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INTERPOLATION THEORREIMS FFOR

REARRANGEMENT INVARIANT p-SPACES OF FUNCTIONS,

for 0Lp <1

by Nicelas Popa

Abstract In this paper we extend two interpolation the-
erems in the setting ef rearrangemant invariant p—spﬂces; for
0Lp«l. écme applications ef these theerems are givem, par-
ticularly we extend Theorem 2.¢.6 - [3] proving that the Haar
system is an uncenditienal basis in é rearrangement jnvarient
ﬁ;spaée X iff the Beyd indidices By and Ay verify the rela-
tions l< py and qp< oo . s

In the sequel we assume alllthe vecter spaces to be real,
Mereover p is a real positive number between O and l;
We use often metions introduced in [ﬁ] .witheut additional
explanation.
Let X Be a rearrangsment invarient (r.i;) p»spaeeuan‘l,
where I is either [0,1] or [0,00) . |
. Interesting exampleé‘ef r.i., p-spsces are p-Orliez and

p-lerentz spaces.

let M he » p-OrIiaé function on [@,QCO
. gt ' : 1/
nueus non decressing snd p-gconvexe [ that is Mtﬁix fﬁy ) /”

LAM(xIHEMIy), where X,y < nCﬁ eol,

oif:?\:r 0 sueh that o, 4_—{.3 :x_\c

i
funetien sueh that M{0)=0, M{1)=1 and lim W{%
. t—>00

let & be equal te 1 er te Hoci Tha pPrOrlicz. space- L. .. (

m \C,e

S



LD

is the spaee of all equlvalence classes of Lebesgue measurable
fune tiens £ en [G,eu such that SM\}f (t)] /F)ﬁt(w for s=ome

: - O
= > 0. We cemsider alse the subspace HM(O,a)z «sf.[‘o,q)*ﬁﬂ? :

S“fiﬂf lt)l/o)d‘(xaf“ for all §>> O:I It is met difficult te
preve that LL”(LOL ,&) end Hy (0,a) endowed with the norm feli=
=inf£f>0;_ %I\u({f (ol /?) it < l‘1 are r.1. p-spaces en [_O a)

let éaw 0<q<oc and let W be & pcsitlve c-ontlnueus non-

increasing funetien on (0,9*5) sueh thet lim W({t)=zeo ,
=0

el
lim W(t)=0, {w(t)at=1 s SW(t}ﬁ‘c- 00 .

We de:m‘te by L (0 ~0) the space of al7 lebegszue measurable

 functiers f en LO C‘O) such that jifl :U f’*(f,jqﬁl(t c’{t) /q < oo,

where O<p<a<oe and ¥ lt/::inf *gug . |T ¢s))
~ }.L\..a) t se[0;7°9\B

: (H‘ is ‘che‘lebssgue measure ) .

We can deTine similarly Iw’q((),,.l). Ly q(O,’~><3) and Lg c‘(0,1)'
. b | -

are called p-Leremtz spaces. These spaces are maximal rear-
rangement Invarlant p-spaces for p Lqcce.

 The r.i. p-spaces are ussd to prove some interpolation the-
erems.»Fur example we extend a theorem of Cal@eran‘(See The -~

orem 2.8.10 - L}j) .

First we introduce some auxiliary notions. let L éLp{C’l})

: ; A s A
o\p =1, We write .f _< g , whenever SZ;f*(‘t')jpdtggz;g*(t‘)_—{pdt,
b o . 0 '

: f_@r all O<g%l, Consequently it is extended the relation
fZg introduced om page 125 - (:33 5 dene;fad in the sequel by
f_.A g. Obvieusly £ <X g =3 iflp e \glp;. Thus ' “21g ig

) B 1 B
e(;uivslen‘t te | T ek, f*,./\ gx or AT < g Tfor a real

B B
z;{’#_()_. It ig clear that £ £ g apd g £ 'h TEply r* 2> h,

Ly L govanangnel IHO@ S Trforgh,
P B

S S S L
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, ‘ ) ‘ . o1 /m
Meraever (fl@fg,)x’ ped fiéBf."’ze, where flmfgrx(fg-&fg) /p.
2 - .
Iﬁdeed the relation abeve is equivalent, for f 2;0 to
(fp4 fp) w< (f o +’fp) , which is proved en page 125 -—L)j.

Mereover, we h&ave the following property.Agsume that g.a/\‘i‘l@fg,
. : p

for positive functioensg g,fl,fg. Then there exist the positive

functions 8185 such that g= gl(ﬁg,g and “’i p fi’ i-»l,.,.l
Indeed, g;p = fg-ffp and, by Propesitien 2.a.7 -i}j, there

exist g, g3 > 0 in Ll('O,l) such that gi+ gé:gl’f‘ and g

1/t vy g, 2=1,2,

i=1,2 . We eonclude denoting (g:{)
We extend mow Proposition 2.a.8 -[3] for 0<p=1,

Procosition 1 Iet X be a r.i. p-space on EO,:Q.

Assume that g —< £ amd T X. Them g&X and jell < Wil .

Proof The sase p =1 eonstitute Propositien 2.8.8 -[3] .

let . O«p< l. Then gpacl P and, by Propesition 2.a.8 —[5:} it
1 .

 fellews that gP¢ xm:{mwm; fl/l’fe:xj and ¢ eliP=|s? <
< e =nel?,

An cperater T from a p-Banach space X taking velues inte

a psBanach lattice Y is seid to be quagilinear if

1) lIT(ctx)l::)cL’[ |Tx|, Tor all scalars A and x&X.
2) There exists a censtant C< oo such that

|7 (x4 2,01 & C ({1 412x Ui ex,

S

A quasilinesr operater T is bounded if ||Til= supliTxJ, s 13
co0,
The feliowing theerem extends Theorem 2.5.10 -"Cj‘f\.

Theorem 2 Let X be a r.i. p-space on /0,1] Let T be a

quasilinesr operator definsd on L_{0,1), which is simulta-

neously beunded on L_(0,1) and Lp (0 L)k



Then T applies X into X and moreover

¥ 3 | et
Ity < 2YP 10 max (170,171 »

where C is the constant aforementionned.

Proof Iet £&£X and 0<s<l.
Put e - g bor
: Sf(‘c) -%(s) 1L T(I>F ()

)T (s)  if £(tC-£7(8)
o- . it £ ()] £ i (3)
and h _(t)::f(t') -z ().

It is clear that {B H *“f (s) end denoting by
A«SteLo 177 e £ (s}j Bwftt[o 1] eitder m)j

we have H!AUB) [mcuﬁo ;[ FEn> JM.»f(f.‘ Res))ae.
Hence
4
nmqllpnl gLf (s)] = S(% (t)det+st LSJP‘
)
S{Lf(t} % o) ] % [;*(S]P’dt t—Sf(j ()] %\ £ (DT8P lat+
(% .1,1:3- plaum)]. % (s)]F< 2 ,})\f iPat +(s- ppuB)) ’;”‘(s)]f’l,é
MUE 4
< (sinr‘e )L*’%)jpd :su’mb S'[ Lt\prﬁ:)é
,qn) = 5Q
M%As & A
2] § 5 (1)) Pax4 § JJ?*( 5] Pae | <2t P ([ (1y] Pas.
L(RE) = = 5
Since [Tf‘( S C Q} Jf,Th i) tv‘fe have e
A ( S :
g{(Tf) (t)l”dt‘“ \LTf/ tpj ﬁtf:( ince £ < g implies £« gx>:
A A
Q_ggcp & fiTe ) + 18] N EY dtxcpg Te, Pﬂ_ThS\P)*dt =
- g , i A ;
< (staes (1, 07,)" < 1,07, -éCpLSﬁ”T@SAQ)% +§(fen_j P)%at ]
; : 0
= 0P(WTe 1Y + 51Ta )12, )<0P max (1103, NTIE, ) e i B4s [r¥ ¢3)]P) <
¥ ,."'\
< (by ) < 21 Fe? ax (ITIE, 1) )g e Ear
Conssqusntly Tf 22270 max A, AT oo e
2 .

Hence, by Propesitien 1, it follows that Tf&X and [|Trll&
s;gl/?.-lc xﬂaSKU}T Il o H'I’n“o),";f ﬂx .




..5.-_

Simple examples of simultaneously continuous operators on
L and L ,, &re natural projectioens P, (f):f)(ﬁ, for fo 1 D)
Wha'r'e Ac(0,1] is a Lebesgue measurable subset.
Another, more intricate example is givem by Tf(x)=

o :
;%/(aﬁp). £(x2/®) | where £eL (0,2) and xf0,1].

Indeed Theorenm 3.2. - [Zj shows us that, for every sequence

@-f.Bar-el functions on LO,lJ s (gm\g = and for‘every_ sgquence

of measurable fumetions G"[b 1]—¥$ [0,1] such that
®%} sup 7 g (x| Pa UEy =M < 09,
( H(B) > 0 q(m )n ‘

BEle) = Z a (x;f (X)’) - Whe;re fc*'L (O 1) and xéLO l_j , de-
7;.:

‘fines a bounded operater T: &O 1)— L (0,1) such that
(T = Ml/p'é. eo. ., I is not giffienlt to prove the condition
(x;e) for every Borel set B. Censequently T is & comtinueus

[ o)
operator on LD(O,l). Since {77} é(;___lg}\)ﬂ] Ter Tl aO,-, .

it fellews that T is & bounded operator on Lw'@,l ‘t@o. By
Theerem 2 it fellows that T applies X inte X and is bounded

on it, where X is a r.i. p-space.

As an interesting applicatien of Theorem 2 we give the fol-

lewing exemple of a coemplemented subspace of a8 r.i. p-space

on {;0,1]

Cerrelary 3 ILet X be & r.i. p-sprece, O p<l, and let

20 be & G -subalgebra of the (-algebra 75 of all Borel sub-

oo

sets of [O,IJ’ containing the sets of lebeszue measure equal

te zere. If there exist Aé’:fj?j and £ > 0 such that
(1) wans) > f;l‘;L(Bi) BgpRic 2

and

(¢

(2> for 81l CC A, C& R ., there. exisgts Bézo such thal

then X(Zfé):: §f€~ {; T being Z_.-measgurable functum_{ jom
L 5 -




complemented subspace of X.

Proef ILet P, be the matural projection of Ibko 1) onte L (A)

A
By (1) it follows that the restriction of P, on L (‘40 =
;:Lb((o,l) ,Zzgiﬁj has & continuous inverss and (2) shows that

v v 3 ; ‘ : ¢
P, maps Lp(zg)@n?o LP(A) . Hence PA(L,(

ol7)

& linear héme@mcrphism. Congsquently T::QPA, where Q =

(?7)~W§LP(A) is

2lp } «77\33, ig & eontinuous projeetion from L (O,l) onto
=P 5y A e

L(Z,) Using (1) 1t follows that ||P,f)| = |fll_, for all
fggL;O(E%J = @Q l),,ﬂp)ft> ané by (2) we get that

P:

A(LoO(EQZ):ZitAA) . Thus T=QP, 1is a continuous projection

from LfO(}gl) onte L (?;N Applying Theorem 2 we get that

T is a continuous rojection from X inte X. If féAXc:L:fO 1)
P p&) ’

then Tfé,Lp_(,Zo)ﬂXCX(ZG) . onversoly, 1f g&X(S5,) < L 220}
then g=Tg and we are done. -

An example of a ( -algebra ;%\verifvinﬁ the c¢onditiens (1)
end (2) s 5 = %BUCUD B0, 1/2] axHerell ash 0 2(3),
where Z e(x) = x{—l/z, for Xéﬁt?,l/%l an# ﬁip}:: Oj .

Theorem 2 allows us te conclude that the linear operators

simultaneously comtinuous on Lé@(p,l> and Lp(O,l) azt conti-

ruoeusly en every r.i. p-space X, Sinee there exist interesting

eperators whieh are boumrded only on some Lq(O,l} with p< adow,
we shall study further the r.i. p~spacb5 £ 1:%’11:1(;21‘areibetwe'@ﬂ"Ai

(O,”f and L (O 1) , in the sense that every eperstor de-

fined and bounded on these twe spaces is Gefined and bournded
alse on X.

J-D.

vy 1\ A
L8 Qe

5 SUTSs3e Wa Mnns_‘.".'
&k Vala 3 ML RN DWW O LG weld i

-
,t;

ion of Royd indices.
For O¢s<oo vwe deflne the operator D ‘ac folloma.,

Fer every measursbhle function f o Lp,li, put:

[
x



e

gf (t/8) tzmin {1,5)

[(D f)(). LO

s<t £1.,

Obvieusly D L <1 and
g O

sup [£(:/s)| Pdt=5 for s<1
Iff, =1

9_ (@] \/‘\’;,>

[\I)s_fjlg;—_sx.tp> o _£i Dk

“f‘l@’*’l sup H (t/s)|Pat=s for s 21.
If1,«1 0 _
Consequently lmsup/::‘ 1/p and by Theerem 2, it follows that
D ects continueusly on X and ||D 'lX L2 1/p- L ax (1, sl/p\

Mereever (D'Sf)*é qux for every £ and 0L sz oo Cen%‘qur‘
Wwe can cempute IIDSHX using enly nenincreasing functiens f.

Since, for such a function f‘) we get Drf.:g Ds'f, where

O<res<zco, it is elear that ID_{| is a nendecreasing func-

o

tion of s. Moreover ’.IDrs}z'E ;’}Drﬁ:;’}Ds?l for all O<cr,s< o=
- New we can defime the so-ctlled Beyd indices Pxs Gye

 py=1lim leg = e BUp lee s
s~ o lognD Gl s>l log|D ol

Qy =lim log s L iR 0 lgets
& g->07 log lil)g” O<sel Io@“D ”

it {D_\ =1 for some s>1 we put Px = ©0. Similarly, if jiDSn

s

=1 fer all s<1, we put Iy=o@. Obviously Py =1x= P for

X:LP(O,J.) where O<p& oo .

Proposition 4 ILet X be & r.i. p-space. Then

1) Lip Py &S o0

. 2) px Lp) = pX/P and qX (p) = qX/p .

Proof 1) Since ﬂl)qﬂ = al/p‘-—lsl/p- for s >1, me get

pr::Iim log s - lim log s .
- s=2ve loglD || 7 s=»2c Jes D1 i/p- j_ /p

“But AD UMD | > || D _,f=1; consequently

1w

ey

o~
p=d



py=1n logs o 1= Tep sit s - G
g oo ]‘.og{ﬂ)sh = s> log “DS-lH

2) owbvieusly D] X(p)’: oMk

Proposition 5 let X be a r.i. p-space on [9,11 . Kor

every p&py< by and ay<q;€L oo ¥e have qu(o,l)c’.: XC-LPILO,I)

the inclusions maps being continuous.

Proof Proposition 2.b.3 - [3] settles the cace p=1.

Fer 0<p«l, by Proposition 4, we get l.é;}l/p « px/p:px@>
and q% 4:;Qx/p <;ql/péé90 . Applying sgain Preposition 2.b.3

»[Bj it Tollows that the inclusion maps La /. ——> X

ol
l/ P (p) e

= L era continuous. Hence the inclusion meps
X9 g
L ——>» X and X-aMfalb, are alse continuous. @
91 o

We extend mew Proposition 2.b.5 “[?J for p-Orlicz spaces.

Proposition 6 let X =L (0,1) ( resp. x=H,(0,1)) a_p-Or-

liez space. Then

s | - ¢ _,Lpl 7
py = 5UP §'p-l; int WEE TR 07,

= etz
inf - q; M{at) /K (3 tql'f oo
gx=1Inf ;4q;; sup (AL) /I (A).3 "< 22
= At >l

Proof The conclusion follews easily from Propesition 4, Prqy

pésitioﬁ 2.5.5 ~[§} and the remark that X \:;IMI LO,l}
(/"fﬂ (P)
> aho L : ~ ; l p_\
1 o\ —
(resp. X(p)““HM,p)(O’l>) where hpLX)_,M(; S
\4 3
it is clear that Propesitien 2.b.7 -[3] implies.the following

Proposition 7 Iet X be 2 v.31. p-space. Then

PR i

) Qy<©ee 1if aud only if X doss net contain, for all in-

tegers n, almoust isometric copies of 1.,(n) spsnned by dis-

jeint functions having the same distribution function.




=0

(11) p<py if end enly if X does not contain, for all inte-

gers n, almoust isometric copies of ‘lg(n) spanned by disioint

functions having the same'ﬁistrihution funection.

We give further snother intsrpolation theorem which extends
the Boyd *® interpolation theorenm.

First of all we intreduce the spaces L q where p<£T,q£00,
: ’ £

'Let(AZ}EZIK>be a8 measure spacs. For pz=r<ov and p=ge ==

deneote by Lr q65l>§iﬂ*> the spaeé of all lecally p-int@grable
e -

functiens With real values f definmed on £ such that
o :
. ‘i. \‘ . 3 X h _._1
il =T )t eVl
Tl 9 : 1

Y2 Z s rey YV S :
For p&r<ec ne denote by Lr,oa(é224f )the space of all

1/r

meesurable functions £ such that ﬂfﬁr y;ﬁsup W i oo
t el
>0

Vi . =1 ad fif =ilf o o ile ; et
Obviously L, =1L, &1 I ”q,q | Hq oTeover we have

ﬂf“r,qaénfﬁr,ql for 0..qy € q, £ o2 ( s [1)) , thus
Lr,qlEELr,qz’ If(él}‘1/+> is a probability space, then, apply-

ing H8lder's inequality, we get

LT;rMCLfg,qlCLrl,qz » Where O“'T-I'l'f-'- Ty c:.rBsm; and
QI) qa' > 0. 3 v,‘. )

The spaces Lr q are topeologically complete metric linear
, &

'spaces.( See [l ] Juths

Let BQW(;1L3§2hf%>i::l’2 be two measure spaces, let

perys oo and let T be a map defined on & subset of Lr GQK}

3
with values in the'spﬁce'ef all measurabls fuunections Gn.§~2 .
a

1) . The map T is said te ba of stirong tywe (T,,r,) .fer

guitakle rié‘LP’C%? , 1T there exists & comstant M >0 sueh

thet n:vf;r' el

{
2 T

- : for gvéry £ from the domain of
2 i

definitien ef T.



o=

2) T is said@ to be of weak type (rl,rg) for some r?‘£ZP’ 09]
if‘th@fe exists a constant M > 0 such that

i e Trlipl
loe ) T reo Mje drl’f"

for every T from the donain of @efinition ef T, We make the

convention that, for I;= %, instead of {|fl we put

iy o B
hft,,,) .,;i‘f‘\/', .
1% 13 clear that sn operater of strong type Lrl,T2) ig also
of weak type (r;,r,). Finally we remark that T is ef weak type
(rl,ra) it and emly 4T there exists a constamt M>0 sueh that

by . l/r /Ty -1 B4 YL/P
gup T, }.Q,{_.QJ _]_T”k“ > tz s M p/r S 1 3 £* (t)]7dt
. 2t 2 ) ( [r ety

We can new extend Theorem 2.Db. 11 - [}1 5

Theored 3 Let 0<psl and ps pl<'q14f<> ‘and let T be a

F1°
measurable furctions on {0,1).

linear operator escting from L pLO L) into the space of gll

A?sume thot Tils of weak types [Pq1sP ) and (q7,97) - Then for
I
15

_every r.i. p- space X of fumetions on 0,17 such that p14:px

(%

and qxz:ql, T maps X inte itself and it is bounded on %

The Tollowing lemma is an extensiua of Lerma 2.b.12 -53}

lemma 9 Wit the same. assumptions on T as in Thecorem 8

there l1s & constant M<o0 sueh that
4

ng] (?t[jpd N[‘f FE{tn %pup/pi Tau + &[? {tu\J up/qi du?
o]
for every .Q-;t:&l/2 and f<¢1p p(p l)
l’

pProof Suppose that T is of weak types (pT’p1> and iqT’q1>

with the constants M sad M o L o 3 i ,
g 8 P q et fg_Lpl’p:k(),l/ and for

(et 0T £t >0
)= 7 % £
g4\1) z el 27 (6) i Ty L -£7(¢t)
oo i e A
L@ if |[f(a)] £ (%)

and htig):f(u)—gttuj .



=11~

It is clear that gt,h{:ch (0 1) and we apply the fact that
z l!x.

T is of weak type (pl,pl)'t@ &, and of weak type (ql,qut@ hy.
Note that gi’tu) =0 for ug[t,ce) and g;?é (W)L u) for

Ozu<t. Henee, for t &I, we have '
p/py - o0 y/pl -1

(rg ) * (1) 1Pe 4P S)1P =
s Al () [Peup &/Pl)s[@tid ds <
: P/P - : p , 2 _plet-l
<® .p ([2%(s)Ps 1 ds::Mp oD [f'(tu}WPu b,
< B b pl
Sinee |hy(u)i _mln’Uf(u)l , f*(t», for ’C&'Z’O,l‘l, we have
XL / --1
p/ql7j e e Y - p 24y z
t (\T=,) (tdxi.ﬁﬂal.g .,> [By(8)] s (-85 &
Tl
L v/q,~1 e 2/q,-1
e 9 ¥ = { vE N D I o,
<My .p .() Lf%(t)m[ps L os+tf, (flt (8] s 6!5)-“
(B v,
13 O
. [& o p/ E/Q7 ?:om =5 /q 1
=12 «p .(ELE*(“E) P l_}- ¥ ‘_g [ 2 (tu) | Pu &u)é
RN g j
p/q Rl e
éMq .0 1 L 9p S[E’ﬁfﬁ“l_jp‘l I du >rf ‘tu)_[ u 1 du),
1 ql E%'O'

Since |Tf|:l|Tg,|+ lTht{ it follows that

flee)™ @] [(me) 0+ )% [(Fen)” )17 [ty "2

L p/p p/a. =1
gl o[k ‘lr o) e e R
N(I. ) +Ll'l) B (£7(tu) | "u du- I l.qgl\[f ()] u du .
O 7

FProof of Theorem 8 Let Py and qq be sun’u that Py P

and Iy <8497 - Then there 1is 50}1 suech that, for § 28, Ve

: , 1/p
have p_. log s . Consequently W)gnés © for s> 50
LogD it : :
Since s -—0 log s igs a centinuous funstiion en (l,-’»\’»’)} o

loguu i

Ve
v . : = LB
follows that there is K<©2 guch that D _[[<Kg Y for

Z<lpeirieo &,
S



10

1/q
Similarly, we can assume that ‘,1D5“~$:Ks ® for 0 822, let

e ) o e e W -‘,‘11 that X . en-
now g& X “ZK(P)} such tnkt 1glg,=1. (e Teon (®)

dowed with the norm }l\fl\i:}\lf\l/p'ﬂp is & Banach lattice of

0y
functions on (0,1). See for example (41 ) .

g(‘c“) ittt
Putting gdf) % , We have

i y i "l '1 e
~] | 1» : . .‘ p‘ p‘ _‘l p _ 2
S'(g[f&(t\.1/2‘)Jp@L't) o du)ci‘t. ,su (S s/, )pttla(t,d't)d
3 i % /o,-0/p,-
0.’1‘0; %, Dy p’/Pl]ﬂ ..-'-3}'3/{:’0'*9plD Wl P =
<\ 10t ) U o ;e e au)itlz =
0 (D) : 0
“[@o D ~L.anP
== I*(_@;__ -1 “f“k and -
4 2 o' 5/ 1
e p/g.=1 >~ p/g,.-1
( i = - I £ 302 SR 3
é (S T (‘twﬂ?) g, lt)u 1 du)dt -;Su ( SQLDZ/uf ) ?(\t) g (%) dt)du
A
= p/ay-1 WP e B /Py P Fray el :
< IDQ/U(\ \r“ii(dl < K2 \u du =
4 4 :
g..(,fl; "? Yo L‘” -3 for 0<4t£21/2,
Ql i =
By Lemuz 9 1t follows that ([re)®(8) )P ) argu ely  for
0 rD "1 p‘fp/FC .
g €X' such that jegl,,=1. Here M =1l *Q__’A-*q__.\ S0
= : : (91 2
: : o
p/q@ N __1 L = = : :
-} 2 (gm {-E__) , M being the comstsnt sppearing in Lemma 9.
Yo 11 '

(%]

e

R

Hence (Tfj Q(xl )(n. In other words Tfé_;,s (p)] |‘|

VI

(Wea recall that for & Banach lattice of functlons,‘f, Y(p)_-:
::51’:[0,1} =R 5 i £] e ‘[ﬁ; endowed with the p-norm - jj fili=

ig ® p--Banach lattice of functions).

Moreover nTl ﬂ‘{u‘-ﬂ LTﬂUﬂXt & Mo“\fn% ’

L)
If X is maximal, then Tf&X and ||Tf ',l){g:'mo‘;‘gf({,,, Since
. Fa S
T Y 2 1 S £
i (¢,1) 1is & meximal r.i. p-space, then It fellows As abeve
G.

that T(Lq (0,1) & L, (0,1). X being the closure of L, a1
(&) 0 0
for the topology of X'', 1t Tfollows that T maps X into Y and

it is hounded there. -
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The p-Lorentz space. L3/2’5/4(0,1> is an example of r.1i.
(3/9—39&0@ non locally convex X such that py >1.

Lat\ﬁé be a (G -subalgebrs Of‘jg'<th@ g—algebra of all Bo-
rel sets of LO 1J) such that the Lebesgue measure rastrictsd
s -finite. For f€&I1,;(0,1) , the Lebesgus-Nikodym
theorem shows the existence of a unique Jﬁ~measurable and Le-
besgue inteerebls fuﬁotion)denoted by E“ﬁ%, ¥hich verifies
thé relation .

A5 4
((8“%2)g at = § gt at
: i}

0 , E
for every bounded prmeasur&ble funetieon g on LO,{}.
7+ -
It i=s elear. that «Pe> B P : dguan idempotent operator. This

operator is called the sonditional expecta®ion and has the

norm orne: on LI(G,I) and Lwo(o,l) y consequently on every -

Lo (0,1) with l1gqzoo .

Corrolary 10 With the netatiecns of above, for Cipgls

féplfiqlézoo and for a r.i. p-space X on LQ,{], such ‘that

. P1<py #nd ar<aqy, E " maps X inte itsslf and it is bounded

oen 1it,
j :
£ = > ek : :
Proof Since > 1, then B 1s an operator of strong types

2]

-

— | 5 |
(pl,pl> amé(gl,ql). Thus by Theoremlsq B mapg X inte itself |

and its norm does not depend on It o ik

We give an imtaresﬁing application of Correlary 10,
' e =k
Recall that the Haar system (R“)'Zi is given by ;xiug =

Ie

and , for £;-:l,2,...,2“ 0T =0, L5 wasie oy
\’1 for, t &f(ala)okal | (ool

e iof «K—l 7 o=k=1)
;{qkf el for seflal-nyo el af ookl
(28 i R I
\0 otherwise ,

It is knewn that the Haar syster is not & Schauder bnagis

in Lp(O,l} s Lor O:Lp;;l.-LSee L5J) =



S

Thus it is natural to ask whenever the Haar system is a .
Schauder bagis in & r.1i. p—spdce, for O£ ps l.In order to ans-
wer to this question we zsgsociate to the Haar system an in-
cr@hslng sequence of G -ulgebres 4ﬁ~§;iof Lebesgue measurable
subsets of [9’;A . G-azlgebra ﬂ‘ consists only of the vanis-
hing set,gb anﬁ. [O,i& . For n-?4f/ 1< («;& 20, Jy
is the G;»algebra gpenned by.%. o and the intervals
‘ _1\ L?{ ;)9 -k-1 2{_“—k-l>

clear that~ﬁ%(1q the smallest ¢ -algebra 4 guch that the fune-

Ug»&-e)gfk‘l, Bl Tt is

tiens {xir”ixn‘a are 0% -peagurables.

We can now prove the following assertion.

-

Corrolary 11 If ¥ is & separable r.i. p-space on Ol
: — s e

;im

such that "0 p.‘légh. pX';qxagqlszfﬁ, then the Haar systen

(e £

pProof We assume that X is not a Banach sp=ce, otherwise the

T o)

funetion

s Schauder bhusis of X

(67]

-

assertion iIs well-known. Thus X is net isemorphic to

D

[43]

that is 1imilyr_ ﬁ“r::O, Consequently every simpl
i e SRR . ,
on [0, 33 can be approximated in the norm of X by the characte=?

rigtic functions of dyadic 1ntervals[f? ,(j# )g'k)
04{4"“1 f=0,4, .

Tt follews that the Haar system sib@ns uds ggegqg 5% =
Lhééf’ CfE LOL‘)(awvhuu“gr Lasts in the clesed t:Tspane span-
ned by cham in Xs oy -
Obgerve also that for n-om and@ for every cheice of sca-

-z LY
lars 28, we have ’

JL W, : Y
e El,,(“) = B\Ll ,}
e &
L=l =4
o 3 - ;"" v
gne, by Ceorrolary lU3 it fellows LhE LB Ul L M for nelN,

=
=
e
@

implies tha

%
Wen - TID 2,17 ~[5] ).
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We are Interested further to know vhenever the Haar system

is an unconditional basis im & r.i. p-space on [0,{} . We re-

call that & Schauder buasis in X is said to be unconditions]

if the expansion of every element of X)With respect to thig

bﬁsis)canverges unconditionally.

It is of some interest to remark that the relation

l;fpxégqx < oo 1s & necessary and sufficient condition for
ot : _

fEs

X. We extend in this way Theorem 2.¢.6 - [5} :

the unconditionality of the basis (X, )

Theorem 12 Iet X be a separable r.i. p-space on [0s L}

Ade

is an unconditional bagis in X if and

% y O
The Huar system (A, ]

Proof IT 1<pgy @and qy< =© then by Theorem 8 and by Thsore

: [P e S ; : e % % .
2.8.5 ~=5J it Tollgwe thut the prejections PGJ frem X onte

ijxizidﬁ’ where G'IN is & closed subset, are uniformly boun-

ded, that is the basis (X;).. is unconditionel.
e {x; L3 o 3 -
Cenversely, assune thﬂttxi)@z I1s &n unconditional bagis

“in X. By Proposition 4, Py = px/p; consequently Theorem

- o (p)
2.5 —[ﬁj shows us that lp_ (‘n) spanned by positive dis-~
X

(p)
Joint elements having the same distribution functien are uni-
formly contained in X{p); It follews Bhat X contsins unifermly

the gpaces lp Ld} spanned by positive disjoints functions
X

£ ;

having the same &istribution functioen.

In other words there is M>0 such that for all né&iN there

57
% n S . . s i \')‘ e ;
ara 2 @isjoint functions (uij}:l having the same distribution

funetien 52" sueh that gluin = 1 ang verifying the Inequelity

, =
lat (hi =1 | the Haar system over tuj)iﬁl " defined by



Slnce B o l) is dense in X we can sssume that w, e m 1=

pite linear comblnatlnn of characteristic functions of inter-
vals (/L —ﬂ)<£ k l .2, f) for some k independent Gf i. Apply-
ing a suitable auﬁomorphlsm of [0 lj We ca&n suppose that on
the first 2k dyadic intervels of length 2 = every u; is non—v
zer@ exactly on some of these intervals and takes there ai

i 5. s ) — -
Yﬁl&euiﬂﬁﬁp&néﬁﬁ$ Gt l, =9y ph , The same fact 1is also true

Ter the following o dyadic intervals of length 2'k, where
: @i‘is replaceé by,&z and so on.
HL -
uas, for some me&iN and some scalars (F .. Te have

wge »:, _ﬁjx [(i-d+{3 1}27"‘)2"‘3) (i+(4-0)2")2 il) sl

Remark that

glpxh?:ul+ T S e ~.f.—u11ﬁ ?l ﬁixgﬁrﬁ+4 : |
: 2. bl 2 4 : 3 i
n/p 7 {1 X |
2 h — L 1—‘-‘ "t"‘u ~ A=k .:kl:,ﬁ, D, “‘.’.“ﬁ"f e

2ﬁ/pxh'

: M b e S e i G LTeaEsREGE=

o o 1+ =27 -1 on-2 g °
,334::( T /K(L ,,,/1 ‘Qj and 80 ON.

: 2 i ;
In other werds ghjﬁj:l constitutes a bleck basis for a per-

*.Q-)O’

mitation 9 ef the Haar hasis (}im n=1 °F X. Thus the uncon-
&Zn it
dltl@ﬂ?l ty eonsgtant of /n ey » X, is less than Ky, ths

UECOﬂdltionﬂlibv constant of th@ kasis (X}hﬁf 2
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St
: ;g
On the other hand, let T [uijlgl.u~9 (? ) given by
Tn(ui) = €45 l=aicx= 2n be an lsemerphism which satigfwee
nTn{{’T “ghﬂ for all ne V.

If S :f (2n>w~9 L (O,l) is the iscmetry given by S le =
B Py : Px B

n/p o
s \ ) ‘X D y o\ = 2‘ Lt ! <
m./([@:g 5;)3 ; thew W =g af sfu, |, >be\p’l> verifies
on Jon
the condition Runn\ﬁup“lng;m_and, moreover, U_(n)=%;, 1§Ls 27
: ’r‘f, -

Thus the uncernditienality constant of the system (hi)i~l is

~ the same, up te & factoﬁ@, as that of first 2" elements of

Haar system im Lg (0,1}. Conseaqnently, if gxs§l, then
' X

n 7"

K- a2 and therefore K =o€, contradietorily. Hence

s and similarly wWe can prove 2 { - e
14;pX and similarly we n prove that ay =
For example the Haar system is an unconditional bhasis in

L3/ 3/4(0 1), in spite of the fgct that this space is net

lecally-convex.
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