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1 o Ii '{l l l iOilU0llfOi{

A general i;heory of t ire;tuoel.t.s'6j-c r,1ir..bcri i i l  boc'l.:Les r, ' ' l i . 'uh in"Lcr"na,l

stalte vEr.:.j"ablesy has bee::r foi.i:tu.l-;tecL by Colenair ancl Gur''bin tf and-

Soi.ren ltfl o I;:1 t]::is tireo::y -b]re essent-ial- e.ssutnpi;-Lon 1s -bhc'"'u the

loce.l bcLf;t ic l i ie cha;r"ica1 anii therltal ve;' iables &:r'e to be d.epcncie;tt

rtpon ihe s'Lfliid.i'.::d 'r,ltcr:,:';iioc,.)?'nanlic vn.r'inblcs: 'tr1e d.cfo:'natio:r gr'acL:Len-t,

the teinpe:r,a-br-iie arld the 'bei'ine-r'e'.-bu:ic gr"aclien'L as i:ieI-l- asj o"n iirternaL

state. va:riabl-e. (v*:icir is a fini-be-r1-'r-rsensional vec"'r,01'). ' l1he evolu'bioL

of tne inte;'nal state vr'r:: j-abl-e i.$ asswned. 'bo be govel'ned. by att

o;:ri"irtar..,-'1r c1:'-f-ie::'cn.b:-a..i. co,uati-on (gcne::'nJ-.i-;'' no.nl-inee.::) e:in.,-"cssi;:; the

n'r-psnif  i ;  - i "r . r ' l ;c of  chp.: t . r .o o- l  i l re in-bci ' ; : re. l -  s ie, 'Lc va: ' rab1e 'bh:. 'orrr ih n.

fu::c' f  ron o"f i ; l : .c p::ese.r 'L s'bate. ' Ihe t l :eor'y Elicalrs 'co bs r:u:L'be

ger:e:aI- r,r. t , f  sir l i ' ; i11;1 o fo; '  i ;rcaict in3 a vl- i . f i .c vo.r iet j i  of '  p,rrrsical

pl lci ici ir*r i f i .  Tir ir;  i ;hcl:r; ,- i i tc]-udes r &s a specir. l  cese, t]reo:::r-es of

circl i : i .cal ly reec-Ling i, i i :r t tr. : 'er wj- 'r ;hou--i ;  c1.r-ffusion; in- thrs ca.se eacl:.

j-nbe::nal s'ba-be va:: iable j :e,Dresen'ur-; t l : le e:rteirt of reactj-oitr" lal .
L J

n ! '1- '^- " '" 'r"" '- i  ̂- ,1 irLtc:; 'rrc"Lr"troi.ts of -bl ' te i ;r 'be-r""r ial s'bs,te ver:Lab.i es ereV  i r i . i . t : i -  l - r i l j  l J J t / L

r - ' r f ^ - l f r 1
Ul-ve,: ril Lrl , L-)J LcJ

lllhe tli.eo,:y of ',il',vc p,:'oj)fl,;;r].t:i-on tilrougir eilrs'b:Lc naterie:.1-s i'r:lt]r

::.n-le:i:nii--l- s-La;rr variali les ]lo,s; been silraiecl- e:i ' ' ;ensivel-y ( se e e .g.

T . " ; ]  l - r 1  \  a -

Ll Lf.5J ). l;:os'i; notabl-;r, -tiic i:/o:L'li by ida.cJ.rlrl-ngei' .Lnd liunz:Lcr.'uo

f '-:1

Ll hi:.s $).ou:l -bi l*. 'c in or:.o*di i-neno-ionai tLico:. 'y- ' ,  t i :e e-l-astic r,ra' i ;errr:. ls

,.r i i i l :r  in' i ;er"nal s-i ;a-i ;e vei,, : i&l i les i :ave i l le ufi .ve pt 'opa$atio:r propcity,

tnr, i  iso a-' l- l  slnoo'bh st::uc^l;r-L:red" l 'mves pi 'o,rci.gcl- i ;e rvj.1;h bor,,, irdei l  ",rclocj- 'Ly.

r'l:e er.i."i;iror"s fu:-'-bire;: shcvctl- 'i;l;tat this bourtdeiiir.eFJs i)i'opei:t;r c:.ir.$r.li"os

-bhc uiiici:lr:rite :[j o.i so] u'u j-oiir; srL-i;rr:f,v iiti:; rlle p;.'e c;ci::i.bect bouncl.elr'y cit:cl

-i-ni--b:r-a1 cotrc1"1';:'-c'lsi -i"clj: i:ii ' i-:ariii:.r-i-r.,ri iic.-:i;::nt - ilo,",;i,::r iilSci i,'i,;ig: F] a::cL

j:ioi','*;i1 ii-ii]il. rirtc,:t i.rl jr;',i1r: e:lr:r,irli r:1,lci t.Ae t:'c)pl:,$a)'Li ci:. cc-tri-:i--i; j-c:l aircl bhc
L ' J
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grolvii l  sl id decay of accele:: 'er'cior] r ' i , i l ,v€$ in e. rtonconduc.i;o:: oi,a
def in i te col lc luc-bo::  of  i rca'b elast i -c niatcr , ia l  i , , l th i* ternal  o*ate
ver ia i l les .

. 0n the ofi:e:r han.cl, Gi.i:,tin [f-Z , lg] has :.,ervealed .i;jrc-b tjrc
clausius;*Dniter* ' i 'eqnii ' l :Lty 

1nd'ces ri. ')pr1r.ov stabilrt;, of eq*i.rib' ir_,*
proccsses'" i iosj- i rs i : i  

F) ]  hais establ is leed. the u:r j .quei lesrs of  . i ;he

soLu-troi :  to ' i ;he i : r i t ier  c l isplacenent-bor_rr l ,Jc.ry va. lne proble*

3p;o'ropria"Le io the clyna;nics of drssipai;ive bocl:Les tiescil becl by i; i :e
cqilati ons of the pu-::ely necnanical t ireory- rvlih i i :terna.l state.
' ra: ' i  ebl-e s.

Tltg plr.:posc of thrc paper is to irrovc tj::.c ruf.i cj l leness anci t i ie
n n r * ' i 1 . r r ^ a r ^  . ]vui'LiJ-Li'ruoL"r'Lr eependence of -bire::nodyne;il ic pr:ocesses upon ini. i; iaL state
*nc1 srippl-;i 'be-rr:rs, i'rr-'bllin the contr:;i:t of -lhe;-r*od.yr:o,r-ii-'i-cs .rrith. il:ie,:nel
state ve::rr 'b' l-es. i. 'he reslrlts ai 'e 1ocally and. they a.re esti i.blisleci
u-nQq:r ce:: 'ta' i: i  essi_r:rrptj.on,s o_l.i::ra-Le::ra-'t- restonse. I l faei-,-+ve+)+1ove__ ___
tire u-nj-cueness cncl the contj/rrl.cug clepe:ic.t-ence z.esi-rl-, i;s foi. smootir
ed-a1ssi-b' e p-roce ,eiie s ::e sr'-c11n8 ln a neigi:.borrrood of a !:ost,cive srao,J-rih
ad;': l ."ss;i it- l 'e l) iocfFls, i ir*t j.s, c, sirioo-Lh ecf:rlcsrbie proce$rJ fo' r,*i icjr
t i: 'e elastici-ty tensor r's -;:osri ive dtlfurite s.nd i lre i.ns.i;an,uaileor-'s
specl:i ic he+t ls sii ' ic-bl;r poei-brve. i lhen ,,,rr.e j-n:-. i; i-al d.isplace:;reRt-
-bor-r.*ri-airv' i/gl'e c:rob-r-ei:iil, €rre conside::eci., tl:e iur_rLq*enesis anii"
eonb-lnuous depenclence e::e est. ibl: isjred unce:r ' t j re urea],;e:: assr.urr;:^Lj-o::.
i j :reit  i ; i re siao0"bir ai i i i i i$s: '-ble processes residc i i :  el neigl:.boyirood o.l l  ei
snooth actiaisslble tr} 'oceris i ihe: 'e t ire s'froir.g el l ipt iclty co*cl i- i ; j -on i i l
sat is f : i -ed_"  Cu: ,  analys is  t_s d.evelo i rec i  fo l  the eIets f  ^ i .e  ruate i - ieL l .s
rvr-bhor:-'b lrelil"'b i:oi:tilict:i_o11 ai:{ r'cr the eLef:Ln:l-i;e cotr.cr.nc-f o-r of j.rea-i;

e I  i tS  i ; : i u  i : , , : , ' i ; 1 . : ,  1 . .  f . ; , . ] , . t  .

.v7-r-'b.r.-L::. ,clie coil.te:i I of
'fhe sc sr,.:.i::;--r -L-i:;.- s,ba uur,ic:.r-Ls

c ] ei. s s i. c a.I ri.o*i ii:, e at.r, -i;i.r e r:rrro e I a e;,; e c :L t ;,
'rr(:'i 'e .r'eicentl.:li t;s.i;u,.i:Lisirecl by )o"fei,iiion 

L.oj



for elest:i.c nater.ieils i, i i ttrout irea-b cond.uciion &ncl by Chirl-f i i  [tt]

for  d.ef inr te cond"uctor of  heat elast lc ntater i8. ls.

: lTe sruuua.r.ize 'r;he basi-c strructu.re s.ix1 the constittL-blve I 'elations

for e. t i,e:i:sroclesi;ic bocl;r l-v' i 'r, l t j-trternal s'ba-be varj 'ables !n Section 2o

estab-t-j.shec1 : '.n l jec-bion' 3. Our 6ubseqi-te,ni 'd.eveloptaen'1, oh continuous

d.epei:.ti.eirce of -Lhel..ino<Lirnnr,ric 
,r)r'oce.r;ses ui)on inj.'olal state tlncl supi:1y

temrs yeauire furrthe:r esti:oates ,,"r-hich are coireid.e:i: 'ec1 in Sectioirs +

an<i. 5 . iitu-::'bhe::r *h.ese estjnateS lffi1en are Couplecl tu,tith the

a.s*rupticlns-r on tire rne.'berj-a} ::e-ponse a-no. on -bl:.re thernodlmaJlll-e

process lead. -i;o G:ronwall- type inecy-ra:,1ii ie s iha'i;-Cenonst:r 'ates the

coni;i i* ;tor-l* d-epenclenee and l::t i-cueness resuL-bg'

2, 3;i.S-l"C iiQUA'Jr0i{S

\
',fe c.lnsiae:: a i:od.;; l','hic|, &t iirile t

i . . r " .o i jp : .1 i i  ' : i "  A i ; ,u .  . ,  1 ' r  i4^, r ' i . r r r  T)  n 'P ' * r^ ' l  - i  r l -g6. f1 th; 'ee-d. i r i iens:LCnal  i l  ,Oecej J . L ' l ] i J i j '  L J  *  t r t 5 | . { - L d , r '  . ' .  ( j i ; - L v r l  J . L  ! e ! ' + - L L

Q) ana i, 'b is bcnndec1 b;r rire pj.cccii, i .sc sti l 'robit su.rfacc ?Ii [Zal .

Tire cgn.iigurre.t:Lon. of 'L;:e bod.y c'"t tiiiic t = o is taJrerr as tire

yeference conf igu; 'a ' i ; ion.  ie 'u : {  be a typrc*, l  po, : - ' r icLe of  the '

br:d,;1, i'fe i-il"entrf). 'fhe irra,'te::ia1 po:Lut -i:-

ir i t l ie -i i :cecl- refe:'eirce configr-rr"ation.

vrl th i ts posit ior i  S"

Tjre i"*otioit of thr: boci-y j-s r"efe:r.rcd to the refercnce conljrgrt-::a-

"brO:r nncl- r.l, :f:'i".:celii l;;y'e'i;ctn O:l :rec'ban3r:-]1'.i1 r.la:rteSiEr:t {LXeS' lret l? be

a.t:rest ;:.t-..Lert: '- 're to'i l l* co:*si-C-c:,:eci- s;rs*elrr. The locetiorr of a i;;rp5-ce,1

pcr-biclel ,*{ :Ln t}re r:e:fe::en.ne co:lf iE:r-tre'biorr is ci.escribed by tite

cor:r ' i i . i :n i r . ros l t ! ;  ( l i  = Lr2r3) : ' r : l . i - i , i ' i : r r ler- i :o ' ihee;e i r l ie$". i ihe +eo: i :d. j .n.n-heg

of thc pe'.-r"i; j-cl-o :-n. the lros:-tiot1 S Eot t:-i ire t &re cleno'ced by

, . i , ^i { i  ( i  =  1 r 2 r - i )  ,  n n d
t
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, - r = a ( 1 1 , t )  ,  ( l { r t ) e F x f o , t . . ' l  .  ( 2 . 1 . ), *  h -  F -  L , -

I : f l  'b l t ;Ls t l -c: foi l : ra"t io l : .  is to bc i rossi  l r l  o ' i 'n er - , . r le i  , , ' -J. . rr in- l  - l -hn-,r
i , v v u + v r u  + J . t  c ) ,  _ l -  u c : t , J -  i i . t c l , ( r t _ *  - r ! v " * ,

d " e t ( : r n  i : )  >  o .  ( z . p )
r t l \

l i le i?,irsume ' 'uhat t i iere is no d.iffuslon of riress i_n .bhe bod.;r, bu1
'i;ire bod'y ney dc:flo;'ir and* conti.ttc'i; irea'i;. T):ru,s, a ti:relyrlod..:rni..,:.r_:i-c: r::,ocecg

fo:,: : i  j-s deec-r:ibed_ by ;: i-ne -func,clons, of J. and. the tinre .i; 
,

'  v.rirose vErlues i.?": ,che fol-1o..ri;rg pirysiea,l i iyberp:re.f;s,t ions:

(1 )  i j re  spat r r . r -  pos :L ' t io : :  ;  =  r ( * , t )  j - : r  the  no t ion ;

(a) ' i ;he -i: i-:rr:t !:_o.t*"-:ie::.cLrl:ofj: '  stt:ess ,ceneo:: g = g(Irt);

3)  th 'e sceci f ic  bgi i ; ; '  - force 
I  = €( i r t )  per uni- i ;  r lasis ( t ) ' - ;cr , ,cer1;  6 \ C t  

u /  i r u i  4 { r l u  j

oi] lt a' i; ; b;r the e::.be.rneL i,ro::l! i , i .e., bi, othe:: bocl:Le,s vtrl:1ich

do no i  j_n tc : :eec t  i i  ) ;

(. i) t}e I. lei-r: lr"1.c1-ba f:.ee ener..Cy q = t! f;,t l  per Lln:r-t rnass;

(6) -the Lrcai sup;:l ir I = r(S,t) pe:: uri it na,se c.:ir i i  ulit i1ne
(e,br:c-:bi:ii b), ri at ;! e;:d. frirnis]ieC b;r red:La-i;ioir f::o::i t:le

ex-b er.n,ri. ircr'_rd-) ;

(7)  the s i :eci f rc eir i ; 'o; :y nL = 
I ( : ; r t )  

pc: ,  uni t  r r ras*;

(B) the absolu-te te;ape::at i - r : ;e 0 = 0([ , t )  > oi

( 9 )  ' i ; ' h e  i r i b c : L i * l  s ' L e . t e  v e c t o r .  i  
=  

E ( i r t )  
=  ( 9 1 , E  

2 , , . , , E r , ) ;  
' i ; i : . c

$calars Eo. = 3*(1,  i ; )  ,  (o(  = 'Lr} l . .  
"  pr l )  a; .e 'b.he in ie: .nal  ste- i ;e

var iab les .

The i" '19Nj' 'zr - *"( ' ' t  t)  detei ' i r :Lnes tJ:e vc:l-oci 'u.-v' f  ielcl r/  = i i lv r r  
;  

-  
* " \ j : t  

- ( ; i r  r , r . r t - . '  v  r j - l u u J  v  a

a;:ti tile riofor"i,ratj-oi: g::'i ',cl--i.c:rt :i:Lelc1 il = ;:*ied..:; , ll,h.j-le ,uhe

i : r r i , r n r : r - , . 1 ' l - r r - . ' n  A f - . "  ' l \  , 1 ' : - >  - j . ' r n  , ' r n r ' 1  
" -  

. ' l  ̂ - l - ^!u.rr. i iur-r l  t /14.i  t i  v \#r v /  vi  r ,J.! t i  uuL{.J rru i ,Ul: l : l : i l lcS 'bif  
C 

'bel: t1:C-i 'a ' 'UU::C

r: -,r..- r-l -i .^ - r -t-  

a - ; i ' i i ,QJ .u : r v  i j  =  C j * ' L lC -  U  .

' Tl::"orlriorr', r;ir:-l jraperr ',rre s.h.i...1i u.{}e the :iol-1or';j-r:.g no'i;o.tioi-ri::
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Srad-l 1,s t]re ii:r'ild.i ci:'i; ope::'r,'"to.r l,iith respec'c to 'Liie plece ;t"

l ie e;:ing t f i: ierl; Er supe::' irosed clo'u i iouotos tire ma'i;erial 'Li: i ie

rlo'r- ' irrr 'f: irrc' " 
' ] ' ,a'L:l:r 

:Lncl-r-ces ]lave ::[J.n0c f-r2, -?, 1., 'hi1e Gi,cell subscri; i ' i ;sY  U  V :  Y  L .  
,

i te,ve :r. '8nge Lr?-r. o. e.: l ;  i : .1)-]] ; l1i l i :) ' i ; : ' -oir ovc:: rclcetccl subscf: i-;-r 'bs ig u,t" l l ici l ;

liluJ:sc:r:.j:Lptl.r i::i'eceil"er.1 by ei coriuta d.eno'ue .irei:.i'tial ii"rf'fe-r:,en'i;i-o.-i:Lon. i;yi.-bh

i 'oi: i  j l r :ct ' i ;o ' i l : : .e coi* 'cs1)oitd-: '- :r i ;  Ca:: i ;e sian coo' 'cirna'6c; ' ' ;he s, l-.nbol- |  .  I

de:L:.o-i;eE; s. no. ' . ' rJ ei 'Ll: .c: ' i r :  I lr-Lcl idecin vec' i ;o:: r lpeice ot i : : t  a tensor $i)€nce,

r,,r lrr l .e'  f l  '  l l  d.c::to';cl l  Ir-3ioi i , i .  I i1 ou.: subs;ot1uerl 'c ieve lopntcit-b,

occ*r.s: i-c,nal-J-;r i t  wil l  be convenieirt to 'ryl i te 'rrariolrs ex1:ressions ln

coii l i )orlent fo:." i :r, : incL -i ;o c1ispl-a;r irecl;oI 'and. tensor. f iel i i .s by their

co:; l irorre:: ' ls : :cfe:::ecl io i : , : .  f ixoi i  srrstei,r Of :roc-i;angr-r ' i -ei i  Car-i ;esj. i ;n e:ieg.

'- iLtus, foi '  i i ic ;cloc:ty vecto: -,r i ie i i i l1 lr: : ,-, ;- ' 'ue v., ,  r, , ,h: i le . i ;h-e

cci i i i ;o:rr:rt : ;  o' i ' i l ic t i .efc:r"::r, ' i i  c;r g-Jai-."t i lelc' ." I  ".nj 
,rr"

';ei:ipe"i'a'i;ir.,:e g.:.'ridien1; fieid g wj-11- be d.eiiot=l OO Fiii end gi; e
^  -  - f -  -?  - *  -  

- l  
_ -reS. l ioCiJ-Ve-Li t .  i l i - r : i : , -1a: i '1-y,  'u l ie CO:i-y, .rOlt .et t ig Of the nOn-g,nrrrne'br iC

Siol-a*i ' i j - : 'cl*:.off i : t i ,eiJs tei:tso:t g er,nd. - ihe heat f iu: l  vector g ,

iit€]iilsilt.,:'ed" ::e-l-il-bive to -b,r"e i:"er'e-friucc 
"oni"'-igu.;'a.''cion, 

wi-11 be d-eno"i;c:ci

J l * -  l ,-., -i;i o',.(i" ij:i e rc$l*ree-L:i-vc1;;'.

f l lhe i .bo",rc cc' i ;  of nine frutc'r ionsr def: i-r: , . :ei for el l  X in I i  ,

a,ni.  l r i - I .  
. ' i  - i  n l '^ -:-  ' l  ,  i ! .r  . i r  . l : tr6' i . , : : . ,n4--.---,  r ltr-3.t Lo, ;sj 

, 
, is cs.1l-eri- ire ;.e il 'i:Jier.:r:oclyna.ni:lc pi.ucess

j.ir Ii i:f anri only if i-b is coi,rlra-bi-b1e r.rj'Lirbhe lalv of b:,la.nce of

l inirr '  i . iol ier. i 'biui i  euru ' ; .he irru o.j l  bal i ince of cne:.,g)f ,  viz.,

1 a  r \
\ l . J )

h{Sc g ' t  a' l  ' } ' . ' ' , i )}  = (rJ, i iv i)  , ;1 
-r- 

fb:-o, i  
u- 

f  
' '  Q;\,A , (  r ,4)

i l :1c': : ' - 'e y(:,) r-s - 'r ; i ic i ,cfer.e.,nce r: ia,rs ciensit;r i i i . :r ' -r-nec1 on T . He

assllrue i: jra-i ;  ' i i re r l .c:1ni 'b.-; i  y(_;) i l ;  crnoo.i;?i 
"trt :cl.  

s,[: : ict l ; , ,  pcs:t_-i; i-ve ,

9"i 
= r.r i l ,a i- 

fbt ,



I r :  o: :c ' ie l ' i ;o s; :eci fy a the: :moci .vnainic pi :obess i t  su"f ' f ices' i ;o p:resc: ' : i 'be

t I : e g ; 6 r f t i r : f i - i n . c t i o n r J X r g r l r r ( ? r , r l r 0 s " n c 1  9 . l l i r e
l q L

'n .o l r i ,? in inr : - i ' i l i r .c t ions b a,nd.  r  are t i ren c le te: : 'ur j -nec l  by ' (2 ,3)  r l i :c l. \ ' r . r w - b 4 . + * * i : )  ^ . J  \ Q r r ' .

( 2..,1.) .

In '  i i rcoL:y of  ' rhei 'ntoela,st i -c i - iy  cLescr ibed. by inte: 'ne- l -  s 'bate

varia.bles, 'r; i te nater:Leil a' 'u -bLle poin'i; { ' i  ie cira-r:e,cterlzetl by five

response func'ciorlse f* , l" ,  t
J!

X e  l t .

*
Q e.nd f

,:o",tut ru ;s

( z . i )

. irJr -i ^-I. r ' '- i  tr n
t  v t r l J  v . r l  i ; :  v  u

e - i i * r n d Ev  t  t j ,  
q i ]+LL

4 n
0  '  l t  r y l
t v

are lino','rTl &,,'i;

a
/ \ -  ^ .^  . : l  ,  LLJ a]](l a a.tr
4 a

,

V = tl '*t;,8,;1;l)

,L=

[  = f*( i ,9,g,8;I)  : ]

f t:, o,g,i; i) ,

g* tA ,0 , i l , i ;g )  ,\.(,

E= j i : ,  0 ,  f l ,8  ; "1)  .

' iTe su.rlpose t}:s;'L iire frme'bions {* , g*,

srnooth functioti.e ao:flineil fo:' I in the

r'ri i ir positi.ve deie-r.' ir1::ant, 0 iLr ti:.e se'b

!* , a: eind f a.ire
L

?.t ioi+ of 3x3 r*s."brices

nf  r rnn" i  . i : i  i rn  . : :ea i  nf i l t ibef$

( 2 " 6 )

-i -rt srh:.r.'i; o s:r i'Ir.-' c c

ar -F .i -.. c-t) ?
.r<. , L' r:r J<' , 5 in R'" and L arL i:i, ilr.

i $ * e

n.nr ' - i : i  nrr lnz'-  1j , re esf l lu ire thai ;  t j re i :ar i ; in1 d-e:." : i -v&t ives of ,J)"  ,  l l l *  ,u L i ;  v + v  \ { J - q ;  
-  

t  s

.Ln , t '  n.r:c I ,  n'b any f i : :eri.  st i , : . te (I,0,[,])

M-F x R+ * N, Rn e F.-i'€ boi.inileil fi.rnctroi:,'.r of (*, t ) on  T* [o , t J  .

i?tl wiri- , '161:r "i;1.- - ' fr t i le:rntocl;r:tr,; i l ic pliocr; t i i i t  rs a..cli:a:i-slf i ib-l.e i.-r, '  i" i

eo i '1r ) r . - i : - i  
- f r l  

o  r . , i i  -b i l  
L i fe  co: : ts-L i ' i : r : ' l : - i r r . .  n . r ' r ' : . rJ : i  nnq ( ' . t  ( , - \  , ! - t i r ,3 . r "61.{ r , .1--" -  - i - . r

v v i . r u e 4 v q u * v  s  e L i L I L I U I W ; J . ) J  \ L . \ J / .  4 t l \ ; r U ; J U t \ : t  J r r
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^ , , , ' 1 " . . ' ,  - L ^  . r . , / . ^ ' i  -  - r  6 n  - , i l ' ' a r '  ^ ^ " i ' , r ' l  ^  . l ' h r , r ' r : r r n r ' 1 .
u - L  ( l u l  u u  ; i : . ) t : ( i f , ! J  c r . : r  ( ) , L U , r r , , , . ) r - v r s  u * \ ; : r : i v L L J r n A I n i C  n f . O C C S f I  i ' i ;  S l i f f i C e S  

' b O

n:'Gs{e.?i ho -hlr o flt"i 'rC'f:i OnS 1: A .rir'r(:l E\ / - L  E D I / I  J -  I / s ;  U : . 1 ( :  i  r ' ! , ' . 1 . U  U I V a I J  
; j n  ,  V  . : L : . r . U  

A  
.

!'/s r;1ril ] sa"jrLila"b a,il aikxi$siblc 'Lhe iiirociynr,;n"i c or,:"ocess (I r 0 r9) (;a r t )

:i-$ $l'1ooi;11 :ln ;t , if it 'i s ilucl1 th.alt ( I ,1,0 ,4,5.)  (* , , ' t r )  e.re

L:i-pscliti-i;z co::-i;:',-vtu.or-r";, tr:ri;lo:rnly on bouLnclecl sr"r.bseis of thei:: cloir.a:Ln.

i?i-bhirr the ,DL:r'rE Ettl f:ranewo:rii the seconcl lnw of ther::ro6L;rna:;iics is

*- i rrr : t ' t  ' )  ?\- /rA^i . i je : : tcLthe::ro. ' [ icc.1 nea:r ing by 'bire fol lo iv ing pos-bulal- l ;e o:f\ . v  i J *  
e v *

posi 'Live p: 'oi i-rc'bicn cf ei l t .ro; ly: Ever; i  srnoo1,h aoi;t i l jsrble t l :e:r i iroa.3rrto. i ; t ic

proccfgs i : :  i{  l tu-st obey f,hs Clausius-luhexrr ineqr:a1i ' i ;J,,-

3'L- 2 o

s,'L ce.cii -i;j-rle 'o e[c, i;nl r:.ti1d -io.i ;:-l-l ::t,:.'f cr.ie]

I:i o:d,.::i tle Cl-er.i;.sru-s-jjiih.ell j-ne qrr.gl-i-b;- (2,7)

arhiis,'.Jib:Le th.e:'-'i.icC..;nan-i o pj'ocesses in h ,

srlf f ici c:rt 'i;i:a-b

' n a n i ' d  l  . i : r  ' : - t
\ /  v  - , - r r .  u  r )  J \  J : t  . i L  a

s

hoids f or ei i  sl ' ioc f l :

l - L  l _S  t lCCOSSar " - r  pn r l

\ 1 c 3 )

< o ( e . g )

n
\ r a

I  a * \*6-r,*

( f , ,e,x,1; l )  + f  t r r ( f ,g,s,1; [ )$, ,

( z . T  )

q , =

,".)+H  = t M.
00

9*( I ,o ,E; ; )

2 tlr*

,

r,.
ff- =
UA r  ,'or

',.*rel::e

\  r l , *
g(i, o,E;*) = ? +#_.Q,9,5;*)

)  d b q  B  *  *
/ ^  a  \

(  " " J _ O /

ie cs.Llea t ire aff:- irr ' fy oj l  I  .  -r-n. theorj-es wi. ih cirei;r j-cel

C. . i ; i ,0 ,B;* )  cor : i . 'e{ : i j )o j - tds ' i ;o  r i : : )o : " rc ie i : t  n i  chei l i .c lL l  n f l i |n i - i ;y -

irr-rv { i jrLoo-;"r i .  art:r: ' lsrsiule t i ter:: loci;pner: l ic :Jr:occcocc one i la.; i
-Lh.c ba.l-enec l-t ] . ' ; ;s : in. teduccci for:,r

' : r o r , r / r ' l - i  ^ r r . t;  v t t v  u - l - \ / j l i )  ,

Fr . ' l
L '  t  ( J  '

. , , . - - . :  J -  ^' rYa J- U t:
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f t i  
= fAl,A ' t  

fbi

jot* ant = gr -  Q:tr ,A .

-ri) * gtf.ti,o,p;,1) - 
f g-(I,6,E;*)

(  e .  t t )

( z . r . t )

3. TII]J FUiTD.tIiiliilTT;il, IDitiITIiIY

. In this se cti.on lre estabf i sh i ire evolution$,ry id.entity *h*t

w111 be i ire beis-is fo.,: the su-bsequ-ent developnent of ollr analysis. on

contj-nuous data dei:enclence e.ni1 uniquenesu of the the::inoi,yneinic pl"o-

c e s s e s .

r.a"r- ( n, A r\ /*- -r" \ --n.d. (e,Trf) t;, t ) be tv.io snoo-bh air-rn-i ssibler r w u  \ q r w 9 b / \ * , t i l  c - r ; u  \ A r r t a / \ i

t ireriaod"lrnaiaic pr'ocesses d.efi i:ecl- on i ix[or"J , ?e d"efine

D ( ' b )  =

;i .:_-re) + j(0 -Al ,ff n, o,5;li)

A l ( ; i , i ) d t i  ,  t e [ o , t J .

t ' l ' t

l t :3( 'r* -1I" ) ( v.
R .

'rTr(f ,T,E'i,_(t,

6.((I,?-,5;l) (E*- ( 3 .  t )

a 111

'l cJ

accoi , r - : i t  of  the ; :e l .a ' t ions (p.s)  ancl  (2.1o) l t  fo l lnrvs t ]nai  l ( ' ; )

of  c lueci : rcLt i -c o, : i rc, :  in l l (g-Tr l - ] ,0*T' ,5{)  ( '  ,  L) l l  ,Z( . i : ) .

the evol-r-rt ' !o:r : i..* t i"me of thrs quan'i; i-t; is t icsc,ribecL by

?heo:re;t 3. - l- .  - i . f ( I , 0 ,E )  ( ; , t )  a j : 1 {  (T ,E ' ,E )  ( ; , i )  i l . r c  t " . rg

ggrrrci[ ;ronci:r-r:r ' ;  ' to - i-.he sr".r: i l . i i  'Le, ' : ' r1s (!r: :) (*r t) a.nc]- ([rf) (; i ,  t)

. --od z -... - \
ln  r i  ( i ix fo , tJ  ) ,  

-L* lg j l__ i?e ha.vo tcc fo l lovr j .n i ;  cvo l t t t

- U ( ' U  I  = f r"-ol (o -T) - * t (e -tr() (o -T) +

W(o e) ffs.

(  (  r \  :  \

\ \ l(bi{i ) (v' -v'

R.

T. [-,;. -; - oTt-, ,,-  ! t f_ '  ;1r i - ' * : i  -  
U l r '  "

) " r

i.';*Ti ri)
I-E4I

srjroo'bh iid-i;t:ls;: j.J:1e tiie;,:t"r.bCY:1:rli i:l-c ,^ri'oces,$eij f o:' ( :i.
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are tl:e di::eciion coliner: o:.i l  t lre c'u-brvaycr'no c"n:.al- to

r 5 L l ' J  C : , r r ' ! . 1  ( t r r  .

f q r \j j rocl  .  - t t ' ] 'o i i l  t j . I )  1: IQ oCITeiLn

i ly 11ru1t tu t ' i ,.e berl"ailcc la'r ', ir i (t.3) an"d" (2,1r) , as.urell as tl:.e reJ-ations

(: l .B) and (2.1-o),  , . , 'c  r i ra l /  rc l .?r i te (3, i l  in 'b l ie for-n



' ? a

l - J

- JT{1-T - yT(!tat - q(s*-3".) - q(t".-E)}rl,t)cui =

- 
ol [,",--or) (tr{i-T" r)ol (5,'c).ts + 

Itf,b,:-r') 
(vi-ri) r

* FraFur- Eur- 
ff.ruir*F; rr- W(0 *6) - 

fflrs". 
-E) ]

l r [ t-1- #,r:u"-Fia,-#,u 6) -9r, ," .{) j  +

- 
iE 1-T g(s-slTl ,;,t)ci:r l t  , l \

.E.[* - e"-ff(;i.r-4n)-#rs-il- 
W,? T.,]],r,b)cr:; +

+ ! l f  
-  Qn,^ -  

l r  o Er,u *  qts*-EJ -  g"rq-q()
R

0n t l re othe: '  i rand, f ro i : r  the equat ion (Z.Lp),  r /e aeduce

eir * Q,i.jL-F + In,o- e(E*-it - Eo(q-e.) - g0r1ii p{0 -il,ii =
J  

- ' 1 , "  J  : i r a  q  o (  o (  o (  )  L  L  )  L

-fg*m-T-)(q -6) - 
[Xcn,r-ur)(s-6)1,* * (er,-er),S9,,jr *

j l .  cr: l l ;r t ' i ' i ;u'h-i ,r l : .  c: l  t l :e r-el-e.t:-ci i  i3. i ,) i i :ro ().,1,) *nd {[. ] .  erJ,pi i-

cn. t ion of  i ;J re Oeusr , - [ i ] : 'ee j r l -? :eoi .e i ; l  e ,nc l .  the re la 'b ion (p.6)q lee id.  to
' i ; i re  i r le : : t 'b : i ' i ;u ' "  (3 .?) .  I 'he nrcc. f  is  co i r t i rJ-ete.
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The frurck,..,ron'te.l i i lenl;i--by 3 -Z) r 'r i- l- l be the s'barting poin"b of

n.,1in nrr' ' l ' irsris- 0n t1:.o basis of 'bl 'r if iclenti"b;' olle nfl.y esta?11:i.sir su-L*
vf, l .L cirLL(zJ-, i  t - ' | -u e

table e$-Lilter-i:es 'bhat tLeftons'i;rnte co:r-'bj.nuous clependence of the::nocl;r-

nanic ilroce$set:1 Lil.poil ii:i'bj-a.l- c]ei.ta, er.nci eu.i:ply tenns i:;r. *Optirin*;

G:r:o:,ri',,a.}1 .iypc i...l.equ-er,l-i-L:-es. Tiri-s l:ro8t'a::i l"rli..l. be irtplernen'bcc1 i-n"

the fo1l-owing sec'cions for eli l .sti.c inate";:ials r, 'r:!. 'bhout h.eat co::cl-uctj-on

s.nd- for d-e:i:Ln.i-bc co::lCtic' iors of i.r"ea'1.

4.. HL,;ilitltl i,:"ilJljiLi;:i1,5 r'?I?i{Ou? ::lij'it ilc:'iii'{i'JiliOii

I:: th.e::r.oC.;rn5.in1"s l,Y:iti1 i:.:"'be::ra,l ste'.'Le ve::j-ables a 4onco::-cir:cio::

qf-Igg'i is a bcC,;, fo:r r.;ir:i-cLi t' auci : ef€ indel-'eilc1eni of tl:e

te:iipcr.ri^bu-:,:e g,r'acl-:i-cilb i; 
'Ihe::efo:ic, s. nol.icond.uc-bo:: of heet el-as'bic

:ie i c.r'iir.-l- i,l c,le.r'er:-l Qr*ne c1 l;;r ilre coitii 'ii o'ts tl]

fn i;ir:i-s ea.$e, .i;i: ic -inequo.l:i-b;,' (?.)) i iul,ies ^i;ha.t

n I r , i ,  A  r " - . \  =  g  ,  f o : r  a 1 . 1  ( l r 0 , l ; i ) .  ( z l . . Z )
*  \ ; . 3 v , l t ; ,

I,or o, noncond-rr.cto-r' o"f lloa',-b ele.s''ric l,rate::^i-a1 , 
'i;ir.e evoltli;iona:ly

i.d.o:,:t ity (3 ,2) 'L:r, i ' ;es ' i ; lr-e f o::.,:t

- t - ,  r  (  t  1 1 '

i J ( ' i )  =  l { p \ D .
J t) : i-
R
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/T^ Ei\ / -- ^r \
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2:i;-x [o, iJ

% € L0 r'*J

(+ . ir)

( + " . 5 )

e ' - l
s  e1o  I ' i ; oJ  '

I
R

-"-dl ) ("itri) -i-
tf.(F,0,8; X)

?Fieoia
{ Ij}
\ - ; ' i  A

!J\

iT:3)

4,5, X)

.  

'  

l l r

L '

Qg '
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f

I*L B;f  te. l , l ing i i r to a.ccoun- l l i ;hc : re la l t io i :s (2"S) r(2.1o) e,nd (4.1)f

an6 ' i; l :c boui.rcle;:ry conc].:Ltj-on (1,..5) o.nd- by using the Schl'ra::z incrtruell '-ty'

f ; : o : : r ( , t r . 3 ) i t f o 1 ] . c r v r s t i : a , r , o n e c e j 1 d - e . i ; e r n i n e p o e r - L i v e c o n s t e L , , i t s & D :1

eincl fr,6 sr:r-eil t l lat, .for: ' all te footJ ' \ 'Ye have

:
: \ 1  , r l l 2 ^i t t l  1  * t l l ( I -u ' ,0"-T, l * )  ( '  ,  r )  l l iz i ; r l  +

+  a S l l ( r r - ; , : " - T ) ( . , ' b ) l l 1 a 1 ; , y l l ( I { , 0 - 0 ' ) ( '  o i ) l l r z ( * ) .  ( 4 . ? ) , - '

- l t fe nor,v f i : i  seLcrt^- l  ,  : , -n- i ;eg5::ate Ea,; I )  over [or"a]  ,  "6€[ors]  ,

so that  t ie obiain

i:(t )

+ & r()

%

i l t to ; ,
o

G
.  f  , , ,
J  +  a c )  l l i

- o

-\ /  |  \
- f * i l ( . , - U . , '

I -g , I { ,0-e , : { )  ( . ,  L ) l l f ,z ( . r ) , i t  +

l l r ,ar r i l l ( i . { ,e-T,s-T&-5)  ( ' , t )  l l rz ,* )dt .  (4 'E)

0n t i t c  o -U i re : r  hanc i ,  i i r  v : lew o f  the  re la ' t ions  (2 .8 )  end-  (2 .1o) ,

1ve cleiuee

l(nf 9tr, &,5.;.*)* f(ll 
,f(f,F,EuS)- nf,j,,,,,,,,,,,,,,,,.(f,0 ,Ei;i) (;ri,rJi,i) +

+ 
f(l i  1s -0) dtl, 

g ,l;*) - q (I,T€tI) (E. -Ed) s

1^. , , . r (  Y ' / ,n(F,6 'E;X) , - . .  \  -  | t i l *G'F, ! iX ' ) rn-Tr2=  * E ; t 1  f f i ( l i a { \ * i )  
( l ; a { s )  f f ( o  

- 0 ) ' ' r '

* 2'/"(E ,T,,8-;\ ) -r , r , ?'Q*(F,T,trtX) t, ., es(?EF 
a,tu-Ed)(Ep-Ep) I '? 

ffi\ '1i,.f1'r)(9.(-El 1 '

f : r  n \
\ L l . f : / /

Cor:rb j- ir- 'r-n,*: (, i  " l l  )  : .r i-bh ( 1" 1) r ' i lc conclud e 'uire.t 'bhc::e i 's t i l  nosi- i ; ive
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constant / ,  vr i th the property that,  when (4. i l  is sat isf ied.,

lf,nt1 
(',.ffr) (vr-'rr) +

,  i  ) l l  121p,1clt j  S,
F\ /,- 5 l  \ .

2'(,,

i ,rJirr) (:rjn$;s)iil
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L t , a  '
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" b
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+
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0
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0
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+ 2 ( z l . . 1 o )
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- 2
a b < * C F . l a 2 n 2 )  o  ( 4 , 1 - r - )
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^ ?

€ ( .  , t )  11121 ' i )d t  * ( "3  .  ; i  )  l l (g ,E)  ( . ,8 ) l l f l r , " . '  +
1

2 t r , - . -  - ' ,  . r r  ? - .
+ '  n t i i t ; l - r_ )  i '  ,E ) l l  1 , r6 t , '  e

uhe;-'e

A,P*(F ,F,E. , X)

f  I  ' 1  4 \
L + .  - t . r : . , ,



,  o n  T " [ o , t J .  ( 4 , 1 3 )7F r". .!-',
; ; - \ ^ r  r ' l
o 5

7
C:Lr7

I

16

| 
-7-

-- | 2S t'r- -,-\, aB = rns.li 
167_ra, " 

t

on (4 ' .1 ' ) l  e ind"  t i le  re la t ion

,6

2  ( a  f , ,  . t c ' lc  +  J  t r | t e+ l ( I , ' u ) | ^ la t  =
0

"6
Z - F l [ l f y _ ! r r - a  = . - 1  , - . . , ) c ] _ : i ;  ,  ( 4 . 1 4 - )+ ' ,  

)  L,  lu-  
5dr\ ' ! (  -? /J \* '  u

0

-lrro the i looitive cons'ba"n-b *g so

( ;' ro--.'-io ) ( -r', Bjtrj ts )

n

- il,; I
r"4. # {ttcl-gl (, ,%rtl?zr:rl'  '7 r

8 r;x?Fie

t-
I , U  )

L

t  the rerlat i

l (F? (s ,o)  |

l(t{) (i, <,) |

e cen d-eterut

for a:rbitrary posl'uive constant .ItZ !

f f  we use the est i -nafe

a}:ii.:irg into $ccol"m

l(g€ (;,2) l'r =

' i :foll-ovis 'bher1; oll

h.at, T,'c ha.Ye

l_

{,

t

. :

-t-

'b ll(l-E) (. ,z) lip,.

,.t

-r

t l

)

i - u i /

f)

( 0 * 0 ) ' -

i-r( o)

f ro : : i  (4 .12)  s l " .d .  (4 ,15) ,  r ' i e  deduco

O'()r(E ,4E, X)
I f*,i(vr*vr) (v

e',!r(r,FFi X)
002



'nvlf ere

&?- = trA -n Z^Lo

17

" o. = 2a,- + 9l nar,
F \  

/

J J /
, & A = Z a a

' r ' fe no',ol choose 'bhe arbitrary positive constern'u or 
Z so -bha.t

?
A a -

ar = no - G. i  + -$ )  > o.
I 1' r ' " 4

(  4 .  rs )

( + . r g )

' I i re relat ion (4. I7 )  r rLrpl ies the es.bi in.ate (4. .6)  ancl  the proof is cbnr-

p l c t  e .

'rfe now el{&ri1irfCI tvro condiiions on the ntaterr'.al rceponse and- tire

the::i:roclynaii l:Lc prcces,s -biiat alLoiv ',.1o oi:1;e:ln, f.r:ot.:. -bhe ectj i;re'Le (4.5),

& Gyonivnll - i;ype i i:eorlc,I-ity t i:at deteonstrai;es the contlnuorrs de,"La

deoend.ence a.nc1 -bhe u-iriqlren€ss.

a.)'Conti-;rrlci, lf i  Cler:endence i-n a ne:Lditi lo:l ' i : iooC. of a losi-t ive sl:ootn
: %  -  *

ad-nii'FrLtl-e__2 -o,g!E_q_. !'Ic will- say 'bhat the smooth o"cl-trissj.h.l-e ''uirei"riiod.;r-

- . - . . . ' ,n & | f l 1 . 0  D r O c e s s  \ ; i r U  r $ / \ g r  " , t i s  i ros i - t i i ie  i f ,  fo : r  ee.ch ($ ' t )e I ix [o , tJr

y
I  rci-br.rtire eles ' i - n i e * n l . (g,T2T*

2t ; ; i )  ,  i s  po ,s i ' i ; i vc  ' Je f r : : j - i ;e ,  (4 - to )

ancl

the inste.:-i-'Lerleolls
I 

"zrlto  ' L  (= '  E 'E . " , " \- rT- \ ; r  v  r : )  r * /  ,
0 u

s:-reci f lc  hea,t  ' is st:ric'c -:.1

pos i t  j - ve .  (  4 .  a t )

In orcler to esto.bl-ish oi, l? cont:lnuous ciepenclence i 'esul'trs r</e sherll

need the folloi"iing C':roni"ieil l 'bype :-nequal-i-ty [ao]

leuge-t.& ii*;suroe t1-a:: nonne rr. t y( t ) sL* fo , s]
f

e.nci E( t )e tt [o, d ;]1,-b:Ls:C;:r l:; jr i, '  inequa.lrt:r

0

, 6- , i,i f4q 1l

U,uil t?q ?(f"' i  
' l '1^ u  4 1 1 : a  ^ . r o  i :  " r  \ i /  a r

a I l /  . . ! r r  u  r . \ u cr:nsin,i i .- l ;  s . ll\-Ir r,-,,1



y( s ) 1 l ie: iP (oc *"r 'ps2); '( o) ,  d = 6 +  p / 6 .  ( ' 1 ' . 2 3 )

,gle!se!l+,& .r,qt (T,6,!) (;,t) w9 (5,0,9) (s',t) be-s's--*g

| = = . t r : r \ / . i i . i . ] . i n n o r r . i t j v e . ' J ] } r e : n , t } r e r e a : r
O e r . j g  ( r : r 0 l E  j \ * r  t l  J - . L ;  : ' r L / ' - ! u r v L o  ; " ' " " '

f  . \

dI, *1 u i ; i ,  i l ,nd. Ht o, j ."bh.t}re.ni:cl?e-*;ty t}ra,t .  Whe:aever (4' '4.)

l:o-l,Js,-f o:: *,:r;t' s e[o o tol ,

l ltrrr-, 
*'-, 0 -T,5{) (' i , i ,ed,ru l l (g{ , I { ,e*T,5;5)  ( '  ,o) l l  r?( l )  

- f

l l i l ; , r * F )  ( . , t ) l l  l 2 ( : i ) d i , '
( 4 . 2 , i )

.  ? - .  f  * , - , - \  a .F-i- ):Ic;,,;o(*s-i-Bs* lJ f lt.u / G t'
t o

- 1 8 -

, s ) l l ra ( : r )  <
s

,  r , T  ̂* S I-r- ' ,1." 
)

. 0

, - ' i C \ / . . -  J - \  4 r t  n

r y 9 9 ,  $ i n c c  ( I t l ' 5 / \ n ' i l /  . ' u  c !

rirociy:la;:r:-c pllocess, ii fo1-l'oi'is thai

3' sucir ire.t , f or all ge [o ' s]

yS-:u\ffi( ", ri' ) ( r'3 s-r3 r)

tW* AtL)-( o -r) :i i 1;,,%) d,i- 6 y - ' v  v /  J ' ; ' - '
> n l l ( i€ ,g*6)  ( ' ,  ) i l  f le ( i i ) '

yde now U"se t j r rs reiat ion er:1o es'r i t i rate (4 '6) '  Thus'  1 j ' te deC'Uce

- i- arl lct{) ( '  , t) l l  i : i ,",,  + i l l(0 -6) ( '  'oull l  l ; : ia",

posi t ive snioo'bh ad;niesrble t l ter"-

'fhe:i:e e:eis'bs pos-j ' 'r lve eons'ua:it '11

,  s  €Lo ' t J  ,

(  a  n q - \
\ - i . - . ( j J

goll tr"*i ( '  ,%)11frr,",

T ,E€ ( '
,6
( r r , - . , . T, , ,  \  l l tx{, i{ ,0 -
0

f  r r ; -  :  - \
a ^  \  l l i , J - , l , i ' * ' ' )  

( '
t l ) "  h  ' -

0

TfJlul.'u

, t )ll ,rr tri) ll(g-'T,I{,e -.T '1r! ('



' l q ' -
* J

. r  . 1  - 2
. r t -  =  n -  T c i .

J. J.

lYe choose the ai"bitrary constant 'IC1 so that
I

1 .  )  o .
J

I t  is easy to see_ tha. 'u the inequal- i ty ( tr .26) lead to an

the forn (4.22) v*:l-ttr

11 ( t )  =  l l ( n - ' v , * - - , n -7 ,9 * ) ( . , t ) l l ,  2 , . " ' ,

s 1 ( t )  =  l l ( i , ; , r - ? ) ( . , 1 ) l l r a , . , r ,

ri l t = rnj-n( Q.,, Rt, .?, ,a-, ) ,
)- )v

a"  an
G  = ' 4 ; !  ,  t *  - * ; i

r .r,r]- 
-'1 

2n, t

( 4 , 2 7 )

{ t , ' 28)

es t imate  o f

( 8 , . 2 9 )

a)

j i :  I

L

&
Î

ttr-

v ,P r =

l lheorc:r .  a, . ) ,  iet (= ,T ' ,8 ) ( * , t )  esg  (9 ,9 , ! ) ( l i , t )

d i =  t ] ' ( 4 . 3 o )

be as  in

A:i a;;plicatroir of l,emma 4.1 col:rple"bes the p::oof '

. trnrom ihe abovc proposition rve get th.e fol lol 'r ing uniciuenesFi result.

Theo::en 4-.?. 
'rtfe suire that t i : .e caqt:e$noncl inn n'ul f f i  (1'r)( I ' t )

e : rd  (g , r . )  ( I r t )  co j - : : c i d .e  on  Rx fo , t ^1  enc l  ' ; ha t  bo th -  p rocesses

nt"i r.i trrl-b e f:r:ort tl're sal:ie stat e " ihet- i-s .
v *  s t \ - t - - r L ' r  v  i -

x( l i ,  o )  =  i ; ( "11 ,  o )

o( I ,o )  =  T ( l ,o ) e E .

co:Lnci:cie g::r
: F , -

t t x L o r f , J .

,  I ( i , o )  = V ( , = i , o )  ,

,  E ( * , o )  = ! 1 * , o )  '  {
I  e  a r  \
\ 4 1 " . - 1  J l

Then ( I ,T ; )  ( I , ' i r  )  an t l  ( I ,0  ,5 )  ( I '  t  )

b) Con' f inurus deD

s.b.i:o:ai,: c11:i-:: i;ic:i--t..,, r.er{l:i-o:1.. i'/e r,rill sr.;r 'u1tat €} i:i;roo i;l: riC*;riss-'Lble -b}rc:r-

noci-yna: i i ic  proccss ( I ,T,E) ( I , 'u)  res.Lclen j - r r  ̂ bhe s 'b ' ro:r ' ,q el l - i i : t ic :L- ' ; i

:ls.|f.i"Ori if the ;'c :j.fi a pcsit:L're c.olr:!1-i;I:i.]'l"i >G "'vi'gh tl:e p:'oi:C-r'ty tire't '

for: en,y vec-i; i,: ' : : \ , X e.R} e e!€r'; i ; '  ue!?' ernd' al-l (Itt)
j . h

in -Liro r ioi:rr: , i i i  of i i ic pi:oceEis, '



2 a

t,l,-|,6,8,X ) LoXn

I , e j ' r ' r o .  { . ? .  - c " L  ( = - , u E ) ( : - '

:rc,rr:lc r:j:oce gll te:ij-ne C o,"1 il x fo t

n i  { : r r  - , ^o , . . i  o , . r .  
I  A  *  t  ( . l i  r ' ;  )* - 5 :  . .  - i , - - . . - . - . -  l r ( j ' i j  \ ; ; , r  U  r 5 l

f-ef -ined. oI' i:. x fo,'cJ sr-rch -lh'::"'';

fhc:r. tj.Le.r* ar.:'e cons;-i;l.P-us

{q{-ery % e Lo ' 
'c -l '

2. !,L

r i : l i  a ' i r- i ,nn-l  n-l  iCirrf f f lI j . l . u  ! . / !  l , \ r - -

-.tt,. n ' '3 r ' -.r -i '  j l  n c-t * el : l r l ' :
jJ i- v \i .:- v -L

e',/,*(E d,Ei X )

2',/ d 2 >
r(8,6 ,3.;X)

Eu"iu
5iSx 802

> )4(151" Wf * t^l") ' (4 - ,3a )

l'ihe st:-,oni3 ct--Li:ri:i-ci'L;, coi:C.:it:r-on ln the-rilod.lrno.niccr r',rj-t.h :!-ntel::nal-

sts.-be va:ri-abl-ct li.r..,s been s'bi-rd--'r-e(1. i"n conneoticln with \,"tre.ve proilegation

| - I--'l l-,:1 [-r t- '
( s 'ec  e .S ; .  L : l  ,  L - .J  ,  , - . J  ) .  ?he inn l j -ca 'u j -o i ts  o :1  s t rong e l l ip t i c :L t ; "

conclit io1L u::ci3 t-uriqu'et:ier:s of eol-trt ions to 'she plt 'rrl ly tnecr1anical 'bireory

r"rith j-n,cei.na] s,caie var:!.a.j:1es i leve beeir analyzccl b; I"losin,qli i  I l?J'

Tlre st-i,olr3 ell ipti-ci 'c;r co:ri i i 'r; icn (i:+.3?) ie; the ^5r:,I l ie 3s ' i"n nonllnes'-r:

i;he::iiioe-l-e:,sit-c:',-'bri. [t{ n''.i:(i, i:t i..r ::eleritec 'bo 'c]l:"a-b Lrsed' by -Bovien encl-

chnn l  q l  ) : '  b"r  i icr j -nEr l : i  [ f  o l  .v-rruJ.i LrJ 
v-- l-:. - _.r 

'

-r- -l
t .  I- O J

U

q s--f,, -r;ilq o't h e, dr r' i Fr s i u l- ri h c -ril'Q cili :

, ::cgrc1:'-lrl; -ti tire q*!i'on'ri el!-l-ir:-b-i.-

e s.nlr ' snoo'i; l :r nc'l: l j-ssj-b:l-c !r 'ocess

'  ( * ' - L ) e " : i x f o , t J . ( t r . 3 3 )

ll > o ni:ci"
t -

wj-i;h'r;lte f,,.:ci9r:"[L!ria!j

)t5 e(*
R ,

( r'., ,, -.-r\, ,, ) ( ilr ,.,-j-.1r,, ) -
*L.iI^ I iL J -D J .jJ

llt it-r

(o *T)  t  
1,* ,%),1 j '>zrisaf,s n02

l l (*- I)  ( .  ,%ii l  lz(r i ) .  (4.34 )

4, ? j-s s. s]u.rai;1;ir-i;fo r';ta::cl genei'":.]-iza'ttc'n o-l the

:r,j. .;!:,r,,i:i.gg i-:.lcr;ri-r..11.:i-'i:y [ll:f] .

T i : c o ' i 1 1 ; i ' : l t , , c - , j [  ( : , T , E ) i - ,  ; )  r : i i t  ( * , 0 , E ) ( 1 '  r )

' l l i ' ico i 'c l l  
*4.  '  l t .  . - :  :c . : ' t l t - rvc: : '  ,  i ' i t l  3  i l i l i ' i - : " lc  i ; i i i t i -

tt(E,u,x)



- - ( * - "  +  \. . & \ ; r 1  u  /

2L

*  E ( " i ,  + \-  
; 3 \ 5 r  v z ? ' F " x [ o , " b J ,  ( 4 . 3 5 )

and -t -bh e 1;h adn: i -s,gib1e'b] :e: :sto i j .c p:: i :oces,g (8, A,E) ([r  t  )

l l l len the:re {:Li:e po$i-t lveresid-es i t r ' ihe g'b ::onr-t c L.l- :!-n l; :r c i t :,r r c:'t1i o:n. .

consiant$ q
whene l 'e : r :  (4 .4 )

, ,  -  - . . , *  ̂  = o E _ E ) ( . r $ ) l l " r , ? - r , r \  (l l ( g - 9 , { - ; r u - U * *  r r  \ j . r . /

' d.r , Fz , l 'a ancl
L 1 4

hol,lts o ,T€ have , :f oq ir.4Y

N. qrth lne nr,oirorbv t f :aL

- E ) ( . , o ) l l  , 2 r * ,  +  T T . r e : ; p ( d
* "  '  ' "  t  \ r . t /  1

.

F:-'oof , l.fe recal-1 tl:.et
@

citlr region enci yZ

{  n  e t ' \  h ^ - l ' 1  r y  ' a ^ ' - h i " t i n t :
\ . l o l . f  /  i { v i v - P o  v v . , . t e ; -

s e [ o r t J  ,

li., e-xp (xrs+pn n n I ll t g{,S-3,0 *T', E -

s
l J t t c1-S, : : , -T ) ( . , r ) l l re ( : , , ; c ' t "  (4 .36)
o

( i r t )  ocsrd.os j - t r  the strong- e1i ip- i : : i - -

s or ?:). x fo r'oJ . Sirrr-g, the inequ*.1i' i ;;r

. ; i i j ;h qa.5),  \ i lq c i ' ,ed.ucre

_ 9" llfx-Tr t

f)

oS. r rB^$ -
u l ' -

/ : =  T  g \
\ ^ r U r 5 /

,r*rriuit
( r ,  a , r \
\  

- f  .  J - ;  J

, - . \  ;2 +
r z - l : i \ U - t r  

' f

!  \  j i , /

%
(

*": 
)
0

+ *r. llt!{) ( . ,z i i l iz t.rl

-E,E-51 !' ,olll fre,'., -i-

,6

+ u", ( l l(  ir-B, r-?) (. ,  i ,  ) l l
L ' i )  h  w

0

v.rhe::g

' ,%) l i i2 r ; ,1  u  t t l l ( I - I ) ( ' ,%) l l  f r2 , - , ,  +1 l l to -O)( ' ,%) l l  i t to l  - r

lJ l  l l ( : ; )  i .  , t ) l l  ia(rr , )  ' r  t2 l l (gr ' , I { ,0-

l lcy-1,  I -1,  o *6,5*)  ( . ,  t ) l l

,aqn) ' l l ty -v , I t ,  g -8 ,5€)  ( ' ,  t  ) l l '  z (a)  d t

lL-, = l. -
' .  I + |

i , irc now ehoose the arbiirary constan'u

t t ' o '

Fifi: 't l ier'i i j.O;C , 
';;Cil i iS'i nG lJC]:.WI.:'Z' s i.::c:qr't 'n'J' j 'drr ;:nri' ' i;ne ijo:i 'r*ii-' ' ' ' ' td -li ie-

clua"ii'i;y', so f:li:,11. tirat

/
9T 1.

Ic-  so that
t-

( 4 - , 37 )

(  4 . . 3 0 )

f  ,  l r r \
\ , 1  .  )  J  )
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( t

4!  zu" r r )  l l f ; ,o )J ( i ,o
R

l l " i"ot i t  (4.37) anc" (; i .

%
- / ^ ,  , .  ( r  - '  I n-J(^, o) * ) Lf {*, t ) ig(;, t]l o. uf '-d:: g

o
\
i  r ,  t . ),6  \  [  lv ( : i , t ) - . r ( ] i , t ) l  Zct ; lc . t .  (4 . , , j .o )
J . r ' *  *  $  6

o R

btai-n an est imaie o: i  the form (4,P2)

l g ( [ ,  o  )

Zoii n. z

o) r?e o

J
R

) l

Ar . f

v,;it1:

ra (b)  =  l l ( " - ,1 { ,0 -? . ,9 t ) ( . , .b ) l l  r ,2 (n )  ,

sa ( t )  =  l l ( n ; , r : - l l ) ( . , t l l l  i ? t n )  , (  4. ,1,1)

A

H ;  =  ( * Z  +  ? l i l c . - ,  1 ) i : : 2  ,  - u Z  =  i i t i n ( f o , F 1 , | r . , e r 1 )  ,

F r  = - ; ? :  ,  f r = l ? l  ,  d ? =  % . :  P  ,  i d ^ = # .  ( 4 . , 1 : . 2 )
" i T*, ' l.2 2::t, ' "l 

0;Z 
' J\ 

? ?rii,

Air a1r,*1: i tet io:r  . : l  I ,er . r i le 4. i  col i t ;c ietes thc 1:roof .

i in i i :uteclj.ate coil$$etl€tlc€ of the Theorei; 4.4 1s t;re foLloi ' l i-ng
-  

un iqu-eness 's j leor 'c r , l . .

Tirco i 'e : ;  44 l ,c 'b  ( - I ,A,E)  ( * , t )  nnd ( - ; ,0  ,9)  ( j ! , t )  bc_ o- r :  ln
N

r i t i r^n 'v '^" ' ' r  '4  j f  i !e  af j f l t r l i ie  thn 'L b j te :  co: '1 . "e$l )o: r i j " : - i : , . i  g t r ' , rp1- : r  tc i ' : l :s  (T. - )  ( j l . t )J _ l - L g v r .  u : r l  . i . 4 i _  .

, , . r -  { t -X ta*  ] . " *u*uU ! : ! l - i  . \  v r * . /  \ - : L ,

nr{ .+"i  - .-1 , ,  * n .3., .n1;1 'b]:e 
Si.1, i . ie g;. f  :-  . l ;  n - t". t :"  t .  - i  sr .v J l r l . . ! a ; L ! U U  J r . ' . V  

_  
9 " V 4 .  U i . r . ! : ; !  _ f f i

f \ F  \  - / - -  \  / < -  \  - / ' , F  \

[ \ * r o i  =  ] t ; r o 7  r  f i ; r o )  =  V ( i r o J  )

0 ( j i , c )  =  [ ' i 1 , o )  ,  ! ( ; i , o )  , " ! 1 ; i , c )  ,  . T e f .  ( t , . t 3 )
w * b h

! he : *  ( I ,A ,E ) ( : i , - b )  a r y l .  ( I , 0 , 8 ) ( I , t )  eo - l - i r c i t l . e  o r :  Tx [o , t J .

5, I'I:iiAT - t Oj:iltT"ji:l ii:io ill,ri$ T -l",lJ I,L'iTtr;:lrALii

fn tir is scc'bic:r. r:c gl:nl-1 r:rvcstrgete ' i ;he r-rniqrieness r.in' i conij.*

nlr.oii$ u.clFc;rci.e:tse cf sinoc','i;!r eri,l:'r:Lgs:ibl-c: 'i;hcl'..,oillrnlinlaQ i)r'ocorlJf:;e$ uilon
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in] ' - t ia. l  dal ;o.  a i :d.  supply terrng for a heat-conductrng elast ic mater ie l .

Firstr  \ ' /e sha1l  es 'Lo.bl ish r . i r  cst j - lnatc s i rn i - . lar ' -bo ( , '1. .6,)  t i r  thc ce.Ele o: [

& cle:fl inl 'be co:rd.ucto:" elast:i.c naterrs,l. I 'ulther., \?e lv:Lll- use t5:Ls e,g.b j-*

r0e.te in ord"er -bo estsb-l-j-sh the unlcueireEsr: encl cont:i-nuous d.eiren,lence

r e s u f  i s .

Fo.: ' e. heat*cond-uc-br:rg ele.stic ::ria.tet,r*_el, lye have

Qa(I, 0,! ,3,9r-) e,, l(T,E,E,E;;) = - Tor(eg-E-r,) -  TA(0-T)

( 5 " 2 )

ffe w:Ll-1 sa;r i i :a-L a smooth a,i ltr issible ihei.rirod.)'nan:Lc t)-irocess

(E,0rE)( i . . , t )  ;qs:Lc1es : l -n ' l ; l : .e : : "e1i .on o. f  s ' i ;ete s i - r f i ,ce i r r .h.c.r ,c t l ie e- l -as"b: ic
4 ; .

nretel"-!-s.1. .rL,r i... cLef:i-:.rj..te coniiu.cilo:i o.f h-ecrt if

L - - - - l 1 r 7 . F \ .r ' i i E  =  f I  ( : t . r r r  +  i t . r : ^ J  - i - g  1 6 s ; i 1 ; i v 1 1  d a ' i = - i r r - i ' l - a  I c  a l
L  t L - r J  L t l l  

. , r v L r - : ' u - ! v ' : ;  I r ' v l - : - . - ' " L U U - '  
\ t . ) /

the::"otion of * ci-efi:: i-te concLncto:: e.l-e"sti-c inateric.l. is &n esr'{ir.L-
'bial" i-r' lg:r:cdi cnt ii l ::sscll..::cL:lcr: on i;,t:.c lj:. 'oj)in.il ir,-b:io.rt C-il acoClir,:::a bi-c;r:

ruTo-.,/e{i : ln hel.i-co:r.i lr-r-cti:aC elas'i: i .c i,rn.-r:er'::.: l ls (tcc 
".. j. tr, l , [,, i  

- 
[:, ,J ),

ng wc:l-J- i"lr:.r i:-r ::es;e.erches on -bjre r:n"icueirer;s alr.cl cron-b:!.nr.rotl.rl rler,tn



. \ A
r '  l . l

d. ei; enclenc e o f t hr,' -lrLo t'L)';re.lti c p :f."o c e s [J e s

:nn  t  n r . i  n ' l  s r  [ - . ' fu"-LJ .

lloi: cr d.e:fi.ni-'ce concl.r"lc-boi: o:f

est&rblish a,gr:. i. ' l ;n,L'l-c es' 'urine,-i;c o,i l

'b i ty (3.2) .  i [ i : .ur . ; ,  f fe i ler . re

\-f -r- -t- \

! \ r - 2  
u 7 -

t  e  loo. i ; , , ]- U J

rn heet-cond.u' .ctrng ela.st : i -c

lrcat eLeis'i: i-c t ita'be.r."ir, l-, Tre f: i. i :si

the las'b 'i;e:r"'n j-n evol.utroila:r)f iti-eir-

rrocess clefrnerci o.(I

lt]l"ssrell-.:-j.- l,e'b (:'T,E ) (;, i )

i : r n r f i i T r r : : ; i i n  i - , " , ' n c c F i s i  t i e : f : L ; r e i i -  o , r  i i r [ o r t . i l  , : : e s ; i r l - : - r r , ! j  i : r  ' ' ; h c : ' e S i o i i  o fr r r v u  7  ! - f ,  \ ' - \-,

e'i:n'co sriilF:r.-'.a rrltere 'i;i lo eLnsti-c ii ia,'uer':i-ii.1 ig; a e-1-gf:i-nl'co cclr:d.trcioil A.li r u ( , r u L  t J i J u r v * ,  l t : : i . . - - '  
' - - -  ' . - - ! 4

-
h.ea.'Lr_'Jlhen tire.:- 'e ari"e-. nos:i- ' i ive colls'tr ' .: l ts dZ , cl a.n{ ,2 gllh

tire fol-l-o,;, ' i .n,.: r)r 'clte-:tv:

j.s t-,r11r snocil: ecir:j,seible

l l ( I , t ) - ; i ; , : t )  I  - f 0 i : " , i ) -  0 ( : i , i ) l

: i f (a, 0 'g ) i[ '  l ; )

f t .  x  [ o  "  t  - . i , ' ; t l - c j : i  
" r ' l s . "

UJ

- L - r i  f t - ' )'  "o<B' 5A tB'
l l t

= To<j-r\ (:rr- 'r;^ir. ̂  ) -r-

l i _ J l  o  +  l o - ' E l 2 , '  l i i l l o

l - ' . -  r \  -
\ i t  9  u  /  t : : ix to , tJ l r  r \

,  \ - J t ' i l

l l  |  - \  /
l l  I  . ' - i =  I  {  .
l l \ ' : . )  i . r /  \  ,

, riis e;e T

-j-E ( (0 *0) n ?xj. ( er1-E; )

- '" 1g-El?)

-i

A  r ' - ,
/L , . :  .  (  r ; ' - :  .

O( -'-,1f - lr!

s f  I : : , -a l '2- d t  t ;  ; l

f  - F - :
"c( to( ^ )

l a

l u -

+ ":l l 
(i-I ,o -8,5{) ( . , L )l l i,t.( ,,.) .

Tr---:ls:ln;;: i"nto riccoirJ' i 'b' i; l :e ieiationl; ( : . : . 6 ) ,  a i : . t i  ( 2 . 1 o )

,1gi 7
to (  - - t (

- 1 .  e ('  
o ( '

n  r r ' ?

\ ) . t . ) /



v*here

yo(iA

=:
a .  **(A *

s i r :ce  (8 ,0 ,E)  ( I , t )  r ,es ides

rnrhe:"e the elastie rne-ber,iel hes the

of hea.''c , i^'c foll-ovr,s th.ai .ujrere j-s e

f * "  \  - - -
\ ; r e  r ,  l Q ' i

#ru,o,e,E,*) e

s-' = ?{n ,,*P aEf ';

= 2Q r=  d '  F . : " r  ;  2F*  r i  F= -- 
?n;\ 

' : v 15 i';r ' 
fLu' 

- 
Tf,- (I'0 ,5

A r -

, ; : )  5  - ' d o x  f i  n '  E  , . "  r  I, - : )  ,  un f  =ZF- ( * ,0 ,1 r * ) . (1 .7 )

'1o( *
Dfa
7r (I,T,E,3 r*) ,

j -n the region of  state

behe.viour of a C.,cfiniie

pcsi  t ive co; :stejr t  <)

#(I'a'F'E;*) ,

( f t -  ,  -
] Ltr 

ii,''(,r;-3,i) (gl--,:ii
R -

( f t - r -= 
I li 

';ui-l(BA-8,i
R -

,D' ,#.G;g) ,

1 .  , : ,
o( l.it

$pece

conclu.cto::

snci:. t i :a-b,

-3y v i : ' tue of  the -re1at: ' -o:rs (  5.1) encl  (  5.6 )  and.

vire co:-rclude il:at the.r:e is a positive conr:ta,irt

p rope: r ty .  tha t ,  i . rhen (5 .4 )  i s  sa t is f ied ,

the above j - : :equal i ty,

r
d 4 ';rith tl:.e{

J {r,;n-T,r) (g*),,ir - fqru -F) (r^, *e ) * (q. -q) (i ..ro,l, i,t)ei <

I
R

.  tP  |  -  \+ 4't o(sa-Irr ) ( S,(-Ed) l Ci, ',; ) cl;i. -r" ( n

t a,i"'li:i( lnir1-i ia) ( F3.u-F31) {-

+ 8 (0 -0) 3 * Vnn(En-E) a?*%, i- or,r("i i , , i*-F1, ) (0-6) -F

f"( ( E*- Eo> r o ̂ilJ(,i, i ),u,l ( 5 , ! )



rnhere vre have used the i:.otations

{A". - *Tn u fr,bri;rip 
-r- e/r(f..-ffd) u )fiji,,r,= *f,Err,, * X*irF<,i ,

"fr 
= tr:iir,.xl Et*, "11 

,7 = iil,,:i

" , j  
i l  n*rr r i1" i ; ,1, ; i  ,  * io= i t r , ia : :

Xnn= -'ftro. * 
1"7r 

, AiAiB = $r4,r-,',,In:s 'r' pxirl*r-,r) ,

3.' $A,rr;tn, E".(Fo-*ql '
(P  Lr :  T

"*p 
= iFrn)tp * =op Jr^o. ) ,

A  4  -  i -  :  -  r T  l -diri '= 
fr 

|l,rt:,fl,i '' \i.rrEn r- Fo<i*,I".- f*, '

t e  5 ;  - r E  T .  y =  { ] t . . .  + 6 J  - r - F  ( n  4 , - t
Ei;or= Jp*7=., - sBx'tp,i-ri , f,o( - p -',ior.-;i ' 'tp px' tpnTf i'f)' 

(5'1o)
.  l -  I  I  I  I  t  t  l t

Appl:Lcetic,n of the i i: ln", 'alz ineo,ual--Lt;i enrL ihe ineqr-:.a1-i 'b1' (4,tl) to

the iwo lasj"  te, : : rs : l ; -  (5. ! )  f  i3r .cx.s,  for  a- lb:Lt : :a: :y cot ls-be,, . i ;s  f , - . ,  ,

t^., alrrtl t^j ,

r J l((r-,-n,, ) (5L),j,_ -*q(n -T) (:r,.-{) + tq-F.() (ro-L) 1 rI, t)cli 4

" j  
: :  r i i i i r ] , r  l { t ; , t l l ,  *?  =  P : : * r . : r ,  c 5 = * r 8 . ] r l 4 t i , t l [  ,

, *li r ri{tri I I c;, r ll )

"11 
= rac. , * i I f ,1 , . ) i  .  q i ; . l ,2 )

R,

t  l 3 { ; ' ,  r )

, l
1 " 9  ( - i , t )  I
l *  s  I

I  t l  r ^ , -  " - .  iI  v  \ - . r . t  u / l
l *  6  |
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e l

n 2  n 2  ^ 2
e .  =  $ , n o * (  i . j -  n " ?  + 2 .  " q  ?  '  ' . .  f .  u  , ?  r - " ? - r -  I  ) .  ( 5 . 1 3 )t  t  - . . (  - r f  n " 4 + ' t , V  + c 6 i - c ? + c 8 ,  

q *  
c l o i - o t t - r -  r  ) t

l ior', '- rvn c,qn ciroose th.e ari: itrary constants t ' l  , t z and nl 
_.

* r  v  5 1  ,  v L v . *  v

so 'Lhat  
"1  

)  o .  The i l . i . "oo f  o f  the  theorem j .s  co i i rp l -e 'ce .

On'bhe basis of  the above resul t  r /e shal l "  esto.bl ish an es' l r : ,mete

s i n i L a r  i o  ( t r , 6 ) .  T h u s r  r r c  h a . v e

t] teg; :en- j )*-2.  !c!  (E,S,E) ( j , t )  !e e srn?oth ad: issj -b le t i : .er : - .

rirod-;nn-rii ,: n?'oces,s clcf i.ned on ,?. x fo. i -1 . :"e cj'i d.i-n-.r in 'che re:;:i'-c... of
OJ

sL,-,t"; ;e scece i ' , 'he: 'e th.e e--l-as'cic ira'ce:i": ' -al is a clef i .ni-te coi:d.u-cbo:: r, f  l l -ec'.-L"

t  i l ? i - - "  (E ,F )  ( I , i ) e i * ( i : x [ o , t J  ) .

Ti:cn i :re;t erre posi ' i j -ve cons^i;ants 
4 

g.ng d.l  ,  dZ , dj ,  d4

vl i th t l :e fol l-oivinf, rJro'cert..r:
_

If (:r 0,E) (;1;, b) j .s anj, '  sru)o-bJr eci j . l issible p:rocess clef:: .neci on
b '  

.  v -  ' F ,

,  I i x [ u , t J  ,  @  ( ] , . . ) ( x , t ) e  t 3 ( . l x f o , t J )  ,  o , r : t l  s u . c i :

the,t

( 5 . 1 4 )

l r ronr  (5 .L1)  'u , re  ob ta in  the  es 'b imate  (5 .5 )  r .v i th

c r = * [ r c ,  ( t ? +  + 3 + , f E , ]  ,r  t L  r  - t  - )  
J

H{ ;

o

( ? .'t -T t ) ( r ; u : . a r i : . ) \  <  o ,  - ( $ -T )  ( r : a - { ^ ) i r i t  4  o  o  o f  ? I l x [ o , ' bJ ,  ( i . i 5 )

' b h e : r  r , r e  l : a v e ,  f o r  a n y  ? e [ o r s ]  t  # e l o r t J ,

f ecll{(,,.,-v, ) (vt-T:r) *. z'l$Sd-( i..,-Fr,,) (rrB-rjB)
R ,  

.  " " i -  ' - ' '  ' 7 F t 4 2 f ; ' A  ' ' : i - ; i  - ' r t l " * J i j

2=/*(F ,F,E; X)
Q 0 2

i 0  - T ) t l , l , % ) c i l i ' , -  d r l l t s - E : ( . , % ) l l i a c . .



%
-r-  , l j ( i l (u*- , I t ,0-T, l€ ( .  , 'b l l l  i r ( ; i t )dt  . r -

- ) )  
b  h  G  

s  s

+ ,u,  
J i l (U{y 

j : -T) ( .  , t ) l l  ,af  l . t l l  ( I - I , l j { ,0-A' , l t )  ( .  , r l l f  l2(n)d-r ,  ,  (5.16)

2E

" ' i ! l  
( l{)c.,s)l l  ?rst < arl l{r-T,I-T,0-E,I€)(.,o)l l  frrrr, l  - ,-

0

for a.rirr-t::e-rir conei'bant f l

SXfq+  the  r c la ' l ; j . ons  (2 .$ ) .  and"  (2 ' l " o )  an6  fheo 'on  5 ,1 ,  a . s  r ve l l  e . s

- r -1rn ' l ' r r ' 'n r ' r - *= '  
ccnc '1. - t l - ' r ; io , rc  (5 .J '5)  -Lr , i1r lv  that  t i re : le  o.ye posi i ; j -ve co i rs 'Lantsu i . t . J  L U r ^ - t - f , L L d t I J

r) ^""r'1 o r ., ir and- d"t st-rch 'Lila1r 
, r".,'henever (5 ,4) irol-iLs, frev 1  c i * r *  u )  .  

U  I

}:ra,ve

r i r t l

. l l  t x - v ,g -T ) ( . , t ) l l r , z , . ,  a r l l  ( r ; - g ) ( . , t ) l l  f r 21 r , ;  ,  t e [o , r J .  ( 5 .1? )

f  r  a - \
\ J t l v /

J

t :

U

r

J

?

\

)-

-li

t-

t3

11o1r-r irroceed. ss ' i- l  ' f i re 
i ;r. :cf of Ti ieore.:: i  . ,a-.1-. i . ,re f i : :  s.e[c

in ' i - ;c5: r :nr ; te  (5. t?)  ovei .  [or%] ,  %€[o,n]  ,  or r .ch the. t  r , , ie  cbta j_n"

%

r . j (E)  I  r ; (o)  - r -  u^( i l ( : : - - ' , i l - f  ,0*g,E-E) ( .  ,  i ) l l  i : r ,  *1ot  r -
) ) '  s  \ r . L /

%
( . ,

+ d.  J l l  ( l - I , . . -T)  (  . , ' ' ) l l . ,  ; r ( , : t l l (g-y, : t ,0-6,1-p ( . ,  t ) l l  r : tq , , " ;d t
o
%

a" i l l  ( r : - r )  ( ' ,  i ) t l  ia l  : ,1  i i . f ,  .
, 6  { ^ ^  F  \ ' . 1 . /

Cor,rbl:r ' i . : .r ,  (, ' i . .  I  ) , , ' i i -bh ( 3.1) , ire co:tclr-r.cle t}ai ' l ;hci:e is a poEr

t.r '-vc ccirs'bcln*r 4 rr j- 'blt  . 'L; lre pr. 'ope-,:ty tha"t, rvirei i  (r1,4) :Ls sa'bj-er
'1'

'bite : ' ineqr:,ai-. i-b;l i ,: i .. io) i ioi.ri i ;. !!si c:i ioo*e d-1 = i,r i-rr(. ,{1, f,; :L::

(5. .Lzt . ; .  . i )3r  r - is : i -n3 -bire e s-b ' l l ia. te (1. t : )  in. lo f  r ' i  . l -o)  r  i ;Lrc a.1i i : l : i -c i r . 'L lo

c:i' 
"j.le 

l:j,:j'ii.irr,:i"'z i.:i:.e qu;l,ii i;;r lr.l':.d. 'i;.[c ir:'":q1i1-'- i;1' (,,i.. ]-l-) 'io 'i;l:.e .1-ast

.t



jf rir{ t",,

te::mg 1n (  4 ,1o  )  y ie l c l s

z 9 _

2 l ( o )

+ cf l ltg-I) (. ,%)ll ir(:t) . f  r  a ^ \
\ ) . - t Y J

|  ^  r . \( .'l- . f Jl- ,l 1:r'C deC1UC e

-"i) (vr*Tn ) + o'v.(F,6-,itx) (:fu ,, *Fr.,1) (r;3s*)
2FaDFis

%
f

-r- 2ci^ \ ll ( -r&, .r-F, 0 -
- J ,  S  h  s  h

0
b

-0,I-P (.  , t l l l i rq;,)dr + zl t tnf l l tg-go;:- ' . )( .  ,  b) l l  , ,2,- , , .
o  

n  \ i . r . /

z
,t) l frz(u)d.t rei l l l (c-r) (. , t) l l fra,r, , ir  +

o

l l  r v  F r  I  e ' , l l  2 ^  r t i  : \ /  . r r 2 -l t ( E - E l ( . , % ) l l 1 z , - ,  =  l l ( g € ) ( . , o ) l l  f z , - ,  +
' * - T

+ z t t [( E;E,l ( ,t -L ,] ,U, 'u ) rlr{cr i; .
O R

'rYe use t l re  re la i ion (5"6)  in to  ( I .Zo) .  Th.en,  t1 :e  e"pp

the Scirvrarr inegr-r.a'l i-.b). enri 'ulre irreqnalrty (4.ll-) iniplies

arbi-t::'ar7 constants n) , , and. n3 , r,,/c heve

- ) t t ,  , r , ?  r r r .  . . 4  
t s

n', l l t5 -5) ( .,% )it.,,2, ":,) 4 ni i l(E-:) (., c) l l i:(;_i).. r|",i j i l(;-T) ( .
0

T
-r- %lo.Ji l t*-r,0-e,l-E) (.,, i l l f  frz(. i),1i

o

(  5 . 2 o  )

ofl lea t ion

ti:c,t fo:.

I )ll ir (:l) ri"i+-

,  ( 5 . ? 1 )

.) a)
,  A L  ,  - 1  s d  \. i -  L r t j  f  J .  I  L t - l t  I  z

4 *

dir  = .zmaxlg( I ,  t ) l

o'P*G,45r X)
202

' l l{y-.v,I€,e -T,b -E) ( .

0n tire basie o:f the rel-e.tion

d:,.o = i i lc,:. i leCi, rr)1



-  1 r )

.  l - t t r  r  r l  ;  f  |  1
d . . ,  =  1 l 1 € : . l l l l l ( , ' - r - U ) l  t  o r r  i t x l o r " l ; ^ l  .

J-a ' ;  ( - )J
( i . a z )

l Jy  'ba l r i -ng in to  accol ln t  'c i te  e  s-L i r i ra"be (4 .16) ,  f rom (1, l9)  l ' ,nc l  t3"2: - )  ,

1',re flet

-,ry]-re::,e

c

r ' ' t  = qr)-  r"?. , -  l :3 )  , - l -= Dr:  - , -  qr)  4-= 2t i - . - - l -  ,Jt '^d-n,  cr= 2d,:"  (5.er1.)t r l -  
l r 7 -  \ L : r , d ' i - ; ; L ,  u  t r T -  L L r l - O - t ' r t ' 1  t  t )  

)  I  ( )  +  i ).-,|

l - - )

i'je itoii c]:o'.-.ge i;'ic rr,-r..];-i.'tle,.:;i cotlsialnts n;- > o ::-ntL 'J72 such

-i;}ia'b ii.
r - [ . J '

( 5 . t5 ) ali:cl. -Llre jrroof 'l-s co;,r.11e i; e .

As i:'.r Sectj-o::r .!., .!rJe now es'i;abl-:-si: ti-re tul:i-ci.ueness gr.nd aontinllous

d epetrcieir 'c c - i ' t :  sult s .

. \  r ' tnri ' i :Lni.r-*r:. ,g d.e,rendence : in e :rci-. ,rrrbo:rhood. of a los:L't : !-ve r i ' ioo-bir
"  

;  \ /  \ /  i ' l  ! ' +

er.cJ;:;.i.,1 tL :i.i.i-'l- o il-r:o c o lri i::i !' l

/ -  ? c \  / --  - : . \  . .$ : iqr; ; i . i ; : ' ive .  i l i : .c: l  , i : ' :ere o.-r :c - , : )oi i - r- 'L: ,-vCI
j l j - ' O C C S " ( l  l - : U  r B  /  t * r  t , , t

ggnqf-qjits f,1 , (l , .i i o,nd tii './ it l l i i1e. .lrope ,

X)E .
l )

T' lB
a)
O

)+/=
E ,
16

Q,(,
Ing,;, I t"-, 

-v, ) (vr;r, ) +

i0-E) tJ , t ,%)di :  i -  * r l l te{ )  ( . , r ) l l f ,a1. ,1O'(,.8,f,E, X )
0gz
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rr..henever ( 5 . -'l-zt, ) .hold.s, for Elr.* s € [o, to] ,

l lCl-"o, Ig , e -E,g "€) ( .

T ' l t a n : . n r ' r  i  1  T ^ +g=:": . : - \ ' . i_-a3j j_l  .  _rJ\ . :  u

, u ) l l l a ( i t )

5

+ r, i ledi-J||r h*,. :-r) (. ,  r) l l ra(jr) dr.
o

I ( , j , o )  =  E ( I , o )

0 ( * ,  o )  =  6 ( * ,  o )

-  + ( - ?  ^ \-  
J . \ * r w . r

\ ;  l < .  \

>  \ J . i ,  U '  /

coinc j - t j .e

,  o) l l " . ,z ( i i ) - .

( 5 . 2 5 )

j l  l e  ^ / \
- ' i - l u .  \ ? . j j b J

I ; . [ c o  u J .

( f , T , E ) ( 5 , t )  a n r l  ( x , 0 , E ) ( t ; , . b ): i , u , E J ( _ ' i
v

Tlhcoie:,i 5. j " i;'e o.s,.jlrlue il-".a| upnl:r te:rr:s
( ! , " )  ( * , t )  r .nd  .  ( ! , : : )  ( l i , t ) cc:i:r'c j-de oii. ii x fo r tol e:rci .birai; irot,I

g(5,  o /

f(* ,  o. i , , on

f he : :  (Y ,0 ' ,E ) (a , t )  en r i  ( f , g , l ) ( I , i )
olf

. b )  
,

g ' ' t - r lo : t r "  o l  I  i ' : ' i ; i c r  -b - r  ;4o- ; - to : r .

&es:eg-5- & r,a.b (I, D',E ) (:, t ) ..Ln+ (I,0,E ) (;i,-l ) le as :i-n
s :  %

,sil-.aie tila.u.

t ( ' ' t '  + \  -  - / : r  + \* \ * t  u /  *  
i : \ ; r  

r , / o3 ?-,: x[o r-bo] , ( t . a l )

anc]- 'L:li."l :.,:e t.,r,roottt .:ri:,r.i,g;,;i nl o -l:l-.n-,-{.:1n,irr (I, a,E) (J,
s -  -  

{ *  
' s ,

resi-,:i.cs in iil-r.e $-bioir_;;; e_"1-:!-:-riiiic:r:t:,i :,:,eir::--otr. '.llreL ilr*.i:e er.l:e i:o,si-t i ,re

i - )

be  as  in

B sra, i ;e,  that  is

c on s-ben-* a 4 ,  x l  ' PL , i;ll s.n{ iJ; r,iiriL tiLe pr,gr>e::t;r

t e [ o , t u ]  ,

l l t  -  - ,  -  ^  =

l l  ( .r*v,* '- . ' ,0 * 0,9 -E) ( . , c ) l l  " ; z i - i ) i l-f 'o -o'!"

. . - )  5
J : i oc : : r i  ( {1 . r r . ,  3 ) , ; ; l ! , ,  {  i i , .  :, 7 ' ' r ' - '  

i " ? . "  
- /  

)  i l i I - 1 , . i '
c

t  i i l  iz(. ir ;  c 'r .
F r  r  ^  \  r t- S / \ ' : t ) i  

i l r t l i , ' ,  +
b .  t  \ - t , / :-'\ /



32

,Xbeorcnl+g te1; (E,A",E)(; i , t )  end (S,g,e)( i , t )  be as r :-n

fqeoret-5r1, ri',/p eissr$-e tryit the .cos'iiegpolrclil:S suppL), Jernsj
/ 7  - \  / - r  ,  \  n  r q  \  / + r  ,  \(U, f )  ( * , t )  and ( l , r ) ( j l , t )  co- r -nc ide og i?x[o, i ;J  nnc i l ta . t  ] jo 'ch-

proce ciJe$ o:r i-g:--r:ete f: :on the si-1ri i€ sta'bc o thet iFj,+

- . f ] i  . ' \  -  ? 1 l l  \  t * t  t  -  i i f f '  ^ \a \ f r o i  =  I \ . * r o /  r  f , t . n r o J  =  { \ r ' r u /  ,

f , ( ; i - o )  =  A f : 1 . ^ \  r r i i  ^ \  =  E f - - t - . , )  o n  E .u \ r ! t v l  -  v \ i L t v , r  I  ! \ , i 9 w /  
*  g \ ; . .  1 v l  '  y i *  ( L '

Th.en (5 ,8 ,E)  ( I , t )  ang (g ,0 ,8 )  ( r j , t )  co j -nc : -de  oA E r [ , : , to l  .

lYe omj.t the ;.:roofs for theo3"eics 5.3*5.6 o '.nhlch a:re iclentical

wi t?r  t i rose in  i lheorems 4.?-4.5.
1 , . .

.t icl ' ; i :oirl e cii ielrten'b. 'fhe e.u-thor is incleb'bec1 to P:'ofessor SUIICIU

IOI'I for j l is ., i ianv cons.u:ructive cof,r-ien'Ls ori the ne.nuscr:ipt,
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