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l r r z

v

Gh. sTrFAl'tI.scu
. ,

0 .  A b s t r a c t

fn  t i r :s  ?ap3r  \ . r= t ry  to  g" iv-+ an ans\ , 'er  to  the quast{on:

" I s  op t l {na I ,  i n  any  sens€ ,  Lh t ,  *n t r cn ; - " .  The  a f f i r r ra t ' v=  ans \ . re r

i s  ob ta :n - - c in l -Y  1=av :n9 t  f ro r , r  t h :  obs : r r ra t :on  ( [ " ] ,  Ca - l , l - - 5 )  t ha t

for  p .  > 0,  f  p . ,  = t  the opt :n^.a l  b lnar lz  t ree v ; i th  t  -outs  by p. ,
' l

: = l

. .
p r o b a b : l : t i '  h a s . t h s  a v € r a g e  c o s t  b * t t ' r e c - n  1 i  ( P t  .  . p n )  a n d

F T f n  t . . '  \ + 1 r  ' . " r j r e r e  I I ( p . , , . . . t p ^ ) = - I  p . ,  1 o g , r r , . ; .  I . i e .  C o n s t r U c t
'  '  =r  

r : : '
cont jnuous t r=e and shor ' r  that  the n1n:-nra l  coqt l ' ,  'n  th is  cont : : t . ,

I
l s  e  x a c t  t i  ( n ,  '  I. ,  

I t " r r 1 ' n / e  
, ;
, i ,
i ! :

I .  D e f l n : t : o n s no ta t *  ons

a) Tirg Tro'rre r  snaca' @

i '

Let (x,)8,  
/n)  ancr.  (&,  Sf 2, l  ,  !  )  l :e tvro r ' . i ; "sure s1"tces

e ) .  v , l r e u , i  g = l r , e i  a n d/ * f
... 0 ( { I } ) = . v ( { - : l  1 = f .  T ' h e  R o v . , € r . s p a c e  i s :  
i

: ;
i ,

. t
. i  i ,
r l

y={r:x -e' .>

Le t  deno te :

z /"r reasu rab l : ,  Fa r t : -aL fun
!
tl, l

' ,1

i

l l

: t lon ]
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/

1) fel/ =| dom f=f. t  (A)e ]6 , t 'sY => dom l '4= (*l  clor" f
€ z  1 1
t r t t ' r

2 )  f e Y ,  l c ) ,  = +  t { a €  Y  : s  t h e  r a s t r : c t { o n  a f -  f  t o  A .

3) f ,c1eY r.r:t1'r Con' f f} cior g=@ '+ f+ge Y ',s the functlc,n:

Cons:-der also the natura. l  ;xtans:on; l " l r l j  S.Y i r { th doin t r I  [ \dom ] l=0'?.

l t r* i r r={t*g I  ferr  Se} i  i
i

- 1  - ]  - !

4 )  f e Y ,  a . c x .  " +  1 r , ( . A ) =  y ( f  
' ( r , 1 1 ) n l . ; - , t s  ( f  ' ( { 2 1 ; ) n A )

. )
( l r :  l e f t - r : a h t )  i,.
5)  AcX : -?  A / t= i f  :P ' -+  2 .  l t  r r iasurab ls ,  to ta l  f ,nnc t :o r , !  e .  Y ,

,
6 )  f eY  and  Ae  X  v r l t h  A  €  dom f  :  i

f fA= t r  t * . ^ l * tq .  f ' /  t r r (A ) )0  {=+  l rn (n )?0 }

f . [ a= { f  l * rn " l  * {q .ZA  /  L t t ( } ) }0  {+

The natural  e>:t=ns1on 's:  1"1 !Y ancl  l<t  r ' i : th V' ' fet ' t ,  l^qd.onr f

;:) irtA= U f+n and t! ' /.:: U f+A
f € I i  f e l l

b )  S y n t a c t : c  r e p r r s e n t a t "  o n

lJow v. ls  c iva,  in  sorr€ r . rords,  th= basic  not ions j -n  the

th=or1z  o f  (o rd rna r i r )  l aL ' , e led  t re=s  ( ' n  IDJ '  s  no ta t ' ons :  s { ; *  r  f o r

-  T - - ^ : .
e x a n l l e  t  l . z J l .  I ; r ,  ' " ' r o r k  o n l y  r ' r : t i r  l : : n a r i z  t r : e s .  I f  l  f  r Z ! *  j - s

t i r *  i r sa  r r c : r ro ' c l  ov= r  i t , r  l  ( t he  sc t  o f  f l n : l . t c  v ro r i l s  v r i t h  I  o r  2 ,

.St the vol<l v;orcf a.nc1 as op*ration, concaterratlon) anc.t { a

t . a b e l  s = t ,  t h e n  a  X ' - t t . *  : s . a  n a r t : a l  f u : r r : t : c , n  f ; { l o Z ! * - + E

(  r  ( x )  ,  i f  x e c o n  f
I
I

( f + e 1  ( x ) =  {  9 ( v - )  ,  : f  x 6 r i o r n  g
I
t -

{^  
unc l* . f :n+d,  e l .sar ,vhere

t r n ( l ) < 0 1



- 3 -

f o r  t . ' h - { - c h :  V  * I . . .  * n  €  C o r  T  *  t I . . .  
\ _ i e  d o n  T .  ( i f  n = l  t : r :

r . , ' o f C .  \ t , 1  . . .  \ v  -  F i a n s  r t  ) "
'  n * l  " * * ' ' v  € L  / '

I v e r l z  \ . . .  W n g  d o n  T  l s  a  n _ o C  a n c l  T (  r t ,  
1 . . .  

. * , n )  : s  j . t s

Iabe l

A  E - t r * . , e  T  i s  t o t a l  i f :  V  r v l . . .  w r r €  c l o r n  f  . \ . . . % - t Q n €
I N

e donr .  1  . ( r ihere f=? ancl  7=I)  ana $Al !S 1f  C.on T as a f :n l te  s* t .

/ ,  l g g l  o f  ' T  ' i  s  a  n o d  r r ' . . . . r r r € - .  d o r  T  v r i t h  r V - . . .  w  I  G
I N

f  do r  r '  f o r  any  i  € l  l r 2 l .  ^ l ,  n t t h  :n  T  f ron  roo t  : L  t o  a  nod

' . I . . ,  a o n e  d o r "  T ' :  s  t h e  s ; c r u e n c a  o f  n o d s :  ( : 2 ,  w r r  w I w Z  r , , . .  ,  * ] , . , . t r r )

I n ' t h : - s  n o t a t l o n  a  p a t h  i s  u n i o u € ,  c l s f : - n c c l  b v : t s  l a s t  n o C .

l  t + r r * n a l  n a t h  ' s  a  n a t l r  (  t - . , . ;  ,  \ \ ' . . . .  \ o  )  v : - t h  w . . . .  w  a. . : - j - = | . } . t , ' I ' ' . - - n / r _ 9 : r . - 1 . . ' . n

l s a  f

Th= leryLll of T :s Iq (T) =r:a:r | : l l  r*rr. . . lvOG clon r J.

Anoth . : r  L ls= fu l  ( recurs ' - r ' s  )  r le t -  n : t :on  o :  ,  I  - i rees  1s :

i )  f o r  a n . v  s € L ' : )  t ! f  1 s  a  E - t r = -

i r )  : f  T , ,T .  a r3  L  - t re  e .s  anc ' ] .  se- I  t l ' ,=n  X - . :s  a  E . - t re  a .r -  z  _  
. /  \  |

T:. Tel
l f i

In vrhat foll,rv, 's r.re rl-s* on1Lr f:-nit*, total (n"lrrarl)

)€ -* t rees T vr: - th t i re property (c1: .c:s:onal  i  r l ,bes):
i;

( n f ) :  V  {  t r - . . . r . 7 k ,  ! , 1 . . . \ . r O t r ' * 1 . . . , . t n i . -  d , r "  T  v ; - - t h l n ' : < n  € >'  3  : + 1  I I J  
:

' t

; hf  (wt .  .  . r . ,k )  f iT  ( , , ' t .  .  .0 , *  V$
r  r r  

I

Let ,  T r /F)  d=note  th ls  se t .

r ' ' t  T r = : q  i n  n o \ - ' € . f  s n A c i,  v t

. 1

" ,

a
I

":

,i
I

ii

InJa  c le f :ne  a  f ' . rnc ' t ion  6 :Yr (x )  -+  Y  us ing  , -he  recurs - -v :
. ) r

Csf ln- ,  t :on of  f , r (x)  :  l



4 -

1 )  Q  ( . 1 ) = a A
n

2 )  a , *  r \ *  ) =  ( i r { l +c  ( r 1 )  ) u (2 , , - . f n+c  1 r r )  )  .
- 1  " 2

Correctn *ss:  The concl ' l  t :on (nt1 s i ror , r  that  i  n  2)  A O c lon '  C (T. !  )  = /

a= I r2  an< l  so ,  t he  op€ ra to r :on  +  1s  de f : -n ,ed .

I ' t re  can def in*  and a n:easurs.  funct ion 
'Xt$r(4)  - - -+"  R,  :

. 1 -

1)  t r  ( .4  )  =2  l ^ 'G)

. \  ) t  ! :  r = * z F ( ' r )  \ m - t + - l z / * ( A ) \  ' m  I
L )  \  

/ \  ' : 2 "  n  \ t 1 t ' 2 '  n  \ 1 2 l  '

.  
T t ,  T 2

L = t  d e n o t e  f = C ( f r ( X ) ) .  t r ' l e  s a y  t h a t  t t e f  : s  a  ( c o n t : n u o u s )  b r n a r l z
- t

t ree and.  C 
-  ( In)  :s  the set  o f  {  ts  representat ' i  ons.

2 .  I  : s  a  r : a s u r 3  : ; :  f

The Furpose o f  th :s  sec t ion  :s  to  shor ' r  tha t  I ( : r )= I { f r )

j - f  C (Tr)=C (T2) ,  t , , r i ren -rr , r  has the prop*rty:

( * )  Y  f - €  X  " + f p t r . ' ) i I " 9 I r . ,  l ' € t i  = o - a  c l e n s e  s e t  i n  r e a l  i n t e r v a l't

[ 0 , 7 * t r ) l  .

L e r ' r i , a  2 . I :  T f  1 . ,  r . . .  r 1 -  a r e  a l l  t e r r , i n a l  p a t h s  : n
I  l r r

t e s r ( t . )  a n c l  f o r  i = l . . : . , m ,  1 * = v r i . . . \ ' / :  a n d  F ; = t ( v ; i . . " t + ; 1  ,
. *

k = 0 r . . .  , n i  t h a n :

ni ',

n . t. i^ (A;.\
I l r l =E .  * ,  a r . ro '

i = I  Z ' - l

gt i%E: Direct ly fo l lo i rs f ror i  d*f : -nr t ions a,rc l  neans

that : f  we apply o t t " r rsfornat icn S to a t ree T €Yr(X.)  vrh:ch

dq not change t i r*  nu-rb*r  of  t€rnlnal  pabhS' and thelr  s*ts of



l a b e I s ,  t h e n l ( s  ( l ' )  )  =X( r )  . . 1l

L e n m a  2 . 2 .

and  ( c {1  ,2 }  t i r e re

For  dnlz  A€)e,

exi.sts r. o t'

p  (A) .>  o  ,

for r"r i : ich

e > i '>-p$,  f . '<rw(A)

E r f  ( f = * ) -  n  t f = i , )  >  i ' .

P r o o f : Tl. r r  # l  r  c

subset  B€.X"  of  l .  v r . i - th :

Le t .  be  :

f ( x ) =

condd, t :on (* )  about  . l 'u ,  l r re  ca.n f : rnd

n a x  {  o , }  t l t n )  - €  ) l  .  f $ l < } t S r t a ) -  r ,  )  .

A  , 1 f x e B

4  ,  I - f  xeA

undef-  ne c l ,  o t i rerwlse

Of course t7 . { f=*) - , | r , t . (5=i )=f ( } rE) , : - ; t r ( I l )  >  a ' .

A  n o t a t l o n :  1 f  T  i s  t - t r : e  a n d  F < {

t rea :

r'\

t l  . r . I o l . . i c  t i r e

( T o f - )  ( v : . . . . w _ ) =
I  I :

T a A e f r ( x ) .  f l
I

.  L e n n : a  2 . 4 .

D g ^ a  € .
T  ! V \ J I .

T (\ ' / .  .  .  . r , ' . r --  )Ul.  i f  t ' r .  .  .'  I  n '  I

T  ( r . ' , .  .  . T r I _ )  = l s e r , l h : r e
I  r l

- t , r  { h . '  ' l  = a f  i  n  T
t t  t ,

r i i
i l

r i :
I
il

, $
r l ,

A^ n ,:Chr C (T) =?t t i lenO l : s e r v a t i o n  2 . 3 .  I f  T e S r ( { )  a n i

1)  C (T)  =C (1 ' ro  l  )  =C ( t ro  i r  I

2)  r f  \  t r ,  )=  t r  t r ,  )  t i re  n  x r )  =  \1 t ro l .1  =

A
I f  T=  / \

Tt  \ z
4' 1 !  
|

?  
. '

t  , l
*

I  ( r "crr  r  .
L .

t:

')
.:l

I

' f  
\  r ' r ^ ^ ^ t t ^  -  a  l m  1 = f t  / r f  \  r , z a  h : r r ; .L l  l u u s u r r :  -  t r  

l / - - v  
\ r 2 l  Y i -  i r v i v v .

I
I
tl

l

C  ( T ) =  ( l . f  r r + C  ( T . ,  )  ) U ( 1 ^ t , r r ' + C  ( T , , )  ) =  ( i ^ t A U t - ^ + r r ) * C  ( T ' ,  ) = k * + C  ( T . .  )  r *
r i  L  l : .

f

l l  
" ' 1 . - .  " ( - t -  i ' ! ' l t -



, * . - - , . , 1 . . .

On th=  o ths r  hand ,  we can : -nduct :vc. l . /  shovr  that :

V I'etr (*) , I ' t l i lorn

S o  C  ( T )  = C  ( T r o A  )  = C  ( T r o l , )  .

2)  fn  Lha sar fe induct : -ve vra l '  i t  1s shov 'n thaL:

v  r c T r ( X ) ,  t f l c t o r :  c ( T )  = A  + X  ( i o n ) = a A ' ( F 1  h  ( T )

p o l l o v r s  t h a t ,  , \ ( T ' r ) =  t r ( T 2 )  : >  \ t r l = f  ( z , l ^ ( ^ ) ; , .  ( T r ) , : * z , o ( A )  X  ( T 2 ) ) =

= 2  t \  ( A )  
X ( T t ) =  \  1 r ' r o r ;  a n d  ' r t : n t ' c a t . y  X  ( r ) =  \  ( i ' r ' o t ) .  n

)
Th:  b*hav- lou: :  i - r f  f ..  Lat ba f,{Y ancl T r

l o n q = s t  w o r r l  o v s r  I f  , Z l ,

€  don T,  5 ' (L '1 .  .  . t r ' r r  )gdor  f

u s e  t i r e  n o t a t i o i l t  t f  ( f r T )

y  ( f  ,T )  : . s  unC* f : . ned .

;
such  t i r a t :  V  jO<  j -<n

I

Yv(X . ) .

r . ^ ' 7  
1 . . . V l r "

i : :  T i-s th*

' + v t l . . . o , t o  d

a n d  ( l r r f  ( w l .  . r . ' *  )  )  0  ( +  r . , ' . * r = 1 ) .  i , e

.  C f  cc t r rse ,  : f  T (a)  {eor .  f  then

l i g l p _ 2 : 5 .  L a t  b :  n  t r e a s  T . , r . . . r T , . e S r ( X )  a n d  f € Y .
r  l l

Then there ex:s ts  ieV,  don '?=don f  rv . : th  t . : re  sane i rehavj -our  1: lce

f  i n  € \ r a r \ /  T -  ' : : ' l  r  = - ' - a  :  F  t t f ?  * -  \ =  
i  I

!  : r !  c r / = ! ) ,  . *  , - = 1 7 . .  r  7 r )  a n L i  : f  Y ( t r ' . 1 ' i  ) = l I ; . . . ? r ; i t h e n  f O f  a n y

.  r^  -  l  i  
' j  ' !  - :

k e f  0  . . . . , n . a I J : .  y - ( T *  ( r , ' j . . . u , ; ) ) >  0  ' +  l r E ( T ,  ( \ r ; . . . r v g )  ) 1 0 "

Proof . l- ;€ na]'  l i r ;r:-t  to t irosE r l 1  € n r  r , r ' l r . i n h  r ^ / . t r  m , \  - ! n
I - .  I L J !  V - ' i I J - ( , ! l  \  \ .  l 1 - i . . t , l

d = f : n : d .  L . . t  + h = y  } , s ,  r . " * t h  a  D c s s ' h l : ,  f : r r u t a t { c n ,  T l r . . .  r l ' r n
. r  . i  i  i  i .

l , i * ,  s i ra l l  deno t=  tp  ( f  ,T ' *  )= r . "7 ; . . . \ ^ , ;  ,  r r l l  and  A i=T ,  ( v t i . .  " v r r - ) ,t  *  r  i i - .  . : -  i -

k = 0 r . . . r ; - 1  a n C  c o n , p l e t e  l k
i' l - - ^  - 1  r . r i { . l . r  A -  f 6  d 3 n  f .t  A - w t . . .  t l r i  t  \ a : L l I  - -  L L ,

i  
1 ' - i



l m
L : : t  l : a  l . o  I  =A i  f \  " . .  n1 , : i '  .  Th+  rne t r ' ' x  11=  (m. i  . t  )  v , i t . h

l " ' * r n  - l  - n . ,  
1 " ' - m

o j . -  
" . . i  

= I r f  ( A i _ . . . r  )  ,  r . u ,  €  l 0 r . .  r n g l  ,  k = l - r . . .  r r n ,  c { i v *  u $* ] " ' - n r .  
1 " ' - n "  

n . .
k  . - k  q f  { - lthe be 'hav 'our  o f  f  :  tu fo* l= l  €  t lo  ( t t1=;  

, . .1=o*=t .  .  .  a*"  o

)

f O f  i  - 0 r . . . r 1  * ' l  : n r {  l r = 1  . . . , I Q
I i .  

L I k - r  c l l l u  I . - l r . . . r l n

S.i t .*p ! .  l ly chang:.ng sar.re f l . '  ,+ \ . \ re can g3t a rnatr: '><
- I " ' - n t

,  - k  e k  .  - L  1 .
1 4  r v : ' t h :  ( (  ) . . '  ( i i l p - g < i + > . i  ( t : ) ) 0 ) a n d  Z ' l  ( I 1 ) 1 0  i f  } ' t . ( A :  ) > 0 )  f o r

, - k  - k .  - k  '  ' - ] .

l r  j  ' 1 6  - k  l 1  '  
n  L r - ^ - ^  L r - - - -a n y  F , ,  : 1 . .  I t  o n e  Z {  ( 1 4 ) = 0  a n d  / . ( A i  )  >  O  t i r e n  t h e r =  + : x i s t s-1', '/ -k

. A . r  .  w : t h  F ( ^ +  +  )  >  0 .  t + c a u s e  F j  . !  ' n t . e r v e n s
- 1 " ' - , n  ' '  - I " ' ' m  * 1 " ' - m

'l

o n l y  j - n  Z * l  ( i 1 ) , . . . , t l t  ( t 1 )  " , f  r ^ : e  c i r o o s e  0 < r < r . ^ 1 n  ( { I 1 L J- 1  * n

. - 1 " :

" l . l I i . l t Z l  . <  o ! )  a n d  i : r c r e a s e  n .  ^ - _ . i  v i j . t h  r l n  r h e  n e i , i
j  -  - 1 " ' - n

,{:
ra t r *_x  l l x  , 1 ,3  hav= ,  E l  ( t n * ) )g {=> I ]  ( ; , ) 7  0  fo r  any  J r  i - r  an r l- j  - j  r

1 .  J -

El  ( l t x )  10 .  Dy  repea t ' n9  rn ;e  c i r l  g= t  f  .- k

st -en 2.  Thsre ts  t>  0 such t . i ra . t  the.  r^natr ix  e . f  
" "s

l J  v v i r*

t ' n ' i - . - - r- r . . . - - n  /  : .  I . . . _ r n  
1 .

( c lea r ) . '  . l . i o re  than :  because  the  , f unc t , ' ons  X ]  (11 )  a r . :  con t - i nuous-k

i n  m i - - . . i  ,  f o r  a n y  = l r . . . r i n  t h r r e  r - s  a n  i n t e . r v a l  T i _ . - - . 1  e [ * , o l
'  4  r i .  - l . . . - r i . l

e [ q a r ( l . l _ . . . i -  ) ]  ( w h ' c i r  : s  n o t  a  n o : n !  i . f  . r  ( ] , *  . . i  ) > 0 ),  ; 1 . .  
n  

, .  ! 1 . . . - m

such t i ra t . fo r  any  i .a '= (n i  ,  )  r ^ , : th  f i i - f  .  €  i i  , :  i ! -e
- . 1 " ' - n r  - 1 " ' - m  

i " ' ' i i i

1 '  - k  L  V
h a v e ( ( 8 . -  ( i i ' 1 2 0 i o l ' ]  ( r " ) . r 0 ) a n d  I :  0 , ' ) f a  ! f "  A . ( A l  ) > 0 ) )- k  ' * k  * k  * k



a -

V  k ,  : k .

Ig ig* ] ,  f  const ruct lon ' .  IJy  Lenrna 2.2 v te can f rnc l  f  t t j - th

l r ; ( / ' ,  *  )  €  I . ,  . .  o  So th :s  F i ' tas t i r ,3  sane l : *hav iour  l " :ke,
r -  - I . . . . - f n  * 1 . . . - m

F . ! n  - a \ F : r r j z  T  a n c l  f r ; ( f . f ' -  l l O  : f  / * ( t l .  )  > 0 ,  V  * 1 . " { 0 , . . . r . t - ' - t J
r  - r r  v v v - j  , k  _ _ I . : k , ,  

/  ^ k

^ -  - f ,  t - - 1
d r r L r  ^ - - L  1 .  o  c  1 r " c  B

P J o p q s : t : q t  ? . j .  I f  T , T ' 6  T t ' ( X . )  l r a v e  C  ( T r )  = C  ( T ' )  t h t n

) , t r ) =  X ( T ' ) .

Proof  :  L : t  be T.1 ' '  e  Sr  (X)  v : .  t i r  C (11)  =C (T '  )  .  I ' le  a ive a

proof  by '1nd.uct i . -on .a f  ter  n=Lnax {  f  t t  t t )  ,  lc r r  (T '  )  3  .

V  e  r  1  f  i -  c  c ,  t -  ] -  c  n :  I f  n=0  then  T= 'A ,  T "= 'p  anc l "

7 1  n  . ,  / n \  r .  / r : \

becaus = ZA=c (t) =c (r t  1=2!'  i-s n?cess ar:/ A=F;. sc-, I  (r) =2, l ' '1t ')  =7 fE' \r '  t  -

=  t r (T ' )  .

I  n  d  u  c  t  j -  v  e  s  t  e  : ) :  A rsub :nc luc t i on t r l s  necessa ry

a f t = r  t h e  s r l n  m = I g ( T ) + I g ( T ' ) .  I f  n = n ,  s € Y  1 g ( T i = 0  t h a . n  T = ' i '

and T '=  
A

.  O f  c o u r s e  ! , ' 9 7 . .  l ' o r  a n y  f € C ( S r )  r ; s u l - L s  l ^ r + f  (
'  

l '

t . .

6 i C ( T r 1 = g ( T )  $  2 a , * f  e . c ( T ) = c ( T ' )  +  f € c ( s r ) .  s o  c ( s r ) = c , ( s r )  a n c l ,

by  :nc luc t i on  h . rpo thes ' '  s ,  \  (S : . )=  ) . ( s : ) .  n i /  L r :mma 2 .4  t t e  hav+

. ' 1 n  ,  \

h ( t ' ) = 2 f \ "  
r  X { s r ) .  C n  t i r *  c t h e r  h a n d .  c ( s r ) = C ( S z ) = c ( ' 1 \ \ A ' )  a n d

by apply l .ng rors one ' induct lon hy, lothesis r ' :e have tr  {Sr)=

= 2  t ( F \ A ' )  .  s o  X r ,  )  = g f ( ? . ' )  r l , ( n r r ' ) = z A l - )  = . \ ( r )  .
n

fn.  the g*n*ra1 cas i*  (n7;11 l t :L  i . ,e  
"=_n _ 

.  lor  anr*
-L 'n  I  n

L L

! ^ , - * i - ^ ' t  , r = * . t -  l - = ! , . r r .  . . ) t - . .  . i i )  i r  l e t .  b e  p ( 1 ) = r r , ' l ' .  i : !  p ( l . n p . )  >  0  j
L = I l ! - r l Q I  I / o . L ' r  I  i I  

' " - ' -  {  - , J - . - :

s t  s 2



t h e  f : r s t  e s s e n t i a l  i n t e r s a e t j o n  v r : i t h  o n e  A i = T ' ( ! t 1 . . . w . !  )  - ,
' n

i = C . . . . , f f .  I f  f o r  o n e  1  t h e  s u b t r s e  v r : t h  t h e  r o o t  O O ( r )  r V = . , A l i
u r  " 2

*- -_l

has C (Vf  )  =C (V2 )  t i r *n max

h lzpo t , res : - s ,  X (V f  )=  \  ( v )  .

( V 1 )  r l g ( r / r ) l  a  
"  

a n C ,  b Y  : . n c l u c t : o n

Lemma 2 .4  \  t v l  =  \  q tz ro  lp  ( f  )  )  anc ] .

I t n

F,V

C ( V ) = C ( V r o r " t * ,  \  q t r n l r  i h a f  r v s  C a n  r e p l a C e  i n  T '  t 6 e  s u l : , t r e e  V
,  , r  1 I ) ' ,

r . ; : t h  v , o l -  r . ,  a n c  o b t a : n  ' 1 1  v , ' : t h  c ( T r ) = c ( T ' )  a . n c l  h ( T r ) =  X ( r t ) .r  p ( r j  r

rn  the  same t : - rna  19 (T r )  <  19 (T ' ) .  By  success i ve  ap5 : l J - ca t i on  o f

th i s  t rans fo rma t :on  to  T1 r . . .  we  ge t  a  t ree  T  r+ l t i r  t he  same

con ta :n  an i l  mgasure  l i ke  T ' ,  r ' ; : t j l  no  g r=a te r  l eng th  anc l  I n

l

r^ :h ic i r  on every Lar ; r* -na l  pat l ' r  I  the f : rs t  noC vr i th  an essent i  a l

l n te rs=c t l on  v r : . t i r  A  o i : 1s  a  l ea f ro r  qo  on  w l th  t t ' vo  sub t reg "s

vr i - th  d1f  farent  conta i  ns .

.  f  .  \ ' l e  sha l l  sho r . , r  t ha t  f o r  any  te rn 'na i l  pa th  l= ' i " I . . .wn

A € A . , . , r t  r  a . e .  I a l n o s t  e v = r y i . r i r e r e :  l u  
( n a o . p ( l )  ) = 0 1 ] .

L t \ L l  i . \ J - ,

S u p p o s e  t h a t  f o r  o n e  1 ,  p ( l r R n / . !  \ )  >  O  a n d  T l , .  =' t  
P ( , ,  V I l . " . v t r ( 1 )

.r. l'^ ,'', t=gx= / \ ( :_ '  .v ; : th  c(vr ) lc ( \ / . )  ( : f  thsre ar€ not  vr . ,  Yz then
vt \'2

- t

i r  ' s  I  aa f  and be  caus€ p  (1 )  :s  the  f i rs t  v r j - th  
lL ! (A f tAn ( l )  )  >  0" p ( I )  - "  /

a n c l  Y  f  €  C ( T )  +  A s c o r n "  f  , v r e  h a v e  1 *  
( A \ A p ( 1 )  ) = 0 ) .  T i r a n  t h e r e  s x : s t s

F e  c ( v I )  \  c ( \ ' / 2 ) .  l r d e n t : c a l l y  m a y  l : e  t r e a t  t h e  c a s e  F e c ( v r ) \ C ( \ . / t I
p ( 1 ) - 1 -

L e t  b e  c r  v r : t i r  t f l ( s r T ) = y r . . . \ , / p ( 1 - )  a n d  c l o m  n =  
* Y o  

T ( r ' r r . . . ' , i 1 . )  n
t

(p  ( f  )  =0 *dom g*Q) .

w ' :  b h  L * n ' m a  2 . 5  f c r  E ,  t ! ' r , u z ,  l . \ A r , ( : - ) )  v r e  c a n  c h o o s =

f e c ( v t ) ' r c ( v r )  w : t h . s = l r f  ( A r A , . ( i i l 0 .  T l r . e r e  e x { s t  ( L e r n r n a  2 . 2 )



1 0

n t *  t o o  
( t )  ̂  o t ( o r  ( r ) n ^ )  '  b 2 4

A'- / t  1\ A'L '- '  \L '  such t. irat.:

\
I

I
I

I

I
t

f;
f ' r  

l

h 
r+ i i ,  

€

r r * n ,  €  1 a - - , . , . { ' r p  ( t )
P t u

( x ) = 1  ( : )  h  ( x ) - 2  a n d  c o r " i r = d o n  h r )  .

Tiren o+ir+Lrr+f  t '  c tTl  anci ,  on th* othar ha.nci

o* i r r * : r  Z+ fec  
(T)=c  ( r )  and l rc r+h t+h2+f  ( r )<0  r . - )  1 - ro*1r+ l i r+ f  <  0

t n n , ,  
f  

o n , t ,

and  l r t n ,  ( ^o  ( l ) n ^ l  |  <  t s  t

so cr* } r  -  +h^+f- ' r z

m [ - ^
I : l =

A.Ap (r  )  
a.  e.

€  C  ( ' r ' )  .  'Con t rac l : c t : on  !

conc-1-us ion :s :  for  ar r : /  L  ,  ter r :n i l  pat l l  : t t  T  '

I  d$c1 r;r:  can e asy cl.o evrn a=a'O(t) (rnov:nd al l  norl-

- s s s e n t : a I  : n t e r s = c t : o n s  o f  I \

T

t o  A p  
{ r }

T

$ " h

, , /

I

, i L

lor

t '*&t

hL

(- r /

/

s(.

fc

ft pr.:\A

i 1
/_

Ca- sez L
' I . f  

.  For anv ter r r :1na. l  pat i r  ,^ t l .  .

Cc.

lvrn an T r . t h  "  ^ h  t \
" n  1 1  \

i "  \ + ,

i s  n o t  l e a f ,  A l A p ( I )  & . € .

Suppose,  tha t  fo r  one i  r " ' i th  oo( r ,  no t  l+a f  '  ) * (no(1 f  A)>0.

Z\  \A

I , t +  t l r  t hs .  p r=cedence  func t {  ons  g  and  F  anc l  i : ,  *  ? ' "n  
(1 )  

t r : t h

0€l rn^ ( l ' , . ,  ( i  ) \  
i ' . )  <  1 

(a)  r , re  hav i : :
r r ^  | .  \ +  /

z '

* c tTl t , i r :refcra. !-q*h"*F e c t t ,

- !  r  I  E  ^  7 l r i \
c l - r a _  - r i l ^ - r . t -  

k  \ -  \  a , f

l r .C (T- .  t  ,  Le. t  he- t
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. , - . J , .  , . ' . . , i  , , 4 ,

I ,  t  T r , T ' F , ' o p ( l l  A l ) r  r v r t n  t i i a  s a m e  b e h a v i o u r  l r k e  i  i n  T t  '

TZ and T ,  Cor i  r=dorn  ?  and l r r (Ao (1 ) \A)  >  0 .  r f  l+e  choose h  t  1 l  t ,1 "

v ; r th  0  <  tqh  (F)  <  1 r ,  ( i ,  ( : t_ ) \A)  t i ren  i r * r  €  l r tA+r rC (T)  anC h+r  f  C  (T)

a n d ,  o n  t h e  o t i r a r  ] r a n d ,  l : € c a u s a  1 t f r * r ( A p ( f  )  ) > 0 ,  h * r  € c ( T ) .

Contrar l -c t {  on !

The  conc lus 'on  i s :  f o r  any  I ,  t e r rn *  na l  pa th  : . n  T  fo r

r , , ' h : c i t  A * r r , ,  j - s  n o t  l e , a f  ,  A ? A ^ r . , ,  r  a . e .  a n d . ,  l i k e  b e f o r * ,  i ' r i  c a n
, , i  \ r  i  l /  \ r  , /

Co evan  A ,= .0 " , , . , .  t l *  ca i l  =x tenc l .  t J ' t : s  conc lus lon  to  a l I  I  so :
p ( a J

! f  f o r  sa rne  1 , is  13af  t . r -= can replace A^ r . ,  r  \ ' r i t i r'  
I r  \ - L /

* :
$o vre have a t ree T" '  vr : t i r  t4e sane conta ' in

j

l-\" p  ( 1 )

\

\ / 4 , \
\ /  t \
\  \ "  

\

\ \
\ s' \ " ' \  ' " ' /  r .  r ;

: r , i  \ ! \
' i ' z

!)

lAie sko.ro c;.t'.1 () !a.< tk 
t 

'

to-.t RO "v is *pnttr.J -t", -rtn* ..Lt-

.S'^ iL !rri*-e {inte. +{** {*an-i[+* -

i*.k*nto,0 -.o.l.s 
"^i*t{.- 

-Q""-'td- { ^''rd

l\

. "  
' " \

A p ( t ) -  A A  r A' p  ( r )  " "

and m.;asura 1: l te T' ,  Vr i th the lcngt i r  no grsat*r , , ' t f ran n+I and A
t

la rbei  1n e.var : '  t : rn ' ' {na l  path.  l le  can re<:cd"r '  T '^  v ' i thout  c i range
j

. t
con ta lns  o r  measure  (Le . r :a  2 .1 )  bo  a  t rea  r ' v : t h  t i : e  roo t  A : ' t \ i =

can conplete t ire tree ' I* rvlth 4, f  anet nocls such that ev€ry l .  let
1

Se not  leaf  .  Th ln the t ransformat :on l -s ;

="\ T+ :T x

/

L*__

i-{ '

t"
B/ v

i
{ \

r\o -L.r .^.r v.o.i .L i... r*{.,otk- '[ Gfg&*,\;r "



L I

J

L e t  l : e  t h l s  t r e e  T ' - .  T h e  n  6 ' ( T f  )  = C  ( U ,  )  .  C  ( T Z  ) = C  ( L 1 Z  )
\

u2
I

!r

and by incluct ion hypot i rss:s [ tn

m a x  {  r g t T l ) , r g ( i r r ) } S  
"  

a n c l  t i r e

I  ( T e )  =  \  ( L I 2 )  .  T i i e r : f o r e  \ ( t ) =

v r e  h a v e  X ( r . ) =  \ ( r r )  n

9p9'erya.t-'-ojg. 2 .7 )

then  a  t=chn:ca l  i - ) i ' ] : ,  For

(*) about , l^. :-s rrror€

1 r ; , 9 ( l r ) , / ^ . )  i s  r h e

( r ,  )  +1s  (u ,  )

sam.a for T

- +
\  ( r '  )  anc l

( T ) + 1 9  ( T ' )  a n d

\ ( r r ) =  X ( u 1 ) ,

s s  \ ( t * ) =  X ( r '

4 t g

2 'tr2'l

l " r o n a r r

The con< l : t i  on

* l r , , ; l n : n l , a  - f  x =

' V i€ln than for l.=

t  1 '  \
arrd 2nt l- 1 \r \  i  z- ' jz

rn*asure  space o f  na tura . l  : ' i u r ] :e rs  anc l ;n r  g :n t ra t=d  brz  f  
( \ :1 )=1 ,

\,,ra have: 1.1 lr= { I 7l , 1X 
{ 4 -+ 1

I , z ' z  '  z - / \ z -  '  
z -^L

Tir= concli  t . :cn (*l  prov:.des that the

set  o f  undec :dab le  func t {  cns :  |  rc t !  /  
) .  

( f= I )  a  
) ' -  

( f=2  )  }  n* "  no t

2 .8 )  T i I *  F roo f  o f  P ropos ' t . on  2 . i ' ,  = . y l i r i i o re  tha .n  : t s
' l r

enunc:att on. F:r i1€C (fr(X) ) ' '  ts l:=i)rss3ntat.j-on ':af;r(X,) ' ,^. '{ t}t

C(1')=i . i  is  unique 1e av:ng the transform.at:or. ,  f lnul . -  fq I
P, ll

, i
,

r e o r d e r l * O : f  t r e : s  a n d  z e r o  s e t s ,  a s i d e .  C a

'  , d
' 7 i

c l = n o t =  
f  0 ) = , - T ^ f  ( T ( v r t . . . t I , ; ) ) .  f  t , r =  , 1 o  n o t  v r r i t e r  a n d  t h e : v a . r - : a i - ' l =

^ - l  n . .  . . ^ . !  . ^  -  . h=  San€  t . :C j rn l c r . l eL  . )  L  i  L l - f , - I l \ :  L  j : =  D  C l i l r t '  L l L r r l  r -  -

that  \  : -s '  r :Eht  Cef :nac l  :n  5

te r rn *naL  pa . ths  - r ' I  one  r cYr (X ) j

O f  c o u r s e  ? q 1 .  P , = c a u s =  U  ,  
' n

r ) u . . . u c ( L ^ ,  / 1 1 r . , . , m

to .  {n te r ' *

(bu t

={c  t r

L r , t i

7
Y .
J

v :ergh t .  I

2 . 9 )  L a t  l - . a  f o r  T c t r ( X )

anc l  l ( 1 )  t h *  . r : ss t r i c t l on  o f  C
n

I

il

anC l -  t * r r inaJ.  ja th ln

and  X to  1 .  r f q l i v , r . . .w . , . . ,
: r '

rrr r. l|1 \r  r  v  \ r ,

1 ^ r -

no l : t  s :np1 )  n ra ] ,  ] :e  l shor , 'n

rl
' 1

i

i - s  no t  c los *S-'.1-r* taL.,



1 3

s e c t . o n  a l s o  i t ' s  n o t  c l o s e  t o  c r * n e r a 1  i r n i o n .  I t  l s  c l o s e  t o

a r i : : t r a r y  ( f : n : t : )  a . l l : c a t : c . r  o f  o p ; r a t : o n  + .  t l h e n  U  a n c - l  +

are Cl f : -nerJ ( :n  U)  r r ,e  hav: :

3.  l '  c r tc r l ^ * t r :ca .1  o ron* l : ' t v*s.g.Jy"'y)

f n  t h *  case  r . i h *n  . t s : s  con tab l y  a . c r 'C : t r ve  (  X  : s '  v *a1g , * -

Jr ra and lL  :s  ( r  - i ,e  a: iure.  )  the.  concl - :  t :on ( t )  b*cor : l  :
J

i
/  '  /  - :

:
!

I

I Ti-, - r-i ;r qrrn ':
Lr : :=  r ; ( -1 )u ,L r  - s :  "  f  c  t ' 10  ,  7 .  t n  ) i  l r ) t  us :ng  ( * : )  t i r s . r :  ex i s t s  a

i ' l
decr=as* ng sequs.nc.-  l2AI> A.2 .  .  .  .  r r i  th , l^(Arr)  a i (c,  c+f ; )  .  Ti ] '  s

m€ans, J+ 
(  f l  or , )=.1.  l lso we supl ,aose that:

/  n l l

(*r)

I s  usa fu l  ,  a1sc , ,  a  t t . , r o lu r , t ' e "  maasure .  f  f  t l s$  then :

r
n ( t t 1 =  \  l ^ ( c 1 o r ,  f ) d  \ ( f )

r l
'  t r

t :

( In  fac t ,  t i re  {n tegra l  : -s  her+  a  f :n . ! te  surn :  m( I '1 )=  f  \G)1 i i l i

r^'tt^ c(r),- o" \ . 

-tEti'ri""'[ p'tft i"'''T

9 ! , r l .  3 : i :  n \ { , l t t " ' c  > o  - }  ( n r ' o t t n ' r \  l c l '  - j 1 ^ * t t t ' '  t ' t i t ' ' '
't'' : 4 z rvi n 

.t r,,r a{a 
r- '



L 4

fogr-L; .  <.1q .  f t 's  c l :ar  : ts eqr. t -va.1*:rc* v: l t i r
"n+c l2

A' ' t
(  2-  - t+)

.  r { n l
\ ( t ) = 2 '  "  '  €

l r i t  i  n r l r r n # ' i  f f np - l

A Y ' \ d
(+  (1+  (2c1-1)  )  l ' e .  1+p (2 t ' - l )  r ' , rh ich  !s  v ra l l  known Bernou l l :  {  t " IE*

c;ual1. t1 ' .  n

F -- 1 ;l-r\

gggj - j j -a :  In1, I "2)  0r  0<c<c+C ancl  L  g:ven l :y  * r2o*mr2 ' -  \c j : -e

t  -  ( d * { \
= * I * o Z  t h e n :  ( c * 8 , ) n f  2 *  +  ( c - f d -  ( d * S )  ) r Z 2  

\ L '  * '  
<  c m r +  ( c + c l ) n ,

f f t  fr ' r

I to ,v  L=1o9,  - l - * ! . i ;  the :ne qual : t r '  ;s ;
.  . .  # r r  2  

, ,
t r r - ' 2

cnl+ (c+c1) r ' ,  r  l r  f  act  th ' l  Fre ceds-nc: :  (nr+t i ,  )  € <

F r o o f :

( c+  i )  ( r " r+ r r )  <

a d * 2  .  g

obs .  J ._3 .

t+r r l r ra l  path :n

I f  n=0  t i r=n  T= 'A  anc l  ) ^ (V )  €  fa ,b l .  Fo l l ov rs

- a h - A
c  1 2 '  , 2 " J .  r n  t ? r :  o + n e r a l  c a s € ,  i  f  T =

* l \ t- 1  - 2

\ r ,  \  _ r - " a - l . ( A )
l r y p o t h = s 1 s  ) , ( T r ) r  I ( T ' 2 ) { 1 : e -  t '  ,

a[-j"-1. For sverY refr (X)

r . r i t j r  t i 1 :  san€  mc ,asu rcs t  \ (T r )=  X t r l

Proof  :  T i rn '  t rans  foma. t :  on

L: t  be T € Tr  (  i t ' )  anc l  0s u s  f ' (1 .  )d  b f -or  a l l  1 ;

T .  T i r = n :  \ ( r ) (  L 2 u , 2 b J

!q_osf: l :Y ' r . n6uc t {  on  a f te r  n=19  (T )  .

1

i - i  '

t
n

& ! . ,  ^ !  .
u :  r c t L .

t i ;
i i

t  thsn

s' ' .
ft
^-  -1
c t l l u
'  I ,

' t

"l-.-4(t,)*1L t (r) € [2 u, zoJ .u

I

s o t r

I
, (

anc l  r>0  ,  th ' t :e  :s

-  r r  (T  )  = r .  (  ' ) '  and, '  r ' '  \ + r /  . .  . . "  r . 1

, .

1 l

*

r r€ $r  ( { )

su .c i , " ' t i r a t :

\. .u ,Ar (T
v ; . . . . \ . i  € C . o n  T  

/
I n r

a n d  i s  n o t  l e a f

i

l

* 1

nr]>

,".)

: Iv,rh.gr* Al tJI ,4=A, AI t l  r . 2=A  anc i  
; r r . (A t )  

> ' l



1 5

the n leasures

lntarva l  nod-s

i-nternal nocls

I ancl rn,. Dy a:rf$t!

{  q  n r . 'qs  j  i ' , ' l  v  to  o : . t
i " v U l J € , J : j

l e s s  t h a n  r .  B

th l s  t rans fo rna t !on  to  a l l

a  t rae v : i  t i r  to ta l  measure of

r"rlr c r c.
,  r { r r g !  ! a  >  l .

P::onos *  t+  on 3.  5  . ( " : ihe sp i r r re  has min: r ra l  vo lum. for  a

o i  ven  su r faca "  )

t " l  n ( l ' ' : )  =a '1og2a
M€Y

' [ ( f  t )  = a

Pqoof  .  Tha;= 1s I ,  €  X (x*+*)  ' r l th  
1(a)  

= lo ]gt ra.  For  th*  s

m (aA)=a  . l ogza .  op t ' '  n ra . l ness :  Supposa  tha t  reYr  ( x )  i r ' r : t h  h (T )  =a ,

l r a s  t i . r o  t e r n : n a l  1 : e i ! i , s  1 I r 1 ,  v ; : t h . r * ( 1 t ) < j n ( L )  -  i e t  b e  m r = \ t l r ) ,
' :

* 2 = \  ( . L 2 ) ,  c = / r ( 1 1 ) ,  s a 4 = i u . ( l . )  : n  o b i s  .  3 . 2 .  T h e n  p t l e r e  l - s  [ > 0

.  1 _  , i -  _ ,  . i . * _  , -  
( d - : . . ) _ r n  

+ . ' 4 _  : n 6  ( r : + F l  
I  . '  -  f A - r . "

s u c h  t l l a t  r " l l  , r , ' 2 -  - , ' , I + n 2  a n d  ( c + L ) * . I Z - +  ( c + e -  ( c i - E )  ) n r 2  
\ L '  " ' <

i
<  * r . * * ,  ( c + d ) .  L : t  b e  ( b y  3 . 4 ) .  T ,  v r " t i r  r < c .  R e p l a c e  t h e  f i n a L

.L

labels frorn 1, ,  salt A ancl f : :on L2 I sa.Y D by tr 'ro labels A; ,

A  ,  ,  
t . l . r e  r g  g X : S t  , . *  - -  + r - ^ s  n r i q F r \ / F  f h "  p r O p = f t yBd_U ( t  V  (XX)  t l ' r e  re  ex : - s t  l - €  r  n . l _  

t  
t ha l  r . / r s i a : : !  ve  L , r :

I r r )  v r ' t h  / * ( . t )7 (A )+e .  
'  / *  

(o ; - r )7 ( l r ) - . (d -$ - )  ( ! t ' s  pos ' i t a rz= :

l .  
(B) >) l (LZ)-r  > (c+cl)-c=d) r t i re n€r, , '  t . l :ee T,  l - ra",  

- t r {Fr)=. ,  
ancl

( b y  3 . 2 )  r n G r ) < * ( T r ) = p . ( T ) .  T i r e  o b s e r v a t i o n  t h a t  T ,  h a s

f  
( 1 :  )= /u ( lZ )  ' s  su f f : c . { -en t  t o  sho l ' r  t } ra t  a f ta r  a

o f  t h : s  t rans fo rna t i cns  1^ ' . ! .  g? t -  a  ba lance t l  t : : ee

pa ths  hav :  t he  sa rns  reasu re ru " ) .  Th :s  has  ( ) : 12  3 '

/ J : . : * . 1 . t - ^ \(  r  '  n : t =  /  i l  u r t i j ) e  f

T o  ( a l l  t e r r n : n a l

*
3+ I  ( r ^ )  =a )

7 l / u ( 1 ,  ) = f e o ^ d  f o r  s a n a  l r = t a r , r ' n a i l  t a t )  1 n  T *  ,  a n c l  s O  r n ( C  1 f : * 1  ; =

=a-. I cg2a {. n', (T) . n
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4 .  Connqc t {  on  w l t i r  t h r  (d1sc r+ t : )  e  n t roJ r l , '

rt
= - f p r

I -

L = t  ] r ; .  Y ) 1  2 . . .' r -

loq^ l - l  
"  

." z  _

Th* r * fo re  th= r :  a r?  no r t l .  e  {

Let b = n€qa r.'," th ,/^ 
(n€ ) = loc""

rt.
r  1, . . , )  C t  i :  th I . ,  = I a n c l  i l  ( 0 1  , .  .  .  , P . )  =

L >  0  t h : r e

tUl '2  
r . , r { , th  , \ ( l ' ' r )  =r .

r,-:: iqaj. t. Por anty'I  u X, osrs2 ' ' {A) ur ' t . ' l

= x *  s t s  n € g  n ,  i , ^  ( r L ) - ) . ^ ( . , \ , ) l  < , t
/ /

C
J ) q

snch that  ? [ '  = l '

h  t r r y  = . {  z / i (e )  w+  rh  n€ i :  a .nc i  k  (1 r ,2  ,  3 .  ,  .  ,  t *  J .

Prcof:  t rvary Y,r  t tg20 has t : :e neasure ( s e e  a n c l  2 . 1 )

r r  )

C

t l : . '  :n : t : -a l  obst rvat lon. ,  adr : - ts

2to 1 r.",1rrr \ 1-.s2r# - ^(e,) l4
'  

, r €  ? " o
.  Than I (Zt ) =r: i :- an4 , l :y

o

,r'L
srr l_-s=f T' i  a 2i"  r . l : th- "  '  

t  
-  *

I

n
1 2 o--i:*-

o

n
z o, \ . ( t 1 r )=+ ( r31 ; )= r .  n

2 t o ' -  k o

Y , r '*> lR g:v:n 1, .v :

U i ^  r i  \  - 2 .
r r  \  

[ , 4  ] . . ' i  f ) \ .  l

T l r = o r = r .  4 , 2 . L a t  b e  3 6 s  i , r = I , 1 , v .
I

r . . P ( f ) = n .  < : >  f  € - l i .t :

i ' *  {
l 4  " S . $ .  . u  f ' 1 1 . € T
'\  

I  t i ;  <r is1",*! t  s$.-c
.X(tt i)= 

t

. u l ' r ,  ( c1 :s jo :n t  un :on )

a
t-
t

{

\
t t

R a c a u s -  i #  / n r r . ,  k e \ t , 2 , 3 , . . . , r " 1 1  t s  a  i l : n s :  s + t

i r .  i r , .+ a>) t i r :n t ronrr4 , r , t , . . .  ]  1s dense =n ; f logrr ,  *  or)  9r l*
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Proo f .  LeL  be  l<

H=l . i ,u .  .  .  i J l ,1*  t_  $ {  r r ' t i r  11*
l n

/-\ .
t rs:.  fr= 1r":  I*g. 

I)U. .  .  u( lnn

n
t h a t  l i  e  f  h . a s :  

' \ t i l 1 =  
I

n (
n (F) = X )  F (c ior .  g)  c: t \ (g)  ;  t r  .  loork.  Suppose thar r '< t / r  ( i i )  has

: = 1  ! 1  
' r '  

n
:  

" :  

;  j

C(T)= ! i  and .  sv? r :7  l ' l - , =  U  C(1 ; ) ,  1 ;  t e r rn lna l  pa ths  1n  T .  Th=-  un ' i on
k"=0

o f  aceo rc l i ng  A :  t o  l - *aves  c . i ve  us  a  t ree  T '  :  C (T ) '= } t  3n61
Y'1 ;:

+ .  . !  e  - t  i  i
l ' 1 r=  ( J  C (1 , . - )  (1 , -=  has  the  same fo r rn  l : ke  1 f  bub  i n  o the r  L re= ) .

K K
A - u  

i
. . ,

i  -  - . r  { , '  i
L e t  b e  f d c  ( i ; )  ,  f € C  ( 1 ; )  .  ' I h : n  \  i , . ( A o n  g ) C I ( , ' g ) =  \ ( i , - : ) , r . { a o r "  ? 1 =

K -  l i . '  .  /  K  
' J

s { i t  = )  i
- . r r "=kpr l t f ; )  [ , o (Con  f )+ log rk+ loc r rp , *1  = i r  

5 .  p ;1v " (c1o rn  9 )c1 ] , (e ' ;  r -X ( r i l t p . ';  j \  

" r 1 . )  

' /
v \  r l r

l . , ' *
:  logrkP.  So r .  t l . : *  )  * t  

\  l .  f , . . (Con g)  d  ) .  (c \  + t ' -  I  n -  Ln  and n  ( i i1=
'  '  t  - l  

'  " ' - l ' i

l l i  
'  

'

. t ' n
T h e r e f o r e ,  )  Y  

( 9 ) I ( i o r :  c ) d \ ( g )  )  - . , T , t  
a t o n 2 p r = l i  ( i ? r , . . . , t r r ) .

l f  
: - r

T h =  b o u n c l  -  s  e f f e c t l r , : .  L = t  b s  - l o g 2 l r  { . . .  (  - r o g r p , . ,  a n d

A ' c *  . . .  ( : 1 , . *  , , " . r i  t l t  1 r . ( A r  ) = - l o c y ^ p "  .  B y  4 . 1 .  f o r . a n y  s n a l l  t . > 0I -  n  . /  : '  ' z - :

- , 1 ^ ( n l ) l r e  , ' : = 1 , . . n - I  a n d  n t
I

. c i t ;
r + h 1 c i r  ( r :  v a  a  t r e e  l 1 - = l r , - t - '  . .  .  L l r { -  v i i  1 i 1  \ ( t 4 ; ) = 1 ,  V  { , = 1 .  .  " I 1  . .

t r  l r

g

I v " h e n  t + 0  o f  c o t l r s e  , t s ( u i ) n 1 , ' ' ( f 1 ) ,  Y  a = l r . . . r l r - 1  h u t  m o r s :
I

anc l  / . (D ; )  -  ) . i  
(4 , . )  .  So  :

!  L (  .

v r : t h  l o g r l <  ) r a x  i  
- l o g Z i :  

L / r = I .  .  . "  1

d :s  j o :n t  s r . t s  and  X  (1 r . ,  )  =1 .  Then

t ' -

+ fLn )  v r l t n  , t s ( r i )= Ioo rk+J -oa rn . .  )  0

locrr )1.*1oq"p*
I .  2  *=k .  By  3 .  5  r ve  have

-*  , f
a l  1 u

J- 1.. -.

and.  so

f ,  n  . n
=lq  )  { ts )4 . (don g)c t t r (g )+  f  } rp "  iogrk+  f  tp - ,  logzF i )  k '1ogrk

-  - 1  . : - ' t

I \ i  
' - r  - - r
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Corol , [arv4 .  3 .  (C1] ; t - - 's  t i r * .or* r )

P : ( - 1 o g Z 9 : )  w h e n  c | 1 , | : 2 , . . .  ' t r r )

Proof :  One oth=r  t ree has t i re

) *

"  lass t i ran

1

2

L l e t t : r l ; : r  c l  =  l i s t a n c l . '  n o  l - : s  t
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