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1, INTRODUCTION

In this papef we are concerned with the nonlinear boundary-value :

problem of the form

'ﬁ%ﬁ(u(t,x)) i R ) Ea. -(.1.1)
B TE G_(u(t_.xi)_ 5 g(x,u(t,x)), (6,x)¢Zg; ot
ﬁ(u(o,xj) som i, m € (O] | 3 (1.3)
Here 22 is a bounded and open subset of thé Euclide.an space Rm\ with
Athe boundary S§ %—% is the outward normal derivative of u; ﬁ and G are.

meximal monotone graphs: in R2 (possible multi_—vévlued);f,g and'vo are
given functions on Qp = ] 0,7[XL,s XR and 2 respectively; ZTr.]O,T[X 5
: Problems of this type occur in the heat .radiation (gee e.g.HeBo
Keller [1] ),the absorption of gas in a liquid( see e.g.C.V.Pao [2]),-
_ the termostat control problems (see eege GoDuvaut and J.L.Lions [3].)
and in description of other physical problexns;For ingtance, if we 6onsi-

der the folloWing boundary control probleni governed by the Stefan.
problem (see Ch.Saguez [4] ) |

-.2._%_(%@_1 -40 =0 , (t5) €0y

L8 4 n(6-0e)=u, (t,x)€Z,,

SO0 dv) | ze D,

L3 4 - 2 ’ 7\2 * e 4
where G is a maximal monotone graph in R ,h is & positive constant, Qe
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and v, are giVen fﬁnétions fhé existence resulf>which ﬁill be given
below allows to implement a feedback law of the following form
wlt,z) = glx,ult,x))

where g satisfies conditions (g)1:(8), given below.For other results
‘concerning problem (Lel) = (1.3) in the case g = 0 we refer the reader
to the works of J.L.Lions [5) and Ph.Benilan [6) . '

We shall suppose here that the boundary °.of {2 is sectionally ‘
amooth l.e¢ it consists of k disjoint parts Sl, 1= d5esesk iy guch that

£
S.= U Si and S, ﬂs —»3 lediog<k; anc'l there exists for eachs

: I=1"
a cartesian ooordlnaﬁe gystem y = T, 1% such that ;
oy Inp * By (F)y 7 = (yl,--.,s;n G (1.4)
i -] ; :
'Q‘A = {-’z‘i V¥ € Di’ O< e - hi(y)< ,’{ } . Q.) | . (1.5)

where Di'is a boundéd and open subset of Rm_l; hi is.a 'onoe contiw
nuously differentisble function in Dysand its gradien% is. bounded on
Di;‘ﬁ is positive and sufficiently small. i
As regards_the maximal monotohe graphs 'j3 and § and funétidns 1
e and Vs We shall suppose that * -
() 0¢€ 0(o) , D(o) |
() 0€Blo), R(H) and int D($) 3 0
}( ﬁ)z for each N > 0 there exists Gy > O such that
| ( Bu - Bv)(u-v)> OCN(u--'v')2
flox ‘ui BRple D(S) with  |ul v < N;

Ri»;
{

i

R

i}

P

(g)i g(x u) is measurable as a function oi." X € 8 for each u ¢ Rj,
‘and contlnuous as a function of u € R’ for Be€¢ X € S In addition,it

is assumed that for each N > 0 there exist MN >0 I“N > 0 such that

lg(=z,u)| < ML, .
la(zou) « g(x,7)| < Ly | u~v |
for acee x € S and u,v € R with - bR D

(g)2 there exist k;<0 , k; > O such that kn,k I C int D(B ) and

g(x,u)u < 0 for a.e. x € S and u ¢ [kl, 2]
O ST 1
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(v,) ¥, 1 o0l e
where Hl(_O.) denotes the usual Sobolev space W ’ (_(2)
We shall denote by H = L°(f1) .Let W' | (H (£2))" be the dual
space of W = Hl(_o.), 1.e. W'is the completion of H under the norm
Iw*] o = sup (Wyu), ‘ ' (e

| Ny
Here (e;0) is the usual inner product in H and Wlll ‘be also -used to

denote the pairing between W and W?.The norms in H yW and W' are deno-

ted by |- iHe” ﬂ and || - H , respectivelyo.As usual, H (QT) denotes the
'Sobolev space Wl’ (QT) Let X be a Banach space, we shall denote by

¢( [o,1] ;%) the space. of X-value continuous functions on [0,T) «

Lp(o,'I?;X); p > 1l,denotes the space of functions $ — h('t) measurable

from . [O,Tj bo X (flon 3c-he measure dt) such that | '

B P :

(§_Inwly a) = |n] p(o = X)<:+ ® 4 (p i)
> i h t = $ - =

_isés Jsg?‘r[ I h() g H B X) (p =+oo0)

Let At W — W' be the operator defined by
Au = {ﬁ*e Wﬁ Jz ¢ 12(3),2(x) € § (u(x)) a.e. x € S such that
B JESRT g 2y ds, Yyeu) (1.7)
for'u E.D(A) = {u.'e W; Au # 0}. ,
‘ For u € W such that gle,ule)) € szs),we get Gu € W' defined ‘b;snr

(Gu,\{J) = _{ glx,u(x) ¥(x)as Yb €W, ' @
Let B: ‘H — H be the operator defined by : '
B { v ¢ Hy v(x)< \ﬁ (B(x)) Bl %€ _Q} , (Il 9)

- for u € D(B) = {u € H;Bu # 9} JAsit is well known,B is a max:Lmal

monotone operator on He

Therefore , problem (l.l) = (1L.3) can be written under the follo~-

(GISEED)

\t}ing form S o :
(Bu(t))® + Auft) = Gu(t) 3 £(8) , ¥ € Jo,2 : (1.10)
Bu(o) 5 v : R . (1a1)

=
where = %3: 5



The main result of this paper is the following theorem,

THEORLM 1,1 Let conditions (6 ), (‘ﬁ)1_2,(g)l s (£) and (v ) be

satisfied.Then problem (l 1)=(1, 3) has a solutlon u-€ o lo T] H) ()

(O W) ) L (QT) in the sense that there exists b4 K L (O,T,H)Wlth
vit).€ Bult) a.e, 4 € ]O,T[ such that

@), Feus) - a0, V)=, ¥),  awente Jo,o[ (1a12)

V(O) = (1013)

for all .‘/’ é Wo

- The contents of this paper is outlined below.In:Seétion 2 we shall.

tongtruct an approximating problem asseciated with (l.1)=(l.3).We

shall prove the existence and we shall establish a priori estimates

‘for‘its solutions.The'proof of the main theorem is delivered in

- Section e

2, AEPRQXIMATING PROBLEM

Let Ay be the operator H-»H defined?by.AHu'='Au N B for ue D(Ay)

= JuéeWAuNHEZH ! oIt is easy to show that w¥¢ A.u,if only if
o | H

u is a solution in Hl(Kl) to the problem _ @”“
-Au = ~w*, e L2), (2.1)
2u : ' |
==+ ) o 0,, &€& 5, ' (2.2)

Wotiprldi 1 et ety (B 1Y & conver Wt inneus Function such

e ,
that il 2§ and §>0% BV where )¢ denties. b Subdifferential

of joIt is Well‘knowﬁ that such a function always exists (seeye.g.,lT ,
Pp.59-60] ).

Therefore,Ay = -4 ; where AD(AH) =’{u € H2(JZ); mpalE e G(u) 8.8

an
X € S‘} s @nd AH =E}y>, where @ is the proper convex lower-semicon-

tinuous function from H to -] ~w ,+o0]  defined by

_ﬁgrad wl? dx + -g O
94U)-i jz if u ¢ HI(2) and g(u) e 1! (894, (2.3)

+00 , otherwise .,

(see f?, pp,63~67} Yo
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Let A, = AH(l-+uRAH)"l be the Yosida approximation of Agpe

A
Next we shall épproximate the opérator G defined by‘(loB) by a
family ofALipschiﬁz continuous operators oh H;To make whole what
follows meaningfdl,let us‘brifly'describé the physical smtuatioﬁ
from which this approximation originates, | .

It is well known that if problem (l.1l)-(1.3) describes a dif- -

. fusion process of heat in a domain 2 ,u(t,x) denoting the tem-’
perature of a point x€f£2 at time t,then fhe’function g is a part

'.of the surfage density of the heat injection_thpough the boundary
s of 12 into its interior.In other words,the heat injection,which
-is éiven by surface density g in &nity time through an elémeht A'S
of surface S,1s equal ta_intégral J.gds.The function £ is the

’ ﬁolume density of the heat injection d?iécﬁly in interiqr ofie(® A.
In other.words,‘the_heat injection,which is giﬁen by volﬁme denm

E sity £ in unity time through an element 4.2 of volume (2 ,is

equal to integral J‘fdx Sliet éjbe-a Sincbiien déSinad a0 10

A5
and satisfying the following conditions

Buppiee — (2 , ; (2.4)
~ i=1 - - | _
k : :
[ gas = == f_gdx ; _ (2¢5)
. AS A=l e : : 5
where 1>0 is sufficiently small and
S e e ) | , '
where Tt is given by : ‘ '
B e e _ . .
X = Ti (Tix’hi(mix)) (2.7)

i.e.,the projection of x on §y in bhbili neotiion of y, - axis,
Then it is physically obvious that the problem obtained by subgti-
tuting £ and g by 0 and £ + @ respectively,is a nafural appfoxim
mation to original problem. . -

To this aim,we sel 1

el i
A © el® Yyuiny(x), xe .Qi su € R*

g)‘ ’i(xﬁl':") = 2 (298)

0, otherwise



"'60-'

: k 2 0
g LUlmyune =50 g (xpm) 4 x(-_Q s U € Rl~ ' (2.9)
x i=1 Ay L ; g :
i [1 = et (T sRenT
‘ - = ’byg |
We define the operator G, : H— H by :
(G3)(x) = g5 (2,u(x)) i, aces X6 | (2,11)

for u ¢ H such that g,(esule)) € H.
Thus,for each A > O,we consider the approximating érohlem
(Bux(t))"+ AR OEYE=L pa(oe :f(t) . t¢Jo, T[ ¢2.02)
Bua(o) iy . ; : (2.13)
We have the follow:mg lemma . . ‘ |
 LEMMA 2.1, Let assumptions (@) (\/3)1 2,(g,)1 2,(3?) and (v ) be sa-
tisfied.Then,problem (2.12) - (2 13)iforsges 2 has a unique solutlon
Uprsd Ofufoy TR nS ) ) NP (Qp) with y! ¢ 5® (0,751%(2)) in the
+ Q7 ~

sense that there exists v, ¢ ¢([0,2). ;5 L30)) N LOO(QT) with v} €

OO(C,T;LQ(IZ)) such that v, (t) ¢ _Bu;\(t)' a.e.t € ) 0,T[ and
V) + Ay wy(8) = Guup(s) = 2(8) , v € Jo,nf (2.14)
vp(o) = v . ; ' (2.15)

"~ PROOF. We define
glz,m) 5% 68 o jul= ¥

N
SN (e N cre 5 > | (2.16)
g(me), R BEAES S gl

|
! N A:? N i 1

(xyu) = (x ,u)n(x), Xe 29 sute R,
Tt { i (2.07)
0, otherwise , _ _ :
k
gN(x,u) == gﬂ.(x,—u) X E 2 ke Rl (2.18)
A i=1l K&" )
and the operator Gf +t H->H by . 51
agebulilee) & sgaeuleddon B e LD i y bne 3 gilBelE)

fcr‘each u e He
let Sy = S+ 21, where

O & s i
..N(u) = j ,

l +00 , otherwise |,
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Then, ﬁN g a maximal monotone graph in RZ,'becauSe @€ int D2 IN)()
_'D(ﬁ) ¢ & (see  [3,p 46) ).ve define By: H >H by '

'B‘Nu s {v € Hyv(x) € ﬁN(u(x)) ,aoeo % EQ} i '.(2.20)

forueD(BN)=_{ueH;Bu,éef},

Pirst,we consider the problem

(BNuA cipt + apelieny = Bl 0 86, b gl Gon)
By ul(o) 5 Vs _ | e o & (2.22)
. or equivalently _- & e
uh;(t) = By {vo + S (£(z) =~ A ux(’c) + G ui('t))d'c} (2.23)
’ 0 18
Since for u € 1.2(2),q = 2,the problerﬁ S e
yx) - Aay) =u@E) ., x €2, . & (em)
23yx) 6’(3’(#)) 50, x €5 ; o e (2.25)‘.

27

has a unj.qﬁe solution in () N 13(n) (see H,Brézis ' [8,pp.58-59] )

it follows that (1 + RAH)*]’ is nonexpansive on Lq'(fl) ahd therefore,

A>\ ig Lipschitz on Lq(Q).Notlcmg that B ;‘J GN are also Lipschitz
Lq(,o_) it follows by standard argumentg that problem (2. 23) has a

_'unique solution uj e €( [0,7) .19(.2)) with (u.N) ¢ 1% (0,7;12(2)).
To conclude the proof of Lemma 2.l,We shall show that for suffi-

ciently large N,'

]u. (% )]] < N for all t¢ [0 1) and 1 s e 0, e
S (o)
Let t - g
Wedimivg o Lo BL2) ~ehyu Vo) 4 chul (2))az,  (2.27)
Q e
rnebiiisE Bt o V) ¢ B@YLA (2 ) el

(v (£)) '+ A uA(’c) i u/\(’{;) £(t) , a.e. t€)0,2[ (2.28)
. vﬁ(o) = v, . _ oy
It is easy to show that '

- |
. 1: q-2 N N Tperiaa il Q
¢ 5 LTIV (7)) dxdr= = || v, (%) o (2.30)
; ﬂaeg R’ > (e ' J & TN
S gf(r){vlf(T)( vy(r)axdz< | ”im”m it Mv}(q; b ae . go.2

S o ' 1)
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Using PROPOSITION 1;1 Jm [7, §.183] » We may infer that

[ 0 (o) flohie) |98 Piaee s o0 e
Q) : s
By virtue of (ﬁ)l,(g)2 and taking N > max .{ --kl,k2 },We deduce

o N i Q2 W ; s
-,& J;gi(x.uk(T.X)) ] vz(?,x)] v}(ryx)ékdt ¥ e .(2‘33)

i glee ] :
< =7 g e
\‘Egi A - t_mes‘fli Cg sup ini(X) > qg L .
X € L5
where C = €88 sup g(x u)g and Cp = sup ' }Jg(u)|

Q-2 |
Multiplying (2. 28) by ‘v (t)f 7 (t), 1ntegrating over Q,,and
using (2.30) - (2.33) , we g@t

”v (t)“Lq@Q)

q gq=~-1 ‘ ' N,- . : «...
Ugll g, ,* 3 555 q<iuf(t)HLq(Q)(1+ﬂyh(r)Hchagd@(ztgn

According to Gronwyll's inequality,we obtain

¢ =( jz " cqed-t £ )-
AL )N L olpa,y * i “ JLl(o t;1(a )))

e ) G
R ol Y t_Lq¢“>>) (2.35)

L(0,%; 1Y CQ))
Taklng g-root and letting q—» +@ ,it follows that

nvx<t>u B (2.36)

i€ oo
)(l+ e Ll(O,T;Mfl)}J

N

0U o8]

for all ¢ < [o,0) , Where b= (L+C o+ v
. ki ()

is independent of N, X and t . v
- From (f)) o4 we see that 5™ 1s looallyiDipschits on R Noticing
~that ljflvlzljfé vl for all v ¢ Rl,we gee by (3.36) ‘that
N | : -1 =1 : .
sy (£) < max | 3 (b) '~ B («b)} (2:37)
A La)ﬁz) ?J 3 B ‘
for all t¢ [0,7]

TPaking N > max { mkl,kz, ffl(b),uje"l(-bik we obtain (2.26) as

claimed.For this N,letting v, = v),we see that u, =u) is a solution

of problem (2.12)-(2.13).This completes the proof of Lemma 2.1,

In order to establish a priori estimates for the solution u, given

s bl v

by Lemme 2.1, we need of the followi




<< | |
LENMA 2.2 If u e W 0N 1°(R) , thenu e 1°(8) and hull o5 (5) S
A - i '

il o
LOOQQ)O : i : : : v
- PROOF.For x€¢ (2, , We denote (for gimplicity)

. u(y) = u(y.y )= ul T y) = u(x)
where y = T. ;%o Tor g > 2 we have = : '
; s ¢ :
hy
b, N = la@)] g j 5z )}q 2u(y,2 ) _E.M az
: ym .
o) =
< @)% +a ) ‘lu(‘i,z)\q”l{ 3"‘(3”2'1{&2 .
h, (¥)

and therefore, i (y) + :
|uFny ()] %< j (& ’E;um; ¢ afuly)] LR ey, (2.38)
: hi(y) - o - é : | v
Multiplylng (2.38) by 'ni(T7l Y),integrating over Dy and using the

boundness of . ,lt follows that

< o( b
HL fitsy) A Hqub _+ i ”un z(q"l)(n ) | 33’miL Se)
Using the lnequallty
g ol ) 2(q-1)

‘\uHLq(fii) ‘u“La(q"l)(fzi) mes (2,
end taking g-root, we in®er
! o
' l\ull < @F {9\ ﬁ(mesﬂ 2Te-D) I ul FE R

a0 o o L )

1 !
i’ wu 3 q q : :
+ ql = ] |u E i .
oA ned 23 EI “(n ) (2.39)
Letting q—> +too in (2.39),we complete the proof of Lemma 2.2 .
LEMMA 2,3 The solution U, ,given by Lemma 2.l,8atisfies the fol~

- lowing estimates: _ : T
A lAﬁyg @2+ @i+ §jumlgers e, (2.40)

(6]
S |¥) ol e : (2.41)
l‘v )| ¢ G o (2;42).

i (S)




— daW ™™

”A@’;\ (t)” e (2. 43)
where yz(t) = (1 + /’{AH) lux(t) and C is a constant 1ndependent of A> 0
and t€ [o,7]) . '
PROOP.Multiplying (2 14) by ule(t) , integrating over Qt and using
the equality (see [7,p 189] N '

(A un(t), ul (8)) = 35 (5 ace. b ¢ }o,fn[ 4%
where %‘(t) = IA u(t)]H ¥ SD((:L + A AH) u(t)),_'we denote by
assumpti_on (ﬁ)g
Xy ¢ 2 T : '

' wl(e ) ode w Du (B | £] + GQu ) +
" So,l,".‘ I S?\ e I1,2(%) . °
= ; I’v
> 5 S g/1 1 (eus(rex)hul (t x;dxd”f (2.43)
i=1 Oﬂi : ‘
where u, ?B"lv (Gt ip easy to see that u, = uA(o)).As-ua sUgs 22 gl;l’i
and ,"f"& mes ,{“;\L are bounded,it £011ows that

3 . ) '

S j i(x u (r,-«))u' ('z X)dxdtl =

02 :

'EI o i
5‘5 7T Jo = ga ilewy g)dgdru{
,\("c x) P :
z N
Ji A €14 i(xv e )d-ZdXI il . (2.45)
uo(x)

Since v_ e W.N1LP () and ﬂ" is locally Lipschitz , we infer that

u, € W ﬂtL (£2)«By virtue of Lemma 2.2,it follows that u, N S0 Fron

this, we deouce that d(u ) € L (S) , and therefore, u, ¢ D( #).Using the
well-known inequality (see, e.g.,][7, p.S’?] )

Soa(u) S SD(LL) ?
we deduce Trom (67), (2.,44) and (2, 45) that

-éﬁ “u'(z)j ar + % IAHuz(t)}H + .5 |erad u ft)]H < O (2.46)

o

Since (1 + QAH)""' is nonexpansive on H :11; follows that
ly (‘c)‘H = | ’ ' (2447):
g < ety By | g (2.48)
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From (2.46),(2.47) and (2.48) we get (2.40) and (2.41).

As (1 + 7’<.AH)"l is nonexpansive on LqCQ) Tor all'qlz 2 it folloﬁs
that |y, (8D oo(‘ s) N.Noticing that y,(t) € W and using Lemma 2.2,

b 1O : :
we obtain (2.42) . ;
; - AL (E)ee. e o

Pinally , we shall prove (2.43).Since -~ «»ﬁuﬁfn-e G(yh(t)),it fol-

Tows from (2.42) and assumption (G) that :

y,\(t) ” ‘
(2.49)
- 1 (S) "
~.Thus,from the_equality g 54
Nt CoE s 2% gup™ 2 (A AE) PR = sup (| grad y, (£)-
. - J . ‘0¥, %)
| .grad\/wdx-s = 45)
we deduée immediately (2.43) as claimed.
3 PROOF OF THEOREM l.l
By virtue'o. Lemma 2 3,it follows that .
{yh} is Dbounded in e (O,T;W) it ; L)
{v!} is bounded in 12 (0,13 H) | ‘ ' (3.2)
‘y;\(t) C ug(t)lH < CA > (2s3)
{a,u,} = [ A} is bounded in L (0,7;W") , (304)

By the Arzeld-Ascoli theorem, we obtain that on some gubsequence con-

vergent to zero of A (for simplicity denoted again by A ) we have

| y, > u strongly in c(fo,T] sH)., 7 _ (3.5)

It is well known that (31) (3.4) imply that el

7, = 4 weak-star in L (0,T;W) , g 4 (346)

Au, = Ay, — w weak-star in ’LOO(O,T;WV). = (3.7)
respectively.From (3.3) and (3.5) it follows that

T strongly in c([0,T]) 3H). . (3+8)

Combining (3.8) and the boundness of Vv, , W€ infer that (on some
subsequence of A )
Vo2 weakly in LA(O,T;H) ; % : (3.9)

v(t) € Bu(t) ac€o t € | O;T{:. (3.10)'



o
Now we shall pfove that - ‘ Sha e :
Vo oiialt gtrongly in C( o, TJ -LZ(S)) - (3 11)
It is well known that the embedding operator from W into L (S).
Therefore,from (3.1) it follows that for each t ¢ 1fo T]
{y‘(t){s } is compact in L2 (8. e (3¢l2)
Using the 1nequality (see I9, PeDoe 47»49}) 2 ' :

full T glgrad u]H * Cg L b : (3«13)n

where 5T>O is arbltrary small,we deduce !
Noa® =5, @] 2 < Uleraa 3, (4) = graa 72 ) g +

(3.14)
£ | (8 -y (a)]y

By virtue of (2.40), (2.41) , from (3 14) it follows that
}}yq(-t) -~ 3, ()] g(s)é 6(§+ [iomal cd» P (3.15)

for A >0 . t,a € rO TJ » This means that } vxl is aquicdntinuous'in
¢ fo, T] Ld(S)) Comwlnmng thls and (3.12) accordlng to Arzeld-Ascoli's
theorem,we pbtain (3. ll) : e o

By virtue of (3.11) we can prove that

wt) € ault) - ades veilogm] | | (3.16)
Indeed, it follows from (3.7) that for eaCh‘%é Ll(O,T;W),
) 0y _
§ (aua(e) 4 ¥ (t)as— { o), yee)at (3.17)
o 0" ;
and therefore |,
T : b '
- . 2, (%)
| (grad 3, (+) , graa ¥(s))at + S f ~,=---—3‘---50(t)d3d1;
: | T S A (3.18)
| — | (o), ye))as
% :
From (3.5),(3.6), we may infer that for ¥ € Ll(O,T;W)
e e 2

| o) yenat - ), weas
e ; o

p T :
3 (32(t) v PE))at + f (grad ya(t) » grad, (t))at
s S g

i ' '.13 »
{

T ) W) + Y (grag u(s),grad v (6))at,
(9] : : S0y : s




= 13 -

and therefore

q ' . S A .
~S (grad yk(t), grad1%(t))dt «»S(grad u(t),graq:y(t»dtﬁ3.19)
o o ;

Because -2y, (t)/on € 6‘(ya(t)) , and {yklﬂis bounded on S,from

(3 11) it follows that there exists a subsequence efAQ?galn denoted :

by 1) such that aﬁ

27 : glf o g ‘ ' s
~u§ﬁi~% % weakly in LE(ZET) : ‘ (3,201
and g ¢ ‘ A S
s IR0 @) awees e Jo,ul 4 s
Comblnlng (3. 18) (3,19),(3.20) , we obtain
T B T

S(grad .u(t),grad\/«(t)dt " g j 7 (4)Y(t)dsdt = S(W(‘t),}L(t))dt (3.22)
(0] . s 0 S - { } ;
for each Y € Ll(O,T;K), Since VY was arbltraxy)?e_have

L r = g
(grad u(t), grad ¥ ) +_JS z(t)y as = (w(t),¥) (Be22
for eachy ¢ W and a.es t€ J0,2[ , d.e. (3-16) holds..
Now we shall prove - :
_ Gx My =3 Gu . wegk-star in LZ(O,T;W‘), | : (3324)
ioeo T ‘ : : ! ‘ A :
Lin [ (eua(t) = Gu(s), ¥(£))at = O . (Ze2s)

0
for -eneh W ¢ LECO W)

~ Forst,we remind that Gu ig¥defined because u € LOO(O,T;W)(]
IPO(QT), andeac w6 LGS ' .
It is easy to iee that

. ,
(Gu(t))wf(t))z.Z’ig V2 gt ult,EH) Y (4,F 0, (ax © (3.26)
L= .
.

and therefore,

: Kk ot
I(G Uy = ,g_n_i E‘S(X 0u)‘(t9x))y’(t$x) -
R L
e E, s, )] 0y axs 2] Ly([uft,2) -5 (5,3)] +

1
o Bax) = 3 6,2 & |7
'lyﬁ 2 b e A

A 4 ‘g(;ti u(tsii))‘ } '\{/('t,X,)m \f'(tgii)u ni(x)dx oA § (3027)




el

'Usmng the followxng lnequallty
I

5 | -
u(x) - u(x ) CA°| grad ul b V u € W, (3.28)
“_ oy _HLz(.sw erad M2, |
- 1% follows from (3.27) that 1 - v
(6, () = Gu(t), }L(t))l <C z i sion® lA{yA(t)!H ol e y,wc)}}
&5 M. || grad ¥ . (mes ot )
* [y« nL2(>Qﬂ) + My | gra V’&z(jzi)‘ mes (2, +

. e
6= p\“é' y, (£) - u(t) (t)
e | A ”L? ¥ ”L (JL Y (3.29)

Foru ¢ W and x¢ in , it follows by the inequality
i Ty o
@) |°< a@n G0+ 2 [ Juen | HER ey,
that ' hy (3) - -
hi(y) #eld S F)+I3 r (v

A ; h _ i
_ 5 : |u(&")] Ay S Iu(?’,hi(?))\z r2§ ]u(y)] I ) |

hultlplyxng this inequality by ni(T y) and lntegratlng over D, ,we get

< OMC [0 ey
| ﬂ 2( A) _ Lz(Si) W 5
Using the inequality ;JIuH 29, ):s ¢ Jull y » it follows that

L.

l ”u“ 2( ) <0 24”“” W o? V Woe Wi (38230
| Ly ;
By V1rtTe of (3.30) and the obvious inequality
i ;
1m [y (t) ey (3.31)
3\60 0 (ﬂ;\)

we duduce (3.25) from:(3.ll)=and (3.29).
Letting A->0 in the equatlon

t + .
v ) & fepnd T » Guite Nath v, ¢+ { fzvar - (3.32)
: _ & __
which is equivalent %o (2,14)«(2.15), we obtain
t
& '.
v+ n(T) - eu))aT s v, - { ez - (3.33)
.. 2 5 0
5 - Sl il

where the limit is in the sense of weak-star convergence in L {0,T;W'}



_and integrating over QT,We

s |
¢ (1) = 0, ¥ €W JMultiplying (3. 2y P

get (1. 12) and (l.13).This completes the

Let b ¢ ot (e,

roof of THEOREM el

1n (Led)-(1, 20 s
in sense of Theorem 1l.l1,if f(t x,u) is measurable
(%,3) € Qq
“for 8.0«

L exists CN> 0.

for Bce. (t,%x) € Qps and |u| <
4 method used in [10]

V.Bafbuo¢ would

1,
2,
3.
4e
56
6o

Te

1/\ 7% -~
Vo diGl

REMARK The problem obtained by taking f(t Xl instead of f£(t,x)
has a local (i.e. for m sufficiently small) solution.
ag a function of :

for each u ¢ R‘ continuous as a function.of u.e R1

) Qp » and.  if in additien , fqrfeach N > O,there
such that -

,f(tgxsu)]<; C

N. We can prove this éonclugion with the
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