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T..INTRODUCTTO}I

In.this paper ree are concerned with the nonllnear botmd.ary-vslue

problen of tbe forn

c a u ( t r x ) >  f ( t r x ) ,  ( t r x ) €  Q 1  ,

( u ( t r x )  )  3  g ( x r  u ( t  r x )  )  r  ( t  r x )  e  Z * ,

t l

& f  ,u( t ,x )  )

r y . o
)  v o ( x ) ,  x  ( - t ) .

Here f2 ls a bor,lnded and. open subset of the Euclldean space f witli

the boundary t; # is the outward. nor"mal d.erivative of u; p and d are

maxlmal monotone graphs- ln n2 (possible mult i-v'r i lued.);f ,g and'vo axe

gtven functions on Q[ = ] ort[XJ2es XR and J2 respectively; I[=]orrlxs.

Probl.ens of this type occur tn the heat rad.iation (see €rg..I{oBo

fef fer  I f  l  ) r the absorpt j .on of  gas in  a  l iqu id(  see €rg. .C.V.Pao I  a ]1 ,

the terrrostat control problems (see oo.go G.Duvaut and J,L. l lons t : l  I

end. ln d.escription of other physlcal problerirsoFor instancerif we cousi-

der the followj.ng bowrdary control problen governed by the Stefan.

problen (see Ch,Saguez t+] )

2##  -Ag  =g  , ( t r x )  €  Qs  ,

j tu to ,x)  )

0 -  A e  )  =  o  r .  
( t r x )  t  Z g  ,

)  ) v o ( x )  
,  

x € [ 2 ,

naximal nonoi;one graph ir Rzrh is a

(  1 . 1 )

( t . a ;

( 1 . 3  )

posltlve e orrstant, Ae

# + h (
G(  0  ( o , x )

where G is a



'  and. vo are 6iven funct ionsrthe existence result 'which wlI I  be glven
' below allows to lmplement a feedback law of the followtng form

u (  t  r x )  =  g ( x ,  u ( t  r x )  )

where g sat isf les cond.l t tons (s)1, (s)2 glven beLor{.For other results

concern ing problem ( I . l ;  -  ( t ,3)  in  the case g = 0 we refer  the reader

to the works of J. l . f , ions t l l  and. ph.Benl lqn te] .  
' .

We ehaLf suppose here that the boundary $ o{. f). is sec.tionally

s m o o t h r i n € .  i t  c o n s i s t s  o f  k  d l s J o i n t  p a r t s  $ i ,  L  a  I ' n . . e k ,  s u c h  t h a t .
{  

-  r '  ' -  - ' - -

S . =  U  S {  e n d  S o  f t  S .  = 8  t  I - < l < J < k ,  a n d  t h e r e  e x i s t s  f o r  e s c h  S t
. 1 = I  

*  ' L  J  -

a eartesian coord.inate systen y * fix such that

s t !  y o = h i ( F ) r I = ( t r 1 r . . . r $ 1 - l ) e  n * ,  ( I . 4 )

where D" te a bound.ed and. open subset or f-r; hi ls a once oontl-

i:iioiisiy d'lffereritiabLe functlon in Drrand Lta gra*ient is bcrmi.eC on

Df; 2 Is posltlve and, sufficlently small.

As regards the maximal nonotone graphs ,0 and. S- and. functj.ons f,

g end. vor'vr€ shall suppose that

( a )  o €  o ( o ) ,  D ( o - ) = R I  i

( $ ) r 0 e  $ ( o I r  R ( . $ ) = R '  a n d i n t p ( . 8 ) ;  o  )
( "B )* for eeeh lrl > o there exlsts ory 

" 
o such that

( $ u  -  $ v ) ( u - v ) )  a * ( u - v ) a

f o r u ,  r r €  D ( J l ) w i t h  J u l  J v J  < N ;
(ei1 

.g(xru) J.s rneasurabLe as a f.unotion of. x € s .for eech u e RJ,
and, oontinuous as a functlon of ur e Rt for Bcor :c e.S.In ad.d.itlonrLt

is assuned. thet for each N > 0 there extst M$ t O, ,lN > 0 sueh that .

le(xr u)l \< Ms , \

le(xru) -  s(xrY) l  -*  5 l  u-v I
fo r  e .e r  x  €  S  and urv  €  n '  w l th  Ju l  i .  l v l  s  N l
(e)p there exlst ki. o , kz

g(xru)u  <  0  fo r  s .e .  x  €  S  end.  u  t  [ t f r t r )  I

f r t =  f e i l r ; f e  D i , 0 < y m - h i ( y ) <  I i , ] c - ! )  )  ( r . 5 )

( f )  f  e  r , e ( o r t i l @ ( o ) ) ;



3 -

( v o )  r o  €  n x ( r e ) 0  r , * - ( ' o ) ,  
i , i

where ittt ) d.enotes the ususL soborev space tl[I'2(-A)

We sha11 d,enote by H = 1,2(A) . let lyt  * (Hl(12))t  be the d.ual-
' 1

space of $I .. Hr(3-2)r l.on Tltls the conrp1etLon of H und.er the norm

I  l l**l l  w, =,,:f? (wTo) . (1'6)
.. 

llull\^f I

Here (., o ) xs the usuaL inner product ln II snd. wiLl be also 'used' to.

d.enote the pal.ring between lT and. wr.the noxms in Erw'gnd. wt are d'eno-

r . ' t r r l l . t

ted, by f . lrol l . [ l* anA l l  '  l lw, respective]yoAs usual'H*(Qt) denotes the
1 9

Sobolev space WI 'e(aT) .Let  X be a Sanach Spacer  Wg ehalL

C( IO'TJ;X) t fre space of X-val.ue contlnuous funct ions on

denote by

I  o ,n )  .

lp(Or1;X); p > Irdenotes the space of funotions t---  h(t)  measul:able

f rsm.  [gr t )  to  X ' ( for  the measure df  )  such that

r T , ,  -  I
( J; i l r , t t l i l$ at ln = i lhlL1,o,r;x)< + @ o (p' l  +o )

t"; f3lnf 
ll h(t) llx = JJ rr llr* (.,r,fr +*'' (p =+F )

I,et At W -> Tf r be the operator d'ef,ined' by

Au.  =  
{ * *  

a  l u , ;  1n  €  l z (s )  , z (x )e  O (u (x ) )  a .e .  . x  €  s  sueh  tha t
' ( * 1  

y )  =  J e " * a u s r a d ' f  d ' x +  ! " y a s , Y / e w ]  
( t ' ? )

_h. o

f o r  u  €  D ( A )  =  { "  e  w ;  * t u  I 4 } .

j  for u (  W guch that g(.ru(.))  e f ,z iS)rwe r*et Gu e Wr def ined'  by

t o { , V l =  { s ( x r u ( x ) ) / ( x ) d s  
,  V * € r l r '  ( r ' 8 )

fre{ gl H + H be the operator d.efJ'ned' by
'  t  A .  

)

B u =  { v e n ;  
v ( x ) { J ( u ( x ) )  a . e .  x e  f ) }  ( 1 ' 9 )

f ,or  u € D(B) = 
i "  u H;Bu lT] .Asi{  ls  we} l  } r rown'}  is  a naaximal

monotone oPerator on H.

fherefore , problem (I.t) - (I.3) can be wrltten r:nd'er the fo] ' lo-

wing forn

( B u ( t ) ) t  +

B u ( o )  t
. : .  l d

where '= A-f

( 1 . i o )

( 1 " 1 1 )



The main result  of thls paper . , ls the folrowing theorem.
' IHEORIM 1"1 L,et  condi t ions (  O )  , (  f  ) f_r ,  (e) I_Z,  ( f )  and.  ( ro)  be

ea t i s f l ed . . t hen  p rob lem (L I ) - ( I . 3 )  has  a  soJ "u t l on  u  €  C(  [Or f J ;n ) n
r l

r ,m(orT l lY)  0 l * (Qq,)  ln  the sense that  there e: i is ts  v  6  t2(or f ; I { )wi th

e  ]  o r r [ ,  ( r . r z )

(  1 . 1 3 )

v ( t )  e  Bu ( t )  a "eo  t  <  J  O r r [  such  t ha t

a $ t " ( t ) r  1 ) + ( A u ( t )  s u ( t  )  r r l ' ) . ( f  ( t ) ,  Y  ) ,  & o G . t

v (o)  *  vo

f o r a l l f € W .
'  

she contents of t tr is paper is out l ined. below.Inr Section 2 we shal l

construct en approxiraat lng problem associeted, with (I . l )-( f  
"3)"We

shal l"  prove.the exietence and. we shel l  establ lsh a prior i  est imates

for lts. solutions.The proof of the maln theorenr ls d.elivered in

Sec t lon  3 "

2 o APPR0XIII1A'I'I},IG PROBLEIf

Iret 4,, be the
lJ.

! s  t o n W ; A u  n H /

H *> H d.efj^ned. Uy Arnu ='4p

ls easy to show that w#€

0 l I  for u e D(aH)

AH*, il qtrv if
/ end'

( 2 . I  )

( 2 " 2 )

convex. continuous functlon suoh

A J denotes the subdtfferential

operator

s ]  . r t

'('w , x € f 2

1 1
Tfe shal-l d.enote by J: Rr -+ Rr a

I
r 1t l ra t  , f r=  dJ  and.  i>0  on  R* ,  where
I
I

of J.Xt is weII knovrn that suoh a funr:t ion always exlsts (seere og. r l7 ,,

pp"59-6OJ )  o

fhereforerAn *  *A ,  where D(AH) =
)

x  .  S i  ,  end .  AH  =7p ,  whe re  g  l s  t he

tinuous function from H to . .] -* ;+m]

f ( u ; :

j  ( u )ds ;

and, J (u)

t
t o  €

pro

d.efi

2
H-( f r  ) ;

per convex

ned, by

r, l (s) ,

S*e fr(u) a.e
o r L  

(

lower-semicon-

\ a t ) )

| *  J fe ' *a o l2 dx *  
I

i  
t  l r u ( H t t i l

\  +o ,  o therwise.

pp,63-6ZJ ) .

€

(
( see  [ 7 ,

n ls a soLution ln H}(fz) to the problen

- 4 U  E

? u
f f i * f  ( u )  >  o ' x € . S
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Let A^ = AO(tr +2Ag)-I  bu t l"  Yoslda approxlmatlon of Ag.

Next we shall approxlmate the operator G d.efj.ned. by (I.B) by a

fanily of .l,lpsohf!.z contlnuors operators on H.To make whoLe what

follows meaningfulrlet us brifly desciibe the pbysical sdrtuatlon

fron which thls approximation ori.ginatesi

I t  ts welL krrown that l f  problem (1".1)-(1".3) d.escribes a dif*

fusion prooess of heat ln a d.omalnJ2 ,u(trx) d.enotlng the tem-

perature of a point xgJ2 at tine trthen the funetlon g is a part

of, the surf,ace d.ensity of the heat lnjection through the boundary

S of -2 lnto lts lnterj.or.In other word.glthe heat inJeationrw.hlch

- is given by surfsce d.enslty g ln unity tlme through an eLement A S

of, suiface SrJ.s equal to integral f ed".The function f ts thejs
voh:.me d.enslty of the beat lnJectlon d.lrectly in interlor of.f2 .

In other.word.s, the heat injectlonrwhich ls glven by volu.ure d.en-

slty f tn unity time throudh an element a!2 of voiurne C. ,is

equa3. to integraS.
f

J fA* .Let 6 fe a function d.efined. on .C2
aJ)-

and. sattsfying the foLlowlng cond.ltlons

k
: - r l l  ,
1=I ' 'r

k r

r_r r2i

> 0 J.s sufflclently small and.

A
supp g c (  2 . 4 )

( 2 . 5 )

(e"s)

( 2 , 7 )

I

iwhere
I
I
I
I
I
I

where

sds
?

J
aS

1

d - a i =  t . : 4  i s t e . a s n r r ]  ,
x i is given by

i l = q1(ry,hi(eF))
l '€orthe projeet lon of x on St in the d.LrectLon of yn * exis,

Then it Is ph,ystcally obvlous that the problem obtej.ned by substi-

t u t i ng  f , end .gby  O and f  +  0 respec t i ve l y r l s  a  na tu ra }  approx i *

nratJ.on to original probIe.n.

To this almrwe set .  
'

I

s . r _ i ( x , u )  = l  f , t * a u i , n ) * i ( x ) ,  * * d , u  €  n i , ( a " B )
t 4  , L  It 

0, othe:rnrise .



I  ^  
( x r u )  *

where r
I t r (x)  c  

l r  *

We d.eflne the operator G  : H -.-.-- ![ by

( C , l  u ) ( x )  8 1  ( x r u ( x ) )  I  8 o € c

f o b u € I {  e u c h t h a t  g ^ ( " r u ( , ) )  €  H .

Thusrfor each ,tr > Orwe consld.er the

3u^ (o )  )  vo

x e 12

approxi-rnating prohlen

e  f ( t )  ,  t € J o r T [  ,

k
=
1=I

{ 5 F

8^o  i  
( x r  u )

tn-I ?h,- \ a - l - L
\ -1 r'

J = l  
' ' t j

,  x ( f )

r L
(q i " )  

"  
) '

r r  €  R I ( 2 . 9 )

(  2 . 1 o  )

( 2 .1 r )

( 2 . I " 2 )

( 2 , 1 3 )

$Ie have the following Lernma

I I i { i l lA  2 .1-  I ,e t  assumpt ions (  c- ) r ( /3) l_AdgJ *_er( f )  and (vo)  }e  sa-

t is f ied ' fhen,problera (2 .12)  -  {Z.Ln for  q  > 2 } ras a un lque so lu t ion

u^ e c(  [or t )  i rq( r2) )  0  r ,@ (at )  w i th  u i  €  ] ,o  (o , r t tq( - r r ) )  in  the
sense thet there exis' i ;s i r^ € C([Ort) ;  ] ,q(-r]))  l ' l  r ,@(af) wi ih vi  €

I , @ ( o r 1 ; t Q ( r 2 ) )  s u e h  t h a t  v ^  ( t )  e  B u ^ ( t )  a . e . t  €  )  o r f  I  a n d

v j ( t )  +  A r .  u ^ ( t )  -  c ^ u 1 ( t )  =  f ( t )  ,  t €  ) o r r [ , "  ( 2 . r 4 )

v 1  ( o )  *  Y o  ( 4 . 1 5 )

PR00F. Yfe define

"1 ,  ' ^  e (x ru)  ,  x .  €  S  ,  lu l
8 ' " ( k , " \  |

, ,  
n '  

{ s ( x r l ) r x 6 s r u ) N , .  
( 2 . L 5 )

I  
I g ( x ; N ) , x € s  r t r ( - l { ,

l 1
l N  ,  

- R  1 i r  {  {i e l r r ( x , u )  = {  i ' s * ( i * , u )  n r ( x )  ,  x e  : z f  , u  e  R L  r ( a . , , )
'O,  o therwise ,

N,  k  N ' r
ei(x,u) t  

f ,  
u[ , ,*rol  t  x € r)  ,u e nl  (a.ra)

and. the operator GX ; H >H ^by

,  a  n € :  x A f 2

for eaeh u. €

Ie t  j$

( af u) (x) slt*, u(x) )

? rn , where

'  lu l  s  I {

ptherwl.se .

H
1 4 a

$ *

J O
l * *

I g ( u ) ' *

( 2 . 1 9 )



Flrstrww eonsid.er the Problem

(n*u{  ( t ) ) '  + a^u}  ( t )  -  c{ t { t t t  ;  r ( t )  '

B * * l t o )  I  vo ,

or equlvalentlt*r,
'  

t l t t l  c  Bu i  "n

$ i n c e f o r u e f - . A (

y ( x )  I  a  Y (x )

t
(  t .- v o *  
t  

( f ( z ) -

,  d € c(o, tJ; tq(rz))

2rthe Problem
q t O

I  J r  t  - -  
)

x € s

(2 .20 )

t  (  J  o n r  [ ,  ( 2 " 2 1 )

(2 .,y2)

(2 .23)

- 7 * r

h

Then, l* tu a maxlnal rnonotone graph in

D($  )  *  g  (see [ : rP '46J  ) "w*  d"e f ine  BN'

' '  
B N * =  i t n l l i v ( x ) e  J * t o t " ) )  1 8 o € o

f o r u  e  D ( B S )  =  t * € H ; B * u l  
g I

has a unique eolution in H2(r2 ) A r.,q(J2 ) (see H'Brdzis

i t  fol lows that ( t  + lAH)*l  is nonexpanslve-on 
1q(n) 'abd' 

tbereforeu

A1 is 1,Ipsch:l tz on LQ(-rZ).Noticj-ng that B-*, Cf ut* also I ' ipschitz

on LQ(-A)r i t  fol lows by standard argu-ments that.  problem (2"23) has a

r rn lque so lu t lon oX .  C(  [Orn)  ; i . ,q(J2))  wi th  (q) '€  Loo ( ' ' t ; lq (J2)) '

$o conclude the proof of, lJenrna 2'IoWe sball Show that for suffl-

ciently large No

il "n, t ) l[r* (rzt 
N ror

toftt)) '+ a^o{{t) * cf iu^(t)

{ t " l  
=  vo

It is easY to show that

t !"1(t)1c*a;r(z)(vf 
(t))' o*at= t il{t*lll}r*} - t ':"" llnoes,},(?'30)

f i;{r) [vf (.)l 
n*2 dc.)dxdt= i "r(z)iloe1-yll"f,.il l l l,u' 

. (2'3i)
J / . . , o

0 - r

Iret

"{ct I

niren vf € sNuN

t
I
t

+ .  \
J

, o
J z ) r a

E u (x

(r(r) - a^un{{'r) + cfo{t ' l  )u'} .

Rzrbecause 0 € int D( a IN)fi

- + H  b y

, - a ]

a l l t €  [ o r ) a n d t r ( 2 . 2 6 )

r^ , r { t r )  *  c{4 ( t ) )dt .  (2 '27)

end.

=  f ( t )  I  & r e n  t { ) o r t [ , ( 2 ' 2 8 )

(a .29)



|  "frt l  le-a ,rf tr)a*ar ) o.
By vl r tue of  (  _0 )1,  (s)2 and taklng I{ > max 

{ 
-ur"rt, 

} ,we d.educe

I "ft 
trx)i n-nnlu(?ex)d.xdr .-<

k '  I< x- 7*e t nes -r2l;  C* sup ,ztr(x)zL* (x) cgtl
1 ' r  u r$ )x € r z iwhqre 9s *riilr?.Bxrr.flr;;
*  

e  [ k I ' k2 )
g(x, u) o and. C$  

=  uuF . .  ' | l  ( u ) l  .

slurt iptyins ta.aei uy t"It*) ln*t df *;, 
*t 

r iugrattr igover QorSnd.
i,

uCI ing (2.30) -  (2.3,  r  wB get

l lrr l f  t) l lq^ .(. r rrrr , tQ L ( 
t

rr  A '  ' ,ha(.a) '  (  l lvol l intot+ cq t-1)+ e j r , t l ' ) l l ruqo)
o

Accord,i:rg to Gron*y1Lrs ine<lualityrvre ohtain

. Using ?RO?OSITION I.I

t
J f a'o{ G)
b J I ^  

c

r
{ *  |  4
J . L L  I  I .

( . t

$ *

p. re3)  , we may infer that

f, ;*|c*, o{r",x) )

(2 "32)

(2 .33 )

i==J' I

( r+ ilvjl (z I ll fr 1o] 
urr n.a)

i l " f l r t) i l ;q(-)<( i l -ol l fag4 + rnrnn- + q l lr l [rao,*;r,e(n))).

' ( t . + s l l  
- . . . e e l l o ] 6 r ( 0 r t ; r e ( n ) ) ) .  G . 3 s )

'  (1 -+ s l l r l [ r (or t ; r . ,q(r2))

Taking q-root and, tettlng q_+ +@ ,l.t follows that

= (r n cj + lr * lr \ rrn Jf 
l ltrlorr;:lh)),

'  ' o  (  
l *  ( r r ) r ,

J3-I i* Iocslly lipschitz on R1,I[otJ.clng

v € Rlrrve

.il ltu;, *

f o r  a I I  t  (  [ o r r ]  .

faking Ir I  )  max { *otrka, yi l ro) r--6-1(-b *,  we obtain ta.z6) as.
clal-mednlor this l , I r lett ing v. l  = v|rwO see that ur = o{ fu & solut lon
of problero (?"1"2)-(e.13) 

"[ i r is eonnp]etes th.e prcrof of lenma 2,1,
rn ord'er to estabrish a prior i  est i$ates for the sorut ion u^ given

by remnne a*J-' we need :f tha fclrcwrrrg Lenne.

fo r  a t - t  t  e  [on r )

is lnd.ependent of

Frorn ( rB) I_2,
.'

thst lt'Io lz I 4
. .  1T
i lu l t t ) l l_*

I,*

il vT(t ) llr* (r2 )
, where b

3I' l and, *

ure see that

v l  f o r  e l l

(g) t

see by  (3 .30)

p:t c-r I ]

:that

(2 ,37 )
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LEMMA a "a  r f  ue  1 r y  0 r ,m( r2 )  ,  t hen  u  6  Loo (s )  and l l  u l l  
ooo (s )<

t r  . .  l ll l  u  l l  _od r . , r  :
J  \ ' - l  '  ' l  -  .  t  a  , ,  - J  * * 1  . l  ^ . t  * r r \

pRooF.For x e n: r w€ denote (for simpliclty)
_.1

u(y) = u(f  ,v*)  = u(n- l  v)  = u(x)

where y = Tlxo 3or q 2 2 vre have 
h- (t) ,.- y \1 = Tlxc 3or q > ? we nave 
h{ (y)

| o t F , i i ( y ) ) l q = | u ( v ) l q * q J * | o c v , t l ] q - 2 u ( f , 1 . . ) 3 P u qyn
+JT

lu(F, [ )] 1-r I
a u(r-_L-Ld [  ,

hr  (y )
t
I\
)
br(v)

+JT
i

't- T

? \

and. thereforen

l . (r :hi(v) )  ln-o

hi

5
hl

(y)
(

(y)
I u ( r ) l  

q  +  q lu (Y ) l n - t...ryl )ur*$ 2.38)

nr(r?l y)r integrat i :rg ove! Di.  otd u'sing the
MuLtlplying (2.35) bY

bound.ness of *f , il

xul l ] ,qr* . f  c(  rz
'  .r .r \ . i ,

Using the 5-negualltY

follows that

r1*illqr,,il * q 11u{ifq-i)

* 1 -
(nes J2i)

r t ? u  l l  \

t.rzit ll tt'nllrz t a\)'

q-zfq-r)
ll " ltnt rrt) -' 

rt " ille (q-r) trzil
and taking q-root, we infer

tl " lLq(sif c
t

) q

callJ
ompl"ete

r given

lowLng estimates:

2 lAn,r^ tt)|f i  +
+
v

j  I vortd l3
o

l l v^ t t ) [ r * t r f

t

J l"; (trl fi *z
0

(2 .40)

l . \  a ' r  \
\ 6 c t f r . l

(2 .4 .2 )

t t l *,*"u.r,i)t tr#rl i l*l lre(q-1)cr,1 r 
*

+ qtt ffill o,
Lett ing q*+ +oo in (2"39)rwe c

I,BM\[A 2*3 the solutlon u.^

' . ?

l l r^  ( t ) l l fg  +

d r  d  C . )

(1
v t

t -  I
r r  i l -  q

I tu l [z(q-r),( - , ,*) (2.39)

the Proof of Lernma 2'? '

by l ,enna 2.1lsat isf ies the fol-
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( 2 ,43 )

( A ^ u 1 ( t ) ,  u l  ( t ) )  a  d  T ^ & ) e r € r  t {  J o r * [

J.

c{N (u
T J

where

where

A . - l(rIIIl.

J 5I=L '" 
di

J*
at

AY

6A , i  
( xouo (z r x ) )u t  ( t r x )dxaz ( 2 " 4 3 )

L
nT -NA  6 x r l

- f
Bo =  B  *oo  ( i t  i s  , easy  to  see  tha t  oo  =  u^ (o ) ) .As .uo

t  " . .

i-fnes "{)i are bounccd.rit foLLc.'.,.,s thsr

, i ( * r u^ (T  r x )  ) u l  ( z r x )axa?

,

r u o t

8l
t

5 I
o ' - r 2

we d.ed.uce
J.

^ r U* $ r
T }

o

*qlnce

(  a )

. 2)f*

l .An
( t ) l l r

/ '+\  [*  " ' l H

lu i (r
('t ^t

l Y
l r r t
t :

(2 ,47)-

(2 "48 )

lJ n*u^ (t)l l 1,1,
vrhere y^(t)  = (I  + ,aAH)-Iu^(t)  and. c is a constant lnd.epend.ent of x> o

a n d . t €  [ o r t )  o  , -
Sn00F.Mult iptrylng (2.14) by ui ( t)  1 lntegrat ing ovel Q1 and uslng

the  equa lL ty  ( see  I  l r p . fag )  )

9^tt) * 4 la"ult)f fr * 9(tr + A A")-1o(r) ), lre d.enote by
assumption ( 

"6 )a

lui( t)1fr a" * ?t(ua(r))<4 i l  rrrze(at) + g^(u,]  +
' l -

JL

+ )

! - L  '  ! r a ( t ' x )  r

i  
* A'l l , 

j ,r-, '  Ai *},r(x, E )*40*f -.. s. (a.45)
$lnee tniu l f .0 r@ (c) ancl . ,0-r ls local ly t lpschitz r w€ lnfer that
no € * ni l*  (-Q)*By v. lr tue of Lenma 2"2]Lt foi l -ows that oo 0 r,* (s),Fron

th isrwe c ieduce tha i ;  J (uo)  €  I1(S)  r  qnd therefore,  oo € n(y) ,Uolng the
wel l - ]mown inequal l ty  (see,  €og.  , [7 ,  p"gf  ]  )

P'r (u)

E ̂ - * 
lli #i"'';'* *T,, n( r ,r, )aE dr dxl

frorr ,  (?*44) and (2"45) t f rat

1 ,d . t+  f  l o ro r ( t ) j f r .  $J * 'Suuo f r l l f r - .  c .  (2 .46 )

)*i Ls nonexpenslve on H.rj.t folLows that
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From (2,46) r  (2 ,47) and

3y vlrtue.

{ t^} rs

tYi )  ls

[ r^  ( t )  -

* L l

(2"48)  wo ge t  (2"40) a n d  ( 2 . 4 1 ) .

for  a l l  q> 2 r i t  fo l lows

e V{ and. using I,emma 2.2s
As (r + 2 AH)-r ls nonexpansive on t'Q('n)

i -

that  i lv r  ( t ) l l  €  NoNot ic ins  that  v^( t )-  
" I r*  (rr)

we obta ln  (2 .42)  .

Flnal ly r  wo shaLl prove (2,43) 'Slnee €

Lows from (2.4?-) and assumptlon ( CI- ) that

l l  ? v a ( t ) l l  . 4  n
l i -  -  i i  9  \ -  vr  ) n  , ,  

I , . ( s )

$hu.srfrom the equalltY

llanv^ (t)llw, r 
nrilfit l

(Arflx(t) '  Y )

grad f dx -

we d"ed.uce' lnrmed.lately (2.43) as elaimod''

3O?ROOF OF f}.{EOREM I"L

of J,emma Zoitlt f,o}lows that

tounded in roo (or$;1{) ,

bound.ed. ln L2 (orT; H) )
t Du ^ ( t ) l I

, a r , \
n  r . 1  \  v ,-W e G (r^ ( t)  )  r l t  foL-

(  2 "49 )

i
p u p -  (  l e t . a Y ^ ( t ) "' l lYll,,r= 

I h'

t  "ar^  ( t )  1
J  T {  d s )
$  

v - -

to^o^'| = { nrg^}ls bound.ed in r,oo (orf  ;}Yt ') .

By the Arzel&-Aecoli theoremr w€ obtain that on soIBe

vergeat to zero of l (for simpuc'lty d.enoted' agai'n

Y^ -> rr stronglY in C( [o'Ti iH) '

It is weLl lcrovm that (3.t) (3"4) iml:Ly that

Ya * u weak-star ln Lm (O'r;W) '

Altrr. = AyA -t w weak-star i 'n I'a (o'T;!Yr)

respeet ivery .Fron (3.3)  and '  (3 '5)  i t  foLLows that

u^ -?  u s t rongS"Y tn  c( [Orr ]  ;H) '

Combining (3.0; and the bound'ness of,.. vl I w€

s u b s e q u e n c e o f L )  _

vx -t  v weakLY LnI 'z(0tTiI{)  ,

v ( t ) €  3 u ( t )  & e € o  t (  1 o , f  [  '

(  3 . 1 )

(  3 . 2 )

(  3 , 3 )

( 3 " 4 )

subsequence Gorl-

b y  A  )  w e h a v e

( 3 . 5  )
. . . '

(  3 , 6 )

0 . 7 )

( 3 . 8 )

lnf,er that (oU,eoroe

( 3 , 9 )

(3 .10 )
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Now we shall prove that

y^, *)  u strongly ln c( [  o,r  J i#(s) ) .
rt is welr known'that the embed.d.ing operator from vJ

Thereforerfron (3,L) f t  fol lolvs that for each t € . f  OrT.]. ,
l ; l

i  t  t t ) ls l  ts compact tn r . ,2(s).

( 3 . 1 1  )
?

l n t o  l - ( S ) .

( 3 .  t a  )

( 3 " 1 3 )

ya .(s)l iu *

Uslng the lnequality (see Ig, p.p, 4T*4g) ) 
'

l l  u  l l  p  \< f  lsrad u l . -  + cr  u' '  
" l t ( S )  

v l o - q - - ' l i 1  '  " 6  * H

N

where .d >O is arbitrary smallrrve ded.uce
l l

i l v^ ( t )  -  y .x  ($ )  l l_2 ._ . .<  I  le rua  y1  ( t )  - .g rad/ \  , ' l - ( s )  - , -  -  

I  r ^ ( t l  -  y ^ (u )J *  .
( 3 .14 )

By v i r tue of  (2.40)e (a '41) ,  f ron (3.14) i t  fo l lows t l rat
I r  ,  .  -  ^  l l

l l v r ( t ) - x a ( s ) l l _ 2 . _ , , (  c ( f + J t * l  c r )  ( 3 . r 5 )- '  ' , r * (s)
foi 2. > rsitts. e [crri  o Thre neans th^rt I  t^i is equlcontLnuous in

. a r '

C( [0r f  ) ;  l " (S)  )  "Comi in ing th is  and (3- ]A)  accord. ing to  Arze l ! -Asco1i rs

theorernrwe pbta in  (3 .11) ,

By vir tue of (3.t t)  we cen prove that

w ( t )  e  A u ( t )  B e € o  t  e  J o r T [ .

+ cd'

(  3 .  1 6 ;
Ind.eedr i f  fo l lows f rom ( j .7)  that  for  eaeh .1 , {  L l (0rT;W),

I r
I

J  ( A ^ u 1 ( r ) , y ( t ) a t * l t * t t ) , y ( t ) ) d r ,  ( 3 . 1 7 1
O  O '

nnd. therefore ,
T T
( ,

J  ( s r a d  v ^ ( r ) '  s r a d * ( r l ) e t  . '  (  f  7 v a ( t )

o  
o  q ( tJ  '  s raq  r \ r / /q r  -  )  

I  
-  * th -^ l ! { t )as0 t  

(3_re ;r  \ '- - - - *  
)  ( * ( t ) ,Y( t ) )o t
o

From (3"5) ,  (3n5) ,  we msy in fer  that  for  t l  €  l , ] (0r f  iW)

f r r
J  (v^  ( t )  ,  y ( t )  )d t  -  J  t "Ct ) ,  y ( t )  )a t  ,
b  

^  i  '  n o  '  f  ,  i '

n T
\  ,  / r \  a t l r \ \ . ,  r  .  ( - .

)  ( y r . ( t )  , ^ 1 , ( t ) ) d t  + J  ( e r a d . y a ( t )  ,  g r a d . ^  ( t ) ) a t
C O ' \n t

(  : '* - - - , .  
) (u f t ) , y ( t ) )a t  +  J f * " *+  u ( t ) ,g rad .  y f t l )d tu
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and therefore
t I
t -(  (e rad  y^  ( t ) ,  s rad  V( t ) )a t  -+ ! (e raa  u ( t ) ,B rd l y ( t )F t {3 .19 )

' )

o o

B e c a u s e  * v y t ( t ) / a n  €  0 ( y a ( t ) )  , a n d .  { f ^ } ' f u  b o u n d e d '  o q  S , f r o m

(3.1t) i t  fol lorys that there exists a subsequenee of{aeain d'enoted'
.  , ' a \. n

b y X )  s u c h t h a t
. , G' D Yr rkry in 
'r,z ( Et )

, 
- 

ffi** z' weaKry ln ! \-t-.

a i i d  
z c , ) e  o ( u ( t ) )  B o € r  t e  ] o , t [ . .

b o m b l n i n g  ( 3 . t 4 ) r ( 3 " 1 9 ) r ( 3 ' 2 0 ;  ,  w e  o b t a i n
c t IT

ice '*a 
u(t ) ,gradY(t)at  *  

[  i  " t t )V(t)d 'sdt  
= 

i (w(t) ,y( t ) )dt
o . v

f ,or each V € r,I(ors;H)" since ' t  was arbitra"y rYe have

(erad u( t ) ,  s tad. /  )  .  j  n f t )Y ds = (w(t ) '^ i ' i

f o r  e a c h y  €  W  a n d .  B c B o  t €  ] O r f [ ,  1 . € .  ( 3 - f g )  h o 1 d s .

Now we shalL Prove

.  G^ u^ *  Gu weak-star  Ln I 'Z(0r [ iWr) ,

1 ' € o  T

r lm  f  ( c ^u^ ( t )  -  cu ( t )  ,Y ( t ) ) d t  a  o
x>o L  

' \

Loo (ort;trrl) /l

\(3  .za  t
. . i

( 3 . 2 t )

(3 .22)

l  a  6 . )  \
\ ) c a J  1

(5,24)

(3 .25)

( 3 " 2 6 )

)l o

0 . ? 7 I

for  each f  e r . ,2(orTiw).  wel !  -

Forstuwe remlnd. that Gu is\td6fined. because u

tb (Q*) o and so u € Loo ( 5*) 
:

I t  is easy to f*u 
that

(cu(.b ) .y , r r1;*  |  .  f t  s( ; i  r  u( t , i l )  )  T ( t  u i i )nr(x)dx.)t ,  
i=} rzi

and, therefore,

lcc^uott) Gu(t),  v (t)) l  = 
;1 )*t  i1t*c*t, o . l ( t r x )  ) f ( t ' x )

l r r t

I )-, 1'1
l r  

' -  
J

-V(t,r(is(;r,u(t,o-1 , n* (x).i*i< ;it l1tt 
L*( f u^(t,x)*v.r (t 'x)i

1=i h!

u 1 * , i 1 ) l )  |

n t ( x ) d x .

* l y r ( t , x )  -  h ( t , i i  ) l  +  l t ^ ( t , i l )  - {  ( t ' x

+ ls(11 o(t , i l )  ) l  I  Y ( t rx)*  t ( t ,? ' i ) lJ
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Using the followlng inequality

*  c  F-  1*{ l l  r^  ( t )  G
J.=I

ut t ) l f  -z ,n  l lV  ( t ) l l -  z .  - ' r :" I : ( S i ) '  " r * ( n i ) .  ( j , 2 9 )

'  t D  |  ,  ^

l " (v) l '< ln(F,hi(p) ) l  '

that
bt(Y) +^E \

J l"(y)12 dym<.i f ,(  lu(F,hi( f)) lz + Z
hi (r)

h{ (Y)+JT
j -  l u (y ) l
hi (g)

t
I
t

..9

ain

d."

f  ( " ) d  r

l lu(x) - u(;t) ilrrC oli.l0 
l,T tt grad o llra 

Cdl 
,. Y o € lv ,

It follows from (3.27) that
k .  +

l i *^u1(t)  -  cu(t) ,  Y(t) ) l  < c S [ r*  (AE lAi{e t t )  ls  + l lsrad yhl t r l  . ,
o 

'* 
r i'@)

' l l ' f ( t ) l l r2cnf l  *  M$ l l  e 'aar l [e(a*,  (nesrz]  )  ' )  +

t r ' o r ' u € r t r I  a n d x 6 J 2 l  ,  i t follows by the inequality
hi (Y) + tT

r a J" ._ lu(r) l*#l av*
h i (y )  

-  *

I,tuttiplyins thls inequelity by 
"r(rjf) 

and. integrati-:rg over Drrwe get

i lu i l lz.  - i ,  (  cJT( 11ul l?z + l lul l f r  ) .' ' 'Lt  
(  srJ 

'1, ' (s i)  '

U*tng *n: $"nequel**r 
* 

ll ullrz(s) -. c ll oll W , lt follow,s that

l l o l l _ 2 ,  - i , - . c  X 4 i l " l l  w  ,  V o  €  w "  ( i . 3 o ),, 
,,r,- ( .a;) rr -

3y vS"rtue of (3"30) and the obvious inequallty
I

l f
l a

l im \  l l ' / " ( t ) l l  r  . i ,  d t  =  o
l . o  ;  " u * ( f r i )  

'

v, Ie  ded.uce (3.?5)  f rogr  (3" i } )  ar ld"  (3 .29)  
"

Le t t tngX+0  in  the  equa t ion
J.
I

fv ^ ( t )  +  J  ( A x  u r (  r  )  G ^ u ^ (  ?  ) ) d ? =  r n  +
o

whicl i  is equ.l*raLent tc (2.L4) '{2"}5) 3 r{e obt
. + t

f
v ( t ) +  (  ( w ( r ) - G u ( t ) ) c ] z = v - +  \ f ( ? )

) o )
o o '

where the Iiftit is l-n the sense of v;eak+star

(3"ee1

(  3 . 3 1 )

G.3z)

(3 "33 )  .
D' f  u l / r  r n - u t t  \

J )  \ \ . l t r g Y t - . t

, ? . t t

?J*

convergensg in
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L e t f  € c l i 1 g , r ) ) ,  4 ( t )  =  o ,

and lntegratlng over Qgrwe get

pgoof of tI{E0RnM I.}

REMARK " TheProblem obtained'

' '1, e w ,Mnrtiplying (3,,3il by ( -+tt )

(1 .12)  and (1. t3)  
" th ls  completes the

by

f o r  a . e ;

exists C,,
l\l

f o r  s o € q  ( t r x )  e

method r1sed. rtt [ 10 ] .

A c lanowled gement' This

I ,

2 ,

tak ing f  ( t rxru) .  ins tead.  o f  f  ( t rx)

(1 " I ) - (1 r3 )  ,  has  a  l oca l  (1 'e .  f o r  t  su f f i c i en t l y ' sma! } )  so lu t i on '

6ense of Theorem J. ' l r l f  S(trxru) is neasurable as a funotj 'on of

( t r : i )  €  QT for each u € R{ continuous as a function of u E Rl

in

.ln

( trx) € Qt ,  and. t f  in ad.d.t t j .on ,  f9" 'each i{  > O'there

s.uch thet

l r t t r x ru ) l  (  cw  '

QS, and" lut -( $o WG can pxove this concluryion with the

note was completed und.er the guld.ance of Srof .
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