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An .lrppsoxi,natJ.on Thsosen f,qs Maskov P.Foc*rses

Vl*d Bs" l ly

if* iLanab+ 11,1 a1;proxina+r*s e l" i*gksv psoc*ss by e s*o,r:rnc* of r+gulgr

***p p**c; r ,$Bc!(R.S,P.  )  ln  th**  s*ns*  that  fh*  s**so l ,v*ntc  of  th is  pgoc!+se+s

conv.sxg* u*ak l i /  tc  . th+ f fesolv*nt  a f  thr i  l . lac l ; *v  p$oc€ss.

Und*x ssu* $uiiplsm*n**sY canCi.t icr:s vr* sh*l} peov* ihct th* dis*ri .-

br l t i+ns of  th ls  R,$.p,  conv&f fd*  ta  th*  d is ts tbut f .or ,  cr f  th+, ; l ' {askov Ftsocas$"

.  fh ,*  *n l t f r l l  assunp* lons tn  l , {a tsnabsts csr :s t ru .c t fon, .es# s .s  fo i lcws*

t*t S b* a 3.sce11y compact spac* lv!.th dsnonstsa

U and cp,;n bsss and d.r any rntg.r lc of 5. Fstr eech n'

s y s t a r a s  U n . .  f
*

wing c*::dit icns ;

n
€. N end'  v""  ,  le $ . ,of  sots 1n u

i,

(1) Each uot ls ccnpact and d ( U"i ) * . * .  ( Z

t , f n  b a ; e  ( t . c . s . D . ) ,

f w* can ch,r*gre *h+

srAt i .s fy ing tha f r . r I  io-

t r h  -  t r [
V  .  b F U 'r

f inlt+ nuuib+x cfo) Y r l=
uoL lnt  *xs*:st

H* ilcw

S (4).  Fos *v*sY conpact set  K cnLy

wi.th K,

d.:f in+ al by :
re

- Y t - . a
0- , (< . r ) :  D6 ; . c  ( r . r )

cl c-l = C: (a,) +
. t  1 - {

a m*asu?abtc set  A,

The foll"or+ing x+sult

L * t  X  b * a s t * n d a r d

XoC..r; * V: -

sT "  B -r .  t . r )  4"r  4>a
' t _ r

D o  a  t n f  ( t l X 4 e n )  y

$.s L,*rnna ].3, in lr lstsnab*rs wc$-kr I

p r o c e s s  s u c h  t h a t  c  o (  ( C  ( $ ) )  g C  ( S )

ff L; rTT
j < r  J

(  for

fo$ x

( 6 ) s . i p  G *  ( x , S ) < o o
x € s

, .  / t '  { .



( n )  f c $  * e c h  n ' 1".c*) : |  - 7 - ,
l c  L
L

th,* fol iowi i : .9 slsn** !

fr:ff t':v.:*Y rt € S

o l l l  
n

ernd,

t{rpf*sl:ni gir* pef *n,:rts,Ts of a.

i :E$ dl$n.a*: :d.  bS Xn *nd th* Ggc*n o!)r?et l i tsx

e r s d  # e c t S )

*h*t tc'  cbti t in

I  -  ' . 1 . 4 * t  - f ta n d .  T i = k . ,  r {  = , q t T g . , ' " a 1 ,

i f* sh*l]" ; l lso c, instd"+g th* fu

r$a nc*+ * l i * t  q(h)  and un("

The  fu r i c t { , *n  h  -+  q (h )  i s

and . do such that l" i i l  ho = 0

q ( h  * d  )n n

;T \ . . J  
*  I '

' Y  '  ?  . 5 !
ncliun 1-cA ) = I ;"a 

t^(TA ) -l 
-

t P/  ss*  d1** lnct  n*** t *ons.

mci:uton*, $s \ i* may chc*s* fotr +vaxV rrr

, d n
n

( ro1

(  h  w i l l- n

i'loir
' ^ r + * : !  n o !  c - ; :
t , H ;  e  * v * * q s

l r  * -+ q(h)  ) .
, , n

nr*nt io iod U I  snd

lirrl
?l

b* eont ! i ru$" ty  Bolnts  f+x

wo shs l l  choos$ th*  abovr*
- - --"..^
I U;ri i i

l -1r . , (x ,A)  =  P 
*C 

X s l  €  A)

I i , s .  P .

Thg coa:r*sPonCf" . r :g  R.$.P.

*  f ^ )
a f  Yt t  l r r r  f l \  

+r
r J L

( f,:i. ) Xll *pp:,rox-*.iia'!i:e X ln

t * l p a -  r :  + x(?) 1-1, : r  Go-" ' ,  -  vo{ -r
fl

t l *  sh* i " l  n ,**d 3-a; t "* :ed e8 (?)  a  c tc*ng+# g*sul? i

Fcg *.i:9 c.c*:p**&; s** Kn c< ) 0 €r.r.d { e C CS)

('r) 
t* . .  f+ fx 

'  
unifqrialy fcr x € K(B)  I iu i  Gs" I  : :  t l  p(  r

,Yt a\

C+l*ic*siag th* ;:xt*f <if L+:i ina J.1' Lr, /1^/ l t  *r ob"iou*

{S)  1? ts  s , - , f f j .c i * r i t  ter  prov*  sh+ fo} l .ov lsg ccodi l in : i  :

(C)  Fo$ a: iy ' :c , **paci i  s* t  t  g  S,  o( )  O en<l  e>Or vrs  r i ; r$  cho*aE a ccurpaet

s* t  K such that  L  e l i  *nd

- ( " r )  -  |  o \  , / r(9)  l i , *  s* f  G" .  
' (  

a ,  lco )  <  e
t \  } . .c- l .

?hxough th5"s p*pe* 'rre eh*rl l  consldsg on $ a xi '?tgic d such th;t

d ( q ; ) < 4 )  h * 3  c + : r r P s c t  c l o s u s *
f 5 6 t t . t ^ " t : , : ' : : - .  r  D ' l t l ' ( ( x o , x r ) ) 4 i

t 'os  - { ;>o ,  n*  d* f io*  Tf , '  ,4 .  A/  63 TK = t } ' {  \

\if i" ti:* fo110rl{;1s

, .  / / '  . c



3 -

U:  
-  b4-C*. ) r  V l  =  ls , r { , r (z t )  v i th  o t . ,dGi /  chossn snch thet  sor ic i :1-

t lon (4)  !s  f i i l f i l i s ' td .

r i - I  u l l l  b*  dc ' f inct i  1 !k*  *bov '*  vr l th  y ' *s ; ' ' i c t  to  th ls  syst , *m of  $* ts .
- L

fh+ f*1Lo',r:.i:g 4uo *.n*t1u,:Il"tl-*E w$,11" b+ asfful 5s wh.i'b 3.* f*ltr*t''r

( t r)  T{, ,  -  d,n \< $i  (  T{,  +dn

If vr+ *ssl:n* th** f,as X th* fr:,l lovrins c*r:Cj.tion hetds, **x.d) A

s.iich *'h*b foc 6v*:sy h > 0, s,*p_ F*(Ta) ( d ,:f^ f zf -f '.g)

r<4s  '  -  
xes

th+n, bY (i : ,) w+ E*V c*: iclu-o+ t irat

(ra) ,) q (-!,^- d; > t# x) )- a Cin+ d,)
, -  

' 5  v ' n

Now h,4 e**: *b1+ to fayrrrul*te lhs si:r$ults lf th* pap*,r.

3.]r:.o*L:.n* i+* x b+ a stanc.a;*d p:,oc+ss r"rt?h st;lt+ $pacs s, such th-:9 
:

r.) G'< C cC$)) G c(s) far *vsry o( > o

! . i )  
1r ' r ,  

l " { . ,n P* f*  :  f ,Cx) uni . fosnr l .V on s,^. . f r r  avrr ,sV {eC*Cs)
t - + o  

L r  I  '

tr l )  
;Et, C" 6 z, si  4,*-

iv ) fh*s+ is s*n-* d > O such that foe a,v*sy h > O

s,p F*CT4) < d ,*t ru CTff)
rce s a.€ s

Vl Th*s* is soma c ) 0 such that t 'os ev*ry 
"(€ 

S anrl h > 0

r *  s n  $  ) '
( Ss d.*nots bY

Lnit ls l  r l *ssug* 
f  

) ;

E r ( bai,*r) ) rc l\ Fc') c ->BE 
{-i ll

fox sv*sv /^ (  peobabi l i tY mr*su-
,/

Pjtn* di .sts lbut ion of  fhe R.s.P'  xtr  uhl"ch has

!.re ncta that  condi t lor :  ( iV )  inpl , tas

( v &) l"in sup gx (Tr" ) = o
'  h*o  tep

Thst ts bsc.?,uc€ fsg ,*$y ?C e 3 lf:n Ex (1, ) * 0
f,-no " -.

, ,  / i  r .



'  
Th : *  p foo f  1 . r i , i "1  go  es  fo t ,Lc :u$ l  I r :  t ;h i * ,  f i r$ t  p , :x t l l t  i : s tFb I$sh  t t r ' , i l

u l .* l l1 tuUr" 53!w*:41n X aaO. Xftn ' i l ;  r* f  * f  *  to Ann*xn J.,  r^rh*.ch p: i ' *s l ; i . ' i :5

. l l i *  l+w of l*sg* nurihi , t$ !n tr . rc fo: :ml l :pp:roi ; i , l i ;*  ia oui o*g1. Thi;  f l - : 'st  *w*

Tr+nnas c$su;.* tha'1, rr , l  i i :sy Llst  ihn;. t*su1*s i .n An*' i ix$ f .  i i , i1 ' - ls; i  i " t  *n L*i t t i i r*  3

v;]r ; ich Is *s,nt i r , l  : fo l ;  al"1 *h;;  i . : ;*c ir f  .  f tprr6hLy spe*k; i r :6 '1hJ"c t+ir i ina cst i ;bi , ' i "sh

!h,* Sinil*{:';C"+ b+*w,;.i;:i ' i it* iti i i: i+rt Sf Xn *nir tf ;{. Iri*iitn* + $.i; * fi l:rpl*

"yi*r i i*$k l ' ; l i ' ich *ssus*s : l i ix l  th+ I tsr;*c#rr sf  Xn egd X co!" i icXd'g-.

Thes€sL111 j . tu r i ; s  : i . f f , s  u ; : :d  |n  n l1  th , ;  fo tLcr ' l i .ng  f "n  s ; ( i ' J$  *c  i : va lu ; t ' *

qrr*r : . i i t i *s , j , . f  "r :Ei ; tc;  
f ,o Xn by th+*a. i in* lsudu+s 1"t i  i ;h #l :sp' : le ' i  te X,

In  i ih ; , .  s -s .c*xd  - ; . , .1 i  c i i  j rh+  pso+f  i i l  * ,s tab i l ;h  i ;hc  t iSh*n*se  a f  {h t

^ u
s*qu.: l lc$ Po^ ne.M " ' I 'he l i i * l  p*rSt dr '*J"c ut*h ?h; i  cur:v+Xgst lc l*  of  - ' "*h+ f i r : : i " t+

cl i r , i r , ; rs lonal Cislx ibul i ians. ! l+ ' - is l :  h*Xe t ' j ; ; ' ;e.n&b$ts Xirsul* ln h[s etf*ng'*g
l

f c';:lr ( c) .

Tii do it v* P;Jciv* flgs*

pullr; : ! t<r us +"':  chech t l : ' ' :  f ini ir

canv, :Fd,?nc*  of  *h*  ; ; * : ia lvr 'n tg.

( ] ] )

(C),  and. -Eh.*n ve f f* fsse *olAni lc,rxt l  ]  uhicl i

Cfua*ss3qr*t  dist* lbr.r i - r- ions q*i1vi?Sg#.nc* bv th*

hle ff . ,set ci*f in* f 'cx al l  h > O

F^ c't) :

I

:

f
!

I

^ x l
4 - a*p P ̂ K 

TA >t)
x€s :

,j F. is i"nfllui* of a fa;rily of inc;i.*astrng funeti+ns r',rhich a"q* clah?
n

cg*tiauou.s *ad hav+ i; : f t '  halnd l lxi . ta, th*n so ls Sh'

t h * t
{ .  L ." .}
*  I I i l  ' J

(:+1

l{+xt, lt lc cbv&ous thet Fh

F. 1e s dlst i ' i , 'nui lcn f ' - r t rc i ; lon
n

O, xnd go,  in  oxd '*s  ts  shcu

*,t wi;. f  b+ s:;f ' {J*ient to s**

l l ia  Fn ( t , )  =  1

t+ts

By ch*bishsrr ,s in i {uei i tv  P*CT+ ) t )  < t  
e* Cf?, . )  end :o,

t u l r J

T{ , ( t l } , 4 -  *  ? f * f f }1  
(T -A)

Bscause  Go  { z , s } :  Eo (T  { - . y ,  " j L )=  
* c f , )  w * th  l = '  Ds *

e > - t -

6y ( i " ! ) r  $up 6*  (  T i ,  )  <  sup 
- .E*  

(  
3  )  end so (14)  * .$  p*or '+d.

X e S  " ( e S
"i 'Jr: nray uau can;idt*f th"a d*,sts*.butiori  on l t ,  co$rsspsnding to q.

.q.

W*. d.*not* l t  by ! 'h,

t r f  P o C T a ( t ) =
x e S

ol1 8tr

, .  / /  f  l



T 5 r '

I t  ls  obvioue *hat;  fcs any * and x

(r5) FA { [o, f l) < P*(Tfi<t) dhd P1k >t)

L+t brs *., s z *up tl E 
r') * 

!!:2 sup grrs ",*n - - 
#"s 

(''1 o*F*r*l)ll= 
"T TP 

lr *f'n 
Bg:(*Jl

Th.a f*l i .a,ging ;f* le+,i*ns \411.1 b.a us*d to p*,+v* Le:rt ia I i

a) l '1ul t* * 0 n
( 1 6 1  r y 1  1 4  

o a  . *

r) t" ( t {"fr, , "*)) S ft )
nV,

B*caus* TB =.OUg,*, ?x a. s. 
t  

Ll  ls cunsc+c1u*ns* *f  (v) sad (v; i .)

It

.To ptrcvo: b) v* sh:i3"1 us{,r *>:'*scis* ( }0'a5) !* /2/

r r  ot ( t )  :  
; . r3g 

PT C bu >t)

P * C b u > { t )  (  { ( { ) - r

Nuxt rs6 
,consl.d.*$ 

t, = t* ancl U * t) 
df , 

Ct l and by Ch::bi"sh*vt d

l "n*c.u'el" i tv Pa c o u?,.*r ) tr)  < t ' ,Es cb*?,, , :xr)

.  "si* teke th* suprirr i irs ov.lr al l  'deS aro \:or:$td*v':rg the riaf i ,nit i"on

or *1 and' 4n '*. 
::"t"*-*nu:+r,) ( 4 ,i* '- 

b 6'r,(r) 
- - z. 

,' \:
BY ( i5)  end ( ] .?)  t r '+ g*t  (161 !  '  

l l
^ x - -  -  ) a r - - t < ( * f {=f,. C c *tn,.-]) = t;E= P'-( Defi',cor) (Dn ;

: s a l ' , ' ' .

s1.J. a) fof .ev,s,ry 
a z T *'.co{ i)

F, ( (f,'*1; su F'n r€s

( t+ i

0 J

r*h+r* c Ls

P lao f .  I {

t'a

5 a \ .cdt)
n 7 t n: a p  E  ( _ I f  ) =

xe s ' 'h

(  $ is & n,E&sl i f f*rb]"* s*t  )r th+e

= o

d t f i n r d .  * n  ( v ) '

f : r ' l
k  ;  l * 3 * [  u *  h * v . e  :

n l r - l
l-

'  / /  "

.  - r i
e - - l  6

L 1C 6",U

Y ;'

r{ti-
^" -

*

1l



/o

go  o< t  
\  - - t

( a E cd+) ( i .  .3 F{ ,dz) ( (&n+ tl T4 [*,"tr, *).qer:{Ju{r"i)
JA 

- hvr -4^t, rtra 'tYr 
A

ny ( t5)  v*  *bt+ in ( ] 'B)  
t *  n (dt )

rr *.s .bvrr:u* rhar f - e cail ,. I rf,r.,, p*( dw)
o  

t 1 6  
-  ! ' r

fo* eveey U g S , &nd so, lY (v)

€o 1(-

(  *F.o ( . ) i lb  s . . , , ,  E CTS*)) r ,€s ' ; r l l  fc 'koar-"cror) i l : tA.
;  h x  x g s  

h > t '  ' ' -  
r e . S  

' - r t o  
r \  > o

Th* :igh.ti csnt j.nuf,ty *f ttr* tl i* j*ct*si'*s *ssus*s tih-:' l '*f,r*, '

and thi:n to ) 0 and" t'r* rn*y vlxiie t 
n

o a o. +. ,ryo: r c4*z)t/.S * Fr.(Jzt  /  T*F*,(d+) 
< t '  

-e , ;  
= ;

;  
$ 1  

: -  
- t r ' r -  

T

Tir* laet texn venish*s t+hen n-* oo alr.d *) ts pxov*d '
c ' o  ^ t  .  - f .  n X . - -cto

i= 
t*,. rt z) ( t ", 

Ffl"{", e') t t"&tg-( {t"', "'} < * l?q 
e ̂ !"T4')

and,  b)  ts  * lus P;oved'

& Lis 3'63 €v63v LgN ana 4'>o

(*) pP c ai > e) < ";:do 
r{'*)

uk r* aurgn-Joo t .,t=i*{it t xu*x') I z+*=zg-t+ zri'att-t

e n d . G a t g t h * * x p o n i * n t 3 * ] . c l E t r l b u i ; f o n r + l t h p e g * n r s t e $ a . . - ,

H. 1f*  nct*  f l ts t  thct  for  any tuo disgsi ,but ians F snd'  G on R+ 1 '

G ( Q r * ) = T r c t - t , o ' ) 6 ( d t )  . , : , r -  \
I i :  ls cbvieus th:;r. l  "{f  f  i : :*d' }tr age such t irst T(s'o. ' ; t( Tt(S'oo)

fos  $vsry  s .  R+ ,  tncn (x)  Tx G ( ' { ro ' )  < '  f  
t  x  G C€'* )

T +  p : o v . =  ( " : )  l . l * .  p r o c u d +  b y .  * . n c ' u c t i r , n  c n  K .  F o i  k  =  1 ,  ( a )  I , s  ( } } ) .

us in6  th , l : : tgs r r i t  l te r i<*v  p lop+r ty  fog  two v ' r r t 'ab l r -qs  fu r :c i$cns  w ' ' l  ob t 'a l 'n :

\/

pr(o; >(.,) = Pr(ut-,*al, eri_.,> e)= 5 o ̂ o;.I*c'U 
t n-"L;,i 7'/1/ai

{

l .  I  t  t a



' B y  
( 1 1 )  a n d '  ( 1 3 ) ,  f * r  + v ' * . s y  f i x s d  Q )  '

_ f, _1 (c.r)

PXaX-:*/ 6? > {- en-r-r) s P x 
"Ij?Tf". d} & c}-r.r) . F{**t:t e}ip-)

rtncl so

PA ( o2> { ) ( e1 (o;'it* Ff,"*dn (4,,-) 
;

$o!,rr uai"rrg t ir* Anducti*n hy$oth*cls end (*.) w* f ini l i f i  th'* pror:f .

In i lyd*s t+ pa-av'* (h) u* ob{aLn in *h'c sari* l ' r ,ay as abciv*'

P{ &flg€) = S t'n ?*-t'' ',c z.r, .( Q- z&-rkt) ?f, td-}

V:trr y+s;rg| .*r*,i Pr*ta!'-) tl." stoppi'r3 ti-e zr is *r;ctiantlarv

d*stei.but*d. vrLth p+:r*i l i*t*s 
tn( X!*_C.l) ( d 

X 
(4",- dn1

( s s e ; ( I ? ) ) .

Thern

px?fi 'Czr ( {-zi-,,. . , l) < 9aXcf,,,- d") (ot T-=gP') r*n +vosv Gir:.

$',r c+nelud* th*t ef Czt( e) ( ?#".}{ x e,2 
ag;d")(",d)f; t ct{ (/ ru tt - 't F -!d 
L(S,,: 

c{rr ) 
- '

;
and.  the p**oof  f ln is i r ' :s  l t l i '+  abcv i .  i

' t :

t*nna J.  Fo; f ix*d k > 0 end d > 0,  ue d*f ln<; i**T-
h r c t

^ f  l c + d  1 l -  T z r d  \
t '= 

'Y 
t  d = 

,e r ' r l " th e daftned i r :  (v)  and d tn ( lv) .

{r .= t l {  L(.A';do,) dl ,  {""= [rJ "LCgr;d.")d]
( l f s  sha l l  use  t l i es *  na t i t L i . ons  th rough  a l . L ' t he  x *s t  o f  t he  pap*s ) .

-  (a) U" P(C za.<{,)=o
r1

(b) {r-,,^ vl^ ( ax.>4)=o
l"n'  

" fcAf i ) -o i  Af ,C- lzc-z i  >f , ,vd ' { (9" '  t - i  >{" }
(c) r(LY I

(d) !t,u prc bf,)=o 2 Bn=ctorlal-u? t {',o i,i(*n, o(i-uLs{o)
va

! I i :-  n*t* *hai; t : l f  th*s* }$n*"ts *r* un*fcgnr wtth x*rp*ct t io th* fari i l l" i i

r  u  I  n :os0b*bJ .1 ty  m*ssux*  on  S  ) .
\ / - ' /

( e )  t ^ ' * ,  s . r p  g * ( c j  
t , f , ] > { t ) = o

?r E€5 
-r€h - lcn

, . ' / i  . r



fhr+ id*e s f  th ts  L,* :nna ls ' th* t  both A{  , *ne t in  t rxs sums of
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^, '  {--i<n

urrd, 1. -f"- 4 (;,;*:".rtatfcaly ), t 'h{.c ls t i:* idi:,r:r cf thst lard qf }:*ng+ nu$bt}ss,

and. {io prsv* t,h';: L,*l i irna w'* *H*}.1 t '*fer5# ** &ti**rs 1,, vh3*tr p:+*s*nt* t i"pp**pi**:
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