l .d . l l l  }  I  -LUGv r \a ! d.ivisor: lt € .  St - r , : i r  var ic t  ic  s d c  e x i s t  i n t ite have the

ant  i canon ica l -  c la$q -  vdr anrl 3e lt i n i l n b e r ! j  b ,  = 9 ,  h ^ = 2 ,  b r = 4 i
A) .J

an<i .l*(t) A3:e--g ESse .of, t19"GL

Progf "

a morpl i isn

l inea:' sys'f.ern in-e i is

arrcl it is



( w o  l e a v e  t h e  d e t a i l s  t o  t h e  r e a i l e r ) .  A s  i n  t h e  5 r r o o - f '  o f  1 . 4 ,  ( u t r e  c l a s g e s  o f  \

H  a n c l  Q  f ' o r ; n  a  b a s e  f o r  p i c ( x ) u  w i t h  j . n t e r s c c t i o n  n u n b e t *  ( H 3 ; * 6 ,  ( n 1 .  q ) = e n

( t t "  c r t )= (Q3)*o .  3y  Po incar 'd  d"ua , l i t y  we ob ta in  b3* .4 .  Nov  s ta r t  w i th  a  doubte  cover i r :1

f  :X * - r*  r txr r \  rarn i f ied (zrz)  (wi th  smooth cL iscr  j . rn inant  d  iv isor)  
'and 

we

prove ttrat O-.-(U)=f (AOl) is very anple ancl, maps X to lp6 wi.th ctegree 5.x'
.  J + .  x

f  t  = f  (E )  r  Ft  =f  
' (  

i , . )  anr l  th ink of  them a.s  d. iv isor  c lasses.  F i rs t  o f  a l l  rer , :a1k

tha t  t he  ra rn i . f l ca t i on  c l j . v i so r  R  be lo r i gs  to l i i ' *F ' l  i r i nce  
!R  

be longs  to len+Z f f  ,

Fo rmu la  (1 )  g i ves  K  = -n f -AF t r  so  - k t *  anp le  (X  i s  a  Fano  va r ie t y ,  * * " .p1 ] ) .

In  par t icu iar  H"(0*)=o for  i= l r2rJ .  by.dual i ty  ar :c i .  Kodai ra vani 'sh ing,  so we ha,ve:x_ , o
(z)  x o*=1. I 'Je want to prove f i rst  that  t r"(o*( I t ) ;=7.  i l le,c la inn that a smooth-K -L

a€ f , i  ' f  is a qua<i.:: i .c ald 0 (.F' )f  
*=O*(f 

).  Indeetl,  ad junct ion forrnula gives

oo{1*)=k(r*+a)iq=!(-zr ') ie u"* oX.(u' '  ) l*=k(8,+,+r )fO i" a,j ,pte. Fron fz] ; i . ,  ?.2,

i t  fo l lo i rs  Q is  a  (s rnco t t i )  quadr ic  a .nd  0  - ( i . , )  i , , , ,0 - , ( t )  uu  c la i rned- .  Non co ls id .e r
-X 

'61- 
6L

the exact  se( luencgt

(x ) o --+ e_(i," ) ---{- O*(r:) - F. 0^(r,) .**.o
2 t x q

B y  d u a l i t y  a n d .  K o d a i r a  v a n i s h i n g  , , r u  h a v e ,  l i t ( -  / - - \  \  - = L  i  .  ,  - . )  
) = o  f o r  i = 1 - 2

k ( t l  
)=s -  ( k (n '  )  )=o  ro r  i=1  ,2 , i .

t  e t : [ ra(o-- ( t i )  )=a an. . i  n010 11, ,  )  )=b .  The sequcncc (x)  g ives ( : )  a-h=4 s ince' x  
z \

o .
h  (0cr ' ) )=4.  3v R-R " . , 'e  obta in :  (+)  a=x(o ( i r ) ) * r /L2( i i "u- ic  "  zH-^K )+7/1e(u"c*) rxo"

and (5)  b=XUt '  ) -7 / r?(F ' .  F ' -K -  zr , ,  *x .  )+ t / t ,z ( r , , , .  ca)+*oX .  ty  (z)

t =vo*= t / z4GK '  c r ) .  l u t  -K  - .H+F ' ,  so :  (6 )  24=  ( * i< ,  c r , )= (n "c r )+ ( : i ' .  ca ) .
A

rncersect ion 'ur ibers are ea.s i ty  co i . ,puteds (n.H-r -  zH*K )=z(E+r ,z i r r+3i l j r l+4F)=5g ;

and ( l 'L  F ' -K"ar ' ' -K )* . ( l . t+ lF"E+4f)=14 .  suuning (+)  and ( i t  and tak ing in io

shal I

Put

nccounb ( 5 )  ve obi;  ain arb=lo r

a
=2 (E+i ' )  =5.  l fow ive can Di .ove

t 6
r -'-li{J---* y ,-- ----: P

?
so ly  ( j )  r+e  have a=1,  b=J .  Anr l  c l_ear : -y  (X , )=

t':u"r oo(n) is ve::y a;rrple . Consid.er tlie d.iagrann
.A'
'+hore Yr---  a,u thn rnorl :h- j .sr1 r- :61,11s;ponLin;:r  to -Li ;e

- l -l-Lt

ccrnpletc 1irrcar sys-t ;c,n I  11 |  arrd Y ie ,"  l ie inaqe

- . . . ; 1  ! . .  " . ?, r i  T IF ; ,  .  S ince  ( i : i+ ! , )  *3 ,  ih r .  resu j . - i ; ing  rncr -

\,u,,1;, .rr.,,.ip{



n l . . i  a : a  . r  i  c t  A  r l  n r t h ' l  r . ,  nnv+Y" i  y l r o  6 r f  lP {+  r r i - \  !

show that  Y is  r ]oTr , ra l  ,  so Y1q-1 i ;  a t i  : - r ic l : icrphis ; i l io  To

arry I ' iber  <; f  S=f . ro q is  in tcgra i  I  h t?oct- )  nor inai  s inc ' ;

* 2 4 *

1

1.-ip 
- 

arid \f is i: i .rri 'ue arid. b ira-b ioi:al . l ie r-iatu-L to
l.r,{ i

+-
is  norrnal  .  f t  i .s  enuu,9,h to  show that  any f iber  of l  go V,r , .=P.c f  is  i *eg^"a l '  Let  D|$i l  -4,

b e  a  f i b e r  o f  p  o f ,  S i n c e  ( n , U " t i ; = z ( ; i - E + F - J . l r - F ) = Z .  w e  c a n  o n l y  h a . v e  D = D ' + l ) "  o r

D = 2 D r r  ' i r i t h  I r ,  D r  r  i n t e g r a l .  r n  a n y  c a s e ,  1 * ( D ' " H - H ) = ( ( E ' + i "  ) | - , ' ( ; i ' + r t  ) l  n r  )  ,  *

O  

, I D '  

;  

' I  
D  

' D '

=( r ' 15 , 'F ' f  p r  )6  .  s ince  YO, ( l ' )  i s  2 -d . i rnen . ' : i o r ,a1  ,  h  ( k ( . . . ' ) lD ,  ) * i r  (1 (n ) lO ' ) )  :

and O-( ln ' ) l - ,  is  anple,  so by a resul t  o f  Kotrayashi . -Cchia i  [ fg l  i t  fo l lows D,e lP2"

"(  

'D

and 0 ( i r '  ) lD,  tdt  l .  :ut  by aci  ju i ic t ion rvu l iave: 0 a(- l )=uo, (r<O )=!(k*. t , ) lp,

= 0  ( - : : i " ' * D ' ) l - ,  s , r  0 * - ( D ' ) l  - , = o . g ( - 1 ) .  3 u b  b h e n  D '  i s  a n  e x c e p t i o n a . l ' p J a n c  a n , J
l (  'D  J (  r l )  y

can be  cont rac ted .  ' l he  ,sa ine  app l iee  to  } ) t  r ,  so  in  case D- i ) f  +Dt  I  i i re  curye  DtnDt  t

I t

would  be  cor lb racbEld  tu  a  po in i  w ] ' , i c l t  i s  i i r iposs ib le .  i f  i l  .2 .Dt ,  we haye a  inorp ! : i sm

{ ' t  l r rak i t lg  the d iagi 'a ; [  co i r ] in l tbat ive:  .

F." t- +
X tr  -  --F lP

, l  . {c." .cr j l  - . - ' '
9  . r  (
X t  

t  

,

.Aga in ,  the  l - fo lLs  such ob ta j .ned

honogenous i , : leal  is generated by 4 hypercluad-r ics"

D

Veronese surface v^ (P") is the only
) -

I{owever in our case the forrnu-la in

provc  th is  we r i ra i l  see  L l : ,aL

i t  i . s  e i  q ' r r ad r j - u ,  $ t t  I  i Lse i f

one wh i -ch  pro jec ts  i somorph ica l l y

Fe-ln. 434 ts suff  ic ient.

3y t l i .2 .1  we wou lc l  have (H, fO)=-4 ,

Case t'},14

fronn X to irlpl

fV, s:?.- By

d  i rnens ion  r l 3

e r l ] . p t ] " C  S C T O I I

in  the prev ious

t i n g  t h a t  t h e

5 4
f:'on lP 'b'o F ,

Cons ic le : ' no i . r

which  is  c learLy  absurd .  The le rnua is

co inp lek ly  p rovcd.  i
1  

' " .

are  ar i th rne t ica i - l y  Cohen- i ' r lacau lay  and ' t "he i r

is i iupoi:s ib1e. Incleed, eract ly as aborre, rre woi l ld obtain a nor.ol i isrn

I t i t r

,  come$pond. ingf to sorne subsystern of l f i l ,  wl i ich is absurcl .

o . !  we can h : tve  8=or f  ,2 r3 i4 ,  t r ' i r s t ,  fo r  f i ' -L  on ly  e l l i i r t i c  sc ro l l s  o f

could possibly occur,  3ut in this case 1{o woulcl  } iave a ?-d. i rne nsional
r. '1v hiclr

. 4

i n  i P ' 6 r u s t  b e  t h e  ( i s o m o r p h : i c )  p r o j e c t i o n  o f  o n e  q f  t h o s e  d i s c u ; r s e d

case.  Th is  i s  i ,nposs ib le r  fo r  ins tance by  a  theorem o f  Ser .e r i  asser -

.g3'-?.,  T-Zs X a Castelnuovo surface"



,
/ r r t u \ ' \  - - - - r - - J . - r . j . . . - -  - - - : - -  . - r  t l(K*)*2 cont lad ic t ing a€ain uthe fornru la in  Lr6]  p .434 for  sur faces i r i 'Fa.  so g*2

i s ,  i111pes{ i ib le  tco .

Asi:urae -&:.1:. Consider first a curve of degree 6 and genus J . I b  i s  n o t  o r l

a quadric cone

the  case.  I there

o f  t y p e  ( Z r + )

The other  type

!s:lss-gi-?.

i n  lP3  wh ich  is

since this,  woul_d" imply i t  is

are 2 types of srrch burves

a sinooth quaCrlc. They are

g iven by  the  fo l low ing :

see aj.so [6 ] , o x . Z ,  p " 4 3 o  )

i s  l l nheC to

a conp le te  in te rsec t ion ,  wh ich  is  no t

(see 
[26)n .9 ]  ) ;  the  f i rs t  i s  a  cur .ve .

noi ar it i lnet ic ally, C ohen-J,iacaul ay..

in lP"

on

t q

not on a. quarlric the,. Llli"sied cubiq,bf' 2 
'cubic 

surfacie s

f l,_p a:: t i. c ul at !t -i-s _a.r j_ t llm ei t iS gl l. L_C b he n*irl-ac ai,t ]. ay.,

Frqof.  By R-R the fani ly of cubic s4rfaces containing C ha.s dimension )7 j and

by h;rpothesis they rnust be ir.red"ucible. I t .  fol. lows that C is t inked to a -posslbl; i

ieclucible or singular-c' lrve Cr of d.egree 3 by Z cu,oic s'urfaees, say f i . ,arid" $r. We
: t

want  to  p rove  iha t  fo r  su i tab le .cho ice  o i 'S  and Sf  ,  C t  i s  in tegra l .  Deno i ;e  by

m ( f r C )  o f  * ( p r S )  t h e  m u l t i p l i c i t y ,  o f  ,  a _ p o i n t , P  c n  t h e  c u r v e  C  o r  t h e  s r . i r f a c e  S .  B y

Ber t in i ts  theore la ,  ' v re  ha*c  m(nrCUc ' ) ( ] "  I r rd .uer i r . the  cn ly  r :np le jasant  cass  j "s  when

there  is  a  f i x  po in t  V  r :n  C such tha t  Ct  cons is ts  a lways  in  I  l i nes  th ro , rgh  V.  th is

impl ies any S is  a  eone wi th  ver t " f  V,  so.  tbe i r  in tersect ion would.  be a union of

1 i n e s ,  a  e o n t r a d i c t  j . o n .  s i n c e  i n ( p r c u c f  ) - ( 3 ,  , * e  h a v e  n ( l r s ) " r n ( p r s t  ) <  n ( . e r c u c ,  ) (  j ,

so there are smootb cubic surfaces containing C (the sa,ne argrnnent as in [a"J):

$o i+e have c+cr= lH on a srnooth cubic  sur face s .  r f  any 0,€ l l : { -c l  is  rer luc ib le ,

say Cr=L+Qr I ei l ine *,nd 6,: a ccnic, I ,  nust be a f ixed coraponent of l3H_Cl. Ir.rt

d imlq l* l  and.  on t i re  other  s id"e,  the exact  sequence!

o -----+ L f ;) --* o-.(l) *_* 0^(i) - + c- ( -  s ' - '  co
g ivee h  (  J . , ( : ) ) ) l  *o  d" i rn lSg*c  |>2"  T l r i s  i r ;  a  cont rad j .c t ian .  B ; r  th*  fo - , : , luJ .a . - . r- U

l n  f z 5 l  p r o p .  1 . 1  ,  w e  n i u s t  h a v e  p  ( c ' ) = o r  s c  c r  i s  t h c  t . * i s t e d .  c u b i c .  q . e " , 1 n

llsi,ng aga.l.n irr-!l pn ?8,i ? 'a€ 0&!t ,*rite ricii*,n ,u yesolr-ri j.6r: fo.r. 0.. frorn tirr: rer:oi1r*



n --  / _6 -

t ron of  rhe:  i , r ' r . !  sLt :c l  u t ib ic ,  i r i i i r re l 'J i3

dr5 €)il
('; x ) c **--o" I -^(--t) *-*. o,-J-l't - ----->9-: --* or. '--> o

r ' rC  i l ' -
2

The l{ i lbert  scheme of cr-rrves of d.egree 5 ar id genus I  in lF" is : . r : 'et1ucib.!-e,  sutooth,

o f  d i m e n s i o n  2 4 .

Noi . r  ie t  r r2 .  By th .  2 .2 X is  e i ther  a browir rg-up of  ipL r r i th

p,l r. . , ,pto , Ii={L-Pu*. . . -Poo (these are known ar 3g:{igg*u:flgg-*-9}

over  a  curve  o f  genus  J .  The scro l l s  d .o  no t  occur  by  the  fo l low ing i  I

.  cver
l,,emma 4.L a-q"9ll-i'e-"1*.y9. C o{ sggus J has desree)r.9**

- - +

gfg.g1-:_ By o,! a curve of genus I iu either a plane curve of d.egree 4 or it

hae  dcgree l t6 .  Su i . rpcse  tbe  sec t ion  COis  a  p lane curve  o f  d -egree { .  In  par t i cu la r

i t  i s  no i  hypere l l ip "b ic .  .4 .  pcr rc i l  o f  hyperp lanes  conta in ing  thu '  p lane in .  wh ioh

C^ l ies  v i l l  g ive  a  penc i l  o f  degree -2  ( re< iuc ib le )  c r t r ' . ' es ,  cons is t ing  o f  2  f ibers
U

of  ihe ru l ing (a la t ionaL c l l rve cannot  do in inate thb base r+hich l ias genus l ) .

L
Consequent ly  the penci l  is 'w i t l iout  basepoints  and.  g ives a norp\ isrq f  : , { , - * l *  lP. -

!-s,r"s!:J-hi l f4i: &rg
The Ste in  fac to r isa i : ion  o f  f ,  say  f ' r :X- -pCf  i s ' ' a  doub le  oov( i r : . r l3  o f  i ; ' ' u  so  i t  - i s

h y p e r e l l i p t i c  - a  c o n t r a d i c t i o n ,  S u p p o s c ; " n o w  d e g r e e  o : f  C o 7 / 5 .  T h i s  g i v e s : '

(co'x)= (Co. Cu +bF)**c+b) 6 so b) e.+6 an* ( t ie)= 1c.  *ur ' f  =-e+2b|7e112 .  The theorem

of Nagat"  L24l  inpl ies eD-3 r  so ( l tL) '>r !  anl  we a.re done" q"e.d.

a'  Consider hoir  the Bord. iga surfaces, t ie have:

Le$gl 4:-4. -4:rt{.Jo:di,g9._,'lqfTe 1.?rLtluglicq,ll:r.Cohet}:ilac.**gy_r-*LgIi.ng_

center

or  a scro l l

* h a t i gn (r * )- fslU-rqliqpt-ssg.*?.f-P:1li

th is  i s  a  consequence o f  o .21  lemrna , ! , .2  a r td  t i : .e  fo l . lov ing :

t,

Lernnra {._5" Lot_r,{- be. a-nonllerrene-IjLt-ed linearlJ nor;ntl .s-r"iif;rce irl_f,1*-b_ffJ..

'7

$e_" tts S-r," gg_qrr)'-qu?+ricjng1

!L..o;[. Assurne the contrri,ry and. cons:lder the stand,ard. exact $equence:

r y  / r \  . . F 7  / . , \  . -  Y  r ' , , \o ***b .r"'(1.)-:--r'ru2) __*sp .jrr(z) .--_s.o
. -..-' 

' "-{' 'f!- '

( - - . i r - a a  , . r o { r u | \  / r \ \  ^  ^ * . r  '  c '  ?  i v ' - \ \ ,  c , 4  n .srnce Ll  l t l . ,  ,#1))=o an, l .  ae s*ppo"* lH' ' ( ,p ' rJ*(a)) lo i t  fo l . to;+s.n"(g ' ' j  rT^tz)) lo,  so
. ! 7



X is on a ( nondr:generaterl.) hyc*rguad.ric, sa;r e.

rem X rvoul r l  be a co,nple ie  in tc+rsect ionrwhich is

I f '  Q  j . s  s r n o o t h ,  l r y  K l e i n r  s  t h e c ,

abiiurci.,  I f  Q is cone r,r i th verte.x

Ia point rBer t in i rs  theo-reni  in i : l ie  s  t i ra t  some in tegra l  rnenrher  of  lH l  is  on 'a cone
?

i r r  P" .  r f  e  i s  cone ' * ' i th  vc r tcx  a  l :Lne,  aga in  I I  i s  on  a  cone i r ,  t f .  rn  any  casr :  I l

wou lcL  be  a  conp lebe in te rsec t ion  wh ich  i *  ro '#u" " .  The le i r rna  is  p : :oved. "  In  p i i r . *

t  icular such su-rfaces d.o e.xist  1 f  or.  i r rstance

poir i ts t t in general  posi t i , . . rn" in lplerncl  showing

e x .  2 o  p .  ? l ) .  I t  f o l t o u s r f S ) r i l : a t  t h e  H j . l b e r t

i m e d u c i b l e ,  o m o o t h r '  o f  d . i i r e n s i o n  J d .

f)uppose r=J. lJe ha.ve:

l ' . o m r n  I  A  ( .
l v r u r r r e  . 1 .  J e

ny  f z i l t h .  5 " t . (  o r :  i ak i *  ro .

4I-P.t a. , . --poo is vegy ample, see l:Jl

schene of 3orcl ig" 
"ufr"*, ,  

io

i t  n:ust bc
^ t+'rcr-t (t{_

L- ----.."

L JJti l ive ,:: ir_vft

s v i  c r *

there .i-s a-+:ar:k-: loj3uJ-frgr--:Esr3- 
o.rx) is the

."..-.... -- '-*--*Y--

tautgig_g:gl$.Si. i  rLqiven by arr exie_n-sron (*) o__-,F O 
"___-vI--*J(4)**og<-  -Y ' '

gr'-rs.-LLi-*1-:gLej*"-- 
"{ 

q%"ti:i"t g.f 1o d.i..:t-ir,ctoorgF.. r is_stahle and i-t

and
o

0

,  r , l rsoL(z)  G>oL(2) ,
Proo{.  j i re s}ralL shor f  hat ihe cc, junct iun napping,p=Vlr i i* f . . i  n iak-es X a [r{_br:nr j . ] r

over [ ,2.  Reaiember th*t  i {  is a.  Bord. iga. s i . rr fac;, ,  so thet t i re 'ol . , r , r"* ion ' rapping

makcs  i t  ; t  bJ .o rv inE-up o f  f  r i tn  ccn ter  to  od . r r * " . r -  po in ts .  l , ,o te  a lso  thc  re la t ions

' ? " 2 -on E: ( ; i . i i+xrr-)=,4, (*rJ=-t ,  ( i<. .1i i .x. ._)=-J, ( I i+.K,, . )=1, {H.K-.)*_2. I , je }rave the exactr1" }J- 
' 

ft Jt' *tsr jt-

sequence 3

lr ._!
n4 (o*(H+r=) ) =irz( o-(-ii) ) = ox x X

.  Aiso u (o (n+1))*o brrcauso ( ir .H"rr+fr)_(n.r-)- ;_e,
, o ,  o
h  (k (ZH+lp)=  H (o - - ( t l+5) )=3 .  I , Io r  a6y  f iber  o r f  i . s  a  t ine .  fn i ieed ,  , *e  have;

%
(zH+[2 I i+K_, .  u )=(u+r - - ) - -  =1"  f  f  D  : " rou tc  be

A J! 1.l .tL

an c:xcelt iorral  l : - l  3: :e si .ncc i ts trac,: :  , :n i i

. t

a morphrs;n f  nal : i . r :g thc diagr.aia c<,; i r ,uut i l t

a  2 * d i r n o n ; i d n a i  i ' i b e r  o f  Y  ,

' i  r .  q ' .  . . , ! - , . . . t , .  l  - :  ^ . ^ . - ' l  
- l  

i  - ^ - .  n - - r
v  r v ! l { . *  J -  a l l ! ;  *  . l ) L { g

I  " - ^r  \ : €



l / )  
' ,

'  X  - ' 1 - - -F l ,P "  wh ' i r . , i ;  j s  a ] : su rd " ' -

1 . c ,
*obl, 

|  , ."; ' ,  
s;u y is a 1g'L *bundle.

' i / / i
T r
I L

l ' low apply 9.o t"  t 'he oxact . ' jeqt lenoe2

6 u: O.-- *-R 0".-(g) ----------;- a.-(i;) ----P o io obba.irr:
- K , A J I

o .-e o. -. -----v1h lri)) orr(u)) *---* o sin"" n{$.o*=o-  "P1 ' '  -  
h \X  

' t  t * \ ] l '  ' '  rFX

and E= Yh-(n) l  is  local ly  f ree of  r . " , ,k  Z.  Rcnerabe: '  thab on H we h3 '7s I i={L *Pt-
,)E\_K_

pz  
1 . . . - - t o  .  J+  fo t - t c ,ns  tha t fo  (o r r ( t ) )  i . ,  : i , r * t  t  

r {+ ) ,  
r+ ibh  Y=  

{ tu , . . . ,P . r , }  
.  

-

o

Bo E ig  g iven  by  an  ex tens io"  ( * ) .  i l es 'b r io 'b ing  io  a  l ine  L  in  lP-  noL pe"sc i . t rg

t l r : :ough any  oo in t  Pg r  v re  ob ' ta in  c r (n )=4"  S i t i ce  X :F(n)  we sce  ;us t  by  t i re  d"c f i -

e
r ; i i i o n  o f  C h e r n  c i a s s e s :  ( n ' ' ) - c n ( ,  ) ( a r + f :  i i " i i ) + , : r ( r ) ( a u r r * ' 2 1 ; * K  ' i i ) = ' :  , s o  t h a t

S - a c .  ( : ) + c ^ ( u ) = o  a r r c t  c - ( i ) = t o .  r . i e  l i a v e  t o ( P 2 ,  J - u Q ) ) = i :  ( i l , o , ( i i ) ) = i .  T h i s  i i n p r i e s
"  r - , i_ \ -  /  L ,  L -  I  _ rL

h o

H (p- ,  ?*(a)) -c  ar , , t  f rom t i re  extension (+)  fo l -Lows ht (Pl - ,  n( -e))=o.  In  our  car :s
I

t l i i s  meaus lha t  E  is  s tab le .  thenthe  gener r : i c  sp l i t t i -ng  o f  E  ru , i s * ,  Ue Or (ZhOr(Z)

i t  i , j  i roYer l .i :y tkre , i rauer ' l - , - i t t l - rch i l teorern l* t t - l  .  Ti i .  lenrn

A ly  rs r rc i r  l - fo ld  i s  a r i t l imet ica l l y  Cchen* i r iacauJay  by  o .e  a . rd  h i i :  the  sor f le  Te- . . - . : -

1 5 - r. .-- l  /  . .
soLr : i ior i  (x+)( tp  "  i ; is tea. . i  o f  S, '  ) "  In  par t icu lar  LZiJ  th ,6,2 ens l l res t lLey d.o ex is t

t
i .n  p5,  ? i ie i r  HiLbe; .1  $() i ic r i re  is  i . r : :c luc ib- lc ,  s ; iooth,  o f  c l . i : r ' ' lnsrcn , ;drA1,

r ) r4  Ls impossib le ,  for  ^ insbance agai -n by l iarbshornets ihcore"  f25 l  th '5 .1.

a
Le1 Sja.  A curve of  degree 5 an<l  genus 4 : .n tPu is  the conplete inbersec i ion

of  i  quadr ic  and a cubj -c  (use R-R).  So by a.? we have for  a t ty  r )7J t i re  cornpJ-cbe

. ryL

i r : i e : : s e c t i S f  o f  t y p e  ( e r  3 ) .

s*-:Lr Th.esr":  are just the h;persurfaces of d"egree 6,

! : i i :a. l  rernarl i , . .  For reat lel ts convcni-ence rvr l  indicatc br ief ly hcw to obtair i  i -n

'bire sane narlnerbhe l ist  of  nondcgerrerat*d, l inc; l r ly norma.l  ,  smooth var ie bies of

deg,roe -(-r | ( in fact t ine knoiys al l  of  then, rr i thout tbe sntr-rothness cond. i t ion see

I i ' * l  anr l  l is l  ) .  i , 'or dcgrer:  ]  wu havr:  L hu prc.,  jcr :  b ivc : i [ i ; ]ce i  i ,  - , -  l  { '  ancl  f l ' r r  c l( ;gree



2 J *

2  a  hyporc lua . r l r i c .  For  de5.pec  J  we have s_<12.  For  e=2r  $*o  so  by  co : io lo l  (o r  be t tq r

f / ]  t i tu .  2 ,1 t  2 "2 ,  l .B  )  { .  i s  UJ" tp t  e rnbcr i .ded Segre l  i t s  hyperp lane sec t ion  [F  l

* ( o ' r ( r )  @  o U t ( e ) )  o r .  t l i t :  t w i s t e d  c u b i c .  i r o r  d e g r e e  { ,  s t - d . 3 .  r f  s * j ,  q * o  a n d _  w e

a 3
have rF-x [p  c r r rbedded"  segre ,  . i - t s  hyperp lane sec t ion  tp (0 . r ( r )  o  o ,_ .1 ( r )  o  o ._ . ,u (z ) ) ,  twc i$ '  u '
scro l la r  sur faces  l iup(gn , r (a )  @ oOr(e) )  a 'd  l [ * rp ( t ln , , ( t )  Oo.p .o{ r ) ) ,  t i re  veronese sur -

face  v  ( tP l )  an t l  the  re ror rese  curve  
" ,  { , r { ) .  I f  s -2 r  g=1 re r , ra r i<  t ta t  any  e l r ip t i . cL '  l4 ' -  t  -

curve of degree 4 in fFA is the cornpleto intersection of I  cluatlr ics. Sg by o,2 we

have for  any r )  1  the conplete in lersect ions of  type (zrz) ,

, ;  1
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