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ON THE NOTION OF COMPLETENESS IN PREDICTION THEORYI

by

I . S u c i u  a n d  D . T i m o t i n

The Wiener-l{asani approach of predict ion theory for

f in i te  mul t j -var ia te s tat j -onary processes ( Ig j -ener  and Masani

( Ig57 ,  I 958 )  )  con ta ins  many  i deas  and ' cons t ruc t i ons  wh ich  have

generated the la ter  developments in  pre,Cic t j -on thecry of

in f in i te- ' :var j -a te s tat ibnary processes.  One of  them is  the

j .dea of  consider ing the t ime r lomain of  the processes as a

l inear  space Jt  
" "  

which the C*-a lgebra M- of  ^q x  q matr icesg

acts.  The present  and r rast  o f  the processes is  then def ined

?s the co l lect ion of  a l l  l inear  combj-nat ions,  wi th  coef f ic ients

in  M^ ,  o f  the s tates of  the process up to  the moment  t=0.q

The correlations are given by a map f from .Ie 
"JC 

into M-q

sat is fy ing some condi t ions which make f . r  Mo-valued "scalar

\t .'. ..; -
product" on JL. . In the Wiener-Masani scheme ,Jt, is the l inear

space of al l  random norm square integrable vectors f (. . . ' )  =

= ( f  
i I . " ) , . . . , f n ( , u )  )  o n  a  p r o b a b i l i t y  s p a c e  i S :  J <  . F i  .  T h e

matrices from Mo act poj-ntwise or l t  ,  and the cod-elation map

Il is given by the Gramlan matrix

n f t ,g l i j
t -

= \ f . (^,) ga (.*) dP (o) .,
J I J ,

5L

f  , 9 ( ? l ( ,  r . i ,  j {  I

This approach i s based on the assumption that we are

able to identify a f inite number q of parameters of tn'e

phenomenon under study. The experiences,we make in order to
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get  in fo rmat ion  about  i t  can  be  descr ibed by 'qxq  mat r ices .

(The resul ts of  the exper iences yield only the correlat j -on

matr ix f  Loi , t3 l r  these var iables appear af ter  performing the

experiences A and B when the phenomenon is in the qiven states

f  a n d  g ) .

But  i t  is  genefa l ly  d i f f icu l t  (and somet imes impossib le ,

e.g.  in  quantum theory)  to  ident i fy  a  f in i te  number of  sat is-

factory parameters. 'Knowing the t ime evolut ion up to  a moment

t=0 of .  a  f in i te  number of  parameters is  somet imes not  suf f i -c ient

even to obtain relevant information about thei-r own later

evo iu t i on .  The  p rob iem o f  cons ide r inq  an  i n f i n i t e  (o r  a t  l eas t

not  speci f icate)  number of  parameters presents therefore nct

'  on ly  mathemat ica l  i -n terest

. Following the ideas of l l iener-l ' tasani roughly described

above,  a mathemat ica l  model  for  predic t ion theory of  in f in i te

var ia te s tat ionary processes was proposed by Suciu and

Valugescu (1978 ,  L97g) .  In  th is  model  the t lme domaj-n of  the

p rocess  i s .  desc r ibed  by  the  s ta te  space  o f  a  co r re la ted

( t.- "t l ' '? '*t

ac t i on  \ : ' ,  , i ( , ,  l ' 1  ,  where  the  pa ramete r  space  :  i s  a

(poss ib ly  in f in i te  d imensional )  Hi lber t  space,  the s tate space

J(  i "  a  r igh t  moCule  over  the  C*-a lgebra l  (5 )  o t  a l l  l i near

bounded operators on 5 and the correlation map i- takes val-ues

.  V  r r r rin  . { .  ( I )  .  In  th is  context  i t  was poss ib le  to  formulate wi th

a suf f lc ient  degree of  consis tencyr  the not ions and problems

of  'predic t ion thecry.  The spectra l  (or  f requency-domain)

model  which can be at tached in  a natura l  way of fers  the

possib i l i t lz  to  obta in re ievant  resui ts  in  predj -c t ior r  theor l i

by us ing recent  developments of  the s t ructure theory for

ope ra to rs  on  H i l be r t  spaces .

:
i
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In  th is  paper  hre shal l  d j -scuss the problem of  comnletness

of  corre lated act ions.  This  problem has been s impl i f ied at

maxj -mum in Suciu and Valugescu (L97g) ;  never theless i t  seems

to be important from the theoretical as well as from the

pract ica l  po int  o f  v j_ew.

1.  Bes t  es t imat ion  i@.

r,et E be a comprex Hilbert space and denote by x (6
{r.

the C^-algebra of  a l I  l inear bounded operators on € .  A uni ta l

r ight  I fg l -module is a vector space J€togetrrer wi th an act ion

(A,h)  r .e  Ah(h€JC,  A6{_(5)  )  o f  X(g)  on  16  wf r i c f ,  sar is f ies

A1.. fh=h, h.lI( , f=the identity operator on 
'E

A 2 ,  a ( h + g ) = A h * A q  ,  h r g 6 &  ,  A  t = t ( E )

A 3 .  ( A + B ) h = A h + B h ,  h e T 6 ,  A ; A < i Z ( g )

A4 .  (AB) h=B (Ah) ,  t r  e J6 ,  A,  B r-X (E)

An J (E) -correlation on "lG is a map [. from 
'l( 

x {6 into .Z, ff i )

sa t is fy ing

[ 1 1 .  l - [ r r r n - ] 7 0 ,  $ ' L r r r h l = o  e ) h = 0 ,  h e 1 6

2. l - l r r ,q1= f [g, ] . ]  *  |  r r ,g € tr{
n

3 ' f  l  Z A - r h *  ,
j = r  J  J

A correlated act ion j -s a t r ip le (  g,  Je , r ]  where E - t r re

parameter space is a Hi lbert  space, lC - the state space is

a unital rj-girt *-1 (?)-module ancl i -tt i" correiatj-on is an

X (ti) -valued correlation on 
' l l  

.

$r"nnJ 
=rl 

-trq t-hj,g*-J "r.
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For  any  cor re ra ted  ac t io "  \€ 'dC ' r?  v re  can cons t ruc t

the Hi lbert  space kiuniquely determined (up to adequate

' '  isomorphism) by the fol lowing proper ly i

There exists an alqebraic embedding h ie vn of  the r iqht

l< r 'r ,"'t '? t ,P rt

; (g;)-module 
' {d 

into t t re r ight  . ; ]  €)-module .Z (g ' r )  sat isfy lng

H r. f'Li',s1=vf;vn , h ,g  e  T6

-1-t

MZ. The e lements S.rh=Vh.  span a dense subspace in  Js

when a runs over F ana h rurs over I(

The construct i -on of  Jdtot to*s the construct ion of  the

AronszaJn reproducing ke: :nc l -  Hi lber t  space,  s tar t ing f rom the

operator ia l  kernel  \ -  .  Recal l ,on ly  that  the scalar  product  ' ' l ( t

on the generi^tols of -K has the form

- (2 .  r )  ( t ' ^ r r , ,  ) i  0 ,9 ) r *  
=  (  ' i "Lg ,h- ]a ,b ) ,

W" shal l  ca l l  K tne measur  j -nq space of  the corre lated

- 
'r^ 

€ 12 it?a c t i o n  t U  r . t b r t i .

The basic  problem in  a l l  pre, l ic t ion or  f i l ter ing theory

is  to  est imate.a cer ta in ,  des i red,  behaviour  of  the phenomenon

under  s tudy us ing the in format ion a l ready obta ined about  i t '

we may wi-sh to.know the behaviour of the. phenomenon at the

- next moment frorri  the knowledge of i ts behaviour up to the

present moment (predict ion) r oE to prescribe to the phenomenon

a  g i ven  behav iou r  ( f i l t e r i ng ) .  And ,  o f  cou rse ,  we  l ook  fo r

the best estimation. we shal t .  try to define in our context the

not ions of  known behaviour ,  est imat inq and best  est imat ion ' .

F i rs i  we shal1 accept  some ext ramathemat ica l  convent ions '

We obtain informati ons about ' the behaviour' of the phenomenon

by some received,messaqe.  we accept  that  any received message
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descr j -bes a poss ib le  s tate of  the phenomenon.  So the received

message descr ibes a cer ta in  s tate h€Td which we cal l  prepared

state

We assume also that for  any f in i te system h1, .  . .  rh '  of

h= X A,-h, -  j -s  a lso prepared.  This  assumpt ion has not  on ly
r.Ir K K

mathemati.cal but also technical supportt i t  means that we

can perform a f inite number of experiences on the received

states in  order  to  prepare a new possib le  received state.

Consid.er the information we can extract from a submodule

M of  prepared states f rom the mathemat ica l  po int  o f  .v iew. , : i

S.uppose we have a received state h; what we can measure are the

numer ica l  va lues (  f ' f f r rV larb)r "  for  an] t  poss ib le  received.
{Jt

- r n  
Q

state getrG and arb in E .  These values determine the vector

V-a= * - - for any a e- 8 . So together with the submodule M in
n  Q a r n

7C we have determined the subspaee .kio=nYr.unH 
:t 

X. we

shall denote by Pu the orthcaonal projecti-on from $., onto 
'It 

oo.

Now Iet f  be an arbj-trary state in (" and h a known state in M.

Since a l l  the measured va lues which appear  toqether  wi th  the

possib le  received state of  1(  have the form

i 'Lr ,s ] . ,o,8 = (  t . ,  r ,  d  b,n)1. ,

i t  fol lows that i f  we use h instead of f  the error we expect

to  appear  in  the measur ing process is

\ \ y :  . , f - X a , h \ \ '  \ 6  5 , n \ l

p r e p a r e d  s t a t e s  i "  J C . . t a  a r , . . . , A n € { - t f l  ,  t h e  s t a t e

n

I  ,  f  d , f ,  $u ,g ) -  ( d * . , h ,  \ ' b , g )1  =  
\ ,  [ - u , f -  } l , h r  t l , n )  I  t



We may take l l1-u,f- X-ar6 [ as a numerical measure of the

error.  But

I X . , r -  f , u , t [  ]  \ r  N a , f - P M  s  r , t l i  
=  \ i  t r - e * l  Y  t , t  

l t

f f  we denote

( * )  (A? , l4a ,a )=  i \ ( r -PM)  t -u , r [

then

2  ,  t l  r -  \ t t  "  )  ' t s

(z' ", ,*u, 
d) = l\  t  r-e*l uf 

" l i ;= (v? ( r-PM) vf t 'u) 
Z

, 2
I t  fo l lows that (*)  def ines a posi t ive operator ^ f ,M 

ot

We stral l  cal l  A rr*  the error oPerator of  est imat ion of  f

by elemenLs from 14'

'.t

?roposi t i -on. We have

where the inffm@ . r r t ia l l ordered set  o f

Positive opera!-ors on Z (g) '

b?,*=

( tt2tu, d) = l\ lr-e*l 1

inr [ 'ft..n, f-hl
h e M

Proof  .  From (* )  i t ' follows that for any a

-  ,  \ \  
2=  i l f  i \  [  . , f -kd r r  k * o , r

<6
€ d  w e

n 'f-

\\ 5&u'\ \

have

h 2 _

= i,'f ir .'. - * -u. t, 2- i,,,f

hgr..rhrreM 
itx'a'f=fi t 'o*-f*tt -no=', 

;;; rhrraM'

d l r . . ranc t  " "=a '  
a l " "a r te  S

Hence for anY h€M and a &f we have

t  t ^ f r - r r , f -h ]a ,E)=  I t  [ -u , f -h  \ \ .2 t '  ( r t  ! , r t , t )
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Let Q be a posi t ive operator in .L ( t )  such that O<i- [ t - f r , f -h l
for any hrM. Then

(ea,  a )s  in f . -  1  f ' f t - f r ,  f -h ]  a ;  a )  = jng  \ l  , ,  f i  2 :
h e ' u  

d  .  
h . M " {  a r f - h r l

= i n f  l l  . , -  - \ ; -  t r 2  2  )
h € M x-a,  f -  f ,u,  6 l [  

-= 
l l ( r -PM) t  a,  f  l l  

'=  ( - l  1 , r4a,u)

The fo l lowing def in i t ion is  now natura l

.  Def in i t ion.  we say that  the s tate f t  i r ,  t re  is . the best

est imat ion by s tates in  M of  the s tate f  in  J( ,  i f

r )  S u , f o K u  '  a € E

z I r fr-i, r-i]=^ ?,*
I

best  
:

es t imat ion ,  i f  i t  ex is ts ,  i s  un i -que.  But  the  ex is tence o f  the

best est imat ion is not always assured. l loreover,  even in the

case when i t  exists i t  may not belonq to I r { .  That is,  i t  can i

not  be prepared performing a f in i te number of  exper iences i
fi

on the received states f

Now it becomes obvious that we need a notion of

completeness of  the corerated act ion \E ,  I ( ,  f1 which should ;
assure the ex is tence of  the bes. i  est imat ion.  Moreover ,  i t

should provide an approximating procedure (preferable

recurs ive)  to  approach f  by e lements in  M,  in  the sense that

the errors  whi -ch appear  at  each step should tend,  in  some sense,

to the mj-nimum error operat^r 1.' v !  - f r M



2.  Some ideas for  the ax iom of  c Ieteness

Before s tat ing some possib le  forms of  completeness

we have to be more precise concerning what we have to ask for

such an ax iom; that  is ,  what  are the rnaj -n proner t ies and

resul ts  concern ing predic t ion theory that  we should l ike to

obta in as corro. lar ies of  the proposed ax ioni  o f  completeness.

We have alread.y stated such a requirement at the end of the

preceding paragraph,  concern ing the ex is tence of  the best

est imat ion.  As a suppor t  for  fur ther  requi rer r rents  we shal l

quote some remarks made by l [ .Wiencr :  " fmpor ian l - -  as is  the

method of  predic t : -on q iven in  th is  paper  i t  has s t r ic t  l - i rn i -

t d t i ons  i n  p rac t i ce  ( th i s  i s ,  i n  f ac t ,  t r ue  o f  any  me t i i od  o f

predic t ion)  and should never  be used tc  determine a curve

which may be determined in  a s t r ic ly  qeometr ica l  manner .

S ta t i s t i ca l  p red i c t i on  i s  essen t i a l l y  a  me thod  o f  re f i n ing

a predic t ion which would be per fect  by i tse l f  in  an ideal ised

case  bu t  wh ish  i s  co r rup ted  by  s ta t i s t i ca l  e r ro rs ,  e i t he r  i n

the observed quant i ty  i tse l f  or  in  the observat ion.

Geometr ica l  facts  must  be predic ted geometr ica l ly  and analy-

t i ca l  f ac t s  ana l1  L i ca l l y ,  l eav j -ng  on l y  s ta t i s t i ca l  f ac t s  to

:  b e  p r e d i c t e d  s t a t i s t i c a l l y "  ( C f .  I d i e n e r  ( 1 9 5 0 ) ,  p a q e s  7 0 - 7 1 )  .

we may der j -ve the fact  that  wiener 's  methods j -n  predic-

t ion and f i l ter ing are based on ' the assumpt ion that  the

phenomenon and the measur ing system conta in suf f ic ient ly  many

random "corrupt ion"  t  by compar ing d i f ferent  resul ts  measured

in suf f ic ient ly  many d i f ferent  experrences we must  be a l i  e  to

'  sha rpen  the  fo rm o f  "no i ses " .  Then  . t he  poss ib le  ob ta inab le

informat ion is  what  remains f rom the measured data af ter



removing these noises.  so the not lon of  completeness of  a

corre lated act ion must  be re la ted a lso to  the abund.ance of .

some fundamental facts from i[,r

predict ion theory of  d iscrete stat ionary processes. A stat ionary

process in the correlated act . ion l f  , I (  , t ' i  t "  a doubly inf in i te

sequence [ t "J i - ,*  ,  f  ne'K, such that t - ! f r r ,  r r ,*J depends

only on k and not on n. The functj.on k r,-t.rlf.J= f.-Lfr,,fr,*:.1

i s  then a posi t i -ve def in i te  funct ion on the 'group z of  the

i-ntege.rs with values in . i ,  di) the so callet l  autocorret_atj_on
' rgnct io l  

o f  the process.  For  the process 
1 f r ,3  we shal l  adopt

the fo l lowing notat ions.

I t l={ne i6 ,h=IA: . f t  ,  where k1n and fk lo  on ly  for  a  f in i ro- k

r-\ -l!$er of valrr'es of k ?
n  r ,  :  

)
' t - l= 

V v q
t v r  f  \ o* 

k=-,.rc 
rn -

, n
A i=o f r r * t r r t r . -an .  e r ro r  es t imat ion  o f  fn+ l  by  e lements  r roml ( r . .

From (*)  i t  for lows that, /= 
|  ao.s not depend on ;r ;  we

.  , nput ^;= zrt and call i t the prediction error operator of the

p r o c e s s  l f J .

The shif t  operator

u, defined on i(r= V vr
-  

n : - e  
!

ur ( 
I 

ur,r"n, =}ur,r*r.un

f t  is  c lear  then that

urn=urufr_r

and, denoting Ur=Uro r w€ have :.; . i .

t t n o i s e s "  i n  d a t a

To be  more  prec ise  we reca l l

of  the process is  the unj - tary  operator
(2
7 D Vu

n
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t't
V. =U*V,

r . . L !n
uc

\ . /  \ ,  nI( r= \/ u'jv, f
n=- o<

Also f rom (* )  i t  fo l lows that ,  for  any n,

.  . r  ?T h e  p r o c e s s  \ - n ,
' 'f ,, r. fI

case JGf= .Ke fc :

def in i t ion given

corol lary to the

i f  A  - = 0 .  r n  t h i s
I

is s'tronger than the

( 1 9 7 8 ) ;  s e e  t h e

cross-core lated i f  the funct ion

is  conta ined in  the

r )  t f ' l , I n J
e t  r r f  +  ^  

- \ - n
e t  I  t  - - r Y -  I  "E  ! r  l t t i

3 ) Re ['Lt,.-n,,

4) v- EIKI
9 r

n

) r 0  f o r  n € Z

for

,

f i \

. ' l' n J

Ar= (vfuf" tr-enl u?u, )L/z

where P' denoLes the orthogonal projection from 5(, onto

q- I  .  c learly

0." ?i vf (r-Pn)vr{ vfvr=Fl-ro,ro I

i s  ca l l ed  de te rm in i s t i c

anv n€7. /Note that  t i -^ is. \

in  Suciu and Valugescu

proposi t ion below)

vle say that i  tJ is a white noise i f  Af= fko,fJ. r t

i s  easy ' t o  check  tha t  [ t " ]  i s  a  wh i te  no i se  p rocess  i f  and

only if il tr,, t*l = ! ,* i" tfo, fol

We say that the processes I fJ ancl i grr] are -stationary

t' 
,, }' 

fl = i'k,-,, s,r*11 dePends

only  on k  and not  on n.  This  is  equiva lent  to  the ex is tence

lJC.  -=k.v  ld-  o f  a  u: r i tary  operator  u*  such thaton  the  space  T tg  ,  g  o f  a  u : r i t a rY  , r$

r r  I  - r r  U-  [  =U_ .  h le  say that  the whi te  noise [gJ" f  , g  l J C f  " f  ' '  " f r g \ I q  " g

process \  r -1 provided_  r  n _

are s tat ionary cross-corre lated.
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P r o p o s i t i o n .  T f  t t " l c o n t a i n s  f g f .  t h e n  A o 4  L t

Proof . We have to prove tfrat, for any n i&!
I

i- Lgr , s11 t lt!=r-rt, f ,-h ]

B u t ,

f  L t r -h , f r -h ]=  f ' k r -  (h+e ) *g ,  ,  f  l -  (h+qr )+sJ  =

But, since f l f l ,sJ=o for any h €J(? r wo have n"t ' ' l rr-(h+or),sJ=

=Re i-kr-gr ,glr '? 0, so our rela!.{on fol lows.

Then

Corol lary .  I f  the process 
{ t "J  is  determin is t ic  then i t

does lo t  conta in any (nonzero)  whj - te  no- i_sg.

.  The converse of  the last  asser t ion is  not ,  j -n  genera l ,

t r u e , a n d i t i s n a t u r a 1 t o t a k e i t ' a s a f i r s t r e q u i r e m e n t

concern ing an ax iom of  completeness:

'C i .  I f  t he  p rocess  
i f J  does  ng t  con ta in  anv  (non  ze rc )

whi te  noise then i t  is  determin is t ic .

This requi-rement is in accoidance with the passage from

Wiener quoted above. The prediction problem for the process

(f  I  is  not  t r iv ia l  only in the case I  tJ l  contaj-ns a whi te\ n l

.  no l -se

I f  we accept  tha t  the  poss ib le  re levant  in fo rmat ion  about

the process is obtained by removing the white noises contained

= f  l r t r -  (h+sr ) , r r -  (h rer ) ] * i ' Lnr ,s l ]+zne f  f t r -  (h+or )  ,e r  ]

b tr= f'Lg'srl* r"!
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in it, i t is import,ant to know if there exists a maximal-

whi te noise contained in the process (We say that the whi te

noise g=[gt  is  the maxirnal  whi te noise contained in f=!  fJ
' t

Lf,  whenever S'={Vi  t  is  another whi te noise contained in

f ,  g '  i s  con ta ined in  g ) .  So ,  another  s t r  onger  requ i rement

whould be:

c2.  Any s tat ionary process f=\ f r r1  conta ins a maximal

whit-e r:ois.e g=[g] ,  and S^= /,
tYd ,  =- :  *g-  t r f

Th is  i s  a  l a t i c i a l  p rope r t y  o f  t he  se t  o f  wh l te  no i ses

in T(  endowed wi th ' the par t ia l  order  re la t ion g iven by j -nc lus ion

of  whi te  noises.  We *do not  ins is t  here on the la t ic ia l  formu-

la t ion of  th is  proper t lz

For  a s tat ionary process \ t r l  in  consider  novr

- f  * " , f  - . ,  f  .  - f  n  f  E  c
o;= j6; - K i-, C1earllz cri-U"ci and we call e'=Gi the

innovation subspace of fr,  .  We can then formulate req'uirement

Cd:  I f  I f -1  i "  a  s tat ionary--process ind Gf  is  the innovat i .on
4 l

subspace of  t f  ] ,  then there ex i -s ts  q-  in  l / -such that  \
'  r r  I  -  l t  -

\ r  - t tDp o t r' c l  " ' G . ' f-n

Propos i t ion .  C^  is  eou iva len t  to  CZ

Broof .  Suppos. \nrr1 is a whi te noise contained in [ f - i .\ n

It is obvious that v t , '- ef . Let aaf . Then

,  n f -  
' - 1

(  I ' l f ^ r g ^  l a r d ) = ( V ^  a ,  Y ,  a ) = ( V ^  d r P  r  v r  a )
L  L ,  ( r J  L l  I  q  . . ! i  Io ' o \ ) o

Th is  a l ready  imp l i es  tha t ,  i f .  C i  i s  sa t i s f i ed ,  i t  q i ves

us a maximai  whi te  noise.  S ince

\ \n"l 
uroa l\  

2= ( (r-Pnrl l fou, (r-Pn, urou ={,A 
ia,a)
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the second' requi rement  of  C,  is  a lso fuLf i l led.  Return now to

an arbitrary white noise contained in \frr l .  We have

Condi t lon 3)  f rom the def in i t ion of  a  whi te  noise con-

ta ined in  f  says that

f ' - - ' t .ne ( r ' f fo ,go l r  ,a)  ) .  (  t ' fvo ,sJ  a ,a)

.  therefore

(**) Re (v^ a,P.( \ /€ a) > [ lv^ .  t i  
2

v o s t o Y o

f . i , : ,  I ' t .C2  i s  sa t i s f i ed ,  t hen ,  
' t ak ing  

i n  t he  l as t  re la t i on

for g the maximal white noise yielded by CZ r w€ see l;hat,

since .A.=5- impl ies l l  v^ al\  = l \e"rv, a l l  ,  the schwarz
I g ' 9 O \ : t O

'  
inequali ty Jpplied to (**) shows that we must actua3-tr-y ha're

.  V-  a=P^f  V-  a r  so Ci  fo l lows
9o G'  to

/\

which is  eas i ly  seen to be the best  est imat ion of  f '  by

elements from tr( ?-t .

Final ly ,  we may ask ' that  the maxj -ma1 whj - te  noise

prod.uced by requirement CZ should al low us to separate comple-

te ly  the "determin is t ic  par t "  o f  the process f rom the par t

" co r rup ted  by  no i ses " .

F 3 r
ca. r f  \ r r r f  i "  a stat ionary process,-  and *=__Y_* G;

n=- o$

there exists o, in tr6 such a!.a ur.n =nd*r(. \.

In th is case one can show easi ly that  \ - r r f r  is  a

.  stat ionary process cross-corelated with 
\ tJ;  

the maxirnal

white noise \ n"l contained in 1u rr l has the property th.t,.

I v s o  t l  
2 = t  i b o , g J ' , d ) = ( a ] a , a )
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%n= K,, .  Moreover, i f  urr=frr-w , then 
[ "rr] 

Ls determinist ic.

A l l  these facts  form what  can be ca l led a "Wold decomposi t ion"

fgr  s tat ionary processes;  in  operator  theory lanquage they

correspond to the usual Wold-von Neumann decomposit ion of the

isometr ic  operator  u |  i , .  or Lisf

A11 requl rements Cf-C3 are sat is f ied in  the case t reated

by  Suc iu  and  Va lugescu  (1978) ;  t ha t  i s ,  i f  we  ask  s imp ly  tha t

Je  = : { ( t i  ,  K ) .  Th i s  seems ,  however ,  t o  be  too  s t rong  a  suppo-

s i t j -on,  and is  not  suf f ic ient ly  mot ivated by ext ramathemat ica l

arguments.  As we sha11 see below,  there are natura l  examples

w h i c h  s a t i s f y  C r - C ,  ,  b u t  d o  n o t  v e r i f y  
. , 1 6 = { - 1 2 ] , J S ) .

In  search of  o ther  poss ib le  'ax ioms,  recal* l -  f i rs t  that

'JL 
i" embedded in a nattrral way in X( L./r) where J( is the

* :u: : r ing space.  We may therefore consider  completeness

requi-rements given bv usual uniform structures on ;f ( € ,J'3 ) .

. . . . . . ' f  )

t .  t ( ,  is  complete wi th  respect  to  the operator ia l  norm

.  
' Y ' r e  

Y l l tan '<-  (  b  r / \J  .

This  ax iom can be easi ly  formulated wi thout  any refe" '

rence to K^, since 1{ vn l l. '= t\vf;vnil = i\ f 'b,r. l l \ . rhererore,

l \ r t l r =  r f  r ' , n ' l  r / 2

But  j I  does not  assure nei ther  one of  requi rements

C I -Ca  ,  no r  t he  ex i s tence  o f  t he  bes t  es t ima t ion .  I t  i s  used

in  the  theo ry  o f  H i l be r t  modu l€s  (C f .  Duprd  and  F i l lmore  ( f980 )

K a s p a r o v  ( 1 9 8 0 )  )  .

2 .  X iu  complete l - r i th  respect  to  the s t rong operator ia l

t o p o l o g y  i n  " Y ( Y ; , X ) .
'  This axj-om cafl al so be formulated without any reference

to  .1 . . ,  s ince  I  Vn .  i \2=(vna, \zna)=(v f ;vna ,d)=(  l ' l h , f rJa ,a) .  Bu t

. lrs anorm on
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i t

i t

is  unfortunately too strong for our purposes. rndeed,

can be shown that such a requirement for ]( alreadlz implies

dimensional  subspace ? ou-E and

thar  l \  vr ,dro r igo \ ica.

PropoFi t ion.  I f  
- l (  

is  complete wi th

operatorial  topology, then T(=l.  t  t i  ,K I  .

respect  to  the s t rong

wil l  show that ior  r . ,y f in i te

any  L70,  there  is  ho6& ,  such

subspace .  S ince

in 
'X; 

, we may

T '  ( 8  )  c o n s i s t s
o

i = 1 r . . .  r n k  ,  s u c h  t h a t

ajk)et t i )  by  o jo '  (eo)=r . (k)

PEoof". Let r ot( 6 , K ) .  w e

t ' a , : ( 6 , 1 ( ) ,

Supposei  €o i -8 '  is  a  f in i te  d imens. ionai

l i nea r  span  o f  .Vna  ,  h *X r r  d  € .E  i s  densethe

f ind [ f r ' [ t  
o - t i z o [ .  

. , " u

only of vectors, of the form Vh.. Now, fet {eOl f_1 be an

orthonormal basis in Z o.
. choose hjL). K , tJn)og ,

n-
J<

t '  (ek ) =? vh (k ) t  jo )  and def ine' !  
i = l  

t ' i

ana a . (k )=o  on  the  or thogona l  o f  eo .

Then

v r ,  t k  e' t  z ojo) h{k)
k=I i=l  l -  l -

n

*=S, ;,i,tt-)oio''* 
=

m= d' v, (m) t j*) =r, ( .*)
i = r  t i

n n '
sor i r  rr^=-f  t 'o jolnjo) th"r,t  k=l i-=r l- l-

i s  f i n i s h e d .

unJ r.o=t'[*o

Moreover, any submodule M

is of  the form {  l f ,  ,  K" l  where

'drrd the proof

th is  topology

subspace of

o f  c losed  i n
, . t ,

"$u " i s  a  c losed
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What is  more impor tant r .one can exhib l t  natura l  examples

which do not  sat is fy  ax ioms I  and 2,  but  which behave per fect ly

wel l  f rom the point  o f  v iew of  predic t ion theory,  that  is ,

they have a l l  proper t ies Cr-C: .  These examples are the

Schat ten -  von Neumann c lasses f *  o f  compact  operators in
p

{- t?" ,  {4)  ,  equipoed wi th  the naturat r  corre lated act ion induced

by Y- t 'd , X ) .  I f  we take al l  the compact operators they

sat is fy  ax j -om 1,  but  not  ax iom 2;  any other  ideal  does not

sat is fy  ne i ther  I  nor  2.  But  we can easi ly  prove the ex is tence

of  best  est imators,  the ex is tence of  a  maximal  whi te  noise

cont ,a ined in  any s tat ionary process,  as wel l  as a usual  Wc,1d

decomposi t ion theorem. In  fact r 'W€ may per foqem al l  the usual

cons t ruc t i o r i s  o f  Suc iu  and  Va lugescu  (1978) and check

that they do not lead us orrtsi 'de the class of operators under

considerat. j-on ; t .he last assert ion is a consequence of the

id.eal  proper ty .  This  fact  suggests that  a  completeness ax iom

for  a corre lated act ion should be more speci f ica l ly  connected

wi th the predic t ion theory of  s tat ionary processes.  I t  should

al low us to  obta in proper t ies Cf-C3 ancr  i t  should cover  a

l a r g e r  c l a s s  o f  e x a m p l e s  t h a n  j u s t  t ( 5 ,  J G ) .

We shal l  end by proposing such an ax iom, which has the

disadvantage that  i t  is  not  d i rect ly  formulated in  terms of

4 -

f,gr Uut uses the measuring space J( . It is suggested by the

proofs of  Cr-C, ih complete correlated act ions in the sense

of  Suc iu  and Va lu$escu 3g78| r  land  i t  j - s  su f f i c ien t  to  make

these proofs work in the general  case.

3.  I f  h 416 n .and P is an orthogonal  project ion in ' f  K)

then there exists t i l *Jd ,  such that.  Vnr=PVa .

ThiS axiom is sat isf ied in the case of  operator ideals
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we have d iscussed;  as we have a l ready remarked,  th ls  fact  is

a consequence of  the ideal  proper ty .

Conce'rning the construction of an approximation procedure,

let us remark that approximation in the strong operator topology

is .a lways poss ib le  and that  i t  can be g iven by a construct ive

p rocedure  ( see  T imo t in  ( f 981 )  ) .  Suc iu  and  Va lugescu  ( f978 )

show that in a speci-al case we may get a strong convergent

ser i -es that  g ives the best  est imat j -on.  However ,  i t  is  not

clear what are the condit ions that could al low us to obtain

some stronger form of convergence, maybe more related to the

spec i f i c  case  o f  p red i c t i on  theo ry .  Th i s  p rob lem i s  c lose l y

connected that  o f  f ind ing an apBfopiate completeness ax iom;

they both point to f indrng some sort of uniform structuge on

X( that would be best sui ted for  predict . ion purposes.

\1 { (c
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