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'INIER!'0LATI0I\T fHE OR$ivIS I'0n

n4AnI*I{cEIvtitl{T S{YanI4L{T p.-$FA9iis- _9r riI}ICrIOfs,

feq  0<.p ,< l

by l t r icolae Pope

Ahst rae_!  fn  th !s  pep6r  He ex tend two ln te rp 'o la t ion  the-

ero fns  !n  the  se t t ing  e f  r@arrangeutan t  invsr ian t  p -spr lees ,  fo r

A1p<.L .  $enna ap ,o l foa t ions  o f  these theo lenas  RTe g ivee,  FEr*

t l cu la r ly  we ex tend Theorem 2 .€ ,6  -  [ ] l ; r rov lng  tha t  the  ] Ian t r

eys tee t  i s  a t r  uace lnd ! . t ie isa l  bas is  in  &  reer rangennent  lnvar ian t

p,-sXraee X Lf f  tke Bey{ indidiees FX end AX ver i fy the rela-

tlsae fz: pX asd eX< O" .

'  
f s  the  seque l  xe  assume a l l  the  vec tor  s f l sces  te r  be  re& l .

M e r e @ v e r  p , i s  a  r e a l  p o s i t i v g  n u m . b e r  h e t w e e n  O  a n d  l :

Y{e  t rse  o f ten  no t ions  in t roduced ln  tu ]  ,w i theut  ae td i t ioaa l

explaxat ies. .  ._,

r ,st  x be a rearraggonrent iaver iant  ( r . i . )  p-sperse .on r ,

where r  is  e i ther F, t ]  or  to,^r)  r

In terest ing exaucples of  r " t .  F-sp,eees &re p-OrL iez aEd.

p,-Iorcntz spaess:

Lot  SI  be I  p-gr l io .z  JuncL oE on Fr* )  ,  1 .e .  a  r , rc*nt i -

nu@ua non decreasins and p*g.qn.gqxe' ( trrctt  is miiU.x\pyp)1/{$

<,o(&[(x)t ; i , Iv iry:.  rqhere xrg{ i -r t ,  o:,}  ,  o(, / ,3 * 0 sir .ertr  that,*r-f=j)

funotlerq srreh that I!1(O) = O, .i.l,,i i"l)*f and ]iir ivT{ri=,rc 
"t:>oc'

iet  a be eci l ia l .  to l  CIr  to i r i ;  .  T. !"  p_0r1icz sp:$ce 
\*  (Oru)



l s  t he  6p 'neo  o f  a l l  ec lu i va lence  c laeses  o f  Lebes&ue  rneasu : rab le
IL

fusepi ,ens f ,  €B [Oro)  guch thst  I * t l r ( t ) l  /g)c l t ( *z  for  some
. a ( _

f  ?  0 .  I I e  osne ide r  a l so  the  subspace  I IM(Ora )= i f  :  LO 'QsE ;
" ( L

l * f  l r t t t l / f l d t<ac fo r  a l l  f  t  oJ .  I t  i s  ao t  d t f f , LouL t  to
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Fr@ve thr* t  fu tgru)  nsd Hr*(0na)  ondoned r i th  the Eora f i f  l l=

=tnr f , f  >o;  
[ - t  

( [ r  t t ) l  /g  )  a t  +r1 are r '  l .  p -spaoas on [0 , " ) .

Let now O (c ld ' rs ancl  let  $I  b,e I  posi t ive sont int tous Ron-

lnareas ing  funet ton  on  (On*)  s t teh  tha t  | in r  f f  ( t )=  w ,

t -co 
t=t o

t l . n *  W{ t )=o ,  5h t t )d t=1  a r ld  5 * f *>d t :  oo  .
t:)tc, b O

We deaate t ry '  L*n*(ar"o.)

nhere 0 {  p i ,e4x and r*  ( t )  = i . * f  
"  

,  :pt } i  l r  C* l i
p(S)=t  seL0, 'o)W

'  ( f t"  te the lcbesgue ereastrre) .

1.

)n

We ean  de r ' i r l e  s in r i l a r l y  fo rq fOr1 ) .  L f f r * (Or * )  and  k rn (0 r1 )

are  da l led  p-Lorentz  sp 'aceso Tkase sp 'eess .  a re  max im.aL renr -

rnn6leeont invar iant  p-spaces for p {qacc

T h e ' r , t ,  p - s p n e s s  e r €  u s e d  t o  p . r o v e  s e e r e  i n t e r B e l a t l o n  t h e -

creers.  I ' t ; f  exampJ.e we extend a theeren- ef  Calderon. isee The-

o r e u t  Z . a . . L o  l a l  )  -
l . ) /  

'  
i

f  I , f  et  we introduco sone auxt l iar ]*  Bot ions.  I€t  f  ,g € l , -  {0,  t ) ,
. z a ^ a Y t

0 i1 l . i " , 1 .  Y ,o  wr ibe  t f  *  ,  Ehenever

f  or  a l l  0- i  s* 'L .  Oonnequent ly  l t  te  extenc ie f l  the re la t ior , r

f ' ( e  l n t roduced  o r , r  page  7?5  -  
L l J ,  deno tod  in  the  sequer  by

f  4  s .  0bv lous ly  t  "<  s  4 : '9>  l f  le  , {  le lp ' .  Thus  f  
'4  

s  i s
1 s / l  E

e i l u i v e l e n t  t e  i f  |  * 4  l g l ,  f *  { e *  o r  i f  - ( a e  f o r  a  r e a l
m n ,
F  y  . g

- i ;

^F.0. It is cl"ear f"hat f l*, S rrnd g -1- h, impl3r f _< h.
p

f
P B

. ]  Iebesgu6 neasurab le
c'lo

11r. ct)J nr (tl d t)l/q. .o,,

the $p-{nos of tr

uah that  t t r l l=(funct ians f  eR [0" ' " )  s

- f  [ r* (r l tut.=* Jb"i t j ;  Pdt,
o 0
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r{era €v6r (rre; f a)* < rf O r[, whsre f ,SDro={fY + r$ ;1/r .
D

Indesr i ,  the  re la t ion  e ibeve is  eqr r l v t i len t  ,  f ,aT '  f l t  tZbA,  to

{ f t . i -  ,X)"  
t '  

( f l )=+ i f$) " ,  which io  proved oH pr l$e 125 -14.

l , r tereovsrr s€ havs thry fol lomin& pr$porty.A,ssg$re t .hat g l . f1@f2'
p

forJo. ,e l , t lvg{qF.gt ion. :s  Er f t r fa"  Ihsr r? t r . re  P-eJ: i r? ! ' t }q , .nqei t ive

fung-!-]-g&g-- t,t r&2 suc.h th.{9 g = Sl rD ge SJrt gr 
{ 

f i, 1- I,2'
( -  +  :  -  

|

fadeed,  gp.4 fp ;+f$ and,  b 'y  Proposi t lor r  2 '8 '?  - ' i l ,  there
T

exls t  s i ,  e)  >  o  ia  L1(0,1)  suqh that  c j t  e i=sp nnd * i  
t '  

tT '

1  / ^

t = I r Z .  t r t e  e o n c } . r , i e  d e n o t i n g  { * i ) " t  b y  € r ,  i = \ r 2 .

We extend sew'  Praposi t lon 2.4t .8  - [3 ]  f 'e r  0  dp { ] ' '  . .

.  Pl?p-esitr ioF. I  let X. bgJL r. i . , - .p '- isn?ee-on Lorf] '

Aesurae tFq!. s j .  f  g"d f  6 X. f i ien s*X anrl  ' lgl l  < \ \ f  i l  '
It

F ' r s r l f  T h e  e a s e  p  = 1  e o n s t i . t u t e  P r o p o s i t i e r r  2 . e . 8  - [ l ]

L o t  0 < p ' < : 1 '  T h e n  a P A  f P  a n d ,
I

feLtewg that  sP€ xtr )= l t : r  r* ) f i t ;

< i l l f  
p 11r =i i  r l lp , @

An opera tor  T  f ro ru  a  p , -Banaoh epace X tnk ing ,  va lues  in to

a  p ' .a -Rnnaeh ^ l .a t t i ce  Y  ts  sa i ;d  to  be  c r r tns i l lnen ] l  I f

1 )  l f ( c < x ) l = l t l l T x i ,  f o r  a l l  s c a L n r s s ( * n d  x e X .

2 ' )  T i re re  ex is ts  a  co t ts tan t  C<o<:  suc i r  th* t
\

l T (x r+  xa , l l  <  c  ( i t xa l * " lTx r i )  '  x t ' x2  e  x .

A quasi l iaear  , ; r rsrator  T

b :y  P ropos i t t on  2 .a .8  - [ r ]  i t

t  l* .  )
rL/ P exl arrd rlelip* ilsF lllit

!

i s  bounderd i l  , . 1 7 .r r  . .  * J \
It

i f  l lT l l  =. .  sup ! , { rx i l ;  i tx- t

< - *  o

The  f  o1 iow in6 ,  i he6 , rom ex ' l ends

T h e r r r e n  2  L e t  X  b o  e i  r ' i , o n  i 0 . 1 i  .  L e t  T  ' n s  e
- t'- ' --i

ft'l l.r - '- *, o. *r
! l a s r r l s r u

p - s p i i c e

^  -  1 / \  f ' - - ' i
c:r ij , iL; - 

L2_i .

qga d!1i:qee-l - cirrerqr-[or rlef inecl :n tp (C, 1)

t
n
v'

neouely botrnt ied oq i*(Orl)  g*g (0 ,  1 )  "

,  wh ich  r -  G s i : 'u r l t r i  *
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Tlleh, T -e.ppJies x 13!o, x jn$ nereovel

1l rils 4 2llr+-rc aax (it n tru , llt il*,) ,

wbere 0 t s the,ionstnr'lt-i!:q-o.r.eraen€ggnqq.'

P r o o f  L 6 t  f " € X  a n d  O 4  s < " 1 .

Fut
tt) -rx ( s).

( t ) t rx  (s)

t) -es (t) -

if, f, (,t) > r*( s)

iri f [t)c-sx cs)

i f  l f ( t ) l  i f *1 " )

l +

e* Lt)*{ '

t;
h,  [ t )= f  (aad

f t  is e lear that [nr l i ; f*(*) asd der 'rot ing by

. r=  ! t €&" { ;  r ( t )> rx (s { ,  E r { t e  I o ,+J ;  r i t )<  - r x t s ) J

we have g{aun}=f*f c [o,r] ; ir tt)l ] r*1tr]dr (rT ( *))e t.

I lenee 
{

fl arilfl t- * F* t uil p*J 
[e"tt)]trat + "f"r'I 

t=

5 tL; rtt .]* ( .[ p+ [';a ",f 
ti d t 'r- iltg", *)] e+ I r {t}+ rxl sllFJa t *

L*) tp lsool H-;:t: "-*i;f :l'il-f t,]uoi)15.(+Jpi6< t;",; ln. (iJ uu. :s.it-" r,p it)i r*t)*

€ ar*p ff $l,1 ;-^, tf"l;.:;,*,1* a,-*f;r. (r)l pet.
$inoe lrri s ;ittr-io*r",) 'i:'-;""; 

r o
",4 

' '{

[  f trr l"(* l- iPdt =,[ l [ t t t)  { , t) l  *}"ut 
f  (since r { e iarp' l ies rra. sx)*i

3*.t 
[.Liir**l t i 'rn*\) n]"ut<cP $tlt** lu+lrh"1F)*at +
'a ts ! 

o - ; 
" a

# (siaee (rr  orr)* .-r-  t ior l)  {  rn I  I  ( f  reulr;rat t l ( t rnrt  o1*atJ r

r= cr{firerp$ i s firh*llL )<ce'. mex ( flril e, ll r;ll) (U e"U $r' F" i')j 
p) \.

< (.u i*)) 4ar-pcp *u* [itt l l !,,rtt i lL) i Lt"lr)]F ,it.

r r ^q  - - ^ , , ^n+  ' * .  m€  t  
" , 11p ' - i , -  

^ .o  i , , f , i  t r q r  i l  \  * j  .
v q r l { $ E r { , r E u u r J  { }  - - \ q  v  r 4 q 4  

\ l l ^  i l p }  l l  r  { t 6 6 r / l  .  r ,  - -  a

I

Henoe,  b 'y '  Propreel t tovr  I ,  t t  fo l . lows tha. t  T f  4X anr t  l l  f f  ! l<
' sar/p'-rc *u,,, (tlr ll * , llr tl *o),ilf lk
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exampLes of  s tmul tnneeius ly  er rn t inuous oper&tors  on,5 lmpLe

lr, aad L dxc

where *c[o,  r - ]

Another ,  ruoT6

are natura l  proJect ions Pu $)=f  &,  for  fG t . * (0r l )  ,

1s rn .  l .ebesgue measurab le  s t rbso t .

i .n t r iea te  exampie  is  g iven  by  T f  (x )=

and i  s I , rounded

we give the fol"-

I  r .  i .  p - s t r e c e

= frV to3/n7. r(x l ln)  ,  where r  € rp,(0,1) and r  €P,1].
. ; ' -  t - -  J  - \  -  /  I ) '

in t **C T leoreru t .2 .  -  [ t ]  shows t ls  thet ,  fo t  eYery seql lence

ef  Bore l  funot ions Gn lOr f l  ,  ( * r * )T=,  and for  svsry  sequence

ef measurable f i rnert ione O-*: ib, l ]  *  Lo'{]  such that

{oo }  g lp  L  f l  I l * * ( " )  iPap [x ) : \ i I  1@)\"",' p,irii> o i.i(R) i€t s--lior
F )  r $ ' /  \  .  r -

Tf(x)= f r . "^ tx) f is , r tx ) )  n  where r€Lp(o, r )  and *e lo ,5n ,  de-
7i:t t^

f i p e s  a  b o u n d e d  o p e r n t o r  T : L U ( O ' 1 ) ' - - - +  t p ( O ' 1 )  s u c h  t h a t

f l T l l  *  t n l / P  1 e o  "  I t  i e  n o t  d f f f i c u l t  t r :  p r o y 6  t i i e  c o n d  j . t i o n

[ * * )  f  o r  e v e r y  B s r e l  s e t  B "  C e n s e Q u e n t l y  T  i s  I  c o n t i n r t s u s

operatel on rp{o,1). since llrrl l..ra ifr;rr}l)fi l-., rnt r €L*,10,1) ,

f t  fe l l "ews tha i  T  i s  a  bo t tnded opera tor  on  i .oQr l )  too .  By

Theeres .  2  i t  fe l lows thn t  T  ap 'p l ies  X  ln to  X

e n  i t ,  w h e r e  X  i - s  a  r . i . -  p ' - s p e . c e .

A s  e n  i n t e r e e t i n g  a p p , l i c a t r o t a  e f  T h e o r e p r  2

lewing exampJ.e of  a complementer i -  s i tbspace of
'  f - ^  * - roR LU, IJ
Ceir lolarv I  Let X l ig_o r - i .  p-gpnce '  0< p <1r a,Jtrf ,*J-s- i

EJn,  ev  G\
u - - -

t uu & g--sub:al.gobrra of !h* fr=i-lg,o'olg 
'j:
J3 cf ,ellr- Bfirq-1. str!.-

se ts, of [O ' fj e onta ini-ng lL* uut s ?5 l.gu* qg]tu

t o  z e r o "  I f ,  t h e r e  e x i s t . A 6 ;  S  a n d  1 >  0  s t t c h  t h a ! ,

i.1)

a n d

ie)

ptann) > f. lain) ror B e'Xo

f , o r  a l l  C C A ,  A & ' " j 3 t h e r e  e x i .  s t s  B
! '

€Xo el:n-h-.-tlrn t

R f i A = C ,

thon
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eo!i_p lql'lgntSd Bul,i_gpacg ofl

P ' r o g f  L e t  P U  b ' e  t h e  n a t u r e l  p r o j e e t l o n  e f  t p ( O 1 1 )  o n t o  L p ( A ) .

B y  ( t )  i t  f o l l o v s s  t h n t  t h s  r e s t r l c t r o n  o f  P u  o n  t p  ( X o  ) =

pA ersps r"p te)onto tp (A) , Henoo ti in(zrf te[Ir) --+r,p(A ) r*

I  l i near  heraeonrorph isu ,  CansequentLy  T=QPtr ,  whore  Q =

=Fn i r .o tgo i l= l ,  i s  m eont in t to t ts  p ro jec t ion  f rom tp (0 ,1 )  on to

tp(Zo).  Usias,  { .1)  f  t  fe lLe}Es that  l lF i f  l l * ,= l i  f l l *  for  e l l

f ,e  l ^s { f " )  =  t , J ( , r , l )  ,4 ,F , )  and ty  [a )  y re  Eet  tha t

Fg{ Ioo Er) )  =  t * (A)  .  Thus T*QP*,  is  a  cont inuous pro iect ion

f , rom L *  lc t r f )  snto t " * [ .2" ) .  Apply ing Theorern 2 ws e"et  that

T  t s  a  con t in r l o t l s '  p ro iae t ion  f ro$s  X  in to  X .  f f  f  1Xa*LD(6 rL )  ,  , .

thea  T f  e tp ( -Eo)nxCX (Z)  .  sonver r i rLy ,  t f  e  € .x (2 . ) : . :Lp(2o) i

= lp ( (o , r )  , [ t> ip )  nns  a  ee in t i nuous  i rave rse  and  (2 )  shows  tha t

then g,  : : fg and we sre c lone. s 
.  
.

, 4

r ln  example  o f  a  $ - -e lgebra  / ' c  ve l i f y ing  the  cond i t ions  (1 )

nnd (2)  i *  X^= fnUcUn;  nc[0 ,  t . /2)  nrBore l  seb,  c=. i ' l s ) ,
o ( ' - ' )

where TLx) = x * 112., f er 
"€ L0 ,I/zJ *s..s lr(D) = oJ .

fhec l rem 2  a l low is  L rs  to  conc lude tha t  ' ;he  l inear  opera tors

sLuiuLtaneonsl3r cor,r t iRuerus on t , ;  (Orf)  ancl  l ,  (0,  f )  egt  cont i -
*  : ,

su@usly  o ra  svery  r . i .  p -s l rece  X,  S inee there  ex ts t  . in te res t ing

epCIrer tors whlch are bot: .nded only on some f .  (O r f )  wi th p4 i ldtnl

Te :e  sha l l  s tndy  fu r ther  the  r . i r  p -s t r )asvs  x  rqh ich  are 'b* to r * * "

t r * -  (  o r r )  anrn  r "^ (c l , r )  ,  in  the  ser ,ss  tha t  every  opera tor  de-  
;

P l '  P 2 -

f i n e d  a n d  b c t t n d e o . o n  t h e s e  t w o  s t r ) e c e s ' i s  d e f i n e s  e n 6  b g t r m d e c l

a l a o  e n  X o

T n  + h . i  -n i i  i , i i i . i j  p r i r i l - , o s G  i i 6  i e c e i i r  i , i i 8  c e r  r . ] i i i  j - r ) i i  o f  F o y c i  i n d  i c e s .

For  0  <  s  1ss  we c ie f ine  the i  opsr ' to r  D" -  a . :  fo l lows.

Fel  everyr paoasur.rblo func, t ton f  an tOr{]  r  p\"r t ,
' : -
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(n*r) (t;

0bvt

l lD*,

coasequent ly t ln* l iu = sr/P

t5  e in  ( j1 ,  
" )

s 4 . t 6 1 "

sup
82I

(  r  ( t /s)
.- {)

L o
ly ll Dsli".,

=- sttp/ ll
l i f i tF <1,

ous

rll$l
t f  a n d

D"riifl *
g ! . -  5 l * t t l s ) l P a t = e  r o r  s < l
l lf l lp s r ."

f lyp-  f  l r  t t ln )  iPat  *$  fer  I  ?L.
l l f  i l E < 1 0

D" aets  cont inr ious ly  on x  enc l  l lDs l lx  *  e '7 /p- r*o,  (1 ,  * ! /p) ' .

Mereever  to r t ) "<  D" fs  fo r  eve ry  f ' and  0<  s  a .e .  , "osequen t l y

$e iaa eompute, 1!D"l la uslng only noniscrerrslr lg fnnetien.s f  .
S inee,  fc l r  such a fnnat ior . r  f rwe get  D" f i  D" f ,  where

O < r< ,F<< 'o ,  1 t  t s  e lea r  tha t  i lDs l i  I s  a  s rondec r@&s ing  f r i nc_

t l o B  o f  s .  H o r e o v e r  l i u "  ' , i ' i l l D r l i : i i r * l l  f o r  a l l  0 1 r r s <  @

New F.e Garr def iae the sCI-cal led Boycl indiees pXr e,g.

and,  by T l ieorere 2,  i t  fo l lows that

1*-6- € - ,
loel lDsl j

Fx = lina J.ogl-
se o.' Iog 1lDull

q.. '=. l ie leg s -  is f  los srL e->or 5.ATi%l[ - ocs+t ffiEiiDJ|-
:

i f  f i D * l i  = f  f o r  a s m e  s > ]  l s € r  p u t  F . g , * f f i .

=L  f ,e r  a } l  s4 l . r  r€  p ,u t  e1=c .a .  0bv ious ly

X = I r ( 0 , 1 )  w l a e r e  a  < p &  & ,

Pro 'pos i t l .gn  4  I -€ t  X  be  n  r .  i .  p -spe loe"

P'5!X *.a QX { ec

t* 
.r) 

= qx/n and ktr )  =Qx/F'

Sin i l a r l y ,  i f  l l ns l l r
Ft' - |.f toap i = , I x = p  r o t i

Then

r)

2)

D s iaee l lD g p l /v- l " t /n  , " ,  s  .v r r  B€ get

1fu4 1og" s = F 's+tc rog 2flir-]'"iiT

j [  D  _ r l l  : f ;  consoquen t l y- s g

r l
s t '

.>

Froof
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Fx =:T"" +ffid3 <

a )  o b v i o u s l y  t l  n * i i  x , * r = l l n - \ i f r .  @
[P /

H : p p o g l u : r - n q  L o , r ] ' I s L

-g:ggl*p 6Ft< Fa jlES qX4Q1€ a'+ me ha'!s 
"nr.(o' 

l)c ** tor(o' 1)

the in gllr qionq qji-p s-5e.j'+fl-*c oll.ti-4-tis!r s'

Egggg  Prope is i t i . on  2  .b .7  '  
L l )  se t t l es  the  cnse  p=1 '

For  A1.p, / * . I ,  by  Prbposi t lon 4,  we get  1$. f i1 /e  *  pX/n= PX r* ,- 
tp)

and aX, *fr  
, f* /n < t ly/  V < i fr  .  Applytng ega in Pr op osi t  ion 2 'b '3

t v /
- i r l  f t  fo].Lews that the ine lusion Haps Lo-1/n "+ xte) 'and

X , * \ * _ * l n * l p a i ' S . c e n t i n r r o u s . } . I e n c e t h e i n c ] . u s i o n p l 8 p s' .  LPI  v t r

t *:--> X s.nd X *:),1-. &rs alste continuo[s. ,a
e1 ! ' l

We ex tend now l l rsp ,os i t i s re  2 .b .5  -OJ fo r  p -0r11ez

J}I:opp$-L!1pi1 ,9 Ift x *Lro (o,r) [ ""*s,r. 
x=HI,,r(orr))

I f,nc -  Q w .

s p a c e s "

n n-qJ -

I r , roo f  The conc lus ion  fs l iows eas i l y  f rom Prop,os | t ion  r { ,  Prq :

1f  c 'z;  sDrtc)e.  Then

C
p - . ; s t l p  i  p r ;  i n f- " r  L  r  

i y r t ) r l
t

Qx= r.nt '  ' )  q];  sup
It ' t  )-1

F l i
r { ( t t )  l H  t Z r ) , r  

' }  o j ,

Q 1
I '{f3t) /1,f, [r\j.r 

* 
* *j c

and ths renark the,  t  X,  - \ :  Lno (  0 ,  L)
( p ) .  , * ( p ) -

o, L)) where I,{u (x):r,n 1x1/9 . ffi

e ipos i t ion 2.b.  7  -U]J  inapl le  s .  the f  o1Lowlng

l e t  X  b e  &  T . i .  p - E p h c e .  T h o n

pos i t i on  2 ,b .5  - t i j

(r*up. 
" (n) = n,n1r) (

i r  1e r ; l€rar  that  P ' r

{rPeP.si4igl 7

l i) e.u-d?-' if ry,{_ cn-:tl i f X Coes nnt jontsln,.. {or*j lJrfjg:q /

t e g , e r s  1 1 ,  s L n o t t s t  i s c l n e t r i o  c o o , i e s  o f  ] coLn)  s r ranned 3y  d is -

i ^ " r " ' i 4  { r " - . ^ ' r . i ^ * -  ' - .  ' - . i :  * ^  + t - r  g a i r f r  c t  i s i t . i t ; i r i ; l _ o t r  f u n e t i o n .rl ur--ri u t-i*11'i-'i.Yi'-? -llil Jall$--llt! - ,. ,- - -
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t

( i i )  p<pX f f  and onL{- t f  S dpeslgot  p-qg- tn t .1 .  for  s} l  ,1 'n te :

MUq $'; ehnerust-.L.:lnet-r,ig q'Spieq qlF f -(o) spanned t'*v dls*iqtnt
o '

funet lons hnving the sisno -di"s-@qn.

We give f ,ur ther nnothel  inter;rolat ion thesreu whig 'h extencXs

ths  Beyd '  i s te rpo la t ten  t l l se rem.

F l rs t  e* f  a } l  we ln t reduee ths  $paee*  L" r r r ,  where  p<r rQ4.< t€ .

I€ t  (JZ)Zr [ )A*  a  ae&sure  spao€.  ] 'o r  p  <Y 4 .>2  and F ,6  c ]4  ' . -o  ,

dbner te  by  a" rn {$ . ,X , i * )  the  sp&ee o f  aL l  loea i . l y  p - ln tegrab l -e

funet ieas  rc l th  rea l  ve lues  f  da f f .ned on  - fL  sush tha t

i lrl l,n*r')Ft" r"ro)) - 
*J 

trl *

i i f  l lq,q =i l f  l lq . Mereevei y{e irave

-
r e a * a e  l s e e  t r ] ) ,  t h u s

For r , ' { r iac we denete by 1",o.  [AlX;F) *n* uT1** or  a l l

aeasuratlLe ftute' i ; isns f etteh that l l f l i rr* '-, ;18 ,I/ur*$)'{ot: '

(see [] .1) .

Obvleus ly  tnr*aLn and

l l  f l l r , Q 2 4 t l f l i r ' q r  f o r  o z - c r 1

L"rq lc  Lr r ta ,  I f  ( -A lZ lD is  a  probnbi l l ' ty  $pt lcs ,  then,  ap 'p ly-

leg Htt letrer te inec1ual l ty,  ee ,got

r  e - - T .  r - i .  ^  ,  w h s r e  c t i r r < . " 2 . ' r r a n ,  a n dbT 
1 t , *  

*  " "A ,  Q l *  " t1  r  Q2

* a

The spacor  L r rq  n ro  topoJ .og iea l l y  conq l le te  roe t r i s  L inear

s B a c e s .  l  
$ e e  [ 1 ] ) .

rs t  now i - i i ; :X i l f , i ) i : ' 1 r2  lae  two measurs  spnGtes '  le t

ps-r l<,(r  and Let T be f i  map def in,ed CI 'n & gubs€tt  of  t " . -L- iZr)
t  

1  
' r ' '

wi th  vn&ues in  the 'gp ,ace  o f  aL l  nsasr " t rab le  funet tons  on  - { - lp  ,

I) The map f is said tc b* 6f -gi*.gggo;!;reg (r1rr2) f or &

su i tab l .e  
" l  

€  Lp ,  * j  n  i f  t "nere  ex ig ts  n  con s r r .x r i ;  i ' r i>  O suoh

tha t  t lT f  i l -  5 ;  l \1  l l  f  l l  - ,  fq ; r  evcry  f  f ron  tho  domain  o f- t 7  ' i

dcf i .n i t lon  o f  T*
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2) T i .s ssld to be of Y{e'a-E*JY,gg (r1'r2) for sorl6 '2€[O' 1J

i f  t ho re  ex i s t s  a  oons tan t  M >  0  such  tha t

It rr li - ^s i'{liril"l,p
r  2 ' c w

f o r . e v e r p f f r o n r t h e d o n a i n o f d e f i n i t i o n e f T . t i e n t a k e t h e

e enventtein that,  for r1* r€'  r  iustend' sf t i f  l l , rorp' '  ** put

r r  a l l  - , i  + l '
li r ll ,'."l.:<, 

-- ,, ' ,l ,., l

J

I t  i s  e l e n r  t h a t  g n  @ p , 6 r a t q r r  o f  s t r o n g  t y F e  L t r ' " a )  i g  a l s o

o f  w e a k  t y p e  ( r 1 , r 2 ) '  F i n a l l y  w e  r e m a l k  t h e t  f  i s  e f  u e a k  t y p e

( r 1 , r 2 ) l f a n d e n l - r l t f t h g r e e x i s t s a c o n s t a l r t M > 0 s u e h t h a t

siro t i t-,- ", ial t-il- ; lTf i' r-'';1
t , -  t l  

\ t  < '  L =Z'  I ' '  \  "JJ o -- \* ' '  -  I  6 L

7 - ' \

TIe  ean aew ex t$nd Theer row '  ? 'b ' r r  L :J  o

gg-qlgg j lbl 0( 1t' 1**1 ryd p *Pl< Q1-<rs glrd let 'T trg a

l , t l rFaT opgra!ar er: t in.e-;}{ ,n t ' r  
rrp 

10,1) i+i-e the epa'ee of al-1

nsoqsurabl .e ,  f t rnct ig ls  on (o ' f )

F 1 ' F 1) 3jtg ltt ' crtl ' SXgn igl'

'evqlsr 
,r.i-, rr-spaqe -&*t;i rltl.n,qt*glr$' on J-otti such- thqt Ft4. Fx

sncl Q.,.4Q' r  t-qrg:s Xjgtc.r i tqeF.nnd 3! ' i '9 !-oundgl-Eln X'

,;: ;; i ;""r '" ,-r*" ,- 
"" 

extensiun of r-emrra 2.r).r-2 -r_tJ

Wit tj$ sgge, a.9is..gn{:'t iqFe- og-T as iP- Thgc}reg .q-Lemma 9

tlers- l.s a qonstaEt l{ a-so €ggg-ilgj- $a ;

lirrl* (zt)Jp*t i-'ifu. lt,,)l r,,r/rt*ldu r 
) tr"tt")1ron/ar-14"]

f . o I -eJe rs  .9 .  t  * i / z  agd  f  { . Lo . .D , tO ,1 ) '
v  1 r v

BSo,g . {  suppose thn t  T  l s  o f  vce t lk  t ; rpes  (n1 'n t )

w i th  the  ce ins tan ts  I ' ' [ ^  and I0 . '  '  Le t  f  C l . - . * t0-  
F 1  . q l  

P l t i l

u , t  € l ! , t l  s * t
r -  , e  r r r \  - * s  i + \  i f  f  l r r )  >  f l t  t t !
t  i L i " i i  - i  L ' * /  : l -  ' L i L 1  i - ' :  L  '

' \ .

&*,.u) = 
i t l 'r)t ru Lt ) tr f 1u) { -fEi r)

Lo i r  ! r (u) i  * ' ,  r*( t )

anrtr iA1, a1)

,1)  nnd for

and h1 (u)='f lrr) -et'qrr) ,
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r t  l s  o loa r  tha t  B t rh t  u tua ,u (o , t )  and  we  qpp ly  the  fac t  t ha t

T  t a  e f  w e a k  t y p o  ( R 1 ' F 1 )  t e  6 t  a n d  o f  w e n k  t p r p o  ( q t , a 1 ) t o  h t .

Note thst  e f lu) :o  fer  
"  eLt ,oo)  aad et  (u)*<r* (u)  for

0  { r r * i t .  H e n e e ,  f o r  t  € I r  E @  I  a v e

P / P ' t r ,  \ ! 6 -  \ ' 1 r . r  . ,  d  h  P / v r - It^ ' '1(ra;" i t ,r jp*4rtnuur) 
i  L*t,")-]p='- ' ' t  

' -ds 
*

'L- ,r / '- -t o " 
p,/p r/t. - . * n p/p,o *1

< *f l . , .* 
;- [r*Cs;]P'*t" ' t ' l  

*ds 
=$r..8 . tY'/  

v '  t j  
[ i - t tulFo'" '  

*1 
du.

- e'f. -0" r  p t O

s iaee l i r r t r r ) l  =  rs in t l r to> l  ,  f * ( t ) ) ,  fer  te  lo , {J  ,  }16 heve

,v/'t '[ irur) 
,a.,]ps 

r{r.f.. 
flntrEJ 

n 
"P/'t '- 'u" *

.  *  , ^ ' - i  c . * ,  ^ / ^  r

s*tnr.#_. (i'tu",rIp"c/41-1u " *frlt ({ o,u/qr-ro*)=
r  ' 1 i  ' 0  t

=,*fl.,.* .( 3f "lrUu*'nl*tn u*"tflt (tuf nue/or-luo)* ,
v l  Q l  , g  { -  -  r  

4 .  
"

< *u;., .* *n'n?:, (F.t.*,,I -ooF''/trr-tuo * f1"tr,tJ noP/tr-tuo) .
e1  t t  A '  

' J  
t

s lnoo l t r l4 .  i re t l  1*  lTht f  i t  f  o i lowe thar

[[m)"Lat)l % [$c*)*t t)+ irhr)"Lt)J p< 
[(retl" (tlj ei I(To*) 

. r%tg
4 rt / p t:.r - .,n: *' ^. p r'q., -i

* (t,$r.fr.*'utfl., 
iiU"itrrf 

Pu'" 1-*,ru-f.u{'."t 
![-" qtril] P,,*' 'l tlu .

ThIs Bioves 6ur lene^,na with t*=fi , tr$r"*[a . 
Eil

'Pgoof of  r l ieorem 3 tet  po unr i  en be suc.h that  p1.: -  I ro<-.oy

asd Q1 deo<,Q1"  l fhen th rs re  i s  
"uF 

I  s r rc ,h  tha t ,  fe i l  s  z -so ;  wo

have p<JgS--  ,  consequentJ-y 1 inui la * t / -no fer  s)  so._-Gsfijfli*

Slnce s -:> lq'fl s
Iog li l) o 1i

fo lLows  tha t  the rs  i s

2 ' { " $  D O  .

i s  a  ceus t ln r " ious  func . i ion  on  ( f .n* )  ,  t t

1 f

K 4 <a2 sue h tha t i[ n *il ,( tig 
t/ r] r.t f sr

. i
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l /  q ^

$ t r a t l a r l y r  w €  0 $ n  a s s u r a e  t l T a t t l D s l l € K s  
- o  

f o r  0 r - s 5 ' 2 '  L o t

' I

$.s.ry g & x 
' : [*  

* i ] '  
suo]r thi i t  i ts l i ;  r  s 1. (*u reoal l  that 

" (u) 
611-

- , \

f ,unetlons oa Lorf, j  '  See for oxample [ '*J J

?r+ \ * *  (  *  t * )  i f  t<  1  
r  &@ have

Put t ing  e ,  i t i *  
I  n  i f  t>  1'L  : t -  . -^ : '  .  n ' lnr i i -  , : - -  !  p /Pr-} ,  r i , -

(  l { f ^ * t '

) (  l^* 
quu/z)]pstt), ,-  

' ' t  , t , t  dt:-J ' : 'oI 
-(,5"torr 'r f*)ptt) 

ktt)  at)a'

o  4 u ,  r n ,  p / p r - L  
' . - " : i , / r o , t , , r / n 7 - v / *  - l

<[- l l  Q)z/r.r*) 
pl i-.  ,o- " oI 

du { KFl'  
- ' ' ( !  o r '  '"Q -uo) 

i l f  i i* *

? ,  
'  '  t ' ^ ( t )  o

= z"c 
!.e nnn/e_ -e_\-]11r1ifl, and

c  cs  
\P r  

p /q r - r  \  f  v /n . , - r , { , ^
f i ( ir. {t,t/z)]p* it) ,:p' 

'*I-*dulat 
15 

*,' 
' -t- -! 

[iorrutl_ 
e (t) s' (ti dt)d]

d ' i  { , : - : ; - t '  , / p^ f  p /q " r -p ' t i ^ - t
: ?r'' 

nt-tii urToile i\r'lflnu + iirii$rcr 'n' 
'o 

i-u'' 

':rl ri ' 'o-'uo 
=

i" u) / ,) - ^t,^
=fll 1r' '  

nono 
t* 

- i]-1 rcr o <t+ r /2
11'o cJ1 

4' - t*l-ira it) d t+ ru"rrrlifl ror
B,y LeiIuBe g l t  fol lows that 5[(t t) t

o _ -_n . r_l ^i,/po .
e €x I such that f, ali" , = 1. Iie re Ii{"-= t*n(ft - 

ft)-" 
2' 

' "+

,  ^P/Q* 
Ip  -  * r - \ - t ,  Iv l  be ing the conetant  appear ing in  Lerama p.' r 1  
G - E /  ( , .  _ , . . r f n \

Henee  ( t t ) t * [ " { p ) : {  ' "  r n  o tho r  wo rc l s  r r e {L I ($ ]  ' ' t t ?x ' ' '

( * u  r e c a L l  t h a t  f  o r  n  B n n a e  h  l a t t i c e  o f  f t i n c t i o r , r e . Y ,  f  t e ) =

= \ f  ,  &,  r l  - - ) rF ;  l f  I  
pe x I  ennowod wi th the p-norm i i i  t i i i :

c 1 /,., 
'-'r

=[  ie  tu i l ; ' u  i s  a  B- -Banach . la t t iee  o f  lunc t tonsJ  '

Moreover l\rrfl{ , , = li [rr)ptix ,  ̂ \ 6 rani\r l|fl .
Lpl

I f  X  is  rn rax i raa l ,  then T f  €X s rnd  l lT f l l xg iv lo l  f { l f  . ,S i i : ' ee

i o * $ , f )  i s  r i  m s x i m s l  r , i ,  F * s p $ a e  ,  t h e n  i t  f o l - l o v t s  f i e  n l ; s v e

tha t  T  [L^  10 ,  f ) )  C  L '  10 ,  ] )  .  X  be  ing ,  the  e losure  01*  Lo  (0 ,  i )
' t ' * a  '  { o  ' { o

f o r t h e t o p o l o g y t o f X r r y i t f o l l o w s t h a t . $ n * p s , X i n t o X a n d

i . t  l e  b o u r ' r d e d  t h e r * ' *
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p/)*nnut*

lr

. . 1 2 o  e l a , d  k : . . 0 ; ,  I 1 , . . i  b y
r . n

ror r c 'y(a( '-2.)a-k-r,  (zf -r)a-k-l)

fer t e[t zi._.t) a-ic-r , ?l.a-1.*1)

otherw, i  se r

f o r  { - r = t r Z r .

i 1
-! fr') -- ) "i,zkt't 

i 
-.

t 0
iE knorn tha

{ o , t )  ,  f o r  0

T +
- t L

I t l  I J

. p

The  p -Lo ' ren tz  sp& 'e  .  
\ / r , 3 /4 [0 , ] )  l s  an  exa rup le  o f  r . t ,

non loca l ly  ec lnvex X such t l :a t  ^o*  )1 .

Iet  Jf ,  be a 0--suhnl .gel i ra or 3 ( t i re gi--algebra of  a l l  Ro-

r E l  s e t e  o r  [ o , r j )  s r r c h  t h a t  t h c  i , e b e s d u e  m € a s u r e  r e s t r l c t e d

* * . {  l s  o * - f l n i t e .  F o r  f  e r r ( 0 , r )  ,  t h r  l e b ' e s g u . e * t r l i k o d y r a

theorem shows the exi ,stenee of  a rrni .qrre , f t . -**nsrrrahle and Ls-

l lh t ,  wh ieh  ve  r  i f  ie  q

t h e  r e l u t i o n

fru 4)u dt = f*, *," o '  ; -  e -
for every bounded ,7t1,-or"surable fune,t ion g on lort l  .

I t .  J  e  e lea r  tha i  f  *>  E i$  i s  t rn  i i t empo ten t  opsyn to r .  Th ls

op*retor ie aal lecl tFre egnd.t_tJ.on3l .expegln.t i -qln and hns the

nCIrn ori6'  on rr(0, r)  ond iro (0, r)  ,  conserlue-ntLy on every

tn ( 0,1) wlth I  -< e t  cc'  .

CorTolgly. W Wlth J,he..nojat]..en_s-..jrf nb_r:ye-_Jgr_ 0< pS l< --

€p f4a1  +6 )  and  f? r  n ,T . ,1 .  p -sqq , re  [0 ,4 .J  n  s i rgh_J l r .g_ ! ,

Pl a F1 a$ci Qxt QL' E Jrt i  s*ps x in., to i , tse]f  and i j  is b-oundel l

g r  i t .

Prog{  s fnce p{? L,  then EJL is  an operator  o f  s t ;eng types
/ \ r *
(Byp l )  and  $ t ' q r ) .  Thus  hy '  Theorea r  B ,  E 'o  mapa  x  rn te  i t se r f

and i ts  nors  soes not  c iepoad on i t  .  *
'we g lvo en in terest ing r ipp l ioat ion of  corro lary  10,

Becal .L  that  ths I lear  E 
;s '  .o-s

i Y s t e m  I r t r , ) n = ]  i s  g l v e n  b ' y  ^ , $ )  =  I

agd ,

t  the r leLar sy:etera is net a schaut l rsr  bssls

<  p  { . r .  ( s ca  [ 5 j )  .
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T h u g i t i g n a t u r t i l t o a e k w h e n g v e r t } r e E a a r s y s t e n r i s &

$ c h a u d e r  b a s i n  f n  a  r ' t '  B - s p e - s € '  f o r  0 < p <  I ' I n  o r d e r  t o  a n s -

w@r io rhis cluestion 
T 

.:::::-:. 
;; ; i :":.::_:::::._*:,;:;-r_

eree sing $equence of 6"-tr lg'ebra.s l f ' r ,11\=i 
*

subsets  o f  LO, {  '  f i -e lsebrn  iu "o : t t t *e  on lv  
; t , *n i  

van is -  '

hrng, set +, and lnrt '  Fot n'- 2Kt ( '  ' i '= t. 's: '^ '  L '>o 7 
r '(z'-

, - - - -  - - . . , - -o f l  * *  j '  nT - rn  the  i n te f va l s
is ts-e (1--ei l .gebrn s'pernned bY jL'ytr 

7- 
sncr

i ,  c -. --k-i, [e/-r) 2-k-1) , f l iaf 
-r) 2-k-r ,z(.r 'k'L) . rt is

y.*. '-: * ; '  , : ' : ; l  l , ,un*"t n:-si leeuva "d such that the rune-
alear that f i rr . . ,u the smerl lest 6 -{ l - tgsCI

, {, *r i are i/l: -o"n surable s.
t i o n s  t l l t - - r ^ r r = t  

v ! r u $ 4

\ ,1e ean RoYi s ' rsve the fol lowing s$sert ion'

.A. Q-SoJ-arab'-]g l:rt. 
p' *og [o , fj '

C ,q r ro la rv - i i  I f  X  i

q u c - h  t h a . t  o { , p d , 1  f  F l d . F x : i e x { - q l S . r *  '  t h - o r  i h e  } l s a  s v s l e l r

[fo)f' .r s tr- $.ehat]der 
'!r'rr s i s o.f X '

F.rr :of  l i le assuxqe that x is not a Bernach sFrf l 'ce '  Otherwise the
, . \

*eser t ien  rs  l se l l -kne iwn '  Thus  X is  r ig t  i soraorph ic  ia  l , , , c  (0 'U  ,

tbet  is  r i *  i l7 i , . ,  * , l l  *=  0 '  cor 'seqr ' ten

nn [1":J can b-q €1p]prr:ritr'rated irl the

r  i s t i c  f  unc t i ons  c l f  dyae l i c  i n te rvnLs

t l y  ev€ry '  s imPle  funot ion

noru l  o f  X  bY the  chnrac te* i

Vr'o, 
(-{^+ 1) a-k) ,

a < { * a ' n - t \ + ' - a , 4 r ' ^ -  -  ,
It folSews that the Haar s;rstern $pdlr'.5:'rl8o dghg'* sl*-

gUbSya&-.Ln,, f fn,; , ; i : . . t id,er ie.: l  i  in t l rs clo:c' i  t  : ' ' lpa46 sf{ in-

sed- blt t.h*"4 i-n fi i

o b g e r v e t r ] . s o t h a t f o r n ; n l E r n e l f o r e Y e l y o h o i c e

la rs  !  u - { . ,1 t ,  we hervo
L r'J -''-- + 

.J , 1A'1. .' h-

w)Lt '  (E oiX.) =; i  ' :11X1

a r i ,  h r ,  l l a r r n J n r , r T  t ( 1 .  j t  f o i i e w s  i h n i  l i  E / * i l  €  M
a ' r ' r . H  t  u J  v v - -  

|

This  i rnp l ies th ; i t  lZ ;7 ; i i t  81 bas ic  seqt tenee in  X '  IS

' r e r r  r r r  z ,Lz  - [ : . j  
) "  E

f o r

a a

of scel -

n€ i l i  r

T h e o -



-],5-

I [e  e ] re  in te ree ted  fu r ther  i ;e r  know whenever  the  Haar  sys tem

i s  s , n  u n c o n t t r i t i o n r r l  b e i s i s  i n  e r  r . i .  p - s p a c e  o n  [ o r r l  .  w e  r e -

cn ] l  tha t  n  f l chand:er  bers is . in  X  is  sc r id  to  t re  uor . rpL f t to r rgJ

i f  t h e  e x p r i n s i o n  o f  e v e r y  e l e m e n t  o f  x r w i t h  r e s p e c t  t o  t h t s

b s  s i  s \  c o n v e r g e  s  L t n e o n d  i t i o n a l l y .

I t  f  s of  sone intere st  to reniark thr  t  . the r .e la t io.n

L {  Fy !  Qr 1 xt  Ls a nece ssarSr ainctr  suf  f j .c ient  cond i t ion fer'  -J1. .* -lL

the uncondi t ionat i ty  e i f  the bas j -s  [X,u, )L  i - "  evsry  r . i .  p-sp,ace.  rr  rTt iJ.

X. l l ie  extend ln  th is  way [heCIrem 2,a 'n6 -  i rJ
Thoorere 12 L e t  X  b o  a  s e o n r a b l o  r . i .  p - s p a c e  o n  & r ! .

Th-e.-Hrrar svsler,r 6^jf*i.s a+ rrncoggil-io$a}- basi.s., in x i-f qnd

i l ' u r l l  : '  I  and  ver i f y , ing  the

4! 1r , 2'L ,n-'.r 1,/
?- u'' i i ;. r/t; l 5_. 11 tr*ll- 'r)
L = t  t { = . i .  r  /

systora c,r;r t"lr)11, ,r dcfin

f t i n c t i o t r  i , , ' " ' s u e h
- l L

L I ( . , 2 ;  f l u r l l ' o ) .
4e7 in

Let  {nr)  to 
, r  the

ne,$T there

d i  str  tbu t  lon

- i ' n o n ' r t s ' l i * r

n , -r .  I

e d  b y

eEly. Jt .1< pX4 qX 1qn .

P-rosrf  . IJ 1(p" and e;< cr l

2"c .g  - t2 j  i t  f o i . ; . os ;p

L'X;Jiuo-, where q-GN

d e d ,  t h a t  L s  t h s  b a s i s

converse ly ,  ass l l ne  tha t  i x ; ) f i  i s  an  t i ncond i t i emaL  bns is

in  x .  By Propoei t ion 4,  p2g .  =  FTlv ;  consec luent ly  Theorern
" tp) 

rL

2- rbr  6  -U)  shows us  tha t  tn* ,  
, (  

o )  spanned b ] ,  pos i t i ve  d is -
" (p)

jo int  e ler . tents hexving the

f  o rn ly  co t r ta lncd  t *  
" [u )  

.

tha. sp*rce * -1f* Lg spanned

h a v i n g  t h e  s & n e  d ' i s t r i b u t i o n  f u n c t l o n .

Ia  o ther  wore ' l s  there  is  I / l )0  sueh tha t
.  r7 '

ar6  z "  d  i s io in t  f unc t i ons  t , t i ) i = f  hav tng

ther t

\ r i

"/ al

I{ha r

then by Theoronr I and b;' Tliesrern

tha t  t i re  p ro jec t lons  pcr  f roa  X on io

i -s  a  cLosee i .  subset r .  &re  un i fo re . l y  t :oun_

i  Xj l-,  i  s uncond it ione.t.

$ane d is t r i s -u t lon  fune. t ion  &re  un1*

I t  fo lLorqs  That  X  eonte ins  un i fo rml ; r

b y  p e r s i t l v o  d i s j , r e i n t s  f u n e  t i o n s

for  a l }

the selme
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,-tr/ Frr i \r  ^  - ^ ; . ,  
i -  - ^ - . . +  U  _ /A 1 = C  \ L t l  ^ r .I I C

t

r t  n -

d

-urn) '

,\

FtIs 
repL$eed tV ; 'd2.  a l id s0 exl '

l ' ir i is, for so*is sieil{ nnd seme scslars

t r "  A  Y  |  , 7 / ;  - - t -  , , ^ ' r aur = 
Fr PrL g-t+L'i- t!z")e'-ts) ti+ Le*1)2"")z

- . , ) l L -
| (';) ,,--" E'e ha ve
- r  c  d - *
- 1 t 1  , , ' . , ' t t ' ,

)  )  l a u =

ha = ,-w/px[*l* - '  , '* '  oa*-l-oan-l 
1- 

" '  -oro)

. -n/ P-
b  - 2 ' - a 1 u r - u 2 )*a*_I+1-

a-*/Px(r*rrn_,

S i n c e t - . , ( 0 r I ) i s c l e n s e i n X w e o a n s s ' s t l E e t h a t o i t e a f i -

pt te Llnef iy cremlr in.at ion of  c i raraeter ist tc f i rnst ions of  inte: : -
a , \ t -

vats  td l -J )z -n ,  
I  j ,ZE)  ta r  soms k  in t tepeadent  o f  i .  App lv -

Isg & suttable autonnotphlsrs of  LO'U we c8n st lppose that on

t lae  f i re t  AE dy :ad le  ln to r . ra ls  o f  lesg th  2 -k  every  u i  i s  non-

% s r &  e x a o t l y : o a  s o m e  e f  t h e s e  i n t e r v a l s  a s d  t a k e s  t h e r o  8 ! :

3&1sg-,.lfrd.ependoni' r-rf 1, say Fi '  Eire s&Ilie faet is also true

f,er the fe l lawi,ng f  dyael ic,  i r . r tervals of  length 2-k,  thsre

Femark  iha t" ;ru; r!' '> a
?:"' 

'Ltrrz= *a{- - -. i- uors*r-,,o, -rf f-- 
,, , *oz* = 

7-oP+ 
I Zte+*to 4

1.rL.
o/po

a*' 
*xk'=u1r *-. r *2r-2-* 

zft-zt-r " 
, -o2*-t =F Fllr g-^nu'? r1-t

n/p,.
t 

' ' ̂ nu = npr-rn 
,-f 

-" . '* nan-L 
{-z-o zn-f- an-+ f. 

"' -oau '=

}YL.

= 2* i) ' /  , ,  I  so crn.- 
i.n 

, a' <.k-,r,.t, ljf), 
an(

I r i  e . ther  w:ords ln lJ i=a 
eonst i t t r tes a b look bas is  for  n  p '@r-

nrrrtat i ,sn 5E ef the Haat iar*51:(Xif l t  sf  X. Thus the uneCIn-

d j . t ionel i ty ,  eonstant  s f  i t - r i ! ,  n  Kn,  is  iess than Iy ,  the

^ o €

utrcondt t lonal i ty  eonstmnt  o f  the bns is  {av.  o1T=t  
p f  X '



_r7_

0n the other hanel  ,  le t  T* ''  - r l '
*-+ lqx[z") siven bY

n7t
l  r ,  

-J4

L*iJ kL

f * l u 1 ) ' =  * i ,  l * i < 2 I 1 ,  b e  $ n  l s o m o i p h i ' s n n  w h i o h  s & t t s f l - e s

l l  TE l i . l i  r*-1l l  < Itr f  or al l  n a UI.

If S'n ,{^ t;#1)*->f,,r--(O,f) ls the isoruetry givera by *rr lu}*
rjr. IrX llx

=Xri ;1 
.  , . . ,a 'nt lpx,  then rTrr= srcT*r [u i ]*  - - taurLo, l )  ver l f  ier

t- yil t;*t

the e onditiee li U"li. il U*-nll 4I{ and ' raore over, Ul, thr)=,t, , :1S i=t j';
' 

)'l?-

?ht rs  the  uneesd i t iena l i t y  $ens tan t  e f  tbe  sys tenn (h i ) l= f  t s

the sar,*e,  uF te n facto{,{ ,  P^s thst  of  f i rst  2a eleruet l ts of

Haar  sy  s tem fn  t  
* (o r  

1 )  '  Conseq ' ten t fy ,  i f  P1€1,  then

N and theref  ere Lf .*  * ,  eontred Lroterr i lT '  Hence

and. s iml lar ly we eal i  p,rove that QXtl  e '  E*

exarap lo  t lae  Haar  s ; rs tem is  na  uncond i t ios .a ]  bas ie  in

L l / Z J / a ( O , f ) ,  i n  s p l { } e  o f  t h e  f a c t  t h a t  t h i s  s p a c e  i s  n o t

1eea1Iy ' -  e onvex "

L1J -F.

r '?'l

i_zj -I{ -

[pJ -r.
L.

L'*J -N-

r q t  - q
L/_l

I{uet

[ z a f r l r  i

Fopa

pp-{EREI;g$s

-  0n  L fp rqr \  -q t r )& 'ces .  l re l rge ign .  s .s th .  12 ,
\ i ' - '

249*2?4 (1966) .

tr, KaLt,sn - The end ometrphi snu s of t- ( 0 Gf,:= f) , Ind ia -
b \

,  Ra Univ,J. 27, 157*3sI (fEZs) .

L i n d e n s t r a t t s ' e ,  t  C 1 a s s i e , a I  B a n a e h  s p a c e s  I f ,  s p r f . n g o r -

Yer lag,  Ber3ln and l \ Ierc '  Yerrk,  19'79.

-  Usiqueness of  the sylr$netr le strncl t r" i re

ln  t ^  1 ; . i )  fo r  0  < 'p  - ' -1  tn  eppear .
D \ l  /

*  l ' te t r ic  l inear  sp&ces,  Wtnrszal r&,  I ' } i I /N

1972 .
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